
Asymptotics and scalings for largeproduct-form networks via theCentral Limit TheoremGuy Fayolle � Jean-Marc Lasgouttes �February 1996AbstractThe asymptotic behaviour of a closed BCMP network, with nqueues and mn clients, is analyzed when n and mn become simul-taneously large. Our method relies on Berry-Esseen type approxima-tions coming in the Central Limit Theorem. We construct criticalsequences m0n, which are necessary and su�cient to distinguish be-tween saturated and non-saturated regimes for the network. Severalapplications of these results are presented. It is shown that somequeues can act as bottlenecks, limiting thus the global e�ciency ofthe system.1 IntroductionIn many applications (telecommunications, transportation, etc.), it is desir-able to understand the behaviour and performance of stochastic networks astheir size increases. From an engineering point of view, the problem can beroughly formulated as follows:Consider a closed network with n nodes and exactly mn customerscirculating inside. Find a function f , such that m = f(n) yieldsan interesting performance of the system as n increases.�Postal address: INRIA | Domaine de Voluceau, Rocquencourt, BP105 | 78153 LeChesnay, France.
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In this study, we start from the so-called product-form networks, whichplay an important role in quantitative analysis of systems. Although theequilibrium state probabilities have then a simple expression (see for exampleKelly [4]), non-trivial problems remain, due to an intrinsic combinatorial ex-plosion in the formulas, especially in those involving the famous normalizingconstant. To circumvent these drawbacks, the idea is to compute asymptoticexpansions of the characteristic values of the network, when m and n bothtend to in�nity.This approach has been considered by Knessl and Tier [5], Kogan andBirman [6, 7, 1] and Malyshev and Yakovlev [10]. However, it relies on purelyanalytical tools, which are di�cult to use in a more general setting and, inour opinion, do not really give a structural explanation of the phenomenainvolved.The method proposed hereafter has direct connections with the CentralLimit Theorem: instead of representing the values of interest as complexintegrals, we express them in terms of distributions of scaled sums of in-dependent random variables. Besides giving a clear interpretation of thecomputations, this allows to handle directly the general case of single-chainclosed networks. We show by construction the existence of critical sequencesm0n in the following sense: the network saturates if, and only if, mn � m0n.These results can also be interpreted as insensitivity properties: as the num-ber of stations n and the number of customers mn go to in�nity, the networkis shown to be equivalent to an open network of n independent queues (hav-ing a total mean number of customers mn), in the sense that both systemshave asymptotically the same �nite-dimensional distributions.The paper is organized as follows. The model is introduced in Section 2,together with a presentation of the method. In Section 3, asymptotics of themarginal distribution of the queue lengths are given under normal conditionsand also when some queues become overloaded. Section 4 uni�es the resultsand contains the main theorems about scaling. Section 5 and 6 are devoted toconcrete applications of these results, in particular to service vehicle networks(like the Praxit�ele project, now developed at INRIA). Section 7 contains someconclusive remarks. Most of the technical proofs are postponed in Appendix.2 Mathematical model and view of the mainresultsConsider a closed BCMP network Cn with n queues and mn clients. Thenumber of clients at queue k at steady state is a random variable Qk;n. The2



service rate at queue k when there are qk customers is �k;n(qk). The routingprobability from queue k to queue ` is pk;`;n and Pn denotes the transitionmatrix supposed to be ergodic, with invariant measure �n = (�1;n; : : : ; �n;n),de�ned by: �nPn = �n and �1;n + � � �+ �n;n = 1: (2.1)Then it is known that, for any q1; : : : ; qn � 0 such that q1+ � � �+qn = mn,Pn(Q1;n = q1; : : : ; Qn;n = qn) = Z�1mn;n nYk=1 �qkk;n�k;n(1) � � ��k;n(qk) ; (2.2)with the normalizing conditionZm;n = Xq1+���+qn=m nYk=1 �qkk;n�k;n(1) � � ��k;n(qk) : (2.3)It is worth noting that our analysis applies to any network which has aproduct form equilibrium distribution like (2.2). It includes for example, assoon as the matrix Pn is reversible, all systems having transition rates ofthe form pk;`;n�k;n(qk)�`;n(q`), in which case �nite capacity situations can becovered (e.g. �`;n(q`) = 11fq`��q`g). See Serfozo [11] for further examples.To avoid hiding global results with tedious technicalities, we supposethroughout the study that, for all n, Cn contains at least one queue which,taken in isolation, can be saturated with a �nite input 
ow (e.g. aM=M=c=1queue).The overall presentation requires de�nitions and an intermediate lemma,given in Section 2.1. The informal presentation of the central results appearsin Section 2.2.2.1 PreliminariesDe�ne, for each k, 1 � k � n, the generating functionfk;n(z) def= 1Xq=0 zq�k;n(1) � � ��k;n(q) :Note that for each n, fk;n has a singularity at �nite distance for at leastone 1 � k � n.To the original closed network Cn, we let correspond a new system On(�)which is open and consists of n parallel queues, with service rates �k;n(x)and arrival intensity ��k;n at queue k, where the choice of � will be made3



more precise later. The queue length Xk;n(�) of the k-th queue of On(�) hasa distribution given byP (Xk;n(�) = x) = 1fk;n(��k;n) (��k;n)x�k;n(1) � � ��k;n(x) ;and X1;n(�); : : : ; Xn;n(�) are independent variables. We assume that Xk;n(�)has some �nite moments of order r � 2 and introduce the following notation:mk;n(�) def= EXk;n(�); Sn(�) def= Pnk=1Xk;n(�);�(r)k;n(�) def= E jXk;n(�)�mk;n(�)jr; �(r)n (�) def= Pnk=1 �(r)k;n(�);�2k;n(�) def= �(2)k;n(�); �2n(�) def= �(2)n (�);��(3)k;n(�) def= E [Xk;n(�)�mk;n(�)]3; ��(3)n (�) def= Pnk=1 ��(3)k;n(�):Let 'k;n(� ;�) be the characteristic function of Xk;n(�)�mk;n(�). Then,for any real �,'k;n(� ;�) def= E ei(Xk;n(�)�mk;n(�))� = fk;n(�k;n�ei�)fk;n(�k;n�) e�imk;n(�)�; (2.4)and 'n(� ;�) def= E ei(Sn(�)�ESn(�))� = '1;n(� ;�) � � �'n;n(� ;�) (2.5)The reason why On(�) has been introduced is that the main performancecharacteristics of the network Cn can be expressed simply in terms of thedistribution of X1;n(�); : : : ; Xn;n(�):Lemma 2.1 (i) For any choice of mn, there exists a unique �n such thatESn(�n) = E [X1;n(�n) + � � �+Xn;n(�n)] = mn: (2.6)From now on, unless otherwise stated, all quantities will pertain to thenetwork On(�n) and �n will be omitted.(ii) Equations (2.2) and (2.3) can be rewritten asP(Q1;n = q1; : : : ; Qn;n = qn) = 1P(Sn = mn) nYk=1P(Xk;n = qk): (2.7)(iii) For any ` > 0 and q1; : : : ; q` � 0, the joint distribution of the numberof customers in the queues 1; : : : ; ` of Cn isP(Q1;n = q1; : : : ; Q`;n = q`) (2.8)= P(Sn �Pk̀=1Xk;n = mn �Pk̀=1 qk)P(Sn = mn) Ỳk=1P(Xk;n = qk)= P(X1;n = q1; : : : ; X`;n = q`jSn = mn);and, consequently, EQ`;n = E [X`;njSn = mn].4



