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Abstract. In line with fields of theoretical computer science and biology
that study Boolean automata networks to model regulation networks, we
present some results concerning the dynamics of networks whose under-
lying structures are oriented cycles, that is, Boolean automata circuits.
In the context of biological regulation, former studies have highlighted
the importance of circuits on the asymptotic dynamical behaviour of the
biological networks that contain them. Our work focuses on the number
of attractors of Boolean automata circuits whose elements are updated
in parallel. In particular, we give the exact value of the total number of
attractors of a circuit of arbitrary size n as well as, for every positive inte-
ger p, the number of its attractors of period p depending on whether the
circuit has an even or an odd number of inhibitions. As a consequence,
we obtain that both numbers depend only on the parity of the number of
inhibitions and not on their distribution along the circuit. We also relate
the counting of attractors of Boolean automata circuits to other known
combinatorial problems and give intuition about how circuits interact by
studying their dynamics when they intersect one another in one point.

Keywords: Discrete dynamical system, Boolean automata network, pos-
itive and negative circuit, asymptotic behaviour, attractor.

1 Introduction

This article is set in the general framework of complex dynamical systems
and, more precisely, in that of regulation networks modeled by means of discrete
mathematical tools. Since [1] proposed threshold Boolean automata networks to
represent formally neural networks, and, later, [2] and [3] introduced the first
models of genetic regulation networks, many other studies based on the same
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or different formalisms were carried out to determine theoretical properties of
such networks [4,5,6,7,8,9,10,11,12,13,14,15,16]. One of the main motivations of
many of them was to better understand those emergent dynamical behaviours
that networks display and that cannot be explained or predicted by a simple
analysis of the local interactions existing between the components of the net-
works. In particular, later works by [17] and [18] yielded conjectures and gave
rise to problematics that are still relevant in the field of regulation networks be-
yond the particular definition of the models one may choose to use. For instance,
Thomas highlighted the importance of specific patterns, namely circuits, on the
dynamics of discrete regulation networks and Kauffman gave an approximation
of the number of different possible asymptotic behaviours of Boolean networks.

Thus, from the point of view of theoretical biology but also from that of
discrete mathematics and theoretical computer science, it is relevant to ad-
dress the question of the number of attractors in the dynamics of a network.
Close to the 16th Hilbert problem concerning the number of limit cycles of dy-
namical systems [19], this question has already been considered in some works
[20,21,22,15,16]. Driven by a similar will to understand the dynamical proper-
ties of (regulation) networks modeled by Boolean automata networks, we have
decided to first focus our attention on a simple instance of Boolean automata
networks, that is, Boolean automata circuits (which also happen to be a sim-
ple instance of threshold Boolean automata networks [1]). The reason for this
choice is that circuits are known to play an important part in the dynamics of
a network that contains them. One way to see this is to note that a network
whose underlying interaction graph has no circuits can only eventually end up
in a configuration that will never change over time. A network with retroactive
loops, on the contrary, will exhibit more diverse dynamical behaviour patterns.
[17] noted the importance of underlying circuits in networks and formulated con-
jectures concerning the role of positive (i.e., with an even number of inhibitions)
and negative (i.e., with an odd number of inhibitions) circuits in the dynamics
of regulation networks. Besides the fact that they are known to be decisive pat-
terns for the dynamics of arbitrary biological networks, circuits are also relevant
because they may be regarded specifically as internal layers of feedforward net-
works®. Identifying the dynamics of circuits is thus a first step in the process of
understanding and formalising the dynamics of such networks which are known
to model the architecture of many biological systems [23,24,25,26].

In this paper, we give a new combinatorial characterisation of the asymptotic
dynamical behaviour of Boolean automata circuits evolving synchronously (i.e.,
at each time step, every node executes its transition function). Because our study
of Boolean automata circuits takes its meaning when these particular networks
are related to more general networks, Section 2 introduces the general context
of Boolean automata networks first and then defines Boolean automata circuits.
Section 3 then deals with the dynamics of positive and negative circuits updated
synchronously. For both types of circuits, we obtain the exact values of the

5 Feedforward networks are networks whose structure can be represented by a layered
graph with no feedback loops between layers.



total number of attractors of these circuits and of their number of attractors of
period p for every positive integer p. These values happen to be terms of integer
sequences defined by different combinatoric problems that are isomorph to the
problem of counting attractors of a circuit. Section 4 mentions this. The last
section, Section 5, makes a first step towards understanding how circuits may
interact together by studying the dynamics of circuits that intersect in one point.
The conclusion discusses perspectives of this work.

2 Definitions and notations

Boolean automata networks

A Boolean automata network updated synchronously is a couple N = (G, F).
G = (V,A) is a digraph called the interaction graph of the network. Its set of
nodes V = {0,...,n—1} is assimilated to the set of automata of the network. N
is said to be of size n if |[V| = n. In this case, Boolean vectors z € {0,1}" are seen
as configurations of N and their coefficients x; € {0,1} (i € V) correspond to
the states of the automata of V. F' is the global transition function of the network
defined by a set of local transition functions {f; : {0,1}"* — {0,1} | i € V'} such
that:
Ve e{0,1}",Vie V: F(z); = fi(x). (2.1)

When there is no ambiguity as to what network is being considered, given a
configuration = € {0, 1}", we write

and
VteN, t>1: 2(t) = F(F'"(2)),

so that z(t) = F'(z) can be seen as the configuration of the network N at time
step ¢ when it started in the initial configuration 2(0) = x. We suppose that arcs
of A convey real interactions in the sense that

V(],Z) € A? dz € {07 1}n: fz(x) 7& fi(fj)v (22)

where Vk # j € V: fﬁc = xp and fj = —z;. In the sequel, abusing our own

notations, we will consider that local transition functions f; are actually defined

on the set {0,1}%9" () where deg~ (i) = |{j € V | (j,i) € A}|. We also suppose

that all local transition functions are locally monotone, that is, Vi, j € V, either
Vz = (.f(), s ,Jﬁn_l) € {07 1}71

fi(xo, [N ,xj_l,O,xj_,_l, “ee ;xn—l) S fi(.’I}Q, ceey Lj—1, 1,l‘j+1, ey J,‘n_l)7 (23)
in which case the arc (j,1) is said to be positive, or

Vo = (zg,...,Tn—1) € {0,1}":

fi(x(), N ,mj_l,O,xj_,_l, N ;xn—l) Z fi(an ceey L1, 1,l‘j+1, PN ,.’En_l), (24)



in which case the arc (j,4) is said to be negative.

Because the set of global states of a network N of size n is finite, all tra-
jectories x(0),x(1),x(2),... necessarily end up looping, i.e., Vz(0) € {0,1}",
Jt,p e N: z(t+p) = z(t). We call attractor the orbit of z(t), i.e., the finite set
{z(t + k) | k € N}. The period of this attractor is its cardinal, i.e., the small-
est p such that for any k € N, z(t + k + p) = x(t + k). Elements belonging to
an attractor of period 1 are usually called fized points and attractors of period
greater than one limit cycles. Generally, attractors of period p > 1 are called p-
attractors. The set of configurations belonging to a p-attractor of NV is denoted
by

Sp(N) = {x | FP(z) = z and Vd < p: Fi(z) # 2} C {0,1}".

