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asion of his 60th birthday.Abstra
t. Consider polynomials over GF(2). We des
ribe eÆ
ient al-gorithms for �nding trinomials with large irredu
ible (and possibly prim-itive) fa
tors, and give examples of trinomials having a primitive fa
torof degree r for all Mersenne exponents r = �3 mod 8 in the range5 < r < 107, although there is no irredu
ible trinomial of degree r.We also give trinomials with a primitive fa
tor of degree r = 2k for3 � k � 12. These trinomials enable eÆ
ient representations of the�nite �eld GF(2r). We show how trinomials with large primitive fa
tors
an be used eÆ
iently in appli
ations where primitive trinomials wouldnormally be used. 1 Introdu
tionIrredu
ible and primitive polynomials over �nite �elds have many appli
ationsin 
ryptography, 
oding theory, random number generation, et
. See, for example,[13, 15, 17, 20, 21℄.For simpli
ity we restri
t our attention to the �nite �eld Z2 = GF(2); thegeneralization to other �nite �elds is straightforward. All polynomials are assumedto be in Z2[x℄, and 
omputations on polynomials are performed in Z2[x℄ or in aspe
i�ed quotient ring. A polynomial P (x) 2 Z2[x℄ may be written as P if theargument x is 
lear from the 
ontext. We re
all some standard de�nitions.De�nition 1.1 A polynomial P (x) with P (0) 6= 0 has period � if � is the leastpositive integer su
h that x� = 1 mod P (x). We say that x has order � mod P (x).1991 Mathemati
s Subje
t Classi�
ation. Primary 11B83, 11Y16; Se
ondary 11-04, 11K35,11N35, 11R09, 11T06, 12-04, 12Y05, 68Q25 . Preprint 
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2 Ri
hard P. Brent and Paul ZimmermannDe�nition 1.2 A polynomial P (x) is redu
ible if it has nontrivial fa
tors; oth-erwise it is irredu
ible.De�nition 1.3 A polynomial P (x) of degree n > 0 is primitive if P (x) isirredu
ible and has period 2n � 1. (Re
all our assumption that P (x) 2 Z2[x℄.)If P (x) is primitive, then x is a generator for the multipli
ative group of the�eld Z2[x℄=P (x), giving a 
on
rete representation of GF(2n). See Lidl and Nieder-reiter [20℄ or Menezes et al. [21℄ for ba
kground information.There is an interest in dis
overing primitive polynomials of high degree n forappli
ations in random number generation [4, 7℄ and 
ryptography [21℄. In su
happli
ations it is often desirable to use primitive polynomials with a small numberof nonzero terms, i.e. a small weight. In parti
ular, we are interested in trinomialsof the form xn+xs+1, where n > s > 0 (so there are exa
tly three nonzero terms).If P (x) is irredu
ible and deg(P ) = n > 1, then the order of x in Z2[x℄=P (x)is a divisor of 2n � 1. To test if P (x) is primitive, we must test if the order of x isexa
tly 2n�1. To do this eÆ
iently1 it appears that we need to know the 
ompleteprime fa
torization of 2n�1. At the time of writing these fa
torizations are knownfor n < 713 and 
ertain larger n, see [8℄.We say that n is a Mersenne exponent if 2n � 1 is prime. In this 
ase the fa
-torization of 2n�1 is trivial and an irredu
ible polynomial of degree n is ne
essarilyprimitive. Large Mersenne exponents are known [14℄, so there is a possibility of�nding primitive trinomials of high degree. To test if a trinomial of prime degree nis redu
ible takes time O(n2), so to test all trinomials of degree n takes time O(n3).Several authors [16, 18, 19, 27℄ have 
omputed primitive trinomials whose de-gree is a Mersenne exponent, up to some bound imposed by the 
omputing resour
esavailable. Re
ently Brent, Larvala and Zimmermann [6℄ gave a new algorithm, moreeÆ
ient than those used previously, and 
omputed all the primitive trinomials ofMersenne exponent n � 3021377 (subsequently extended to n � 6972593).For some n � 2, irredu
ible trinomials of given degree n do not exist. Swan'stheorem (see x2) rules out n = 0 mod 8 and also most n = �3 mod 8. Sin
e abouthalf of the known Mersenne exponents are �3 mod 8, we 
an only hope to �ndprimitive trinomials of degree n for about half the Mersenne exponents n.In the 
ases where primitive trinomials are ruled out by Swan's theorem, the
onventional approa
h is to use primitive polynomials with more than three nonzeroterms. A polynomial with an even number of nonzero terms is divisible by x + 1,so we must use polynomials with �ve or more nonzero terms [18, 19, 21℄. Thisis 
onsiderably more expensive in appli
ations be
ause the number of operationsrequired for multipli
ation or division by a sparse polynomial is approximatelyproportional to the number of nonzero terms.In x2 we dis
uss Swan's theorem, then in x3 we introdu
e \almost irredu
ible"and \almost primitive" polynomials as a way of 
ir
umventing the impli
ations ofSwan's theorem. An algorithm (AIT) for 
omputing almost irredu
ible trinomials,and an extension (APT) for almost primitive trinomials, are des
ribed in x4. Algo-rithm APT has been used to �nd almost primitive trinomials with high degree in
ases where Swan's theorem shows that primitive trinomials do not exist. Compu-tational results and examples are given in xx5{6. In x7 we give some 
omputationalresults on almost primitive trinomials that are useful for representing the �nite1Here \eÆ
iently" means in time polynomial in the degree n.



