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1 INTRODUCTIONIn nonrelativistic quantum mechanics a spinless particle con�ned to the xy-plane, and subject to a constant magnetic �eldB = (0; 0; b) aligned along thez-axis as well as a real-valued electrostatic potential �V (x; y), is describedby the Schr�odinger operatorH0 � V = (P �A)2 � V= ��i @@x � b2y�2 + ��i @@y + b2x�2 � V (x; y) (1.1)acting in the Hilbert space L2(R2). Here P = �ir is the momentum operatorand A = 1=2(B ^ r), r = (x; y), is the (magnetic) vector potential. Forsimplicity we have not included any physical parameters (i.e., the particlemass, the particle charge, the speed of light, or Planck's constant) in (1.1).Such \simple" systems has in recent years attracted renewed attention inconnection with nanotechnology (quantum dots, boxes etc).The unperturbed operator H0 has rather peculiar spectral properties: Itsspectrum consists of eigenvalues of in�nite multiplicity, the so-called Landaulevels �q = b(2q � 1), q 2 N ; (we shall use the abbreviation LL for Landaulevel). When the operator is perturbed by a potential V which tends tozero at in�nity, new eigenvalues may appear, with only possible limit pointsat LLs, which follows from Weyl's essential spectrum theorem. Thereforethe natural question arises, whether there are a �nite or in�nite number ofeigenvalues, and in the latter case, to �nd their asymptotical distribution.We may formulate the same problem if, instead of two, the underlyingEuclidean space has an even dimension 2d. Again, the unperturbed ope-rator H0 has purely essential spectrum consisting of LLs f�qg, q 2 Nd ,which can be expressed as �q =Pdj=1 bj(2qj � 1), for �xed numbers bj > 0,j = 1; 2; : : : ; d, determining the magnetic �eld. The number { of di�erentsets q = fq1; : : : ; qdg which determine one and the same level is called themultiplicity of �q.The analogous problem in three dimensions, where the spectrum of H0�lls a semi-axis, has been studied intensively. Avron et al [1], Solnyshkin [12]and Sobolev [11] has shown that even for a compactly supported V � 0,there are in�nitely many eigenvalues below the lowest point of the essentialspectrum of H0�V . For fast, but not too fast decaying V , Sobolev obtainedthe leading asymptotics of power-like type.Extending the work by Avron et al, Solnyshkin, Sobolev, and also Tamura[13], Raikov [7] obtained the most detailed results on the leading eigenvalueasymptotics near the boundary points of the essential spectrum in dimen-sions � 2; e.g. in even dimensions, if V decays at in�nity not too fast, the2



eigenvalues of H0 � V near each LL have power-like asymptotics. How-ever, neither Raikov's work nor later work by Boyarchenko-Levendorski [3],Hempel-Levendorski [5] and Ivrii [6] cover very fast decaying or even com-pactly supported V .The complication arising when considering very fast decaying or com-pactly supported potentials is related to the following circumstance. Duringthe last two decades, the progress in studying spectral asymptotics problemswas achieved by re�ning microlocal analysis methods, using pseudodi�eren-tial and Fourier integral operators (see, e.g. [6, 10]). Such methods were usedin the papers cited above, as well. However, for very fast decaying poten-tials the pseudodi�erential methods do not work. The reason for this canbe explained by noting which properties of symbol classes are critical for thepseudodi�erential analysis. In fact, usually all classes of symbols arising invarious problems have the common feature: They improve their decay un-der di�erentiation (with respect to some, or all, variables). This property isobserved, say, by symbols with a power-like behaviour. However, if the sym-bol decays rapidly, say, as exp(�j�j2), di�erentiation worsens the behaviourof the symbol, instead of improving it. It is exactly this sort of behaviourof the symbol that one encounters when reducing the spectral problem forthe magnetic Schr�odinger operator with fast decaying potentials to ones forpseudodi�erential operators as it was done in [11, 13, 7, 3, 6]. This is thereason why the methods of the latter works do not apply to such potentials;even the question of �niteness of the number of eigenvalues was not resolved.It is this kind of potentials we are going to consider in the present paper.Speci�cally, we consider potentials satisfying the following assumption.Assumption 1.1. Let V be a nonnegative, bounded, measurable functionon R2d having compact support. In addition, assume that V > 0 holds on anonempty, open set.Fix the LL � = �q, q 2 Nd and let �� denote the nearest LL lying tothe left or right of �, respectively. Choose any � 2 (��;�) (respectively,� 2 (�;�+)) and let N�� (�) = N(�1;�� � jH0 � V ) (respectively, N+� (�) =N(�+�; �2 jH0+V )), for � > 0 small enough, denote the number (countingmultiplicity) of eigenvalues of H0 � V in the gap (�1;� � �) (respectively,(� + �; �2)).Under Assumption 1.1 we establish the following theorem.Theorem 1.2. Let V satisfy Assumption 1.1 on R2d , d 2 N. Then thenumber of eigenvalues for H0 � V near any LL � is in�nite. Moreover, if�1 2 (��;�) and �2 2 (�;�+) thenN(�1;�� � jH0 � V ) � N(� + �; �2 jH0 + V ) � { �d(�) as � # 0;3



where { denotes the multiplicity of the LL � and�d(�) = 1d! � j ln�jln j ln�j�d :Hence, under Assumption 1.1 there still are an in�nite number of eigen-values in each gap, they converge to the LLs very fast and their leadingasymptotics do not depend on V . The asymptotics is not described by thequasi-classical formulas known for the case where V admits power-like de-cay. In this sense it is non-classical. Such behaviour is rather exceptional fordi�erential operators in mathematical physics.As a spin-o� we manage to strengthen the �rst statement in Theorem 1.2to any nonnegative bounded V which tends to zero at in�nity (see Proposi-tion 9.1).Another operator of mathematical physics with spectral structure similarto the one for the magnetic Schr�odinger operator is the Dirac operator witha constant magnetic �eld in even dimension 2d.The spectrum of the unperturbed Dirac operator Dd is purely essentialand it consists of in�nitely many isolated eigenvalues, called LLs, ��q , q 2 Nd .Here �+q = ���q except for the \lowest" eigenvalue �0, which is either �1or 1. In order to study the discrete spectrum of the operator Dd perturbedby an electric potential V I, where I2d is the 2d � 2d identity matrix and thepotential V is a real-valued function on R2d satisfying Assumption 1.1, weneed a detailed description of the eigenspaces corresponding to the LLs ofDd. We were unable to �nd this description in the general situation in theliterature. Even the analysis in [14] performed for d = 1 is not su�cientfor our purposes since the eigenspaces are described rather implicitly there.Therefore we devote Section 4 to the spectral analysis of Dd. Having thisdescription at our disposal, we establish the following result.Theorem 1.3. Let V satisfy Assumption 1.1 on R2d . Then the number ofeigenvalues for the perturbed Dirac operator Dd � V near any LL � = ��q isin�nite. Moreover, if �� and �+ denote the neighboring LLs lying below andabove �, respectively, and if s1 2 (��; �) and s2 2 (�; �+) thenN(s1; �� � j Dd � V ) � N(� + �; s2 j Dd + V ) � $�d(�) as � # 0;where $ = $(�) is a certain integer (given explicitly in (4.17)).Thus, just as for the Schr�odinger operator, there are an in�nite number ofeigenvalues in each gap and the asymptotic behaviour of the eigenvalues near4



the LLs is expressed by the same formula (up to a multiplicative constant)as in Theorem 1.2.Both for the Schr�odinger and Dirac operators, the proofs of asymptoticaleigenvalue formulas are based on the analysis of Toeplitz-like operators hav-ing the form T = PV P , where P is the projection onto the Landau eigenspaceof the corresponding operator. The operator T was in the center of studyin most of the preceding papers devoted to the subject. It is here the afore-mentioned microlocal methods fail for our case. To handle the problem, weapply the old-fashioned but still powerful variational method. Nevertheless,the treatment of Toeplitz operators is fairly technical, and our presentationis divided into three sections, Sections 6-7 dealing with the Schr�odinger caseand Section 8 with the Dirac case. The variational approach is also usedin Section 9, where the perturbational reasoning carries over the results forToeplitz operators to the perturbed Schr�odinger and Dirac operators. In Ap-pendix we establish a number theoretical result (Lemma 6.3) which is crucialin dimensions > 2.When this paper was near its completion, Prof. G. Raikov informedthe authors about the manuscript [8], where the eigenvalue asymptotics forthe Schr�odinger operator with compactly supported or very fast decayingpotentials is considered in two and three dimensions. The results in twodimensions cover the ones herein. Higher dimensions, however, create con-siderable additional problems which are resolved in the present paper and,even for two dimensions, our reasoning is, probably, more transparent. More-over, the analogous problem for the Dirac operator is not considered in [8](or elsewhere).Acknowledgement. We are grateful to Dr. G.R.H. Greaves for providing uswith Lemma 9.3, which enable us to give a more streamlined proof of Lemma 6.3compared to an initial, more ad hoc proof. Moreover, the authors thank Prof. G.Raikov for useful discussions and for sending them the manuscript [8].2 VARIATIONAL METHODLet H be a separable Hilbert space with its norm and scalar product denotedby k � k and h�; �i, respectively. For a self-adjoint operator T the distributionfunction N(l; r jT ) counts the total number of points of the spectrum �(T )of T (taking into account their multiplicity) in the interval (l; r). If a pointof the essential spectrum belongs to (l; r) then N(l; r jT ) = 1. We de�neN�(s; T ) = N(�1; s jT ) and N+(s; T ) = N(s;1jT ). If T is compact, weset n�(s; T ) = N�(s; T ). 5



