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Suppression of vibration caused
by residual unbalance of rotor for
magnetically suspended flywheel

Jiqiang Tang1,2, Bin Liu3, Jiancheng Fang4 and Shuzhi Sam Ge2

Abstract

For a magnetically suspended flywheel (MSFW), the residual unbalance of rotor can cause synchronous vibration and

reduce the attitude control precision of spacecrafts. To eliminate the vibration caused by the residual unbalance of rotor

suspended by magnetic bearing, the theorem of unbalance vibration is researched, and it is pointed out that the vibration

can be successfully suppressed through the elimination of synchronous component in magnetic suspension forces by a

magnetic suspension force compensation method. Based on the general notch filter, this method is proposed to be

closed-loop style when the rotor rotates beyond its critical stable speed and to be open-loop style when the speed of the

rotor is less than the critical stable speed by additional displacement stiffness compensation segment, open and closed-

loop control method. The stability of this method is analyzed and the ability to eliminate n octave synchronous is verified

in the whole speed range of the rotor. Experimental results demonstrate that this method can suppress the unbalance

vibration significantly in the operation speeds of MSFW and is suitable for MSFW in that the rotor traverses its critical

stable speed frequently.
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1. Introduction

Flywheel is an inertial actuator in a spacecraft attitude
control system and is used to generate suitable atti-
tude control torques for correcting spacecraft attitude
deviation or adjusting to an assigned attitude.
Flywheels used as inertial actuators can be divided
into reaction flywheels and momentum flywheels,
and generate attitude torque by changing their
rotor’s speed to keep the spacecraft stable or change
its attitude through momentum exchange with space-
craft (Kenny et al., 2005; Tang and Chen, 2009).
Several investigators have claimed (Song et al., 2007;
Wang and Hu, 2009) that disturbances produced by,
for example, friction, residual unbalance of rotor, and
so on can induce error between torque command and
actual output torque, and furthermore cause add-
itional disturbance to satellite attitude control
system. Compared with conventional ball bearing

flywheels, an MSFW has no mechanical contact
between rotor and stator since there is a prescribed
gap, and MSFWs have some general advantages
such as higher speed, no mechanical contacts, no
lubrication, and no stiction, etc (Yin et al., 2007).
Within this gap the rotor can move in all three
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translational directions and rotate in all three rota-
tional directions. If the magnetic bearing position con-
trol loops are equipped with a highly effective active
vibration control law, the vibrations of the wheel can
be isolated from the spacecraft, which will improve the
stability of attitude control and point accuracy of the
satellite greatly.

The sources causing the vibration of the wheel
include interior disturbance and exterior disturbance.
Interior noise, residual unbalance disturbance, biased
force of motor and anisotropy of magnetic bearing
force are regarded as interior disturbance. Liu et al.
(2010) pointed out that the exterior disturbance
includes rotation of spacecraft, exterior noise and so
on. All disturbances may cause the synchronous vibra-
tion, low frequency movement and random disturb-
ance of the wheel. In particular, the synchronous
vibration is caused mostly by residual unbalance dis-
turbance, biased force of motor, anisotropy of mag-
netic bearing force and non-uniformity of material.
With respect to MSFW, the magnetic suspension
force is strongly nonlinear, the magnetic suspension
force linearization method is adding an additional
biased magnetic field to the magnetic bearing gener-
ally. Therefore the magnetic suspension force is lim-
ited not only to the current of the coil (e.g. current
stiffness), but also to the length of the gap of the
magnetic bearing (e.g. displacement stiffness). Even if
the detecting errors of sensors can be eliminated com-
pletely by a filtering method, the gap change of the
magnetic bearing still makes the magnetic suspension
force fluctuate.

In order to reduce the disturbance, the unbalance
magnetic tension caused by negative stiffness of the
magnetic bearings should be compensated. Ali,
Jerome and Saito et al. (1996, 2006) presented a dis-
turbance feedback control method to compensate har-
monious vibration of different orders, but this method
increased the complexity of the control system. Other
linearization methods presented by Peng et al. (2006)
perhaps can avoid the unbalance tension caused by
the biased magnetic field, but they cause additional
complex problems such as the nonlinearity of electro-
magnetic force.

In term of the effects of active controlling vibra-
tion, the vibration control method may be classified
into three categories by Takeshi (2001), Bi et al.
(2005) and Peng et al. (2006): zero displacement,
zero current and zero magnetic force. With respect
to MSFW, our control aim is to make the rotor
rotate around its inertial axis, so this method is clas-
sified into zero magnetic force vibration control cat-
egory. For the zero magnetic force vibration control
method, there are two means: the first ones pre-
sented by Johannes et al.(2000) is based on state

observer, which generally requires an accurate
system model, and its effectiveness relies mostly on
the model error; the second ones presented by sev-
eral investigators (Li and Tadahiko, 2003; Li et al.,
2002; Zhang and Tadahiko, 2004) are based on the
notch filter method to research the magnetic bearing
with a single plane and merely overcome the control
problem of rotor rotating around it centroid in X
direction and/or Y direction. The unbalance vibra-
tion of the rotor can provoke the fundamental fre-
quency disturbance of MSFW, as it is the main
vibration source for MSFW.

For MSFW with active reluctance-force-type mag-
netic bearing, its schematic of magnetic bearing-rotor
system with residual unbalance and the real reason of
the vibration caused by residual unbalance of the
rotor are presented, and the self-alignment ability of
a high-speed rotor has been proved. By means of the
active control of the magnetic bearing, the idea of
making a high-speed rotor rotate around its inertial
axis to reduce its vibration is presented first. The pre-
sented magnetic bearing-rotor system mode, which is
distinguished from existing models, regards the dis-
turbance caused by residual unbalance of the rotor
as the interior factor of the magnetic bearing.
Because magnetic force is composed of current stiff-
ness component and displacement stiffness compo-
nent, the real reason that existing control methods
which aim to eliminate synchronous component in
the current of the magnetic bearing cannot eliminate
the vibration caused by residual unbalance of rotor
completely is found in this paper, i.e. the displacement
component of disturbance in the magnetic force still
exists. Considering not only static unbalance but also
dynamic unbalance of the rotor, the displacement rela-
tionship between the geometric center and the centroid
of the rotor is presented, linearized, and the dynamic
equation group of the magnetic bearing-rotor system
with the rotor’s static and dynamic unbalance is iden-
tified. The compensation method of synchronous com-
ponent in displacement stiffness proposed by us is
adding an additional current, which is equal in mag-
nitude and opposite in direction to the synchronous
component, to counteract the synchronous component
in the displacement stiffness. To realize this vibration
suppression method, magnetic suspension force based
on synchronous component, new methods of vibration
parameter identification and magnetic suspension
force compensation are presented. This vibration sup-
pression method is stable and able to eliminate n
octave synchronous vibration of the rotor in the
whole speed range of the rotor. Experimental
results demonstrate that this method is fit for
MSFW in that its rotor frequently traverses the crit-
ical stable speed.

