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tIn this paper some variations of Johnson's algorithmfor MaxSAT are examined. We present strategiesto de�ne the non-determinan
ies of that algorithm.First, in order to sele
t 
urrent variables, there are
onsidered variable weights as well as the usual 
lauseweights. After, a modi�
ation of the algorithm is in-trodu
ed with the aim to de
ide the pro
essing or-der of the variables just before the main iteration inJohnson's algorithm. We present some pra
ti
al 
om-parisons.1 Introdu
tionThe SAT problem, 
onsisting on de
iding whether aBoolean 
onjun
tive form is satis�ed, is the proto-typi
al element in the NP-
omplete problems 
lass.Its optimization version MaxSAT, whi
h 
omputesthe maximum number of simultaneously satis�able
lauses in a Boolean 
onjun
tive form, has beenwidely studied as a representative problem in the
lass of 
ombinatorial optimization problems.The MaxSAT problem has a wide variety of ap-pli
ations su
h as the review of the 
onsisten
y in ex-pert systems, knowledge bases, integrity 
onstraintsin databases where one wants to know the reasonfor whi
h the system 
annot answer some queries:a knowledge base 
an be represented as a set of
lauses, i.e. as a logi
al theory that may in
ludefa
ts, integrity 
onstraints, inferen
e rules and de-fault 
lousure assumption. An update may 
ontra-di
t some previous information, rendering the theoryin
onsistent and the problem is to revise the previousinformation in order to restore 
onsisten
y [1℄.However, the main interest in MaxSAT is primar-ily motivated by the important role that it plays in atheory of approximation that has emerged in the lastfew years, and that MaxSAT is a prototypi
al prob-

lem representative of the 
omplexity 
lass MaxNP
onsisting of the optimization versions of problemsin NP obeying the so 
alled linear redu
tion[5℄.1.1 Preliminary notionsLet X = fX1; : : : ; Xng be a set of Boolean vari-ables. Let Lit(X) be the set of literals: Lit(X) =X [ fX1; : : : ; Xng.A 
lause is a sequen
e of literals and is interpretedas the disjun
tion of the literals in the sequen
e, anda 
onjun
tive form, CF, is a sequen
e of 
lauses andis interpreted as the 
onjun
tion of its 
lauses.An assignment is a set of variables: A variableassumes the truth value true if it belongs to the as-signment, otherwise it assumes the value false. If Xis false under the assignment it is said, by an abuse oflanguage, that X is in the assignment and we writeX 2 A.A 
lause is true if at least one of its literals is true.A CF is true if ea
h of its 
lauses is true.Given a CFF = m̂i=1Ci = m̂i=1 ki_j=1 lijwhere F is the sequen
e of 
lauses [C1; : : : ; Cm℄, ea
h
lause Ci is the sequen
e of literals [li1; : : : ; liki ℄ andki is the length of Ci.For any assignment A � X, let 
(F;A) be thenumber of 
lauses satis�ed by A, i.e.:
(F;A) = 
ardfi � mj9j 2 [1; ki℄ : lij 2 Ag;where 
ard(S) denotes the 
ardinality of set S.Evidently, ea
h CF F with m 
lauses is satis�ablei� there is an assignment A su
h that 
(F;A) = m.MaxSAT is the problem that, given a CF, obtainsan assignment that maximizes the number of satis�ed
lauses:1



Instan
e: A CF F .Solution:An assignment A0 � X su
h that
(F;A0) = Maxf
(F;A)jA � Xg:1.2 Approximation in optimizationproblemsLet P (�; �) be a prototypi
al optimization problem:Instan
e: A real fun
tion f : D ! R.Solution:A point x0 2 D realizing the maxi-mum of f over the domain D: f(x0) =Maxff(x)jx 2 Dg.The size of the problem P (f;D) is, let us say, thenumber of bits ne
esary to write the pair (f;D).Let Sol(P (f;D)) be the set of solutions ofP (f;D).Let A : (f;D) 7! A(f;D) 2 D a pro
edure thatproposes for any instan
e (f;D) a 
andidate for be-ing an element of Sol(P (f;D)). We say that the algo-rithm A approximates the problem P with ratio r 2 Rif for ea
h instan
e (f;D) of P we have jf(A(f;D))j �r � jf(x)j for some solution x 2 Sol(P (f;D)), in otherwords, the maximized value proposed by the algo-rithm is within a ratio r to the a
tual maximize value.A is of polynomial time if there is an exponentm � 0 su
h that tA(f;D) = O(Size(f;D)m), wheretA is a measure fun
tion of the algorithm A runningtime.Any polynomial time algorithm A approximatingthe optimization problem within a ratio r is said to bea polynomial time approximation algorithm (PTAA)of ratio r.There arise several possibilities:1. There is a sequen
e of algorithms fAngn su
hthat ea
h An is a PTAA of ratio rn and the se-quen
e frngn is su
h that rn %n!+1 1. In this
ase the 
olle
tion of algorithms fAngn is saidto be a polynomial time approximation s
heme(PTAS).2. Just for some ratio r < 1 there is a PTAA.3. For no r there is a PTAA.There is naturally the problem to 
hara
terize theoptimization problems falling in ea
h of the above
ategories.

