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Abstract

The even-dimensional Dirac and Schrodinger operators with a con-
stant magnetic field have purely essential spectrum consisting of iso-
lated eigenvalues, so-called Landau levels. For a sign-definite electric
potential V' which tends to zero at infinity, not too fast, it is known
for the Schrodinger operator that the number of eigenvalues near each
Landau level is infinite and their leading (quasi-classical) asymptotics
depends on the rate of decay for V. We show, both for Schrodinger
and Dirac operators, that, for any sign-definite, bounded V' which
tends to zero at infinity, there still are an infinite number of eigenval-
ues near each Landau level. For compactly supported V' we establish
the non-classical formula, not depending on V', describing how the
eigenvalues converge to the Landau levels asymptotically.

*The first author is a Marie Curie Post-Doc Fellow, supported by the European Union
under grant no. HPMF-CT-2000-00973.



1 INTRODUCTION

In nonrelativistic quantum mechanics a spinless particle confined to the xy-
plane, and subject to a constant magnetic field B = (0, 0, b) aligned along the
z-axis as well as a real-valued electrostatic potential £V (z,y), is described
by the Schrodinger operator

Hy+V = (P-A?*+V

9 b\’ 0 b\’
= (7%§> +<za—y+§m> + V(z,y) (1.1)

acting in the Hilbert space L?(R?). Here P = —iV is the momentum operator
and A = 1/2(B Ar), r = (z,y), is the (magnetic) vector potential. For
simplicity we have not included any physical parameters (i.e., the particle
mass, the particle charge, the speed of light, or Planck’s constant) in (1.1).
Such “simple” systems has in recent years attracted renewed attention in
connection with nanotechnology (quantum dots, boxes etc).

The unperturbed operator H, has rather peculiar spectral properties: Its
spectrum consists of eigenvalues of infinite multiplicity, the so-called Landau
levels A, = b(2¢ — 1), ¢ € N; (we shall use the abbreviation LL for Landau
level). When the operator is perturbed by a potential V' which tends to
zero at infinity, new eigenvalues may appear, with only possible limit points
at LLs, which follows from Weyl's essential spectrum theorem. Therefore
the natural question arises, whether there are a finite or infinite number of
eigenvalues, and in the latter case, to find their asymptotical distribution.

We may formulate the same problem if, instead of two, the underlying
Euclidean space has an even dimension 2d. Again, the unperturbed ope-
rator H, has purely essential spectrum consisting of LLs {A4}, q € N,
which can be expressed as A, = ijl b;j(2g; — 1), for fixed numbers b; > 0,
j =1,2,...,d, determining the magnetic field. The number 3¢ of different
sets ¢ = {q1,... ,qq} which determine one and the same level is called the
multiplicity of A4.

The analogous problem in three dimensions, where the spectrum of H
fills a semi-axis, has been studied intensively. Avron et al [1], Solnyshkin [12]
and Sobolev [11] has shown that even for a compactly supported V' > 0,
there are infinitely many eigenvalues below the lowest point of the essential
spectrum of Hy — V. For fast, but not too fast decaying V', Sobolev obtained
the leading asymptotics of power-like type.

Extending the work by Avron et al, Solnyshkin, Sobolev, and also Tamura
[13], Raikov [7] obtained the most detailed results on the leading eigenvalue
asymptotics near the boundary points of the essential spectrum in dimen-
sions > 2; e.g. in even dimensions, if V decays at infinity not too fast, the



eigenvalues of Hy + V near each LL have power-like asymptotics. How-
ever, neither Raikov’s work nor later work by Boyarchenko-Levendorski [3],
Hempel-Levendorski [5] and Ivrii [6] cover very fast decaying or even com-
pactly supported V.

The complication arising when considering very fast decaying or com-
pactly supported potentials is related to the following circumstance. During
the last two decades, the progress in studying spectral asymptotics problems
was achieved by refining microlocal analysis methods, using pseudodifferen-
tial and Fourier integral operators (see, e.g. [6, 10]). Such methods were used
in the papers cited above, as well. However, for very fast decaying poten-
tials the pseudodifferential methods do not work. The reason for this can
be explained by noting which properties of symbol classes are critical for the
pseudodifferential analysis. In fact, usually all classes of symbols arising in
various problems have the common feature: They improve their decay un-
der differentiation (with respect to some, or all, variables). This property is
observed, say, by symbols with a power-like behaviour. However, if the sym-
bol decays rapidly, say, as exp(—|£]?), differentiation worsens the behaviour
of the symbol, instead of improving it. It is exactly this sort of behaviour
of the symbol that one encounters when reducing the spectral problem for
the magnetic Schrodinger operator with fast decaying potentials to ones for
pseudodifferential operators as it was done in [11, 13, 7, 3, 6]. This is the
reason why the methods of the latter works do not apply to such potentials;
even the question of finiteness of the number of eigenvalues was not resolved.
It is this kind of potentials we are going to consider in the present paper.

Specifically, we consider potentials satisfying the following assumption.

Assumption 1.1. Let V be a nonnegative, bounded, measurable function
on R?? having compact support. In addition, assume that V' > 0 holds on a
nonempty, open set.

Fix the LL A = A4, ¢ € N and let A* denote the nearest LL lying to
the left or right of A, respectively. Choose any p € (A7, A) (respectively,
pe (A, AT)) and let Ny (A) = N(u1, A — X | Hy — V) (respectively, Ny ()\) =
N(A+ X\ po | Hy+V)), for A > 0 small enough, denote the number (counting
multiplicity) of eigenvalues of Hy 4+ V' in the gap (u1, A — A) (respectively,
(A+ A, p2)).

Under Assumption 1.1 we establish the following theorem.

Theorem 1.2. Let V satisfy Assumption 1.1 on R??, d € N. Then the
number of eigenvalues for Hy £V near any LL A is infinite. Moreover, if
1 € (A, A) and py € (A, AT) then

N(M]7A7A|H07V)NN(A+)\aM2|HU+V)N%Ed()\) (]‘8)\\1’0’
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where 3 denotes the multiplicity of the LL A and
1 [ |[In) d
ZN) == ——] .

N =7 <lnln)\>

Hence, under Assumption 1.1 there still are an infinite number of eigen-
values in each gap, they converge to the LLs very fast and their leading
asymptotics do not depend on V. The asymptotics is not described by the
quasi-classical formulas known for the case where V' admits power-like de-
cay. In this sense it is non-classical. Such behaviour is rather exceptional for
differential operators in mathematical physics.

As a spin-off we manage to strengthen the first statement in Theorem 1.2
to any nonnegative bounded V' which tends to zero at infinity (see Proposi-
tion 9.1).

Another operator of mathematical physics with spectral structure similar
to the one for the magnetic Schrodinger operator is the Dirac operator with
a constant magnetic field in even dimension 2d.

The spectrum of the unperturbed Dirac operator Dy is purely essential
and it consists of infinitely many isolated eigenvalues, called LLs, i, ¢ € N*.
Here p, = —p, except for the “lowest” eigenvalue fi, which is either —1
or 1. In order to study the discrete spectrum of the operator Dy perturbed
by an electric potential VI, where I, is the 2¢ x 27 identity matrix and the
potential V is a real-valued function on R?? satisfying Assumption 1.1, we
need a detailed description of the eigenspaces corresponding to the LLs of
D,;. We were unable to find this description in the general situation in the
literature. Even the analysis in [14] performed for d = 1 is not sufficient
for our purposes since the eigenspaces are described rather implicitly there.
Therefore we devote Section 4 to the spectral analysis of D,;. Having this
description at our disposal, we establish the following result.

Theorem 1.3. Let V satisfy Assumption 1.1 on R**. Then the number of
eigenvalues for the perturbed Dirac operator Dy +V near any LL p = ,uf; I8
infinite. Moreover, if p~ and p* denote the neighboring LLs lying below and
above i, respectively, and if s1 € (u=, p) and sy € (u, ut) then

N(Slalu’_)\|Dd_V) NN(N+)\752|D(Z+V) Nw‘Ed()\) (18)\\1,0,
where w = w(p) is a certain integer (given explicitly in (4.17)).

Thus, just as for the Schrodinger operator, there are an infinite number of
eigenvalues in each gap and the asymptotic behaviour of the eigenvalues near



the LLs is expressed by the same formula (up to a multiplicative constant)
as in Theorem 1.2.

Both for the Schrodinger and Dirac operators, the proofs of asymptotical
eigenvalue formulas are based on the analysis of Toeplitz-like operators hav-
ing the form T' = PV P, where P is the projection onto the Landau eigenspace
of the corresponding operator. The operator 1" was in the center of study
in most of the preceding papers devoted to the subject. It is here the afore-
mentioned microlocal methods fail for our case. To handle the problem, we
apply the old-fashioned but still powerful variational method. Nevertheless,
the treatment of Toeplitz operators is fairly technical, and our presentation
is divided into three sections, Sections 6-7 dealing with the Schrodinger case
and Section 8 with the Dirac case. The variational approach is also used
in Section 9, where the perturbational reasoning carries over the results for
Toeplitz operators to the perturbed Schrodinger and Dirac operators. In Ap-
pendix we establish a number theoretical result (Lemma 6.3) which is crucial
in dimensions > 2.

When this paper was near its completion, Prof. G. Raikov informed
the authors about the manuscript [8], where the eigenvalue asymptotics for
the Schrodinger operator with compactly supported or very fast decaying
potentials is considered in two and three dimensions. The results in two
dimensions cover the ones herein. Higher dimensions, however, create con-
siderable additional problems which are resolved in the present paper and,
even for two dimensions, our reasoning is, probably, more transparent. More-
over, the analogous problem for the Dirac operator is not considered in [8]
(or elsewhere).

Acknowledgement. We are grateful to Dr. G.R.H. Greaves for providing us
with Lemma 9.3, which enable us to give a more streamlined proof of Lemma 6.3
compared to an initial, more ad hoc proof. Moreover, the authors thank Prof. G.
Raikov for useful discussions and for sending them the manuscript [§].