Tang et al. 1963

 at PENNSYLVANIA STATE UNIV on September 17, 2016jvc.sagepub.comDownloaded from 

http://jvc.sagepub.com/


2. Theory of unbalance vibration for the
magnetic bearing-rotor system

2.1. Essence of the vibration caused by residual
unbalance of rotor

The MSFW with 50 Nms angular momentum, as
shown in Figure 1, consists of rotor and stator. The
stator is formed by a shaft, two axial magnetic bearings
(A and B), two position sensors (A and B), two radial
magnetic bearings (A and B) and one motor. The stator
is mounted on the base and the housing is used to pro-
vide the vacuum circumstance about less than 2Pa to
avoid the viscous air drag when the rotor rotates at
high speed.

Other than the rotation around the axial axis driven
by a motor, the other 5 degrees-of-freedom (d.f.) of the
rotor are controlled by magnetic bearings. Axial mag-
netic bearing-A and B control the translation of the
rotor along the axial axis, radial magnetic bearing-A
and B located on the upper and lower side of the
rotor control the translation and rotation of the rotor
about two radial axes. Position sensor-A and B are
integrated axial/radial eddy current sensors, the dis-
placements and tilting angles of the rotor are measured
by them. Touchdown bearings as auxiliary equipments
not shown in Figure 1 are used to support the rotor
when the magnetic bearings are turned off or fail.

To simplify the question, it is assumed that:

(i) The rotor is an axle symmetrical rigid rotor
(ii) When the rotor is steady, the magnetic force acting

on the rotor in direction of x axle or y axle indi-
vidually is orthogonal and independent of each
other

(iii) Couple between axial magnetic bearings and radial
magnetic bearings does not exist

(iv) Axial translation of the rotor is not considered.

A schematic diagram of a magnetic bearing-rotor
system with residual unbalance is shown in Figure 2.
Denoting the geometric center of the rotor by OG, the
centroid of the rotor by Om, then OG does not coincide
with Om due to the residual unbalance, there is an angle
between geometric axis and inertial axis of the rotor.
Denote the central plane of magnetic bearing-A by �1,
the central plane of magnetic bearing- B by �2, and the
central plane of rotor by �, respectively.

Let C1 stand for the point of intersection of the iner-
tia axis and the central plane of magnetic bearing-
A(�1), C2 the point of intersection of the inertial axis
and the central plane of magnetic bearing-B(�2). O1 the
point of intersection of the geometric axis and the cen-
tral plane of magnetic bearing-A (�1), O2 the point of
intersection of the geometric axis and central plane of

magnetic bearing-B (�2), N the point of intersection of
central plane of rotor (�) and the beeline through two
centers of magnetic bearing-A and B, O the point of
intersection of central plane of rotor (�) and inertial
axis of rotor.

Let AX, AY present the direction of X axis or Y axis
for magnetic bearing-A, respectively. Let BX, BY pre-
sent the direction of X axis or Y axis for magnetic
bearing-B, respectively. When the rotor suspended
rigidly rotates at a given angular speed !R, whose vel-
ocity and phase are obtained from an optic-electric
encoder or an array of hall sensors of the driving
motor for flywheel, the relationship among OG, Om

and O of the rotor in its central plane is shown in
Figure 3. Set O as the origin of the revolving coordinate

Rotor 
Radial Magnetic 
Bearing-B

Radial Magnetic 
Bearing-A

Position Sensor-B 

Position Sensor-A 

Housing 

Base 

Motor 

Shaft 

Axial Magnetic 
Bearing-A

Axial Magnetic 
Bearing-B

Figure 1. Structure diagram of a magnetically suspended

flywheel.

Figure 2. Schematic diagram of magnetic suspension of rotor

with residual unbalance.

Figure 3. Relationship among OG, Om and O of rotor.
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of o"Z at the central plane � of the rotor, and then the
geometric center OG of the rotor deviates from O with
vectorial distance ~s. Given that OG does not coincide
with Om and the vectorial distance is ~�.

So the vectorial distance ~sm of centroid Om deviating
from O is

s
*

m ¼ s
*
þ �
*

ð1Þ

If only the elastic restoring force described as ks acts
on the rotor without any damping force, then the move-
ment equation of the rotor is obtained according to
Newton second law

m€sm þ ks ¼ 0 ð2Þ

where m is the mass of rotor.
When the revolving coordinate o"Z rotates at the

speed of ! around the inertial axis of the rotor, then
s
*

can be given by s
*
¼ �ei!t, �

*
can be given by

�
*
¼ �ei!t, where � is the module of s

*
, and � the

module of �
*

.
So €sm ¼ €�ei!t þ 2 _�ei!t � �ei!t � !2 � �ei!t � !2

Define !k ¼
ffiffiffiffiffiffiffiffiffi
k=m

p
, then we have

€�þ 2i! _�þ ð!2
k � !

2Þ� ¼ �!2 ð3Þ

The solution of (3) can be expressed as

� ¼ c1e
ið!k�!Þt þ c2e

�ið!kþ!Þt þ �!2=ð!2
k � !

2Þ ð4Þ

So the amplitude of the vibration of the geometric
center for the rotor without damping is
sj j ¼ �!2=ð!2

k � !
2Þ.

Then amplitude of the vibration for the centroid of
rotor without damping is

smj j ¼ �!
2=ð!2

k � !
2Þ þ � ¼ �!2

k=ð!
2
k � !

2Þ ð5Þ

When !44!k, then j s
*
j ! �, j s

*
mj ! 0, that is

to say the rotor tends to rotate around its own centroid
with the increase in its speed. Namely, the high-speed
rotor has the ability of self-alignment.

But the work principle of active reluctance-
force-type magnetic bearing is that the position sensor
measures the displacement of rotor from its reference
position, a microprocessor as a controller derives a con-
trol signal from the measurement, and a power ampli-
fier transforms this control signal into a power signal.
The control current generates a magnetic field in the
electromagnets, so that a magnetic force is produced
and the rotor remains in its hovering position.
Therefore, essentially the rotor rotates around its geo-
metric axis determined by position sensors. But in prac-
tice, the residual unbalance of the rotor makes its

inertial axis not coincide with its own geometric axis;
when the rotor rotates around its geometric axis, the
inertial axis of the rotor will consequently rotate
around its own geometric axis, and then the disturb-
ance force and torques are generated by the rotor and
transformed to the satellite through its base.

Taking advantage of the ability of the magnetic
bearing to actively control the synchronous movement
of the rotor can make a high-speed rotor rotate around
its inertial axis to reduce the vibration caused by the
residual unbalance of rotor.