We shall use the min-max description of eigenvalues (following directlyfrom the Spectral Theorem).Lemma 2.1. Let T be a self-adjoint operator. Then, for l < r,N(l; rjT )=maxdim�L � D(T ) : k(T � s)uk2 < t2kuk2; u 2 Lnf0g	 (2.1)=min codim�L�D(T ) : k(T�s)uk2� t2kuk2; u2L	 ; (2.2)where s = (l + r)=2 and t = (r � l)=2.For a nonnegative, compact operator T it is convenient to use anotherform of (2.1)-(2.2):n+(s; T ) =maxdim�L � H : hTu; ui > skuk2; u 2 Lnf0g	 (2.3)=min codim�L � H : hTu; ui � skuk2; u 2 L	 ; s > 0: (2.4)We shall also use the following perturbational result found in, e.g., [2].Lemma 2.2. Let T be self-adjoint and let S be bounded on H such that�(S) � [s1; s2]. Then for any �nite interval (l; r) one has thatN(l + s1; r + s2 jT + S) � N(l; r jT ):In addition to the standard order symbols we use, for two real-valuedfunctions f(�) and g(�), the notation f(�) . g(�) which means that f(�) �g(�)(1 + o(1)) as �! 0.3 THE UNPERTURBED SCHR�ODINGEROPERATORWe summarize some well-known facts about the unperturbed Schr�odingeroperator with a constant magnetic �eld (see, e.g., [4]).3.1 Two-dimensional CaseIn R2 we consider a charged, spinless particle in a homogeneous magnetic�eld. We assume that the magnetic �eld B has constant strength b > 0and is aligned in the z direction, viz. B = (0; 0; b). In appropiate unitsthe Hamiltonian of the particle is H0 = (P +A)2, where P = �ir is themomentum operator andA is some vector potential associated with the �eld,6



viz. B = r�A, and de�ned up to a gauge transformation. We choose thegauge in which A = 12(B ^ r), r = (x; y). The resulting HamiltonianH0 = ��i @@x � b2y�2 + ��i @@y + b2x�2 (3.1)is essentially self-adjoint on C10 (R2) [9]. It is well-known thatH0 has a purelyessential spectrum consisting of isolated eigenvalues, viz.�(H0) = f�q = b(2q � 1) j q = 1; 2; 3; : : :g: (3.2)In literature on physics the eigenvalues �q are referred to as LLs. For a�xed LL �q = b(2q � 1) one can choose an orthonormal basis in the Landaueigenspace consisting of functionsfm(�; �) = fm;q(�; �; b) = (2�)�1=2b(1+jmj)=22�jmj=2� q!(q + jmj)!�1=2�e�im��jmje� b4 �2L(jmj)q � b2�2� ; m = �q + 1;�q + 2; : : : ; (3.3)in polar coordinates (�; �). Here L(jmj)q (�) are the generalized Laguerre poly-nomials Ljmjq (�) = qXl=0 dl;jmj(��)l ; dl;jmj = � q + jmjq � l � 1l! : (3.4)3.2 Even-dimensional CaseIntroduce the vector potential a = (a1; a2; : : : ; a2d) 2 C1(R2d ;R2d) and the1-form A =P2dj=1 aj dxj. De�ne the magnetic �eld 2-formB = dA = 2dXi=1 2dXj=1 bij dxi ^ dxj; bij = 12(@xiaj � @xjai):We assume that B 6� 0. Moreover, we suppose that all the entries of theantisymmetric matrix B = fbijg2di;j are constant. The unperturbed Hamilto-nian H0 =P2dj=1(�i@xj�aj)2 de�ned on C10 (R2d) is essentially self-adjoint inL2(R2d). Its unique self-adjoint extension is also denoted by H0. The eigen-values of B form a subset of the imaginary axis, symmetric with respectto the origin. Let bj 2 R, j = 1; 2; : : : ; d be such numbers that the nonzeroeigenvalues ofB coincide (counting multiplicity) with the imaginary numbers�ibj and ibj , j = 1; : : : ; n. Thus we have 2n = rankB, 0 < 2n � 2d.7



We limit ourselves to the non-degenerate case n = d. In proper coor-dinates (x;y) 2 R2d , x;y 2 Rd , the 2-form B block-diagonalizes: B =Pdj=1 bj dyj ^ dxj. By changing variables xj 7! �xj one may reduce theproblem to the case when all bj are positive. In these coordinates H0 isunitary equivalent to (again we use the notation H0) the operatorH0 = dXj=1 ~H0;j = dXj=1 (I 
 � � � 
H0;j 
 � � � I) (3.5)in L2(R2d) =Ndj=1 L2(R2j ), whereH0;j = ��i @@xj � bj2 yj�2 + ��i @@yj + bj2 xj�2 (3.6)and �(H0;j) = �ess(H0;j) = fbj(2qj � 1) j qj = 1; 2; 3; : : :g (3.7)with a basis of eigenfunctions of the form (3.3), with (�; �) replaced by the po-lar coordinates (�j; �j), for the corresponding eigenfunctions f (j)mj ;qj(�j; �j) =fmj ;qj(�j; �j; bj).This gives us that the operator H0 is essentially self-adjoint on D(H0) =Ndj=1D(H0;j) = Ndj=1 C10 (R2j ) = C10 (R2d) and, in view of (3.5) and (3.7),its spectrum equals�(H0) = �ess(H0) = f�q j q = (q1; : : : ; qd) 2 Nd g; (3.8)where the isolated eigenvalues f�qg, q 2 Nd , have the form� = �q = dXj=1 bj(2qj � 1); qj 2 N : (3.9)As above, the numbers �q are called LLs. The number { of di�erent setsq = fq1; q2; : : : ; qdg which determine one and the same level � according to(3.9) is called the multiplicity of �.We discuss multiple LLs in more details. Let, e.g. d = 2, and let thematrix B have eigenvalues b1, b2, �b1, �b2, bj > 0. Then the Schr�odingeroperator has the formH0 = H1 
 1 + 1
H2 = ~H1 + ~H2;8



where Hj is given in (3.6). The LLs of H0 are sums of LLs for H1 and H2,i.e. for a �xed level � we may write� = �1 + �2 = b1(2q1 � 1) + b2(2q2 � 1): (3.10)It may turn out that a given � can be represented in the form (3.10) inseveral di�erent ways, for example� = b1(2q01 � 1) + b2(2q02 � 1) = b1(2q001 � 1) + b2(2q002 � 1): (3.11)The number of such representations is the multiplicity { of the LL �. Ac-cording to (3.11), the Landau eigenspace of H0 for � is a direct sum ofeigenspaces corresponding to di�erent representations. For example, in thecase (3.11), H� = H0� �H00� = �H1q01 
H2q02�� �H1q001 
H2q002 � (3.12)where, e.g. Hjq0j , j = 1; 2, is the Landau eigenspace of Hj corresponding tothe LL bj(2q0j�1). Generally, for the multiplicity { in dimension 2d, we have� = dXj=1 �(�)j = dXj=1 bj(2q(�)j � 1); � = 1; : : : ;{; (3.13)with corresponding eigenspace and projection given byH� = {M�=1 dOj=1 Hjq(�)j =MH(�)� ;P = XP (�) with P (�) = 
dj=1Pj;q(�)j ; (3.14)where Pj;q(�)j is the spectral projection onto Hjq(�)j . For all LLs to have mul-tiplicity 1, it is su�cient that b1; : : : ; bd are linearly independent over oddintegers. Thus, in the general situation, in particular for b1 = � � � = bd, onemust expect that multiple LLs arise.4 UNPERTURBED DIRAC OPERATORIn this section we study the even-dimensional (unperturbed) Dirac operatorDd with a constant magnetic �eld. In analogy with the Schr�odinger operatorH0 (see (3.5)) the spectrum of Dd turns out to be purely essential and it con-sists of in�nitely many isolated eigenvalues ��q , q 2 Nd , called Landau levels(LL). Here �+q = ���q except for the \lowest" eigenvalue �0, which is either�1 or 1. We �nd, moreover, an explicit representation of the correspondingLandau eigenspaces. 9



4.1 Dirac Matrices and OperatorsIn dimension 2d, d 2 N , there are 2d + 1 Dirac matrices, denoted �(d)1 , �(d)2 ,: : : , �(d)2d and �(d)0 , each of size 2d, and they satisfy the relations(�(d)j )�=�(d)j ; �(d)j �(d)k + �(d)k �j(d)=2�jkI2d; j=0; 1; 2; : : : ; 2d: (4.1)The matrices may be de�ned inductively: For d = 1 they are given by�1 = � 0 11 0 � ; �2 = � 0 i�i 0 � and �0 = � 1 00 �1 � :If �(d)1 ; �(d)2 ; : : : ; �(d)2d and �(d)0 are given for d, the matrices for d+ 1 are�(d+1)1 =  0 �(d)1�(d)1 0 ! ; : : : ; �(d+1)2d�2 =  0 �(d)2d�2�(d)2d�2 0 ! ;�(d+1)2d�1 =  0 �(d)0�(d)0 0 ! ; �(d+1)2d = � 0 iI�iI 0 �and �(d+1)0 = � I 00 �I � ; I = I2d�1 :Vector components corresponding to upper blocks in these block-matriceswill be referred to as the upper half, the rest as the lower half.For bj 2 R, j = 1; 2; : : : ; d, set �j = jbjj. De�neP2j�1 = �i @@xj + bj2 yj; P2j = �i @@yj � bj2 xj:Note that, since we handle �rst order operators now, we cannot use trans-formations xj 7! �xj to make all bj positive. Thus, here we have to considerbj with arbitrary signs.The 2d-dimensional unperturbed Dirac operator with a constant magnetic�eld, acting in L2(R2)d, is de�ned byDd = Ad + �(d)0 ; where Ad = 2dXj=1 �(d)j Pj:For j = 1; : : : ; d put�j = P2j�1 + iP2j = �i @@xj + bj2 yj + @@yj � ibj2 xj (4.2)10



and Tj = � ��j 00 ��j � = P2j + �(j)0 P2j�1: (4.3)It is convenient to describe Dd inductively as follows. For d = 1 we writeD1 = A1 + �(1)0 ; where A1 = � 0 ��1�1 0 � (4.4)and, generally for an arbitrary d,Dd = Ad + �(d)0 ; where Ad = � 0 Ad�1 + T �dAd�1 + Td 0 � : (4.5)The afore-de�ned operators satisfy the following relations:[�j;�k] = [�j;��k] = 0; j 6= k; (4.6)�j��j = ��j�j + 2bj = H0;j + bj; j = 1; 2; : : : ; d; (4.7)[Aj;�j ] = 0; j = 1; 2; : : : ; d; (4.8)Aj�1Tj + T �j Aj�1 = 0; j = 1; 2; : : : ; d; (4.9)with H0;j being the two-dimensional Schr�odinger operator (3.6) associatedwith bj. Moreover,TjT �j = T �j Tj � 2bj�(j)0 = H0;jI2j � bj�(j)0 (4.10)and�(TjT �j ) = f�qj + bj j qj 2 N g = � f�j2qj j qj 2 N g if bj > 0;f�j(2qj � 2) j qj 2 N g if bj < 0;4.2 The Operator A2dFrom the relations (4.6)-(4.10) we deduce thatA2d =  dXj=1 H0;j! I 
 � � � 
 I| {z }#=d �b1 I 
 � � � 
 I| {z }#=d�1 
�0+ b2 I 
 � � � 
 I| {z }#=d�2 
�0 
 �0 + b3 I 
 � � � 
 I| {z }#=d�3 
�0 
 I 
 �0+ � � �+ bd�1I 
 �0 
 I 
 � � � 
 I| {z }#=d�3 
�0 + bd�0 
 I 
 � � � 
 I| {z }#=d�2 
�0: (4.11)11



