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Abstract.A generalresultofEpsteinandThurstonimpliesthatalllinkgroupsareautomatic,

buttheproofprovidesno explicitautomaton.Herewe show thatthegroupsofalltoruslinks

aregroupsoffractionsofso-calledGarsidemonoids,i.e.,roughlyspeaking,monoidswitha

good theoryofdivisibility,which allows us toreprove thatthosegroupsareautomatic,but,

inaddition,givesa completelyexplicitdescriptionoftheinvolved automata,thus partially

answeringa questionofD. F.Holt.
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Introduction

Epsteinand Thurstonshowed in[20,ChapterXII]thatthefundamentalgroupofevery

Haken 3-manifoldisbiautomatic,exceptifitcarrieseithernilgeometryorsolvgeometry.

As a corollary,everylinkgroupisbiautomatic.However,theproofisnotconstructive,in

thesensethatitprovidesno explicitautomaton.Here,we proposea combinatorialgroup

theorypointofviewtoadjointtothisgeometricgrouptheoryresult.The aimofthispaper

istoshow thatallthetoruslinkgroupsarethegroupsoffractionsofmonoidsthatadmita

nicetheoryofdivisibility,likesphericalArtinorBirman-Ko-Leemonoids:allthetoruslink

groupsbelongsotothewideclassofso-calledGarsidegroups.Dehornoy statedin[15]that

everyGarsidegroupisbiautomatic,by provingthateach Garsidemonoidofwhich itisthe

groupoffractionsprovidesa simpleexplicitbiautomaticstructure.Therefore,ourresult

enablesustoconstructan explicitflnitestateautomatoncomputingnormalformsforeach

toruslinkgroup.

Thispaperisorganizedasfollows. InSection1,we gatherearlierresultsof[15]and [17]

aboutGarsidemonoidsand groups.InSection2,we computea flrstwell-fltted(monoid)

presentationforeverytoruslinkgroup,thenwe completethelattertoobtaina so-called

complementedpresentation.InSection3,usingthepreviousresults,weshow thateverytorus

linkgroupisaGarsidegroup,and,therefore,thatitadmitsabiautomaticstructure.Several

examplesarestudied.Finally,inSection4,we discusstheexistenceofotherautomatic

structuresforthesegroups.

The authorwishestothankD. B.A.Epstein,S.H.Gersten,D. F.HoltandP.E.Schupp

forvaluablediscussions.
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1.Background from Garside groups

Inthissection,welistsomebasicpropertiesofGarsidemonoidsandgroups,andsummarize

Dehornoy’sresultsaboutbiautomaticity ofGarsidegroups.Finally,we recallan efiective

criterionforrecognizinga Garsidemonoidfroma given monoidpresentation.Forallthe

resultsquotedhere,wereferthereaderto[17],[15]and[14].

Main deflnitionsandbasicproperties

AssumethatM isa monoid.W e say thatM isconicalif1 istheonlyinvertibleelement

inM .Fora;binM ,wesay thatbisa leftdivisorofa|or thata isa rightm ultipleofb|

ifa = bdholdsforsomed inM .An elementcisa rightlowercommon m ultiple|or a right

lcm|of a andb ifitisa rightm ultipleofbotha andb,andeverycommon rightm ultiple

ofa and b isa right m ultipleofc. Right divisor,leftm ultiple,and leftlcm aredeflned

symmetrically.Fora;binM ,wesay thatbdividesa|or thatbisa divisorofa|ifa = cbd

holdsforsomec;d inM .

Ifc,c0 aretwo rightlcm’sofa andb,necessarilyc isa leftdivisorofc0,andc0 isa left

divisorofc. Ifwe assumeM tobe conicaland cancellative,we have c = c0. Inthiscase,

theuniquerightlcmofa andbisdenotedby a_ b.Ifa_ bexists,andM isleftcancellative,

thereexistsa uniqueelementc satisfyinga _ b= ac. Thiselementisdenotedby anb. W e

deflnetheleftlcme_ andtheleftoperation= symmetrically.Inparticular,wehave

a _ b= a(anb)= b(bna); and ae_ b= (b=a)a = (a=b)b:

Cancellativity andconicity impliesthatleftandrightdivisibility areorderrelations.

Deflnition.[15]A monoidM issaidtobeGarside(⁄) ifM isconicalandcancellative,every

pairofelementsinM admitsa leftlcmanda rightlcm,andM admitsa Garsideelement,

deflnedtobean elementwhoseleftandrightdivisorscoincideandgenerateM .

By [9],allsphericalArtinmonoidsareGarsidemonoids. The braidmonoidsofthe

complexre°ectiongroupsG 7;G 11;G 12;G 13;G 15;G 19 and G 22 given in[8](see[17,29]),

Garside’shypercubemonoids([21,29]),thedualbraidmonoidsforsphericalArtingroups

([6,4,29,3,31])arealsoGarsidemonoids.

Example 1.1.LetusconsiderthemonoidM ´ withpresentation

hx;y;z :xzxy= yzx2 ;yzx2z = zxyzx ;zxyzx = xzxyz i:

The monoidM ´ isa typicalexampleofa Garsidemonoid,and,inaddition,M ´ hasthe

distinguishingfeaturetobenotantiautomorphic,contrarytoallsphericalArtinmonoids.

IfM isaGarsidemonoid,thenM satisflesOre’sconditions[12],anditembedsinagroupof

rightfractions,and,symmetrically,inagroupofleftfractions.Inthiscase,by construction,

everyright fractionab¡ 1 witha;b inM can be expressedas a leftfractionc¡ 1d, and

conversely.Therefore,thetwo groupscoincide,andthereisnoambiguity inspeakingofthe

groupoffractionsofa Garsidemonoid.

(⁄) GarsidemonoidsasdeflnedabovearecalledGarsidemonoidsin[3,4,11,15,18,30,31],

buttheywerecalled\smallGaussian" or\thinGaussian" inpreviouspapers[17,27,28,

29],wherea morerestrictednotionofa Garsidemonoidwasalsoconsidered.
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Deflnition.A groupG isa Garsidegroupifthereexistsa Garsidemonoidofwhich G is

thegroupoffractions.

Lemma 1.2.[15]AssumethatM isa Garsidemonoid.Then thefollowingidentitiesholds

inM :

(ab)_ (ac)= a(b_ c); (1.1)

cn(ab)= (cna)((anc)nb); (ab)nc= bn(anc); (1.2)

(a _ b)nc= (anb)n(anc)= (bna)n(bnc); cn(a _ b)= (cna)_ (cnb): (1.3)

Lemma 1.3.[17]Assume thatM isa Garsidemonoid.Then thefollowingequivalent

assertionshold:

(i)Thereexistsa mapping„ fromM intotheintegerssatisfying„(a)> 0 foreverya 6= 1

inM ,andsatisfying„(ab)‚ „(a)+ „(b)foreverya;binM ;

(ii)ForeverysetX thatgeneratesM andforeveryainM ,thelengthsofthedecompositions

ofa asproductsofelementsinX havea flniteupperbound.

Deflnition.[17]A monoidissaidtobe atomicifitsatisflestheequivalentconditionsof

Lemma 1.3.An atomisdeflnedtobea nontrivialelementa such thata = bcimpliesb= 1

orc = 1. The norm functionjj:jjofan atomicmonoidM isdeflnedsuch that,foreverya

inM ,jjajjistheupperboundofthelengthsofthedecompositionsofa asproductsofatoms.

Example 1.4.The monoidM † deflnedby thepresentation

hx;y :xyxyxyx = yy i

isanotherexampleofa Garsidemonoid,which,asforit,admitsnoadditivenorm,i.e.,no

norm ” satisfying”(ab)= ”(a)+ ”(b).

By thepreviouslemma,everyelementina Garsidemonoidhasflnitelymany leftdivisors,

onlythen,foreverypairofelements(a;b),thecommon leftdivisorsofa andbadmita right

lcm,which isthereforetheleftgcd ofa and b. Thisleftgcdwillbe denotedby a ^ b. W e

deflnetherightgcd ê symmetrically.

Lemma 1.5.[15]AssumethatM isa Garsidemonoid.Then itadmitsa flnitegenerating

subsetthatisclosedundern;=;_ ;̂ ;e_ and ê.

EveryGarsidemonoidadmitsa flnitesetofatoms,andthissetistheminimalgenerating

set[17].The hypothesisthatthereexistsa flnitegeneratingsubsetthatisclosedundern

impliesthattheclosureoftheatomsundernisflnite|itselementsarecalledrightprimitive

elements. Inparticular,theclosureoftheatomsundern and _ isflnite|itselementsare

calledsimpleelements,andtheirrightlcmisdenotedby ¢ .Itturnsoutthatthesetofthe

simpleelementsisalsotheclosureofatomsunder=ande_.So,theelement¢ isboththeright

andtheleftlcmofthesimpleelements,anditiscalledtheGarsideelementofthemonoid.

IfM isa GarsidemonoidandS isthesetofsimpleelementsinM ,then(S;̂ ;_;1;¢) isa

flnitelattice,which completelydeterminesM .
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Figure1.The latticesofsimplesinM ´ (ontheleft)and inM † (ontheright).

Example 1.6.The latticesofsimpleelementsinM ´ (Example1.1) and inM † (Exam-

ple1.4)aredisplayedinFigure1.

Proposition1.7. [15]Assume thatM isa Garsidemonoid,S isthesetofitssimple

elements,and¢ isitsGarsideelement.

(i)Letk be a nonnegative integer.Then,Sk isboththesetofallleftdivisorsof¢ k and

thesetofallrightdivisorsof¢ k.

(ii)The functionsa 7!(an¢)n¢ anda 7!¢ =(¢ =a)fromS intoitselfextendintoautomor-

phisms̀ and è ofM thatmap Sk intoitselfforeveryk,andtheequalities

a¢ = ¢ `(a); and ¢ a = è(a)¢

holdforeverya inM .

