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Abstract. A generatesulafEpsteimnd Thurstonmplieshatallinlgroupsareautomatic,
but theproofproridesio explicatomaton.Herewe shav thatthegroupsofalltoruslinks
aregroupsof fractiomnd so-call&hrsidanonoids,i.e.roughlyspeakingmonoidswitha
good theoryfdivisiby}whid allws us toreprve thatthosegroupsareautomatichut,
inadditiongiesa completelgxplicitescriptiof theimwoled automata,thus partially

answering questionfD. F. Holt.
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Introduction

Epsteimnd Thurstomhwed in [20, ChapterXII ]Jthatthefundamemnalgroupofewry
Haken 3-manifolikbiautomatiexceptdfitcarriesithemnilgeometoyr solvgeometry
As a corollageyerylinlgroupisbiautomatifiowewer theprawfisnotconstruceivn
thesensahatitprovideso explicattomaton Here we promsea combinatorigrdoup
theorpoimofviewtoadjoirtothigeometrigrouptheoryesulfThe aimofthipaper
istoshor thatalthetorudinlgroupsarethegroupoffractionfmonoidsthatadmita
niceheorpfdivisibyllitttsphericAttimrBirman-Ko-Lasonoids: althetorudink
groupdbelongotothewideclassfso-callealrsidgmoups Dehorny statedn[l5]that
eweryGarsidgrouplidbiautomatily, provingthateah Garsidmonoidofwhid itisthe
groupoffractiopswides simplexplichtautomatistructur&hereforeurresult
enablegstoconstruan explicinitestateutomatomwomputingqormalformsforadh
torud inkroup.

Thispaperisorganizemlsfolws. InSectioh,we gatherarlieesultsE [15]and [17]
aboutGarsidmonoidsand groups InSectiof,we computea flrstwel flifted(monoid)
preseratiofioreverytorud inkgroup thenwe completéhelattetroobtaim so-called
complementdEpresamtiorinSectioh,usindhepreviousesultuweg shaor thatewrytorus
linkroupisa Garsidgroupand,therefordati ttdmita biautomatstcructurgewral
examplesrestudiedFinallynSectiod, we discustsheexistenofothemutomatic
structurésrthesgroups.

The authomwishesothankD. B. A. Epsteir5.H. Gersten). F. HoltandP.E. Schupp
forvaluabl@iscussions.



1. Background from Garsidegroups

Inthisectiong listomebasiprogrtiedfGarsidmonoideandgroupsandsummarize
Dehorng’sresultadoutbiautomatigdtfGarsidgroups Finallwe recalan efiectiv
criteriborrecogniziagGarsidemonoidfroma gienmonoidpreserationkorallthe
resultmotecerewe referhereadeto[l7],[15]and [14].

Mainddlnitioresndlasipmoperties

Assume thatM isa monoid.W e say thatM isconielifl istheonlyimwertibkdemeh
inM .Fora;binM ,wesa thatbisa lefdivisaxfa|or thata isa righmultipb&b|
ifa= bdholdforsomed inM .An elemebhcisarighlewercommon multipfler arigh
lcmlof aandbifitisa righmultipbdbotha andb, and everycommon righmultiple
ofa andbisa righmultipbdc. Right divisotefmultiplend leftcmareddlned
symmetrical¥pra;pbinM ,wesa thatbdivided or thatbisadivisamfalifa= cbd
holdformsomecd inM .

Ifc,® aretwo righlcm’ ®fa andb, necessartlisa lefdivisaxfd®, and® isa left
divisaxfc. Ifwe assumeM tobe conicadnd cancelladfwe have c= . Inthigase,
theuniquerighlcmofa andbisdenotedy a_b. Ifa_bexistandM islefcancellagiv
therexistsuniqueslemehc satisfyimgb= ac. Thiselemehisdenotedy anb. W e
delnetheleficme and thelefoperationsymmetricalInparticulaehave

a_b= a(@anb)= b(lna); and aeb= (=a)a= (a=b)b:
Cancellatiyvdrdconicytimplieaeshatlefandrighdivisiby Axreorderelations.

Deflnition.[15]A monoidM issaidobeGarsid€’ ifM isconicahdcancelladjiwery
paimmfelemehsinM admits leficmandarighlcm,andM admits Garsidelement
delnedtobe anelemehwhoselefandrighdivisorsinci@ndgeneraté .

By [O],allsphericadktinmonoidsareGarsidanonoids. The braidmonoidsof the
complexreectiogroups57;G11;G612;G13;G15;G19 and Gy, gien in[8] (seell7, 291),
Garsidehypercubmonoids(R1,29]) thedualbraidnonoidsforsphericAtrtimgroups
(b,4,29,3,31])arealsGarsidmonoids.

Example 1.1.LetusconsidethemonoidM - withpresemmtion
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NX;y;z 1X2ZXY = YZX® ; YZX°Z = ZXYZX ; ZXYZX = XZXYZ i:

The monoidM - isa typicaéxampleofa Garsideonoid,and,inadditioi,- hasthe
distinguishiiemturteobe notantiautomorphiojtraryoal kphericAttimonoids.

IM ismaGarsidmonoidithenM satflesOre’ sonditiofi®] anditembedsina groupof
righfractiomsd,symmetricallma groupfleffractiornsithisaselhy construction,
everyrigh fractiab ! witha;o inM canbe expressealsa leffractianld, and
converselfhereforehetwo groupsoincidaendtherea snoambiguiytinspeakingfthe
groupoffractionfa Garsidmonoid.

) Garsidmonoidsasdelnedabove arecalle@arsidmonoidsin(3,4,11,15,18,30,31],
buttheywerecalledsmal Gaussighor\thimcaussighinpreviousapers[l’, 27, 28,
29] whereamorerestrictwmtionfa Garsidmonoidwasalsconsidered.



Deflnition.A groupG isa GarsidgoupiftherexistsGarsidmonoidofwhid G is
thegroupoffractions.

Lemma 1.2.[15]AssumethatM isa Garsidmonoid.Then thefolWwangidehiti@éslds
inM :

(@ab)_ (ac)= a(_ c); (1.1)
cn(ab) = (cna) (&nc)nb); (abjnc= n(anc); (1.2)
(a_b)nc= (anb)n(anc) = (na)n(lnc); cn(a_ b)= (cna)_ (cnb): (1.3)

Lemma 1.3. [17]Assume thatM isa Garsideonoid.Then thefolWwdngequialeh
assertidmsld:

(ihereexistsmapping, fromM irtotheirtegersatisfyin@) > 0 foreweryaé 1
inM ,andsatisfyingb), ,(@)+ , (b) forrwerya;binM ;

(iiForewerysetX thatgeneratds andforwrya inM ,thelengthsfthedecompositions
ofa asprauctofelemehsinX have a flnitepperbound.

Deflnition.[l7]A monoidissaictobe atomicifitsatilestheequixzlehconditions
Lemma 1.3 An atomigsddlnedtobeanontrivialemeha sud thata= bcimplids= 1
orc= 1. The norm functiojfjofan atomianonoidM isdelnedsud that forewerya
inM , pjistheupperboundofthelengthstthedecompmsitionfa asprauctofatoms.