(iv) For any 1 � ` � n,EQ`;n = m`;nP(Sn �X` + eX` = mn)P(Sn = mn) ; (2.9)where eX`;n is an integer-valued r.v., independent from everything elseand having distributionP( eX`;n = x) = xP(X`;n = x)m`;n :Note that �n can be obtained as the unique solution of the equationmn = nXk=1 �k;n�nf 0k;n(�k;n�n)fk;n(�k;n�n) : (2.10)While this equation is in general impossible to solve explicitly, �n can becomputed numerically using classical methods.Proof A straightforward computation yields, for all 1 � k � n,@mk;n(�)@� = �2k;n(�)� > 0: (2.11)The mean number of clients in On(�) is thus a strictly increasing functionof �, which equals zero when � = 0 and goes to in�nity with �. This provesthe �rst assertion of the lemma.De�ne Yn def= Zmn;n�mnnQnk=1 fk;n(�k;n�n) :Then (2.2) readsPn(Q1;n = q1; : : : ; Qn;n = qn) = 1Yn nYk=1P(Xk;n = qk);which yields (2.7), sinceYn = Xq1+���+qn=mn nYk=1P(Xk;n = qk) = P(X1;n + � � �+Xn;n = mn):
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Equation (2.9) and the �rst part of (2.8) are derived similarly. For thesecond part of (2.8), we simply note thatP(Sn �Pk̀=1Xk;n = mn �Pk̀=1 qk)Ỳk=1P(Xk;n = qk)= P(Sn = mnjX1;n = q1; : : : ; X`;n = q`)Ỳk=1P(Xk;n = qk)= P(X1;n = q1; : : : ; X`;n = q`jSn = mn)P(Sn = mn):2.2 Informal description of the methodMost of the derivations obtained in the paper are based on the various repre-sentations given in Lemma 2.1. Whereas the studies [6, 7, 1, 10] use mainlysaddle-point methods, our approach relies on direct limit theorems for thedistribution of Sn.For example, assume that Sn�mn satis�es a local limit theorem such as:Under \suitable" conditions, there exists a distribution with den-sity f and a sequence an such that, for any integer x,limn!1 an P(Sn �mn = x)� f� xan� = 0: (2.12)Then Lemma 2.1 will yieldP(Q1;n = q1; : : : ; Qn;n = qn) � anf(0) nYk=1P(Xk;n = qk);and, for any �nite `,P(Q1;n = q1; : : : ; Q`;n = q`) � Ỳk=1P(Xk;n = qk):This amounts to say that the joint distribution of any �nite number ofqueues in the BCMP network Cn is, at steady state, asymptotically equivalentto the product distribution of the corresponding queues in the system On.It is at this moment important to emphasize that we do not require any\smooth" limiting behaviour for On, which is somehow an instrumental net-work, computationally easier to evaluate.6



To prove local limit theorems like (2.12), it is necessary to investigatecarefully the behaviour of the variables Xk;n. In particular, since ESn =mn <1, all queues in On are ergodic, which reads, for any 1 � k � n,�n�k;n < �k;n � 1;or, equivalently, �0n def= �n max1�k�n �k;n�k;n < 1; (2.13)where typically �k;n = limq!1 qq�k;n(1) � � ��k;n(q):Three main situations have been analyzed:(i) �0n is bounded away from 1: then Sn=�n satis�es a local Central LimitTheorem and tends in distribution to a normal law (see Theorem 4.2);(ii) �0n ! 1 and the supremum in (2.13) is attained for a �nite number ofqueues: then the network subdivides into two subsets, the \saturated"queues and the rest of the network. As shown in Theorem 4.3, undermild regularity assumptions, there exists a sequence �n such that Sn=�ntends to a gamma law;(iii) �0n ! 1 and the supremum in (2.13) is attained for an unbounded num-ber of queues: Sn=�n again tends in distribution to a normal law (seeTheorem 4.4).In fact, Theorems 4.2, 4.3 and 4.4 quoted above are general, in the sensethat they provide a construction of e�cient scalings in terms of mn, thenumber of customers: the existence of critical sequences m0n for the networkCn is shown by explicit construction. Under reasonable assumptions, thesesequences are necessary and su�cient to discriminate between saturated andnon saturated regimes. This is similar to phase transition phenomena ob-served in [10], where it was assumed that mn=n ! � > 0 (see Section 6.1).Clearly, for a non-saturated regime to exist as n!1, it is necessary to havemn = O(n); this condition is not su�cient (see Section 6.2).Condition (2.13) can be used to determine an upper bound for �n and toexhibit queues which act as bottlenecks in the network Cn (see Section 4).Remark Rather than simple limit theorems, the results in Sections 3 and 4are given in terms of asymptotic expansions, using the operators O and 
de�ned as follows:a(�) = O(b(�)); i� 9K > 0; 8�; ja(�)j � Kjb(�)j;a(�) = 
(b(�)); i� a(�) = O(b(�)) and b(�) = O(a(�));7



where � is some unspeci�ed argument. Unless otherwise stated, all thesebounds are uniform with respect to n and all queue indexes.3 Local limit theorems and asymptotic ex-pansionsIn this section, we compute estimates of several performance measures ofCn by means of local limit theorems on sums of independent random vari-ables. The two series of results presented here are of somewhat di�erent na-ture: whereas the conditions of Proposition 3.1 depend on moments, Propo-sition 3.3 relies on analytic properties of the generating function of somequeues.3.1 Normal tra�c caseWhen the queues are not saturated (in a sense made more precise in Propo-sition 3.1), it is possible to prove local Central Limit Theorems, relying moreexactly on Berry-Esseen type expansions (see for instance Feller [3]).De�ne 
2k;n from Xk;n as in Lemma A.1 of the appendix, and let
2n def= 
21;n + � � �+ 
2n;n � �2n:Proposition 3.1 (i) Let, for any 0 < r � 1 such that �(2+r)n exists,�rn def= 12 �2n�(2+r)n :Let 
n�n ! 1 as n ! 1. Then, for any integer x, the followingapproximation holds uniformly in x:�n P(Sn �mn = x)� 1p2�e� x22�2n (3.1)= O��(2+r)n�2+rn � +O� �n
2n�n exp��
2n�2n5 ��:(ii) Let, for any 0 < r � 1 such that �(3+r)n exists,�n def= 12 �2n�(3)n :8