Normalformsandautomaticstructures

IfS generatesthemonoidM ,everyelement ofM canbe decomposedasa productof

elementsofS. The classicalideaforobtaininga uniquedistinguisheddecompositionis

topushtheelementstotheright (ortotheleft),i.e.,torequirethelastelement ofthe

decompositiontobe themaximalpossibleone.So a n-closedfamilyiswhatisneededfor

thisprocesstoleadtoa uniquedecomposition(see[17,15,14,27]).
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Deflnition.AssumethatM isa Garsidemonoid,and G isitsgroupoffractions.Forc

inG ,the(rightfractional)normalformofcisdeflnedtobetheuniquedecomposition

ap ¢¢¢a1b
¡ 1
1

¢¢¢b¡ 1q ;

whereap;:::;bq aresimpleelementsinM alldistinctfrom1,and we have a1 ê b1 = 1,

ai ê(¢ =ai¡ 1)= 1 for2• i• p,andbi ê(¢ =bi¡ 1)= 1 for2• i• q.

The previousnormalformsareassociatedwitha biautomaticstructure.More thanan

existenceresult,simpleautomatathatcomputenormalformscanbeconstructed:

Proposition1.8.[15]AssumethatM isa Garsidemonoid.LetA be thesetofatoms,S

bethesetofsimplesand¢ betheGarsideelement.LetdeflneT :S £ A ! S by T(s;x)=

((¢ =(¢ =x))n(¢ =s))n¢ . Then,foreverywordu on A,we have „u ê ¢ = T(1;u),i.e.,the

resultofreadingu by theautomaton(T;1)isthelasttermoftherightnormalformof„u.

Corollary1.9.[15]EveryGarsidegroupadmitsa biautomaticstructure.

Example 1.10.From thelatticeofsimplesinM † (Figure1),onecaneasilyconstructa

transducer| i.e.,a flnitestateautomatonwithoutput|computingtherightnormalformof

everyelementinM † :seeFigure2.The initialstateisrepresentedwitha bigblack arrow :

thestate1. Clear(resp.dark)arrows represent thereadingoftheletterx (resp.the

lettery).Duringthereadingofa wordw,oneconcatenatesthelabels(eventuallyempty)

ofcrossedarrows.Attheendofthereadingofw,theambientstates istheflrstsimpleof

therightnormalformN (w)ofw and thewordw 0 obtainedby concatenatingthevarious

labelsisthewordthatremainstonormalize:wehaveN (w)= N (w 0)¢s.
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Figure2.A transducercomputingtherightnormalforminM †.

5



RecognizingGarsidemonoids

W e concludethissectionby recallinghow toefiectivelyrecognizeGarsidemonoidsfrom

a presentation.In fact,a correspondencecan be establishedbetweenGarsidemonoids

andpresentationsofa particularsyntacticform.The connectionrelieson a combinatorial

techniquecalledword redressing(wordreversingin[14]),and itleadstotwo fundamental

applications.On theonehand,itallows toefiectivelydecidewhethera givenpresentation

deflnesaGarsidemonoid.On theotherhand,givenaGarsidemonoidpresentation,itallows

onetocomputethemainoperationsofthemonoid.

Fora nonempty setA|usuallycalledanalphabetinthiscontext|w edenoteby A ⁄ thefree

monoidwithbasisA.W euse" fortheempty word.

Deflnition.[15]W esay thata monoidpresentationhA :R iiscomplemented if,forevery

pair(x;y)inA 2,thereexistsexactlyonerelationxu = yv inR ;inthiscase,u andv are

denotedby xny andynx respectively.The operationn on A canbe extendedintoa unique

partialoperationn on A ⁄ satisfyingtherulesofwordredressing:

(uv)nw = vn(unw);

wn(uv)= (wnu)((unw)nv):

A complementedmonoidpresentationh A :R i iscalledcoherenton B 2 A ⁄ if,forev-

ery(u;v;w)inB 3,wehave

((unv)n(unw))n((vnu)n(vnw))= ";

andcallednormedifthereexistsamapping” ofA ⁄ totheintegerssuch that,forallx;yinA,

andallu;v inA ⁄,wehave”(xv)> ”(v),”(vx)> ”(v)and”(ux(xny)v)= ”(uy(ynx)v).

The Garsidity criterionweshalluseinthesequelis:

Proposition1.11.[14]Assume thatM isa monoidwitha flnitecoherent normedand

complementedpresentation.AssumethatM iscancellative andadmitsa Garsideelement.

Then M isa Garsidemonoid.

ForalternativeGarsidity criteriaanddetails,wereferto[15],seealso[14,16,17].

Remark. W e know no such criterionallowingtoprove thata given flnitecomplemented

presentationdeflne a (noGarside)Gaussianmonoid,i.e.,a Gaussianmonoidwithouta

Garsideelement.The coherenceconditioniscertainlynecessary,butnotsu–cient.Letus

mentionmoreoverthatweknow actuallynoexampleofflnitelygeneratedGaussianmonoid

orgroupthatisnotGarside: thebraidgroupB 1 isGaussianand notGarside,butitis

notflnitelygenerated.
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2.Monoid presentationsfor torus linkgroups

Inthissection,we computea flrstwell-fltted(monoid)presentationforeverytoruslink

group,andthencompletethelattertoobtaina complementedpresentation.

Everyorientedlinkcanbe realizedasa closedbraidbb forsomebraidb. FollowingArtin

[2](seealso[5]),ifb isan n-strandbraid,thenthelinkgroupofbb| i.e.,thefundamental

group…1(S
3
r
bb)ofthecomplementofbb|has a presentationoftheform

hx1;:::;xn :xi = xi † b for1• i• n i;

whereu † bdenotestheimageoftheelementu undersomeautomorphismbofthefreegroup

basedon fx1;:::;xng.

Deflnition.A toruslinkisa linkthatcanbe drawn on thesurfaceofa standardtorus

withoutself-intersection: given integersp and q,the(p;q)-toruslinkwrapsmeridionally

aroundthetorusp timesandwrapslongitudinallyaroundthetorusq times.

ApplyingArtin’stheoremtotheparticularcaseoftoruslinks,weobtainthat,for2• p • q,

thegroupofthe(p;q)-toruslinkis

hx1;:::;xp :xi = xi † (¾1 ¢¢¢¾p¡ 1)
q for1• i• p i;

since,asshown inFigure3,the(p;q)-toruslinkistheclosureofthebraid(¾1 ¢¢¢¾p¡ 1)
q,

wherethe¾i’sdenotetheArtingeneratorsofB n.

Figure3.The (p;q)-toruslinkistheclosureofthebraid(¾1 ¢¢¢¾p¡ 1)
q.

(here,the(4,6)-toruslinkastheclosureof(¾1¾2¾3)
6).

Lemma 2.1.For2• p • q,the(p;q)-toruslinkgroupis

hx1;:::;xp :xi(x1 ¢¢¢xp)
[
q¡ i

p
]+1

= (x1 ¢¢¢xp)
[
q¡ i

p
]+1

xp‚i¡ q+ i for1• i• p i: (2.1)
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Proof.W e considertheactionofthebraidgroupB p ontothefreegroupon fx1;:::;xpg

deflnedby

xi † ¾j =

8
<

:

xixi+1 x
¡ 1
i fori= j

xi¡ 1 fori= j+ 1

xi otherwise.

Let[z]denotetheintegerpartofz. W e show by inductionon q ‚ 2 that,foreveryp

with2• p • q,wehave

xi † (¾1 ¢¢¢¾p¡ 1)
q = (x1 ¢¢¢xp)

[
q¡ i

p
]+1

x
p[

q¡ i

p
]+p¡ q+ i

(x1 ¢¢¢xp)
¡ [

q¡ i

p
]¡ 1

forevery1• i• p.Forp = q= 2,weflnd

x1 † ¾21 = x1x2x
¡ 1
1

† ¾1 = (x1x2x
¡ 1
1
)(x1)(x1x

¡ 1
2
x
¡ 1
1
)= (x1x2)x1(x1x2)

¡ 1;

x2 † ¾21 = x1 † ¾1 = x1x2x
¡ 1
1

= (x1x2)x2(x1x2)
¡ 1:

Assumeq> 2.By inductionhypothesis,wehave

xi † (¾1 ¢¢¢¾p¡ 1)
q

= (x1 ¢¢¢xp)
[
q¡ i¡ 1

p
]+1

x
p[

q¡ i¡ 1

p
]+p¡ q+ i+1

(x1 ¢¢¢xp)
¡ [

q¡ i¡ 1

p
]¡ 1

† (¾1 ¢¢¢¾p¡ 1);

for1• i< p.W eeasilycompute(x1 ¢¢¢xp)
k

† ¾i = (x1 ¢¢¢xp)
k for1• i< p,hence

(x1 ¢¢¢xp)
k

† (¾1 ¢¢¢¾p¡ 1)= (x1 ¢¢¢xp)
k

fork ‚ 0 (alsoa directconsequenceofthefactthattheconsideredactionisan automor-

phism),and

xi † (¾1 ¢¢¢¾p¡ 1)=

‰
(x1 ¢¢¢xp)xp(x1 ¢¢¢xp)

¡ 1 fori= 1

xi¡ 1 for1< i• p.