Example 1.4.ThemonoidM ; deflnedby thepresemtion

hx;v i xyxyxyx = yy 1

isanotheexamplefa Garsidamonoidwhid,asfortadmitsioadditewnorm,i.gno
norm” satisfyirgh)= "(a)+ " (b).

By theprevioukemma,ewryelemehina Garsideonoidhasflnitelyany lefdivisors,
onlythenforwrypaiomfelemehs(a;b), thecommon lefdivisoofa andbadmitarigh
lcm,whid istherefothelefga ofa andb. Thislefgcdwilbe denotedy a~ b. We
delnetherighgal e symmetrically

Lemma 1.5.[15]AssumethatM isa Garsidamonoid.Then itadmits flnitgenerating
subsethatisclosedndem;=; ;” ;e ande.

EveryGarsideonoidadmitsa flnitesetofatoms and thisetistheminimalgenerating
set[l7] .The hypothesitthattherexistasflnitgeneratisgbsethati sclosedndern
impligshattheclosumstheatomsundem idlnitgitselemehsarecalledighprimitive
elementsInparticuldhgeclosureftheatomsundern and_ isflnitkitselemehsare
callegiimplelementendtheirighlcmisdenotedy ¢ . Itturnoutthatthesetofthe
simplelemehsisalsaheclosurgdatomsunder=ande. So,theelemeh¢ isoththerigh
and thelefitcmofthesimplelemehs anditiscalledheGarsidelemenbfthemonoid.
IfM isa Garsidmonoidand$S isthesetofsimplelemehsinM ,then(S;~; ;1;¢) isa
flnitdattiadhid completeetermings .
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Figurel. The latticefsimplesnM - (ontheleftgnd inM ; (ontherigh).
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Example 1.6.The latticefsimplelemehsinM - (Examplel.) and inM ; (Exam-—
plel .4 aredispyad inFigurd.

Propositiorl.7. [15] Assume thatM isa Garsideonoid,S isthesetofitssimple
elemehs and ¢ isit&arsidelemen.

(i Letk be a nonnegatéirtegerThen,S* isboththesetofalllefdivison£¢ * and
thesetofalkrighdivisons¢ *.

(1iThe functions/! (an¢)n¢ anda 7! ¢ =(¢ =a) fromS irtoitseéktendrtoautomor—
phisms’ and © ofM thatmap S*¥ irtoitsefbreveryk,andtheequalities

a¢ = ¢ “(@a); and ¢a= ®@)¢

holdforrwerya inM .

Normalformsandautomatistructex

IfS generatdshemonoidM , eweryelemeh ofM canbe decomposedasa prauctof
elemehsofS. The classicikdeaforobtainimyuniquedistinguiskkgtompositiars
topushtheelemehstotherigh (ortotheleftl,s.torequirehelastlemehofthe
decompositidmbe themaximalpossiblme.So a n—closethmilyswhat isneededfor
thipraestoleadoa uniquaelecompositidmsedl7,15,14,27]).



Deflnition.Assume thatM isa Garsid@onoid,andG isitsgjroupoffractioniarc
inG ,the(righffactionahdrmalformofc isddlnedtobe theuniquaelecompsition

ap ¢ecar bl T eeek

aje (¢=aj;1)=1for2+ i+ p,andbie (¢=b; ;)= 1for2+ i+ q.

The previousormalformsareassoiateditha biautomatistructurélore thanan
existencesulsjimplautomatahatcomputenormalformscanbe constructed

Propositiod.8.[15]AssumethatM isa Garsidamonoid.LetA be thesetofatoms S
be thesetofsimpleand ¢ be theGarsidelemeh.LetddlneT :S£ A ! SbyT(sx)=
(€ =(¢=x)n(¢=s) h¢ . Then,forewerywordu onA,wehaveye¢ = T(Lu),i.sthe
resuldfreading by theautomatonT;1)isthelastermoftherighnormalformofy.

Corollaryl.9.[15]EveryGarsidgroupadmits biautomatstructure.

Example 1.10.From thelattioésimplesnM ; (Figuré) ,onecaneasilgonstruat
transducgn .gaflnitetateutomatowithoutputcomputingtherighnormalformof
eweryelemehinM ; : seeFigure. The initisflatésrepresérdwitha bigblak arrw :
thestatd . Clear(resp.dark)arrws represéerthereadingftheletter (resp. the
lettgn .Duringthereadingfa wordw , oneconcatenatekelalkls(eentual lgmpty)
ofcrossealrrws.At theendofthereadingfw ,theambiet state istheflrstsimplef
therighnormalformN (w) ofw and thewordw® obtaineldy concatenatitlyevarious
laleld sthewordthatremaingonormalizewe have N (w)= N (w9 ¢s.

Figure2. A transducewmputingherighnormalforminM ;.
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Reognizinearsidemonoids

W e concludéhisectidny recallihgr toefiectislyrecognifmrsidemonoidsfrom

a presamationdIn facta corresmpdencecan be establishkedweenGarsidaenonoids
and presaemtionsfa particulsyrtactiftorm.The connectiarliesn a combinatorial
tehniquecalledword redessingwordreersingn(l4]) and itleadsotwo fundametal
applicatiofre.theonehand,ital ws toefiectimdydecidahetherm giwnpresamtion
deéflnesa Garsidmonoid .On theothehand gienaGarsidmonoidpresamtionjal ws
onetocomputethemainoperatiomEthemonoid.

Fora nonempty setA |usuallyalleshalphaddinthigortextw edenotdéy A~ thefree
monoidwithbasiA . W euse" fortheempty word.

Deflnition.[l5]W e say thata monoidpreseamtiohA :R iiscomplementkifforswery
painx;y) inA?, therexistesxactlgnerelatiem = yv inR ;inthigaseyw andv are
denotedy xny andynx respctisly The operatiamon A canbe extendedrtoa unique
partiaperatiomonA” satisfyirprulesfwordredressing

(uv)nw = vn(unw );

wn(uv)= (wnu) (@nw )nv):

A complemetiedmonoidpreseratiohA :R 1iiscalledheentonB 2 A~ if forev—
ery(u;v;w) inB 3 ,we have

( Gnv)n(unw ) h( ¢nu)n(vnw ) )= ";

andcalleatbrmel iftherexistamapping” ofA” totheirtegersuh thatfomlk;y inA,
andalli;v inA” ,wehave ” (xv)> " (v),” (vx)> " (v) and” (ux (xny)v) = " (uy (ynx)v).

The Garsidyttriteriwashaliseinthesequeis:

Propositiond.11. [14]Assume thatM isa monoidwitha flniteoherdnnormedand
complemenedpresermmtiomssumethatM iscancella¢andadmits Garsidelemeh.
ThenM isa Garsidmonoid.

ForalternateGarsidyttriterdmddetailwe refetro[l5] seealsdl4, 16,17].

Remark. W e knov no sud criterimhlwmingtoprore thata gienflniteomplemetied
presdamtiodeglne a (noGarsidefGaussiamonoid,i.s.a Gaussiamonoidwithout

Garsidelemeh.The coherenceonditidmcertainhgcessaylyutnotsucien.Letus

mentiomoreorerthatwe knaw actual hy exampleofflnitelgeneratdgghussiamonoid
orgroupthatisnotGarside thebraiggroupB; isGaussiamndnotGarsidehutitis
notflnitelgenerated.