The number of p-attractors of N is denoted by

We call iteration graph of a network N = (G, F') of size n the digraph whose
set of nodes is the set {0,1}" of configurations of N and whose set of arcs is

{(z, F(x)) |z €{0,1}"}.

Boolean automata circuits

A circuit of size n is a digraph that we denote here by C,,. Its set of nodes V' =
{0,...,n — 1} is assimilated to the set of elements of Z/nZ so that, considering
two nodes 7 and j, i + j designates the node i + 7 mod n. The set of arcs of the
circuit is A = {(i,i + 1) | i € Z/nZ}. A Boolean automata circuit C = (C,,, F)
of size n is a Boolean automata network whose interaction graph is C,,. Because
of (2.2), its local transition functions are all equal either to the identity function
id : a € {0,1} — a or to the negation function neg : a € {0,1} — —a so
that (2.1), in the case of a Boolean automata circuit, is written

Va € {0, ].}n, Vi € Z/TLZ F(ZL')Z = fi(l'ifl),

where we have abused notations to simplify them and considered that local
transition functions are of arity 1 since nodes have in-degree 1. According to (2.3)
(resp. (2.4)), an arc (i — 1,1) whose endpoint is a node i such that f; = id (resp.
fi = neg) is positive (resp. negative). A (Boolean automata) circuit is said to be
positive (resp. negative) if its number of negative arcs is even (resp. odd). In the
sequel, we make substantial use of the following functions:

» Cplia = dfioficieofi ifi < j,
VZ,]EZ/RZ F[])Z]_ {fjij—lo"-ofoofn—lo-~-ofi Otherwise.

There are several things to note about these functions that will be exploited
later. First, because Vk € V': fi, € {id,neg}, F[j,1] is injective. Second, if C,, is
positive (resp. negative) then Vj € V. F[j,j+1] = id (resp. F[j,j+1] = neg).



Finally, Vt € N, Vp = k- n+ d € N s.t. d < n, the following equation holds and
conveys more concretely how the dynamics of a Boolean automata network takes
place:

Vi € Z/nZ:
zi(t+p) = filzica(t +p—1)) = fio fisr(zi2(t+p—2))

— Fli, 1Jeo(t+p— 1))
— Fli,i+ 1)(@i(t +p—n)) (2.5)

=Fli,i+ 1F (@it +p—Fk-n)) = Fli,i+ 1)*(x;(t + d))

— Flii+1]F 0 Flii — d+ 1](zs_a(t)).

The importance of (2.5) lies in that it relates the state of one automaton at a
given time step to the state of another at a previous time step.

3 Dynamics of Boolean automata circuits

The main results of this section and of this paper are summed up in the
following theorem. They characterise the dynamics of these special networks
and are proven below. Figure 1 illustrates these results. It pictures three different
circuits of size 4 (two positive and one negative) as well as their iteration graphs.

Theorem 1. Let C = (C,,, F) be a Boolean automata circuit of size n. Then:

(i) All configurations of C' belong to an attractor.
(i) If C is positive, then the period of any attractor divides n.
(iii) If C is positive, then the number of p-attractors for p € N that divides n and
the total number of attractors are given respectively by:

e () wa e le(p) e

dlp

where p is the Mdébius function and v the Euler totient function (see below).
(iv) If C is negative, then the period p of any attractor divides 2n without dividing
n, i.e., 27" € N is odd.
(v) If C is negative, then the number of 2p-attractors for 2p € N satisfying (iv)
and the total number of attractors are given respectively by:

_ 1 » _ 1 n
A2p = % Z u(d)2d and Tn = % Z ?/’(p)Qp
odd d|p odd p|n
Thus, given the sign of C, the number of its p-attractors as well as the total

number of its attractors depends meither on the mumber of negative arcs in C
nor on their localisation.
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Fig. 1. Figures 1.a.,1.b. and 1.c. represent three different circuits of size n = 4.
That of figures 1.a. and 1.b. are positive. That of figure 1.c. is negative. Fig-
ures 2.a.,2.b. and 2.c. picture respectively their iteration graphs. In all three
cases here, all elements belong to an attractor. This is usually not the case with
arbitrary Boolean automata networks which are not circuits.

The function v that appears in (74) and (v) of Theorem 1 is the Euler totient:
¥ (n) counts the number of positive integers k < n that share no positive factors
other than 1 with n. The function p : N* — {—1,0,1} that appears in the same



sentences is the Mdbius function [27]. It is defined as follows:

1 if n=1,
0 if n is not square-free,
n) = 3.1
pln) (-D)* ifn= Hf:o p; where the p;’s 3.1)

are distinct positive primes.

The importance of the p function here lies however less in its definition than in
the following property called the Mdbius inversion formula: for any arithmetic
functions F' and G, it holds that [27]

Fn) =Y Gd) = Gn) = ud) F(%) (3.2)
d|n

d|n

Points (3), (i) and (iv) of Theorem 1 above are an extension of a result
presented in [28]. Let us prove them first.

Let C' = (C,, F') be a Boolean automata circuit of size n where F is defined
by {fi | i € Z/nZ} and let x(t) € {0,1}" be an arbitrary configuration of C.
Then, by (2.5), we have:

Vi€ Z/nZ: xz;(t+n) = Fli,i+ 1](x;(¢)). (3.3

As a consequence, if C' is positive, then z;(t + n) = z;(t) holds so that z(¢
necessarily belongs to a p-attractor of C where p divides n. If C is negative, (3.3
is equivalent to x;(t +n) = —x;(t) so that z;(t+2n) = z;(¢) holds and thus, z(¢
belongs to a p-attractor of C where p divides 2n. In this latter case, suppose that
p divides n = ¢ - p as well. Then, Vi € Z/nZ: x;(t) = z;(t+p) = 2;(t+qx p) =
x;(t+n) = —x;(¢), which is a contradiction. Thus, if C' is negative, then the period
p of any configuration must divide 2n without dividing n. This means that p must
be even and that n = ¢ - § for some odd ¢ € N. This proves points (i), (ii) and
(tv) of Theorem 1. Let us add here that when C is negative, if z(t) € S,(C) where
p =2n/qis even and g = 2¢'+11is odd, then z(t+n) = z(t+¢' xp+%) = z(t+5)
belongs to the same attractor as z(t) so that z(t + n) € 8,(C) as well. As a
consequence, it holds that:

o N

Vi€ Z/nZ: wi(t) = —~ai(t +n) = —a;(t + L)

: (3.4)

In the sequel, we use the expression possible attractor period of a Boolean au-
tomata circuit C' to refer to any integer that satisfies point (ii) or (iv) (according
to the sign of C') of Theorem 1. Note that when the circuit is negative, from point
(iv) we can derive that the only possible attractor period that is larger than the
size of the circuit is 2n, all other possible periods are strictly smaller than the
size of the circuit.



Now, before proving the rest of Theorem 1, let us characterise configurations
belonging to p-attractors of a Boolean automata circuit C' of size n. Supposing
that the composition of all local transition functions of C equals F[0,1] = S, we
use the following property P¢ defined on N x {0, 1}™:

Vp=k-n+p €Nst.p=p modn, Vo € {0,1}":
Po(p,a) <= Vi€Z/nZ: x; = S¥o Fliyi—p + 1)(zi_p).