Almost Irredu
ible and Almost Primitive Trinomials 3�elds GF(22k), k � 12. In x8 we explain how to use almost irredu
ible/primitivetrinomials eÆ
iently in appli
ations. Finally, in x9, we 
on
lude with some theoret-i
al results on the density of almost irredu
ible and almost primitive polynomials,and some 
omputational results on the density of the 
orresponding trinomials. Wethank Shuhong Gao and the referees for their 
omments on a draft of this paper.2 Swan's theorem and its impli
ationsSwan's theorem is a redis
overy of results of Pellet [23℄, Sti
kelberger [24℄, Di
k-son [10℄ and Dalen [9℄ { see Swan [25, p. 1099℄ and von zur Gathen [12℄. Let �(P )denote the number of irredu
ible fa
tors (
ounted a

ording to their multipli
ity)of a polynomial P 2 Z2[x℄.Theorem 2.1 Swan [25, Corollary 5℄. Suppose n > s > 0, n � s odd. Then�(xn + xs + 1) = 0 mod 2 i� one of the following holds:a) n even, n 6= 2s, ns=2 mod 4 2 f0; 1g;b) 2n 6= 0 mod s, n = �3 mod 8;
) 2n = 0 mod s, n = �1 mod 8.If both n and s are odd, we 
an repla
e s by n � s (leaving the number ofirredu
ible fa
tors un
hanged, sin
e �(xn + xs +1) = �(xn + xn�s +1)) and applySwan's theorem. If n and s are both even, then T = xn+xs+1 is a square and �(T )is even. Thus, in all 
ases we 
an determine �(T ) mod 2 using Swan's theorem.Sin
e a polynomial that has an even number of irredu
ible fa
tors is redu
ible,we have:Corollary 2.2 If n is prime, n = �3 mod 8, s 6= 2, s 6= n�2, then xn+xs+1is redu
ible over Z2.Corollary 2.2 shows that there are no irredu
ible trinomials with degree aMersenne exponent n = �3 mod 8 (ex
ept possibly for s = 2 or n � 2). Thisappears to prevent us from using trinomials with periods 2n � 1 in these 
ases.Fortunately, there is a way to 
ir
umvent Swan's theorem and avoid paying a sig-ni�
ant speed penalty in most appli
ations of irredu
ible/primitive trinomials. Wedes
ribe this in the following se
tion.3 Almost primitive trinomialsTromp, Zhang and Zhao [26℄ asked the following question: given an integerr > 1, do there exist integers n; s su
h thatG = g
d(xn + xs + 1; x2r�1 + 1)is a primitive polynomial of degree r? They veri�ed that the answer is \yes" forr � 171, and 
onje
tured that the answer is always \yes".Blake, Gao and Lambert [3℄ 
on�rmed the 
onje
ture for r � 500. They alsorelaxed the 
ondition slightly and asked: do there exist integers n; s su
h that Ghas a primitive fa
tor of degree r? Motivated by [3℄, we make some de�nitions.De�nition 3.1 A polynomial P (x) of degree n is almost primitive (almostirredu
ible) if P (0) 6= 0 and P (x) has a primitive (irredu
ible) fa
tor of degree r,for some r > n=2. We say that P has exponent r and in
rement n� r.