2.Monoid presentationsfor torus linkgroups

Inthisectiomwge computea flrstwelI*ted(monoidpresamtiofioreverytorusink
groupandthencompleteéhelattermobtair complemetedpresemmtion.

Everyorieredlinkanbe realizeda closetiraid® forsome braid. FolwingArtin
21(sealsd5])jifbisan n—stran]draidthenthelin}groupof]BI i.e thefundamemal
group..g (S°rB) ofthecomplemen offlhas a presemtionftheform

Deflnition.A torudinksa linkhatcanbe dravn on thesurfacefa standardorus
withoutself+tewrsectiogien irtegerp and g, the(p)-torusinkrapsmeridionally
aroundthetorup timesmndwrapslongitudinaddgundthetorusg times.

Applyindrtin’ttheorentotheparticuleaseftorudinksieobtainhatfor2 » pe* g,
thegroupofthe(p;q)-torudsink s

hxijiiiXp 1X5= X+ (1 6CC pil)q forl e ie pi;

sincegs shaovn inFigure&,the(pg)-torusinkistheclosurefthebraid ; ¢¢¢ , 1),
wherethe ;’sdenote¢heArtimeneratoon$B, .

Figure 3. The (p;g)-torudinkistheclosurefthebraid( | ¢¢¢ o, 1)7.
(herethe(4,6)-torusmlkastheclosuref( 1 2 3 ).

Lemma 2.1.For2e pe g,the(p))-tordsinkyroupis
DET I o g et )5 Mk, oo forl e ie pir (2.1)
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deflnedby 3

. . i
< XiXip1 X fori= j

Xit 4= Xy 1 forr= j+ 1

X otherwise.

Let [z] denotetheirtegempartofz. We shw by inductiocon g , 2 that forewryp
with2 « pe* g,wehave

gi i Loraidg.
xio (g eee o) = (xg ceex, ) ]“xp[%ihpi o 1 (K1 Seexp)t T

forewryl s ie¢ p.Forp= g= 2,weflnd

i1 i1 Tl 1 1
XXX 1 1= (X1xXoX] T) K1) KixX) TxX]T) = (XixX2)xy (x1xX2)' 7

X1t

[l S E =l VY

i1 i1
Xot 1= X1t 1= X1XpX) = (X1X2)Xp (X1X32)!

Assumeq> 2. By inductidwypothesiweg have

i (1666 5 1)

= (xp et (xy 660 )t BT eee )
X1 Xp) Xp[q‘;‘l]+piq+i+l X1 Xp f 1 pil/r

forl « i< p.W eeasilgompute(x; ¢¢¢x, )+ ;= (x5 ¢¢¢x,)* forl « i< p,hence
(1 6¢ex, )<+ (1 0ee Lo1) = (xg eexy )

fork , 0 (alsa directonsequenasthefactthattheconsideradtionsan automor—
phism)and
(x1 ¢¢exp )%p (X1 ¢0¢x, )1 Y fori= 1

- ces )=
xir (1 p‘l) Xi;1 forl < i- p.

Now,p[qiTi‘lH pij g+ i+t 1=1 isequiazlento[q‘Ti‘lH 1= q;i= [qlioi].w ededuce

k10 (1 6¢ o) = (s etxn )T Iy Gty ) (k1 600k, )T L (g Gt )T

and

)i (166 o) = (g 6ty ) R o (x; Geexg ) 50

P

pl J+pi g+ 1

forl < i< p.Finallfori= p,adirectomputatiopiestherequirackesult

q _ 21 P2,
Xpt ((166¢ 5 1) = (X1 6Cexp) P xp[%]+piq(x1 Ceexp ) P

whid completetsheinduction. !



Now we have todistinguiwl casednorderrocompletehepreserationbtaineadbove
irtoa newone,thatwilbeeligilflempplyingheGarsidyttriteriofPropmsitidnll

By Lemma 2.}forwp, 2andk , 1,the(p;pk)-tordsinkjroupis

hxyjii0%p 1 (X 06X, K= (x, CeCxp Xy K= = (XpX1 ¢CCXp, 1 P oi: (2.2)
Letusflx 2 « p ¢« gandassumethatp doesnotdividg. Letfi;fl be theirtegempart

and theremaindeofg=p. Thenwe havegq= pfi + fl withl « fl « p; 1. The (p;g)-torus
linkyroupisthen

hxpjiinxg @ (%) $06x, o= (%, Ceexp ) K1 COCx, y Xpi fi+1

= (x5 600x,) &1 S, ) X, 141 Xp; 0142

= (X ¢00xp) Ky ¢¢¢xp ) %p a1 $6EXp; 1

(x1 e, iz = xg4p (%) 66 ) (2.3)

(%1 ¢CCxp )ﬁ Xy = Xn4o (X1 CCCXp )ﬁ

(x1 ¢6¢xp ) %p 0 = Xp (%1 GG, ) i

Deflnition.Let2 « p+ g. Wecallpg)-torusinBrtimonoidthemonoidA,,, with
preseration2.2forpiandwithpreseration2. 3forp6y.

By constructi@py2 » p e+ g, thegroupadmittinghepresemmationfA ,, isthe(pg)-
torudinlgroup Now, we shaor that?A,,, admits complemenedpreserationlhisnew
presematiofnotuniqua priogwilaédlwusinthefol¥dngsecticioshwr thatdA ,, is
a Garsideonoid whid,inparticulam)lteldsthatthigsomplemetedpreserations
therighone,i.gstheminimalone.

PropositiomR.2.Let2 « p+ gwithp6f. The monoidA,,, admitsthecomplemened
preseration
hxpjiixp @ xi(Xinx5) = X5(xynxy) forl » i+ pi;

wheren i sddlnedby

g°

% nx W (etioe g 1) fort< s,
sfl+1 Hl+1 —
Wosar; 1) X(t; s; 1)+1 fort> s,
by 8
< Wesyom; 1) fort< s,
Xefl+ eNXefl+1 = | Wossi e forse te s+ 1,

) W (stiyeri Woo(si ; 2)X(t; si 2)1+1 fors+ 1< t
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and 8
< Wiy 1) X(s; t; 1)fl+ e fort< s,

Xifl+1 NXsfiv e = | Wen (s e s) forse te s+ 1,
W (stiyoc2fi; 1) fors+ 1< t,

forr 6 1,andby

8
2 W (es)0(26 1 1) fort< S 1,
W (st yesi fort=s; 1,orfors= twitheé6 £,
Xsfl+ eNXtf1+ £ =
2 Wisten Woors i 1) fort= s+ 1,

W st yeti Woors; 2) X(t; s; 2)f1+ £ fort> s+ 1,
fore;f6 1,with
Woen = (X1 000K, ) Ker1 GOy (X7 $CCXp )ﬁxleri 1 C¢CxRe; 14p; 17

implying,. = (x1 ¢¢¢x,)*" " o andw,,, = (x1 ¢6¢xy)*x, ¢6ex, (x1 Ceex, )t .