Thus one may represent A2d asA2d = H0I2d ��d(b): (4.12)Here H0 =Pdj=1H0;j is the 2d-dimensional Schr�odinger operator (3.5), b =(b1; : : : ; bd) and �d(b) is the diagonal 2d� 2d matrix having on the diagonalthe sums b" =Pdj=1 "jbj, where " belongs to the setEd = f("1; : : : ; "d) j all possible combinations of "j = �1 g:The way in which b" enter on the diagonal of �d(b) determines an order forelements " 2 Ed. We denote by Ed+ and Ed� the sets of those " 2 Ed for whichb" enters in the upper half or lower half of �d(b), respectively. The particularorder in which b" enter on the diagonal is of no importance, however, oneproperty of b", which follows easily inductively from the inductive de�nition ofDirac matrices and (4.11) is the following. Fix some subset J � f1; 2; : : : ; dgwith � elements, 1 � � � d. Then of 2d�� combinations of " with "j �xed forj 2 J, exactly one half, i.e. 2d���1, belong to Ed+, and 2d���1 belong to Ed�.Since A2d is a direct sum of operators of the form H0 � b", the spectrumof A2d is determined by the spectrum of H0. To de�ne the eigenspaces of A2d,we introduce the following notation. Let H" � L2(R2d)", " 2 Ed, be closedsubspaces. Let �" be the natural embedding of L2(R2d)" into L2(R2d ; C 2d ) (toan element  in L2(R2d)" we assign the 2d-dimensional vector in L2(R2d ; C 2d )for which all entries are zero expect the \"th", which equals  ). Then weset �"H" = �"�"H". This will be called the exterior direct sum. The samenotation will be used for elements in H".Proposition 4.1. Let � := �q =Pdj=1 �j(2qj � 1) be a LL, with multiplic-ity one, of the 2d-dimensional Schr�odinger operator H0 and let H� be thecorresponding eigenspace. For any " 2 Ed de�nel" = dXj=1 �j[2qj � 2� (1� "j)]:Then the largest of these l", l = 2Pdj=1 �j(qj� 1) is an eigenvalue of A2d. Toeach l" one associates a subspace H�" in L2(R2d)" as follows: De�neE(q) = f " 2 Ed j 2qj � 1� (1� "j) > 0; 8"j g:If " 2 E(q) then one puts H�" equal to the eigenspace associated with theLL �" :=Pdj=1 �j[2qj � 1� (1� "j)] of H0. Otherwise, if " 62 E(q) then �"is not a LL for H0 and one puts H�" = f0g. Then Yl = �"2E(q)H�" is the12



eigenspace associated with the eigenvalue l of A2d. Moreover, if �(q) is thenumber of those qj which are larger than one, then Card E(q) = 2�(q) and,if �(q) > 0, exactly half of the elements in E(q), i.e. 2�(q)�1, belongs to Ed+,and the other half belongs to Ed�.Proof. Assume that l is an eigenvalue of A2d, i.e.A2d	 = l	 (4.13)is solved for 	 = ( ")" 2 Yl, where the latter is some eigenspace to bedetermined. Now, (4.13) can be written as the systemH0 " = (l+ b") "; (4.14)where b" =Pdj=1 "jbj. Thus, at least one of these l+ b" must be a LL, whichimplies that the largest of these l + b", namely � = l +P �j is a LL of H0,i.e. � = P �j(2qj � 1) for some qj 2 N . Indeed, if the largest one is nota LL of H0 then the smaller ones are not LLs of H0 either. Consequently,l = 2P�j(qj � 1). To �nd the associated eigenspace, we consider all otherpossible LLs for H0, corresponding to this l, for all ". According to (4.14)they may be represented as�"=�� dXj=1 �j � dXj=1 "jbj!= dXj=1 �j[2qj � 1� (1� "j)]: (4.15)It is clear that these smaller �" need not all be LLs of H0. Indeed, if a certainqj equals 1 (i.e. attains its smallest possible value) and the corresponding "jequals �1 then the corresponding �j is not present in the expression for �",viz. �" is not a LL ofH0. As a consequence, we de�ne l" =P�j[2qj�2�(1�"j)] (of which the largest is the eigenvalue l ofA2d). Then we assign a subspaceH�" to each of these l" as described in the statement of the Proposition, andit follows immediately that Yl = �"2E(q)H�" is the eigenspace associated withthe eigenvalue l of A2d. This family of �" will be referred to as the \ladder"corresponding to the eigenvalue l.On the other hand, any LL of H0 can act as the largest one for someeigenvalue of A2d. In particular, if we have � = Pj �j (the lowest LL ofH0) and, consequently, l = 0, then � is the only LL of H0 included in theabove-mentioned ladder.De�ne �(q) as in the Proposition, i.e. there are d � �(q) elements in qfor which qj = 1. Let J denote the set of indices for the latter qj's. Toensure that H�" 6= f0g for a particular ", each of the elements "j, j 2 J,has to be chosen as +1. For the remaining �(q) entries in each ", we may13



choose "j = �1. Hence, there are 2�(q) di�erent " for which H�" 6= f0g, i.e.Card E(q) = 2�(q). Provided �(q) > 0, the property mentioned just abovethe Proposition, asserts that exactly half of the 2�(q) elements in E(q), i.e.2�(q)�1, belongs to Ed+. The other half belongs to Ed�.De�ne Y(�)l = �"2E(q)\Ed�H�" . According to Proposition 4.1, the numberof summands in Y(�)l equals 2�(q)�1, provided �(q) > 0.For multiple LLs of H0 we have to perform the above \ladder" constructionfor each representation of the LL �.Proposition 4.2. Let � = �q(�) =Pdj=1 �j(2q(�)j � 1), � = 1; 2; : : : ;{, be aLL, with multiplicity {, of the 2d-dimensional Schr�odinger operator H0. LetH� be the corresponding eigenspace. For any " 2 Ed de�nel" = dXj=1 �j[2q(�)j � 2� (1� "j)]:Then the largest of these l", l = 2Pdj=1 �j(q(�)j � 1) is an eigenvalue of A2d.To each l" we associate a subspace H(�)�" in L2(R2d) as follows: De�neE(q(�)) = f " 2 Ed j 2q(�)j � 1� (1� "j) > 0; 8"j g: (4.16)If " 2 E(q(�)) then one puts H(�)�" equal to the eigenspace associated with theLL �" =Pdj=1 �j[2q(�)j � 1� (1� "j)] of H0. Otherwise, if " 62 E(q(�)) then�" is not a LL for H0 and one puts H(�)�" = f0g. If �(q(�)) is the number ofthose qj which are larger than one, then Card E(q(�)) = 2�(q) and, provided�(q(�)) > 0, exactly half of the elements in E(q(�)), i.e. 2�(q(�))�1, belongs toEd+, and the other half belongs to Ed�.De�ne Y(�)l = �"2E(q(�))H(�)�" . Then Yl = ��Y(�)l is the eigenspace asso-ciated with the eigenvalue l of A2d.In Proposition 4.2 the eigenvalue l of A2d can be represented in { di�erentways, so we say that it has multiplicity {.It follows from Proposition 4.2 that the number of summands in Y(�)lequals Card E(q(�)) = 2�(q) and there are P{�=1 2�(q(�)) summands in Yl.Let Y(�;�)l = �"2E(q(�))\Ed�H(�)�" and de�ne Y(�)l = �{�=1Y(�;�)l . Clearly thenumber of summands in Y(�)l equals$ := {X�=1 2�(q(�))�1: (4.17)14



4.3 The Operator DdSince Dd = Ad+ �0, we have D2d = A2d+1. According to Proposition 4.2 theeigenvalues of A2d equal lq = 2Pdj=1 �j(q(�)j � 1). Thus, the eigenvalues of D2dequal lq + 1 and the associated eigenspaces are the spaces Ylq also given inthe proposition.Since D2d = A2d + 1, the eigenvalues of Dd are ��q = �plq + 1. Theeigenvalues ��q are called LLs in analogy with the eigenvalues of H0. We aregoing now to give an explicit description of the eigenspaces of Dd (which aresome subspaces of Ylq).The equation Dd� = ��q�, where � has the form�(�; �) = � �(+)(�; �)�(�)(�; �) � ; (4.18)can be written as� 1 Ad�1 + T �dAd�1 + Td �1 �� �(+)�(�) � = ��q � �(+)�(�) � :Here �(�) belong to some subspaces Y(�)lq . The latter equation can be rewrit-ten as (1� ��q )�(+) = �(Ad�1 + T �d )�(�); (4.19)(1 + ��q )�(�) = (Ad�1 + Td)�(+): (4.20)Suppose �rst that ��q 6= �1. In other words we do not consider the\lowest" LLs of Dd. In this case (4.19) and (4.20) are clearly equivalent: If,say, (4.20) holds then (4.19) follows from (4.13).Of the spaces Y(�)lq at least one is non-empty (and then automatically thesecond is). Choose �(+) 2 Y(+)lq arbitrarily and set�(�) = (1 + �q)�1(Ad�1 + Td)�(+): (4.21)Then the subspace W��q � Ylq given byW��q = �� �(+)�(�) � j�(+) 2 Y(+)lq ;�(�) = (1 + ��q )�1(Ad�1 + Td)�(+)�is the eigenspace corresponding to the eigenvalue ��q of Dd. Thus, in Ylqwe �nd two eigenspaces corresponding to the eigenvalues ��q = �plq + 1,15