2 VARIATIONAL METHOD

Let H be a separable Hilbert space with its norm and scalar product denoted
by || - || and (-, -), respectively. For a self-adjoint operator T" the distribution
function N(I,7|T) counts the total number of points of the spectrum o(7")
of T (taking into account their multiplicity) in the interval (I, 7). If a point
of the essential spectrum belongs to (I,7) then N(I,r|T) = cc. We define
N_(s,T) = N(—o0,s|T) and N, (s,T) = N(s,oc|T). If T is compact, we
set ny(s,T) = Ni(s,T).



We shall use the min-max description of eigenvalues (following directly
from the Spectral Theorem).

Lemma 2.1. Let T be a self-adjoint operator. Then, forl < r,
N(l,r|T)=maxdim {£ C D(T) : |(T = s)ul]* < *||lul]>,u € L\{0}} (2.1)
=mincodim{LCD(T) : [(T—s)ul|*>#*||ul|*>,ue L}, (2.2)
where s = (I +1)/2 and t = (r —1)/2.

For a nonnegative, compact operator 7' it is convenient to use another
form of (2.1)-(2.2):

ni(s,T) =maxdim {£ C H : (Tu,u) > s||ul|*, u € L\{0}} (2.3)
=mincodim {£ C H : (Tu,u) < slul?,ue L}, s>0. (2.4)

We shall also use the following perturbational result found in, e.g., [2].

Lemma 2.2. Let T be self-adjoint and let S be bounded on H such that
o(S) C [s1,82]. Then for any finite interval (I,r) one has that

N+ sy,r+s9|T+S)>N(,r|T).

In addition to the standard order symbols we use, for two real-valued
functions f(\) and g(A), the notation f(\) < g(\) which means that f(\) <
g(A)(1+0(1)) as A — 0.

3 THE UNPERTURBED SCHRODINGER
OPERATOR

We summarize some well-known facts about the unperturbed Schrodinger
operator with a constant magnetic field (see, e.g., [4]).

3.1 Two-dimensional Case

In R? we consider a charged, spinless particle in a homogeneous magnetic
field. We assume that the magnetic field B has constant strength b > 0
and is aligned in the z direction, viz. B = (0,0,b). In appropiate units
the Hamiltonian of the particle is Hy = (P + A)?, where P = —iV is the
momentum operator and A is some vector potential associated with the field,
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viz. B =V x A, and defined up to a gauge transformation. We choose the
gauge in which A = %(B A7r), r = (x,y). The resulting Hamiltonian

o b\’ a b\’
Ho=(-i——- —i— 4 = 3.1
e s
is essentially self-adjoint on C§°(R?) [9]. Tt is well-known that Hy has a purely
essential spectrum consisting of isolated eigenvalues, viz.

o(Hy) = {Ay=b(2¢—1)|qg=1,2,3,...}. (3.2)

In literature on physics the eigenvalues A, are referred to as LLs. For a
fixed LL A, = b(2¢ — 1) one can choose an orthonormal basis in the Landau
eigenspace consisting of functions

1/2
Jm(p,0) = fmq(p,0;0) = (27 1/2p(1+m|)/29~|m|/2 (7)
(0, 0) o(p,0;0) = (27) PR

. b
Xefzmﬂp\m\S*%QQLl(]‘mD (5[)2) , m=—q+1,—q+2,..., (33)

in polar coordinates (p, ). Here L,(,‘m‘)(f) are the generalized Laguerre poly-

nomials

“ I\ 1
Lim(¢) = ;dl,m(—f)l; dijm| = ( ¢+ Im ) 1k (3.4)

3.2 Even-dimensional Case

Introduce the vector potential @ = (a1, aq, ... ,asy) € CH(R??;R??) and the
1-form A = Z?i] a; dxj. Define the magnetic field 2-form

2d 2d

1
B:dA:ZZbU d.Z',/\d.’EJ, bU = 5(67-1&]—67«7017)

=1 j5=1

We assume that B #Z 0. Moreover, we suppose that all the entries of the
antisymmetric matrix B = {b;; ?? are constant. The unperturbed Hamilto-

nian Hy = 2311 (—i0,, —a;)? defined on C§°(R*) is essentially self-adjoint in
L%(R??). Tts unique self-adjoint extension is also denoted by Hy. The eigen-
values of B form a subset of the imaginary axis, symmetric with respect
to the origin. Let b; € R, j = 1,2,... ,d be such numbers that the nonzero
eigenvalues of B coincide (counting multiplicity) with the imaginary numbers

—ibj and ib;, 7 = 1,... ,n. Thus we have 2n = rank B, 0 < 2n < 2d.
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We limit ourselves to the non-degenerate case n = d. In proper coor-
dinates (z,y) € R =z y € R? the 2-form B block-diagonalizes: B =
Z;l:] bjdy; A dz;. By changing variables z; — —x; one may reduce the
problem to the case when all b; are positive. In these coordinates Hj is
unitary equivalent to (again we use the notation Hy) the operator

d d
HO:ZFIOJ:Z(I@)'”@HOJ@”'I) (3.5)
=1

J=1

in L2(R*) = ®(_, L*(R?), where

o b\’ b\’
Hy. = | —i— — 2y 4 . 3.6
" ( "o, 2%> +< "9y, " 296]) (36)

and
o(Hoj) = 0ess(Hoj) = {bj(2¢; — 1) [q; =1,2,3,...} (3.7)

with a basis of eigenfunctions of the form (3.3), with (p, 8) replaced by the po-
lar coordinates (pj, 6;), for the corresponding eigenfunctions f,S{},qj (pj, 0;) =

Sms.a;(pjs 05 b5).
This gives us that the operator Hj is essentially self-adjoint on D(H,) =
®I_ D(Hoy) = ®_, C°(R2) = Cg°(R*) and, in view of (3.5) and (3.7),

its spectrum equals

0(Hy) = 0ess(Ho) = {Agla = (q1,... ,q4) € N*}, (3.8)
where the isolated eigenvalues {A,}, g € N?, have the form

d
A=Ky =020~ 1), g EN. (3.9)
j=1

As above, the numbers A, are called LLs. The number s of different sets
qg = {¢1,q2, ... ,qq} which determine one and the same level A according to
(3.9) is called the multiplicity of A.

We discuss multiple LLs in more details. Let, e.g. d = 2, and let the
matrix B have eigenvalues by, by, —b;, —bs, b; > 0. Then the Schrodinger
operator has the form

Hy=H, ®1+1® Hy, = H, + Hy,



where H; is given in (3.6). The LLs of H, are sums of LLs for H; and Ho,
i.e. for a fixed level A we may write

It may turn out that a given A can be represented in the form (3.10) in
several different ways, for example

A =bi(2¢, — 1) +ba(2g, — 1) = bi (2, — 1) + by(2g5 — 1). (3.11)

The number of such representations is the multiplicity s of the LLL A. Ac-
cording to (3.11), the Landau eigenspace of Hj for A is a direct sum of
eigenspaces corresponding to different representations. For example, in the
case (3.11),

HA - %IA @ HI/,\ - (7‘[]/ ® HQI) @ (7‘[]” ® %2//) (312)
where, e.g. 7-[7,, j = 1,2, is the Landau eigenspace of H; corresponding to
the LL b; (2q] 1). Generally, for the multiplicity ¢ in dimension 2d, we have

d d

A=>"AY=3"020% — 1), a=1,... 5 (3.13)

J=1 J=1

with corresponding eigenspace and projection given by

Ha = @@7{7(«1) @sta)a

a=1 j=1
P = Y P@with P =i P @ (3.14)
where P o is the spectral projection onto ’H](n) For all LLLis to have mul-
tiplicity 1, it is sufficient that b,... b, are hnearly 1ndependent over odd
integers. Thus, in the general situatlon, in particular for by = --- = by, one

must expect that multiple LLs arise.

4 UNPERTURBED DIRAC OPERATOR

In this section we study the even-dimensional (unperturbed) Dirac operator
D, with a constant magnetic field. In analogy with the Schrédinger operator
Hy (see (3.5)) the spectrum of Dy, turns out to be purely essential and it con-
sists of infinitely many isolated eigenvalues 17, g € N%, called Landau levels
(LL). Here pf = —p, except for the “lowest” eigenvalue jio, which is either
—1 or 1. We find, moreover, an explicit representation of the corresponding
Landau eigenspaces.



4.1 Dirac Matrices and Operators
In dimension 2d, d € N, there are 2d 4+ 1 Dirac matrices, denoted a%d), aéd),

cey ag;) and a[(]d), each of size 2¢, and they satisfy the relations

(0 =0l ool 4+ o Woj D =250, j=0,1,2,....2d. (4.1

The matrices may be defined inductively: For d = 1 they are given by

0 1 0 =4 1 0
01:<1 O>’02:<7ﬁ 0>andag:<0 1).

If (J’§d), (J’éd), e ,(J’éz) and (J'[(]d) are given for d, the matrices for d + 1 are
S+ 0 o} gty _ 0 T
1 U](d) 0 ot Y2d—2 053)72 0 )

s _ 0 o ey _ (0 il
2d—1 U[(]d) 0 ) 2d - 43I 0

0(()d+1) = ( (I) _0] ) o I = Iy,

Vector components corresponding to upper blocks in these block-matrices
will be referred to as the upper half, the rest as the lower half.
Forb; € R, j=1,2,...,d, set 3; = |bj|. Define
0 b; .0 bj

P2j71 = —Za—x] + EU], PQJ = —Zf - 5.

and

Note that, since we handle first order operators now, we cannot use trans-
formations x; — —x; to make all b; positive. Thus, here we have to consider
b; with arbitrary signs.