Now,p[
q¡ i¡ 1

p
]+ p¡ q+ i+ 1= 1 isequivalentto[

q¡ i¡ 1

p
]+ 1=

q¡ i

p
= [

q¡ i

p
].W ededuce

x1 † (¾1 ¢¢¢¾p¡ 1)
q = (x1 ¢¢¢xp)

[
q¡ i

p
]
(x1 ¢¢¢xp)xp(x1 ¢¢¢xp)

¡ 1(x1 ¢¢¢xp)
¡ [

q¡ i

p
]
;

and

xi † (¾1 ¢¢¢¾p¡ 1)
q = (x1 ¢¢¢xp)

[
q¡ i

p
]+1

x
p[

q¡ i

p
]+p¡ q+ i

(x1 ¢¢¢xp)
¡ [

q¡ i

p
]¡ 1

;

for1< i< p.Finally,fori= p,a directcomputationgivestherequiredresult

xp † (¾1 ¢¢¢¾p¡ 1)
q = (x1 ¢¢¢xp)

[
q

p
]
xp[q

p
]+p¡ q(x1 ¢¢¢xp)

¡ [
q

p
]
;

which completestheinduction. ut
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Now wehavetodistinguishtwo casesinordertocompletethepresentationobtainedabove

intoa new one,thatwillbeeligibleforapplyingtheGarsidity criterionofProposition1.11.

By Lemma 2.1,forp ‚ 2 andk ‚ 1,the(p;pk)-toruslinkgroupis

hx1;:::;xp :xi(x1 ¢¢¢xp)
k = (x1 ¢¢¢xp)

kxi for1• i• p i;

i.e.,

hx1;:::;xp :(x1 ¢¢¢xp)
k = (x2 ¢¢¢xpx1)

k = :::= (xpx1 ¢¢¢xp¡ 1)
k i: (2.2)

Letusflx 2 • p • q and assumethatp doesnotdivideq. Letfi;fl be theintegerpart

andtheremainderofq=p. Then we have q = pfi + fl with1 • fl • p¡ 1. The (p;q)-torus

linkgroupisthen

hx1;:::;xp :(x1 ¢¢¢xp)
fi+1 = (x2 ¢¢¢xp)(x1 ¢¢¢xp)

fixp¡ fl+1

= (x3 ¢¢¢xp)(x1 ¢¢¢xp)
fixp¡ fl+1 xp¡ fl+2

= :::

= (xfl ¢¢¢xp)(x1 ¢¢¢xp)
fixp¡ fl+1 ¢¢¢xp¡ 1

(x1 ¢¢¢xp)
fix1 = xfl+1 (x1 ¢¢¢xp)

fi

(x1 ¢¢¢xp)
fix2 = xfl+2 (x1 ¢¢¢xp)

fi

...

(x1 ¢¢¢xp)
fixp¡ fl = xp(x1 ¢¢¢xp)

fi i:

(2.3)

Deflnition.Let2 • p • q. W e call(p;q)-toruslinkArtinmonoidthemonoidA p;q with

presentation(2.2)forpjq andwithpresentation(2.3)forp6jq.

By construction,for2 • p • q,thegroupadmittingthepresentationofA p;q isthe(p;q)-

toruslinkgroup.Now,we show thatA p;q admitsa complementedpresentation.Thisnew

presentation(notuniquea priori)willallow usinthefollowingsectiontoshow thatA p;q is

a Garsidemonoid,which,inparticular,willtellusthatthiscomplementedpresentationis

therightone,i.e.,theminimalone.

Proposition2.2.Let2 • p • q withp6jq. The monoidA p;q admitsthecomplemented

presentation

hx1;:::;xp : xi(xinxj)= xj(xjnxi)for1• i;j• p i;

wheren isdeflnedby

xsfl+1 nxtfl+1 =

‰
w (tfi )0(fi ¡ 1) fort< s,

w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+1 fort> s,

by

xsfl+ enxtfl+1 =

8
<

:

w (tfi )0(fi ¡ 1) fort< s,

w (sfi )efi fors• t• s+ 1,

w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+1 fors+ 1< t,
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and

xtfl+1 nxsfl+ e =

8
<

:

w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+ e fort< s,

w (tfi )1(sfi ¡ tfi + fi ) fors• t• s+ 1,

w (sfi )0(2fi ¡ 1) fors+ 1< t,

fore6= 1,andby

xsfl+ enxtfl+ f =

8
><

>:

w (tfi )0(2fi ¡ 1) fort< s¡ 1,

w (sfi )efi fort= s¡ 1,orfors= twithe6= f,

w (sfi )efi w 00(fi ¡ 1) fort= s+ 1,

w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+ f fort> s+ 1,

fore;f 6= 1,with

w zefi = (x1 ¢¢¢xp)
zxe+1 ¢¢¢xp(x1 ¢¢¢xp)

fix1+ p¡ fl ¢¢¢xe¡ 1+ p¡ fl;

implyingw z0fi = (x1 ¢¢¢xp)
z+1+ fi andw z1fi = (x1 ¢¢¢xp)

zx2 ¢¢¢xp(x1 ¢¢¢xp)
fi.

Proof.First,therelationsin(2.3)areimmediateconsequencesofthoseofthepresentation

above.Conversely,we have toflnd a relationoftheformxi¢¢¢= xj¢¢¢ for1 • i;j • p

usingonlytherelationsofthepresentation(2.3)forA p;q,thatis,usingonlytherelations

xe¢¢¢xp(x1 ¢¢¢xp)
fixp¡ fl+1 ¢¢¢xe¡ 1+ p¡ fl = xf ¢¢¢xp(x1 ¢¢¢xp)

fixp¡ fl+1 ¢¢¢xf¡ 1+ p¡ fl;(1)

xsfl+ e(x1 ¢¢¢xp)
sfi = (x1 ¢¢¢xp)

sfixe; (2)

for1• e;f • fl.

Case1.Assumei= sfl + e andj= tfl + 1 witht< s.Then wehave

xsfl+ e(x1 ¢¢¢xp)
(t+1)fi =

(2)

(x1 ¢¢¢xp)
(t+1)fix(s¡ t¡ 1)fl+ e

= (x1 ¢¢¢xp)
tfix1x2 ¢¢¢xp(x1 ¢¢¢xp)

fi¡ 1x(s¡ t¡ 1)fl+ e

=
(1)

xtfl+1 (x1 ¢¢¢xp)
tfix2 ¢¢¢xp(x1 ¢¢¢xp)

fi¡ 1x(s¡ t¡ 1)fl+ e:

Thisgives both the expressionof xsfl+1 nxtfl+1 for0 • s 6= t and the expressions

ofxsfl+ enxtfl+1 andxtfl+1 nxsfl+ e for0• s< tande6= 1.

Case2.Assumei= sfl + e andj= tfl + 1 withs• t• s+ 1 ande6= 1.Then wehave

xsfl+ e(x1 ¢¢¢xp)
sfixe+1 ¢¢¢xp(x1 ¢¢¢xp)

fix1+ p¡ fl ¢¢¢xe¡ 1+ p¡ fl

=
(2)

(x1 ¢¢¢xp)
sfixexe+1 ¢¢¢xp(x1 ¢¢¢xp)

fix1+ p¡ fl ¢¢¢xe¡ 1+ p¡ fl

=
(1)

(x1 ¢¢¢xp)
(s+1)fi+1 = (x1 ¢¢¢xp)

tfix1x2 ¢¢¢xp(x1 ¢¢¢xp)
(s¡ t+1)fi

=
(2)

xtfl+1 (x1 ¢¢¢xp)
tfix2 ¢¢¢xp(x1 ¢¢¢xp)

(s¡ t+1)fi:

Thisprovidestheexpressionsofxsfl+ enxtfl+1 and xtfl+1 nxsfl+ e for0 • s • t • s + 1

ande6= 1.
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Case3.Assumei= sfl + e andj= tfl + 1 withs+ 1< tande6= 1.Then wehave

xsfl+ e(x1 ¢¢¢xp)
sfixe+1 ¢¢¢xp(x1 ¢¢¢xp)

fix1+ p¡ fl ¢¢¢xe¡ 1+ p¡ fl(x1 ¢¢¢xp)
fi¡ 1x(t¡ s¡ 2)fl+1

=
(2)

(x1 ¢¢¢xp)
sfixexe+1 ¢¢¢xp(x1 ¢¢¢xp)

fix1+ p¡ fl ¢¢¢xe¡ 1+ p¡ fl(x1 ¢¢¢xp)
fi¡ 1x(t¡ s¡ 2)fl+1

=
(1)

(x1 ¢¢¢xp)
(s+2)fix(t¡ s¡ 2)fl+1 =

(2)

xtfl+1 (x1 ¢¢¢xp)
(s+2)fi:

Thisgivestheexpressionsofxsfl+ enxtfl+1 andxtfl+1 nxsfl+ e for0< s+ 1< tande6= 1.

Case4.Assumei= sfl + e andj= tfl + f witht< s¡ 1 ande;f 6= 1.Then wehave

xsfl+ e(x1 ¢¢¢xp)
(t+2)fi =

(2)

(x1 ¢¢¢xp)
(t+2)fix(s¡ t¡ 2)fl+ e

=
(1)

(x1 ¢¢¢xp)
tfixfxf+1 ¢¢¢xp(x1 ¢¢¢xp)

fix1+ p¡ fl ¢¢¢xf¡ 1+ p¡ fl(x1 ¢¢¢xp)
fi¡ 1x(s¡ t¡ 2)fl+ e

=
(2)

xtfl+ f(x1 ¢¢¢xp)
tfixf+1 ¢¢¢xp(x1 ¢¢¢xp)

fix1+ p¡ fl ¢¢¢xf¡ 1+ p¡ fl(x1 ¢¢¢xp)
fi¡ 1x(s¡ t¡ 2)fl+ e:

Thisprovidestheexpressionofxsfl+ enxtfl+ f foreither0 < t+ 1 < s or0 < s+ 1 < t

ande;f 6= 1.