4 Ri
hard P. Brent and Paul ZimmermannFor example, the trinomial x16 + x3 + 1 is almost primitive with exponent 13and in
rement 3, be
ausex16 + x3 + 1 = (x3 + x2 + 1)D13(x);where D13(x) = x13 + x12 + x11 + x9 + x6 + x5 + x4 + x2 + 1is primitive. From a 
omputational viewpoint it is more eÆ
ient to work in thering Z2[x℄=(x16 + x3 + 1) than in the �eld F = Z2[x℄=D13(x). In x8 we outlinehow it is possible to work in the �eld F , while performing most arithmeti
 in thering Z2[x℄=(x16 + x3 + 1), and without expli
itly 
omputing the dense primitivepolynomial D13(x).Note that, a

ording to De�nition 3.1, a primitive polynomial is a fortiori analmost primitive polynomial (the 
ase r = n). Similarly, an irredu
ible polynomialother than 1 or x is almost irredu
ible. The restri
tion r > n=2 in De�nition 3.1ensures that polynomials su
h as (x3+x+1)2 are not regarded as almost irredu
ible.In pra
ti
e we 
hoose the smallest possible in
rement Æ for given exponent r,e.g. in Tables 1{2 we have Æ � 16. For most pra
ti
al purposes, almost primitivetrinomials of exponent r and small in
rement are almost as useful as primitivetrinomials of degree r (see x8).4 Sear
hing for almost irredu
ible/primitive trinomialsIn this se
tion we outline algorithms for �nding almost irredu
ible or almostprimitive trinomials with large exponent r. In the latter 
ase we assume that the
omplete fa
torization of 2r � 1 is known. The algorithms are generalizations ofthose given in [6, 13, 21℄, whi
h handle the 
ase Æ = 0.4.1 An algorithm for almost irredu
ible trinomials. Suppose 0 � Æ < r,0 < s < r + Æ, and we wish to test if the trinomial T (x) = xr+Æ + xs + 1 is almostirredu
ible with exponent r (see De�nition 3.1). If it is not then we dis
ard it, and(perhaps) try again with di�erent (r; s; Æ).We �rst state the algorithm, then explain the steps whose justi�
ation is not im-mediately obvious. Input to the algorithm is (r; s; Æ) and a sieving bound B 2 [Æ; r).The optimal B is implementation-dependent: see the dis
ussion in [6℄. In the 
om-putation of Table 1 we used B = min(r � 1;max(Æ; 4 + blog2 r
)). Re
all thatpolynomials are in Z2[x℄, so 
omputations on polynomials are performed in Z2[x℄or in a quotient ring su
h as Z2[x℄=T (x).Algorithm AIT(r; s; Æ; B)1. If g
d(r + Æ; s) = 0 mod 2 then return false.2. d := 0; k := 0; S := 1; T := xr+Æ + xs + 1;for i := 2 to Æ dog := g
d(T; (x2i mod T ) + x);g := g= g
d(g; S); S := g � S;d := d+ deg(g); k := k + deg(g)=i;3. if (d 6= Æ) or (k = �(T ) mod 2) then return false.4. for i := Æ + 1 to B dog := g
d(T; (x2i mod T ) + x);if S mod g 6= 0 then return false.



Almost Irredu
ible and Almost Primitive Trinomials 55. if ((x2r mod T ) + x)S 6= 0 mod T then return false.6. for ea
h prime divisor p 6= r of rif g
d(((x2r=p mod T ) + x)S; T ) 6= S then return false.7. return true. [T is almost irredu
ible with exponent r.℄If Æ = 0, Algorithm AIT redu
es to a standard algorithm for �nding irredu
ibletrinomials. We 
an assume that Æ 6= 1, be
ause the only irredu
ible polynomialsof degree 1 are x and x+ 1, and neither 
an be a fa
tor of a trinomial. Hen
e, weneed only 
onsider Æ � 2.Step 1 dis
ards trinomials that are squares (see Theorem 4.1 below). If thisstep is passed then g
d(T; T 0) = 1, so T is square-free.Step 2 may be 
alled sieving, although it is done by GCD 
omputations. By
omputing g
d(T; (x2i mod T )+x) for 2 � i � Æ, we �nd the produ
t S = P1 � � �Pkof all irredu
ible fa
tors Pj of T su
h that deg(Pj) = dj � Æ. We have T = SD,where D is some polynomial of degree n� d, and g
d(S;D) = 1.Step 3 returns false if d or k is in
ompatible with the assumption that T hasan irredu
ible fa
