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Abstract

The subset sum problem (SSP) (givemumbers and a target bourit]
find a subset of the numbers summingR} is one of the classical NP-hard
problems. The hardness of SSP varies greatly with the deokthe prob-
lem. In particular, ifm, the logarithm of the largest input number, is at least
¢ - n for some constant, the problem can be solved by a reduction to find-
ing a short vector in a lattice. On the other hand, wher= O(logn) the
problem can be solved in polynomial time using dynamic paogmning or
some other algorithms especially designed for such derstarices. How-
ever, as far as we are aware all known algorithms for denset&&rat least
Q(2™) time, and no polynomial time algorithm is known which sol8SP
with significantly lower density, i.e., when = w(logn) (andm = o(n)).

We present an expected polynomial time algorithm for sgwiniformly
random instances of subset sum problem over the dofain with m =
O((logn)?/loglogn). To the best of our knowledge, this is the first al-
gorithm working efficiently beyond the magnitude bound®@flog n), thus
narrowing the interval with hard-to-solve SSP instances.

1 Introduction

The subset sum problem (SSP), one of the classical NP-habdepns, is defined

as follows: givenn numbers and a target bouri8l find a subset of the numbers
whose sum is equdp. There are various flavors of the problem, depending on the
application or the domain of the problem.



In this work we consider a common case when the numbers aresesgied by
m-bit strings, and the sums are computed modilgi.e. the computation is done
in Zom. More precisely, the subset sum problem of dimensioasdm is:

GIVEN: n humbersaq,...,a,, wherea; € Zsm, and a targeB € Zom

FIND: asubsefS C {1,...,n}, such that

Zai =B mod2™.
i€S

We focus orrandom instances of the problem, where both the input numbers and
the bound are picked uniformly at random. Similar randontainses (with differ-
ent parameters than we will eventually select) were show@latal [Chv80] to
be hard instances for a class of knapsack algorithms.

The hardness of random SSP instances varies significantfytkaé choice of
parameters, in particular the magnitudenofas a function ot (cf. [IN96]):

m >n: such instances are “almost 1-1” (each subset has a diffstemnj, and
are efficiently solvable by a reduction to a short vector iratide when
m > c - n, for some constant [LO85, Fri86, CJL92].

m < n: such instances are “almost onto” (with multiple solutioos rfhost tar-
gets), and are efficiently solvable by various techniqudsgh-density case,
i.e., form = O(logn) (e.g., by dynamic programming, or using methods of
analytical number theory [CFG89, GM91]).

Despite various efficient approaches to dense instancéa; as we are aware, all
these algorithms take at ledt2™) time, and so none of them works in polynomial
time whenm = w(logn).

1.1 Contributions

In this work we propose an expected polynomial time algaritihich solves uni-
formly random SSP instances with up to O((logn)?/ log log n). Our algorithm
starts by dividing the input instance into small, efficigrablvable subinstances.
The solutions of subinstances lead to a reduced instancglési than the orig-
inal input), which can be solved recursively. Finally, ttidusion of the reduced
instance is combined with the solutions of subinstancdd gisolution of the orig-
inal instance.

To the best of our knowledge, this is the first algorithm wogkiefficiently
beyond the magnitude bound 6¥(log n), thus narrowing the interval with hard-
to-solve SSP instances.



1.2 Notation and Conventions

For the clarity of presentation we occasionally neglectdiserete nature of the
problem and avoid the use of rounding operations (floors ailthgs). However,
this simplification does not compromise the validity of cesults. All asymptotic
notation is with respect te, we write f(n) ~ g(n) to meanf(n)/g(n) — 1 as
n — oQ.

2 TheNew Algorithm

In the algorithm? ande are parameters whose values are to be determined later.
For simplicity, the description presented below focuseshencore part of the al-
gorithm, which can fail on some inputs. Later we show thatf#leres have suffi-
ciently low probability so that upon a failure we can run a ayric programming
algorithm and obtain aexpected polynomial time algorithm.