Case5.Assumei= sfl + e andj= tfl + f witht= s¡ 1 ande;f 6= 1.Then wehave

xsfl+ e(x1 ¢¢¢xp)
sfixe+1 ¢¢¢xp(x1 ¢¢¢xp)

fix1+ p¡ fl ¢¢¢xe¡ 1+ p¡ fl

=
(2)

(x1 ¢¢¢xp)
sfixexe+1 ¢¢¢xp(x1 ¢¢¢xp)

fix1+ p¡ fl ¢¢¢xe¡ 1+ p¡ fl

=
(1)

(x1 ¢¢¢xp)
(s+1)fi+1 = (x1 ¢¢¢xp)

(t+2)fi+1

=
(1)

(x1 ¢¢¢xp)
tfixfxf+1 ¢¢¢xp(x1 ¢¢¢xp)

fix1+ p¡ fl ¢¢¢xf¡ 1+ p¡ fl

=
(2)

xtfl+ f(x1 ¢¢¢xp)
tfixf+1 ¢¢¢xp(x1 ¢¢¢xp)

fix1+ p¡ fl ¢¢¢xf¡ 1+ p¡ fl:

Thisprovidestheexpressionofxsfl+ enxtfl+ f foreithert= s¡ 1 ors= t¡ 1 ande;f 6= 1.

Case6.Assumei= sfl + e andj= sfl + f with16= e6= f 6= 1.Then thecomputationsare

similarwiththepreviousones.Thiscompletestheproof. ut

3.Tor us linkgroups are Garside groups

The mainresultofthissectionisthatalltoruslinkgroupsaregroupsoffractionsofGarside

monoids,which,asaconsequence,providesexplicitbiautomaticstructuresforeach ofthem.

Proposition3.1.Let2 • p • q. The monoidA p;q isa GarsidemonoidwithGarside

element¢ = (x1 ¢¢¢xp)
q

p^ q .

Proof.Forp ‚ 2andk ‚ 1,A p;pk isaGarsidemonoid(see[17,Example5][29,ChapterVI])

withGarsideelement(x1 ¢¢¢xp)
k.

From now on,weassume2• p • q andp6jq.W eshallusetheGarsidity criterionof[14]

described inSection1. First,Adjan’scriterion[1](seealso[32,23])allows us toclaim

that,for2 • p • q and p6jq,themonoidA p;q iscancellative ;indeed,thegraphsLG (2.3)

and RG (2.3)arestargraphscenteredrespectivelyinx1 and inxp,hencecyclefree.W e

deflnefi;fl tobe respectivelytheintegerpartand theremainderof
q

p
. Inparticular,we

haveq= pfi + fl with1• fl • p¡ 1.
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Next,inordertoshow that¢ = (x1 ¢¢¢xp)
q

p^ q isa GarsideelementforA p;q,we consider

therelationsofthepresentation(2.1)forA p;q,which canberewrittenas

xi(x1 ¢¢¢xp)
fi+1 = (x1 ¢¢¢xp)

fi+1 xi+ p¡ fl for1• i• fl,

xi(x1 ¢¢¢xp)
fi = (x1 ¢¢¢xp)

fixi¡ fl forfl + 1• i• p.

Let[z]denotetheintegerpartofz.The map ¿ off1;:::;xpg deflnedby

¿(i)= p[
q¡ i

p
]+ p¡ q+ i=

‰
i+ p¡ fl for1• i• fl,

i¡ fl forfl + 1• i• p,

isa permutationofS p withorder
p

p^q
.Moreprecisely,letusconsiderthebraid¿‚;„ deflned

asthepositive ‚+ „-strandbraidwherethe„ strandsinitiallyatpositions‚ + 1 to‚ + „

crossovertheflrst‚ strands:

¿‚;„:

z }| { z }| {
‚ „

:

The minimalintegerk > 0 for¿k‚;„ tobe a purebraidisk =
‚+ „

‚^„
,and,moreover,inthe

purebraid¿k‚;„,everystrandcrossesover(resp.crossesunder)theothers
„

‚^„
times(resp.

‚
‚^„

times).As ¿ isthepermutationassociatedwith¿fl;p¡ fl,we deducethattheminimal

integerh > 0 such thatxi(x1 ¢¢¢xp)
h = (x1 ¢¢¢xp)

hxi holdsforevery1• i• p is

h =
fl

fl^(p¡ fl)
(fi + 1)+

p¡ fl

fl^(p¡ fl)
fi =

q

p̂ q
;

which provesthat¢ = (x1 ¢¢¢xp)
q

p^ q isa GarsideelementforA p;q.

Finally,thepresentationofProposition2.2isnormed,astherelationspreserve thelength.

So,weareleftwithcheckingthelocalcoherence,i.e.,withcheckingthat

((xinxj)n(xinxk))n((xjnxi)n(xjnxk))= "

holdsfor1• i6= j6= k • p.The veriflcationiseasybutsomehow tedious:thedecomposi-

tionintosome133subcasesandthesystematicveriflcationaregiveninAppendix. ut
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GatheringPropositions1.9and3.1,weobtain:

Corollary3.2.Everytoruslinkgroupadmitsan explicitbiautomaticstructure,givenby

theassociatedtoruslinkArtinmonoid.

Example 3.3.Figure9 displaysthelatticeofsimplesinthemonoidA 4;6.

1

¢

x2
x1 x3 x4

Figure9.The latticeofsimplesinA 4;6.

Remark. A resultofBurde-Zieschang[10,theorem6.1]claimsthata non-trivialknot

whosegrouphasa non-trivialcenterisa torusknot.By comparingthisresultwith[28,

Proposition4.1],which claimsthateveryGarsidegroupsisan iteratedcrossedproductof

Garsidegroupswitha cycliccentergeneratedby somepowerofitselement¢ ,we deduce
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that,among allknots,onlythetorusknots|and thetrivialknot|ha vea groupwhich isa

Garsidegroup.

4.Other monoids for torus linkgroups ?

LikeeveryGarsidegroup,atoruslinkgroupcanbethegroupoffractionsofseveral(Garside

ornot)monoids.Forinstance,we know that,forp;q > 1 coprime,the(p;q)-torusknot

groupadmitsthe(monoid)presentationh x;y :xp = yq i,and,asalreadymentionned

in[17],themonoidadmittingthispresentationisa Garsidemonoid.Inthisflnalsection,we

considerothermonoidpresentationsfortoruslinkgroups,inspiredby theWirtingergroup

presentationsofa linkgroup.

Deflnition.Let… bea regularprojectionofanorientedlink.W ecallWirtinger…-monoid

themonoidW … admittingthepresentationh X :R i,whereX isthesetofWirtinger

generators,i.e.,thesetofallovercrossingarcsof…,and R isthesetofpositive relations

associatedwiththecrossingsfollowingthescheme ofFigure5.

xi

xj xk

Figure5.To thiscrossingcorrespondstherelationxixj = xkxi.

LetW p;q denotetheWirtingermonoidassociatedwiththediagramoftheclosureofthebraid

word(¾1 :::¾p¡ 1)
q,wherethe¾i’saretheArtingenerators(seeSection2 andFigure3).

Itturnsoutthatcertainprojections… oftoruslinksyielda Wirtinger…-monoidthatis

a Garsidemonoid,and,therefore,yieldan explicitautomaticstructurefortheassociated

toruslinkgroup.The pointisthattheautomaticstructureso-obtainedcanbesimplerthat

thegeneralonedescribedintheprevioussection.

Foreveryq > 1 odd,themonoidW 2;q isa Garsidemonoid,whosegroupoffractionsis

isomorphictothetypeI2(q)Artingroup.Inparticular,thegroupofthe(2;3)-torusknot|

i.e.,thetrefoilknot|is thebraidgroupB 3.

Incontradistinction,themonoidsW 3;2 andW 4;2 arenotGarside.ThemonoidW 3;2 admits

thepresentation

h¾1;¾2;¿1;¿2 :¿2¾1 = ¾1¾2 = ¾2¿2;¾1¿1 = ¾2¾1 = ¿1¾2 i;

and,inparticular,theelements¾1 and ¾2 do notadmita uniquelcm (neitheron the

right,noron theleft).Nevertheless,W 3;2 admitsan element ¢ whoseleftand right
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divisorscoincideand generateW 3;2, namely¢ = ¿2¾
2
1. Thisimpliesthatany two ele-

mentsinW 3;2 admita right (anda left)common m ultiple.Moreover,addingtherela-

tions¿1¾
2
2 = ¿2¾

2
1 = ¾21¿1 = ¾22¿2 tothepreviouspresentationallows toobtaina complete

presentationforthemonoidW 3;2 which,accordingtoa criterionof[16],impliesthatW 3;2

iscancellative. Inparticular,W 3;2 satisflesOre’sconditions,henceembedsintoitsgroup

offractions,namelyB 3. Letusmentionthatthisembeddingresultanswerspositivelyto

a questionofHan & Ko in[22]aboutthisSergiescumonoidforB 3. Figure6 displaysthe

CayleygraphofW 3;2 restrictedtodivisorsof¢ .

The monoidW 4;2 doesnotembedintoa group,for,inparticular,itisno cancellative :

indeed,W 4;2 is

h¾1;¾2;¿1;¿2;‰1;‰2 :¾1¾2 = ¾2‰1 = ¿2¾1;¾1¿1 = ‰1¾1;

¾2¾1 = ¾1‰2 = ¿1¾2;¾2¿2 = ‰2¾2 i;

andboth¾1¾2¾1 = ¾1‰2¿1 and¾2¾1 6= ‰2¿1 holdinW 4;2.

1

¿2 ¾1 ¾2 ¿1

¢

Figure6.The monoidW 3;2 isnotGarside,butitembedsintoitsgroupoffractionsB 3.