Informally, when all arcs of the circuit are positive (i.e., all f;s equal id), Pc(p, x)
being satisfied means that the state x; of any automata ¢ of the circuit equals
the state z; of the automata j of the circuit that can be found by “counting
p arcs back from ¢”. The general case is similar except that one must compose
all local transition functions f; along the way (from ¢ back to j) and apply the
resulting function to x;.

Under the same definitions of p, p’ and k as above, by induction on ¢ € N defined
byi=¢q-p +7r=rmodp (i €Z/nZ), one can show that Pc(p,z) relates x;
and z, as follows:

PC(pa‘r) —
VieZ/nZst.i=q-p+r=rmodp: x; = ST o Fli,r +1](z,). (3.5)

Lemma 1. For any possible attractor period p € N of C':

Sp(C) = {z | Po(p,x) and V0 < p' <p: =Pc(p',x)} # 0. (3.6)

Proof. Equation (2.5) implies that Po(p,z(t)) <= x(t) = z(t + p) holds.
This yields the first equality of Lemma 1. Now, let us prove that for all possible
attractor periods p € N, S,(C) # 0. For any divisor k of the size n of C, let us

define the configuration 7 of C as follows:

K
To = 1 and
k F[i,1](0) if i # 0 mod k,
€Tr. =
! Fli,1](1) otherwise.

For any integer d < n such that Pc(d, fk) is satisfied, by (3.5), it holds that
EZ = F[d, 1}(58) = F[d,1](1). By the definition of g?k, this, in turn, implies that
d = 0 mod k. Now, suppose that p is a possible attractor period of C. First,
suppose as well that C' is positive so that p divides n. It can be checked that
in this case, the configuration Z° of C' satisfies Po(p, T ). In addition, there is
no 0 < d < p such that Pc(d,z") is true (since Po(d, ) = d = 0 mod p).
Consequently, by the first part of (3.6), & € S,(C) # (). Suppose now that C
is negative. Then, the integer m = p/2 divides n and it may be checked that



Po(p,T ) is true. In addition, the only integer 0 < d < p possibly satisfying
Pc(d, ") is d = m. But Po(m,Z ) implies that & = 7 (0) = 2 (m) and
this is impossible by (3.4). Thus, we obtain that Pc(d,Z ) is satisfied for no
0<d<pand @ €S8,(C)#0. O

Any possible attractor period p of a circuit C' is thus effectively an attractor
period of C. Possible attractor periods will now simply be called attractor periods.

Now, let C = (C,, F') and C" = (C,,,, H) be two Boolean automata circuits
of same signs such that the size m of C’ divides the size n = m - ¢ of C and
such that F' and H are defined respectively by the sets {f; | i € Z/nZ} and
{hi | i€ Z/mZ}. Let S = F[0,1] = H[0,1]. In the case where both circuits are
negative, we suppose that ¢ is odd. This way, whatever the signs of the circuits
are, any attractor period p of C’ can be shown to be an attractor period of C.
We are going to compare the dynamics of C' and C’. More precisely, we are going
to show that for integers p that are attractor periods of both circuits, the sets
Sp(C) and 8,(C") are isomorphic. To do this, the idea is roughly to make C
“mimic” or “bisimulate” the dynamical behaviour of C’ in the following sense. If
C’ and C start respectively in the initial configurations x(0) and y(0), then, all
along their trajectories, (z(t))ten and (y(t))ien, C maintains constantly its node
0 in the same state as that of node 0 of C” (i.e, V& € N: z(t) = yo(t)). In order
for this to be possible, all other nodes must satisfy some precise relationships.

Formally, we define the injective function Q% : {0,1}™ — {0,1}" that maps
configurations of C’ to configurations of C' such that:

Vi€ Z/nZ, i =k-m+r=rmodm :
O (x); = ST *o F[0,i+ 1] 0 H[0,r + 1](z,). (3.7)

Note that because of all the hypotheses we have made, the equality O} (z)o =
xo holds indeed for any configuration = € {0,1}™, and Lemma 2 follows:

Lemma 2. The map QY satisfies the following:

(i) Qo H = Fo Qf.
(i) Vx(t) € {0,1}™, y(t) = Qk(z(t)), Vk € N:
z(t) = 2(t+k) = yit) =y{t+k).
(iii) Vr € {0,1}™: 2 € S,(C") <= Qf(z) €,(C).

Proof. (i) Let z(t) € {0,1}™, y(t) = Qk(z(t)) and 2(t +1) = Qi (x(t+1)). Let
us show that y(t +1) = z(t + 1). Let ¢ = k- m +r € Z/nZ be such that
i = r mod m. There are three different cases to consider. First, suppose that



r > 0. Then:
yi(t +1) = fi(yi-1(t))

= f;0897 1=k o F[0,i] o H[0,7](x,_1(t))

= fi0S9 1"k o F[0,i+ 1] o f; 0o H[0,7 + 1] 0 hy(2,_1())

= 897 1=k o F[0,i + 1] o H[0,r + 1](2,(t + 1))

Second, suppose that » = 0 and that k > 0. Then:

Yem(t +1) = frmYkm-1(t))
= from 0897 1==1 6 F[0, k- m] o H[0,0](2m_1(t))
=891k o Fl0,k-m+1] 0 Soho(xm_1(t))
=897 1=k o F[0,k-m + 1] o H[0,1](xo(t + 1))
= zZm(t+1).

Finally, suppose that ¢ = 0. Then:

yO(t + 1) = fO(y(qfl)-ermfl(t))
= fo05%0 F[0,0] 0 H[0,0](x,_1(t))
= ho(#m-1(t))
= Z()(t + 1)

Thus, Vi € Z/nZ: y;(t+1) = z(t+1).
(ii) follows from the injectivity of QF and from (3).
(#i) follows from (7). O

Note that from the injectivity of O} and from Lemma 2 (iii) follows directly
that for any attractor period of C:

P x Ay(C) = 18,(C)] < [8,(C) =p x 45(C). (3-8)

Now, let us define the new function QF : {0,1}" — {0,1}™ that maps
configurations of C' to configurations of C’ such that:

Vr € Z/mZ: QR (y), = F[0,r + 1] o H[0,7 + 1](y,). (3.9)
The map QF satisfies the following lemma:

Lemma 3. If y € S,(C) for a certain attractor period p of C and of C', then
y=Qh ().

10



Proof. Let y € {0,1}™ be an arbitrary configuration of C. Then, Vi = k-m+r €
Z/nZ, the following holds:

oL (2 (),

= §9 1k o F[0,i + 1] 0 H[0,7 + 1](Q¥(y),)
— ga—1- koF[O,Z—l—l]OH[ + 1] o F[0,7 + 1] o H[0, 7 + 1](y,)
= 891k o Fli.r + 1] (y,) (3.10)

) Fli,r+1)(y,) if S = id or k is even,
| =F[i,r +1)(y,) if S = neg and k is odd.