To find a solution for(ay, ..., a,; B), we partition the set of input numbers
into n/¢ subsets of numbers, which yields /¢ subinstances of SSP. We solve the
subinstances computing modut6!—)¢. Specifically, first we successively look
for a subinstance which has a solution for the tal§gimodulo2(1=9)¢), i.e. we
want the subinstance to match thie— ¢)¢ least significant bits oB. When we
succeed, we try to solve all the remaining subinstanceshertdrgeto, i.e., we
aim to zero thel — )¢ least significant bits in a non-trivial way. We denote the
subinstance solved for the targitas a ‘B-type” subinstance, and ones solved for
target0 as “O-type”.

Subsequently, we take the solutions of the O-type subioesarand treat the
sum achieved by each solution (now modgl®) as an input number to a reduced
instance of SSP, and proceed recursively. Since the sunevadrhave their least
significant bits equal to zero, in recursive calls we disdhelzeroed bits, i.e., the
numbers of the reduced instance are smaller than the driguimabers. The target
of the reduced instance is determined by the original teagdtthe solution of the
B-type subinstance. Figure 1 presents the entire algorithpséudocode. A few
explanations follow: The variablg iterates through alk/¢ subinstances, while
the variablek counts the total number of subinstances that succeededhé&r
th successful subinstandelx[i] represents the actual positfoaf the subinstance
among alln /¢ subinstances, to . For a sg¢tand an integet, the expressio @ i
denotes the sdla +i:a € S}.

Actually, to simplify the arithmetic expressiorigix[:] is equal to the position of the subinstance
minus 1.



procedure DenseSSP(ay, ..., a,; B,m)
S:=10
if B=#0 then
k:=0
6:=B
L= 2(1—5)(
for j:=1...n/¢ do
[** solve j-th subinstance of £ numberswith target 5 mod L **/
using exhaustive search find a non-empty soluigrc {1,...,¢} of

(@14e(j—1)> Q240(j—1)s - - - » Bpge(j—1); ) mod L,
if asolutionS; # () exists then
k=k+1
idx[k] :=7—1
aj, := Y ipqj—1) mod 2™
icS,
6:=0
end if
end for
if k> 1 then

B’ := ((B—a}) mod m)/L
S" := DenseSSP (a4 /L, ...,a)/L; B',m — (1 —¢){)
if S’isa“success’then
S:=(S1® (-idx[1])) U U (Siy1 @ (£ -idx[i 4+ 1]))
end if e
end if
end if
if S is a solutionthen
return S, “success”
else
return “failed”
end if

Figure 1: The new algorithm for solving dense SSP instances



3 Analysis

In the algorithm the input of the recursive call, i.e., thdueed instance, is deter-
mined by the solutions of subinstances. However, some stanioes may not have
solutions and then the size of the reduced instance will @lenthann/¢. When
too many subinstances fail, the density of the reduced S&énies too low to
hope to find solution. Hence, in the analysis we introducedaiitianal parameter
a, 0 < «a < 1, and argue that at least arfraction of subinstances succeed in each
stage of the recursion.

3.1 Success Probability

Let L = 2(1-9)¢, First note that all subinstances solved in our algorithmeky
haustive search consist of randdrtuples of integers which are independent and
uniformly distributed inZy,. This follows from the following claim and from the
fact that every input number of each reduced instance is ao$wadues uniformly
distributed in its corresponding range.

Claim 1 If X is uniformly distributed in Zy,, then so is (X + ¢) mod M, for
each c € Z.

To estimate the total number of the subinstances, obseateath solven /¢
subinstances in first stage, and then recurse and &of\fe- 1) /¢ subinstances, etc.
Hence the total number of subinstances to be solved usingnaigrprogramming
is at most

non,n ot
cTetET T R T

We now bound the probability that less thanaafraction of subinstances suc-
ceed at a given stage (i.e., recursion level). Yget . ., Y, be uniform i.i.d. random
variables from domairZy,. For each subsef C {1,...,¢} and for any constant

targetb € Zy, let

Zg = 1 if Zie_SYi:b mod L
0 otherwise



Finally, letZ = " Zg. We have

S0
E [Z] _ (2Z _ 1)2—(1—€)Z — 9et _ g—ttel  oet
2
E[Z)] = E <ZZS> =Y E[z5]+ Y E[ZsZr]

S£0 S0 S£T; S,T#0
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Var[Z] = E[Z?] -E[Z]
~ 22{5( + 28( _ 2285 — 28(