The monoidW 3;4 isa Garsidemonoid;indeed,itisthemonoid

hx1;:::;x8 :x1x7 = x7x2 = x6x1;x2x5 = x5x3 = x3x6;

x1x4 = x3x1 = x8x3;x4x7 = x5x8 = x7x5 i;

which admitsthenormedcoherentcomplementedpresentation

hx1;:::;x8 :x1x4x7 = x2x5x1;x1x4 = x3x1;x1x4x7 = x4x7x3;

x1x4x7 = x5x1x4;x1x7 = x6x1;x1x7 = x7x2;x1x4 = x8x3;x2x5 = x3x6;

x2x5x1 = x4x7x3;x2x5 = x5x3;x2x5x1 = x6x1x5;x2x5x1 = x7x2x5;

x2x5x1 = x8x3x7;x3x1x7 = x4x7x3;x3x6 = x5x3;x3x1x7 = x6x1x5;

x3x1x7 = x7x2x5;x3x1 = x8x3;x4x7 = x5x8;x4x7x3 = x6x1x5;

x4x7 = x7x5;x4x7x3 = x8x3x7;x5x1x4 = x6x1x5;x5x8 = x7x5;

x5x1x4 = x8x3x7;x6x1 = x7x2;x6x1x5 = x8x3x7;x7x2x5 = x8x3x7 i:

A Garsideelementis¢ = x1x4x7,andW 3;4 isa Garsidemonoid,whosecenterisgenerated

by theelement ¢ 4. The latticeofsimpleelementsinW 3;4 isdisplayed on Figure7. In

contradistinction,theWirtingermonoidW 4;3 isnotGarside.
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1

x1 x2 x3 x4 x5 x6 x7 x8

¢

Figure7.The latticeofsimplesinW 3;4.

Remark. Therearemany otherexamplesofGarsidemonoidswhosegroupsoffractionsare

isomorphictoatoruslinkgroup.Forinstance,thegroupoffractionsofthemonoidM † ofEx-

ample1.4isisomorphictothe(3;4)-torusknotgroup.Foreveryk ‚ 0,themonoidM
(2;2)

k

presentedby

hx;y :xy2x ¢(yx)ky¢xy2x = (yx)ky¢xy2x ¢(yx)ky i

isaGarsidemonoid,whoseGarsideelementisthesquareofthelcmoftheatoms.Thelattice

ofsimplesinM
(2;2)

0
isdisplayedinFigure8.The groupsoffractionsofthemonoidsM

(2;2)

k

areallisomorphictothe(3,4)-torusknotgroup: take z = xy2(xy)k+1 and t= y(xy)k+1 ,

i.e.,x = (zt¡ 1)k+2 t¡ 1 andy = t(tz¡ 1)k+1 .

Finally,W 4;6 isa Garsidemonoid: thelatticeofthe68 simplesinW 4;6 isdisplayed on

Figure9,andcanbecomparedwiththelatticeofthe176simplesinA 4;6 on Figure4.

W ethusarenaturallyledtothetwo followingproblems:

Question1. Among allpossibleWirtingermonoidsoftoruslinks,which onesareGarside?

Question2.Among allpossibleWirtingermonoidsoflinks,whichonesembedintoagroup?
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1

¢

Figure8.The latticeofsimplesinhx;y :xyyxyxyyx = yxyyxy i.

1

¢

Figure9.The (Hassdiagramofthe)latticeofsimplesinW 4;6.
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Appendix

HereisthefulldetailofveriflcationoflocalcoherenceofthepresentationofProposition2.2,

completingtheproofofProposition3.1. The notationsherearetheonesusedinProposi-

tion2.2.Aboveall,letusobservethat,fromtherelation

(x1 ¢¢¢xp)¢(x1 ¢¢¢xp)
fi¡ 1x(z¡ 1)fl+1 = xzfl+1 ¢(x1 ¢¢¢xp)

fi

ofPresentation(2.3),wededuce

w 000nxzfl+1 = w 00(fi ¡ 2)x(z¡ 1)fl+1

xzfl+1 nw 000 = w 00(fi ¡ 1):

Leti= sfl + e,j = tfl + f,k = zfl + g and uijk = ((xinxj)n(xinxk))n((xjnxi)n(xjnxk)).

By deflnitionofn,coherencealwaysholdsfortriplets(u;v;w)wheretwo among u;v;w are

equal:inthefollowing,weshallassumes= t) e6= f,t= z ) f 6= g andz = s) g 6= e.

Case1:e= 1,f = 1,g = 1.

Subcase1.1:z < t< s.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (zfi )0(fi ¡ 1))n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+1 nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase1.2:t< z < s.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (zfi )0(fi ¡ 1))n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+1 nw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+1 )

= (x1 ¢¢¢xp)
(z¡ t)fin(x(s¡ t¡ 1)fl+1 nx(z¡ t¡ 1)fl+1 )

= (x1 ¢¢¢xp)
(z¡ t)finw ((z¡ t¡ 1)fi )0(fi ¡ 1) = ":

Subcase1.3:t< s< z.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+1 )

n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+1 nw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+1 )

= (w ((s¡ t¡ 1)fi )1(fi ¡ 1)x(z¡ s¡ 1)fl+1 )n(x(s¡ t¡ 1)fl+1 nx(z¡ t¡ 1)fl+1 )= ":

Subcase1.4:z < s< t.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+1 nw (zfi )0(fi ¡ 1))n(w (sfi )0(fi ¡ 1)nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase1.5:s< z < t.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+1 nw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+1 )n(w (sfi )0(fi ¡ 1)nw (zfi )0(fi ¡ 1))

= (x(t¡ s¡ 1)fl+1 nx(z¡ s¡ 1)fl+1 )nw ((z¡ s¡ 1)fi )0(fi ¡ 1) = ":

Subcase1.6:s< t< z.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+1 nw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+1 )n(w (sfi )0(fi ¡ 1)

nw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+1 )

= (x(t¡ s¡ 1)fl+1 nx(z¡ s¡ 1)fl+1 )n(w ((t¡ s¡ 1)fi )1(fi ¡ 1)x(z¡ t¡ 1)fl+1 )= ":

18



Case2:e6= 1,f = 1,g = 1.

Subcase2.1:z < t< s.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (zfi )0(fi ¡ 1))n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+ enw (zfi )0(fi ¡ 1))= "n"= ":

Subcase2.2:t< z < s.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (zfi )0(fi ¡ 1))n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+ enw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+1 )

= w ((z¡ t¡ 1)fi )0(fi ¡ 1)n(x(s¡ t¡ 1)fl+ enx(z¡ t¡ 1)fl+1 )= ":

Subcase2.3:t< s• z • s+ 1.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (sfi )efi )n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+ enw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+1 )

= w ((s¡ t¡ 1)fi )efi n(x(s¡ t¡ 1)fl+ enx(z¡ t¡ 1)fl+1 )= ":

Subcase2.4:t< s< z¡ 1.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 )

n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+ enw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+1 )

= w ((s¡ t¡ 1)fi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 n(x(z¡ s¡ 2)fl+1 )nx(s¡ t¡ 1)fl+ e)= ":

Subcase2.5:z < s• t• s+ 1.W eflnd

uijk = (w (sfi )efi nw (zfi )0(fi ¡ 1))n(w (tfi )1(sfi ¡ tfi + fi )nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase2.6:t= s+ 1= z+ 1.W eflnd

uijk = (w (sfi )efi nw (sfi )efi )n(w (tfi )1(sfi ¡ tfi + fi )nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase2.7:z = s+ 1= t+ 1.W eflnd

uijk = (w (sfi )efi nw (sfi )efi )n(w (tfi )1(sfi ¡ tfi + fi )nw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+1 )= "n(w 000nx1)= ":

Subcase2.8:s• t• s+ 1< z.W eflnd

uijk = (w (sfi )efi nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 )n(w (tfi )1(sfi ¡ tfi + fi )nw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+1 )

=

‰
w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 n(w 000nx(z¡ t¡ 1)fl+1 ) fort= s

w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 nw 00(fi ¡ 2)x(z¡ t¡ 1)fl+1 fort= s+ 1
= ":

Subcase2.9:z+ 1< s+ 1< t.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+1 nw (zfi )0(fi ¡ 1))n(w (sfi )0(2fi ¡ 1)nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase2.10:s• z • s+ 1< t.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+1 nw (sfi )efi )n(w (sfi )0(2fi ¡ 1)nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase2.11:s+ 1< z < t.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+1 nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 )n(w (sfi )0(2fi ¡ 1)nw (zfi )0(fi ¡ 1))

= (x(t¡ s¡ 2)fl+1 nx(z¡ s¡ 2)fl+1 )n"= ":

Subcase2.12:s+ 1< t< z.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+1 nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 )

n(w (sfi )0(2fi ¡ 1)nw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+1 )

= (x(t¡ s¡ 2)fl+1 nx(z¡ s¡ 2)fl+1 )nw ((t¡ s¡ 2)fi )1(fi ¡ 1)x(z¡ t¡ 1)fl+1 = ":
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Case3:e= 1,f 6= 1,g = 1.