respectively. It is easy to see that Ylq = W�+q � W��q . Furthermore, for��q 6= �1 and any �(+) 2 Y(+)lq ,���q (�; �) = ���q + 12��q �1=2 � �(+)(�; �)(1 + ��q )�1[(Ad�1 + Td)�(+)](�; �) �is a normalized eigenvector associated to the eigenvalue ��q of Dd. Moreover,the space Y(+) � Y(+)lq splits into a direct sum of { subspaces Y(+;�) cor-responding to di�erent representations in (3.9). In view of Proposition 4.1,in its turn, each Y(+;�) is the (exterior) direct sum of the subspaces H(�)�"in L2(R2d), which are nondegenerate Landau eigenspaces of the Schr�odingeroperator H0, corresponding to the particular q(�) and ". Of these subspacesexactly 2�(q(�))�1 are nonempty. According to this description, the functionsin Y(+) have the form�(+)(�; �) = {X�=1 �(+;�)(�; �); �(+;�) 2 Y(+;�); (4.22)with �(+;�)(�; �) = �"2Ed+�(+;�)" (�; �); �(+;�)" 2 H(�)�" ; (4.23)where �(+;�)" (�; �) = Xm2Ndq(�) cm;" dYj=1 f (j)mj ;q(�)j (�j; �j); (4.24)Ndq (�) is de�ned in (6.17) and f (j)mj ;q(�)j = fmj ;q(�)j (�j; �j; bj) are given in (3.3).4.4 The \Lowest" LL of DdThe symmetry of ��q breaks down for the lowest LL ��0 = �pl0 + 1 = �1corresponding to q = (1; 1; : : : ; 1). Here only one of the numbers l" is aneigenvalue of A2d, according to Proposition 4.1, actually, the one correspond-ing to " = "0 = ("j) = (sign bj), so there is only one nonzero term in thedirect sum Yl = �"H�" =: H�"0 � ��" 6="00�. This term may enter in W�+qorW��q , depending on the particular combination of the signs of bj. Supposethat the former case takes place. Then in (4.19), �(�) equals zero and there-fore (1��)�(+) = (Ad+Td)�(�) = 0. Since �(+) 6= 0, this means that � = 1;16



therefore the whole Yl is the eigenspace of Dd corresponding to the eigenvalue1, and �1 is not an eigenvalue of Dd. In the opposite case if "0 lies in thelower half, �(+) = 0 and therefore (1+�)�(�) = (Ad+Td)�(+) = 0 accordingto (4.20). Thus, � = �1 is an eigenvalue, � = 1 is not an eigenvalue, and Ylis the eigenspace of Dd corresponding to � = �1.5 INTEGRALS CONTAINING LAGUERREPOLYNOMIALSFor further reference we establish (asymptotic) estimates for certain integralscontaining Laguerre polynomials L(m)q (see (3.4)).Lemma 5.1. Assume V (�) = a�f�<Ag(�) for some a; A > 0. Letgm(�) = �me� b4 �2L(m)q � b2�2� ; m 2 N ;and let Xm be the �rst order di�erential operatorXm = �i @@� � im� � ib2 �Set Rm = Z 10 V (�)jgm(�)j2 � d�; Sm = Z 10 V (�)j(Xmgm)(�)j2 � d�:Then, for some c > 0, j lnRmj � cm; lnSm � cm: (5.1)Proof. The statement for Rm involves estimates from above and from below,the one for Sm only from above. The Laguerre polynomial L(m)q (�) satis�esjL(m)q (�)j= ����� qXl=0 dl;m(��)l������ qXl=0 (m + q)q�l �ll! �(m + q)qe�=(m+q): (5.2)Consequently, Rm = a Z A0 �2m+1e� b2 �2 �L(m)q � b2�2��2 d�� a(m+ q)2qebA=(m+q) A2(m+1)2(m+ 1) ;17



which, after taking the logarithm on both sides, gives the required estimatefrom above for lnRm. The estimate for Sm goes in the same way, sincethe di�erential operator Xm produces only extra factors of order m in thecoe�cients of the polynomial, so they become negligible after taking thelogarithm.To get the estimate for Rm from below, note, that for j�j < A, q �xed,the Laguerre polynomial obeysLmq (�) > d0;m=2 (5.3)provided m is large enough. Indeed, choose m large enough to ensure thatdl;m=dl+1;m = (m+ l+1)(l+1)=(q� l) > 4A. Then the latter clearly impliesthatLmq (�) = q=2Xr=0 �d2r;m�2r � d2r+1;m�2r+1	 � d0;m�1� d1;md0;m �� > d0;m2 :From (5.3) it follows that for some � > 0, and for m large enough,Rm � a�d0;m2 �2 Z A� �2m+1e� b2 �2 d�;which, after taking the logarithm, gives the estimate from below.Remark 5.2. It follows from Lemma 5.1 thatlim supm!1 lnSmlnRm � 1: (5.4)This estimate plays a key role when we establish the upper estimate in theproof of Proposition 8.1.We introduce the short-hand notation�d� =  dYj=1 �jd�j! :The following technical lemma plays a crucial role in Section 7.Lemma 5.3. Denote by fmq (�) the polynomialfmq (�) = �mL(m)q (�2)q!; (5.5)where L(m)q are the generalized Laguerre polynomials in (3.4). Let q(�)j , � =1; : : : ;{, j = 1; : : : ; d be a collection of positive integers such that all vectors18



q(�) = (q(�)1 ; : : : ; q(�)d ) are di�erent, and let M be one more positive integer.Then there exists a function 
(m), m = (m1; : : : ; md), of polynomial growthsuch that, for any set of coe�cients c(�), � = 1; : : : ;{,Z[0;M�1]d ����� {X�=1 c(�) dYj=1 fmjq(�)j (�j)�����2 �d�� 
(m)�1 Z[0;M�1]d {X�=1 jc(�)j2 dYj=1 fmjq(�)(�j)!2 �d�: (5.6)Remark 5.4. Estimate (5.6) measures how far are the functionsF (�)(�1; : : : ; �d) = dYj=1 fmjq(�)j (�j); � = 1; : : : ;{: (5.7)from being linearly dependent.Proof. We reduce the inequality in (5.6) to an estimate for the eigenvaluesof some matrix. For �xed �; �; q(�)j ; q(�)j we study the dependence of integralson m. For this, consider the expressionG(m)(�;�) = Z[0;M�1]dF (�)(�)F (�)(�)�d�; (5.8)where F (�) are de�ned in (5.7).From (3.4) and (5.5) it can be observed that for mj � 0, fmjq (�) is �mjtimes a polynomial in � variable, of degree 2q. The coe�cients of this poly-nomial are integer, moreover they are polynomials in mj of degree no higherthan q, again with integer coe�cients:� q +mjq � l � 1l!q! = � ql � (mj + q)(mj + q � 1) � � � (q +mj � l + 1):Multiplication of several functions fmjq(�)j preserves this structure. Thus, F (�)(�)F (�)(�), as a function of �j, equals �2mjj times a polynomial of degree 2(q(�)j +q(�)j ) with integer coe�cients, being polynomials of degree not higher than(q(�)j +q(�)j ) in mj. When we integrate F (�)(�)F (�)(�)Qdj=1 �j over [0;M�1]d,then for each j we get an expression of the formZ M�10 fmjq(�)j fmjq(�)j �j d�j = 2(q(�)j +q(�)j )Xl=0 M�2mj�2�l�2mj � 2� lZ(�;�)j (mj);19



where Z(�;�)j is a polynomial of degree not higher than q(�)j +q(�)j with integercoe�cients. ThereforeZ[0;M�1]d F (�)(�)F (�)(�) dYj=1 �j d�j! =Mp(m) dYj=1 P (�;�)j (mj)Q(�;�)j (mj) ;where p(m) = �2Pdj=1mj�2Pdj=1(q(�)j +q(�)j )�2d, P (�;�)j (mj) is a polyno-mial in mj, with integer coe�cients, having degree at most 3(q(�)j + q(�)j )� 1,and Q(�;�)j (mj) =Q2(q(�)j +q(�)j )l=0 (�2mj � 2� l), whence Q(�;�)j (mj) has no pos-itive integer zeros. It is convenient to de�ne P (�;�)(m) = Qdj=1 P (�;�)j (mj)and Q(�;�)(m) = Qdj=1Q(�;�)j (mj) such that P (�;�)(m)=Q(�;�)(m) is a ratio-nal function. Note also that G(�;�)(m) is always positive.Now introduce the quantities� (�) = c(�)(G(�;�)(m))1=2;M�;� = G(�;�)(m)(G(�;�)(m)G(�;�)(m))�1=2:(Note that factors, exponential in m, cancel in M�;�). Then the expressionon the left-hand side of (5.8) can be written as hM� ; � i, where � is the vectorcomposed of � (�) and M is the matrix composed of M�;�. The integral onthe right-hand side of (5.6) then becomes h� ; � i. Therefore, to establish(5.6), it is su�cient to estimate the lowest eigenvalue of the matrix M .First of all, note that due to the Schwarz inequality applied to G(�;�),all elements of the matrix M are not greater than 1 by absolute value.Therefore, all eigenvalues ��(M) are not greater than {.Let us evaluate the determinant of the matrix M . Although the entriesinM contain square roots of rational functions, in the process of calculationwe have to consider products of elements taken one in each row and column.Thus, each (G(�)(m))�1=2 enters exactly twice in every product. ThereforedetM is a rational function ofm, viz. detM = P (m)=Q(m), where, againP and Q are polynomials in m, with degree depending only on q(�)j , andwith integer coe�cients. The matrix M is nondegenerate; otherwise, wewould have hM� ; � i = 0 for some � , so this would mean that the functionsF (�) are linearly dependent which they are not. But since P is a polynomialwith integer coe�cients, the smallest positive value for jP j is 1. Therefore,detM � 1=Q(m). Finally, since detM = Q��(M), and all ��(M ) arenot greater than {, we get the estimate from below:�min(M) � detM{�({�1) � {�({�1)Q(m)�1:20