For many optimization problems, algorithms withsmall worst-
ase ratios were qui
kly found. In someother 
ases, the problem to �nd a worst-
ase ratio ralgorithm, for any 
onstant r 2 [0; 1℄, was proved tobe as hard as �nding an optimal solution.2 AlgorithmsIn this se
tion we present a basi
 algorithm (due toJohnson [2℄) for MaxSAT and some variations.2.1 Johnson's AlgorithmLet F = [C1; : : : ; Cm℄ be a CF. The algorithm usesthe notion of informational weight of ea
h 
lause:C 2 F ) w(C) = 2�jCj;where jCj denotes the 
lause C length.For ea
h variable, it measures how 
onvenient isit to assign the value true or the value false to thatvariable. This 
onvenien
e is related to the sum ofthe informational weights of the 
lauses satis�ed bythe value of the variable.In order to sket
h the algorithm, let us use thefollowing symbols:A : the sought assignment,a : the 
ardinality of A,Left : the set of 
lauses that remain to be valuated,Var : the set of variables that remain to be assigned,
 : the 
urrent 
ounter of satis�ed 
lauses.Let us pro
eed as follows:1. Initially let us make A = ;, a = 0, Left = F ,Var = X and 
 = 0.2. While there remain unevaluated 
lauses andunassigned variables:(a) Choose an unassigned variable X ,(b) let VT be the set of 
lauses that be
ometrue when the true value is atta
hed to X ,and(
) let VF be the set of 
lauses that be
ometrue when the false value is atta
hed to X .(d) Let ST be the weights sum of 
lauses in VT,and(e) let SF be the weights sum of 
lauses in VF.(f) A

ording to whether ST � SF put X or Xinto A and update a

ordingly the values ofthe variable symbols.2



f for ea
h C 2 F do w(C) := 2�jCj ;A := ; ; a := 0 ;Left := F ; Var := X ; 
 := 0 ;while (Left 6= ;) ^ (Var 6= ;) dof (*) 
hoose a X 2 Var ;Var := Var� fXg ;VT := fC 2 LeftjX 2 Cg ;ST := XC2VTw(C) ;VF := fC 2 LeftjX 2 Cg ;SF := XC2VFw(C) ;if ST � SF thenf A := A [ fXg ; a++ ;
 := 
+ 
ard(VT) ; Left := Left�VT ;for ea
h C 2 VF do w(C) := 2 � w(C) gelsef A := A [ fXg ;
 := 
+ 
ard(VF) ; Left := Left�VF ;for ea
h C 2 VT dow(C) := 2 � w(C) g gg Figure 1: Johnson's Algorithm.(g) If the 
lauses in VT have be
ome true, the
lauses in VF should be satis�ed by theirremaining literals, i.e. these 
lauses may beregarded as having lost the false literal X.Thus, their informational weights must bedupli
ated.(h) Otherwise the updating is symmetri
.In Figure 1 we present the above algorithm in apseudo
ode. This algorithm may give rise in a natu-ral way to a family of algorithms, [1℄, by �xing strate-gies to 
hoose the 
urrent assigning variable at step(*) in the pseudo
ode.Independently of the way to 
hoose the 
urrent as-signing variable, Johnson's algorithm has polynomial-time 
omplexity with a worst 
ase approximationbound of (1 � 12k ) where k is the minimum numberof literals in any 
lause.Papadimitrou andYannakakis [5℄ have showed that every problem inMaxNP is 
onstant-approximable. Even more, thereis a 
onstant threshold 
 < 1 su
h that if MaxSAT
ould be approximated in polynomial time with ratiobetter than 
 then P = NP . In view of this, it is im-portant to take a 
loser look at the approximabilityproperties of MaxSAT with the eventual goal of deter-