2.2. Dynamic model of magnetic bearing-rotor
system

With respect to MSFW shown in Figure 1, these exist-
ing system models of magnetic bearing-rotor with resi-
dual unbalance generally regarded the disturbance as
an exterior signal of synchronous vibration and
inputted it into the displacement signal of the rotor,
so that most unbalance vibration control methods try
their best to eliminate this disturbance component in
the displacement signal of the rotor to avoid generating
synchronous motion control currents. But the model of
actual magnetic bearing-rotor system P(s) with residual
unbalance is shown in Figure 4, where the disturbance
d caused by residual unbalance of the rotor is inputted
into the magnetic bearing-rotor system as an interior
factor of magnetic bearing. The magnetic force FAX is
composed of current stiffness component (KiiAX) and
displacement stiffness component (KhXA). Because the
rotor displacement caused by the residual unbalance
must generate additional disturbing force, even if the
synchronous component in the control current has been
eliminated, the displacement component of disturbance
still exists. This is the real reason why the kinds of
control methods that aim to eliminate synchronous
component in the current of the magnetic bearing
cannot completely eliminate the vibration caused by
residual unbalance of rotor.

A AXFX

Controller 
C(s)

iK

hK

Magnetic Bearing-Rotor System P(s)

AXi
2

1

ms

d

Figure 4. System model of the magnetic bearing-rotor with

residual unbalance.
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Set N as the origin of the fixed coordinate of Nxy at
the central plane of the rotor, and the relationship
between the revolving coordinate o"Z and the fixed
coordinate Nxy is shown in Figure 5. Set ~l0 as the vec-
torial displacement from the geometric center OG to the
centroid Om of rotor, & the length of ~l0, and � the angle
between OGOm and OG". Similarly, as shown in
Figure 2, set ~l1 as the vectorial displacement from C1

to O1, � the length of ~l1, and � the angle between the
projectote of ~l1 in the central plane of rotor (�) and
OG". Set ~l2 as the vectorial displacement from C2 to O2,
� the length of ~l2, and ’ the angle between the projec-
tote of ~l2 in the central plane of rotor (�) and OG".

Then the nonlinear magnetic suspension forces of
radial magnetic bearing-A and B are expressed as
follows:

FAx ¼ k
I0 þ iAx

S0 � Xa cos 	

� �2

�
I0 � iAx

S0 þ Xa cos 	

� �2
" #

FAy ¼ k
I0 þ iAy

S0 � Ya cos 	

� �2

�
I0 � iAy

S0 þ Ya cos 	

� �2
" #

FBx ¼ k
I0 þ iBx

S0 � Xb cos 	

� �2

�
I0 � iBx

S0 þ Yb cos 	

� �2
" #

FBy ¼ k
I0 þ iBy

S0 � Yb cos 	

� �2

�
I0 � iBy

S0 þ Yb cos 	

� �2
" #

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð6Þ

where k ¼ ðN2As
0 cos 	Þ=4, N presents the turns of the
coils for the radial magnetic bearing-A or B. As pre-
sents the working surface of the radial magnetic bear-
ing-A or B (m2), 
0 the permeability of free space
(4�� 10�7H=m). 	 the angle between the magnetic
pole and y axle (rad). ijp (j ¼ A,B; p ¼ X,Y) is control
current generated by the controller. I0 the current of the
coils for the radial magnetic bearing-A or B when the
rotor is in the original position without any drift (A). S0
is the nominal gap between the stator and rotor of the
magnetic bearings (mm). FAX, FAY presents the mag-
netic suspension force of magnetic bearing-A in direc-
tion of X axle or Y axle, respectively. Similarly, FBX

FBY presents the magnetic suspension force of magnetic
bearing-B in direction of X axle or Y axle, respectively.

If the residual unbalance composed of not only static
unbalance but also dynamic unbalance is taken into
account, then the displacement relationship between
the geometric center and the centroid of the rotor is
expressed as

XAðtÞ

YAðtÞ

XBðtÞ

YBðtÞ

2
666664

3
777775¼

xAðtÞ

yAðtÞ

xBðtÞ

yBðtÞ

2
666664

3
777775þ

&cosð!Rtþ�Þ��cosð!Rtþ�Þ

& sinð!Rtþ�Þþ�sinð!Rtþ�Þ

&cosð!Rtþ�Þþ�cosð!Rtþ’Þ

& sinð!Rtþ�Þ��sinð!Rtþ’Þ

2
666664

3
777775

where XA, YA stands for the displacement of O1 in the
direction of X axle or Y axle in the central plane of
magnetic bearing-A, respectively. XB,YB stands for
the displacement of O2 in the direction of X axle or Y
axle in the central plane of magnetic bearing-B, respect-
ively. xA, yA, xB, yB stands for the displacement of
centroid of the rotor in the direction of X axle or Y
axle in the central plane of magnetic bearing-A or B,
respectively.

When the rotor moves within the small neighbor-
hood of its stable point, the nonlinear magnetic suspen-
sion forces of radial magnetic bearing-A and B
expressed in (6) are linearized as follows,

FAX

FAY

FBX

FBY

2
666664

3
777775 ¼ KhE4�4

XA

YA

XB

YB

2
666664

3
777775þKiE4�4

iAXðXAÞ

iAYðYAÞ

iBXðXBÞ

iBYðYBÞ

2
666664

3
777775 ð7Þ

Where Kh ¼ kI20=2S
3
0 is named as displacement stiff-

ness of magnetic bearing (N/m), Ki ¼ kI0=2S
2
0, named

as current stiffness of magnetic bearing (N/m), E4�4 is
an identity matrix.

It can be seen from equation (7) that both the dis-
placement stiffness component and the current stiffness
component of the magnetic suspension force contain
the signal of unbalance vibration of rotor. According
to Newton’s second law, the dynamic equation of the
magnetic bearing-rotor system with residual unbalance
is described as

€xA

€yA

€xB

€yB

2
66664

3
77775 ¼

Kh

m
E4�4

XA

YA

XB

YB

2
66664

3
77775 þ

Ki

m
E4�4

iAXðXAÞ

iAYðYAÞ

iBXðXBÞ

iBYðYBÞ

2
66664

3
77775 ð8Þ

where m stands for the mass of the rotor.