The 2d-dimensional unperturbed Dirac operator with a constant magnetic
field, acting in L?(R?)4, is defined by

2d
Dy=Ag+ aéd), where A,; = Z aﬁd)Pj.
j=1
For 7 =1,... ,d put
b; 0 b,

: .0
Ilj = Py +iPy; = Tom; Tavit g, (4.2)
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and
11 0 ;
T = < 0 —11, ) = Py + 0 Py 1. (4.3)

It is convenient to describe D, inductively as follows. For d = 1 we write

H*
Dy =A + 0(()1), where A; = < 1_([) 01 ) (4.4)
1

and, generally for an arbitrary d,

0 Ag 1 +TF
Dy = Ag+ol?, where Ay = ( A 4T, Ty ) . (4.5)
The afore-defined operators satisfy the following relations:
[Hj’ ] = [Hj’ HZ] =0, j#F, (4.6)
ILIT; = TG +2b; = Hyj + by, j=1,2,...,d, (4.7
[A],H]] — 0, 7:1,2, ,d, (48)
AiaTi+T A = 0, j=1,2,....d, (4.9)

with Hy; being the two-dimensional Schrodinger operator (3.6) associated
with b;. Moreover,

TT =TT - 2b,0) = Hy il — b0 (4.10)

and

) o _ [ {Bj24;]q; e N} if b; >0,
) = (a+n e ={ G0N i 2o

4.2 The Operator A?
From the relations (4.6)-(4.10) we deduce that

d
A2 = (ZHUJ)g®---®{—b1g®---®{®ao
j=1 A

#=d #;(571
+0lQ - RIRI Rog+b3 IR - RIRoy R R oy
—— S——
H#=d—2 #=d—3
+ oty 1 IR0 RI® - R IR0y +bgog @I R -+ R I Ray. (4.11)
— S——
#=d-3 #=d—2
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Thus one may represent A2 as
A2 = Hylya — Ay(b). (4.12)

Here Hy = ijl H,,; is the 2d-dimensional Schrédinger operator (3.5), b =
(b1, ... ,bq) and Ay(b) is the diagonal 2¢ x 2¢ matrix having on the diagonal

the sums b, = Z';:] g;b;, where € belongs to the set

E*={(c1,... ,24)| all possible combinations of £; = +1}.

The way in which b, enter on the diagonal of A,(b) determines an order for
elements € € E%. We denote by Ei and EY the sets of those € € E? for which
be enters in the upper half or lower half of A;(b), respectively. The particular
order in which b, enter on the diagonal is of no importance, however, one
property of b., which follows easily inductively from the inductive definition of
Dirac matrices and (4.11) is the following. Fix some subset J C {1,2,...,d}
with v elements, 1 < v < d. Then of 297¥ combinations of € with ¢; fixed for
j € I, exactly one half, i.e. 2¢7"~! belong to E¢, and 2¢7"~! belong to E<.

Since A? is a direct sum of operators of the form Hy — be, the spectrum
of A2 is determined by the spectrum of Hy. To define the eigenspaces of A3,
we introduce the following notation. Let H. C L?(R*?)., € € E? be closed
subspaces. Let i be the natural embedding of L?(R24), into L2(R2, C2") (to
an element ¢ in L2(R?®), we assign the 2-dimensional vector in L?(R*, C*")
for which all entries are zero expect the “eth”, which equals ). Then we
set HoHe = @eteHe. This will be called the exterior direct sum. The same
notation will be used for elements in H..

Proposition 4.1. Let A :== A, = ijl B;(2¢; — 1) be a LL, with multiplic-
ity one, of the 2d-dimensional Schrodinger operator Hy and let Hy be the
corresponding eigenspace. For any e € E? define

d

=2 B2, -2 (1 &)

j=1

Then the largest of these lg, | = 2 Z?:] Bi(q; — 1) is an eigenvalue of A5. To
each I, one associates a subspace Ha, in L?(R??), as follows: Define

E(g) ={ee B'2g; —1—(1-¢;) >0, Ve; }.
If e € £(q) then one puts Ha, equal to the eigenspace associated with the

LL A, = Zj:1 Bi12¢q; — 1 — (1 —¢;)] of Hy. Otherwise, if € ¢ £(q) then A,
is not a LL for Hy and one puts Hy, = {0}. Then Vi = Bece(q)Hae is the
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eigenspace associated with the eigenvalue | of A3 Moreover, if v(q) is the
number of those q; which are larger than one, then Card £(q) = 2Y(@) gnd,
if v(q) > 0, exactly half of the elements in £(q), i.e. 2"D~1, belongs to E?,
and the other half belongs to E°.

Proof. Assume that [ is an eigenvalue of A2, i.e.
A2 = 0 (4.13)

is solved for ¥ = (¢.)e € Vi, where the latter is some eigenspace to be
determined. Now, (4.13) can be written as the system

Hote = (14 be)t)e, (4.14)

where b, = Z?:] gjb;j. Thus, at least one of these [+ b, must be a LL, which
implies that the largest of these [+ b, namely A = [ + > 0B, is a LL of Hy,
ie. A =Y 5;(2¢; — 1) for some ¢; € N. Indeed, if the largest one is not
a LL of Hy then the smaller ones are not LLs of Hj either. Consequently,
[=2> Bi(¢g; —1). To find the associated eigenspace, we consider all other
possible LLs for Hy, corresponding to this [, for all e. According to (4.14)
they may be represented as

Ae=A— (Zﬁj—zgjbj)ZZﬁj[QQj—l—(l—ﬁj)]- (4.15)

It is clear that these smaller A, need not all be LLs of Hy. Indeed, if a certain
¢; equals 1 (i.e. attains its smallest possible value) and the corresponding ¢
equals —1 then the corresponding ; is not present in the expression for A,
viz. A¢ is not a LL of Hy. As a consequence, we define [ = > (;[2¢; —2—(1—
£;)] (of which the largest is the eigenvalue [ of A%). Then we assign a subspace
Ha, to each of these I¢ as described in the statement of the Proposition, and
it follows immediately that J; = H.cg(q)Ha, is the eigenspace associated with
the eigenvalue [ of A2. This family of A, will be referred to as the “ladder”
corresponding to the eigenvalue .

On the other hand, any LL of Hy can act as the largest one for some
eigenvalue of A7 In particular, if we have A = >7.f; (the lowest LL of
Hy) and, consequently, | = 0, then A is the only LL of Hy included in the
above-mentioned ladder.

Define v(q) as in the Proposition, i.e. there are d — v(q) elements in g
for which ¢; = 1. Let J denote the set of indices for the latter ¢;’s. To
ensure that Ha, # {0} for a particular e, each of the elements ¢;, j € J,
has to be chosen as +1. For the remaining v(q) entries in each &, we may
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choose £; = 1. Hence, there are 2"(9) different € for which H,, # {0}, i.e.
Card £(q) = 2"9. Provided v(q) > 0, the property mentioned just above

the Proposition, asserts that exactly half of the 2“(@ elements in £(q), i.e.
2¥(@)-1 helongs to Ejir The other half belongs to E?. O

Define y[(i) = H.ce(gnre Hae- According to Proposition 4.1, the number
of summands in y[(i) equals 2“(@~! provided v(q) > 0.

For multiple LLs of Hy we have to perform the above “ladder” construction
for each representation of the LL A.

Proposition 4.2. Let A = Ay = Z] 157(2(1] ~1),a=1,2,... 3¢, bea
LL, with multiplicity sc, of the 2d-dimensional Schrodinger opf’rm‘or H[] Let
Ha be the corresponding eigenspace. For any € € E® define

d
=) ;124 —2 — (1 —¢))].
j=1

Then the largest of these g, [ = 22?:] ﬁj(q_;-a) — 1) is an eigenvalue of A3

To each [ we associate a subspace Hg\? in L?(R??) as follows: Define
E(q) ={eec E 2q§“) —1-(1—¢;)>0, Vs }. (4.16)

If e € 5( ) then (me puts 7-[ equa,l to the eigenspace associated with the

LL A, = ijl ﬁj[qu -1- (1 —¢;)] of Hy. Otherwise, if € ¢ £(q'®) then

A is not a LL for Hy and one puts ”HE\C;) = {0}. If v(q'V) 7'9 the number of

those q; which are larger than one, then Card E(q'Y) = 29D and, provided

I/(q( )} > 0, ezactly half of the elements in £(q(™), i.e. 2°@ )1 belongs to
, and the other half belonqs to B2

Define y[ = Eeg(q(a))HAE Then Yy = 69(,37[ 18 the eigenspace asso-
ciated with the eigenvalue [ of A3.

In Proposition 4.2 the eigenvalue [ of A2 can be represented in 3¢ different
ways, so we say that it has multiplicity .
It follows from Proposition 4.2 that the number of summands in y[“

equals Card£(q®) = 2@ and there are Z L 2v (")) qummandq in ).

Let Y7 = B, cp(goynm My and define Y™ = @7, Y5 Clearly the
number of summands in y[(i) equals
w =y 2L (4.17)
a=1
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4.3 The Operator Dy

Since Dy = Ay + 0y, we have D3 = A%+ 1. According to Proposition 4.2 the
eigenvalues of A2 equal [, = 2 ijl ﬁj(qﬁa) —1). Thus, the eigenvalues of D2
equal [; + 1 and the associated eigenspaces are the spaces ), also given in
the proposition.

Since D? = A2 + 1, the eigenvalues of D, are ui = +4/lg+1. The
eigenvalues ,uf; are called LLs in analogy with the eigenvalues of H,. We are
going now to give an explicit description of the eigenspaces of Dy (which are
some subspaces of )y, ).

The equation Dy® = 7 ®, where ® has the form

) (p, 6)
v0.0)~ (509 ). (1.18)
can be written as
1 Adf] + 7:]* (1)(+) - =+ (1)(+)
Ag 1+ T —1 d) = Hq d) :

Here &™) belong to some subspaces y[(jf The latter equation can be rewrit-
ten as

(1 —pH)o™ = —(Ag, + T, (4.19)
(1+pg)00) = (Agr + Ty, (4.20)

Suppose first that ,u(f # +1. In other words we do not consider the
“lowest” LLs of D,. In this case (4.19) and (4.20) are clearly equivalent: If,
say, (4.20) holds then (4.19) follows from (4.13).