Let 
n�n ! 1 as n ! 1. Then, for any integer x, the followingapproximation holds uniformly in x:�n P(Sn �mn = x)� 1p2�e� x22�2n h1 + ��(3)n6�3n�x3�3n � 3 x�n�i (3.2)= O��(3+r)n�3+rn � +O� �n
2n�n exp��
2n�2n5 ��:Proof See Appendix A.2The main assumption of the previous proposition is classical, since it isnothing else but Lyapounov's condition, popular in the Central Limit Prob-lem: for some r > 0; limn!1 �(2+r)n�2+rn = 0: (3.3)This condition yields in particular (see e.g. Lo�eve [9])limn!1 max1�k�n �k;n�n = 0; (3.4)which in turn implies the uniform asymptotic negligibility of the Xk;n's. Notethat it would be possible by truncation methods to prove similar resultswithout requiring the existence of moments.We are now in a position to present some basic estimates when the sizeof the network increases.Theorem 3.2 Let r be a real number such that 0 < r � 2. Assume that�n = O(
n), that �(2+r)n exists and �(2+r)n =�2+rn ! 0 as n ! 1. Then thefollowing asymptotic expansions hold.(i) P(Q1;n = q1; : : : ; Qn;n = qn) (3.5)= p2��n nYk=1P(Xk;n = qk)h1 +O��(2+r)n�2+rn �i:(ii) For any �nite `, if [Pj̀=1mj;n � qj]=�n ! 0,P(Q1;n = q1; : : : ; Q`;n = q`) = Ỳk=1P(Xk;n = qk)h1 +O("1;n)i; (3.6)9



"1;n = �(2+r)n�2+rn + Pj̀=1 �2j;n + (Pj̀=1mj;n � qj)2�2n+ 11fr>1g (Pj̀=1mj;n � qj) ��(3)n�4n :(iii) For any j, EQj;n = EXj;nh1 +O("2;n)i; (3.7)"2;n = �(2+r)n�2+rn + �2j;n�2n + �(2+r)j;nmj;n�1+rn + 11fr>1g ��(3)n�4n �j;n�1 + �j;nmj;n�:Proof Equation (3.5) is a simple application of Proposition 3.1 to (2.7).To prove (3.6) from (2.8) when r � 1, we simply writeP(Sn �Pk̀=1Xk;n = mn �Pk̀=1 qk)P(Sn = mn)= �1� Pj̀=1 �2j;n�2n �� 12h1 +O��(2+r)n�2+rn + e�(Pj̀=1mj;n�qj)22�2n � 1�i;and use the relation je�u2=2 � 1j � u2. When 1 < r � 2, it su�ces to takeinto account the inequality(u3 � 3u)e�u2=2 = O(u):Relation (3.7) is also derived from (2.8).3.2 Heavy tra�c caseWe proceed now to analyze the behavior of the network Cn when some queuessaturate, as n!1. This, in particular, implies that the Lyapounov condi-tion (3.3) is no more valid. In fact, after a suitable normalization, Sn�mn willbe shown to converge in distribution to a random variable having a gammadistribution, under the broad assumption that the �rst singularities of therelevant generating functions are algebraic.Let, for some �0n 2 [0; 1[ (to be speci�ed in Section 4),!n(�) def= 1� �0n1� �0nei� ;and assume 10



Assumption A1 There exists a set F 0n of \saturable" queues, such that, forall k 2 F 0n, there exist a real number �k;n and a function  k;n(�) satisfyingthe relation 'k;n(�) = e�imk;n�!�k;nn (�) k;n(�):Moreover,  0k;n(�) = O(1), uniformly in k and n, and there exists a con-stant �max such that 1 � �k;n < �max <1:Clearly, the term !�k;nn (�) coming in the de�nition of 'k;n(�) emphasizesthe fact that the generating function fk;n(z) pertaining to queue k 2 F 0n hasits �rst singularity which is algebraic of order �k;n. If, in addition, �0n ! 1as n ! 1, the working conditions of the system ensure all queues in F 0nsaturate so that, in particular, EXk;n � �k;n�n, where�n def= �0n1� �0n :While this assumption covers a wide range of known queues, it is clearthat other types of singularities could be handled via the same method.Let �n def= Xk2F0n �k;n:and de�ne the total characteristic function of the queues in Fn n F 0n byb'n(�) def= Yk 62F0n 'k;n(�):Let r be a real number, 0 < r � 1. Hereafter, �̂n, �̂(2+r)n , 
̂n and �̂n willdenote quantities having the same meaning as in Proposition 3.1, but relatedto b'n(�).The counterpart of Theorem 3.2 now reads, in the case of heavy operatingconditions:Proposition 3.3 Let �0n ! 1. If �n is bounded, �̂n=�n ! 0 and �̂n
̂n ! 1as n!1, then the following estimate holds:�n P(Sn �mn = x)� (�n + x�n )�n�1e��n+ x�n�(�n) (3.8)= O�� �̂n�n�2 + 1�n + �̂(2+r)n̂�2+rn � �̂n�n�2+r + �̂(2+r)n̂�2+rn � �̂n�n��n�1�+O� e� 
̂2n�̂2n5
̂2n�̂�n+1n ��n�1n �:11