Proof .Firsttherelatios(2.3areimmediateonsequencesthosefthepresemation
above. Converselwe have toflnd a relatioftheformx; ¢ece= x;¢¢¢ forl » i« p
usingnlytherelationfSthepreseration2.3forA,,, ,thatisusingnlytherelations

Xe CC0Xp (X1 S0, ) Xt 41 C8Ke, 14 pr 0 = Xe CCOKp (X1 S0, ) X 41 $CCXe; 14pins (1)

(x1 ¢¢¢xp $ixe; (2)

Xofy o (X1 S¢6x, )%

forl « e;£f « fl.
Casel.Assumei= sfl+ eand j= 1+ 1 witht< s. Thenwe have

t+l) e 2
YD =

t+1)1fi
Xsfy e (X1 CCEXp X1 GECXp )( X(sjtj 1)fi+e

= (xq ¢e¢xp) Ry xp G8xp (k1 ¢¢ex ) TR (o) 1 1y e

(1) ; ..
= Xeaer (X1 666k, )%, CCCxy (%1 600 )T TR (s, 1 1)1 et

Thisgies both the expressiaf xsn41 NXn41 for0 ¢ s & t and theexpressions
0fXsny eNXf141 ANA X1 NXgpy ¢ L0 ¢ s< tandes 1.

Case2.Assumei= sfl+ eand j= tfl+ 1withse te s+ 1andeé6 1. Thenwe have

Xons o (X1 ¢0¢%p )% Xty $66%, (X1 66¢x, ) X141 b 0 $¢CKe; 14 p; 1

2 (xy 6exg ) Raxay S8Ry (X1 €68 )R, b 1 $68Ke: 14 pr 1

= (kg eeexg )L o (x) ceex )ik x, Gtk (x) ook ) ST B E

= Xen (%1 ¢ceex, ) Hx, ceex, (x) ¢eex, ) ST I,

ThisproridesheexpressionfXgn: eNXis1 and X1 NXgnre fOr0 ¢ s ¢ £t e s+ 1
andeé& 1.
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Case3.Assumei= sfl+ eand j= tfl+ 1withs+ 1< tande$é 1. Thenwe have

sfi

Kol o (K1 006%™ Kay1 G00Kp (1 ¢¢¢x, ) X1s by 0 C8Ke; 14 p; 1 (X1 S8 )T TR (e 5; 201

(2) . . ..
= (%1 ¢¢¢xp )7 ReXep 60Ky (X1 €Cxp ) K1y p; a1 $8¢Ke; 14 p; a1 (X1 G080 )T T TR (e o0 2)a41

) 2 fi (2) 2V fi
(Xl ¢¢¢Xp )(s+ ) X(t; si 2)fl+1 = Xiefl+1 (Xl ¢¢¢Xp)(SJr : :

=

ThisgiwstheexpressiomfXgns eNXin+1 anNd X1 NXgar e 00 < s+ 1< tandes 1.

Case4d.Assumei= sfl+ eandj= tfl+ £ witht< s lande;£ 6 1. Thenwe have

t+2)f 2 t+2) fi
)(*) = )(*)

Refls e (X1 GECRp X1 ¢CCXp X(sitj 2)l+e

(1)

= (x) ¢ex, ) Txexe ) Ceex, (x; ¢eex, )

fii1
Xisp; 1 OCCXs; 14 p; a1 (X1 CCORp ) "X(s; t; 2)4 e

= e £ (%1 €680 ) TRe 1 668K, (X1 C68Ko TR, b g $O8Re L 14 po g (X GOCxp

1
X(s; t; 2)l+ e+
Thispraovidegheexpressiof Xgn4 eNXin+ ¢ fOoreithel < t+ 1 < sor0< s+ 1< t

ande;f 6 1.
Caseb.Assumei= sfl+ eandj= 1+ £ witht= s; 1ande;£ 6 1. Thenwe have

Ko o (X1 600x, )% xer) GCex, (%1 ¢00xp ) K14 pi 0 C6CKe 14 p; 1

2 (k1 €6exp ) ReRern 08K (X1 S8R ) K1y p: 1 $68Ke: 14 p: 1

= Geex )AL o () ceex ) (Er2)firL

= (xy 6eexp ) Txe xe g G6¢x, (1 66xp R, p: g COCKe 1, b 1

= Xene p (1 60k ) ey Goexy (xg 68k )Xy by 0 S8R 14 py 1

Thisproridefsheexpressiofixgn: ¢NXuy+ ¢ fOreither= s lors= t; lande;f & 1.

Caseb6.Assumei= sfl+ eandj= sfl+ f withl 6 e6 £ 6 1. Then thecomputatiomxe
similaxiththepreviousnes Thiscompletethepramf. ol

3. Torus linkgroups are Garside groups

ThemainresuldfthisectidmsthataltorudinkroupsregroupsffractionfGarside
monoidsyhid ,asa consequenceywidesxplichtautomatstructurseadh ofthem.

Propositio3.1.Let2 ¢« p ¢ g. The monoidA,,, isa GarsidemonoidwithGarside
elemeh¢ = (X ¢¢¢xp)ﬁ .

Proof .Forp, 2andk, 1,A_,, ismGarsidmonoid(sedl7,Example5][29,Chapte®’I])
withGarsidelemenh (x; ¢¢¢x, )< .

Fromnow on,weassume2 * pe* gandp6y. W e shallsetheGarsidyttriterioffl 4]
descred inSectioh. FirstAdjan’sriterifn (seealsd32, 23] )allws us toclaim
thatfor2 « p+ gandp6f, themonoidA,,, iscancella&jindeedfhegraphdG (2.3)
andRG (2.3arestagraphserteredespctisdlyinx; and inx,, hencecycldreeW e
delnefi;fl tobe respctimdytheimegemartand theremainde@f% . Inparticularm,
haveg= pfi + flwithl « fl » p; 1.
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Next,inordertoshw thate = (x; ¢eexy )ﬁ isa Garsidelemeh forA ,,,we consider
therelatioofthepresemtiofn2.1forA,,,,whid canberewrittams

I = (xy ¢eexy T x5, 00 forl s i« fl,

(x1 ¢¢¢x )" %4, n forfl+ 1+ is p.

X (X1 CCCxp

x; (x ¢eex, )

g

gj i . i+ pj fl forle i fl,
I+ pi g+ i= | .
P i1l fodl+ 1+ i+ p,

isapermutatiomfs withorderif .Morepreciselgtusconsidethebraiq,;, delned
asthepositey + ,—-strandraidvherethe, strandsnitiahtpositionst 1 to, + ,
crossvertheflrst, strands

The minimalirtegek > 0 for(;f‘;" tobe a purebraidisk = +fx and,morewer,inthe

purebrai¢® ,ewrystrandrosseser (resp.crossamder theothers?— times(resp.

— times)As ¢ isthepermutatioassoiatedithin;, 1, we deducethattheminimal

”

irtegeh > 0 sud thatx;(x; ¢k, )" = (x; ¢¢¢x,)'x; holdforeweryl « i+ pis

h fl . piifl aq
= —— (fi+ 1)+ —-—" f= ;
I~ (p i 1) fIr(pj f1) jogle|

whid praesthate = (x; ¢eexp )ﬁ isa Garsidelemehfomrd .