tor of degree r. Note that Swan's theorem gives �(T ) mod 2.In Step 4, suppose S mod g 6= 0. Thus f = g= g
d(S; g) is a fa
tor of D = T=S,and f 6= 1. If f 6= D then D is redu
ible. If f = D then D splits into fa
tors ofdegree at most B < r, so again D is redu
ible. Thus, we 
an return false.In Step 5, sieving has failed to dis
ard T , so a full irredu
ibility test of D isrequired. We 
an dis
ard T (i.e. return false) if x2r 6= x mod D, but D is in generala dense polynomial, so we perform an equivalent 
omputation that only involvesexponentiation mod T . Note that the 
omputation of x2r mod T takes only O(r2)bit-operations, sin
e T is a trinomial.Finally, we should return false if g
d(x2q+x;D) 6= 1 for any divisor q of r, q 6= r.Step 6 implements an equivalent test that is more eÆ
ient be
ause the operationsare performed mod T and only maximal divisors q = r=p of r are 
he
ked. Step 6is trivial if r is prime.4.2 Algorithm APT for almost primitive trinomials. To sear
h foralmost primitive trinomials with exponent r, we apply Theorem 4.2 below, andthen algorithm AIT, to �nd a 
andidate trinomial that is almost irredu
ible withexponent r. Unless 2r � 1 is prime, it is ne
essary to verify that the irredu
iblefa
tor D of degree r has period 2r � 1 and not some proper divisor of 2r � 1. This
an be done by verifying that, for ea
h prime divisor p of 2r � 1,((x(2r�1)=p mod T ) + 1)S 6= 0 mod T :4.3 Re�nements. Several re�nements are possible.1. The fast algorithm of [6, x4℄ 
an be used to a

elerate the 
omputation ofx2i mod T in steps 2, 4{6 of Algorithm AIT if r + Æ is odd.2. Sieving 
an often be 
urtailed. Suppose that step 2 of Algorithm AIThas been performed for i � bÆ < Æ, so we have found all bk irredu
ible fa
tors ofdegree � bÆ. Suppose that the sum of their degrees is bd. Ifbd < Æ < bd+ bÆ + 1; (4.1)then the 
onstraint d = Æ 
an not be satis�ed and we 
an return false. Also, ifbk 6= �(T ) mod 2, then (4.1) 
an be repla
ed by the weaker 
onditionbd < Æ < bd+ 2(bÆ + 1): (4.2)



6 Ri
hard P. Brent and Paul Zimmermann3. If r is a Mersenne exponent, 
omputation of the small fa
tor S 
an beavoided. De�ne F = l
m(2dj � 1), so F is a multiple of the period of S, andg
d(F; 2r � 1) = 1. Step 2 of Algorithm AIT 
an easily be modi�ed to 
ompute Finstead of S, and to save gi = deg g at iteration i. Step 4 
an be modi�ed to returnfalse if deg g >Pjji;2�j�Æ gj . Step 5 
an be modi�ed to return false if(xF )2r 6= xF mod T (x): (4.3)The 
omputation involved is almost the same as for the \standard" method oftesting irredu
ibility of a trinomial [6, x3℄: the signi�
ant di�eren
e is that we startwith xF instead of x. This variation of algorithm AIT was used to 
ompute mostof the entries in Table 1.4. Theorems 4.1{4.2 allow us to dis
ard many trinomials qui
kly.Theorem 4.1 Let T (x) = xn+xs+1 be an almost irredu
ible trinomial. Theng
d(n; s) is odd.Proof Assume that g
d(n; s) is even. Then T (x) = (xn=2 + xs=2 + 1)2 is asquare, so 
an not have an irredu
ible fa
tor of degree greater than n=2.We remark that x6 + x3 + 1 is irredu
ible (though not primitive) over Z2, and inthis 
ase g
d(n; s) = 3.Theorem 4.2 Let T (x) = xn+xs+1 be an almost primitive trinomial. Theng
d(n; s) = 1.Proof Suppose g = g
d(n; s) > 1. From Theorem 4.1 we 
an assume thatg � 3. Write y = xg . Thus T (x) = ybn+ ybs+1, where bn = n=g, bs = s=g. The orderof y is at most 2bn � 1. Thus, the order of x is at most g(2bn � 1) = g(2n=g � 1). IfT (x) is almost primitive with exponent r, then the order of x is 2r � 1. Thus2r � 1 � g(2n=g � 1):Now n+ 1 � 2r by De�nition 3.1, so2(n+1)=2 � 1 � g(2n=g � 1): (4.4)The right-hand side of (4.4) is a de