θ

N
x

y

tRωα =
GO

mO

0l ε
η

Figure 5. Relationship between coordinate Nxy and

coordinate o"Z.
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Because these values obtained from position sensors
are displacements of the rotor in the central plane of
magnetic bearing-A or B, then control currents of the
magnetic bearing are obtained based on (8)

iAXðXAÞ

iAYðYAÞ

iBXðXBÞ

iBYðYBÞ

2
66664

3
77775¼�

m

Ki
E4�4 kp

XA

YA

XB

YB

2
66664

3
77775þki

R
XAR
YAR
XBR
YB

2
66664

3
77775þkd

_XA

_YA

_XB

_YB

2
66664

3
77775

0
BBBB@

1
CCCCA
ð9Þ

So the disturbance caused by the residual unbalance
of the rotor will affect the displacement signal of rotor.
If we denote �AX, �AY, �BX and �BY as the individual
disturbance in direction of AX, AY, BX and BY,
respectively, then

�AXðtÞ

�AYðtÞ

�BXðtÞ

�BYðtÞ

2
6664

3
7775 ¼ &

cosð!Rtþ �Þ

sinð!Rtþ �Þ

cosð!Rtþ �Þ

sinð!Rtþ �Þ

2
6664

3
7775þ

�� cosð!Rtþ �Þ

� sinð!Rtþ �Þ

� cosð!Rtþ ’Þ

�� sinð!Rtþ ’Þ

2
6664

3
7775
ð10Þ

From (9) and (10), we have

XAðtÞ

YAðtÞ

XBðtÞ

YBðtÞ

2
6664

3
7775 ¼

xAðtÞ

yAðtÞ

xBðtÞ

yBðtÞ

2
6664

3
7775þ

�AXðtÞ

�AYðtÞ

�BXðtÞ

�BYðtÞ

2
6664

3
7775 ð11Þ

Then the dynamic equation group of the magnetic
bearing-rotor system with the rotor’s static and
dynamic unbalance is formed by equations (8), (9),
(10) and (11).

3. Compensation method of vibration

3.1. Magnetic suspension force based on
synchronous component

From equation (11), (7) can be rewritten as

FAX

FAY

FBX

FBY

2
6664

3
7775 ¼ KhE4�4

xAðtÞ þ�AXðtÞ

yAðtÞ þ�AYðtÞ

xBðtÞ þ�BXðtÞ

yBðtÞ þ�BYðtÞ

2
6664

3
7775

þKiE4�4

iAXðxA þ�AXÞ

iAYð yA þ�AYÞ

iBXðxB þ�BXÞ

iBYð yB þ�BYÞ

2
6664

3
7775 ð12Þ

From equation (12), it is clear that the magnetic sus-
pension force consists of a displacement stiffness com-
ponent and a current stiffness component, but both of
these contain synchronous disturbance. Because con-
trol current ijp (j ¼ A,B; p ¼ X,Y) is generated by the
controller, the goal of most existing unbalance vibra-
tion active control methods is to eliminate the syn-
chronous component in control current ijp (j ¼ A,B;
p ¼ X,Y) and not to eliminate the synchronous compo-
nent of the magnetic suspension force. So the synchron-
ous disturbance in the current stiffness component can
be eliminated by existing an unbalance vibration active
control method, whereas the synchronous component
in displacement stiffness must be compensated by a new
method to avoid the unbalance force degrading the atti-
tude precision of the satellite platform.

The compensation method of a synchronous compo-
nent in displacement stiffness proposed by us is to add
an additional current, which is equal in magnitude and
opposite in direction to the synchronous component, to
counteract the synchronous component in the displace-
ment stiffness, i.e., the additional terms of i0AX, i

0
AY, i

0
BX

and i0BY are added into the control current of magnetic
bearing-A and B separately,

i0AX

i0AY

i0BX

i0BY

2
66664

3
77775 ¼ �

Kh

Ki
E4�4

�AXðtÞ

�AYðtÞ

�BXðtÞ

�BYðtÞ

2
66664

3
77775

After the synchronous component in the control cur-
rent of the magnetic bearing has been eliminated and
the synchronous component in the displacement stiff-
ness has been compensated, the magnetic suspension
forces are rewritten as

FAX

FAY

FBX

FBY

2
666664

3
777775 ¼ KhE4�4

xA

yA

xB

yB

2
666664

3
777775þKiE4�4

iAXðxAÞ

iAYð yAÞ

iBXðxBÞ

iBYð yBÞ

2
666664

3
777775 ð13Þ

From equation (13), we can see that if all these syn-
chronous components in the magnetic suspension force
are eliminated completely, the rotor will rotate around
its own inertial axis due to the self-centering ability of
the high-speed rotor, and then the vibration caused by
the residual unbalance of the rotor is isolated and
cannot be transferred to the satellite platform – the
stable precision of the satellite can be promoted greatly
accordingly.

Because coefficients Kh and Ki are known, then how
to identify and determine �AX, �AY, �BX and �BY is

Tang et al. 1967
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the key issue to compensate the synchronous compo-
nent in the magnetic suspension forces.

3.2. Parameter identification of residual
unbalance

From equation (10), it is clear that �AX, �AY, �BX and
�BY are sinusoidal functions with frequency !R, so (10)
can be rewritten as below, based on the features of
synchronous trigonometric function,

�AXðtÞ

�AYðtÞ

�BXðtÞ

�BYðtÞ

2
66664

3
77775 ¼ cosð!RtÞ

rAX1

rAY1

rBX1

rBY1

2
66664

3
77775þ sinð!RtÞ

rAX2

rAY2

rBX2

rBY2

2
66664

3
77775
ð14Þ

Where rAX1, rAY1, rBX1, rBY1 denote these coefficients
for the cosine component of synchronous vibration and
rAX2, rBX2, rBX2, rBY2 denote these coefficients for the
sinusoidal component of synchronous vibration,
respectively.

From (10) and (14), we can find that there are six
parameters in total to depict the static and dynamic
unbalance in the dynamic model of the rotor, but for
each equation, there are four unbalance parameters, so
it is difficult to identify these unbalance disturbance
parameters for each magnetic bearing. In (14), the
number of parameters to depict the static and dynamic
unbalance in the dynamic model of the rotor increases
to eight, but for each equation, there are only two
unbalance parameters, so the dynamic model of the
rotor is simplified and it is easy to identify these unbal-
ance disturbance parameters for each magnetic bearing.
As long as the amplitudes of sinusoidal and cosine com-
ponent of the synchronous vibration in the displace-
ment signal of the rotor are obtained, then �AX,
�AY, �BX and �BY are determined accordingly.

As the paper presented by Liu et al. (2010),
�jpðtÞ ð j ¼ A,B; p ¼ X,YÞ can be identified by adaptive
notch filter whose center notching frequency varies with
the speed of the rotor because the synchronous disturb-
ance of �jpðtÞ ð j ¼ A,B; p ¼ X,YÞ is a sinusoidal func-
tion with frequency !R in the displacement signal of
rotor. As an example, the work principle of the notch
filter for the identification of �AX is shown in Figure 6,
the key segment of notch filter N is the notch feedback
Nf, whose center notching frequency varies with the
speed of the rotor, both the convergent speed and the
bandwidth of the center notch are determined by ".