Finall¥hepresemationfPropmsitidn 2isnormed ,astherelatiopseserthelength.
So,wearelefwithchekingthel@alcoherencea,gwithchekingthat

( kinxy)n(xinxg ) n( &ynx; )n(xynxy ) )= "

holdgorl « i6 j& k » p. The verficationseasybutsomeho tediousthedecomposi-
tionrmosomel33sulraseandthesystematierficatioaregieninAppendix. !
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GatherinBropsitiohs9%nd3.lweobtain

Corollary3.2.Everytorud inkgroupadmitsan explichfautomatstructureien by
theassociatedorudinRBRrtimonoid.

Example 3.3.Figur® disp¥ysthelattioésimplesnthemonoida,, .

¢

Figure9. The lattio€simplesnA, ;.

Remark. A resulefBurde-Zidsmng [10, theoremb.l tlaimthata non-triviabt
whosegrouphasa non-trivimlterisa torusknot.By comparinghigsesulwith[28,
Propositidh 1l lwhid claimshateweryGarsidgroupsisan iteratedossedrauctof
Garsidgroupsvitha cyclicertergeneratdoy somepowerofitslemeh ¢ ,we deduce

13



thatamong alknotsenlythetorugknotsand thetrivikhotha vea groupvhid isa
Garsidgroup.

4. 0ther monoids for torus linkgroups ?

LikewryGarsidgroupa torudinkiroupcanbe thegroupffractiocmfssewvralGarside
ornot)monoids.Forinstancege knav that forp;qg > 1 coprimethe (p;q)-toruknot
groupadmitsthe (monoidpreseratioh x;y : xP = y? i, and,asalreadmentionned
in[l17] themonoidadmittinchipresaerationsa Garsidmonoid.Inthiflnalsectiowe
considexthemonoidpresemationfortorud inkgroupsinspirdy theWirtingegroup
presemationsfa linkgroup.

Deflnition. Let.. bearegulgrojectiamfanorieredlinkW ecalWirtinger-monoid
themonoidW admittinghepresemtioh X :R i, whereX isthesetofWirtinger
generators.,g thesetofal bvercrossiagcsf..,andR isthesetofpositewelations
assoiatewiththecrossinffelwangthesheme ofFigurs.

Xi

Figure5. To thigrossimprresmdstherelationXy = XgX;.

LetW ,,, denotéhdiirtingemonoidassoiatediththediagramftheclosumethebraid
word( 1 ::: pi1 )4, wherethe ;’saretheArtimyeneratorfsesectiodandFigursd).

Itturnsoutthatcertaiprojectionsoftorudinkyield Wirtinger-monoidthatis
a Garsideonoid,and,thereforgieldn explicattomatistructufertheassoiated
torudinlkgroup The poin isthattheautomatistructuse-obtainednbe simpletrthat
thegeneradnedescred inthepreviousection.

Forewryqg > 1 odd, themonoidW ,,, isa Garsideonoid whosegroupoffractions
isomorphimthetype I, () Artimroup Inparticuldhegroupofthe(23 torusnot
i.gthetrefoknotis thebraidjrouBs.

Incortradistinctilvemonoiddi 5,, andW ., arenotGarsideThemonoidW ;,, admits
thepresemtion

h 17 25é1ié22é2 1= 1 2= 2827 1410= 2 1=2¢é1 2 4;

and,inparticularheelemehs ; and , do notadmita uniquelcm (neithemn the
righ,noron theleft)Nevertheled$,,, admitsan elemeh ¢ whoseleftand righ

14



divisors®incidend generat® ,,,, namely¢ = ¢, f Thisimplieshatany two ele-
mentsinW,, admita righ (anda leftqdommon multipleloreorer ,addingtherela-
tiong;, 5= ¢, i = 74 = 3¢ tothepreviousresemtioallws toobtaim complete
preseamtiofiorthemonoidW ,, whid,accordinmpa criterioffl6] ,impliethativ ;,,
iscancella¢i¥nparticuldir,, satilesOre’sconditionsgnceembedsirtoitsgyroup
offractiomamelyB;. Letusmentiorthatthi ®mbeddingesuldnswersposita¥yto
a questiomfHan & Ko in[22]aboutthiS$ergiesmwonoidforB ;. Figureé dispys the
CaylewraphofW ;,, restricttelivisons¢ .

The monoidW ,, doesnotembed irtoa groupforjinparticuldrtisno cancelladiv
indeedy ,,, is

O WO .
o o .

h 1 27é17¢é275

3V
.

Il
N
g
KA

I

o] 7602 1 2 é2 17 1¢1 = %1 17
— o — . . .- = 2 T .
2 1= 102 = ¢1 275 262 T o2 2 1
andboth 1 2 1= lg/ozél and 2 16 (&261 holdinW 42 .

¢

1
Figure 6. The monoidW ,,, isnotGarsidehutitembedsirtoitgroupoffractioBs.

The monoidW ;,, isa Garsidmonoidindeeditisthemonoid

th;:II,'Xg 1 X1X7 = X7Xp = XgX1y XoXg5 = X5X3 = X3Xgg

X1Xgq = X3X1 = XgX3j; XgX7 = XgXg = X7X5 1

whid admitshenormedcoheraencomplemetedpreseration

X1XgX7 = X5X1Xgy X1X7 = XeX17 X1X7 = X7Xpp X1Xg4 = XgX3; XpX5 = X3Xg g

XoX5X1 = XgX7X3y7 XpX5 = Xs5X37 XpX5X1 = XgX1X5; XpX5X1 = X7X2X5y

XpX5X1 = XgX3X7y X3X1X7 = XygX7X35 X3Xg = X5X3; X3X1X7 = XgX1X57

X3X1X7 = X7XpXs5y X3X1 = XgX3j7 XgX7 = X5Xgj; XgX7X3 = XgX1X57
XgX7 = X7X5y XgX7X3 = XgX3X7; X5X1X4 = XgX1X5; X5Xg = X7X55
X5X1Xy = XgX3X77 XgX1 = X7Xp 7 XeX1X5 = XgX3X7; X7XpX5 = XgX3X7 11

A Garsidelemehist¢ = x1x4x7,andW,,, isa Garsidemonoid whosecerterisgenerated
by theelemeh ¢ *. The lattio€simplelemehsinW ,,, isdispyed on Figurd/ . In
cortradistinctibafirtingemonoidW ,, isnotGarside.

15



Xl (g X2

AAAAAAAAAA

1
Figure7. The lattio€simplesnW 5,,.

Remark. Therearanany otheexamplesfGarsidmonoidsvhosegroup®ffractioase
isomorphioa torudinkroupForinstancehegroumiffractiamfthemonoidV + ofEx—
amplel.4isisomorphitmthe(34 )»toruknotgroup Forewryk , 0, themonoidM ]‘{2;2)
preseredby

hxgy 1xy’x ¢(yx)y exy?x = (yx)Fy ¢xy?x ¢(yx )y i

ismGarsidmonoidwhoseGarsidelemehisthesquarefthelcmoftheatoms.The lattice

ofsimplesnM ;' isdispyed inFigure&.The groupssffractionfthemonoidsaM "’

areallisomorphitothe(3,4)-tokmetgroup: tak z = xy? (xy)*™' andt= y(xy),
i.gx= (z8 1)t P andy= t(tzi 1)t

FinallW¥W ,, isa Garsidemonoid: thelattiofthe68 simplesnW ,,, isdispyed on
Figuré®,andcanbe comparedviththelattioéthel76simplesnA,,, onFigurd.