Proof See Appendix A.2The estimates of Proposition 3.3 allow to establish the main result of thissection.Theorem 3.4 Let �̂n=�n ! 0, �̂(2+r)n =�̂2+rn ! 0 and �̂n = O(
̂n) as n!1.Then the following expansions hold when �n is uniformly bounded:(i) for any q1; : : : ; qn � 0,P(Q1;n = q1; : : : ; Qn;n = qn) (3.9)= �n�(�n)e��n��n�1n nYk=1P(Xk;n = qk)h1 +O("n)i;with "n = � �̂n�n�2 + 1�n + �̂(2+r)n̂�2+rn � �̂n�n�2+r + �̂(2+r)n̂�2+rn � �̂n�n��n�1;(ii) for any �nite `, such that F 0n \ [1; `] = ;,P(Q1;n = q1; : : : ; Q`;n = q`) (3.10)= Ỳk=1P(Xk;n = qk)h1 +O("n) +O�Pk̀=1mk;n � qk�n �i:(iii) for any j 62 F 0n,EQj;n = EXj;nh1 +O("n) +O��2j;n +m2j;nmj;n�n �i; (3.11)(iv) for any j 2 F 0n, EQj;n = EXj;nh1 +O("n)i; (3.12)Proof The proof of (i) -(iii) follows essentially along the same lines as forTheorem 3.2, while (iv) depends on Equation (2.9) of Lemma 2.1.
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4 ScalingAs said in the introduction, this section provides guidelines for using theabove technical results in two ways.� Quantitative estimates for the error terms (w.r.t. some limiting dis-tribution), explicitly obtained from the original data (e.g. the totalnumber of customers mn).� Qualitative understanding of the \critical" values formn which, in somesense, induce phase transitions of interest.The queues are partitioned as follows:Fn def= n0 � k � n : limq!1 qq�k;n(1) � � ��k;n(q) <1o;In def= n0 � k � n : limq!1 qq�k;n(1) � � ��k;n(q) =1o:From the general discussion at the beginning of Section 2, Fn is neverempty. Let also�k;n def= 8<: limq!1 qq�k;n(1) � � ��k;n(q); if k 2 Fn,�k;n(1); if k 2 In,�k;n def= �n�k;n�k;n ; �0n def= mink2Fn �k;n�k;n ; �0n def= maxk2Fn �k;n = �n�0n :We shall also need the following subset of Fn:F 0n def= fk 2 Fn : �k;n = �0ng:Note that the de�nitions of �k;n and �0n are consistent with the discussionwhich lead to (2.13). Moreover, in most practical cases, �k;n(q) ! �k;n asq !1, provided that this limit exists and is �nite.To avoid uninteresting technicalities, it will be convenient to introduceAssumptions A2 and A3, but it should be pointed out that the results ofSection 3 are valid in a more general setting. Simple conditions ensuring A1and A3 are discussed in Section 5.Assumption A2 The following limit holds:limn!1 max1�k�n �k;n�k;n�1;n�1;n + � � �+ �n;n�n;n = 0:13



Assumption A2 is somehow unavoidable to obtain a meaningful asymp-totic behaviour of the network. It says that it is possible to let mn ! 1as n ! 1, without saturating the network and, under the forthcoming As-sumption A3, it amounts to Lyapounov's condition (3.3). Note that, when�k;n = 
(1) uniformly in k and n, A2 is simply equivalent tolimn!1 max1�k�n�k;n = 0:Assumption A3 (i) For any real A < 1 and any integer r � 4, and forany k 2 Fn such that �k;n � A,mk;n = 
(�k;n); �(r)k;n = 
(�k;n); 
2k;n = 
(�k;n) (4.1)uniformly in k and n.(ii) (4.1) also holds for all k 2 In.The derivation of the most general results of the section is done in Lemma4.1 and Theorem 4.2. Further insight, under some additional assumptions,is presented in Theorems 4.3 and 4.4.De�nition A sequence m0n is said to be weakly critical for Cn if, for any0 < t < 1, g(t) def= limn!1mn(t�0n)m0n (4.2)exists and limt!1� g(t) be either 1 or 1.If, in addition, the relationlimt!1� limn!1 mn(t�0n)m0n = limt!1� limn!1 mn(t�0n)m0n ;holds, then the sequence is said to be strongly critical for Cn.Before seeing how such critical sequences can be used, the next lemmaproves their existence.Lemma 4.1 Under assumption A3, a convenient weakly critical sequencefor Cn is, for some �xed 0 < u < 1,m0n(u) def= humn(u�0n); (4.3)where hu is correctly chosen. 14



Proof Choose (t; u) 2]0; 1[�]0; 1[. From A3,mn(t�0n) = 
(mn(u�0n)) = 
� nXk=1 t�0n�k;n�k;n �;and the application t 7! mn(t�0n)=mn(u�0n) is increasing and locally bounded.Therefore, ĝu(t) def= limn!1 mn(t�0n)mn(u�0n)exists and is increasing. To conclude the proof, takehu = � limt!1� ĝu(t); if the limit is �nite,1; otherwise.It is interesting to note that, if the above limit is �nite for some u, it is�nite for all u 2]0; 1[. The proof of the lemma is concluded.In fact, as shown in Theorem 4.2, any critical sequence m0n acts as athreshold parameter for mn. Under A2 and A3, which are satis�ed bya wide variety of networks, we provide a nearly complete classi�cation interms of necessary and su�cient scaling. It is worth to emphasize that anym0n chosen from (4.3) has a pseudo-explicit form, given in terms of the dataof the original network.The second step is to enumerate in a consistent way the desirable proper-ties of the distribution of Q1;n; : : : ; Qn;n: for some �nite j and some unspec-i�ed "n, such that "n ! 0 as n!1, we haveEQj;n = EXj;nh1 +O("n)i; (4.4)P(Q1;n = q1; : : : ; Qj;n = qj) = jYk=1P(Xk;n = qk)h1 +O("n)i; (4.5)and also, when Theorem 3.2 [resp. Theorem 3.4] holds, the following equation(4.6) [resp. (4.7)]:P(Q1;n = q1; : : : ; Qn;n = qn)= p2��n nYk=1P(Xk;n = qk)h1 +O("n)i; (4.6)P(Q1;n = q1; : : : ; Qn;n = qn)= �n�(�n)��n�1n e��n nYk=1P(Xk;n = qk)h1 +O("n)i: (4.7)15



Theorem 4.2 Let A2 and A3 hold and m0n be a weakly critical sequence forCn, with the associated function g(t).Assume �rst that limt!1� g(t) = 1. Then the following classi�cationholds:(i) If limn!1 mnm0n < 1;then (4.4), (4.5) and (4.6) hold with "n = 1=mn. In particular EQk;nis bounded, uniformly in k and n.(ii) If limn!1 mnm0n > 1;then, for any sequence of queues kn in F 0n, we have limn!1 EQkn;n =1.(iii) If m0n is a strongly critical sequence andlimn!1 mnm0n > 1;then, for any sequence of queues kn in F 0n, we have limn!1 EQkn;n =1.In the situation limt!1� g(t) = 1, the same results hold, just replacing\< 1" (resp. \> 1") in the r.h.s. of the inequalities by \<1" (resp. \=1").Proof To prove (i) , note that mn = mn(�n) = mn(�0n�0n). Since mn(t�0n)is increasing in t, this implies that, when limn!1 �0n = 1, we have alsolimn!1mn=m0n � 1. Therefore, in case (i) , there exists � < 1 such that�0n � � for any n 2 N . Using A3, we can estimate all error terms coming inTheorem 3.2 and the result is proved.Similarly in case (ii) [resp. (iii) ], we have necessarily limn!1 �0n = 1 [resp.limn!1 �0n = 1], and the result follows from the monotonicity of the functiont 7! mkn;n(t�0n).The case limt!1� g(t) =1 is handled with the same method.Direct applications of Theorem 4.2 are proposed farther on in sections 6.1and 6.2.In order to get �ner results, the next assumption ensures that the queuesnot belonging to F 0n stay uniformly away from saturation conditions.Assumption A4 There exists a constant A < 1 such that,�0n�k;n�k;n � A; for all k 2 Fn n F 0n; (4.8)16