Since Q(m) is a polynomial, this gives us the required estimate (5.6) with
(m) = {{�1Q(m).6 TOEPLITZ OPERATORS RELATED TOTHE SCHR�ODINGER OPERATOR, IThe study of eigenvalues of the Schr�odinger and Dirac operators, H0�V andDd � V , V � 0, near a �xed LL will be based on results on the eigenvalueasymptotics of the Toeplitz operator of the form T = PV P , where P = P� isthe projection onto the eigenspace of the unperturbed operator correspondingto the chosen LL. In Section 8 the results for the Dirac operator will bededuced from the ones for the Schr�odinger operator.According to (2.3)-(2.4), the distribution function n+(�; T ), � > 0, asso-ciated with T satis�es the relations:n+(�; T ) = maxdim �L � H� : hV u; ui > �kuk2; u2Lnf0g	 (6.1)= min codim �M� H� : hV u; ui � �kuk2; u2M	 : (6.2)The formulas (6.1)-(6.2) will be systematically used in both directions.6.1 Two-dimensional CaseIn polar coordinates (�; �) we set �rstV (�) = a�f�<Mg(�) (6.3)for some a;M > 0, and consider the Toeplitz-type operator Tq = PqV Pqin the Hilbert space H�q = RanPq, where Pq is the projection onto theeigenspace associated with the qth LL �q of H0. Henceforth we suppress theindex q in Tq, Pq, H�q etc. Clearly, T is a nonnegative, compact operator onH. The following holds for its distribution function n+(�; T ), � > 0.Lemma 6.1. Let V satisfy (6.3). Then n+(�; T ) � �1(�) as � # 0.Proof. We establish a lower and an upper estimate, separately.Lower estimate. In view of (6.1) it su�ces to �nd a subspace L(�) of properdimension for which hV u; ui > �kuk2; 8u 2 L(�)nf0g: (6.4)We take as our candidate for L(�),L(�) = span ffm(�; �) jm = �q + 1;�q + 2; : : : ; N g: (6.5)21



where fm denote the eigenfunctions in (3.3) and N will be chosen later de-pending on �. Any u 2 L(�), kuk = 1, can be written as u =PNm=�q+1 cmfmwith P jcmj2 = 1. Thus, (6.4) takes the form2� Z 10 NXm=�q+1 jcmj2jfm(�; �)j2V (�) � d� > �; (6.6)since V is radial and the functions fm are orthogonal on circles � = c. Theleft-hand side of (6.9) is larger than2� minm2f�q+1;�q+2;::: ;Ng Z 10 jfm(�; �)j2V (�) � d�: (6.7)Thus, for � small, we have to quarantee that� ln�Z 10 jfm(�; �)j2V (�) � d�� < j ln�jor, using the notation in Lemma 5.1,� ln �cRm[(m + q)!]�1� < j ln�j: (6.8)From Lemma 5.1 and Stirling's formula we see that the left-hand side of (6.8)can be estimated from above by�m lnm� C1m+ C2 lnm (6.9)for positive constants C1 and C2. Therefore, for � small, since the secondand third terms in (6.9) are negligible compared to the leading one, (6.8)holds as soon as (1 + �0)m lnm < j ln�j:Thus, for an arbitrary �0 > 0, we can take N = (1 � �0)j ln�j=(ln j ln�j) =(1� �0)�1(�) in (6.5) and, consequently, as � # 0,n+(�; T ) � dimLq(�) � �1(�)(1 + o(1)):Upper estimate. Here we use (6.2). As our candidate for the subspaceM(�),we take M(�) = span ffm(�; �) jm = N0 + 1; N0 + 2; : : :g: (6.10)22



where, as usual, fm denote the eigenfunctions (3.3) and N0 = N0(�) will bechosen below. For u 2 M(�), kuk = 1, u = P1m=N0+1 cmfm, the inequality(6.4) reduces to2� Z 10 1Xm=N0+1 jcmj2jfm(�; �)j2V (�) � d� � �: (6.11)Using Lemma 5.1, the left-hand side of (6.11) is majorized by2� maxm>N0 Z 10 jfm(�; �)j2V (�) � d� = maxm>N0 �cRm[(m + q)!]�1� (6.12)Thus, to quarantee (6.11), it is su�cient to haveln(m+ q)!� lnRm � C > j ln�j (6.13)Due to Lemma 5.1, again, like in the estimate from below, the second andthird terms in (6.13) are negligible compared with the leading one. Afterapplying Stirling's formula, we come tom lnm� C1m� C2 lnm > j ln�j;which can be obtained by taking N0 = (1 + �00)j ln�j=(ln j ln�j) in (6.10).Consequently, as � # 0, we obtain the upper estimaten+(�; T ) � codimMq(�) � �1(�) (1 + o(1)) ; � # 0: (6.14)Lemma 6.1 enables us to establish the following proposition.Proposition 6.2. Let V satisfy Assumption 1.1. Thenn+(�; T ) � �1(�) as � # 0: (6.15)Proof. From Lemma 6.1 we know that the statement holds for the particularV in (6.3). To verify the general statement, we �rst make the usual shift ofvariables so that V becomes positive in a neighborhood of origin. Next, wecan clearly �nd two functions V� � 0 having the form in (6.3), with compactsupport, such that V� � V � V+. Then the variational principle impliesthat n+(�; T (V�)) � n+(�; T (V )) � n+(�; T (V+)) and since n+(�; T (V�))obeys the asymptotics (6.15) in view of Lemma 6.1, the same is true forn+(�; T (V )). 23



6.2 Even-dimensional Case for a Simple LLA point in R2d , d 2 N , is represented by (�; �) = (�1; : : : ; �d; �1; : : : ; �d).Initially we choose the potentialV (�; �) = V (�) = a dYj=1 Vj(�j) = a dYj=1�f�j<Mg(�j) (6.16)for some a;M > 0, and consider the Toeplitz-type operator Tq = PqV Pqin the Hilbert space H�q = RanPq, where Pq is the projection onto theeigenspace associated with the LL �q of H0.Throughout this section we assume that the multiplicity of �q is one.In the sequel we suppress the index q in Tq, Pq, H�q etc., and considerthe distribution function n+(�; T ), � > 0. For this purpose we introduce theset Ndq = f(m1; : : : ; md) jmj > �qj + 1 g: (6.17)When V is chosen as in (6.16) and Pj denotes the operator in L2(R2d), whichacts as P in the variables (�j; �j), then it is clear that the eigenvalues ofT are products of the eigenvalues �(j)mj := �mj (Tj) of Tj = PjVjPj, and theeigenfunctions of T are (tensor) products of the eigenfunctions of Tj. Hence,n+(�; T ) = #(m 2 Ndq j dYj=1 �(j)mj > �) : (6.18)We are going to estimate (6.18) from below and above, respectively. A keyingredient is the following number theoretical result.Lemma 6.3. Let m 2 Nd and � > 0. Then#(m 2 Nd j dYi=1mj�mj > �) � �d(�) as � # 0:The proof of Lemma 6.3 is given in the Appendix. Having the latterlemma at our disposal we are ready to establish the following result.Proposition 6.4. Let V be chosen as in (6.16). Thenn+(�; T ) � �d(�) as � # 0: (6.19)24



Proof. Lemma 6.1 gives us the result for d = 1. We will use induction in d.Thus, we assume that the statement holds for all d0 < d and verify it for d.From the induction hypothesis follows that one may painlessly replace Ndq byNd in (6.18) with change of order only O(�d�1(�)). For d = 1 Lemma 6.1implies that, given � > 0, there exists N0 = N0(�) such that��j ln �m(T (1))j �m lnm�� < �m lnm; 8m > N0: (6.20)where �m(T (1)) are eigenvalues of the operator T = T (1) in this lemma. In thesequel subsets of I= f1; 2; : : : ; dg are denoted by J.Lower estimate. Using (6.20) we have for the right-hand side of (6.18):#(m2Nd j dYj=1�(j)mj >�)�#(m2Nd jmj>N0; j2J; dXj=1mjlnmj> ln�1��)� #(m 2 Nd j dXj=1 mj lnmj > ln�1� � )�Xj0 #(m 2 Nd jmj0 � N0; dXj=1 mj lnmj > ln�1� � )=: F1(�)�Xj0 F2;j0 (�):Consider F2;j0 (�) for, say, j 0 = 1. We have, due to m1 lnm1 � N0 lnN0 andthe induction hypothesis that, as � # 0,F2;1(�)�N0#(m 2 Nd�1 j dXj=2 mj lnmj > ln�1� � �N0 lnN0)�N0#(m 2 Nd�1 j dXj=2 mj lnmj> ln�1�� ) . N0�d�1(�) = o (�d(�)) :The asymptotics for F1(�) is described by Lemma 6.3, viz. F1(�) � �d(�) as� # 0, and this shows the lower estimate.Upper estimate. We haven+(�; T ) = #(m 2 Nd j dYj=1 �(j)mj > �) =XJ�IFJ(�);whereFJ(�)=#(m2Nd j dYj=1 �(j)mj >�;mj�N0 for j2J; mj>N0 for j 62 J) :25



For every J 6= ; (i.e. 1 � jJj = d0 � d) we estimate FJ(�) from above:FJ(�)=#(m2Nd j dXj=1 ln �(j)mj > ln�;mj�N0;j 2 J;mj>N0;j 62J)� Nd00 #(m 2 Nd�d0 jXj 62J ln �(j)mj > ln�) :For the last quantity the d�d0 dimensional version of our induction hypoth-esis applies:#(m 2 Nd�d0 jXj 62J ln �(j)mj > ln�; ) � �d�d0 (�) = o (�d(�)) as � # 0:Finally, we consider J = ;. Due to (6.20) we have thatFJ(�) = #(m 2 Nd jmj > N0; dYj=1 �(j)mj > �)= #(m 2 Nd jmj > N0; dXj=1 ln �(j)mj > ln�)� (m 2 Nd j dXj=1 mj lnmj > ln�1 + � ) � �d(�); as � # 0; (6.21)where the latter asymptotics follows from Lemma 6.3.Proposition 6.5. Let V satisfy Assumption 1.1. Let T = PqV Pq be theToeplitz operator associated with the LL �q with multiplicity one. Thenn+(�; T ) � �d(�) as � # 0: (6.22)Proof. The proof is similar to the proof of Proposition 6.2.To treat the Dirac operator in Section 8 we will need a slightly strongerversion of the upper estimate in Proposition 6.4.Fix some index j, say j = i. Suppose that �m is a sequence such that� ln �m & � ln �(i)m as m!1: (6.23)26