reasing fun
tion of g for g � 3. Thus,2(n+1)=2 � 1 � 3(2n=3 � 1): (4.5)It is easy to verify that (4.5) 
an not hold for n � 6, but if n < 6 then n=g < 2,whi
h is a 
ontradi
tion. Hen
e g = 1.5 Computational resultsWe 
ondu
ted a sear
h for almost primitive trinomials whose exponent r is alsoa Mersenne exponent. For all Mersenne exponents r = �1 mod 8 with r � 6972593,primitive trinomials of degree r are known, see [6℄. Here we 
onsider the 
asesr = �3 mod 8, where the existen
e of irredu
ible trinomials xr + xs + 1 is ruledout by Swan's theorem (ex
ept for s = 2 or r � 2, but the only known 
ases arer = 3; 5). For ea
h exponent r we sear
hed for all almost primitive trinomials withthe minimal in
rement Æ for whi
h at least one almost primitive trinomial exists.The sear
h has been 
ompleted for all Mersenne exponents r < 107.In all 
ases of Mersenne exponent r = �3 mod 8, where 5 < r < 107, we havefound at least one almost primitive trinomial with exponent r and some in
rementÆ 2 [2; 12℄. The results are summarized in Table 1. The �rst four entries are



Almost Irredu
ible and Almost Primitive Trinomials 7r Æ s f Small fa
tors and remarks13 3 3 7 x3 + x2 + 119 3 3 7 x3 + x+ 161 5 17 31 x5 + x3 + x2 + x+ 1107 2 8 3 x2 + x+ 114 3 x2 + x+ 117 3 x2 + x+ 12203 3 355 7 x3 + x2 + 14253 8 1806 255 x8 + x7 + x2 + x+ 11960 85 x8 + x6 + x5 + x4 + x2 + x+ 19941 3 1077 7 x3 + x2 + 111213 6 227 63 x6 + x5 + x3 + x2 + 121701 3 6999 7 x3 + x2 + 17587 7 x3 + x2 + 186243 2 2288 3 x2 + x+ 1216091 12 42930 3937 x12 + x11 + x5 + x3 + 1= (x5 + x4 + x3 + x+ 1)�(x7 + x5 + x4 + x3 + x2 + x+ 1)1257787 3 74343 7 x3 + x2 + 11398269 5 417719 21 x5 + x4 + 1 = (x2 + x+ 1) � (x3 + x+ 1)2976221 8 1193004 85 x8 + x7 + x6 + x5 + x4 + x3 + 113466917 ? ? ? None for Æ < 3 or Æ = 4Table 1Some almost primitive trinomials over Z2.xr+Æ + xs + 1 has a primitive fa
tor of degree r;Æ is minimal; 2s � r + Æ; the period � = (2r � 1)f .from [3, Table 4℄; the other entries are new. They were 
omputed using AlgorithmAPT, with some simpli�
ations that are possible be
ause r is a Mersenne exponent(see x4.3.3 above).For all but two of the almost primitive trinomials xr+Æ+xs+1 given in Table 1,the period � = (2r � 1)f satis�es � > 2r+Æ�1. Thus, the period is greater thanthe greatest period (2r+Æ�1� 1) that 
an be obtained for any polynomial of degreeless than r + Æ. In the two ex
eptional 
ases the small fa
tors of degree 8 are notprimitive, having period 85 = 255=3.For the largest known Mersenne exponent, r = 13466917, we have not yetstarted an extensive 
omputation, but we have shown that Æ � 3 and Æ 6= 4 (seeTheorem 6.3). 6 Examples and spe
ial 
asesWe 
onsidered the almost primitive trinomial x16 + x3 + 1 in x3. Here we givean example with mu
h higher degree: r = 216091, Æ = 12. We havex216103 + x42930 + 1 = S(x)D(x);where S(x) = x12 + x11 + x5 + x3 + 1;



8 Ri
hard P. Brent and Paul Zimmermannand D(x) is a (dense) primitive polynomial of degree 216091. The fa
tor S(x) ofdegree 12 splits into a produ
t of two primitive polynomials, x5 + x4 + x3 + x + 1and x7 + x5 + x4 + x3 + x2 + x + 1. The 
ontribution to the period from thesefa
tors is f = l
m(25 � 1; 27 � 1) = 3937.Theorem 6.1 If T is an almost irredu
ible trinomial with exponent 216091and in
rement Æ, then Æ =2 f0; 1; 2; 4; 6g.Proof As T is a trinomial, it is not divisible by x or x + 1, so Æ 6= 1.Assume that T = xn+ xs +1 is almost irredu
ible with deg(T ) = n = r+ Æ, whereÆ 2 f0; 2; 4; 6g. Thus T = SD where D is irredu
ible, deg(D) = r = 216091, n isodd and we 
an assume that s is even (otherwise repla
e s by n� s). Sin
e r is aMersenne exponent, D is primitive and T is almost primitive. Let �2 = �(T ) mod 2.We 