Set !ðtÞ and cðtÞ as the inputting and outputting of
notch feedback segment Nf, respectively, then

cðtÞ ¼ sinð!RtÞ cosð!RtÞ
� �

�

R
sinð!RtÞ � !ðtÞdtR
cosð!RtÞ � !ðtÞdt

" #

Where c and ! satisfy the equation €cþ !2
Rc ¼ _!

Then the transfer function of Nf is

NfðsÞ ¼ cðsÞ=!ðsÞ ¼ s=ðs2 þ !2
RÞ ð15Þ

From (15), it is clear that when
XjpðtÞ ð j ¼ A,B; p ¼ X,YÞ is the inputting and cðtÞ is
the outputting of notch filter N, the transfer function
TðsÞ of notch filter is TðsÞ ¼ cðsÞ=XjpðsÞ
¼ "s=ðs2 þ "sþ !2

RÞ.
Let s ¼ j!, when " 6¼ 0, we have

Noðj!Þ � 0: ! 2 ð0,!R ��!Þ [ ð!R þ�!,1Þ½ �

Noðj!Þ ¼ 1: ! 2 ð!R ��!,!R þ�!Þ½ �

(
ð16Þ

Equation (16) implies that when " 6¼ 0, the output-
ting of notch filter N is approximate to the compo-
nent with frequency !R in the inputting XjpðtÞ
ð j ¼ A,B; p ¼ X,YÞ. From Figure 6, it is clear that
the outputting cðtÞ of notch filter N is the outputting
�cðtÞ of notch feedback segment Nf. From (10) and
(11), the component with frequency !R in the inputting
of notch filter N is �jpðtÞ ð j ¼ A,B; p ¼ X,YÞ, i.e.,
when t!1, �cðtÞ!�jpðtÞð j ¼ A,B; p ¼ X,YÞ

From Figure 6, the outputting �cðtÞ of notch feed-
back segment Nf is

�cðtÞ ¼ rc1 cosð!RtÞ þ rc2 sinð!RtÞ ð17Þ

Comparing (17) with (14), we obtained

rAX1 ¼ rc1

rAX2 ¼ rc2

(
Figure 6. Principle of adaptive notch filter.
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This means when the feedback segment converges,
the amplitude of the outputting of integrator in the
notch feedback segment is equal to that of the sinus-
oidal and cosine component in synchronous vibration
contained in the displacement signal of rotor, then the
identification of unbalance vibration parameters in the
rotor’s displacement signal is realized.

3.3. Method of magnetic suspension force
compensation

Based on the notch filter, a magnetic suspension force
compensation method proposed by us is to take the
displacement stiffness component in the disturbance
force caused by residual unbalance of the rotor as
feed-forward and imposed it into the magnetic bear-
ing-rotor system. The diagram of the magnetic suspen-
sion force compensation method is shown in
Figure 7(a), Figure 7(b) is its equivalent diagram.

The transfer function of the modified notch filter is

NðsÞ ¼ YðsÞ=XAðsÞ ¼ ðs
2 þ !2

RÞ=ðs
2 þ !2

R þ "sÞ ð18Þ

From Figure 7(b), the transfer function of the mag-
netic bearing-rotor system is

PðsÞ ¼ Ki=ðms2 �KhÞ ð19Þ

The controller C is the classic proportional-integral-
derivative (PID)-controller, its transfer function is

CðsÞ ¼ �ðkp þ kdsþ ki=sÞ ð20Þ

Where kp is proportionality coefficient, ki integra-
tion coefficient, and kd differential coefficient.

Then the closed-loop eigen equation of the magnetic
bearing -rotor system is

1þNðsÞ CðsÞ �
"Kh

Ki
�NfðsÞ

� �
� PðsÞ ¼ 0 ð21Þ

Because the feedback segment of the closed-loop
system for the magnetic bearing-rotor system is modi-
fied by the feed-forward of displacement stiffness com-
ponent to compensate the disturbance force, it is
necessary to analyze the stability of the magnetic bear-
ing-rotor system.

4. Stability analysis of the unbalance
vibration active control method

4.1. Stability of rotor in beyond critical stable
speed

The stability analysis method of the magnetic bearing-
rotor system with magnetic suspension force compen-
sation is root locus. The precondition of stability ana-
lysis is that the closed-loop control system for its
original magnetic bearing-rotor system is stable, i.e.,
the eigen equation of the origin closed-loop system
1þ PðsÞ � CðsÞ ¼ 0 has negative real part, then

ms3 þKikds
2 þ ðKikp �KhÞsþKiki ¼ 0 ð22Þ

With respect to equation (20), according to the alge-
braic criterion of the eigen root, we obtain

kp 4Kh=Ki

ki=kd 5 ðKikp �KhÞ=m

ki 4 0

0
@ ð23Þ

(a) (b)

Figure 7. Diagram of magnetic suspension force compensation and its equivalent. (a) Diagram of magnetic suspension force com-

pensation; (b) Equivalent diagram of magnetic suspension force compensation.
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Substitute (15), (18), (19) and (20) into (21), we
obtain

1þ
½ms3þKikds

2þðKikp�KhÞsþKiki�!
2
R

ms5þð"mþKikdÞs4þðKikp�KhÞs3þðKiki�2"KhÞs2

¼0

ð24Þ

Therefore, (24) and (21) have the same eigen roots;
we can obtain the distribution feature of (24) by ana-
lysis that of (21).

Taking !2
R as the variant, the distribution of the

eigen root for (24) can be determined by analyzing
the distribution of eigen root for its corresponding
open-loop system. From (24), there are five poles and
three zeroes. When !2

R changes from 0 to 1, there are
five embranchments totally, and the embranchment of
the root locus begins from the pole point of the open-
loop system and terminates at the zero point of its
open-loop system. The distribution of poles and zeros
for the open-loop system are analyzed as follows.

From (24), the poles of the open-loop system are
given by

ms5 þ ð"mþKikdÞs
4 þ ðKikp �KhÞs

3

þ ðKiki � 2"KhÞs
2 ¼ 0 ð25Þ

Based on the algebraic criterion of stability, the case
of stability is

kp 4Kh=Ki

½KikdðKikp �KhÞ �mKiki� þ "mðKikp þKhÞ4 0

ki 4 2" Kh=Ki

0
BB@

ð26Þ

From equation (23), it is clear that the former two
cases come into existence, but the third case cannot be
derived from the stability of the original system.
Accordingly, there maybe exist positive root for those
poles of its open-loop system, i.e., the eigen root maybe
start from the positive half s-plane when !2

R changes.
From (24) and (22), we can see that zeros of the

open-loop system are the poles of the closed-loop
system, i.e., the poles root locus of the closed-loop
system for the magnetic suspension force compensation
tends to the poles of its origin closed-loop system.
From the precondition of the stability for the original
closed-loop system, all poles and zeros are distributed
in the left s-plane. Because there are five embranch-
ments of the root locus arising from the poles of the
open-loop system, but there are only three zeros for
the open-loop system, it is necessary to discuss the

distribution of the other two embranchments of the
root locus. According to the classic control theorem,
there are two embranchments of the root locus tending
to the infinite distance along its asymptote. Set the skew
angle of the asymptote with real axis of s plane as �a,
the cross point with real axis of s plane as �a, then �a
and �a of the asymptote with real axis of s plane are
analyzed as follows.