mining the best possible ratio r that 
an be a
hievedin polynomial time. Yannakakis had showed that in-stan
es of MaxSAT 
an be transformed equivalently,regarding the approximation properties, to instan
eswith at least two literals per 
lause, in whi
h 
ase theJohnson's algorithms give an approximation 
onstant34 .2.2 Greedy algorithmGiven an instan
e of MaxSAT it is quite relevant theorder in whi
h the variables are instantiated whensear
hing for an assignment that maximizes the num-ber of satis�ed 
lauses.For instan
e, let us 
onsider the CF F =ffX1g; fX1; X2g; fX1; X3g; fX1; X4gg and let us pro-
eed following the lexi
ographi
al ordering. The �rstvariable to be sele
ted is X1 and it gives the 
om-puted weights sums ST = 0:5 and SF = 0:75. Sin
eST < SF the False value is attained to X1. But thisassignment renders F to be false. Thus, the lexi-
ographi
al ordering fails to �nd a maximum of thesatis�ed 
lauses in the (satis�able) CF F .A �rst strategy to 
hoose a 
urrent assigning vari-able in Johnson's algorithm is to sele
t, in ea
h itera-tion of the algorithm, the variable that appears mostwith a de�ned sign and in shorter 
lauses.For this purpose, let us de�ne the informationalweight for ea
h variable asw(X) := Abs0�XX2Ci 1jCij � XX2Cj 1jCj j1A ;with the evident intention to dis
riminate the vari-ables that appear mostly with a given \sign", andbetween these, those variables that appear in shorter
lauses. Thus, a variable has greater informationalweight when it appears most with a sign than withits opposite and it is \more" essential to some 
lauses.In order to make eÆ
iently the sele
tion of the
urrent variable, we 
an pro
eed as follows:1. Order in des
endent form the set of variables a
-
ording to its informational weight.2. Sele
t at ea
h iteration the 
urrent variable a
-
ording to this ordering.In Figure 2 we present the pseudo
ode of thisstrategy. The variable symbols have the same mean-ing as in the pseudo
ode in Figure 1.A se
ond strategy to 
hoose a 
urrent assigningvariable is to sele
t the variable that maximizes thedistan
e jST� SFj.3



for ea
h X 2 Var dof w(X) := Abs0�XX2Ci 1jCij � XX2Cj 1jCj j1A g;order Var a

ording the values of weights w(X)Figure 2: A greedy strategy to 
hoose a 
urrent as-signing variable.f for ea
h X1 2 Var dofVT(X1) := fC 2 LeftjX1 2 Cg ;ST(X1) := XC2VT(X1)w(C) ;VF(X1) := fC 2 LeftjX1 2 Cg ;SF(X1) := XC2VF(X1)w(C) g;let X be su
h thatjST(X)� SF(X)j = MaxX12VarjST(X1)� SF(X1)jgFigure 3: A greedy strategy to 
hoose a 
urrent as-signing variable.In Figure 3 we present the pseudo
ode of thisstrategy.The mere substitution of step (*) in Figure 1 bythe pseudo
ode in Figure 3 is evidently very expen-sive sin
e it introdu
es O(m �n) (redundant) 
al
ula-tions. Instead, it is possible to order the set of vari-ables X a

ording to the values of jST� SFj, related�rstly to the whole CF F , and later to modify thelist of ordered variables as new variables are gotteninstantiated. In fa
t, su
h modi�
ations are realizedjust by rede�ning the 
lause weights. Whenever a
lause is satis�ed by an assignment, its weight be-
omes null. If a false literal appears in a 
lause thenthe 
lause weight is dupli
ated.In Figure 4 at the end of the paper we present thepseudo
ode for this pro
edure.Finally, let us remark that the 
lause informa-tional weights are de�ned through the exponentialfun
tion k 7! 2�k:Similarly, for any de
reasing fun
tion f : N !