The random variableZ counts the number of non-empty solutions of a SSP in-
stance determined ¥, . . ., Yy andb: Z = 0 means that none of the subsets sums
up tob, while Z > 0 denotes that there is at least one solution. Then Chebyshev
inequality gives
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So

PriZ >0 > 1—2—;.
Now we can bound the probability that at stalgeén the recursion there is less
than anx fraction of the subinstances succeed. Suppose that in stayg before
stagek we have had at least am fraction of successes. Then there are at least
na*~1/¢* independent subinstances during stagand by (1) each of them fails
with probability at mos2~=¢. Formally, let3;, denote the event that less thancan



fraction of the subinstances in stagsucceed. Then

Pr By | Bi,...,By_1] <Pr [Bi(n Pk 27 > (1 — a)n ak_l/ﬁk}

. (_ (1—a—2%(n ozk_l/fk)) |

27l + 2(1 — v — 27¢F)

using a standard version of Chernoff's inequality [JLROBedrem 2.1].
We use this to bound the probability DenseSSP fails. If theed stages total
then

Prifailure] < Pr[By] + Pr[By | Bi] + -+ + Pr[By | By, ..., Ba_1]
. o—el\2 d—1 /pd
< dexp (_3(1 a—27)" (na®1 /e ))

2 — 2+ 2-¢t

3.2 Running Time

The running time of the algorithm is dominated by the timeuiesd to solve all
the subinstances, which is bounded(by— 1)/(¢ — 1) - O(2°).

3.3 Choice of Parameters

So far we used, ¢, anda as parameters to be determined later. The choice of
these parameters influences the running time of the algorithd the probability

of its success, and also implies the maximum magnitudef instances likely to

be solved by DenseSSP.

Since DenseSSP uses exhaustive search to solve SSP isstéaticelp tol
numbers, we must take = O(log n) to keep the total running time polynomial.
For a particular choice df, to conclude that the bad evelfis are unlikely to occur,
we takenad=1/¢? > (logn)?, or equivalently,

q< 10gn—210glogn—loga‘

log £ — log

When all subinstances at recursive call of deptiave been solved, théif(1 —¢)
least significant bits of the target have been matched. Tdrereto match the full
target when the recursion stops, it must hold that

m<d(l—e)l.
For ¢ = clog n, wherec is a constant, this yields an upper boundren
logn — 2loglogn — log o (logn)?
< 1-— 1 =(1-e-o(1 .
= log ¢ — log (1=¢)(elogn) = (1 —e—of ))log logn



If we takea = 1/2, then the probability of success of DenseSSP is bounded by
Pr [success> 1 — de—3(logn)*(1-0(1)) > 1 _ (logn)?

Hence the probability of success converges to 1 with the qigwize of the input,
and the failure probability is so small that in the rare ins&s where the algorithm
does fail, we can solve the instance by dynamic programnmrigrie 0(2(10g ”)2)
and obtain an complete algorithm that runs in expected pohjal time.

4 Conclusions and Open Problems

We have presented an expected polynomial time algorithnsdtving uniformly
random subset sum problems of medium density &ser, with m bounded by
O((logn)?/loglogn), wheren is the number of the input numbers. As far as
we are aware, this is the first algorithm for dense instankcasworks efficiently
beyond the magnitude bound 6¥(log n), thus narrowing the interval with hard-
to-solve SSP instances. A natural open question is whdtkdrsdund on the mag-
nitude can be further extended, e.g. uglte n)* for somez > 2.

Arguably, the proposed algorithm exploits in an essentiy the special struc-
ture of Zom, and although it can be easily adapted to work over dorfain for
any constant € N, we see no straightforward way of modifying it to work over
Zyy for arbitrary M € N.

Finally, recall that DenseSSP is a deterministic algoritlimch can fail with
non-zero probability. Since this probability is very lowpan failure we can run
a dynamic programming algorithm and still obtain expectetypomial time in
total. A different way of handling failures might be to run =SSP again on
randomly permuted input. Note however that such multigkdgrare not fully in-
dependent, thus complicating the analysis. It is an intieggroblem to compare
this alternative approach with the one we have analyzed.
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