onsider the 
ases Æ = 0; 2; 4; 6 in turn and show that ea
h 
ase leads to a 
on-tradi
tion.A. Æ = 0. n = 3 mod 8 and �2 = 1, so by Swan's theorem s j 2n. From The-orem 4.2, g
d(n; s) = 1, so the only possibility is s = 2. Now n = 1 mod 3, soxn+x2+1 = x2+x+1 mod x3�1. Thus x2+x+1 j xn+x2+1, a 
ontradi
tion.B. Æ = 2. n = 0 mod 3, so T = xs mod x3� 1. Thus x2 +x+1 does not divide T ,but x2 + x + 1 is the only irredu
ible polynomial of degree 2, and hen
e the onlypossibility for S, a 
ontradi
tion.C. Æ = 4. deg(S) = 4, but S 
an not have irredu
ible fa
tors of degree 2, sin
ex2 + x + 1 is the only irredu
ible polynomial of degree 2, and T is square-free.Thus S is irredu
ible of degree 4 and a divisor of x15 � 1. We have n = �1 mod 8and �2 = 0, so by Swan's theorem and Theorem 4.2 we must have s = 2. Nown = 5 mod 15, so T = x5+x2+1 mod x15� 1, but x5+x2+1 is irredu
ible. ThusT has no fa
tor of degree 4, a 
ontradi
tion.D. Æ = 6. S 
ould be of the form S6, S2S4 or S3 bS3, where Sj ; bSj are irre-du
ible of degree j. If S = S6 then �2 = 0 and, by Swan's theorem and The-orem 4.2, s = 2. However, n = 1 mod 3, so x2 + x + 1 j xn + x2 + 1, a 
on-tradi
tion. If S = S2S4 then deg(g
d(T; x15 � 1)) = 6. Now n = 7 mod 15, soT = x7 + xsmod 15 + 1 mod x15 � 1, and in ea
h of the 15 
ases we �nd thatdeg(g
d(T; x15 � 1)) � 4. If S = S3 bS3 then deg(g
d(T; x7 � 1)) = 6. Nown = 0 mod 7, so T = xsmod 7 mod x7 � 1, and g
d(T; x7 � 1) = 1. Thus Æ 6= 6.Theorem 6.2 If T is an almost irredu
ible trinomial with exponent 2976221and in
rement Æ, then Æ =2 f0; 1; 2; 4g.Proof The proof is similar to that of Theorem 6.1. Assume that Æ 2 f0; 2; 4gand that s is even. If Æ = 0 we must have s = 2. Now n = 3 mod 7, soT = x3 + x2 + 1 mod x7 � 1, and thus T has an irredu
ible fa
tor x3 + x2 + 1.If Æ = 2, again we must have s = 2. In this 
ase T = x118 + x2 + 1 mod x255 � 1,and a 
omputation shows that x8 + x7 + x3 + x2 +1 j T . Finally, if Æ = 4, we haveT = xsmod 15 mod x15 � 1, so T has no irredu
ible fa
tor of degree 4.Theorem 6.3 If T is an almost irredu
ible trinomial with exponent 13466917and in
rement Æ, then Æ =2 f0; 1; 2; 4g.Proof As above, we 
an assume that Æ 6= 1, n = r + Æ is odd, and withoutloss of generality s is even. If Æ = 0 the only 
ase to 
onsider is s = 2, butn = 1 mod 3, so T = x2 + x+1 mod x3 � 1, and thus T is divisible by x2 + x+ 1.If Æ = 2 then T = xsmod 3 mod x3 � 1, so T is never divisible by x2 + x + 1. If



Almost Irredu
ible and Almost Primitive Trinomials 9k r Æ s f Small fa
tor S(x)3 8 5 1 31 x5 + x4 + x3 + x+ 12 7 (x2 + x+ 1)(x3 + x+ 1)4 16 11 2 7 (x3 + x+ 1)(x8 + x7 + x6 + x3 + x2 + x+ 1)5 32 8 3 1 x8 + x6 + x5 + x4 + x2 + x+ 16 64 10 3 21 (x4 + x+ 1)(x6 + x5 + x4 + x+ 1)21 341 x10 + x7 + x6 + x5 + x3 + x2 + 17 128 2 17 1 x2 + x+ 18 256 16 45 1 x16 + x15 + x14 + x11 + x9 + x7 + x3 + x+ 19 512 9 252 31 (x4 + x+ 1)(x5 + x3 + 1)10 1024 3 22 7 x3 + x2 + 111 2048 10 101 341 x10 + x9 + x8 + x7 + x5 + x4 + 112 4096 3 600 7 x3 + x+ 1628 7 x3 + x+ 11399 7 x3 + x2 + 1Table 2Some almost primitive trinomials over Z2.xr+Æ + xs + 1 has a primitive fa
tor of degree r = 2k;Æ is minimal; 2s � r + Æ; the period � = (2r � 1)f .Æ = 4 then S must be irredu
ible of degree 4, and the only possibility is s = 2.Now T = x11 + x2 + 1 mod x15 � 1, but x11 + x2 + 1 is irredu
ible, so T has noirredu
ible fa
tor of degree 4.7 The Fermat 
onne
tionIf we have found an almost irredu
ible trinomial T = xn+xs+1 with exponentr = n� Æ, then to 
he
k if T is almost primitive we need the 
omplete fa
torizationof 2r � 1. In x5 we 
hose r so the fa
torization was trivial, be
ause 2r � 1 was aMersenne prime. Another 