Now, suppose that p is an attractor period of C’ and of C' and that y € S,(C).
Let a = r mod p. By (3.5), since Pco(p,y) is true, y,. = F[r,a + 1](y.), and,
equivalently y, = F[r,a + 1](y,). If both circuits are positive or if both are
negative and k is even, it can be verified that ¢ mod p = a. Thus, Pc(p,y)
and (3.5) imply that

[i,a +1](ya)
[i,a+ 1] o Fr,a+ 1](y,)
(i, + 1] (yr)
-~ QE{(QE(?J))Z-'

If both circuits are negative and k is odd, then (2.5) and (3.4) yield y; = = F[i,i—
£ +1](yi—z). Since p is an attractor period of C’, there is an odd integer ¢’ such
that m=¢ - 8. Thus,i =k -m+r=k-¢-5+randi—L =(k-¢' -1)- 5 +r.
Because k and ¢ are both odd, k-¢' —1is even and i — § mod p =7 mod p = a.
Consequently Pc(p,y) and (3.5) imply that

F
F
F

Now by Lemma 2, if P is the set of attractor periods of C’, then the map

i {0,137 = | s,(C) = | sp(0)

pEP pEP

is a bijection whose inverse is QF : U,ep 8p(C) = {0,1}™. As a consequence,
the following holds for any p € P:

A,(C7) = Ap(C) = A, (3.11)

where s is the sign of both circuits (s = — if C' and C” are both negative and
s = + if they are both positive) and A5 is the number of p-attractors of any

11



Boolean automata circuit of sign s that has p € N as an attractor period. The
first two examples of circuits in Figure 1 are an illustration of (3.11) in which
n=m =4 and s = +. Equation (3.11) yields the following result:

Lemma 4. For any integer n that can be written n = 2°m for some e € N and
odd m € N:

2n
2" = ZA:’; Xp and 2" = Z Ay, X ? = ZA;Hd x 2¢71d.
q
Pl d|

Proof. Point (i) of Theorem 1 implies that

= U s

p attractor
period of C

and by (3.11), if p is an attractor period of C of sign s € {4, —}, then |8,(C)| =
A7 X p. Moreover, as mentioned above, any attractor period p of a negative circuit
of size n divides 2n without dividing n. As a result, it satisfies n = ¢ - p/2 for
some odd divisor ¢ of n and can be written p = 27" = 2¢t1q for some divisor
d=2 of m. O
q

Now, the first part of Theorem 1 (7i3) follows directly by applying the M&bius
inversion formula ((3.2) on page 7) to the first equality in Lemma 4 (taking
F(n) = 2" and G(d) = A} x d). Similarly, the M&bius inversion formula can be
applied to the second expression of Lemma 4 taking F(m) = 22 and G(d) =
Aget14 x 2°71d. This yields:

g, o= Y ) 270
dlm
which in turn yields the first part of Theorem 1 (v).

The second parts of Theorem 1 (44) and (v) come from the fact that ¢(m) =
> rjm(m/r) - p(r). We show how below in the positive case (the negative case
can be dealt with similarly):

TH= ) A = ZZ%'M(%)'QGI

pln pln dlp
1 n D 1 n p
= 7.22201.*.”(7) = 7.22211.7.”(,)
" pln dlp b d " pln dlp (p/d)-d d
1 d n 1 n d
25'22 Zm‘#(k)zﬁ'ziﬂ(a)a-
din kln/d dln
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N 2|3 afs 6| 7|89 0] 21 22
T[22 ]z2]2]21z2]2]2]2]z2]z2]2 3 D)
2 - 1 - [ 1| - [ 1] -1 [ -1 -1 - 1
s - -2 -l z2[ -T2 -1=712 D) -
A - - 3 - - [ -3 -1 -1-T3 - =
5 -1 - [ - -6 - -1 - -16-1- - .
6 |- | - 9| - - 1o - -
e T - 18 .
s = - - | -] - — (30 - | - | - | = . .
o | R - .
0 | | - [ - - [~ —Jo - . .
0 - - - [ - - - - [-[=-1- ] - - 186
el - - - -1 -1 -] -1-1-1-1-1Is%] [ - .
S T T[T -1 -T-T-T-T-1 [ -
2 - - - -1 -1 -1 -1 -1-1-1-1-1 [ = oo
[t ][ 2] 3] 4[ 6] 8 [1a]2]36]60]108]188]a52] | o9sso | 190746 ]
a.
N1 l2 s ]a]|s5|6|7]8 15 | 16 | 17 | 18 21 22
2 (1] - [t ] 1] _]1]_ 1] 1] 1 =
a1 - [ -1 -[= — [ -1 . 1
6 | — [ - [t | - - - 1T - - |- 1 .
8 [ - [ - | -2 - -] -[- - . .
0l - | - -3 - -1 3 - | - | - - -
2| - - - - -5 -] — [ -5 . .
Wl - | - [ -9 - 9 -
6] -] -1 -1 -1-1-1-116] [-1-T-1-1[= .
i - T T T T-T-T-T- 1 el -T-T=-1 T = —
2 - - - - - - -1 — [ooas| — | - -
o e e — [ [3855] — . .
36| - | - | - | - - -1 -1 [=1=1-=1ms0| [ - -
i - T T =TT =T =T =T T=T=T=-T7=1 T —
7| O e e = O e
()11 J2f2]4f610]16] [1006]20a8]3856]7286] | 49940 | 05326 ]

Table 1. Number of p-attractors of positive (a.) and negative (b.) Boolean au-
tomata circuits of size n (the number in cell (p, n) is A,(C) where C is a Boolean
automata circuit of size n).
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We performed computer simulations of the dynamical behaviour of Boolean
automata circuits of different sizes that confirmed Theorem 1. Table 1 shows
some of the results we obtained with these simulations. Notice that in these
tables, as (3.11) predicts, all numbers appearing on one line are identical. In
particular, the first line of Table 1.a. indicates that all positive circuits have two
fixed points (whereas negative circuits have none). Indeed, 1 is a divisor of all n €
N and the only positive Boolean automata circuit of size 1 has trivialy two fixed
points. Thus, so do every other positive Boolean automata circuits by (3.11). This
recalls the results of [10] that characterised positive circuits by this property and
from which the authors derived that arbitrary networks containing only negative
circuits have no fixed points. Other particular cases of couples (p,n) may be
pointed out. When n = 2*, for instance, since 1 is the only odd divisor of n,
Ay, =T, =2""k=1 (see cells (16, 8) and (32, 8) of Table 1.b.). Also, if n is prime
then, because pu(n) = —1, we have:

2n -2
e

1
T = 2447 and AL = —-(u(n)-2+p(1)-2") =
n

4 Related problems

Let us first note, in this section, that [13] also study the dynamics of isolated
circuits updated in parallel. However, rather than focussing on the states x; of
each automaton ¢ of the network, in the current configuration x, the authors focus
on the automata that call for a change in x, that is, the automata i satisfying
fi(xi—1) # x;. This results in a different description of the iteration graphs
of isolated circuits that decomposes the set of configurations into attractors
corresponding to a given, fixed number of automata that call for a change.