Proposition 6.6. Under the assumptions of Proposition 6.4,#(m 2 Nd j �mi dYj 6=i �(j)mj > �) . �d(�): (6.24)Proof. The proof follows the lines of the reasoning leading to the upper esti-mate in the proof of Proposition 6.4, since the only thing we needed there for�(j)mj was the estimate � ln �(j)mj � (1 + �)mj lnmj, but from (6.23), the sameholds for �mi .7 TOEPLITZ OPERATORS RELATED TOTHE SCHR�ODINGER OPERATOR, IIIn the case of dimension 2d, d > 1, multiple LLs can arise for the Schr�odingeroperator H0. We use notations introduced in Section 3.2.7.1 Even-dimensional Case for Multiple LLsLet V satisfy Assumption 1.1 and let � be a LL of H0 with multiplicity {.The main result of this section is the following Proposition.Proposition 7.1. Let V satisfy Assumption 1.1. Let � be a LL of H0 withmultiplicity { and let P = P� be the projection onto the eigenspace associatedwith �. Then the eigenvalues of the Toeplitz operator T = PV P obey theasymptotics n+(�; T ) � {�d(�) as � # 0:Proof. For the representation (3.14), we set T (�) = P (�)TP (�), where P (�) isa projection onto H(�)� .Estimate from above. For given � > 0, Proposition 6.5 asserts that we can�nd subspaces L(�) � H(�)� , as in (3.14), such thatZR2d V juj2 dx1 � � �dxd � ZR2d V juj2 dx � � ZR2d juj2 dx
27



on L(�) and codimL(�) = n+(�; T (�)) � �1(�), � # 0. Then, on L =L{�=1 L(�) one hasZR2d V juj2 dx = ZR2d V ����� {X�=1 u(�)�����2 dx; u(�) 2 L(�)� { ZR2d V {X�=1 ju(�)j2 dx = { �kuk2: (7.1)The inequality (7.1) shows that we have found the subspace L in H� ofcodimension P{�=1 n+(�; T (�)), so that hTV u; ui � {�kuk2 on L. Therefore,n+({�; T ) � P� n+(�; T (�)) and the estimate from above follows from theasymptotics for n+(�; T (�)) established in Proposition 6.5.Estimate from below. The proof is based on Lemma 5.3. Equipped with thislemma we establish the lower estimate �rst for V having a special form andthen, using monotonicity as in Section 6.1, we pass to a general V . Fix aninteger M and set V (�) = a dYj=1 Vj(�j); (7.2)where Vj is the characteristic function of an interval [0;p2=bjM�1]. Accord-ing to Proposition 6.4, for such V we can �nd subspaces L(�) � H(�) suchthat ZR2d V juj2 dx > � ZR2d juj2 dx; u 2 L(�); (7.3)and dimL(�) = n+(�; T (�)) � �d(�) as � # 0. Moreover L(�) consists offunctions which are linear combinations of eigenfunctions in H(�), u(�) =Pm c(�)m �(�)m , where m = (m1; : : : ; md), and�(�)m (�; �) = dYj=1 h(�)mj (�j; �j);where h(�)mj (�j; �j) are the eigenfunctions from (3.3), the constant factors in-corporated into the afore-mentioned constants c(�)m , viz.h(�)mj (�j; �j) = e�imj�jL(mj )q(�)j �bj2 �2j� �mjj exp��bj4 �2j� : (7.4)28



We take a linear combination u =P u(�) of the functions u(�) and estimateRR2d V juj2 dx from below. There are quite a lot of terms in this product,having the formZR2d V u(�)u(�) dx = Xm;m0 c(�)m c(�)m0 ZR2d V �(�)m �(�)m0 dx: (7.5)However, most of these terms vanish. In fact, if the integer multi-indicesmand m0 di�er just at some position j, the integral (7.5) equals zero because,in polar coordinates, the integral in the �j variable vanishes. Hence, only suchterms in (7.5) survive for whichm =m0. Now, after integration in � variables(and incorporating the resulting 2� into constants c(�)m ) and the change ofvariables �j 7! �jpbj=2 (again incorporating the resulting constants intoc(�)m ), we obtain thatZR2d V juj2 dx =Xm Z[0;M�1]d V ����� {X�=1 c(�)m dYj=1L(mj )q(�)j (�j)�mjj �����2 e� 12P �2j�d�:and, after replacing V by the function W = c1Qdj=1 exp(12�2j)�f�j<M�1g(�j),with constant c1 chosen in such a way that c1 exp(12M2) = a, the latter yieldsZR2d W juj2 dx =Xm Z[0;M�1]d �����X� c(�)m dYj=1L(mj )q(�)j (�2j)�mjj �����2 �d� (7.6)and thereforeRR2d W juj2 dxRR2d V juj2 dx 2 �exp(�(1=2)M2); exp((1=2)M�2)� (7.7)for any u. Using (7.6), Lemma 5.3, and (7.7), in this order, we �nd thatZ W juj2 dx � c�11 e� 12M2 {X�=1Xm 
(m)�1Z V �����c(�)m dYj=1L(mj )q(�)j (�2j)�mjj e� 14 �2j �����2 �d�: (7.8)In (7.8)m runs over the set of multi-indicesm = (m1; : : : ; md) such that thecorresponding functions �(�)m belong to our spaces L(�). From the estimatefrom above in the case of a simple LL, it follows thatmj = O � j ln�jln j ln�j�d�1! ;29



and therefore 
(m) = O(j ln�js) for some s > 0. The latter, in conjunctionwith (7.8) andZ V �����Xm c(�)m �(�)m �����2 dx = Z V Xm jc(�)m j2j�(�)m j2 dx;yields that Z W juj2 dx � c�11 e� 12M2 j ln�j�s {X�=1 Z V ju(�)j2 dx;or, using (again) (7.7) and afterwards (7.3), we have on L = �L(�) that, forsome c > 0,Z V juj2 dx � cj ln�j�s {X�=1 Z V ju(�)j2 dx� c�j ln�j�s {X�=1 Z ju(�)j2 dx = c�j ln�j�skuk2: (7.9)This means that we have found a subspace of dimension P{�=1 n+(�; T (�)),where hTu; ui � c�j ln�j�skuk2, which implies that n+(c�j ln�j�s; T ) �P{�=1 n+(�; T (�)). Finally, let � = c�j ln�j�s such that � � c0�j ln�js, andapply the asymptotics for n+(�; T (�)) given in Proposition 6.4. This yieldsthe lower estimate for the V in (7.2). Passage to a general V uses mono-tonicity.8 TOEPLITZ OPERATORS RELATED TOTHE DIRAC OPERATORFor the �xed LL ��q = �plq + 1 of the Dirac operator Dd and the potentialV � V I2d we associate the Toeplitz-type operator T = T�q = PV P , whereP = P�q is the spectral projection onto the corresponding eigenspace ofDd. The spectral asymptotics of T determines the asymptotic behaviourof eigenvalues of Dd � V . Due to Proposition 4.2, there is a one-to-onecorrespondence between l and a LL � of the 2d-dimensional Schr�odingeroperator H0 with multiplicity {, so that � = �q(�), � = 1; : : : ;{. Keepingin mind this correspondence, we say that ��q has multiplicity {.In the sequel we adopt the latter terminology and, moreover, we oftensuppress the indices in T�q etc. 30



Proposition 8.1. Let V satisfy Assumption 1.1 and let � 6= �1 be a LLof Dd with multiplicity {. Then the eigenvalues of the Toeplitz operatorT = PV P obey the asymptoticsn+(�; T ) � $�d(�) as � # 0; (8.1)where $ = $(�) is given in (4.17). The same formula with $ = $(�1) = 1holds for � = 1 or � = �1, depending on which of them is the eigenvalue ofDd.Proof. We consider � 6= �1 �rst. Recall the description of the eigenspaces ofDd given in Section 4.3, in particular (4.18)-(4.24). Due to (4.18), we havefor � 2 W, hV �;�i = hV�(+);�(+)i+ hV�(�);�(�)i: (8.2)We establish a lower and an upper estimate, separately. Again, as before, we�rst suppose that V has the form (6.16).Lower estimate. In view of (6.1) we are going to �nd a subspace L = L(�) �W such that hV �;�i > �k�k2; 8� 2 L(�)nf0g (8.3)and dimL(�) & $�d(�): (8.4)We start by �nding a subspace L(+)(�) in Y(+) of proper dimension, satisfyinghV�(+);�(+)i > �k�(+)k2; 8�(+) 2 L(+)(�)nf0g: (8.5)The existence of the latter follows from our considerations for the Schr�odingeroperator. For each " 2 [{�=1E(q(�)), where E(q(�)) is de�ned in (4.16),Proposition 7.1 quarantees that we can �nd a subspace L(+)" (�) such thathV �(+)" ;�(+)" i > �k�(+)" k2; 8�(+)" 2 L(+)" (�)nf0g (8.6)and dimL(+)" (�) & {"�d(�); (8.7)where {" is the multiplicity of the LL �", de�ned in (4.15), for the Schr�odingeroperator H0 (in particular, {" = 0 if �" is not a LL for H0). Taking the ex-terior direct sum of these L(+)" (�) over " 2 ([{�=1E(q(�))) \ Ed+, we get the31



required subspace L(+)(�), with dimension & P" {" �d(�). It remains tonotice that P" {" =P� 2�(q(�))�1 =: $.Having L(+)(�) at our disposal, we setL(�)=� (�(+); (1 + �)�1(Ad�1 + Td)�(+)) j�(+) 2 L(+)(�)	�W:The dimension of L(�), obviously, equals the dimension of L(+)(�). At thesame time, on L(�), hV�;�i � hV �(+);�(+)i: (8.8)On the other hand, (4.9)-(4.10) and (4.21) imply thatk�k2 = k�(+)k2 + k(Ad�1 + Td)�(+)k2= k�(+)k2 + h�(+); (Ad�1 + Td)�(Ad�1 + Td)�(+)i� k�(+)k2 + �k�(+)k2 � Ck�(+)k2: (8.9)Therefore, (8.8)-(8.9) yield thathV�;�i � C�k�k2; 8� 2 L(�)nf0g;which gives the required lower estimate for the asymptotical eigenvalue dis-tribution of T .Upper estimate. We begin by constructing some special subspaces in theSchr�odinger Landau eigenspaces. Recall the structure of the operator Ad�1+Td, discussed in Section 4.1. It is a 2d�1 � 2d�1 operator-valued matrix, eachentry X"0 ;", "0 2 Ed+, " 2 Ed�, being either a �rst order di�erential operatorin one pair of variables (�j; �j) or the zero operator.We �x some "0 ; ", as well as some �, and consider the subspace H(�)�" �L2(R2d). If this subspace is nonempty, i.e. " 2 E(q(�)), the eigenfunctions�(+;�)" (�; �) have the form (4.24). We use the short-hand notationX = X"0 ;",and consider the expressionZ V j�(+;�)" j2 dx+ Z V jX�(+;�)" j2 dx: (8.10)We write out the the second term:Z V jX�(+;�)" j2 dx = Z V jXm Xcmfmj2 dx(we suppress all nonessential sub- and superscripts). Now it follows from(4.2)-(4.5) that the di�erential operator X acting in variables (�j0 ; �j0) on the32