ase of interest, 
onsidered in this se
tion, is when r is apower of two, say r = 2k. Then2r � 1 = F0F1 � � �Fk�1;where Fj = 22j +1 is the j-th Fermat number. The 
omplete fa
torizations of theseFj are known for j � 11 (see [5℄) so we 
an fa
tor 22k � 1 for k � 12.In Table 2 we give almost primitive trinomials T = xr+Æ+xs+1 with exponentr = 2k for 3 � k � 12. Thus T = SD where D is primitive and has degree 2k. Wealso give S in fa
tored form. The irredu
ible fa
tors of S are not always primitive.The period of T is l
m(2r � 1; period(S)) = (2r � 1)f .By Swan's theorem, a primitive trinomial of degree 2k does not exist for k � 3.However, we 
an work eÆ
iently in the �nite �elds GF(22k), k 2 [3; 12℄, using thetrinomials listed in Table 2 and the impli
it algorithms of x8.8 Impli
it algorithmsSuppose we wish to work in the �nite �eld GF(2r) where r is the exponentof an almost primitive trinomial T . We 
an write T = SD, where deg(S) = Æ,



10 Ri
hard P. Brent and Paul Zimmermanndeg(D) = r. Thus GF (2r) � Z2[x℄=D(x);but be
ause D is dense we wish to avoid working dire
tly with D, or even expli
itly
omputing D. We show that it is possible to work modulo the trinomial T .We 
an regard Z2[x℄=T (x) as a redundant representation of Z2[x℄=D(x). Ea
helement A 2 Z2[x℄=T (x) 
an be represented asA = A
 +AdD;where A
 2 Z2[x℄=D(x) is the \
anoni
al representation" that would be obtained ifwe worked in Z2[x℄=D(x), and Ad 2 Z2[x℄ is some polynomial of degree less than Æ.We 
an perform 
omputations su
h as addition, multipli
ation and exponen-tiation in Z2[x℄=T (x), taking advantage of the sparsity of T in the usual way.If A 2 Z2[x℄=T (x) and we wish to map A to its 
anoni
al representation A
, we usethe identity A
 = (AS mod T )=S;where the division by the (small) polynomial S is exa
t. A straightforward imple-mentation requires only O(Ær) operations. We avoid 
omputing A
 = A mod Ddire
tly; in fa
t we never 
ompute the (large and dense) polynomial D: it is suÆ-
ient that D is determined by the trinomial T and the small polynomial S.In appli
ations su
h as random number generation [7℄, where the trinomialT = xn + xs + 1 is the denominator of the generating fun
tion for a linear re
ur-ren
e uk = uk�s + uk�n, it is possible (by 
hoosing appropriate initial 
onditionsthat annihilate the unwanted 
omponent) to generate a sequen
e that satis�es there
urren
e de�ned by the polynomial D. However, this is not ne
essary if all thatmatters is that the linear re
urren
e generates a sequen
e with period at least 2r�1.9 The density of almost irredu
ible/primitive polynomialsIn this se
tion we state some theorems regarding the distribution of almostirredu
ible polynomials. The proofs are straightforward, and similar to the proof ofTheorem 1.2 in [11℄, whi
h generalizes our Corollary 9.2. We would like to provesimilar theorems about almost irredu
ible trinomials, but this seems to be diÆ
ult.Let In denote the number of irredu
ible polynomials of degree n, ex
luding thepolynomial x, and letNr;Æ denote the number of almost irredu
ible polynomials withexponent r and in
rement Æ. Thus Pdjn dId = 2n � 1 and, by M�obius inversion,In = 1nXdjn �(d)�2n=d � 1� = 2nn �1 +O(2�n=2)� :Theorem 9.1 If 0 � Æ < r, then Nr;Æ = 2max(0;Æ�1)Ir.Proof The 
ase Æ = 0 is immediate, so assume that Æ > 0. Thus r > 1. Forea
h irredu
ible polynomial D of degree r, and ea
h polynomial S of degree Æ su
hthat S(0) 6= 0, there is an almost irredu
ible polynomial P = SD. Also, by the
onstraint Æ < r, P determines S and D uniquely. Thus, the result follows bya 
ounting argument, sin
e there are 2Æ�1 possibilities for S and Ir possibilitiesfor D.