m Algorithm.1 Algorithm.2 Algorithm 3100 3.2 2.6 2220 10.8 10.2 8350 28. 26. 24600 33. 29.6 24900 53.3 52.3 421200 77. 70.3 65Table 1: Average numbers of unsatis�ed 
lauses, 
on-sidering �ve sample CF's.R+ su
h that f(n) = o(1), i.e. f(n) &n�!+10, theinformational weight of any 
lause C 
an be de�nedas w(C) = f(jCj). Let h : k 7! f(k)f(k+1) . Thus theweights updating in Johnson's algorithm is realizedby making w(C) := h(jCj)w(C) ; jCj � �where the operation X 7! X �� is the usual prede-
essor fun
tion. The greedy variation gives rise to a
lass of algorithm by 
hanging the fun
tion f . In par-ti
ular, we may 
onsider the (mu
h slower) de
reasingharmoni
 fun
tion f : n 7! n�1.3 Computational resultsIn order to show our examples let us refer to John-son's algorithm (�gure 1) as Algorithm 1, the �rstvariant with the sele
tion s
heme in �gure 2 is Al-gorithm 2 and the variation in �gure 4 is Algorithm3. Fixed the total number of 
lauses, m 2[100; 1200℄, we built randomly �ve sets of 
lauses,ea
h de�ning a CF, with a �xed number of variables,n = 50, and at ea
h set the average 
lause length wask = 3.The average numbers of unsatis�ed 
lauses, forany �xed m, are shown in table 1, and they are plot-ted in Figure 5. The average running times, for any�xed m, are shown in table 2, and they are plottedin Figure 6.4 Con
lusionsThe implementations of Johnson's algorithm andtheir dis
ussed variations showed parti
ular be-haviours. In some 
ases we got better performan
esa

ording to the obtained maximal value whilst theirrunnings were slightly slower.4



Figure 4: Graph 
orresponding to table 1.
m Algorithm.1 Algorithm.2 Algorithm.3100 0.53 0.53 1.7220 1.52 1.52 3.6350 3. 3.05 6.0600 7.39 7.5 13.5900 16. 16.0 25.51200 26.84 26.8 39.14Table 2: Average numbers of running times (in se
-onds), 
onsidering �ve sample CF's.

Figure 5: Graph 
orresponding to table 2.

Note that sin
e the 
hoi
e of the 
urrent assign-ing variable in the Johnson's original algorithm is leftlargely undetermined, there is some potential for im-provement the average 
ase behaviour. The proposedvariations maintain the polynomial-time 
omplexity,in fa
t it is in
reased by the produ
t of a linear termand get approximation rates mu
h higher than thegeneral estimated approximation bound. Indeed, inour proofs this rate has been always higher than .9and our third variation has showed the best results.Referen
es[1℄ P. Hansen and B. Jaumard, \Algorithmsfor the Maximum Satis�ability Problem",Computing 44, 279-303, 1990.[2℄ D. Johnson, \Approximation algorithmsfor 
ombinatorial problems", Journal ofComputer and System S
ien
es 9, 256-278,1974.[3℄ D. Johnson, \The NP-Completeness Col-umn: An Ongoing Guide", Journal of Al-gorithms, Vol.13, 502-524,1992.[4℄ M. Yannakakis, \On the Approximation ofMaximum Satisi�ability", Journal of Algo-rithms, Vol. 17, pp. 475-502, 1994.[5℄ Papadimitrou C., Yannakakis M.: \Op-timization, approximation and 
omplexity
lasses", Jour. of 
omputer and syst. s
i.vol. 43, pp. 425-440, 1991.
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f for ea
h C 2 F do w(C) := 2�jCj ;A := ; ; a := 0 ;Left := F ; Var := X ; 
 := 0 ;for ea
h X1 2 Var dofVT(X1) := fC 2 LeftjX1 2 Cg ;VF(X1) := fC 2 LeftjX1 2 Cg g;while (Left 6= ;) ^ (Var 6= ;) dof for ea
h X1 2 Var dofST(X1) := XC2VT(X1)w(C) ;SF(X1) := XC2VF(X1)w(C) g;let X be su
h thatjST(X)� SF(X)j = MaxX12VarjST(X1)� SF(X1)j ;if ST � SF thenf A := A [ fXg ; a++ ;
 := 
+ 
ard(VT) ; Left := Left�VT(X) ;for ea
h C 2 VT(X) do w(C) := 0 ;for ea
h C 2 VF(X) do w(C) := 2 � w(C) gelsef A := A [ fXg ;
 := 
+ 
ard(VF) ; Left := Left�VF(X) ;for ea
h C 2 VF(X) do w(C) := 0 ;for ea
h C 2 VT(X) do w(C) := 2 � w(C) g ggFigure 6: A greedy variation of Johnson's Algorithm.
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