Modify the eigen equation of the closed-loop
system as

½ms3þKikds
2þðKikp�KhÞsþKiki�!

2
R

ms5þð"mþKikdÞs4þðKikp�KhÞs3þðKiki�2"KhÞs2

¼�1

ð27Þ

When !2
R!1, s!1, then (27) is expressed

approximately as

s2 1þ "=sð Þ ¼ �!2
R or s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ "=sð Þ

p
¼

ffiffiffiffiffiffiffiffiffiffi
�!2

R

q
ð28Þ

Extend the left side of (28) according to the Newton
binominal formula and linearize it, we have
s 1þ "=2sð Þ ¼

ffiffiffiffiffiffiffiffiffiffi
�!2

R

p
.

That is

sþ "=2 ¼
ffiffiffiffiffiffiffiffiffiffi
�!2

R

q
ð29Þ

Substitute �1 ¼ ejð2kþ1Þ�, ðk ¼ 0, 1, 2, . . .Þ into (29),
then

s ¼ �"=2þ !R � e
j�ð2kþ1Þ=2, ðk ¼ 0, 1, 2, . . .Þ ð30Þ

Equation (30) is the equation of the asymptote when
!2
R !1, and

�a ¼ �"=2

�a ¼ ð2kþ 1Þ�=2, ðk ¼ 0, 1Þ

(

In short, there are five embranchments totally for
the closed-loop eigen equation, even though there is a
certain initial point starting from the right-half s-plane
when !2

R ¼ 0, but when !2
R !1, there are three

embranchments tending to their three eigen roots of
the original stable closed-loop system, the left two
embranchments tend to their asymptote in the left
s-plane. Because of the continuity of the root locus,
the magnetic suspension force compensation method
is stable where !2

R is large enough.
If we defined the speed at which the embranchments

of the root locus across the imaginary axis as the critical

1970 Journal of Vibration and Control 19(13)
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stable speed of rotor, it is obvious that the magnetic
suspension force compensation method is stable
when the speed of the rotor is beyond its critical
stable speed.

4.2. Critical stable speed of rotor

Because the critical stable speed of the rotor is very
important for the magnetic suspension force compen-
sation method, we need to discuss the critical stable
speed of the rotor and analyze the cross point value
of the root locus and the imaginary axis.

Set the cross point of the root locus and the imagin-
ary axis as s ¼ j!, which satisfies the eigen equation of
the closed-loop, i.e., substitute s ¼ j! into the eigen
equation of the closed-loop, both the real part and
imaginary part are zero.

! � ð!2mþKh �KikpÞ � ð!
2
R � !

2Þ ¼ 0

ðKikd!
2 �KikiÞð!

2
R � !

2Þ � ð!4"mþ 2"!2KhÞ ¼ 0

(

ð31Þ

From the first sub-equation in (31), there are three
possibilities to chose ! (taking the cross points in the
upper s-plane into account only, the cross points in the
lower s-plane can be obtained due to the symmetry of
s plane)

! ¼ 0

! ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKikp �KhÞ=m

p
! ¼ !R

8><
>: ð32Þ

In equation (31), a second sub-equation exists only
when ! ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKikp �KhÞ=m

p
or ! ¼ !R ¼ 0.

For (24), if ! ¼ !R ¼ 0, the embranchments of the
root locus will start from the origin of the coordinate,
which isn’t the critical stable speed or the crossing point
discussed. Therefore, the cross point for the root locus
and the imaginary axis is

! ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKikp �KhÞ=m

p
ð33Þ

Substituting (33) into second sub-equation in (31),
the critical stable speed !R�critical of the rotor is
obtained

!R�critical ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KiðKikp �KhÞ½ðKikp �KhÞ

�kd � kim� þ "mðK
2
i k

2
p �K2

hÞ

Kim½ðKikp �KhÞ � kd � kim�

vuuuut ð34Þ

From (34), when " is fairly small, (34) can be simpli-
fied as

!R�critical � �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKikp �KhÞ=m

p
ð35Þ

Which means the critical stable speed of rotor
!R�critical is equal to the cross point of the root locus
and the imaginary axis approximately.

When !R changes from zero to infinity, the
embranchments’ distribution of root locus for the
closed-loop magnetic suspension force compensation
are shown in Figure 8 and Figure 9.

Figure 8 displays these embranchments tending to
the origin of the coordinate. Because these
three embranchments tend to the eigen root of the
closed-loop system infinitely, they must be located in
the left-half s-plane ultimately. Figure 9 displays
embranchment tending to their asymptote. Even if the
start points of these root locuses locate in the right-half
s-plane, they tend to their asymptote in the left-half s-
plane ultimately.
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Figure 10 illustrate the effect of " on the embranch-
ment of the root locus, " determines the asymptote and
starting point of the root locus, but neither affects the
critical stable speed of rotor nor do they affect the
crossing point in the imaginary axis. Because the
cross point of the asymptote and real axis is �"=2,
then the distance between the poles of the closed-loop
system and the real axis is determined by ", i.e., the
convergent speed of algorithm for the magnetic suspen-
sion force compensation method is determined by ".
The larger that " was, the more rapid the convergent
speed of algorithm is. On the other hand, " determines
the bandwidth of the notch filter as shown in Figure 11.
With increasing ", the filtering effect of the notch filter
becomes worse, i.e., the identification precision of the
unbalance vibration is determined by ", and the identi-
fication precision of the unbalance parameters for the
proposed vibration suppression method becomes worse
with " increasing. In practice, " is often as little as

possible to obtain an ideal level of identification preci-
sion of the unbalance vibration in case the arithmetic of
the vibration suppression method can trace the speed of
rotor stably.

From equation (33), it is known that there are two
crossing points of the pole root locus of the closed-loop
system and the imaginary axis, i.e., �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKikp �KhÞ=m

p
.

But according to the algebraic stable criterion, there is
at most one root locating in the right-half plane, so it is
necessary to analyze the relationship between the
number of right roots and the crossing points of
embranchments of the root locus and the imaginary
axis.