W e thisarenaturallgdtothetwo folwangproblems
Questionl. Among albossibWaertingaemwnoidsoftorudinkshid onesareGarside?

Question2. Among albossiblaertingemwnoid®oflinkshid onesembedirtoagroup?
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Appendix

Hereisthefuldetaidfverficationfl@alcoherencefthepresamtionfPromsitié@n 2
completincheprewfofPropsitidn 1 The notatiomerearetheonesusedinProposi-
tiom.2Aboveallletusobserwthatfromtherelation

(x1 ¢¢ex,) ¢ (x1 ¢k ) T TR 101 = Kaner S(xp GGexp )"
ofPresenatioh?2. 3 wededuce

Wooo NXzfi+1 = Wooca; 2)X(z; 1)f1+1
Xzfl+1 MW oo = Wooea; 1) ©
Leti= sfl+ e, j= tl+ £,k = zfl+ gandujy = (&inxyn(xinxg) n( &3nx;)n(x4nxy ) )

By ddflnitiomfn,coherenaelvaysholdgortripletusv;w ) wheretwo among u;v;w are
equal inthefolwang we shaldssumes=t) e6 f,t=2z) £6 gandz=5s) g6 e.

Casel:e=1,f=1,g= 1.
Sukrasel.lz < t< s.W eflnd

J— mwemm _ o,
Uik = (Wienom; W @ayom; 0 MW eayia; 0 X(s; £ DA+ W eayoe; )= ™m"=":

Sulmasel.2:®t< z< s.W eflnd
Uik = (Wisyom: »W e 1 W eayie; 10X (sq ¢ 1)+1 W ey 1 Xz ¢ 1)a+1 )
= (xq G6xp) t)ﬁl’l(X(S; t 1A+l DXz ¢ 1)a+1 )
= (X1 ¢¢¢Xp)(zi t)ﬁnw((z; t DE)0ME 1) "
Sulrasel.3:1t< s< z.W eflnd
Uik = (w(tﬁ)O(ﬁ; DIW sy X (z) s; 1)A+1 )
NW (et 105 | 1 X(s; t; DA+ W ey 1) X(z; ¢ 1)A+1 )
= (Wi e nane; DX(z; s DA+l M&(s; ¢ 1A+l DXz ¢ s )= "
Submasel.4z< s< t.Weflnd
Uik = (W(sf—i)l(ﬁi DX (ks DA+ W zayom ;1) mw .q yor s 1) W (25 y0(s 5 1) )= "n"=
Sulrasel.b5s < z< t. W eflnd

U-ij( = (W(sﬁ Y1(f 1)X(t; si 1)f1+1 W (s YL(f ; 1)X(z; si 1)fl+1 )n(w(sﬁ)O(ﬁi l)nw(zﬁ)O(ﬁ; 1))

— nm.,
(X(t; s; A+l Xz s; 1)A+1 )nw((z; s; DE)0E; 1) — .

Submasel.6:s< t< z. W eflnd
Uik = (Weanyrm: 0¥ s; DAL W i Xz s; 1)+1 DW iyoe; 1)
W ey 0 X(z) £ D+1 )

— n

(Re; s; 1A+L DXz 57 DA+1 MW () o navre; X (z; g 1)l )= 8
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Case2:e6 1,f=1,g=1.
Sukrase?2.l2z < t< s.W eflnd

Uix = (W(tﬁ)o(ﬁ; HIW a0 1) )n(w(tﬁ)l(ﬁ; 1)X(s; £ 1)fl+ W o 1) )= "m"= ":
Sulkmase2.2:1t< z< s.Weflnd
Uik = (Wieom; W eaoe; 1 INW e 0¥ (s; o s eDW i@ X (z; o 1ael )
= Wie g naom; n DK g e DXz g 1)1 )= e

Subrase2.3®&< s+ z+ s+ 1.W eflnd

Uigk = (Wienyom; 1) W (e yes JNW (ey1a 1) X(sj t; DA+ W ey 1 X(z; 7 1)+l )
= Wi(s; t; 1)fi)esi l'1(X(s; t; D+ eNX(z; ¢ 1)A+1 )= ":
Sulkmase2.4t< s< zj 1.Weflnd
Wig = (Wenyom; 1) W (s yen Woocs g 0 X(zi s; 2)1+1 )
NW sy 1 X(s; ¢ DA+ eDW es)1@; »X(z; ¢ 1A+l )

= W(s; t; 1ieti Woo(si; 2)X(z; s 2)l+1 n(X(z; s 2)l+1 )nx(s; t; l)ﬂ+e) = .

Sulrase2.52z < s+ te s+ 1.W eflnd

Uik = (W(sﬁ yet W (25 y0(si 5 1) )n(w(tﬁ)l(sﬁ ceie ) W a0 1) )= ""=":
Sulrase2.6:it= s+ 1= z+ 1.W eflnd
Uig = (w(sﬁ yett MW (g5 yesi )n(w(tﬁ)l(sﬁ ceas ) W (g0 1) )= "n"=":

Subrase2.72z= s+ 1= t+ 1. W eflnd

Uigk = (W e yes DW (ot yes W (ceiy1en ;e s) W e y1n s 1) Xz g5 1)+l )= "W NXy ) =
Sulmase2.8s ¢ te s+ 1< z.Weflnd

Uik = (w(sﬁ yerit W (s yeri Woo(si; 2) X(z; s; 2)1+1 )n(w(th)l(sﬁ ceie ) W 1 1) Xz £ 1)f+1 )
o I 1 ] 1
oo

Woocs; 2)X(z; s 2)1+1 n(wooonx(z; t; 1)f+1 ) fort= s
Woors; 20X (21 s; 2)+1 Moo 2X(z; t; 1)a+1  Lort= s+ 1

Sulkrase2.92z+ 1< s+ 1< t.W eflnd

Uix = (w(sﬁ yeti Woo (s ; 2)X(t; si 2)f1+1 W (26055 1) )n(w(sﬁ)0(2ﬁ; HIW g0 1) )= "n"= ":

Subrase2.10s e z+ s+ 1< t.Weflnd

Uik = (W (ot yeri Woos; 2)X(t; s; 2)0+1 W (st yent )n(W(sﬁ)O(zﬁI 1 IW Gryom ;1) )= "n"=":
Submase2.1lls+ 1< z< t. W eflnd

Uik = (W (et yesi Woocri 2) X (t; s; 2)+1 W (st yer Woos; 2)X(z) s7 2)1+1 )n(w(sﬁ)O(ZﬁI HIW s yom ;1) )

= (X(g; s; 2)0+1 DX (z; 5; 2941 "= "2

Submase2.12s+ 1< t< z.W eflnd
Uik = (W (ot yesi Woos; 2)X(t; s; 2)0+1 W (s yers Woorsi; 2) X(z; s; 2)+1 )
n(w(sﬁ)0(2ﬁ1 W (a1 1)X(z; t; 1)f1+1 )

"w.