Subcase3.1:z < s< t.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+ fnw (zfi )0(fi ¡ 1))n(w (sfi )0(fi ¡ 1)nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase3.2:s< z < t.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+ fnw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+1 )n(w (sfi )0(fi ¡ 1)nw (zfi )0(fi ¡ 1))

= (x(t¡ s¡ 1)fl+ fnx(z¡ s¡ 1)fl+1 )nw ((z¡ s)fi )0(fi ¡ 1) = ":

Subcase3.3:s< t• z • t+ 1.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+ fnw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+1 )n(w (sfi )0(fi ¡ 1)nw (tfi )f fi )

= (x(t¡ s¡ 1)fl+ fnx(z¡ s¡ 1)fl+1 )nw ((t¡ s¡ 1)fi )f fi = ":

Subcase3.4:s< t< z¡ 1.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+ fnw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+1 )

n(w (sfi )0(fi ¡ 1)nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 )

= (x(t¡ s¡ 1)fl+ fnx(z¡ s¡ 1)fl+1 )nw ((t¡ s¡ 1)fi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 = ":

Subcase3.5.Assumerz < t• s• t+ 1.W eflnd

uijk = (w (sfi )1(tfi ¡ sfi + fi )nw (zfi )0(fi ¡ 1))n(w (tfi )f fi nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase3.6.Assumeeitherz = t+ 1= s+ 1 orz = t= s¡ 1.W eflnd

uijk = (w (sfi )1(tfi ¡ sfi + fi )nw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+1 )n(w (tfi )f fi nw (tfi )f fi )

= (w 00((t¡ s)fi )nx(z¡ s¡ 1)fl+1 )n"= ":

Subcase3.7:t• s• t+ 1< z.W eflnd

uijk = (w (sfi )1(tfi ¡ sfi + fi )nw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+1 )n(w (tfi )f fi nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 )

=

‰
(x1 ¢¢¢xpnx(z¡ s¡ 1)fl+1 )nw 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 fort= s

(w 00(fi ¡ 2)nx(z¡ s¡ 1)fl+1 )nw 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 fort+ 1= s
= ":

Subcase3.8:z < t< s¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (zfi )0(fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+1 nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase3.9:t• z • t+ 1< s.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (zfi )0(fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+1 nw (tfi )f fi )= "n"= ":

Subcase3.10:t+ 1< z < s.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (zfi )0(fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+1 nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 )

= w ((z¡ t¡ 2)fi )0(fi ¡ 1)n(x(s¡ t¡ 2)fl+1 nx(z¡ t¡ 2)fl+1 )= ":

Subcase3.11:t+ 1< s< z.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+1 )

n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+1 nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 )

= w ((s¡ t¡ 2)fi )1(fi ¡ 1)x(z¡ s¡ 1)fl+1 n(x(s¡ t¡ 2)fl+1 nx(z¡ t¡ 2)fl+1 )= ":

20



Case4:e= 1,f = 1,g 6= 1.

Subcase4.1:t< s< z.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+ g)

n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+1 nw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+ g)

= (w ((s¡ t¡ 1)fi )1(fi ¡ 1)x(z¡ s¡ 1)fl+ g)n(x(s¡ t¡ 1)fl+1 nx(z¡ t¡ 1)fl+ g)= ":

Subcase4.2:t< z • s• z+ 1.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (sfi )1(zfi ¡ sfi + fi ))n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+1 nw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+ g)

= w ((s¡ t¡ 1)fi )1(zfi ¡ sfi + fi )n(x(s¡ t¡ 1)fl+1 nx(z¡ t¡ 1)fl+ g)= ":

Subcase4.3:t= z = s¡ 1.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (sfi )1(zfi ¡ sfi + fi ))n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+1 nw (tfi )1(zfi ¡ tfi + fi ))

= w 010n(w (tfi )1(fi ¡ 1)x1nw (tfi )1fi )= w 010n(x1nx1 ¢¢¢xp)= ":

Subcase4.4:t< z < s¡ 1.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+1 nw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+ g)

= w ((z¡ t¡ 1)fi )0(2fi ¡ 1)n(x(s¡ t¡ 1)fl+1 nx(z¡ t¡ 1)fl+ g)= ":

Subcase4.5:z • t• z+ 1< s.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+1 nw (tfi )1(zfi ¡ tfi + fi ))

=

‰
w 00(fi ¡ 1)n(x(s¡ t¡ 1)fl+1 nw 000) fort= z

w 00(2 fi ¡ 1)n(w 00(fi ¡ 2)x(s¡ t¡ 1)fl+1 n") fort= z+ 1
= ":

Subcase4.6:z+ 1< t< s.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+1 nw (zfi )0(2fi ¡ 1))

= w ((z¡ t¡ 1)fi )0(2fi ¡ 1)n"= ":

Subcase4.7:s< t< z.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+1 nw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+ g)n(w (sfi )0(fi ¡ 1)nw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+ g)

= (x(t¡ s¡ 1)fl+1 nx(z¡ s¡ 1)fl+ g)nw ((t¡ s¡ 1)fi )1(fi ¡ 1)x(z¡ t¡ 1)fl+ g = ":

Subcase4.8:s< z • t• z+ 1.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+1 nw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+ g)n(w (sfi )0(fi ¡ 1)nw (tfi )1(zfi ¡ tfi + fi ))

= (x(t¡ s¡ 1)fl+1 nx(z¡ s¡ 1)fl+ g)nw ((t¡ s¡ 1)fi )1(zfi ¡ tfi + fi ) = ":
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Subcase4.9:s+ 1< z+ 1< t.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+1 nw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+ g)n(w (sfi )0(fi ¡ 1)nw (zfi )0(2fi ¡ 1))

= (x(t¡ s¡ 1)fl+1 nx(z¡ s¡ 1)fl+ g)nw ((z¡ s¡ 1)fi )0(2fi ¡ 1) = ":

Subcase4.10:z = s= t¡ 1.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+1 nw (sfi )1(zfi ¡ sfi + fi ))n(w (sfi )0(fi ¡ 1)nw (tfi )1(zfi ¡ tfi + fi ))

= (w (sfi )1(fi ¡ 1)x1nw (sfi )1fi )nw 010 = (x1nw 000)nw 010 = ":

Subcase4.11:z = s< t¡ 1.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+1 nw (sfi )1(zfi ¡ sfi + fi ))n(w (sfi )0(fi ¡ 1)nw (zfi )0(2fi ¡ 1))

= (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+1 nw (sfi )1fi )nw 00(fi ¡ 1) = (x(t¡ s¡ 1)fl+1 nw 000)nw 00(fi ¡ 1) = ":

Subcase4.12:z = s+ 1< t¡ 1.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+1 nw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+ g)n(w (sfi )0(fi ¡ 1)nw (zfi )0(2fi ¡ 1))

= (x(t¡ s¡ 1)fl+1 nxg)nw 00(2 fi ¡ 1))= ":

Subcase4.13:z+ 1< s< t.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+1 nw (zfi )0(2fi ¡ 1))n(w (sfi )0(fi ¡ 1)nw (zfi )0(2fi ¡ 1))

= w ((s¡ z¡ 2)fi )1(fi ¡ 1)x(t¡ s¡ 1)fl+1 n"= ":

Case5:e= 1,f 6= 1,g 6= 1.

Subcase5.1:s< z < t¡ 1.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+ fnw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+ g)n(w (sfi )0(fi ¡ 1)nw (zfi )0(2fi ¡ 1))

= (x(t¡ s¡ 1)fl+ fnx(z¡ s¡ 1)fl+ g)nw ((z¡ s¡ 1)fi )0(2fi ¡ 1) = ":

Subcase5.2:s< t• z+ 1• t+ 1.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+ fnw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+ g)n(w (sfi )0(fi ¡ 1)nw (tfi )f fi )

= (x(t¡ s¡ 1)fl+ fnx(z¡ s¡ 1)fl+ g)nw ((t¡ s¡ 1)fi )f fi = ":

Subcase5.3:s< t= z¡ 1.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+ fnw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+ g)

n(w (sfi )0(fi ¡ 1)nw (tfi )f fi w 00(fi ¡ 1))

= (x(t¡ s¡ 1)fl+ fnx(z¡ s¡ 1)fl+ g)nw ((t¡ s¡ 1)fi )f fi w 00(fi ¡ 1) = ":

Subcase5.4:s< t< z¡ 1.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+ fnw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+ g)

n(w (sfi )0(fi ¡ 1)nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g

= (x(t¡ s¡ 1)fl+ fnx(z¡ s¡ 1)fl+ g)nw ((t¡ s¡ 1)fi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g = ":
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Subcase5.5:z • s• z+ 1< t.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+ fnw (sfi )1(zfi ¡ sfi + fi ))n(w (sfi )0(fi ¡ 1)nw (zfi )0(2fi ¡ 1))

= (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+ fnw (sfi )1(zfi ¡ sfi + fi ))n"= ":

Subcase5.6:t¡ 1= s= z.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+ fnw (sfi )1(zfi ¡ sfi + fi ))n(w (sfi )0(fi ¡ 1)nw (tfi )f fi )

= (xfnw 000)nw 0f fi = ":

Subcase5.7:z+ 1< s< t.W eflnd

uijk = (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+ fnw (zfi )0(2fi ¡ 1))n(w (sfi )0(fi ¡ 1)nw (zfi )0(2fi ¡ 1))

= (w (sfi )1(fi ¡ 1)x(t¡ s¡ 1)fl+ fnw (zfi )0(2fi ¡ 1))n"= ":

Subcase5.8:t• s• t+ 1< z.W eflnd

uijk = (w (sfi )1(tfi ¡ sfi + fi )nw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+ g)

n(w (tfi )f fi nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g)

=

‰
w 00(fi ¡ 2)x(z¡ s¡ 1)fl+ gnw 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g fors= t+ 1

(w 000nx(z¡ s¡ 1)fl+ g)nw 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g fors= t
= ":

Subcase5.9:s= t= z¡ 1.W eflnd

uijk = (w (sfi )1(tfi ¡ sfi + fi )nw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+ g)n(w (tfi )f fi nw (tfi )f fi w 00(fi ¡ 1))

= (w 000nxg)nw 00(fi ¡ 1) = ":

Subcase5.10.Assumeeithers¡ 1• t= z • s ors= t= z+ 1.W eflnd

uijk = (w (sfi )1(tfi ¡ sfi + fi )nw (sfi )1(zfi ¡ sfi + fi ))n(w (tfi )f fi nw (tfi )f fi )= ":

Subcase5.11:t+ 1= z = s.W eflnd

uijk = (w (sfi )1(tfi ¡ sfi + fi )nw (sfi )1(zfi ¡ sfi + fi ))n(w (tfi )f fi nw (tfi )f fi w 00(fi ¡ 1))= w 00(fi ¡ 1)nw 00(fi ¡ 1) = ":