Now, thanks to the results of the previous section, it is possible to define and
concentrate on one canonical circuit of each sign and size. Indeed, since A} does
not depend on the distribution nor on the number of negative arcs in the circuit
as long as this number has the required parity, it is possible to choose a circuit
C: = (C,, F?*) as the representative of all circuits of sign s and size n. Then,
from the previous section, it can be derived that there exists a permutation
o : {0,1}" — {0,1}" of configurations (¢ = QF.) such that every transition
(z, F*(z)) of C3 is mapped bijectively to the transition (o(z),0(F*(z))) of C
making the iteration graphs of both circuits isomorph. Choosing a canonical
positive circuit is straightforward: C;F can be the circuit of size n that has no
negative arcs, i.e., 't is defined by the set of local transition functions {f;" =
id | i € Z/nZ} and acts as a rotation of the components of vectors in {0,1}":

V(l'(),...,l‘n_l) E{O,l}ni F+(l'0,...,l‘n_1) = (xn_l,xo,...71‘n_2). (41)

Choosing a canonical negative circuit is less obvious because a circuit with only
negative arcs is negative only if its size is odd. The choice of this circuit must
therefore depend on the use we want to make of it. Generally, we simply choose
as canonical negative circuit a circuit that has one unique negative arc.
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Now, sequences (A} )nen, (T} )nen, (A, )nen and (T, )nen defined in Theo-
rem 1 happen to correspond precisely and respectively to the integer sequences
A1037, A31, A48 and A16 of the OEIS [29] in which these sequences are defined
by different combinatorial problems. Defining canonical Boolean automata cir-
cuits allowed us to study how some of them relate to the problem of counting
the number of attractors (of given period or in total) of Boolean automata cir-
cuits. In particular we focused on those problems related to binary necklaces and
Lyndon words [30,31,32]%, to binary shift register sequences [33,34] and to cycles
in a digraph under 2 mod ¢ where ¢ = 2"T! — 1 is a Mersenne prime [35]. The
relationships found with these problems provided interesting different ways of
formalising the dynamics of Boolean automata circuits updated synchronously.
For instance, the work presented in [33,34] allowed us to formalise the dynamics
of positive circuits in terms of the action of a permutation group on the set of
global states and corroborated the formulas for T, and T, using the Burnside
Lemma [36]. Drawing inspiration from [35], we also derived a new expression for
8p(Cr):

S,(CH) = {2 € G| ord(z) =d and p = orda(2)}

where d = ord(z) = min{k | -k = 0 mod (2" — 1)} is the order of = in the
cyclic additive group G = Z/(2™ — 1)Z and ordy(2) is the order of 2 in the
group (Z/dZ)*. And since ¥ (d) counts the number of elements of order d in
Z](2™ — 1)Z, we thus obtain another way of explaining the presence of the Euler
totient function in the formula of T; .

5 Dynamics of intersected Boolean automata circuits

Now, in order to gain some intuition about how intersected circuits work,
in this section, we give some additional results concerning the dynamics of one
simple instance of such networks: networks whose interaction graphs are what
we will call double circuits, namely, graphs composed of two circuits that share
a node. We do not give any proofs here” as they use techniques that are very
similar to that used for the case of simple circuits in Section 3 and because the
idea is not to detail another very particular case but just to make one first step
towards an understanding of how circuits interact together. Our hope is that the
intuition we gain this way on the additional complexity of the dynamics that is
induced by a simple composition of two circuits will lead us later to be able to
analyse the dynamics of arbitrary networks directly without needing to focus on
all possible simple patterns they may contain.

5 A binary necklace of length n is a circular string of length n on the alphabet {0, 1}.
Two strings that are equal up to a rotation are considered as the same necklace
(compare with (4.1)). Binary necklaces of length n are in bijection with the attractors
of a positive Boolean automata circuit of size n. Lyndon words are aperiodic binary
necklaces. Lyndon words of size p are in bijection with the p-attractors of positive
Boolean automata circuits for which p is a possible attractor period.

" They can however be found in the appendix of this document.
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Fig. 2. Double circuit Dy ;..

A double circuit of left-size £ € N and of right-size r € N is a graph that
we denote by D ,. It has £ + r — 1 nodes and is composed of two subgraphs
which are both circuits, called the side-circuits of Dy ., of respective sizes £ and
r that intersect in node 0. Node 0 is the only node with in- and out-degree 2. All
other nodes have in- and out-degree 1. The left-circuit and right-circuit of Dy,
are respectively isomorphic to C, and C, (see Section 2).

Networks D = (Dy,,, F') whose interaction graphs are double circuits will be
referred to as double Boolean automata circuits or DBACs for short. In order for
all local transition functions to be locally monotone, the function fj is defined
as suggested in the following definition of F:

Vo e {0,1}+ 1,

F(x)l = fi(zi—l)a Vi ¢ {O7£}ﬂ
F(x)o = fol@e—1,2e1r—2) = fi (xe—1) * [ (zer—2), (5.1)
F(z)e = fo(wo)

where x € {A,V} and all the local transition functions f;, i # 0 as well as f&
and ff? equal either id or neg.

It can be shown again that the number and the distribution of negative arcs
along each side-circuit do not impact on the combinatorics of the dynamics of
DBACs. The same goes for the local transition function of the intersection. The
parameters that do impact are the sizes and signs of each side-circuit:

Lemma 5. Let D = (Dy,,, F') be a DBAC. Independently of whether x is replaced
by A orV in the definition of fo (see (5.1) above) the dynamics of D is isomorphic
to the dynamics of any other DBAC with the same left and right sizes and the
same left and right signs.

One consequence of Lemma 5 is to allow us to focus on canonical DBACs in
the proofs of the following results. Lemma 6 below lists some results describing
possible attractor periods of DBACs with arbitrary side signs and sizes:
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Lemma 6. Let D = (Dy,, F) be a DBAC and p € N the period of an attractor
of D. Then:

(i) p divides the sizes of the positive side-circuits of D (if it has any).
(i) Unless p =1, p does not divide the size of any negative side-circuit of D (if
it has any).
(i11) If the left and right signs are equal, p divides the sum £+ r.
(iv) Unless p = £ + r (which is only possible if both side circuits are negative), p
is mo greater than the size of the largest side-circuit of D.

Going further than points (i) and (ii) above, we can show that:

Proposition 1. A DBAC has as many fized points as it has positive side-circuits.

In addition, point (i) of Lemma 6 happens to be a characterisation of the possible
attractor periods of doubly positive DBACs from which we derive the last result
of this section:

Proposition 2. Let D = (Dy,., F') be a DBAC with positive left and right signs.
For any p € N, the number of p-attractors of D equals A; if p divides ged(£, 1)
and O otherwise. In other words, D behaves asymptotically as an isolated positive
Boolean automata circuit of size ged(L,r).

Some additional information on the dynamics of DBACs can be derived from
the previous results. First, it can be shown that, in terms of combinatorics, a
DBAC D = (D, F') whose side-circuits have identical signs and sizes behaves
as an isolated Boolean automata circuit of size £ = r and same sign as the side-
circuits (see Table 2 (b) for the case of doubly negative DBACs). On the other
hand, if both side circuits of D have same sizes but different signs then, obviously
(by Lemma 6 (i) and (%) and Proposition 1), the only attractor of D is a fixed
point.