= (X(t; s; 2)f+1 NX(z; s; 2)A+1 W (s o1 HX(z; t; 1A+1 T
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Case3:e=1,f6 1,g= 1.
Sukrase3.l1z < s< t.W eflnd

Uik = (w(sﬁ)l(ﬁ; DXty s DL+ £W 26006 1) )n(W(sﬁ)o(ﬁ; HIW s yom ;1) )=

"n": L LI
Sulkrase3.2s< z< t. W eflnd

uij( = (W(sﬁ)l(fi; 1)X(t; si 1)fl+ fnw(sﬁ)l(ﬁ; 1)X(zi s 1)fl+1 )n(w(sh )O(fi ; l)nw(zh)O(ﬁi 1) )

— .,
(X(t; s; DA+ £ Xz s; 1)A+1 W (. om0 1) = ¢

Sulrase3.3:s< te z+ t+ 1.W eflnd

Uik = (W(s )L 1)X(t; si L)1+ £OW (55 )18 1)X(zi si 1)fl+1 )n(w(sﬁ)O(ﬁ; 1) W (ehi e )

(X(t; s; DA+ £ Xz s; 1)A+1 W (5 payes = " E
Sulkmase3.4s< t< zj 1. W eflnd

Uig = (Wi, DXt s; DA+ £W sniyin 1) X(z; s 1)A+1 )
n(w(sﬁ)o(ﬁi 1) W (eriye s Woo (s 2)X(z; t; 2)f1+1 )

(Xt 51 1+ £0X(z; s; 1)A+1 W (o o5 nsves Woos; 2 K(z; ¢ 2)41 =

"w.
Subkrase3.5Assumerz< te s t+ 1.W eflnd

— PR | PN | NS | B
Ui = (w(sﬁ)l(tﬁ; si+ )W (2o 1) )n(w(tﬁ)fﬁnw(zﬁ)()(ﬁ; 1) ) n-' =

Subrase3.6 Assumeeithezx= t+ 1= s+ lorz= t=s; 1.Weflnd
Uik = (W (o y1ceni i ) TW (s )1 (st HX(z; s 1)+ W (s e W (555 )
(Woo((e; sy X (7 s; 1yasr A" = "

Sulkrase3.7®te s t+ 1< z.W eflnd

Uig = (

\©

o
o

Wostiicen; ssie ) W s y1a ;s 1 Xz s7 1)+ MW e yen W (s s Woos g 2) Xz 7 2)+1 )
(R SCCRpNR (5 5 1)+l MWoo(s; 2)X(z; ¢ 2)a+1  Lort= s

(WOO(ﬁi nNX(z; s; 1)fA+1 )nwoomi 0 X(z; t; 2)0+1 fort+ 1= s

Sulmase3.8z < t< sj 1.W eflnd

Uik = (Wiesocza; 1 W o 1 DUW eyen Wooes 20 X(sp t; 2)+1 W (o

Sulrase3.9:te z¢ t+ 1< s.W eflnd

Uik = (Wiesocn; 1 W aoc; 1) IUW (eayen Wops | )X (st 2)0+1 W (es1 )6 )
Sulrase3.10t+ 1< z< s.W eflnd

Uigk = (Wieayoren; 1) W o 1) W e yes Woo(s s 2)X(s; t; 2)0+1 W (e yes Woors; 2) X(z; t; 2)0+1 )

W o mmom; K sy ¢ 2)a41 NX(z; 5 2)41 )= "¢
Submase3.11t+ 1< s< z.W eflnd
Uig = (Wiesyos; W en i 1 X(zg sj 1)+l )

AW (e yes W oo (s ; 20X (s t; 2)0+1 W (e yea Woors ; 2) X(z; t; 2)1+1 )

— nm.,
Wi e o DXz s; 1)+l D& (s; g5 2)0+41 DXz g5 2)n+1 )= "¢
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Cased:e=1,f=1,g6 1.
Sultased.lt< s< z.W eflnd

Uik (W esiyous 1 1 W (a1 qs ; 1 X(z; s; 1)+g)

n(w(tﬁ)l(ﬁ; 1)X(s; t; 1)+l nw(tfi)l(ﬁ1 1)X(z; t 1)ﬂ+g)

= (Wi e naria; DX (z; s; D+ g Mg 1)1 DXz g5 1+ g) = ¢
Sukrase4.2:t< ze* s+ z+ 1. W eflnd
Uig = (Wieayom; 1) W a1z snes) W esyia; 1 X (s; 6y DA+l W es @ 0 X(z; t; Dl g)

= Wo(s; ot 1)fi)1(zfi sﬁ+ﬁ)n(X(Si t; 1)fl+1 lPlx(z; t l)ﬂ+g): "
Sulrase4.3:%t= z= s 1. W eflnd

uij< = (W(tﬁ)o(ﬁ1 l)nw(sﬁ )1(zfi | sfi+ fi) )n(w(tﬁ)l(ﬁ; 1)X(s; t; 1)fl+1 nw(tﬁ)l(zﬁ; tﬁ+fi))
= w010n<w(th)l(ﬁ; DXINW (15 ) = W N(XNX ¢¢¢Xp) = ":
Sukmased.4:t< z< s; 1. W eflnd

Uigk = (Winyom; W eaoea; 1 W esyia; 10X (s; 6 DA+ W es 1@ 1 X(zg ¢ Dl g)
- — n.
- W((z;t;l)ﬁ)O(Zﬁ;l)n(X(S[ t; 1)fl+1 nx(z;ti 1)ﬂ+g)— .

Sulrased .5z ¢ te z+ 1< s.Weflnd

Uik = (w(tﬁ)O(ﬁ; HIW s y0028; 1) )n(w(tﬁ)l(ﬁ; DX (s; t; 1)A+1 W (es )18 )
0

Wooes; 1)K (s; ¢ 1)n+1 NWoo0 ) fort= z .
Wooza; n N Woos; 2)X(s; 7 1)ne1 1) fort=z+ 1

\©

o

Sulrased.6z+ 1< t< s. W eflnd
Uig = (Wienyoum; 1W soien; 1) W ey 10X (si £ 1A+1 DW ayoan ;1) )
= W@t najoea; nn" ="z

Subkrased.7s< t< z.W eflnd

ui;k = (W(sﬁ)l(ﬁ; 1)X(t; si 1)fl+1 nw(sfi)l(ﬁ; 1)X(z; si 1)ﬂ+g)n(w(sﬁ)0(ﬁ; l)nw(tﬁ)l(h; 1)X(z; ti 1)ﬂ+g)

(Xt s; 1A+1 DX (z; 57 DA+ gIW (1) o nayia; X (z; ¢ 1)l+g = ¢

Sulrased4d.8is< z+ te z+ 1. W eflnd

Uix = (w(sﬁ)l(ﬁi 1)X(t; s 1)l+1 NW (5 )18 1)X(z; si l)ﬂ+g)n(w(sﬁ)0(ﬁ1 W (ehi )1 (28 tﬁ+ﬁ))

"w.