Of the spaces y[(qi) at least one is non-empty (and then automatically the

second is). Choose ®(+) ¢ y};’ arbitrarily and set

D) = (14 pg) Ay 1 + Ta)dH). (4.21)

Then the subspace W;G C Yy, given by

o) _ _

is the eigenspace corresponding to the eigenvalue ug of Dyg. Thus, in YV,
we find two eigenspaces corresponding to the eigenvalues /ﬁ = +/lg +1,
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respectively. It is easy to see that Y, = Wuar &) Wu,}' Furthermore, for
uq # +1 and any @) € y[

- /ﬁqi+1 / <1>(+)(p,0)
dhg(p,e)( 2 ) ((1-Fu§)WLAd1-+7b)$“”Kp,9)>

is a normalized eigenvector associated to the eigenvalue ,u? of Dy. Moreover,

the space Y = y[(;) splits into a direct sum of s subspaces V(T cor-
responding to different representations in (3.9). In view of Proposition 4.1,
in its turn, each Y+ is the (exterior) direct sum of the subspaces ”HE\C;)
in L?(R*), which are nondegenerate Landau eigenspaces of the Schrodinger
operator Hy, corresponding to the particular ¢'® and e. Of these subspaces
exactly 2v(@“)-1 are nonempty. According to this description, the functions

in Y have the form

r

o (p,0) = I (p,0), B e Y+, (4.22)
a=1
with
) (p,0) = B, @ (p, 0), L € HYY, (4.23)
where
Lo me [ ] £ 0(03,6)), (4.24)
meNd Jj=1

q(®

I\ (o is defined in (6.17) and f o =, q(,,)(pj,ﬁj;bj) are given in (3.3).

4.4 The “Lowest” LL of D,

The symmetry of ,u(f breaks down for the lowest LL pug = ++v/Tp +1 = +1
corresponding to ¢ = (1,1,...,1). Here only one of the numbers [ is an
eigenvalue of A% according to Proposition 4.1, actually, the one correspond-
ing to € = g9 = (g;) = (signb;), so there is only one nonzero term in the
direct sum Y, = H.Ha, = H/\so H (EH#EOO). This term may enter in Wug
or Wu,}’ depending on the particular combination of the signs of b;. Suppose

that the former case takes place. Then in (4. 19) ®(-) equals zero and there-
fore (1 — )@ = (Ag+ T3)@) = 0. Since ®+) £ 0, this means that u = 1;

16



therefore the whole ) is the eigenspace of D, corresponding to the eigenvalue
1, and —1 is not an eigenvalue of D,;. In the opposite case if €q lies in the
lower half, ®*) = 0 and therefore (14 p)®() = (Ay+ T4)®H) = 0 according
to (4.20). Thus, u = —1 is an eigenvalue, ; = 1 is not an eigenvalue, and )
is the eigenspace of D, corresponding to pu = —1.

5 INTEGRALS CONTAINING LAGUERRE
POLYNOMIALS

For further reference we establish (asymptotic) estimates for certain integrals
containing Laguerre polynomials L{™ (see (3.4)).

Lemma 5.1. Assume V(p) = ax{p<ay(p) for some a, A > 0. Let

Set

R, = / V() 9P pdp, S = / VO X)) pdp.

Then, for some ¢ > 0,

|IInR,,| <em, InS, <cm. (5.1)

Proof. The statement for R, involves estimates from above and from below,
the one for S,, only from above. The Laguerre polynomial L,(Im)(f) satisfies

Z dl,m(_f)Z
1=0

A b 2 b 2
R
J0

AQ(m+])
2(m+ 1)

PRIGIE

g z
<m0 S < g (52)
1=0 '

Consequently,

< a(m—|—q)2"ebA/(m+")
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which, after taking the logarithm on both sides, gives the required estimate
from above for In R,,. The estimate for S,, goes in the same way, since
the differential operator X,, produces only extra factors of order m in the
coefficients of the polynomial, so they become negligible after taking the
logarithm.

To get the estimate for R,, from below, note, that for [{] < A, ¢ fixed,
the Laguerre polynomial obeys

L7(€) > dom/2 (5.3)

provided m is large enough. Indeed, choose m large enough to ensure that
i/ dis1m = (m+1+1)(I+1)/(qg—1) > 4A. Then the latter clearly implies
that

q/2 d, dy
Lgn(é-) - Z {d2r,m£2r - d2r+l,m£2r+l} Z d(],m <1 - l£> > Tm?

d .~
r=0 0,m

From (5.3) it follows that for some € > 0, and for m large enough,

d()m 2 A b 2
R, >a T / PPt e dp,

which, after taking the logarithm, gives the estimate from below. O

Remark 5.2. 1t follows from Lemma 5.1 that

. InS,,
lim sup
m— 00 n “m

<1. (5.4)

This estimate plays a key role when we establish the upper estimate in the
proof of Proposition 8.1.

We introduce the short-hand notation
d
pdp = (H depj> -
J=1
The following technical lemma plays a crucial role in Section 7.

Lemma 5.3. Denote by f,"(p) the polynomial

£ (p) = P LY () g, (5.5)
where Lgm) are the generalized Laguerre polynomials in (3.4). Let q'ga), o=
1,...,2¢, j=1,...,d be a collection of positive integers such that all vectors
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g\ = ( §a), .. ,q((ia)) are different, and let M be one more positive integer.
Then there ezists a function y(m), m = (mq,... ,my), of polynomial growth
such that, for any set of coefficients ¢'¥, o =1, ..., s,
P d 2
(o) mj oo
./[o,Ml}d ;c }_[]fqga)(ﬂy) pdp

x d 2
> (m) /[ 2P (H f;?z)(pj)) pdp. (5.6)
0,M=1 =t

Remark 5.4. Estimate (5.6) measures how far are the functions

F(a)(pla'-' de) = Hf::;)(p])J o = 17 L. (57)

j=1
from being linearly dependent.

Proof. We reduce the inequality in (5.6) to an estimate for the eigenvalues

of some matrix. For fixed «, 3, qéa), qéﬂ) we study the dependence of integrals

on m. For this, consider the expression

Gm)®? = [ Fp) O p) pdp 58)
(0,01~ 1]d
where F(® are defined in (5.7).

From (3.4) and (5.5) it can be observed that for m; > 0, fJ'"(p) is p™
times a polynomial in p variable, of degree 2¢q. The coefficients of this poly-
nomial are integer, moreover they are polynomials in m; of degree no higher
than ¢, again with integer coefficients:

+m; | 1
<qqu>l_|q!_ < Cl]>(mj+q)(mj+q1)'--(Q+mjl+1).

Multiplication of several functions fr?;) preserves this structure. Thus, F(®(p)
9

F¥)(p), as a function of p;, equals p?mj times a polynomial of degree 2(q§a) +

q](ﬂ)) with integer coefficients, being polynomials of degree not higher than

(qﬁa) +q§-ﬂ)) in m;. When we integrate F(®)(p)F®)(p) Hj:] p; over [0, M 1],

then for each 7 we get an expression of the form

v W pma (0,)
mjogmg g Z@B)
/0 fq](_a)fq](ﬂ) Pj OP; zz—(; —om; —2— 1" (m;),
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(@)
J

(8)

+4q;

where Z( " is a polynomial of degree not higher than ¢; with integer

(‘oefﬁmentq Therefore

d d  plaf)
o w77 2 (m3)
[ mO@rOe) ([Tede | = arm T] oy
[0,M—1]d ie1 3 . (m

where p(m) = —2 ijl m; — 22] 1(‘17 —i—q7 ) 2d, P (m]) is a polyno-

mial in m;, with integer coefﬁments, having degree at most 3(q§-a) + q‘;ﬂ)) —1,
(¢l
and Q (,6) ( i) = Hz +a (—Qmj —2—1), whence Q;a’ﬁ)(mj) has no pos-

itive integer zeros. It is convenient to define P%)(m) = H;j 1Pj(a’ﬂ)(mj)

and Q) (m) = H] 1Q (,8) (my) such that P (m)/Q*# (m) is a ratio-

nal function. Note also that G(*®)(m) is always positive.
Now introduce the quantities

7o) — C(n)(g(ma)(m))l/{

M,s = G (m) (G (m)GPP) (m)) /2,

(Note that factors, exponential in m, cancel in M, 3). Then the expression
on the left-hand side of (5.8) can be written as (M7, T), where 7 is the vector
composed of 7(® and M is the matrix composed of M, 3. The integral on
the right-hand side of (5.6) then becomes (7,7). Therefore, to establish
(5.6), it is sufficient to estimate the lowest eigenvalue of the matrix M.

First of all, note that due to the Schwarz inequality applied to G(®®),
all elements of the matrix M are not greater than 1 by absolute value.
Therefore, all eigenvalues A\, (M) are not greater than .

Let us evaluate the determinant of the matrix M. Although the entries
in M contain square roots of rational functions, in the process of calculation
we have to consider products of elements taken one in each row and column.
Thus, each (G (m))~/2 enters exactly twice in every product. Therefore
det M is a rational function of m, viz. det M = P(m)/Q)(m), where, again
P and @) are polynomials in m, with degree depending only on qja , and
with integer coefficients. The matrix M is nondegenerate; otherwise, we
would have (M7, 1) = 0 for some 7, so this would mean that the functions
F(@) are linearly dependent which they are not. But since P is a polynomial
with integer coefficients, the smallest positive value for |P| is 1. Therefore,
det M > 1/Q(m). Finally, since det M = [[ Ao (M), and all \,(M) are
not greater than s¢, we get the estimate from below:

Amin (M) > det M =D > 57 C=NQ(m) ",
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Since )(m) is a polynomial, this gives us the required estimate (5.6) with
1(m) = 1 Q(m). a

6 TOEPLITZ OPERATORS RELATED TO

THE SCHRODINGER OPERATOR, I
The study of eigenvalues of the Schrodinger and Dirac operators, Hy £V and
Dy, +V,V >0, near a fixed LLL will be based on results on the eigenvalue
asymptotics of the Toeplitz operator of the form T"'= PV P, where P = P, is
the projection onto the eigenspace of the unperturbed operator corresponding
to the chosen LL. In Section 8 the results for the Dirac operator will be
deduced from the ones for the Schrodinger operator.