Almost Irredu
ible and Almost Primitive Trinomials 11Corollary 9.2 If n = r + Æ, 0 < Æ < r, and P is 
hosen uniformly at randomfrom the 2n�1 polynomials of degree n with P (0) 6= 0, then the probability that P isalmost irredu
ible with exponent r is 1r �1 +O(2�r=2)�.Corollary 9.3 If n � 1 and P is 
hosen uniformly at random from the 2n�1polynomials of degree n with P (0) 6= 0, then the probability that P is almostirredu
ible with some valid exponent is ln 2 +O(1=n).An analogy. There is an analogy between polynomials of degree n andn-digit numbers, with irredu
ible polynomials 
orresponding to primes. A resultanalogous to Corollary 9.3 is: the probability that a random n-digit number has aprime fa
tor ex
eeding n=2 digits is ln 2 +O(1=n) (see for example [22℄).The density of almost primitive polynomials. The number of primitivepolynomials of degree n is Pn = �(2n� 1)=n, where � denotes Euler's phi fun
tion,see for example Lidl [20℄. If Ir is repla
ed by Pr in Theorem 9.1, then we obtain thenumber of almost primitive polynomials with exponent r and in
rement Æ. It is easyto dedu
e an analogue of Corollary 9.2. To obtain an analogue of Corollary 9.3 foralmost primitive polynomials we would need to estimatePn=2<r�n �(2r�1)=(r2r).For n = 1000 the approximate value is 0.507.Computational results for trinomials. Let Nait(n) be the number of al-most irredu
ible trinomials xn+xs+1 with 0 < s < n. Consider the smoothed andnormalized value Eait(n) = 2n(n�1)Pnm=2Nait(m). If a result like Corollary 9.3applies for trinomials, at least in the limit as r, Æ ! 1, then it is plausible to
onje
ture that limn!1Eait(n) = 
 (9.1)for some positive 
onstant 
. We have 
omputed Nait(n) and Eait(n) for n � 1000;the numeri
al results support the 
onje
ture (9.1) with 
 < ln 2 � 0:6931. Forexample, Eait(500) � 0:4765 and Eait(1000) � 0:4713. For almost primitive trino-mials the 
orresponding limit seems smaller (if it exists). Our 
omputations giveEapt(500) � 0:3124 and Eapt(1000) � 0:3104.Existen
e of almost irredu
ible/primitive trinomials. We have shownby 
omputation that an almost irredu
ible trinomial of degree n exists for alln 2 [2; 10000℄. Similarly, we have shown that an almost primitive trinomial ofdegree n exists for all n 2 [2; 2000℄nf12g. In the ex
eptional 
ase (degree 12),x12+x+1 has primitive fa
tors of degrees 3, 4, and 5, but degree 5 is too small, sox12+x+1 is not \almost primitive" by De�nition 3.1. The other 
andidate that isnot ex
luded by Theorem 4.2 is x12 + x5 + 1; this is irredu
ible but not primitive,having period (212 � 1)=5.Rather than asking for an almost irredu
ible (or almost primitive) trinomialof given degree, we 
an ask for one of given exponent. This is 
lose to the spiritof [3, 26℄. For all r 2 [2; 2000℄ there is an almost irredu
ible trinomial xr+Æ+xs+1with exponent r and (minimal) in
rement Æ = Æait(r) � 23. The extreme in
rementÆait(r) = 23 o

urs for (r; s) = (1930; 529), and the mean value of Æait(r) forr 2 (1000; 2000℄ is � 2:14. A plausible 
onje
ture is that Æait(r) = O(log r).Similarly, for all r 2 [2; 712℄ there is an almost primitive trinomial with expo-nent r and (minimal) in
rement Æapt(r) � 43. The extreme Æapt(r) = 43 o

urs for(r; s) = (544; 47), and the mean value of Æapt(r) for r 2 (356; 712℄ is � 3:41.
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