function fm = Qdj=1 f (j)mj (�j; �j) = Qj exp(imj�j) ~f (j)mj (�j) replaces all circularfactors exp(imj0�j0) by exp(i(mj0+1)�j0) or all of them by exp(i(mj0�1)�j0).Each pair of functions fm, fm0 , m 6=m0 , are orthogonal with respect to �-integration. The above property of X then implies that Xfm and Xfm0 are�-orthogonal as well. This enables us to transform the integrals in (8.10) (forV on the form (6.16)),Z V j�(+;�)" j2 dx+ Z V jX�(+;�)" j2 dx=Xm jcmj2 Z V jfmj2 dx+Xm jcmj2 Z V jXfmj2 dx=Xm jcmj2Z V (�j0)�jf (j0)mj0 (�j0 ; �j0)j2+jXf (j0)mj0 (�j0; �j0)j2� �j0 d�j0d�j0�Yj 6=j0 Z V (�j)jf (j)mj (�j; �j)j2 �j d�jd�j: (8.11)We denote the �rst integral on the right-hand side of (8.11) by �mj0 , andthe terms in the product by �(j)mj . From Lemma 5.1 (see also Remark 5.2),� ln �mj0 & � ln �(j0)mj0 . Now, from Proposition 6.6, it follows that one can �ndsuch subset M (�) of integer vectors m 2 Ndq so that�mj0 Yj 6=j0 �(j)mj < �; m 62 M (�) (8.12)and Card M (�) . �d(�). We consider the subspace M(+;�)" (�) in H(�)�"spanned by fm, m 62 M (�). This subspace has codimension not larger than�d(�)(1 + o(1)), and, in view of (8.12), for any �(+;�)" 2 M(+;�)" (�),Z V j�(+;�)" j2 dx+ Z V jX�(+;�)" j2 dx � �k�(+;�)" k2: (8.13)Next, still for "0; " �xed, consider all � involved in the representationof the LL �", and construct, according to the above reasoning, a subspaceM(+;�)" (�). Then M(+)" (�) = �{�=1M(+;�)" (�) is a subspace in Y(+)" , havingthere codimension not larger than the sum of codimensions of summandsin Y(+;�)" , i.e. {"�d(�)(1 + o(1)). For any element �(+)" = P{�=1 �(+;�)" onM(+)" (�), we have thatZ V j�(+)" j2 dx+ Z V jX�(+)" j2 dx=Z V jX� �(+;�)" j2 dx+ Z V jX� X�(+;�)" j2 dx: (8.14)33



From the latter equality, in combination with the simple inequality jP{�=1 a(�)j2� {P ja(�)j2 and (8.13), we get thatZ V j�(+)" j2 dx+ Z V jX�(+)" j2 dx � { �k�(+)" k2: (8.15)Now construct the subspaceM(+)" (�) for each " 2 ([{�=1E(q(�)))\Ed+ and setM(+)(�) = �"2([{�=1E(q(�)))\Ed+M(+)" (�) with codimension in Y(+) = �Y(+)"not larger than the sum of codimensions of M(+)" (�) in Y(+)" , i.e.codimM(+)(�) =X" codimM(+)" (�).X" {"�d(�)(1 + o(1)) = $�d(�)(1 + o(1)):At the same time, due to (8.15) and the estimatejX" X"0 ;"�(+)" j2 � 2dX" jX"0 ;"�(+)" j2;any �(+) = �"2([{�=1E(q(�)))\Ed+�(+)" 2 M(+)(�) satis�eshV �(+);�(+)i+ hV (Ad�1 + Td)�(+); (Ad�1 + Td)�(+)i� 2dX"0  X" hV�(+)" ;�(+)" i+X" hV X";"0�(+)" ; X";"0�(+)" i!� 2dX"0  X" { �k�(+)" k2! = 2dX"0 {�k�(+)k2� 2d2d{ �k�(+)k2 = C�k�(+)k2: (8.16)Finally, setM(�) = ��(+); (1 + �)�1(Ad�1 + Td)�(+) j�(+) 2 M(+)(�)	 :Due to (4.18), (4.21), the codimension of M(+)(�) in Y(+) equals the codi-mension of M(�) in W. On M(�), moreover, it follows from (8.16) thathV�;�i = hV�(+);�(+)i+ (1 + �)�2hV (Ad�1 + Td)�(+); (Ad�1 + Td)�(+)i� C�k�(+)k2 � C�k�k2:This means that we have constructed the subspace required in (6.2).34



For the LL � = 1 or � = �1, a much more simple reasoning goes through.Let, say � = �1 be the eigenvalue of Dd. Then, according to Section 4.4,Ad�1 + Td = 0 on Y(+)0 and the eigenspace of Dd coincides with the one forthe Schr�odinger operator. Consequently, the Toeplitz operators coincide aswell, and therefore the results of Section 6.2 apply (since the lowest LL is,obviously, simple).9 THE PERTURBED OPERATORSThe proof of asymptotical formulas for eigenvalues goes in the same wayfor Schr�odinger and Dirac operators. Therefore, we let T0 stand for theunperturbed Schr�odinger operator H0 or the unperturbed Dirac operatorDd, and we let l be a LL of T0 i.e. l represents either �q or ��q .We will prove the asymptotics for T0 � V , V � 0; the proof for T0 + V isexactly the same, up to a few changes of signs.In Propositions 9.1 and 9.2 we give a lower and an upper estimate, respec-tively, of the asymptotic behaviour of the eigenvalues of T0�V accumulatingnear each LL l of the operator T0. Together the propositions establish themain result for the perturbed operators, namely Theorems 1.2-1.3.Proposition 9.1. Let V satisfy Assumption 1.1 and let l be a LL of T0 withmultiplicity {. Let l� be the neighboring LLs of T0 lying below and above l,respectively (or any number smaller than l if the latter is the lowest LL ofH0). Then, for � > 0, s1 2 (l�; l) and s2 2 (l; l+), the number of eigenvaluesfor T0 � V in (s1; l � �) or (l + �; s2), respectively, satis�es the followinginequality as � # 0:N(s1; l� � jT0 � V ) � N(l+ �; s2 jT0 + V ) & %�d(�); (9.1)where the constant % either equals the multiplicity { of l if T0 stands for H0,or the constant $ in (4.17) if T0 stands for Dd. Moreover, (9.1) holds forany nonnegative, bounded V on R2d which tends to zero at in�nity.Proof. We use a simple perturbation argument based on Lemma 2.2. In [8]an alternative approach is used, based on Weyl inequalities and an analysisof the Birman-Schwinger operator.Let s = s1 and let g = l� s be the length of the interval (s; l� �).Step 1: Small V . In this step we show the assertion for a function V satisfying0 � V < a for some a > 0, small enough to ensure that (1=2) � (a=g) > 0.Introduce the parameters� = (l� �+ s)=2; � = (l� �� s)=2:35



In view of Lemma 2.1 it su�ces to �nd some subspace L � Lq for which thecondition on the right-hand side of (2.1) is ful�lled for all elements in L. Asthe candidate for the subspace L we take the span of some �nite set of theLandau eigenfunctions of T0 corresponding to the LL l,L = span f�n(�; �) jn = 1; 2; : : : ; N g;where N = N(�) will be chosen later. Any u 2 L, kuk = 1, can be writtenas u =PNn=1 cn�n. Since each �n satis�es T0�n = l�n,k(T0 � V � �)uk2 = h(T0 � V � �)u; (T0 � V � �)ui= (l� �)2kuk2 + kV uk2 � 2(l� �)hu; V ui:Since l � � = � + � and (l � �)2 � � 2 = g�, the inequality (2.1) becomes(2=g)(� + �)hu; V ui � (1=g)kV uk2 > �. The latter is ful�lled ifZ �V2 � V 2g � juj2  dYj=1 �j d�jd�j! > �; kuk = 1; (9.2)is satis�ed. Due to (1=2)� (a=g) > 0, we have (V=2)� (V 2=g) � 0 and wearrive at the problem of �nding a subspace of u =PNn=1 cn�n such that*W  NXn=1 cn�n! ; NXn=1 cn�n!+ > �; W = V2 � V 2g � 0;holds for all N > N0 = N0(�). This problem is already solved in Section 6-7or Section 8, respectively, depending on whether T0 plays the role of H0 orDd, with the required estimate for the number of elements in L. In this waywe obtain the estimate (9.1) for small V .Step 2: General V . We assume that V is a nonnegative, bounded functionon R2d , which tends to zero at in�nity. In particular, V is T0-compact and,therefore, �ess(T0 � V ) = �ess(T0).Choose 0 � V0 < g=2 having compact support such that V � V0 � 0.The assumptions on V allow us to choose J large enough to ensure thatVj := (V �V0)=J satisfy kVjk < g=2, j = 1; : : : ; J . In addition, V =PJj=0 Vjand Vj � 0. We apply Lemma 2.2 as follows. PutT1 = T0 � V0 � JXj=2 Vj; S1 = V0 + JXj=2 Vj � V = �V1such that S1 � 0 and 
1 := kS1k < g=2. Moreover, lets1 = �
1; s2 = 0; l1 = s+ 
1; r1 = l� �:36