According to (2.3)-(2.4), the distribution function ny (A, 7)), A > 0, asso-
ciated with 7" satisfies the relations:

ny(A\,T) = maxdim {£ C Hp : (Vu,u) > Mul]®, ue £\{0} } (6.1)
= mincodim {M C Hy : (Vu,u) < Aul?, ueM}.  (6.2)

The formulas (6.1)-(6.2) will be systematically used in both directions.

6.1 Two-dimensional Case

In polar coordinates (p, ) we set first

V(p) = ax{p<my(p) (6.3)

for some a, M > 0, and consider the Toeplitz-type operator 7, = P,V F,
in the Hilbert space H,, = Ran P,;, where P, is the projection onto the
eigenspace associated with the gth LL A, of Hy. Henceforth we suppress the
index ¢ in T, P;, Ha, etc. Clearly, T is a nonnegative, compact operator on
H. The following holds for its distribution function ny (A, 7), A > 0.

Lemma 6.1. Let V satisfy (6.3). Then n (N, T) ~ =Z1(X) as A | 0.

Proof. We establish a lower and an upper estimate, separately.
Lower estimate. In view of (6.1) it suffices to find a subspace L£L(\) of proper
dimension for which

(Vu,u) > Mul|?, Yu € L(A)\{0}. (6.4)
We take as our candidate for £(\),
L(A) =span{fn(p,0) | m=—-q+1,—q¢+2,... ,N}. (6.5)
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where f,, denote the eigenfunctions in (3.3) and N will be chosen later de-
pending on A\. Any u € L(A), |Ju|| = 1, can be written as u = Zzzfﬁl Cm fm
with 3" |¢,,|* = 1. Thus, (6.4) takes the form

w N
21 [7 5 lenPlinlp. OPV (o) pdo > A (6.6

m=—q+1

since V' is radial and the functions f,, are orthogonal on circles p = ¢. The
left-hand side of (6.9) is larger than

o0r  min / 0. OV () pip. (6.7)

me{—q+1,—¢+2,....,N}

Thus, for A small, we have to quarantee that

i ([0 V 0 ) < 10
0
or, using the notation in Lemma 5.1,
—In (¢Rp[(m +¢)]7") < |In Al (6.8)

From Lemma 5.1 and Stirling’s formula we see that the left-hand side of (6.8)
can be estimated from above by

—mInm — Cym+ Cylnm (6.9)

for positive constants C'; and C5. Therefore, for A small, since the second
and third terms in (6.9) are negligible compared to the leading one, (6.8)
holds as soon as

(1+€)ymnm < [InA|.

Thus, for an arbitrary ¢ > 0, we can take N = (1 — ¢)|InA|/(In|In)\|) =
(1 —¢)=1(N) in (6.5) and, consequently, as A | 0,

ne(NT) > dim £,(A) ~ Z,(A\) (1 + o(1)).

Upper estimate. Here we use (6.2). As our candidate for the subspace M(A),
we take

M) =span{f.(p,0)|m=Ny+1,Ng+2,...}. (6.10)
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where, as usual, f,, denote the eigenfunctions (3.3) and Ny = Ny(A) will be
chosen below. For u € M(A), |lul| =1, u =Y "_\ | ¢mfm, the inequality
(6.4) reduces to

2n [73 enPlinlp )PV (o) pdo < A (6.11)

m=Ng+1

Using Lemma 5.1, the left-hand side of (6.11) is majorized by

o s [ 1ulp. 00V () pdp = s (cBnllm +0)] ) (612

m>Ng |
Thus, to quarantee (6.11), it is sufficient to have
In(m+¢)!—InR,, —C > |In)| (6.13)

Due to Lemma 5.1, again, like in the estimate from below, the second and
third terms in (6.13) are negligible compared with the leading one. After
applying Stirling’s formula, we come to

mlnm — Cym — Cylnm > |In )|,

which can be obtained by taking Ny = (1 + ¢ )[InA|/(In|InA|) in (6.10).
Consequently, as A | 0, we obtain the upper estimate

ny (A, T) < codim My (A) ~ Z1(N) (1+0(1)), A]O. (6.14)
O
Lemma 6.1 enables us to establish the following proposition.

Proposition 6.2. Let V satisfy Assumption 1.1. Then
ny(NT) ~ Z1(N) as AL 0. (6.15)

Proof. From Lemma 6.1 we know that the statement holds for the particular
V in (6.3). To verify the general statement, we first make the usual shift of
variables so that V' becomes positive in a neighborhood of origin. Next, we
can clearly find two functions V. > 0 having the form in (6.3), with compact
support, such that V. < V < V,. Then the variational principle implies
that n,. (A, T(V2)) < ny(NT(V)) < ny(MNT(Vy)) and since ny (A, T(V4))
obeys the asymptotics (6.15) in view of Lemma 6.1, the same is true for
ny(A,T(V)). O
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6.2 Even-dimensional Case for a Simple LL

A point in R*  d € N, is represented by (p,0) = (p1,...,p4,01,...,0q).
Initially we choose the potential

V(p.0) =V(p) = a][Vi(p) = a] ] xo;<any (3) (6.16)

J=1 J=1

for some a, M > 0, and consider the Toeplitz-type operator T, = P,V F,
in the Hilbert space H,, = Ran Py, where P, is the projection onto the
eigenspace associated with the LL A, of H.

Throughout this section we assume that the multiplicity of A, is one.

In the sequel we suppress the index g in Ty, Py, Ha, etc., and consider
the distribution function n, (A, 7), A > 0. For this purpose we introduce the
set

No = {(mi,...,mq)|m; > —q;+1}. (6.17)

When V is chosen as in (6.16) and P; denotes the operator in L?(R??), which
acts as P in the variables (p;,0;), then it is clear that the eigenvalues of

T are products of the eigenvalues V%]) = U, (Tj) of T; = P;V;P;, and the
eigenfunctions of 7" are (tensor) products of the eigenfunctions of 7;. Hence,

ny(\T) = {m €N/ | ﬁ } : (6.18)

We are going to estimate (6.18) from below and above, respectively. A key
ingredient is the following number theoretical result.

Lemma 6.3. Let m € N and A > 0. Then

d
#{m € N | Hmj*mf > )\} ~ Zg(N) as A ]0.

=1

The proof of Lemma 6.3 is given in the Appendix. Having the latter
lemma at our disposal we are ready to establish the following result.

Proposition 6.4. Let V be chosen as in (6.16). Then

ny(AT) ~ Z4(A) as A 0. (6.19)
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Proof. Lemma 6.1 gives us the result for d = 1. We will use induction in d.
Thus, we assume that the statement holds for all d < d and verify it for d.
From the induction hypothesis follows that one may painlessly replace Ng by
N in (6.18) with change of order only O(Z; {()\)). For d = 1 Lemma 6.1
implies that, given ¢ > 0, there exists Ny = Ny(€) such that

‘|lnym(T(]))|—mlnm‘ <emlnm, Ym > Ny. (6.20)

where v,,,(T() are eigenvalues of the operator T = T() in this lemma. In the
sequel subsets of I = {1,2, ... ,d} are denoted by J.
Lower estimate. Using (6.20) we have for the right-hand side of (6.18):

d d
In A
{mENd|HV7>)\}>#{m€NdmJ>N0,7€.]]ZmJlnmJ — 6}

Jj=1 j=1
In A
#{mEN‘i Zm]lnm] 1_6}
d In A
_Z#{mENd|mj/ SNU,ijlnmj > 1——6}
j j=1
F ZF2J

Consider F, ()\) for, say, j = 1. We have, due to m; Inm; < Nyln Ny and
the 1nd11ct10n hypothesis that, as A | 0,

In A
For(\) < No#t{m e N | Zm Inm; > —— — NyIn N
s 1—e€
d In A
<No#{m e Nt ]z_; mj Inm;>-— } S NoZa1(A) = 0(Ea(R))

The asymptotics for F;(A) is described by Lemma 6.3, viz. F1(A) ~ Z4()) as
A 1 0, and this shows the lower estimate.
Upper estimate. We have

d
ny(\T) = # {m eN' | [v9) > )\} =Y Fy(\)
Jj=1

Jcu

where

Fy(\) = {mENdH ) >\, m; <N, for j€J,m;> N, for j QJ}
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For every J # () (i.e. 1 < |J| = d < d) we estimate Fj()\) from above:

d
Fi(\)=# {meNd | Zln y;,g; >In A\, m;<Ny,j € J,m;>Ny,j &l }

J=1
< NI 4 {m e N7 | > vl >1nA } .
J¢d

For the last quantity the d —d dimensional version of our induction hypoth-
esis applies:

# {m e Nt | > ) >, } ~Z, s\ =0(Z4N) as A1 0.

Iy
Finally, we consider J = (). Due to (6.20) we have that
d
Fy(\) = #{m e N [m; > Ny, [[v8) > )\}
j=1

d
:#{m e N'|m; > No, Y v >ln)\}

J=1

d
In A _
< {me N7 | 7Z]mjlnmj > T } ~ 540, as A 10, (6.21)

where the latter asymptotics follows from Lemma 6.3. O

Proposition 6.5. Let V' satisfy Assumption 1.1. Let T = PgV P, be the
Toeplitz operator associated with the LL Aq with multiplicity one. Then

ny(AT) ~ Z4(A) as AL 0. (6.22)

Proof. The proof is similar to the proof of Proposition 6.2. O

To treat the Dirac operator in Section 8 we will need a slightly stronger
version of the upper estimate in Proposition 6.4.
Fix some index j, say j = i. Suppose that 7, is a sequence such that

~In7, > —InvlY as m — oco. (6.23)
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Proposition 6.6. Under the assumptions of Proposition 6.4,

d
# {’m € N |7, HV,%) > )\} < Ea(N). (6.24)
J7i

Proof. The proof follows the lines of the reasoning leading to the upper esti-
mate in the proof of Proposition 6.4, since the only thing we needed there for

V,(%J) was the estimate — In V,(%J) > (14 €)mjInm,, but from (6.23), the same

holds for 7,,,. O

7 TOEPLITZ OPERATORS RELATED TO
THE SCHRODINGER OPERATOR, II

In the case of dimension 2d, d > 1, multiple LLs can arise for the Schrodinger
operator Hy. We use notations introduced in Section 3.2.