In order to properly reformulate the results of Section 3, let us de�nem̂n(�) def= Xk 62F0nmk;n(�); (4.9)m̂0n def= m̂n(�0n): (4.10)Using (2.11), it is not di�cult to see that m̂0n de�ned (4.10) is a stronglycritical sequence for Cn under A1, A2, A3 and A4. Therefore, all results ofTheorem 4.2 hold, as well as the following:Theorem 4.3 Let A1, A2, A3 and A4 hold. If �n is uniformly bounded,then the following results hold:(i) If there exists �n > 0, such that, for all n 2 N,mnm̂0n � 1� �n;and limn!1 �2nmn =1, then (4.4), (4.5) and (4.6) hold with"n def= 1mn + 1m2n�4n ;except when a queue in F 0n is concerned, in which case (4.4) and (4.5)hold with "n = 1�2nmn :(ii) If there exists �n > 0, such that, for all n 2 N,mnm̂0n � 1 + �n;and limn!1 �nm̂0n = limn!1 �2nm̂0n =1, then (4.4) and (4.7) hold with"n def= 1�2nm̂0n + 1�nm̂0n + 1pm̂0nh 1m̂0n�2ni �n�12 :Moreover, if in Equation (4.5), [1; j] \ F 0n = ;, then the latter alsoholds, with "n having the above value.Proof To prove (i) , note that when mn � (1� �n)m̂0n,m̂n(�n) � mn(�n) � (1� �n)m̂n(�0n):17



Moreover, using A3, A4 and (2.11), Taylor's formula yields, for some� 2]�n; �0n[, m̂0n � m̂n(�n) = m̂n(�0n)� m̂n(�n)= (�0n � �n) �̂2n(�)�= (�0n � �n)
� Xk2FnnF0n �k;n�k;n�;which implies 1� m̂n(�n)m̂0n = 
(1� �0n) � �n:Hence, 11� �0n = O� 1�n�and, using m̂n(�n) = 
(�̂(r)n ) = 
(�̂2n), a direct but tedious computationshows that Theorem 3.2 applies with appropriate error terms.Let us now prove assertion (ii) . It follows frommn � m̂n(�n) = 
� �n�0n1� �0n� � �nm̂0n !1;that �0n ! 1 and�̂2n�2n = 
(m̂n(�n)(1� �0n)2)= O� m̂n(�n)(mn � m̂n(�n))2� = O� m̂n(�n)�2n[m̂0n]2� = O� 1�2nm̂0n�:Thus, Theorem 3.4 applies and (ii) is proved.It remains to state what happens when �n ! 1 as n ! 1. As shownbelow, this behaviour does not depend on the saturation of the queues in F 0n.Theorem 4.4 Let �n !1 as n!1. Let also A1, A2, A3 and A4 hold.Then, under the uniformity assumption�(4)k;n = O� �k;n�0n(1� �0n)4� ; for all k 2 F 0n; (4.11)the results (4.4), (4.5) and (4.6) are again valid, with"n def= 1(1� �0n)mn :18



Proof The statement relies on Theorem 3.2, taking r = 2. First, fromclassical weak compactness and moment convergence theorems (see e.g. [9]),it follows that, for k 2 F 0n and all 0 < s � 4�(s)k;n = 
� �k;n�0n(1� �0n)s� :Thus, the term coming in Lyapounov's condition (3.3) is equal to�(4)n�4n = 
0B@ m̂n + �0n�n(1��0n)4hm̂n + �0n�n(1��0n)2 i21CA= 
� (1� �0n)4m̂n + �0n�n[(1� �0n)2m̂n + �0n�n]2�= O� 1(1� �0n)m̂n + �0n�n�= O� 1(1� �0n)mn� ;which tends to 0 as n!1. The other error terms given in Theorem 3.2 areestimated in the same way.The only thing left to check is that �2n = O(
2n). In fact, since 
2n = 
(m̂n),this relation will only hold when �0n is uniformly bounded away from 1. How-ever, for any k 2 F 0n and for any � 2 [��; �],j'k;n(�)j = j!k;n(�)j�k;n���1 +O(�)���� " 11 + �2n�26 # �k;n2 ���1 +O(�)���� " 11 + �2n�26 # �k;n4 ;provided that a < �0n < 1, where a is some �xed constant. This bound canbe used to replace Equation (A.2) in the proof of Proposition 3.1 by����Z�n�j�j�� e�i�x'n(�)d����� � Zj�j��n " 11 + �2n�26 # �n4 d�= O� 1�n�2n�n 1(1 + �2n�2n) �n4 �1�;which is exponentially small in �n, since �n�n = 
(1).19



5 Towards more tangible assumptionsThe assumptions used in the results of the previous section may seem di�cultto check in practice. However, as shown hereafter, they can be replaced (atthe expense of a loss in generality) by simpler properties directly related tothe service mechanisms of the queues.The next lemma provides a realistic context in which A3 is satis�ed.Lemma 5.1 Assume that(i) there exist sequences R(q) and T (q) such thatlimq!1 qpR(1) � � �R(q) = 1;limq!1T (q) =1;and, for any q > 0,�k;n(q) � R(q)�k;n; for k 2 Fn;�k;n(q) � T (q)�k;n; for k 2 In;(ii) there exists a constant B <1 such that�0n�k;n�k;n < B; for all k 2 In:Then A3 holds.Remark This lemma can be applied in particular to any mixing ofM=M=1and multiple-server queues with at most c servers, withR(q) = min h1; qci ; T (q) = q:Proof For each queue k 2 Fn such that �k;n � A, and for all r 2 N , wehave 1Xq=0 qr (�n�k;n)q�k;n(1) � � ��k;n(q) � 1Xq=0 qrAqR(1) � � �R(q) <1:In particular, fk;n(�n�k;n) = 
(1) andmk;n = �n�k;n�k;n(1)fk;n(�n�k;n) 1Xq=1 q (�n�k;n)q�1�k;n(2) � � ��k;n(q) = 
� �n�k;n�k;n(1)�:20



Similarly, for any r 2 N , �(r)k;n = 
� �n�k;n�k;n(1)�:The same computations can be applied to k 2 In, thus proving A3-(ii) .The results of Section 4 can be easily generalized to a situation wheresome M=M=1 queues of In become saturated, in which case A3-(ii) is nolonger satis�ed. Indeed, the characteristic function of the number of clientsX in an M=M=1 queue with parameter � can be written asE ei�X = exp��(ei� � 1)� = hexp� �b�c(ei� � 1)�ib�c;which means that a saturated in�nite server queue can be replaced by severalnon-saturated in�nite-server queues without changing the distribution of Sn.Therefore, the results of Section 4 still hold, except for marginal distributionscontaining one of the saturated queues.Theorems 4.3 and 4.4 also required assumption A1 on the service mech-anisms of the so-called \saturable" queues. It is often enough to restrictourselves to the following two categories of queues, which encompass thestandard M=M=c queue.Lemma 5.2 Assume that, for any k 2 F 0n, either(i) there is a constant qc, independent of k and n, such that�k;n(q)�k;n = �O(1); if q < qc,1; otherwise. (5.1)or(ii) for some �nite constants �min and �max,log �k;n(q)�k;n = ��k;n � 1q +�k;n(q); (5.2)with �k;n(q) = O� 1q2� ; 1 < �min � �k;n � �max ;uniformly in k and n. (See also Section 7).21