Also, a DBAC D = (Dg -, F') has no more recurrent configurations (i.e. config-
urations belonging to attractors) than an isolated circuit of size that of its largest
side-circuit. Indeed, if £ > r, any recurrent configuration x(t) satisfies V0 < ¢ < r,
T(p—1)+i(t) = wo(t —i) = x;(t). Consequently, any recurrent configuration can be
completely defined by the sole knowledge of the states, in this configuration, of
automata belonging to the left-circuit. Further, comparing Lemma 6 (i) and (%ii)
and the results obtained in Section 3, we find that D does not have larger at-
tractor periods than an isolated circuit of size that of its largest side-circuit. As
for the number of attractors, Proposition 2 gives a precise answer in the case of
doubly positive DBACs. In both other cases, characterisations of configurations
belonging to p-attractors have also been derived (they involve properties that are
similar to property P¢ defined in Section 3) but are significantly more intricate
than those obtained for the case of isolated circuits. These characterisations do
not appear here because they do not yield additional insight on the dynamical
behaviours of interacting circuits. Thus, we now conclude the actual study with
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Nl 1234|5678 |9|10|11]|12|13]14
1 [T [ 2233558 10][15]19]31]41]64
2 [ 1 | 1|23 3458 [10]14]19]31]41]63
3 [ 1 213365 8|8 ]|15]19]3]41]e6d
4 [T [ 1 [ 21345 |11 |10]14]19] 2441 63
5 [ 1 | 2 2315 5|8 [10]26]19]31 4164
6 [ L [ 1 [ 1331|588 14]19]63]4l]63
71223 3|5 [ 1|8 10]15]19]31]4 158
8 [ 1 [ 121|345 |1 |10]14]19]24]41]63
9 [Tt [ 21 [ 3365 |8 | 1]15]19]33]41]ed
10 1 [ 123 1]4]5] 8 [10]1]19]31]41]63
1| 12233558 |10]15]1][31]41]64
12 [ 1 [t |11 [ 3|1 |5 [11]8 |14[19]1]41]63
1B 1 [ 2233|558 [10]15]19]3 [ 1]64
411233418 |10]14a]19]31]4]1

a.

N1l 2| 3 a5 |6 | 7|8 9|10|11]12]13]14
T 1 [ -] -[-[-[-]-T1T-1-]-1-1-1-1-
2 1 |1 | - |- - - -1 -1-1-1-1T-1-1=
3112 - -[-[-[-[=-[=-[=-1=-1=1°=
a1 212 [ —[=-[=-1=-1=-1=-1=-1=-"1-=
5 (2 122 4] -] -|-1-[-[-[-1=1-
6 [ 113326 -] -1-1-1-1-1-1]<=
T[22 3|2 4|3 10| - -|-|-1-1-1-
82328 34616 -] -] -]-1-]-
9 [3 223|597 73] -] -]-1-]-
10| 2434 |ir]|7 |7 ]0o|nls]|-]-]-]-
1|43 5 ]6 |7 |7 |n|n|i6|19]oa]—]-]-
12 [ 3[4 |9 2|7 421133172 28 ][1r2] — | -
13 [ 5 [ 6| 7 | 7 [ 11| 1116 19 | 24 | 28 | 39 | 46 | 316 | —
14 [ 6 | 7 | 7 | 10 11 | 17 |105] 23 | 28 | 38 | 46 | 60 | 75 | 586

b.

Table 2. Total number of attractors of a DBAC D = (D, F') where (a.) the
left-circuit is negative and the right-circuit is positive and (b.) both side-circuits

are negative.

observations on the results of the simulations we performed which are reported
in Table 2. From these simulations of the dynamical behaviours of DBACs we
draw that as our characterisations of recurrent configurations strongly suggest,
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the total number of attractors of a DBAC is never greater (and often significantly
smaller) than that of its largest side-circuit when it is isolated. Note that in
Table 2 there are many regularities®. However, although these regularities are
very intriguing, we leave the problem of determining the number of attractors of
DBACs containing negative side-circuits as an open problem. As we mentioned
earlier, a more indepth study of these particular networks would lead us, we
believe, too far away from our original problem which is to understand the dy-
namics of arbitrary Boolean automata networks.

6 Conclusion

In this article, we have described exhaustively the combinatorics of Boolean
automata circuits dynamics and we have given some initiatory insight on the
behaviour of such networks when they interact with one another. From these
results several questions arise. The first and most obvious of them is now that
we know the dynamics of circuits synchronously updated, how do these results
translate into other update schedules. This question has been solved in [37] in the
case of update schedules defined as integer ordered partitions as in [?]. It seems
relevant, however, to go further and focus on more general update schedules.

Also, besides its obvious need for an extension towards more general update
schedules, our work of course calls for an extension towards more general net-
works such as networks that are acyclic except in some places where they contain
a circuit, feedforward networks and eventually small-world networks. From Sec-
tion 5, we may draw the conclusion that circuits that find themselves closely
linked in a network probably interact in a way that unallows considering them
as isolated when attempting to estimate the number of attractors of the whole
network as it has been done in the past.

Further, we project to compare our work with other related studies and the
results they produced. For instance, in [2], [10] and in [38], experimental and
theoretical results suggest and prove that the networks in question have only
very little different asymptotic dynamical behaviours (O(y/n) in the case of
connectivity 2 networks considered in [2] and [10], one or two in the case of the
small networks studied in [38]). This seems, at first sight, to be in contradiction
with the exponential number of attractors of Boolean automata circuits that we
found above. It would be interesting to connect the two sources of results in
order to lift the contradiction. A partial answer can however already be given.
Indeed, first, it has been shown [39] that random networks only contain very
little circuits. So, the total number of attractors they are responsible for remains
small compared to the sizes of such networks. Second, Section 5 implies that the
number and sizes of attractors seem to fall significantly as soon as circuits are
no longer isolated. Going further and in the same direction as [2] and [10], we
conjecture that real regulation networks only have a number of attractors that is

8 Notably, in the values appearing in each column of Table 2 (a.) that correspond to
keeping constant the size of the positive circuit, and in the diagonals of Table 2 (b.)
that correspond to keeping constant the sum of the side-circuits sizes £ 4 r.
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polynomial in the size of the network. Indeed, on the first hand, [40] emphasised
(using statistical physics methods) that regulation networks are mostly small-
world networks and one of the significant features of these networks is to have a
high clustering coefficient which implies many interacting circuits. On the other
hand, Section 5 suggests that the more there are interacting circuits in a network,
the more there are constraints that hinder their dynamics and thus cut the total
number of attractors down.

In any case, relating the dynamics of a network with that of its embedded
circuits now seems to be a next natural and essential step towards the compre-
hension of the dynamics of ordinary Boolean automata networks.
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Appendix

In this appendix we give some supplementary notations concerning double

Boolean automata circuits (DBACs) as well as proofs of results that appear in
Section 5 of the main article.

A Additional definitions and notations

Fig. 3. Double circuit Dy ,.



Given a DBAC D = (Dy,,, F), we call C* and CF the Boolean automata
circuits whose interaction graphs are respectively the left and right circuits of
Dy, and such that the local transition function of node 0 is f& in CL and f{* in
CT. Given a configuration = € {0,1}" of D, we use the following notation:

L(z) = (z0,...,20-1) € {0,1}* and R(z) = (xo,z¢...,2n_1) € {0,1}",

so that L(x) is a configuration of C* and R(x) is a configuration of C¥. In the
sequel, we suppose that n = ¢+ r — 1 and we use the following notations:

Vi = {0,...,0—1},
Ve = {0JU{(l—1)+1,...,(—1) +7—1},
V ={0,...,n—1}=V,UVg.

For any two nodes i,j € Vg, S € {L,R} of a DBAC D that belong to the
same side, we define the following function:

fjofj_lo...ofi 1f]21>07
FS[j,i) =< fio fi—10...0f§ if i = 0,
fiofi—10...0f§ 0 fmasficvsy 0.0 fi ifi> 3.