7.1 Even-dimensional Case for Multiple LLs

Let V satisfy Assumption 1.1 and let A be a LL of Hy with multiplicity s¢.
The main result of this section is the following Proposition.

Proposition 7.1. Let V satisfy Assumption 1.1. Let A be a LL of Hy with
multiplicity 3¢ and let P = Py be the projection onto the eigenspace associated
with A. Then the eigenvalues of the Toeplitz operator T = PV P obey the
asymptotics

ny(AT) ~3254(A) as AL 0.

Proof. For the representation (3.14), we set T = P()T P where P is

a projection onto ’HE\Q).
Estimate from above. For given A > 0, Proposition 6.5 asserts that we can
find subspaces £(® ¢ ’HE{I), as in (3.14), such that

/ Viul*dz, ---drg = / Viuf>dz < A / u|? de
JR2d JR2d JR2d
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on £ and codim £ = n (\,T®) ~ Z;(A\), A | 0. Then, on £ =
@”_, £ one has

a=1
/ Viuf? de = / Vv Zu(“)
R2d R2d a—1

< %/ VY ) da = e Al (7.1)
JR2 a=1

2
de, v e @

The inequality (7.1) shows that we have found the subspace £ in H, of
codimension Y7 n, (A, T@), so that (Tyu,u) < seA||u||? on L. Therefore,
ny (3N, T) <3, ny (A, T) and the estimate from above follows from the
asymptotics for n (\, T(®) established in Proposition 6.5.

Estimate from below. The proof is based on Lemma 5.3. Equipped with this
lemma we establish the lower estimate first for V' having a special form and
then, using monotonicity as in Section 6.1, we pass to a general V. Fix an
integer M and set

d

Vip) =a][Viles), (7.2)

J=1

where V; is the characteristic function of an interval [0, \/2/b; M ~']. Accord-
ing to Proposition 6.4, for such V we can find subspaces £(® c H(® such
that

/ Viul® de > )\/ lul*de, ue £ (7.3)
JR2d J R2d

and dim £ = n (A, T@) ~ Z4(\) as A | 0. Moreover £(®) consists of
functions which are linear combinations of eigenfunctions in H(®, u(® =
Yom c(r?,,)¢(r?,,), where m = (mq,... ,my), and

d
ng;lz) (p,0) = H h's%) (pj’ 9.7')a
J=1

where h,(ﬁj)(pj, 6;) are the eigenfunctions from (3.3), the constant factors in-

. . o .
corporated into the afore-mentioned constants csn), viz.

a im0 m. b m; b
hs) (ps, 0;) = el ngcf)) (é[{?) pj’ exp (ﬁpﬁ) : (7.4)
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We take a linear combination u = >_ u(® of the functions u(®) and estimate
Jgoa V|ul? d from below. There are quite a lot of terms in this product,
having the form

/ Vuu® de = Z c(rz)c(—fl?/ Vol E dr. (7.5)
JR2d JR2d

!
m,m

However, most of these terms vanish. In fact, if the integer multi-indices m
and m’ differ just at some position j, the integral (7.5) equals zero because,
in polar coordinates, the integral in the #; variable vanishes. Hence, only such
terms in (7.5) survive for which m = m'. Now, after integration in f variables
(and incorporating the resulting 27 into constants (:Ef{)) and the change of
variables p; — p;1/b;/2 (again incorporating the resulting constants into

c(ri)), we obtain that

vy [
./R?d u|*dx = Z

and, after replacing V' by the function W = ¢ H;l:] exp(%p‘?)x{pKMfl}(pj),
with constant ¢; chosen in such a way that ¢ exp(%MQ) = a, the latter yields

d 2

Z " HLmG (pi)p;”

Jj=1

e T p.?p dp.

2

d
Wu|* de = / L p "i pdp 7.6
wwras=3 [ IS T (7.6
and therefore
o Wul? dx B
Jgau Wil de € [exp(—=(1/2)M?),exp((1/2)M~?)) (7.7)

fR?d Vlu|* de
for any u. Using (7.6), Lemma 5.3, and (7.7), in this order, we find that

/W|u|2dm>(’1 e 2M2227

a=1 m
J 2
/ e HL Tie i pdp. (7.8)
7j=1
In (7.8) m runs over the set of multi-indices m = (my, ..., my) such that the

corresponding functions QS%) belong to our spaces £{®), From the estimate
from above in the case of a simple LL, it follows that

nA| \*
— 0
M <<1n|ln)\ ’
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and therefore y(m) = O(|In \|*) for some s > 0. The latter, in conjunction
with (7.8) and

/v

2

de = [ V37|16 de.

> ool

yields that

/Wu2dm > cﬂe%M?lnMSZ/vu(a”daz,
a=1

or, using (again) (7.7) and afterwards (7.3), we have on £ = @L® that, for
some ¢ > 0,

/V|u|2dm > cln)\|”’Z/Vu(“)2da:
a=1

> c)\|ln)\SZ/?L(“)2dm—c)\ln)\|S||u||2. (7.9)
a=1"

This means that we have found a subspace of dimension >"7_ n (), T®),
where (Tu,u) > c\|In A ~%||ul|?, which implies that n,(cA|In\|~%T) >
7 (A, T@). Finally, let 2 = eA|ln A|™* such that A ~ ¢ u|Inp/*, and
apply the asymptotics for n, (A, T(“)) given in Proposition 6.4. This yields
the lower estimate for the V in (7.2). Passage to a general V uses mono-
tonicity. ]

8 TOEPLITZ OPERATORS RELATED TO
THE DIRAC OPERATOR

For the fixed LL ,u(f = +,/lg + 1 of the Dirac operator D; and the potential
V = VI,u we associate the Toeplitz-type operator T' = Tqi = PV P, where
P = Pqi is the spectral projection onto the corresponding eigenspace of
D,. The spectral asymptotics of T determines the asymptotic behaviour
of eigenvalues of Dy + V. Due to Proposition 4.2, there is a one-to-one
correspondence between [ and a LL A of the 2d-dimensional Schrédinger
operator Hy with multiplicity s, so that A = A @), a = 1,... s Keeping
in mind this correspondence, we say that /L;E has multiplicity .

In the sequel we adopt the latter terminology and, moreover, we often
suppress the indices in TqjE etc.
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Proposition 8.1. Let V satisfy Assumption 1.1 and let y # +1 be a LL
of Dy with multiplicity ». Then the eigenvalues of the Toeplitz operator
T = PV P obey the asymptotics

ny(AT) ~wZy(N) as A ] 0, (8.1)

where w = w(p) is given in (4.17). The same formula with w = w(£1) =1
holds for p =1 or p = —1, depending on which of them s the eigenvalue of
D,.

Proof. We consider pu # +1 first. Recall the description of the eigenspaces of
D, given in Section 4.3, in particular (4.18)-(4.24). Due to (4.18), we have
for & € W,

Vo, 0) = (Ve o)y 4 (Vo) o)), (8.2)

We establish a lower and an upper estimate, separately. Again, as before, we
first suppose that V' has the form (6.16).

Lower estimate. In view of (6.1) we are going to find a subspace £ = L(\) C
W such that

(V@,®) > A||®]|>, V& e L(N)\{0} (8.3)

and
dim L(\) 2 w Z4(A). (8.4)
We start by finding a subspace £ () in Y(*) of proper dimension, satisfying
(Vo) o)y > Ajo®))2 velH) e £H(A)\{o0}. (8.5)

The existence of the latter follows from our considerations for the Schrodinger
operator. For each & € U7_,£(q¥), where £(q'®) is defined in (4.16),

Proposition 7.1 quarantees that we can find a subspace ££+)()\) such that

(Vo) o) > A0 |2, vald e £ (A\{0} (8.6)

€ I €

and
dim L7 (A) 2 2 Z4(0), (8.7)

where sz is the multiplicity of the LL A., defined in (4.15), for the Schrodinger
operator Hy (in particular, s, = 0 if A¢ is not a LL for Hy). Taking the ex-

terior direct sum of these ££+)()\) over € € (U"_,E(q)) N EY

¢, we get the
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required subspace £)()), with dimension > Y°_ 3. Z4()\). It remains to
notice that > s =), (@)1 = o,
Having £)(\) at our disposal, we set

LO)={ (@D, (14 p) (Agq + T 0D e L) L cw,

The dimension of £()\), obviously, equals the dimension of £+)()\). At the
same time, on L£(\),

V@, ®) > (VO o)y, (8.8)
On the other hand, (4.9)-(4.10) and (4.21) imply that

12> = [ + | (Ad—1 + Ta)oV|?
= (|02 + (@), (Ass + Ta)" (Ad-1 + Ta) @)
< )7+ Al < ol o). (8.9)

Therefore, (8.8)-(8.9) yield that
VB, 3) > A0, ¥ € LON {0},

which gives the required lower estimate for the asymptotical eigenvalue dis-
tribution of 7.

Upper estimate. We begin by constructing some special subspaces in the
Schrodinger Landau eigenspaces. Recall the structure of the operator A, |+
74, discussed in Section 4.1. It is a 297! x 2¢-1 operator-valued matrix, each
entry X, , e € Ei, e € B, being either a first order differential operator
in one pair of variables (p;, #;) or the zero operator.