Then A1 holds.Proof In view of Equation (2.4), for any �xed k and n, the quantity toestimate is related tofk;n(�n�k;nei�) = 1Xq=0 (�n�k;nei�)q�k;n(1) � � ��k;n(q)= 1Xq=0 qYp=1 �k;n�k;n(p)(�k;nei�)q:For the sake of brevity, let us omit the k and n subscripts and de�ne, forany z 2 C , jzj < 1, g(z) def= 1Xq=0 qYp=1 ��(p)zq:Thus, we have to estimate g(�ei�)=g(�), for � 2 [��; �] and � < 1. Thisproof proceeds in steps:a) Assume �rst that (5.1) holds. Theng(z) = 11� z "O(1� z) qcXq=0 qYp=1 ��(p)zq + zqc+1 qcYp=1 ��(p)# ;and Assumption A1 holds with � = 1.b) Under (5.2), one obtains, for q � 1,qYp=1 ��(p) = exp "(� � 1) qXp=1 1p � qXp=1 �(p)#= exp[(� � 1)C ��] � q��1[1 + aqq ];where C is the Euler constant, � def= P1p=1�(p), and aq is uniformlybounded. In the remainder of the proof, letK def= exp[(� � 1)C ��]:c) Let, for jzj < 1 and s 2 C , �(z; s) def= 1Xq=1 zqqs :22



Then, for Re(s) > 0, �(z; s) = z�(s) Z 10 ts�1dtet � z :In fact, this integral representation can be used to get an analyticcontinuation with respect to s, by introducing the (classical) Hankel'scontour. This yields, for all jzj < 1 and Re(s) > 0,�(z; s) = i�(1� s)2� ZL (�t)s�1dtet � z :DistortingL to include the zeros of et�z, the following expression holds,for Re(s) < 0 and all values of z such that j arg(� log z + 2in�)j � �:�(z; s) = �(1� s)Xn2Z(� log z + 2in�)s�1:d) Using this expression, simple computations yield, when � > 1 andjzj < 1 g(z) = 1 +K "�(z; 1� �) + qXq=1 q��2aqzq#= Klog� z� log� zK + 1 +Xn6=0 � log zlog z � 2in���+ log� z qXq=1 q��2aqzq�;and, �nally, g(�ei�)g(�) = � 1� �1� �ei� �� �1 + ��(ei� � 1)� :This concludes the proof of the lemma.6 Applications6.1 A Jackson network with convergence propertiesConsider the basic Jackson network (consisting of M=M=1 queues with con-stant service rates) analyzed in [10]. 23



In this case,mn(t�0n) = nXk=1 trk;n1� trk;n ; with rk;n = �0n�k;n�k;n :Under the assumption made in [10] that the counting measureIn(A) def= 1n Card(k : rk;n 2 A);de�ned for all Borel sets A, converges weakly to a probability measure I, wehave limn!1 mn(t�0n)n = Z 10 tr1� trdI(r);and limt!1�Z 10 tr1� trdI(r) def= �cr � 1:Thus, the results of [10] are contained in the theorems of Section 4, takingm0n = n�cr, which is then a strongly critical sequence for Cn.6.2 A network with tight bottlenecksAs pointed out in the introduction, there are cases of interest withmn = o(n).This will be illustrated in the next example.Consider a closed network consisting of sn subnetworks ofM=M=1 queueshaving each a unique entry point, in which a �xed number m of tasks circu-late. The queues are subject to failures, taking place with some probabilityf < 1. When a failure occurs, the task returns to the entry point of itscurrent subnetwork. Tasks visit the various subnetworks according to someprobability matrix.This model exhibits tight bottlenecks, when the number and the size ofthe subnetworks grow. This fact, for the sake of simplicity, will be illustratedon a very simple topology, presented in Figure 1: all subnetworks are asso-ciated in tandem, and each of them consists itself of `n queues in tandem,with unit processing rates.Here, the invariant measure of the routing matrix has the form(�1;n; : : : ; �`n;n; �1;n; : : : ; : : : ; �`n;n);where �k;n is the invariant probability associated to the k-th queue of an ar-bitrary subnetwork. A straightforward computation, using symmetry prop-erties, yields, for any t 2]0; 1[,�k;n = 1sn f(1� f)k�11� (1� f)`n = (1� f)k�1�1;n;24



- u6f - u6f u6f - u6f� �? subnet 1 - u6f - u6f u6f - u6f� �? subnet 2 - u6f - u6f u6f - u6f� �? subnet sn 6��? Figure 1: a compound network of tandem queuesmn(t�0n) = sn `nXk=1 t(1� f)k�11� t(1� f)k�1 :Choosing some �xed u 2]0; 1[ and assuming that `n !1 as n!1, wehave limn!1 mn(t�0n)mn(u�0n) = Lf (t)Lf (u) ;where Lf is de�ned on ]0; 1[ asLf (t) def= 1Xk=1 t(1� f)k�11� t(1� f)k�1and limt!1� Lf(t) =1.Therefore, mn(u�0n) is a strongly critical sequence for the network andthe size of the queues remain uniformly bounded if, and only if,mn = O (mn(u�0n)) = O(sn) = o(n):6.3 A service vehicle networkConsider a 
eet of vehicles serving an area consisting of n stations forminga fully connected graph. These vehicles are used to transport goods or pas-sengers. Vehicles wait at stations until they receive a request, in which casethey go to an other station. The routing among stations is done accordingto some routing matrix Pn. When a request arrives to an empty station, it isimmediately lost. The request arrivals form a Poisson stream at each queue.We model this system as follows: for all 0 � k � n, station k is repre-sented as a single-server queue with service rate �k;n which is equal to thearrival rate at station k, since arrivals are lost when the station is empty.When a vehicle leaves station k, it chooses its destination according to theMarkovian routing matrix Pn = (pk`;n). The duration of the journey be-tween two stations k and ` is represented by an in�nite server queue placedon the edge between them. The service rate of this queue when there areq vehicles traveling between k and ` is q�k`;n. Note that, contrary to the25