For equation (23), the root locus is shown in Figure
12 when 05 ki 5 2"Kh=Ki. There is one root locating
in the right-half plane. Among these two embranch-
ments, one turns left and tends to the zero of the
open-loop system, another turns right, intersects with
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the embranchments starting from the right root of the
open-loop system before departing from the real axis,
and finally intersects with the imaginary axis. When
ki 4 2"Kh=Ki, the root locus is shown in Figure 13.
All poles of the open-loop system locate in the left-
half s-plane, two embranchments locating at the
origin of the coordinate enter the right-half s-plane
and finally intersect with the imaginary axis.

4.3. Stability of rotor under critical stable speed

The speed range of the rotor is within 600 rpm and
5000 rpm (10–83Hz) in practice, but the proposed
vibration suppression method has positive root over
(�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKikp �KhÞ=m

p
,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKikp �KhÞ=m

p
), which is also

shown in Figure 8. On the other hand, equation (35)
has implied that the critical stable speed !R�critical of the
rotor is determined by characteristics of the magnetic
bearing such as Ki, Kh, kp, m and so on, and with
respect to the MSFW shown in Figure 1,
!R�critical � 50Hz. So there exists the unstable problem
of the rotor, in that the speed of the rotor repeatedly
traverses the critical stable speed.

Because the unbalance of the rotor is a deterministic
physical property and does not change with the its
speed, so the unbalance parameters of the rotor identi-
fied by previous methods where the speed of the rotor is
beyond its critical stable speed are reusable. When the
speed of the rotor is less than the critical stable speed,
the open-loop type of magnetic suspension force

compensation shown in Figure 14 can suppress the
vibration caused by the residual unbalance of the rotor.

As shown in Figure 14, two switchers �1, �2 2 0, 1f g

are added to the previous introduced vibration suppres-
sion method to form the modified vibration suppression
method, which is fit to suppress the vibration of the
rotor in the whole speed range. �1 is the switcher to
turn on or turn off the magnetic suspension force com-
pensation system. When the adaptive notch filter N
converges, the inputting of the adaptive notch filter
N is turned off by �1, then the synchronous vibration
in the displacement signal is compensated by the open-
loop method based on the unbalance parameters iden-
tified previously. �2 is the switcher to turn on or turn off
the compensation operation of the displacement stiff-
ness component in the magnetic bearing force.

Steps of the open-loop magnetic suspension force
compensation are:

(i) At initial state ð�1, �2Þ ¼ ð0, 0Þ, both the adaptive
notch filter N and the compensation of the dis-
placement stiffness component do not work, and
the rotor rotates around its own geometric axis

(ii) When the speed of the rotor is beyond its own
critical stable speed, let ð�1, �2Þ ¼ ð1, 0Þ, the syn-
chronous component with frequency !R in the
signal of the rotor’s displacement are eliminated,
so the unbalance component in the rotor’s dis-
placement is identified while the synchronous com-
ponent in the controlling current is eliminated.
Thus the synchronous movement in the current

2
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Figure 14. Open-loop type of magnetic suspension force compensation.
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stiffness component is absent, but the synchronous
movement in the displacement stiffness component
still exists

(iii) After the synchronous movement in the dis-
placement signal is eliminated by notch filter N
completely, let ð�1, �2Þ ¼ ð1, 1Þ, and eliminate
the synchronous movement in the displacement
stiffness component by the magnetic suspension
force compensation method. Now the con-
straints of magnetic bearings on the synchronous
movement are eliminated completely, the rotor
rotates around its own inertial axis, the vibra-
tion caused by unbalance of the rotor is iso-
lated, and

(iv) After the rotor rotates around its own inertial
axis, let ð�1, �2Þ ¼ ð0, 1Þ, turn off the inputting
of notch filter N, and compensate the current stiff-
ness component and displacement stiffness compo-
nent in the magnetic suspension force based
on these identified unbalance parameters and
the angular position of the rotor generated from
the optic-electric encoder or the array of hall
sensors.

4.4. Compensation of magnetic bearing force for
N octave vibration

When the unbalance vibration is n octave (n¼ 1, 2,
3. . .) the transfer function of the notch filter becomes
N0ðsÞ, and N0ðsÞ ¼ s2 þ ðn!RÞ

2
� �

= s2 þ ðn!RÞ
2
þ "s

� �
The transfer function of the notch feedback segment

becomes N0fðsÞ ¼ cðsÞ=!ðsÞ ¼ s=½s2 þ ðn!RÞ
2
�

The eigen equation of the system becomes

½ms3þKikds
2þðKikp�KhÞsþKiki�ðn!RÞ

2

ms5þð"mþKikdÞs4þðKikp�KhÞs3þðKiki�2"KhÞs2

¼�1

ð36Þ

From (36) and (27), it is clear that the distribution of
poles and zeros for n octave is the same as that of the
synchronous vibration suppression system.

Set the cross point of the root locus and the imagin-
ary axis as s ¼ j!, then the critical stable speed and
cross point of the root locus and the imaginary axis
are obtained.

! � ð!2mþKh�KikpÞ � ½ðn!RÞ
2
�!2� ¼ 0

ðKikd!
2�KikiÞ½ðn!RÞ

2
�!2� � ð!4"mþ 2"!2KhÞ ¼ 0

8<
:

ð37Þ

The traversing point is ! ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKikp �KhÞ=m

p
. The

related critical stable speed !0R�critical is

!0R�critical¼�
1

n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KiðKikp�KhÞ½ðKikp�KhÞ �kd�kim�

þ"mðK2
i k

2
p�K2

hÞ

Kim½ðKikp�KhÞ �kd�kim�

vuuut
ð38Þ

When " is fairly small, (39) can be simplified as

�0 ¼ �
1

n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kikp �Kh

m

r
ð39Þ

That is to say when the frequency of vibration is n
times that of the synchronous vibration, the critical
stable speed is 1=n times that of the suppression of
the synchronous vibration.

5. Experimental research

The experimental research done with MSFW is shown
in Figure 15 to verify the validity of this vibration sup-
pression method, and the main parameters of MSFW
with angular momentum 50Nms are listed in Table 1.
The MSFW is equipped with an optic-electric encoder
to detect the relative and absolute angular position of
the rotor, the digital controller is mainly made up of
TMS320C6713BþFPGA. The glass housing is used to
keep the pressure in the enclosure at about 1� 2 Pa.