Subcase5.12:z+ 1= t= s¡ 1.W eflnd

uijk = (w (sfi )1(tfi ¡ sfi + fi )nw (zfi )0(2fi ¡ 1))n(w (tfi )f fi nw (tfi )f fi )= ":

Subcase5.13:z+ 1< t• s• t+ 1.W eflnd

uijk = (w (sfi )1(tfi ¡ sfi + fi )nw (zfi )0(2fi ¡ 1))n(w (tfi )f fi nw (zfi )0(2fi ¡ 1))

= (w (sfi )1(tfi ¡ sfi + fi )nw (zfi )0(2fi ¡ 1))n"= ":
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Subcase5.14:t+ 1< s< z.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (sfi )1(fi ¡ 1)x(z¡ s¡ 1)fl+ g)

n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+1 nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g)

= w ((s¡ t¡ 2)fi )1(fi ¡ 1)x(z¡ s¡ 1)fl+ gn(x(s¡ t¡ 2)fl+1 nx(z¡ t¡ 2)fl+ g)= ":

Subcase5.15:t+ 1= z = s¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (sfi )1(zfi ¡ sfi + fi ))n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+1 nw (tfi )f fi w 00(fi ¡ 1))

= w 010n(x1nw 000)= ":

Subcase5.16:t+ 1< z • s• z+ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (sfi )1(zfi ¡ sfi + fi ))n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+1 nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g)

= w ((s¡ t¡ 2)fi )1(zfi ¡ sfi + fi )n(x(s¡ t¡ 2)fl+1 nx(z¡ t¡ 2)fl+ g)= ":

Subcase5.17:z+ 1< t< s¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+1 nw (zfi )0(2fi ¡ 1))= "n"= ":

Subcase5.18:t¡ 1• z • t< s¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+1 nw (tfi )f fi )= "n"= ":

Subcase5.19:t+ 1= z < s¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+1 nw (tfi )f fi w 00(fi ¡ 1))

= w 00(fi ¡ 1)n(x(s¡ t¡ 2)fl+1 nw 000)= ":

Subcase5.20:t+ 1< z < s¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+1 nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g)

= w ((z¡ t¡ 2)fi )0(2fi ¡ 1)n(x(s¡ t¡ 2)fl+1 nx(z¡ t¡ 2)fl+ g)= ":

Case6:e6= 1,f = 1,g 6= 1.

Subcase6.1:t< z < s¡ 1.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+ enw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+ g)

= w ((z¡ t¡ 1)fi )0(2fi ¡ 1)n(x(s¡ t¡ 1)fl+ enx(z¡ t¡ 1)fl+ g)= ":

Subcase6.2:z • t• z+ 1< s.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+ enw (tfi )1(zfi ¡ tfi + fi ))

=

‰
w 00(fi ¡ 1)n(x(s¡ t¡ 1)fl+ enw 000) fort= z

"n(w 00(fi ¡ 2)x(s¡ t¡ 1)fl+ en") fort= z+ 1
= ":

24



Subcase6.3:z+ 1< t< s.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+ enw (zfi )0(2fi ¡ 1))= "n"= ":

Subcase6.4:t< z • s• z+ 1.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (sfi )efi )n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+ enw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+ g)

= w ((s¡ t¡ 1)fi )efi n(x(s¡ t¡ 1)fl+ enx(z¡ t¡ 1)fl+ g)= ":

Subcase6.5:t< s= z¡ 1.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (sfi )efi w 00(fi ¡ 1))n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+ enw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+ g)

= w ((s¡ t¡ 1)fi )efi w 00(fi ¡ 1)n(x(s¡ t¡ 1)fl+ enx(z¡ t¡ 1)fl+ g)= ":

Subcase6.6:t< s< z¡ 1.W eflnd

uijk = (w (tfi )0(fi ¡ 1)nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ g)

n(w (tfi )1(fi ¡ 1)x(s¡ t¡ 1)fl+ enw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+ g)

= w ((s¡ t¡ 1)fi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ gn(x(s¡ t¡ 1)fl+ enx(z¡ t¡ 1)fl+ g)= ":

Subcase6.7:z+ 1< s• t• s+ 1.W eflnd

uijk = (w (sfi )efi nw (zfi )0(2fi ¡ 1))n(w (tfi )1(sfi ¡ tfi + fi )nw (zfi )0(2fi ¡ 1))= "n"= ":

Subcase6.8.Assumeeitherz+ 1= s= torz = s= torz = s= t¡ 1.W eflnd

uijk = (w (sfi )efi nw (sfi )efi )n(w (tfi )1(sfi ¡ tfi + fi )nw (tfi )1(zfi ¡ tfi + fi ))= "n"= ":

Subcase6.9:z+ 1= s= t¡ 1.W eflnd

uijk = (w (sfi )efi nw (sfi )efi )n(w (tfi )1(sfi ¡ tfi + fi )nw (zfi )0(2fi ¡ 1))= "n"= ":

Subcase6.10:s= t= z¡ 1.W eflnd

uijk = (w (sfi )efi nw (sfi )efi w 00(fi ¡ 1))n(w (tfi )1(sfi ¡ tfi + fi )nw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+ g)

= w 00(fi ¡ 1)n(w 000nxg)= ":

Subcase6.11:t= s+ 1= z.W eflnd

uijk = (w (sfi )efi nw (sfi )efi w 00(fi ¡ 1))n(w (tfi )1(sfi ¡ tfi + fi )nw (tfi )1(zfi ¡ tfi + fi ))= w 00(fi ¡ 1)nw 00(fi ¡ 1) = ":

Subcase6.12:z+ 1< s< t¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+1 nw (zfi )0(2fi ¡ 1))n(w (sfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))= "n"= ":
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Subcase6.13:s¡ 1• z • s< t¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+1 nw (sfi )efi )n(w (sfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))= "n"= ":

Subcase6.14:s+ 1= z = t¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+1 nw (sfi )efi w 00(fi ¡ 1))n(w (sfi )0(2fi ¡ 1)nw (tfi )1(zfi ¡ tfi + fi ))

= (x1nw 000)nw 010 = ":

Subcase6.15:s+ 1= z < t¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+1 nw (sfi )efi w 00(fi ¡ 1))n(w (sfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))

= (x(t¡ s¡ 2)fl+1 nw 000)nw 00(fi ¡ 1) = ":

Subcase6.16:s+ 1< t< z.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+1 nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ g)

n(w (sfi )0(2fi ¡ 1)nw (tfi )1(fi ¡ 1)x(z¡ t¡ 1)fl+ g)

= (x(t¡ s¡ 2)fl+1 nx(z¡ s¡ 2)fl+ g)nw ((t¡ s¡ 2)fi )1(fi ¡ 1)x(z¡ t¡ 1)fl+ g = ":

Subcase6.17:s+ 1< z • t• z+ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+1 nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ g)n(w (sfi )0(2fi ¡ 1)nw (tfi )1(zfi ¡ tfi + fi ))

= (x(t¡ s¡ 2)fl+1 nx(z¡ s¡ 2)fl+ g)nw ((t¡ s¡ 2)fi )1(zfi ¡ tfi + fi ) = ":

Subcase6.18:s+ 2< z+ 1< t.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+1 nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ g)n(w (sfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))

= (x(t¡ s¡ 2)fl+1 nx(z¡ s¡ 2)fl+ g)nw ((z¡ s¡ 2)fi )0(2fi ¡ 1))= ":

Case7:e6= 1,f 6= 1,g = 1.

Subcase7.1:z < t< s¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (zfi )0(fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+ enw (zfi )0(fi ¡ 1))= "n"= ":

Subcase7.2:t< s¡ 1< z • s+ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (sfi )efi )n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+ enw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 )

= w ((s¡ t¡ 2)fi )efi n(x(s¡ t¡ 2)fl+ enx(z¡ t¡ 2)fl+1 )= ":

Subcase7.3:t+ 1< s< z¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 )

n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+ enw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 )

= w ((s¡ t¡ 2)fi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 n(x(s¡ t¡ 2)fl+ enx(z¡ t¡ 2)fl+1 )
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Subcase7.4:z < t= s¡ 1.W eflnd

uijk = (w (sfi )efi nw (zfi )0(fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 1)nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase7.5:z = t= s¡ 1.W eflnd

uijk = (w (sfi )efi nw (zfi )0(fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 1)nw (tfi )f fi )= "n"= ":

Subcase7.6:t+ 1= s= z.W eflnd

uijk = (w (sfi )efi nw (sfi )efi )n(w (tfi )f fi w 00(fi ¡ 1)nw (tfi )f fi )= "n"= ":

Subcase7.7:t+ 1= s= z¡ 1.W eflnd

uijk = (w (sfi )efi nw (sfi )efi )n(w (tfi )f fi w 00(fi ¡ 1)nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 )= w 000nx1 = ":

Subcase7.8:t+ 1= s< z¡ 1.W eflnd

uijk = (w (sfi )efi nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 )n(w (tfi )f fi w 00(fi ¡ 1)nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 )

= w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 n(w 000nx(z¡ t¡ 2)fl+1 )= ":

Subcase7.9:z < t= s.W eflnd

uijk = (w (sfi )efi nw (zfi )0(fi ¡ 1))n(w (tfi )f fi nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase7.10:s= t• z • t+ 1.W eflnd

uijk = (w (sfi )efi nw (sfi )efi )n(w (tfi )f fi nw (tfi )f fi )= "n"= ":

Subcase7.11:s= t< z¡ 1.W eflnd

uijk = (w (sfi )efi nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 )n(w (tfi )f fi nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 )= ":