convention used throughout this paper, the total number of queues is n2+n.Let (�1;n; : : : ; �n;n) be the invariant measure of Pn, de�ned as in (2.1). Then,with obvious notation, for all k; ` 2 [1; n], for all � 2 [��; �],�k;n def= �n�k;n2�k;n ; �k`;n def= �n�k;npk`;n2�k`;n ;mk;n def= �k;n1� �k;n ; mk`;n def= �k`;n;'k;n(�) def= (1� �k;n)e�imk;n�1� �k;nei� ; 'k`;n(�) def= e�k`;n(ei��1�i�):De�ne F 0n as in Section 4 and assume that its cardinal is some �xed integerK � 1. Lemmas 5.1 and 5.2 apply, taking R(q) = 1, T (q) = q and �k;n = 1for q � 1 and k 2 F 0n. Thus, when A4 holds, Theorem 4.3 can be used andestimates of many performance measures can be derived, with correspondingerror terms.Some questions of interest arise:� which maximal e�ciency can be expected from this system?� how many vehicles should be provided?To answer these questions, it is convenient to de�ne the loss probabilityas Ploss(n) def= Pnk=1 �k;n P(Qk;n = 0)Pnk=1 �k;n :Ploss(n) is the proportion of customers that are lost because they arrive atan empty station. This is a good indicator of the quality of service providedby the network. Under appropriate conditions as n!1:Ploss(n) � Pnk=1 �k;n P(Xk;n = 0)Pnk=1 �k;n� 1� �n2Pnk=1 �k;n : (6.1)The last expression is a decreasing function of �n, which is itself boundedby �0n. Therefore, the minimum loss probability is attained when �n ! �0n;this happens with mn = (1� �n)m̂0n; limn!1 �n = 0;where �n is chosen to satisfy the assumptions of Theorem 4.3-(i) . With thischoice of mn, (6.1) holds with�n = �0n(1 +O(�n));26



which is asymptotically optimal. Consequently, a \good" value for mn ismn = m̂0n, and having a number of vehicle proportional to the number ofstations can be a poor choice, especially when some stations are more loadedthan others. These stations act as bottlenecks of the system, which shouldbe removed by altering the routing probabilities.7 General remarksFirst, a chief di�culty of the analysis is due to the need of dealing withrate of convergence and limits of densities: this is the �eld of Berry-Esseentheorems and large deviations.Secondly, the results have been obtained under several technical assump-tions (especially uniformity), which in some sense are unavoidable. Thismeans precisely that the choice of conditions slightly di�erent from A1, A3and A4 would have led to di�erent families of limit laws having in�nitelydivisible distributions.In particular, from a physical point of view, it is worth commenting onequation (5.2). The inequality �k;n � 1 implies that the maximum service rateof the queues in F 0n is reached from below; this is not the case if 0 < �k;n < 1,and the analysis was omitted, since the technicalities involved would havemade the text unnecessarily obscure. At last, the case �k;n � 0 dealing withother types of singularities (for instance logarithmic), was not carried out,and would yield other limit laws.The future class of problems of interest concerns some non-product formnetworks.A AppendixA.1 A bound on periodic characteristic functionsOne of the problems arising in the computation of convergence rates in theCentral Limit Theorem is to �nd upper bounds on the modulus of a charac-teristic function '(�) for � away from 0. One typical property used can bestated as follows:there exist �0 > 0 and a < 1 such that, for all j�j > �0, j'(�)j < a.It is pointed out in Feller [3] that this condition is usually easy to ful�llin practice, as long as X does not have a lattice distribution. Unfortunately,we are in the lattice case and thus must cope with the periodicity of '.Next lemma shows how a bound on j'(�)j can be derived for j�j � �.27



Lemma A.1 Let X be an integer-valued random variable with distributionP (X = k) = pk, k 2 N. De�ne
2 def= 1Xk=0 p2kp2k+1p2k + p2k+1 � min�VarX; 14�;where the summands are taken to be zero when p2k = p2k+1 = 0. Then, forany � 2 [��; �], the characteristic function ' of X satis�es:j'(�)j � exp��
25 �2�: (A.1)Proof We have j'(�)j = ��� 1Xk=0 pkeik���� � 1Xk=0���p2k + p2k+1ei����:Moreover,���p2k + p2k+1ei���� = q(p2k + p2k+1 cos �)2 + p22k+1 sin2 �= p(p2k + p2k+1)2 � 2p2kp2k+1(1� cos �)� p2k + p2k+1 � p2kp2k+1p2k + p2k+1 (1� cos �):Hence, for � 2 [0; �],j'(�)j � 1� (1� cos �) 1Xk=0 p2kp2k+1p2k + p2k+1� 1� 2�2 �2
2� exp(�2
2�2 �2);which yields (A.1). That 
2 � VarX can be seen by a Taylor expansion of' in the neighborhood of � = 0, while the relation 
2 � 1=4 follows from thetrivial inequality p2kp2k+1p2k + p2k+1 � p2k + p2k+14 :
 has the desirable property to be zero when X is an integer variable witha span strictly greater than 1, in which case the period of ' is less than 2�.28



Another desirable property would be that 
 ! 1 when the moments of Xare unbounded; since 
 � 1=2, this is obviously not possible here. That this\feature" is somehow unavoidable can be seen on the following example:'(�) def= 2 + ei�4 + 14 1Xk=2 eik�k(k � 1)= 1 + ei�2 + (1� ei�) ln(1� ei�):The random variable having ' as characteristic function admits no �nitemoment of order greater or equal to 1, but no bound on j'j is substantiallybetter than (A.1).A.2 Proof of Propositions 3.1 and 3.3Proof of Proposition 3.1 Using a Fourier inversion formula, the left handside of (3.1) can be rewritten as�n2� Z ��� e�i�x'n(�)d� � 12� Z 1�1 e�i x�n ue�u22 du:Thus, our goal is to evaluate the quantityIn def= Z ��� e�i�x'n(�)d� � Z 1�1 e�i�xe��2n�22 d�= Z �n��n e�i�x�'n(�)� e��2n�22 �d�� Zj�j��ne�i�xe��2n�22 d� + Zj�j2[�n;�] e�i�x'n(�)d�:It is known that Zj�j��n e��2n�22 d� � 2�2n�n e��2n�2n2 ;applying Lemma A.1 to 'n, we get����Z�n�j�j�� e�i�x'n(�)d����� � Zj�j��n e� 
2n�25 d� = O� 1
2n�n e� 
2n�2n5 �: (A.2)Finally, we obtain a bound on jInj which is uniform in x:jInj � Z �n��n���'n(�)� e��2n�22 ���d�+O� 1�2n�n e��2n�2n2 �+O� 1
2n�n e� 
2n�2n5 �: (A.3)29