We fix some €, €, as well as some «, and consider the subspace ’HE{? C
L2(R?*#). If this subspace is nonempty, i.e. € € £(q®), the eigenfunctions
L) (p, 6) have the form (4.24). We use the short-hand notation X = X, _,
and consider the expression

/Vc1>g+v“>|2d:c+/vxq>g+’“>2d:c. (8.10)
We write out the the second term:

/V|X<I>£:+’“)|2dm = /V|ZXcmfm2dm

(we suppress all nonessential sub- and superscripts). Now it follows from
(4.2)-(4.5) that the differential operator X acting in variables (p;,, 6;,) on the
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function f,, = H] . fm7 (pj. 05) = T1; exp(im;6; )fm7 (p;) replaces all circular
factors exp(im;,0;,) by exp(i (mm +1)9]0) or all of them by exp (i i(mj,—1)8,,).
Each pair of functions fp,, f,,/, m # m’, are orthogonal with respect to 6-
integration. The above property of X then implies that X f,;, and X f, + are
0-orthogonal as well. This enables us to transform the integrals in (8.10) (for
V on the form (6.16)),

/V(I)“L(’ ? dx + /VX(I) )2 d
—EI%F/VmVM+§:%F/VXm2m
—Zwﬁwmwwmmwm%w%%m

< I [ Vol rg s 01 o dpsas, (8.11)

J#Jo

We denote the first integral on the right-hand side of (8.11) by 7,,, , and

the terms in the product by 1/7(,33 From Lemma 5.1 (see also Remark 5.2),
—In7y, 2 —1In y,(%fg Now, from Proposition 6.6, it follows that one can find

such subset M()) of integer vectors m € N2 so that
Ty | [ V50 < A, m & M()) (8.12)
J7Jo
and CardM(\) < Z4(N). We consider the subspace MS’Q)()\) in ”HE\C;)

spanned by fp,, m ¢ M()). This subspace has codimension not larger than
Z4(N)(1 4+ 0(1)), and, in view of (8.12), for any ol ¢ MS’“’(A),

/V|<I>£:+’a)2dm+ /V|X<b(€+’a)|2dm < M| ®LHY 2. (8.13)

Next, still for €', e fixed, consider all a involved in the representation
of the LL A, and construct, according to the above reasoning, a subspace
M), Then MEV(N) = @7, M (A) is a subspace in Y| having
there Codlmensmn not larger than the sum of codimensions of summands
in Y ie. s, Z4(A)(1 4+ o(1)). For any element ol = P o on
/\/l(s+)()\), we have that

/vq>g+>2dm+/V|Xq> )12 dae
_ / VIS a6 2 dg + / VI3 X0l da (8.14)

33



From the latter equality, in combination with the simple inequality | >7_ a(®)|?

< 23 |a®]? and (8.13), we get that
/V|c1>g+>|2dm+ /VX<I> 2dx < s \||OD)2. (8.15)

Now construct the subspace ML () for each & € (U7, E(@))NEY and set
MBI N) = Ber eiqeynme ME () with codimension in Y = @y

not larger than the sum of codimensions of M7 (A) in Y7 iLe.

codim MP)(\) = Zcodim M (N)
S s 54N+ 0(1) = @ Z4(\) (1 +0(1)).

At the same time, due to (8.15) and the estimate
DX PP <2ty I ol

any &) = (@_ ce(Ur_ g(q(a)))npd@ € MM()\) satisfies
(VO )y + (V(Agr + Ta) @, (Agr + To) @)

0> <Z<v<1>g+>, o) + VX, 0, X, ¢g+>>)
g’ e 15

<o S (S -2 i
e’ € e’

< 29905 \| )12 = OA|@)||2. (8.16)
Finally, set
= {0 (1 + p) " (Ag1 + T2 | € MBI (N},

Due to (4.18), (4.21), the codimension of M™)()) in Y*) equals the codi-
mension of M(A) in W. On M()), moreover, it follows from (8.16) that

Vo, @) = (VO o) 4+ (14 p) 2V (A1 + T) @), (Asr + Ta)2)
< CNJoM|2 < CAlle”.

This means that we have constructed the subspace required in (6.2).
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For the LL = 1 or 4 = —1, a much more simple reasoning goes through.
Let, say 4 = —1 be the eigenvalue of D;. Then, according to Section 4.4,
As_1+T3=0o0n yé“ and the eigenspace of Dy coincides with the one for
the Schrodinger operator. Consequently, the Toeplitz operators coincide as
well, and therefore the results of Section 6.2 apply (since the lowest LL is,
obviously, simple). a

9 THE PERTURBED OPERATORS

The proof of asymptotical formulas for eigenvalues goes in the same way
for Schrodinger and Dirac operators. Therefore, we let T stand for the
unperturbed Schrodinger operator Hy or the unperturbed Dirac operator
Dy, and we let [ be a LL of T, i.e. [ represents either A4 or ,uf;.

We will prove the asymptotics for To — V', V' > 0; the proof for Ty +V is
exactly the same, up to a few changes of signs.

In Propositions 9.1 and 9.2 we give a lower and an upper estimate, respec-
tively, of the asymptotic behaviour of the eigenvalues of Ty —V accumulating
near each LL [ of the operator Ty. Together the propositions establish the
main result for the perturbed operators, namely Theorems 1.2-1.3.

Proposition 9.1. Let V satisfy Assumption 1.1 and let | be a LL of Ty with
multiplicity ». Let It be the neighboring LLs of Ty lying below and above |,
respectively (or any number smaller than U if the latter is the lowest LL of
Hy). Then, for A >0, 51 € (I7,1) and sy € (I,[1), the number of eigenvalues
for Ty £V in (81,0 — X) or (I + A, s9), respectively, satisfies the following
inequality as A | 0:

N(ﬁl,[—)\‘TO—V)NN([+)\,52‘T0+V)ZQE(1()\), (91)

where the constant o either equals the multiplicity sc of | if Ty stands for Hy,
or the constant w in (4.17) if Ty stands for Dy. Moreover, (9.1) holds for
any nonnegative, bounded V on R?? which tends to zero at infinity.

Proof. We use a simple perturbation argument based on Lemma 2.2. In [§]
an alternative approach is used, based on Weyl inequalities and an analysis
of the Birman-Schwinger operator.

Let s = s, and let g = [ — s be the length of the interval (s, [ — \).
Step 1: Small V. In this step we show the assertion for a function V satisfying
0 <V < a for some a > 0, small enough to ensure that (1/2) — (a/g) > 0.
Introduce the parameters

=0 A+s)/2, r=(-\s)/2
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In view of Lemma 2.1 it suffices to find some subspace £ = L, for which the
condition on the right-hand side of (2.1) is fulfilled for all elements in £. As
the candidate for the subspace £ we take the span of some finite set of the
Landau eigenfunctions of Ty corresponding to the LL [,

L =span{®,(p,0)|n=1,2,... N},

where N = N(A) will be chosen later. Any u € L, ||u|| = 1, can be written
as u = ZN cnP,. Since each ®,, satisfies Ty®,, = [D,,,

n=1
[(To =V = wul* = ((To—V = pu, (To = V = p)u)
= (L= p)*[Jul)® + [[Vu|* — 201 — p){u, Vu).

Since [ — pu = 7+ A and ([ — p)? — 72 = g), the inequality (2.1) becomes
(2/9) (T + A)(u, Vu) — (1/g)||Vul|> > X. The latter is fulfilled if

vov? a
/ <5 B j) Jul? (Hpj dpjd9j> > A, ull =1, (9.2)

J=1

is satisfied. Due to (1/2) — (a/g) > 0, we have (V/2) — (V*/g) > 0 and we

arrive at the problem of finding a subspace of u = Z;V:] ¢, P, such that

N N
<W (chq>n) : (ch¢n>> >\, W:g—‘g > 0,

n=1 n=1

holds for all N > Ny = Ny(A). This problem is already solved in Section 6-7
or Section 8, respectively, depending on whether Ty plays the role of Hy or
D,, with the required estimate for the number of elements in £. In this way
we obtain the estimate (9.1) for small V.

Step 2: General V. We assume that V' is a nonnegative, bounded function
on R?¢_ which tends to zero at infinity. In particular, V is Ty-compact and,
therefore, o.5(To — V') = 0ess(To).

Choose 0 < V; < g/2 having compact support such that V' — V4 > 0.
The assumptions on V' allow us to choose .J large enough to ensure that
V; = (V=Vy)/J satisfy [[Vj]| < g/2,j =1,...,.J. Inaddition, V =37V
and V; > 0. We apply Lemma 2.2 as follows. Put

J J
T =T Vo) Vi Si=Vo+) V;-V=-N

Jj=2 j=2
such that S; < 0 and v, := ||S1]| < g/2. Moreover, let

S1 = —71, SQZO, l]:5+’7], T]:[*)\.
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Then Lemma 2.2 yields that
J
N(s, [~ ATy~ V) > N(ly, [~ A|To Vo — > _Vj)
j=2
Since

J J
N(l, b= A To = Vo= Y Vi) = N(s, L= ATy = Vg — Y V)

Jj=2 Jj=2

J
—N(s, 011 | To = Vo — Y _Vj)
7=2

where the last term on the right-hand side is finite (from above the only
possible limits points of the eigenvalues for Ty — V' are the LLs, and here the
interval (s, ;) is away from the latter), it follows that

J
N(s, - ATy~ V) > N(s, [ ATy~ Vo~ > _V;) — C
7=2

for some constant C; > 0. Then we repeat this argument .J — 1 times
(introducing positive constants Cy, C3, ... ,C; 1), using Lemma 2.2 on each
step in a way similar to the above, and obtain that

<

-1
N(s, = ATy = V) > N(s. 1= ATy = Vo = V)) = Y C
1

J

for some constants C;. Taking the next step in this procedure (applying
Lemma 2.2 with T; =Ty — V4 and S; = —V) we obtain that

J

N(s,[=X|To = V) > N(s,1= X To = Vo) = > _C; (9.3)

Jj=1

for some constant C'; > 0. For the operator Ty — V; the required estimate
from below is obtained in Step 1, which proves the proposition. ]

Next we establish the upper estimate.