Then Lemma 2.2 yields thatN(s; l� � jT0 � V ) � N(l1; l� � jT0 � V0 � JXj=2 Vj)SinceN(l1; l� � jT0 � V0 � JXj=2 Vj) = N(s; l� � jT0 � V0 � JXj=2 Vj)�N(s; l1 jT0 � V0 � JXj=2 Vj)where the last term on the right-hand side is �nite (from above the onlypossible limits points of the eigenvalues for T0 �V are the LLs, and here theinterval (s; l1) is away from the latter), it follows thatN(s; l� � jT0 � V ) � N(s; l� � jT0 � V0 � JXj=2 Vj)� C1for some constant C1 > 0. Then we repeat this argument J � 1 times(introducing positive constants C2; C3; : : : ; CJ�1), using Lemma 2.2 on eachstep in a way similar to the above, and obtain thatN(s; l� � jT0 � V ) � N(s; l� � jT0 � V0 � VJ)� J�1Xj=1 Cjfor some constants Cj. Taking the next step in this procedure (applyingLemma 2.2 with TJ = T0 � V0 and SJ = �VJ) we obtain thatN(s; l� � jT0 � V ) � N(s; l� � jT0 � V0)� JXj=1 Cj (9.3)for some constant CJ > 0. For the operator T0 � V0 the required estimatefrom below is obtained in Step 1, which proves the proposition.Next we establish the upper estimate.Proposition 9.2. Let V satisfy Assumption 1.1 and let l, l� be the same asin Proposition 9.1. Then, for � > 0, s1 2 (l�; l) and s2 2 (l; l+), the number37



of eigenvalues for T0�V in (s1; l��) or (l+�; s2), respectively, satis�es thefollowing inequality as � # 0:N(s1; l� � jT0 � V ) � N(l+ �; s2 jT0 + V ) . %�d(�); (9.4)where the constant % either equals the multiplicity { of l if T0 stands for H0,or the constant $ in (4.17) if T0 stands for Dd.Proof. Let s = s1 and set� = (s+ l� �)=2; � = (l� �� s)=2:We are going to construct such a subspace Ml thatk(T0 � V � �)uk2 � � 2kuk2 (9.5)holds for every u 2 Ml. According to Lemma 2.1, this would meanN(s; l� � jT0 � V ) � codimMl:Let Hl be the eigenspace associated with the eigenvalue l of T0. Introduceits complement H0l = D(T0)	Hl. Any u 2 D(T0) has the form u = u1 + u2,u1 2 Hl, u2 2 H0l . Then (9.5) givesk(T0 � V � �)(u1 + u2)k2 = �� 2ku1k2 � � 2ku2k2 � 0: (9.6)Since (T0 � �)u1 = (l� �)u1 and hu1; u2i = 0, the left-hand side of (9.6) canbe written as follows:[(l� �)2 � � 2]ku1k2+k(T0 � �)u2k2�� 2ku2k2 � 2Re h(l� �)u1; V (u1 + u2)i�2Re h(T0 � �)u2; V u2i � 2Re h(T0 � �)u2; V u1i+ kV (u1 + u2)k2: (9.7)Take some � > 0 (to be chosen later). From Section 6 or Section 8,depending on whether T0 stands for H0 or Dd, we know that there exists asubspace M1;l � Hl such thatjhu1; V u1ij � ��ku1k2 (9.8)holds for every u1 2 M1;l and, moreover,codimM1;l � %�d(�) as � # 0: (9.9)From hereon we suppose that u1 2 M1;l. Next we estimate each of theterms on the right-hand side of (9.7) separately.Term 1. Clearly, [(l� �)2 � � 2]ku1k2 = jl� sj�ku1k2: (9.10)38



Term 2. Since u2 2 D(T0)	Hl we have thatk(T0 � �)u2k2 � [dist (�; s(T0)nflg)]2ku2k2 � [(s� l�)2 + � 2]ku2k2 (9.11)and, therefore,k(T0 � �)u2k2 � � 2ku2k2 � c1k(T0 � �)u2k2 (9.12)where c1 = (s� l�)22(s� l+)2 :Term 3. For any u1 2 M1;l we have thatj2Re h(l� �)u1; V u1ij � 2(l� �)jhu1; V u1ij � 2(l� �)��ku1k2; (9.13)due to the Schwarz inequality and (9.8).Term 4. For any u1 2 M1;l and K > 0 we have, due to (9.8) and (9.11), thatj2Re h(l� �)u1; V u2ij � 2jl� �jjhV u1; u2ij � 2jl� �jkV u1k ku1k� 2jl� �j(��ku1k2)1=2 �(s� l�)�2k(T0 � �)u2k2�1=2= �64K jl� �j2(s� l�)2��ku1k2�1=2� 116K k(T0 � �)u2k2�1=2� 128K jl� �j2(s� l�)2��ku1k2 + 18K k(T0 � �)u2k2= c2(K)��ku1k2 + 18K k(T0 � �)u2k2: (9.14)Term 5. The Schwarz inequality yieldsj2Re h(T0 � �)u2; V u2ij � 2k(T0 � �)u2k kV u2k� 18K k(T0 � �)u2k2 + 8KkV u2k2:In the Hilbert space H�l with norm ju2j2 = k(T0 � �)u2k2, we consider theoperator, denoted T , generated by the quadratic form kV u2k2. This operatoris, obviously, compact:n+(t; T ) = maxdim fL � H�l : kV u2k2 > tju2j2 g� maxdim �M� D(T0) : kV uk2 > tk(T0 � �)uk2 	 <1;Taking t = 1=64K2 then we may �nd a subspace M2;l � H�l with �nitecodimension, say N := codimM2;l <1 (9.15)39



such that kV u2k2 � 164K2k(T0 � �)u2k2 for every u2 2 M2;l.Therefore, on M2;l � H�l we havej2Re h(T0 � �)u2; V u2ij � 18K k(T0 � �)u2k2 + 8KkV u2k2� 18K k(T0 � �)u2k2 + 8K64K2k(T0 � �)u2k2 = 14K k(T0 � �)u2k2 (9.16)for every u2 2 M2;l and, moreover, codimM2;l = N <1.Term 6. For every u1 2 M1;l and K > 0 we have thatj2Re h(T0 � �)u2; V u1ij � 2k(T0 � �)u2k kV u1k� 18K k(T0 � �)u2k2+8KkV u1k2 � 18K k(T0 � �)u2k2+8K��ku1k2; (9.17)where, again, we used (9.8).We substitute the estimates (9.10)-(9.13), (9.16) and (9.17) into (9.7):k(T0 � V � �)(u1 + u2)k2 � � 2ku1k2 � � 2ku2k2 � (c1 � 12K )k(T0 � �)u2k2+� ((l� s)� 2�(l� �)� c2(K)�� 8K�) ku1k2:Take K, c1 � 1=2K > 0 and, afterwards choose � such that� ((l� s)� 2�(l� �)� c2(K)�� 8K�) > 0:This gives us (9.6) for u 2 M1;l �M2;l. In conclusion, if we take Ml =M1;l �M2;l then (9.6) holds for every u 2 Ml and, in view of (9.9) and(9.15), we clearly have thatcodimMl � codimM1;l + codimM2;l� %�d(�) +N . %�d(�) as � # 0:
APPENDIX: LATTICE POINTS INSIDE ACLOSED HYPERSURFACEWe establish Lemma 6.3. Thus, we are interested in the number N(�) ofsolutions n 2 Nd to dXi=1 ni lnni < � = ln��1 (9.18)40



as � ! 1 (i.e. as � # 0). In other words, we seek the number of latticepoints (with positive integer coordinates) in the region � between the xi-axes, i = 1; : : : ; d� 1 and the hypersurfaceC : dXi=1 xi lnxi = �; xi � 1 for 1 � i � d: (9.19)The hypersurface C is \
at" in the following sense.Lemma 9.3. There exist positive numbers b(�) and B(�)such thatb(�) � dXi=1 xi � B(�) for all points x 2 C; (9.20)where b(�) � �ln�; B(�) � �ln� as �!1: (9.21)Proof. Without loss of generality suppose x1 � x2 � � � � � xd.Note that on C we have � � x1, so that lnxi � lnx1 � ln�. Then weobserve that � =Pdi=1 xi lnxi �Pdi=1 xi ln�. This proves the �rst inequalityin the lemma, with b(�) = �=ln�.To establish the second inequality in the lemma, consider the case d = 2�rst. We will show that on C, which is now a curve given by (9.19), themaximum value of x1+x2 is attained at the point where x1 = x2. This followsby implicit di�erentiation of (9.19), giving (1+lnx1)dx1+(1+lnx2)dx2 = 0,so that dx2=dx1 = �(1+ lnx1)=(1+ lnx2). As we move away from the pointon C with x1 = x2 into the region x1 > x2, the value of jdx2=dx1j increases.Hence x1 + x2 attains its maximum when x1 = x2. The dual version of thisfact is that if x1+x2 = B is speci�ed then x1 lnx1+x2 lnx2 is minimized bytaking x1 = x2.To see that an analogous result holds in the d-dimensional case, considerthe dual problem of minimizing � = Pdi=1 xi lnxi subject to the constraintPdi=1 xi = B. If any two of the numbers xi are unequal, x1 > x2, say,then we can increase x2 and decrease x1 by the same amount �, leaving theconstraint ful�lled but reducing x1 lnx1 + x2 lnx2, and therefore reducingPdi=1 xi lnxi. Thus the minimum of this sum occurs when all the numbers xiare the same. Dually, the maximum of Pdi=1 xi subject to Pdi=1 xi lnxi = �occurs where xi lnxi = �=d for each i. Then xi � �=d ln� as �!1, so thatPdi=1 xi � �= ln�. This completes the proof of the lemma.41



Equipped with Lemma 9.3 we are able to establish Lemma 6.3.Proof of Lemma 6.3. First, we use Lemma 9.3 to estimate the hypervolumeV of the region �. We �nd thatb(�)dd! � V � B(�)dd! ; so that V � 1d! � �ln��d : (9.22)Indeed, the second inequality in (9.20), e.g., is an expression for the hyper-volume of a polyhedron for which all the angles at a vertex O are right angles.The value of this hypervolume equals B(�)dd! . Likewise, we determine the hy-pervolume of the polyhedron associated with the �rst inequality in (9.20).In this way we obtain (9.22).To estimate the number N(�) of lattice points satisfying (9.18), we attachto each positive integer point n satisfying (9.18) the hypercube given byni � 1 < xi < ni when 1 � i � d: (9.23)Next we observe that these hypercubes all lie in the region �, so that N(�) �V , which establishes the upper bound.To obtain a lower bound, we proceed as follows. Lemma 9.3 implies thatthe N(�) hypercubes �ll the regiondXi=1 xi < b(�)� d: (9.24)Indeed, if a hypercube (9.23) is not counted by N(�) then the point n liesoutside �, so that, in view of Lemma 9.3, Pdi=1 ni � b(�). Consequently allthe points x 2 � not in one of theN(�) hypercubes satisfyPdi=1 xi � b(�)�d,so that all x in the hypercubes satisfy (9.24) and xi > 0 when 1 � i � {.The region (9.24) has volume (b(�)� d)d=d! (again we compute the hy-pervolume of a polyhedron for which all the angles at a vertex O are rightangles), so that N(�) � (b(�) � d)d=d!. Using Lemma 9.3 one more timecompletes the veri�cation of the lower bound which, in conjunction with theupper bound, proves the assertion.References[1] Avron, J. E.; Herbst, I.; Simon, B. Schr�odinger operators with magnetic�elds. I. General interactions. Duke Math. J. 1978, 45, 847-883.42
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