Note that Vi # 0: FS[i,i + 1] equals the sign of the side-circuit containing 4
and that F[i,i] = f; (this will be used later). Unless i = j = 0, there is no
ambiguity as to which side S is being considered. In this case we will drop the
superscript S and just write F/[j, 1].

The iteration graph (see page 4) of a DBAC D is denoted by Z(D).

B Isomorph dynamics (proof of Lemma 5)

The first step in our study of DBACs is to show Lemma 5 which states that in
terms of combinatorics (i.e., in terms of the number of attractors of each type),
the dynamics of these networks depend only on the signs and sizes of each side
circuit and not on the number of negative arcs, nor on their localisation, nor on
the definition of the function f; (as long as it is locally monotone).

The first result of this section states that the dynamics of DBACs do not
depend on the localisation nor the number of negative arcs.

lemma B1 Let D = (Dy,, F) and D' = (Dy,, H) be two DBACs with the same
left and right sizes, the same left and right signs and such that

fola,b) = fy(a)x fgi(b)  and  hola,b) = hg(a)hg'(b),

where x is either A\ in both cases or \V in both cases. Then, their iteration graphs

Z(D) and Z(D') are isomorphic.



Proof. We define the following bijective map from the set of states of one DBAC
to that of the other:

5. {{0, 13" —{0,1}"
x o) = (oo(xo),01(21), .y On—1(Tn-1)) ’
such that:
gy — id,
x; i F[0,i+1] = H[0,i+ 1],
—x; otherwise.

Then, we have:
Vi#£0: H(o(x))i = hi(oi—1(zi—1))

hi(—x;—1) otherwise

7

~J filwizy) i F[0,i4+1] = HI[0,i + 1]
a —fi(z;—1) otherwise

where the last equality holds because F[0,i + 1] = H[0,i + 1] <= (F[0,i] =
HI0,i] A fi = hs) v (FI0,d] # H[0,i] A fi # h), and:

Vi#0: o(F(z))i = oi(fi(zio1))
_ {fi(xi_l) if F[0,i+1] = H[0,i+ 1]
—fi(z;—1) otherwise
= H(o(x));.

As for node 0, using the fact that F9[0,0] = f5, S € {L, R}, and similarly for
H, we obtain that:

h(l)l(0'£71(1'4,1)) — {hg(xll) if FL[()’O] — HL[O,O]

—h(z;_1) otherwise

= [ (ze-),
and similarly:
h(l)%(anfl(xnfl)) = f(ﬁ(wnfl)'
Thus:
o(F(z))o = oo(F(x)o) = F(x)o = fg (xe—1)* f3'(zn—1)
= hi(oe-1(ze-1)) * b (on-1(xn-1)) = H(o(x))o,

and, as a result:
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The following result states that the dynamics of DBACs do not depend on the
definition of the function fj.

lemma B2 Let D = (D, F) and D' = (Dy,-, H) be two DBACs that differ only
by the local transition function of node 0:

and:
Jforab = fEa) v f&®),
va.b € {0.1}: {ho: ab — fE(a) A FER).

Then the iteration graphs Z(D) and Z(D') are isomorphic.

Proof. For any = € {0,1}", let = = (—xg,...,~2Zp—1). Then it holds that
—H(z) = F(—x). Indeed:

Vi#0: (mH(z)); = ~H(z); = —fi(xic1) = fi(-zic1) = F(-x);,
and:

(—H(z))o = ~H(x)o
= =lf5 @e—1) A fit(mno1)] = —f5 (me1) V 2 f5H (@n-1)
= fo (1) V 5 (mano1) = F(-x)o.

O

As a consequence of Lemmas Bl and B2, we may now focus on canonical
instances of each type of DBAC, i.e., one for each assignment of the left and right
signs, of the left and right sizes and of the fy function. Indeed, if D = (D, F)
is a canonical DBAC then all DBACs D' = (D, H) with the same left and right
signs will have an iteration graph Z(D') isomorph to Z(D). In other words, there
will exist a permutation o of {0,1}"™ such that Vo € {0,1}": H(z) = F(o(z)).
Now, we define canonical DBACs (see Figure 4) D = (IDy,,., F') the following way.

e ey e ey e ey
N + T + T + i
+ + + + + + + — +
4 4 4
C.

a. b.

| ot
| ot

+ ot

Fig. 4. Canonical double circuits D, ,: a. a doubly positive canonical DBAC, b. a
mixed canonical DBAC and c. a doubly negative canonical DBAC.
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All local transition functions of a canonical DBAC, except possibly f& and
f&t, equal the identity:
Vi£0: f; = id.
If the left-sign (resp. right-sign) of D is positive then f& (resp. f&) also equals
the identity. If the left-sign (resp. right-sign) of D is negative then f& = neg
(resp. fEL = neg). In every case, Ya,b € {0,1}: fo(a,b) = f&(a) Vv fE(b). Thus,
from now, all proofs focus on canonical DBACs only.

C Possible attractor periods (proof of Lemma 6 and of
Proposition 1)

We are now going to characterise what conditions an integer p must satisfy
in order to be a possible attractor period of a (canonical) DBAC. First we show
that almost as soon as the state of node 0 of a DBAC has started looping then,
the entire DBAC starts looping;:

lemma C1 Let D = (Dy,,, F) be a DBAC and let z(0) € {0,1}" be a configura-
tion of D. Then:

Id e N, Vi, k € N: zo(t) = zo(t+ k- d)
= (Yt >maz{l,r},Vk € N: z(t) = z(t + k- d)).

Proof. Tt suffices to remark that:

VieVy, Vt>i: ot +k-d) = zo(t+k-d—1i) = zo(t—1i) = z;(2),
and similarly for nodes i € Vi. O
In the proofs of the next lemmas, we will need the following equation which is

true for any canonical DBAC D (remember that all local transition functions of
such DBACs, except possibly f& and fE&, equal id):

Vz(0) € {0,1}", Vt > mazx{l,r}:
zo(t) = fo(@e-1(t = 1)) V f(@n-1(t —1))
= fo (@e-n(t = k) V [ (@n-w(t —K)) (C.1)
= fo(wo(t = 0)) vV fi(zol(t —1))

Proposition C2 (Lemma 6 (7)) Any attractor period of a DBAC D divides
the sizes of its positive side-circuits (if it has any).

Proof. Suppose the left-circuit of D = (D, F') is positive. Let 2(0) belong to
a p-attractor of D. If p = 1, we are done : p|¢. If not, It € N: z9(¢t;) = 1 and
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Ity € N: z¢(t2) = 0 (otherwise following Lemma C1, z(0) still is a fixed point).
Suppose that zo(t) = 1. Then (see (C.1)):

2ot +40) = zo(t) Vaop_1(t+£—1)
= 1Va,1(t+£-1)
=1
= zo(t).

Suppose now that z(t) = 0 and (¢t + £) = 1. By induction on k € N, it is easy
to show that this and the equality above implies that:

VkeNst. k>0 zo(t+k-¢) = 1.