We proceed now to estimate the above integral, so that implicitly j�j � �n.The derivation relies on the following simple inequality, valid for all complexnumbers x1; : : : ; xn and y1; : : : ; yn:jx1 � � �xn � y1 � � � ynj � nXk=1 jx1 � � �xk�1jjxk � ykjjyk+1 � � � ynj; (A.4)which will be used with xk = 'k;n(�) and yk = exp(��2k;n�2=2).The characteristic function 'k;n of the random variable Xk;n satis�es (seefor example Lo�eve [9])���'k;n(�)� 1 + �2k;n �22 ��� � �(2+r)k;n j�j2+r2 : (A.5)Hence, using the inequality je�x � 1 + xj � xs=s, valid for all x � 0 and1 < s � 2,���'k;n(�)� e��2k;n�22 ��� � ���'k;n(�)� 1 + �2k;n�22 ���+ ���e��2k;n�22 � 1 + �2k;n�22 ���� �(2+r)k;n j�j2+r2 + �2+rk;n j�j2+r2 � �(2+r)k;n j�j2+r: (A.6)To �nd an upper bound for j'k;nj, assume �rst �k;n�n � 1, so thatj'k;n(�)j � 1� �2k;n�22 + �(2+r)k;n j�j2+r2� exp(��2k;n + �(2+r)k;n �rn)�22 : (A.7)In fact, (A.7) also holds when �k;n�n � 1, since in this case��2k;n + �(2+r)k;n �rn � ��2k;n + �2+rk;n �rn � 0:From (3.4), we can choose n such that �k;n � �n=2 and, using (A.4), (A.6)and (A.7), we �nd���'n(�)� e��2n�22 ��� � nXk=1 �(2+r)k;n j�j2+r exp���2n + �2k;n + �(2+r)n �rn��22� �(2+r)n j�j2+r exp���2n �28 �: (A.8)Equation (3.1) follows, since the integral in (A.3) is bounded byZ �n��n���'n(�)� e��2n�22 ���d� � �(2+r)n Z 1�1 j�j2+r exp���2n �28 �d�= O� 1�n �(2+r)n�2+rn �:30



The proof of (3.2) of the proposition is similar, although the computationsbe more involved. Rede�ne In asIn def= Z ��� e�i�x'n(�)d� � Z 1�1 e�i�x�1� i ��(3)n �36 �e��2n�22 d�;To �nd a bound for jInj, we have to estimate���'n(�)� �1� i ��(3)n �36 �e��2n�22 ��� (A.9)� ���'n(�)� e��2n�22 �i ��(3)n �36 ���+ ���e�i ��(3)n �36 � 1 + i��(3)n �36 ���e��2n�22 :The �rst part of the r.h.s. of (A.9) is evaluated as above with (A.4)and (A.7) replaced by'k;n(�) � exp(��2k;n + �(3)k;n�n)�22 :For the second part, we use the following inequality, valid for r � 0 (seee.g. Lo�eve [9]) h�(3)n�3n i1+ r3 � �(3+r)n�3+rn ;which yields���e�i ��(3)n �36 � 1 + i��(3)n �36 ��� � ����(3)n �36 ���1+ r3 � �(3+r)n�3+rn �3+rn j�j3+r6 ;and (3.2) follows.Proof of Proposition 3.3 The proof of this proposition is similar to theproof of Proposition 3.1 and is only sketched here. De�ne!(u) def= 11� iu;yn def= Pj2F0n mj;n + x�n ;and In def= �n Z ��� e�i��nyn!�nn (�) Yk2F0n  k;n(�)b'n(�)d�� Z 1�1e�iuyn!�n(u)e� �̂2n�2n u22 du31



= Z ��n���n e�iuyn!�nn (u=�n)hYk2F0n  k;n(u=�n)� 1ib'n(u=�n)du+ Z ��n���n e�iuyn!�nn (u=�n)hb'n(u=�n)� e� �̂2n�2n u22 idu+ Z ��n���n e�iuynh!�nn (u=�n)� !�n(u)ie� �̂2n�2n u22 du� Zjuj���n e�iuyn!�n(u)e� �̂2n�2n u22 du: (A.10)The evaluation of these integrals depends on the following straightforwardestimations, valid for juj < ��n,j!�nn (u=�n)j = O� 1(1 + u2)�n=2�;j!�nn (u=�n)� !�n(u)j = O� 1�n u2(1 + u2)�n �;��� Yk2F0n  k;n(u=�n)� 1��� = O�1 + juj�n �;and on (A.8), which yields for juj < �n�̂n,���b'n(u=�n)� e� �̂2n�2n u22 ��� = O� �̂(2+r)n�2+rn �u2+r exp�� �̂2n�2n u28 �;���b'n(u=�n)��� � exp�� �̂2n�2n u24 �:Moreover, we use the following approximation, valid for a; b > 0 and forsu�ciently small z:J(a; b; z) def= Z 1�1 juja(1 + u2)b e�z2u2du = O(1) +O(z2b�a�1):These relations, together with (A.10), yield:In = O� 1�n�J�1; �n2 ; �̂n2�n�+ O� �̂(2+r)n�2+rn �J�2 + r; �n2 ; �̂np8�n�+O� 1�n�J�2; �n; �̂np2�n�+O�� �̂n�n��n�1�Zv���̂n v��ne� v22 dv32



+O�� 
̂n�n��n�1�Zv��n
̂n v��ne� v22 dv= O� 1�n + �̂(2+r)n̂�2+rn � �̂n�n�2+r + �̂(2+r)n̂�2+rn � �̂n�n��n�1�+O� e� 
̂2n�̂2n5
̂2n�̂�n+1n ��n�1n �:To conclude the proof of (3.8), the second term coming in the de�nitionof In is evaluated using Parseval's identity and classical tools of complexanalysis (see e.g. Lavrentiev and Chabat [8]). This yieldsZ 1�1 e�iynu!�n(u)e� �̂2n�2n u22 du = y�n�1n e�yn�(�n) h1 +O� �̂2n�2n�i:References[1] Birman, A., and Kogan, Y. Asymptotic evaluation of closedqueueing networks with many stations. Communications in Statistics|Stochastic Models 8, 3 (1992), 543{563.[2] Fayolle, G., and Lasgouttes, J.-M. Limit laws for large product-form networks: connections with the Central Limit Theorem. Rapportde Recherche 2513, INRIA, Mar. 1995.[3] Feller, W. An Introduction to Probability Theory and its Applications,Vol. II, 2 ed. John Wiley & Sons, 1971.[4] Kelly, F. P. Reversibility and Stochastic Networks. Wiley, 1979.[5] Knessl, C., and Tier, C. Asymptotic expansions for large closedqueueing networks. Journal of the ACM 37, 1 (1990), 144{174.[6] Kogan, Y. Another approach to asymptotic expansions for large closedqueueing networks. Operations Research Letters 11 (1992), 317{321.[7] Kogan, Y., and Birman, A. Asymptotic analysis of closed queueingnetworks with bottlenecks. In Proceedings of the International Confer-ence on Performance of Distributed Systems and Integrated Communi-cation Networks (Kyoto, 1991), T. Hasegawa, H. Takagi, and Y. Taka-hashi, Eds., pp. 237{252. 33
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