In order to detect the vibration of the flywheel
caused by the residual unbalance of its rotor, the vibra-
tion testing platform made up of acceleration sensors,
as shown in Figure 16, has been produced. The bracket
is used to mount the flywheel, the acceleration sensors
with sensitivity of about 1500mV/g are distributed on
the bracket and used to measure the vibration. On the
crisscross bracket, there is one acceleration sensor,
which is used to measure the vibration in the Z

MSFW 
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housing 

Platform 

MSFW 

Glass 
housing 

Platform 

Figure 15. Magnetically suspended flywheel (MSFW) with

angular momentum 50 Nms.
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Table 1. Parameters of 5-degrees-of-freedom magnetically suspended flywheel

Symbol Parameter Designed values

� Nominal speed of rotor 5000 rpm

m Mass of rotor 7.35 Kg

� Maximal diameter of rotor 340 mm

Ki Current stiffness of magnetic bearings 300 (N/A)

Kh Displacement stiffness of magnetic bearings 6:68� 105 N/m

ks Sensitivity of position sensor 0.075 V=mm

kp Proportional coefficient of the control circuit 6.03

kd Differential coefficient of the control circuit 0.006621

ki Integral coefficient of the control circuit 0.4285
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Figure 19. Amplitude of vibration of rotor (at 80 Hz) without

vibration suppression.

100

Spectrum (Hz) 
0 50 150 200 250 300 350 400

20

30

40

50

60

70

80

90

100

S
pe

ed
 o

f r
ot

or
 (

H
z)

0
20

30

40

50

60

70

80

90

100

Figure 17. Slow-down waterfall of magnetically suspended fly-

wheel without vibration suppression,.
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Figure 18. Slow-down waterfall of magnetically suspended fly-

wheel with vibration suppression.
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Figure 23. Amplitude of vibration of rotor (at 50 Hz) without

vibration suppression.
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Figure 24. Amplitude of vibration of rotor (at 50 Hz) with

vibration suppression.
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Figure 20. Amplitude of vibration of rotor (at 80 Hz) with

vibration suppression.
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Figure 22. Amplitude of vibration of rotor (at 60 Hz) with

vibration suppression.
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Figure 21. Amplitude of vibration of rotor (at 60 Hz) without

vibration suppression.
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suppression.
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direction of the flywheel and is fixed in the direction of
Xþ, X�, Yþ and Y�, respectively. On the octagon
bracket, there is one acceleration sensor fixed in the
direction of Xþ or X- respectively to measure the vibra-
tion in the direction X. Similarly, there is one acceler-
ation sensor fixed in the direction of Yþ or Y-
respectively to measure the vibration in the direction Y.

The vibration testing method is to enclose the
MSFW in a vacuum housing with pressure about
1� 2 Pa, then speed up the rotor by the embedded
motor. When the speed is up to 5000 rpm, turn off the
power of the motor, so the rotor will slow down freely
in the vacuum housing. During the slowing down pro-
cess, the main components and their amplitudes of the
radial vibration for MSFW are measured within the

whole speed range. Figure 17 illustrates the radial
vibration of MSFW without any vibration suppression
method, and Figure 18 illustrates the radial vibration of
MSFW with the proposed vibration suppression
method, respectively. It is clear that the synchronous
component in the vibration caused by the residual
unbalance of the rotor have been eliminated greatly.

Because the vibration of the rotor is measured by
position sensors and their outputting are voltages, so
the vibration value of the rotor is equal to the voltage
multiplied by the sensitivity of position sensor listed
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Figure 28. Waterfall of rotor vibration with vibration

suppression.
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Figure 30. Vibration spectrum of high precision balanced rotor

with vibration suppression.

Figure 29. Vibration spectrum of high precision balanced

rotor.
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in Table 1. Figures 19 and 20, Figures 21 and 22, and
Figures 23 and 24 illustrate the measured vibration
amplitude of the rotor without or with vibration sup-
pression method at speed of 4800 rpm (80Hz),
3600 rpm (60Hz), or 2500 rpm (50Hz), respectively.

When the speed of the rotor is beyond its critical
stable speed (as for MSFW shown in Figures 1 and
15, the critical stable speed is about 3000rpm
(50HZ)), the elimination effect of the synchronous com-
ponent in the magnetic suspension force is measured.
Figure 25 illustrates the spectrum of vibration of the
rotor without vibration suppression. Without any
vibration suppression, the synchronous vibration at
80Hz is severe and its amplitude is up to 0.1229 g.
Figure 26 illustrates the spectrum of vibration of the
rotor with the proposed vibration suppression method.
The synchronous vibration at 80Hz is slight and its
amplitude is 0.0064 g, which is only 5.2% of 0.1229 g,
so the vibration suppression effect is remarkable.

When the speed of the rotor is less than its critical
stable speed, the magnetic suspension compensation is
realized by its open-loop type compensation method,
and the elimination effect of the synchronous compo-
nent in this case is measured. Figure 27 illustrates the
spectrum of vibration of the rotor without vibration
suppression. It is clear that the synchronous vibration
at about 40Hz is severe and its amplitude is large.
When the open-loop-type compensation method is
imposed, synchronous vibration at about 40Hz, as illu-
strated in Figure 28, is slight.

From Figure 28, it is easy to find that the synchron-
ous vibration of MSFW in the whole speed range of the
rotor is suppressed effectively, so we can draw a con-
clusion that the vibration suppression method proposed
by us for MSFW is very fit for such application as a
rotor repeatedly traversing its own critical stable speed.

For the high precision balanced rotor, the synchron-
ous component may not be the main component of
vibration, and the third harmonic component may be
the main component of vibration for lack of a more
precision balance method. The spectrum of vibration
of high precision balanced rotor for MSFW is shown
in Figure 29; it is clear that the third harmonic compo-
nent is the largest component with amplitude about
�26 dB. After the suppression of vibration by the pro-
posed method, the amplitude of the third harmonic
component, as shown in Figure 30, has reduced to
�60 dB, which is only 1.99% of its former.

6. Conclusions

Flywheel is an inertial actuator in a spacecraft attitude
control system and is used to generate suitable attitude
control torques for correcting spacecraft attitude devi-
ation or adjusting to an assigned attitude. With respect

to MSFW, the synchronous vibration caused by the
residual unbalance of the rotor can be suppressed by
active control of magnetic bearings.

The essence of the vibration caused by residual
unbalance of the rotor is that the high-speed rotor
does not rotate around its inertial axis. By taking
advantage of the ability of a magnetic bearing to
actively control the synchronous movement of the
rotor, the vibration can be successfully suppressed
through the elimination of the synchronous component
in magnetic suspension forces. Based on the general
notch filter, this method is a closed-loop style when
the rotor rotates beyond its critical stable speed and is
open-loop style when the speed of the rotor is less than
the critical stable speed by additional displacement stiff-
ness compensation segment – open and closed-loop
control method. This method is not only stable but is
also able to eliminate the n octave synchronous vibra-
tion of the rotor in the whole speed range of the rotor.

On the basis of the main parameters of MSFW,
experimental results demonstrate that this method can
significantly suppress the unbalance vibration caused
by residual unbalance of the rotor through the mag-
netic suspension force compensation in the operation
speeds of MSFW. This method is suitable for MSFW in
that its rotor frequently traverses the critical stable
speed.
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