But then because z(t) belongs to an attractor, for k& = p, it holds that 0 =
xo(t) = zo(t+p-£) = 2o(t+£) = 1 which is a contradiction so if 2o(¢) = 0 then,
xo(t +£) = 0 = z0(t). Thus, in all cases, xo(t + £) = xo(t) and by Lemma CI,
x(t +£) = x(t). As a consequence, p must divide /. O

Proposition C3 (Lemma 6 (i) and Proposition 1) Let D =

(D, F) be a DBAC with negative left-sign. Then there are no p-attractors such
that p # 1 and p divides ¢ and D has one unique fized point if its right-sign is
positive, otherwise it has none.

Proof. Let x(0) belong to a p-attractor of the canonical bBAC D = (D, F)
whose left sign is negative. Suppose that p divides ¢ = ¢ - p and that It €
N, Vk € N: 2¢(t) =0 = x¢(t + k - p). Then:
0 = {E()(t)
zo(t+ (k+1)-q-p)
= zo(t+(k+1)-0)
= —wo(t+k-0) V f(@n1(t+ (k+1)-£—1))
= =0V fif(@n1(t+ (k+1)-£—1))
= ]~7

which is obviously a contradiction. Thus, either p does not divide ¢, or Vt €
N: zo(t) = 1. In the latter case, Lemma C1 implies that x(0) is a fixed point.
Further, by an inductive argument, we can easily show that Vi # 0: 2;(0) =
x;(1) = fi(x;-1(0)) = 2;-1(0) = 1. Then, because z(0) = 1 = —z,-1(0) V
fE(z,-1(0)) = =1V fE(1) = f&(1), we must have f£ = id, i.e., the right-sign
of D must be positive. O

Proposition C4 (Lemma 6 (i) If the left and right signs of a DBAC D =
(D, F) are equal, then any attractor period divides the sum £+ 7.

Proof. Let p be an attractor period of D. If both side signs of D are positive,
then by Proposition C2, p divides ¢ and r and thus divides ¢+ as well. Suppose



both side-signs of D are negative. Let 2(0) be a configuration of D belonging to
a p-attractor. Since p # 1, 3t € N: xo(t) = 1 and 3t € N: z4(¢) = 0. Suppose
that z¢(t) = 0. Then (see (C.1)):

2ot +L04+1r) = xo(t+7) V "xo(t+4)

Slxo(t+1 —£0) V —xe(t)] V S[ae(t) Vo mae(t + £ — )]
xo(t) A [xo(t+7—0) V ao(t +£—1r)]

0 A [mo(t+7r—10) Vao(t+{—71))

= 0.

Now suppose zo(t) = 1 and zq(t + £+ r) = 0. By induction on k, k" € N, it can
be shown that this implies:

0 if k+ k' is even,

Vk, k' € Ns.t. k> 0: t+k-0+E-1r) =
® zolt+ + ) {1 if k£ 4+ k' otherwise.

Then: 1 = z¢(t) = xo(t+L+7)-p) = xo(t+p-L+p-r) =0 (sincep+p=2-p
is even) which is a contradiction so zog(t) =1 = zo(t + £+ 1) = 1 = z¢(t) so
in all cases, zo(t + € + r) = zo(t) and, by Lemma C1, z(t + {4+ r) = z(t). As a
consequence, p must divide £ + r. O

Proposition C5 (Lemma 6 (iv)) If p is an attractor period of a DBAC D =
(D¢, F') then either p = £+ r (which is only possible if both side circuits are
negative) or p is no greater than the size of the largest side-circuit of D.

Proof. Let p be the period of an attractor of D. If one of the side-circuits of D is
positive then p divides (and thus is no greater than) its size by Proposition C2.
Suppose both side-circuits are negative and p > ¢ > r. By Proposition C4,
JkeN*: 2.4 >/0+r=k-p > k-L This implies that k = 1. O

Corollary C6 The period p of an attractor of a DBAC D is no greater than the
largest attractor period of an isolated circuit of size that of the largest side-circuit
of D.

D Characterisation of configurations belonging to
attractors

In the sequel, we use the following notation (see Figure 5). Given a DBAC
D = (Dy,,, F), we have:

i mod p ifie Vg,

VieV, VpeN: d,(1) =
! P mody (i) {(iEJrl)modp ifie Vg,

and we write:

VieV, ¥p e N: Z:p:mOdp(i) . %“:EVL
ip = L—14+mody(i) ifie Vg
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n—1
n—p+mody(i) =r —p+ip
¢ — p+ mod, (i)

Fig. 5. Double circuit Dy ..
To characterise configurations belonging to attractors of DBACs, we will also

use property P7, relative to a canonical DBAC D = (Dy,,., F') of size n such that
£> 7, to an integer p < £ and to a configuration z € {0,1}" of D:

Pp(p,z) —

(Z) VieV: x; = Trmody (i)s
(i1)) YieV st.i= mody(i): z = fOL(l‘(g+i) mod p) V. fé'%(x(rﬂ) mod p)-
(D.2)

In particular, (D.2) (i) above implies that Vi € V s.t. 1 # ip: x; = x;, =
Li—p = Lmod, (i)-

lemma D1 Let D = (D;,, F) be a DBAC such that £ > r, let x(t) be a configu-
ration of D and let p < €. Then:

VkEN: z(t+k-p)=z(t) < P'bppx(t),
so that 8,(D) = {x € {0,1}"™ | (Pb(p, l‘)) A (Vd <p: =Pp(d, x))}

Proof. Since the DBAC is canonical, VO < i < j < £ € V= F[j,i] = id, and
similarly for nodes in V. Thus, on the first hand, (2.5) yields the following:

1) i >i, = zi(t+p) = z;_p(t) and
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2 i =i, =
zi(t +p) = xo(t +p — mody(i))
= fE(o_1(t +p—mod,(i) — 1))V
fo' (@n—1(t + p — mod, (i) — 1))
= f3 (@ prmod, i) (1) V F3H (T n—ptmod, (i) (t))

Suppose that P’p(p,z(t)) is satisfied. Then, for all ¢ > ip, it holds that
mody, (i) = mody(i — p) so that z;(t) = Tmea,i)(t) = i—p(t) and by 1) above,
x;(t) = z;(t + p). In addition, note that the following is true:

mod, (¢ —p + mod,(i)) = (¢ —p+ mody,(i)) mod p
= ({4 mod,(i)) mod p, (D-3)

and:
mody,(n —p+ mod,(i)) = (r—p+ mody(i)) mod p
= (r+ mody(i)) mod p. (D-4)

Therefore, 2) above and P’ p(p, x(t)) yield:

Vi =1ip:

zi(t+p) = f(f(mmodp(e—mmodp(i))(t)) \ f(?(xmodp(n*wmodp(i))(t))
F5 (@ (0 mod, (i) mod p() V' J3 (% (- mod, (1)) mod p(t))
= Tmod, (i) (t)
= x;(t).

Conversely, suppose that x(t) = z(t+p). By induction, it can be shown that Vi >
ip: Ti(t) = Tmod, (i) (t) holds. P'p(p,x(t)) then follows from 2) and from (D.3)
and (D.4). O

Doubly positive DBACs (proof of Proposition 2)

lemma D2 Let D = (Dy,, F) be a DBAC whose both sides are positive. Then:

(i) Por(p, L(z)),
(ZZ) Vie Vg, z;, = Tmod, (i) -

Pp(p,z) < {

Proof. Equation (D.2) (i) and Lemma C2 suffice to conclude. O

Proposition 2 then follows naturally from Lemma D2.
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