(X(t; s L)fl+1 1qx(z; s 1)ﬂ+g)nw((t; s; fi)l(zfl th+fi)
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Sulbrased4 .91+ 1< z+ 1< t. W eflnd

uij( = (W(sﬁ)uﬁ; 1)X(t; si 1)fl+1 W (o5 )1 1)X(z; si 1)ﬂ+g)n(w(sﬁ)0(ﬁ; 1)nw(zﬁ)0(2ﬁ; 1) )
— — .
- (X(t;s; 1)fl+1 1PlX(z,‘s; 1)ﬂ+g)nw((zisil)ﬁ)O(Zﬁ;l) - .

Sulmase4.10z= s= t; 1.W eflnd

Uigk = (Wi, DX (t; s; 1A+1 W e y1za 7 s+ 5) W (o om0 W (et )1zt e i) )

= (Wieny)in; HX10W (o5 18 MWy = (X9NW o0 MWy = "¢
Sukmased.llz= s< t; 1.W eflnd
Uik = (W(sﬁ)l(ﬁ1 DXt s DA+1 DW (st )1(z6i sfis i) )n(w(sﬁ)o(ﬁl HIW s yo0026 ;5 1) )
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Sulmase8.13t+ 1= s= z; 1.W eflnd

uij< = <w(sh)eﬁ nw(sﬁ )eﬁWOO(ﬁ; 1) )n(w(tﬁ)fﬁwoo(ﬁ; 1)nw(tﬁ)fﬁw00(ﬁ; 2)X(z; t 2)ﬂ+g)

= Wooa; nNWooNXg )= ":
Sulmase8.14t+ 1= s< z; 1.W eflnd

uij( = (W(sn yert IIW (g5 )eﬁWOO(ﬁ; 2)X(z; Si 2)ﬂ+g)n(w(tﬁ)fﬁ wOO(ﬁ; 1)nW(tﬁ)an00(ﬁ; 2)X(z; ti 2)ﬂ+g)

= Woos; 2)X(z s 2)+ g (W00 NX(z; t; omeg)= "
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Sukrase8.15z+ 1< s= t. W eflnd
Uik = (W (ot yesi NW (260028 ; 1) (W (e s NW (60028 1 1) )= "n"=":
Sulmase8.16z+ s=te z+ 1.W eflnd
Uik = (Wi yen W (o5 yen VW (criyen W (o160 ) = 'R = "1
Subrase8.17s+ 1= t+ 1= z.W eflnd
Ui = (W (st yess W (561 yon Woo(s; 1) (W (s e s NW (s )68 Wooca; 1) )= Woos; ) MWooa; 1) = "

Subkrase8.18s+ 1= t+ 1< z.W eflnd

uij{ = (w(sﬁ yeti MW (g5 )enwoom‘; 2)X(z; si 2)ﬂ+g)n(w(tﬁ)fﬁ NW (s )68 Woom; 2)X(z; t; 2)ﬂ+g): "

Sulmase8.19z+ 1< s=t; 1.W eflnd

Ui = (W (st yesi Woocs; 1)IW (2 )02 ; 1) (W (o e s W (s yo0(26 7 1) )= "n"= ":
Subrase8.20z+ 1= s=t; 1.W eflnd

Uik = (W (ot yest Woocs; 1) IIW (o5 yent MW (s e s W (s y0026; 1) )= "n"= ":
Sulkmase8.21lz=s=t; 1.W eflnd
Uik = (w(sﬁ veri Woocs; 1) W (s yeri )n(w(tﬁ)fﬁ W (esiyrs )= "n"=":

Subrase8.22z= s+ 1= t. W eflnd

Ui = (W(sﬁ yeti Woo(s; 1) W (a5 yett Woo(s; 1) )n(w(tﬁ)fﬁ W (s )¢5 )= "n"=":
Sulmase8.23s+ 1= t=2z; 1.W eflnd

Uik = (W (ot yeri Woos; 1) IW (s yeei Woo(si; 2) X(z; s 2)ﬂ+g)n(w(tﬁ)fﬁ W (s )2 Woo(s )

= (Wooonxg)nwoom; 1) = "
Sulmase8.24s+ 1= t< z; 1.W eflnd

Ui = (W anea Woos s 1) W esyes Wooca; 20Xz s 2)+ g W e e W et yea Woogs s 20 Xz ¢ 2)0+ g )

= (Wogo NX(z; s; 2)f+ g W oo 0X(z;t; 2+ g =

Sulmase8.25z+ 1< s< t; 1.W eflnd

X — — WM,
ulj( - (w(sﬁ)eﬁw()!)(ﬁ; 2)X(t; si 2)fl+ fnw(zh)0(2ﬁ; 1) )n(w(sﬁ)O(Zﬁ; l)nw(zh)O(Zfi; 1) ) = nv:
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Sulrase8.26s ¢ z+ 1+ s+ 1< t. W eflnd
— — nman.
uij< - (w(sﬁ)eﬁ Woos ; Z)X(t; si 2)f1+ £ OW (o5 )esi )n(w(sﬁ)O(zﬁ; 1)nw(zﬁ)0(2ﬁ; 1))_ nv:
Sulkmase8.27s+ 1= z< t; 1.W eflnd

Uik = (W (ot yesi Woocs; 2) X (t; s; 21+ £ W (a5 ye Woo(s; 1) mnw .q yoces; 1) W (2o 1) )
= (X(t; s; 2)+ £ W00 )nwoom; n=":
SulraseB8.28s+ 1= z=t; 1.W eflnd

uij< = (w(sﬁ )eﬁWO(J(ﬁ; 2)X(t; si 2)fl+ £ IW (55 )eﬁWOO(ﬁ; 1) )n(w(sﬁ)O(Zh; )W (s )es )

(ReNW oz, 1) MWoer = "2

Sulmase8.29s+ 1< z< t; 1.W eflnd

Uik = (W (ot yest Woos; 20X (t; s; 2)+ £ 1W (st e Woors; 2)X(z s 2)ﬂ+g)n(w(sﬁ)0(2ﬁ; HIW zayo2d ;1) )

_ _n.
= (X(t; s; 2+ £ X (z; s; 2)ﬂ+g)nw((zi s 202 1) .

Sulrase8.30s+ 1< z+ te z+ 1.W eflnd

Uigk = (Wasyes Woos 0 Xty s; 20+ £ W (st yer Woo(s; 2) X (z; s 2+ g W (s yoz s 1 W (eriyes )

— — .
= (X(g; s; 200+ £ 0%z, s; 2)0+ g MW ((e; 55 29syes = ¢

Sulmase8.31s+ 1< t= 2z ; 1.W eflnd

Uik = (Wianyes Woos; 2)X(t; s; 2)0+ £ W (et s Woo(s 1 2) X (z; s 2)l+g)

N(W .5 yoczti; 1) IW (s yes Woogs g 1) )

- .
X(t; sj 2)fl+ fnx(z; Si 2)ﬂ+g)nw((t; st 2yf)es Wooa g 1) = .

Submase8.32s+ 1< t< z; 1.W eflnd

Uig = (W ioa e Woocs; 2) Xty si 2+ £ W (ssije Woocs; 2) X (2 s 2)l+g)

N(W (s 0026 1) W (e yes Woocs | 0 X(z; t; 2)ﬂ+g)

_n
(X(t; si 2)fl+ fnx(z; sj 2)ﬂ+g)nw((t; s 2es Woo(s 2)X(z; t; 2)fl+ g — .

Thiscompletetsheprawfoflaalcoherence.
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