Subcase7.12:z < s= t¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 1)nw (zfi )0(fi ¡ 1))n(w (tfi )f fi nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase7.13:s= z = t¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 1)nw (sfi )efi )n(w (tfi )f fi nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase7.14:s+ 1= t= z.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 1)nw (sfi )efi )n(w (tfi )f fi nw (tfi )f fi )= "n"= ":

Subcase7.15:s+ 1= t= z¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 1)nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 )n(w (tfi )f fi nw (tfi )f fi )= w 000nx1 = ":
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Subcase7.16:s+ 1= t< z¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 1)nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 )n(w (tfi )f fi nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 )

= (w 000nx(z¡ s¡ 2)fl+1 )nw 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 = ":

Subcase7.17:z < s< t¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+ fnw (zfi )0(fi ¡ 1))n(w (sfi )0(2fi ¡ 1)nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase7.18:s• z • s+ 1< t.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+ fnw (sfi )efi )n(w (sfi )0(2fi ¡ 1)nw (zfi )0(fi ¡ 1))= "n"= ":

Subcase7.19:s+ 1< z < t.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+ fnw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 )n(w (sfi )0(2fi ¡ 1)nw (zfi )0(fi ¡ 1))

= (x(t¡ s¡ 2)fl+ fnx(z¡ s¡ 2)fl+1 )nw ((z¡ s¡ 2)fi )0(fi ¡ 1) = ":

Subcase7.20:s+ 1< t• z • t+ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+ fnw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 )n(w (sfi )0(2fi ¡ 1)nw (tfi )f fi )

= (x(t¡ s¡ 2)fl+ fnx(z¡ s¡ 2)fl+1 )nw ((t¡ s¡ 2)fi )f fi = ":

Subcase7.21:s+ 1< t< z¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+ fnw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+1 )

n(w (sfi )0(2fi ¡ 1)nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 )

= (x(t¡ s¡ 2)fl+ fnx(z¡ s¡ 2)fl+1 )nw ((t¡ s¡ 2)fi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+1 = ":

Case8:e6= 1,f 6= 1,g 6= 1.

Subcase8.1:z+ 1< t< s¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+ enw (zfi )0(2fi ¡ 1))= "n"= ":

Subcase8.2:t¡ 1• z • t< s¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+ enw (tfi )f fi ) = "n"= ":

Subcase8.3:z¡ 1= t< s¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+ enw (tfi )f fi w 00(fi ¡ 1))

= w 00(fi ¡ 1)n(x(s¡ t¡ 2)fl+ enw 000)= ":

Subcase8.4:t+ 1< z < s¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+ enw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g)

= w ((z¡ t¡ 2)fi )0(2fi ¡ 1)n(x(s¡ t¡ 2)fl+ enx(z¡ t¡ 2)fl+ g)= ":
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Subcase8.5:t+ 1< z • s• z+ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (sfi )efi )n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+ enw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g)

= w ((s¡ t¡ 2)fi )efi n(x(s¡ t¡ 2)fl+ enx(z¡ t¡ 2)fl+ g)= ":

Subcase8.6:t+ 1= z = s¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (sfi )efi )n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+ enw (tfi )f fi w 00(fi ¡ 1))

= w 0efi n(xenw 000)= ":

Subcase8.7:t+ 1< s= z¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (sfi )efi w 00(fi ¡ 1))

n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+ enw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g)

= w ((s¡ t¡ 2)fi )efi w 00(fi ¡ 1)n(x(s¡ t¡ 2)fl+ enx(z¡ t¡ 2)fl+ g)= ":

Subcase8.8:t+ 1< s< z¡ 1.W eflnd

uijk = (w (tfi )0(2fi ¡ 1)nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ g)

n(w (tfi )f fi w 00(fi ¡ 2)x(s¡ t¡ 2)fl+ enw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g)

= w ((s¡ t¡ 2)fi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ gn(x(s¡ t¡ 2)fl+ enx(z¡ t¡ 2)fl+ g)= ":

Subcase8.9:z+ 1< t= s¡ 1.W eflnd

uijk = (w (sfi )efi nw (zfi )0(2fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 1)nw (zfi )0(2fi ¡ 1))= "n"= ":

Subcase8.10:z+ 1= t= s¡ 1.W eflnd

uijk = (w (sfi )efi nw (zfi )0(2fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 1)nw (tfi )f fi )= "n"= ":

Subcase8.11:z = t= s¡ 1.W eflnd

uijk = (w (sfi )efi nw (sfi )efi )n(w (tfi )f fi w 00(fi ¡ 1)nw (tfi )f fi )= "n"= ":

Subcase8.12:z¡ 1= t= s¡ 1.W eflnd

uijk = (w (sfi )efi nw (sfi )efi )n(w (tfi )f fi w 00(fi ¡ 1)nw (tfi )f fi w 00(fi ¡ 1))= "n"= ":

Subcase8.13:t+ 1= s= z¡ 1.W eflnd

uijk = (w (sfi )efi nw (sfi )efi w 00(fi ¡ 1))n(w (tfi )f fi w 00(fi ¡ 1)nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g)

= w 00(fi ¡ 1)n(w 000nxg)= ":

Subcase8.14:t+ 1= s< z¡ 1.W eflnd

uijk = (w (sfi )efi nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ g)n(w (tfi )f fi w 00(fi ¡ 1)nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g)

= w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ gn(w 000nx(z¡ t¡ 2)fl+ g)= ":
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Subcase8.15:z+ 1< s= t.W eflnd

uijk = (w (sfi )efi nw (zfi )0(2fi ¡ 1))n(w (tfi )f fi nw (zfi )0(2fi ¡ 1))= "n"= ":

Subcase8.16:z • s= t• z+ 1.W eflnd

uijk = (w (sfi )efi nw (sfi )efi )n(w (tfi )f fi nw (tfi )f fi ) = "n"= ":

Subcase8.17:s+ 1= t+ 1= z.W eflnd

uijk = (w (sfi )efi nw (sfi )efi w 00(fi ¡ 1))n(w (tfi )f fi nw (tfi )f fi w 00(fi ¡ 1))= w 00(fi ¡ 1)nw 00(fi ¡ 1) = ":

Subcase8.18:s+ 1= t+ 1< z.W eflnd

uijk = (w (sfi )efi nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ g)n(w (tfi )f fi nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g)= ":

Subcase8.19:z+ 1< s= t¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 1)nw (zfi )0(2fi ¡ 1))n(w (tfi )f fi nw (zfi )0(2fi ¡ 1))= "n"= ":

Subcase8.20:z+ 1= s= t¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 1)nw (sfi )efi )n(w (tfi )f fi nw (zfi )0(2fi ¡ 1))= "n"= ":

Subcase8.21:z = s= t¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 1)nw (sfi )efi )n(w (tfi )f fi nw (tfi )f fi )= "n"= ":

Subcase8.22:z = s+ 1= t.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 1)nw (sfi )efi w 00(fi ¡ 1))n(w (tfi )f fi nw (tfi )f fi )= "n"= ":

Subcase8.23:s+ 1= t= z¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 1)nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ g)n(w (tfi )f fi nw (tfi )f fi w 00(fi ¡ 1))

= (w 000nxg)nw 00(fi ¡ 1) = ":

Subcase8.24:s+ 1= t< z¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 1)nw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ g)n(w (tfi )f fi nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g)

= (w 000nx(z¡ s¡ 2)fl+ g)nw 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g = ":

Subcase8.25:z+ 1< s< t¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+ fnw (zfi )0(2fi ¡ 1))n(w (sfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))= "n":
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Subcase8.26:s• z+ 1• s+ 1< t.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+ fnw (sfi )efi )n(w (sfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))= "n":

Subcase8.27:s+ 1= z < t¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+ fnw (sfi )efi w 00(fi ¡ 1))n(w (sfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))

= (x(t¡ s¡ 2)fl+ fnw 000)nw 00(fi ¡ 1) = ":

Subcase8.28:s+ 1= z = t¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+ fnw (sfi )efi w 00(fi ¡ 1))n(w (sfi )0(2fi ¡ 1)nw (tfi )f fi )

= (xfnw 00(fi ¡ 1))nw 0f fi = ":

Subcase8.29:s+ 1< z < t¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+ fnw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ g)n(w (sfi )0(2fi ¡ 1)nw (zfi )0(2fi ¡ 1))

= (x(t¡ s¡ 2)fl+ fnx(z¡ s¡ 2)fl+ g)nw ((z¡ s¡ 2)fi )0(2fi ¡ 1) = ":

Subcase8.30:s+ 1< z • t• z+ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+ fnw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ g)n(w (sfi )0(2fi ¡ 1)nw (tfi )f fi )

= (x(t¡ s¡ 2)fl+ fnx(z¡ s¡ 2)fl+ g)nw ((t¡ s¡ 2)fi )f fi = ":

Subcase8.31:s+ 1< t= z¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+ fnw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ g)

n(w (sfi )0(2fi ¡ 1)nw (tfi )f fi w 00(fi ¡ 1))

= x(t¡ s¡ 2)fl+ fnx(z¡ s¡ 2)fl+ g)nw ((t¡ s¡ 2)fi )f fi w 00(fi ¡ 1) = ":

Subcase8.32:s+ 1< t< z¡ 1.W eflnd

uijk = (w (sfi )efi w 00(fi ¡ 2)x(t¡ s¡ 2)fl+ fnw (sfi )efi w 00(fi ¡ 2)x(z¡ s¡ 2)fl+ g)

n(w (sfi )0(2fi ¡ 1)nw (tfi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g)

= (x(t¡ s¡ 2)fl+ fnx(z¡ s¡ 2)fl+ g)nw ((t¡ s¡ 2)fi )f fi w 00(fi ¡ 2)x(z¡ t¡ 2)fl+ g = ":

Thiscompletestheproofoflocalcoherence.
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