Proposition 9.2. Let V satisfy Assumption 1.1 and let |, [T be the same as
in Proposition 9.1. Then, for X > 0, s; € (I",[) and sy € (I, ["), the number
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of eigenvalues for To =V in (s1,1—A\) or (I4+ A, s5), respectively, satisfies the
following inequality as X | 0:

N(ﬁl,[—)\‘TO—V)NN([+)\,52‘T0+V)5QE(1()\), (94)

where the constant o either equals the multiplicity s« of | if Ty stands for Hy,
or the constant w in (4.17) if Ty stands for Dy.

Proof. Let s = s and set
pu=6E+1-XN/2, 7=(1-X—5)/2.
We are going to construct such a subspace M/ that
1T~V pyull? > 72l (9.5)
holds for every u € M. According to Lemma 2.1, this would mean
N(s,[—=X|Ty — V) < codim M,.

Let H; be the eigenspace associated with the eigenvalue [ of Ty. Introduce
its complement H, = D(Ty) © H. Any u € D(Ty) has the form u = u; + uy,
uy € Hy, ug € ’H'[ Then (9.5) gives

1(To =V = ) (ur +up) || = =7*Jur||* = 7*|uz|* > 0. (9-6)

Since (Ty — p)uy = (I — p)uy and (ug, ug) = 0, the left-hand side of (9.6) can
be written as follows:

[(C=)* = P[[Jual P+ [[(To — p)ual|* =72 Juz]|* — 2Re (1 = p)u, V (w1 + u2))
—2Re ((Ty — p)ug, Vug) — 2Re {(To — p)ug, Vur) + ||V (uy 4+ ug)[]*. (9.7)

Take some € > 0 (to be chosen later). From Section 6 or Section 8,
depending on whether T, stands for Hy or D;, we know that there exists a
subspace M C H; such that

[(ur, Vur)| < Aef|u ||? (9-8)
holds for every u; € M, and, moreover,
codim My~ pZ4(N) as A | 0. (9.9)

From hereon we suppose that u; € M. Next we estimate each of the
terms on the right-hand side of (9.7) separately.
Term 1. Clearly,

[(C=10)” = 7]l [I* = U= s[AfJun [|”. (9.10)
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Term 2. Since uy € D(Ty) © H, we have that
1(To — p)usl” > [dist (12, 5(To)\{1})]*Juzl” > [(s — 17)* + 7*][Jug]*  (9.11)

and, therefore,

1T — wmll? — 72wl > ]l (To — o (9.12)
Gl
where C1 = m

Term 3. For any u; € M we have that
2Re (1= p)ur, Vur)| < 2(1 = p)[{ur, Vur)| < 2(1 = p)Ael|un[|?, - (9.13)

due to the Schwarz inequality and (9.8).
Term 4. For any u; € M, and K > 0 we have, due to (9.8) and (9.11), that

2Re (1 — p)ur, Vug)| < 200 — pl|{Vu, us)] < 201 — gl [V | Jer]

N— 1/2
< 2l = el ((s = 1) 2 (To = puaf?)
|[_N‘2 2 V2 1 2 V2

= [64K——= A —I[(Ty —

(6ar S ndunl?) (3T = sl
< 128K e+ (T — P
- (s — [7)? 8K

1

= oK)l 2+ il — sl (9.14)

Term 5. The Schwarz inequality yields

2Re ((To — p)ug, Vug)| < 2[|(To — p)ual] [|[Vue|

<

1
< gl (To = wusl® + 8KV us|*

In the Hilbert space H, with norm |us|? = ||(Ty — p)us|/?, we consider the
operator, denoted T', generated by the quadratic form ||V uy||?. This operator
is, obviously, compact:

ny(t,T) = maxdim{L CH, : ||Vuy|® > t{us|*}
< maxdim {M C D(Ty) : |[Vul|* > t[[(To — p)ul]* } < oo,

Taking ¢t = 1/64K” then we may find a subspace My; C H, with finite
codimension, say

N := codim My < 0o (9.15)
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such that [|Vus||” < o ||(To — p)usl? for every us € Mo
Therefore, on My C H, we have

1
2Re ((Ty — ), Viea)| < || (Ty — sl + K[V
1 2 8 2 1 2
< (T = s+ =T — p)uallP = = (Ty — el (9.16)

for every us € My and, moreover, codim My = N < oo.
Term 6. For every u; € My and K > 0 we have that

2Re ((To — p)uz, Vur)| < 2[|(To — p)ual| [[Vus

< = I(To = pyua|*+8K ||V ||* < (To — p)uz||*+8 K XefJual*, (9.17)

=
8K
where, again, we used (9.8).

We substitute the estimates (9.10)-(9.13), (9.16) and (9.17) into (9.7):

1
I(To =V = ) (wr + ua) [* = [ || = 7*[Jual|* > (e2 = 572 1(To — pr)ua|”

FA((1—8) — 2e(1 — p) — co(K)e — 8Ke) |Juq||*.
Take K, ¢; — 1/2K > 0 and, afterwards choose € such that
A(([—=8) —2¢(l — pu) — c2(K)e — 8Ke) > 0.

This gives us (9.6) for u € M, @® My In conclusion, if we take M| =
M @ My then (9.6) holds for every u € M, and, in view of (9.9) and
(9.15), we clearly have that

codim M < codim M, ; + codim M
~0E4AN)+ N < opZ4(N) as AL O.

O

APPENDIX: LATTICE POINTS INSIDE A
CLOSED HYPERSURFACE

We establish Lemma 6.3. Thus, we are interested in the number N(u) of
solutions n € N to

d
Z nilnn; < p=In\" (9.18)

=1
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as u — oo (i.e. as A | 0). In other words, we seek the number of lattice
points (with positive integer coordinates) in the region I'" between the ;-

axes, 1 = 1,...,d — 1 and the hypersurface
d
C : inlnxi:u, x; > 1for1 <i<d. (9.19)
i=1

The hypersurface C'is “flat” in the following sense.

Lemma 9.3. There ezist positive numbers b(u) and B(u)such that

d
b(u) < ZTZ < B(u)  for all points « € C, (9.20)
i=1
where
I 1
b(u) ~ —, B ~ — X . 9.21
W)~y Bl ~ g as =00 (9.21)

Proof. Without loss of generality suppose x; > x9 > --- > zy.

Note that on C' we have u > xy, so that Inz; < Inz; < Inp. Then we
observe that y = Z;‘i:] rilnx; < Z;‘i:] x; In . This proves the first inequality
in the lemma, with b(p) = p/In p.

To establish the second inequality in the lemma, consider the case d = 2
first. We will show that on C, which is now a curve given by (9.19), the
maximum value of z; + x5 is attained at the point where x1 = x,. This follows
by implicit differentiation of (9.19), giving (1 +1nx;)dx, + (1 +1Inzy)dzy = 0,
so that dxg/dry = —(1+1nx)/(1+1Inxe). As we move away from the point
on C with 21 = x5 into the region x; > x5, the value of |dzy/dx;| increases.
Hence z; + x5 attains its maximum when z; = x5. The dual version of this
fact is that if 1 + 29 = B is specified then z; In x1 4+ 25 In 25 is minimized by
taking x; = x,.

To see that an analogous result holds in the d-dimensional case, consider
the dual problem of minimizing y = Z?:] x;Inx; subject to the constraint
Zf’:] r; = B. If any two of the numbers z; are unequal, xz; > x4, say,
then we can increase x5 and decrease x; by the same amount J, leaving the
constraint fulfilled but reducing x;Inxz; 4+ x5 Inxzy, and therefore reducing
Zf:] x; Inz;. Thus the minimum of this sum occurs when all the numbers x;
are the same. Dually, the maximum of Zle x; subject to Zle xilnz;, = p
occurs where z; Inx; = p/d for each i. Then x; ~ pu/dInp as p — oo, so that
Zf’:] x; ~ p/In . This completes the proof of the lemma. O
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Equipped with Lemma 9.3 we are able to establish Lemma 6.3.

Proof of Lemma 6.3. First, we use Lemma 9.3 to estimate the hypervolume
V' of the region I'. We find that

b(p)* B(p)* L)

Indeed, the second inequality in (9.20), e.g., is an expression for the hyper-
volume of a polyhedron for which all the angles at a vertex O are right angles.
The value of this hypervolume equals B(d’f)d. Likewise, we determine the hy-
pervolume of the polyhedron associated with the first inequality in (9.20).
In this way we obtain (9.22).

To estimate the number N (u) of lattice points satisfying (9.18), we attach

to each positive integer point n satisfying (9.18) the hypercube given by

ni—1<x;<n; whenl<i<d. (9.23)

Next we observe that these hypercubes all lie in the region I, so that N(u) <
V', which establishes the upper bound.

To obtain a lower bound, we proceed as follows. Lemma 9.3 implies that
the N(u) hypercubes fill the region

Indeed, if a hypercube (9.23) is not counted by N(u) then the point n lies
outside I', so that, in view of Lemma 9.3, Zle n; > b(p). Consequently all
the points & € T not in one of the N (u) hypercubes satisfy 2% x; > b(u)—d,
so that all « in the hypercubes satisfy (9.24) and z; > 0 when 1 < i < .
The region (9.24) has volume (b(y) — d)?/d! (again we compute the hy-
pervolume of a polyhedron for which all the angles at a vertex O are right
angles), so that N(u) > (b(u) — d)?/d!. Using Lemma 9.3 one more time
completes the verification of the lower bound which, in conjunction with the
upper bound, proves the assertion. O
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