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Abstract. Disjunction is generally considered to add expressive pdwdogic programs under
the stable model semantics, which have become a populargmoging paradigm for knowledge
representation and reasoning. However, disjunction isnofiot really needed, in that an equiva-
lent program without disjunction can be given. In this pamee consider the question, given a
disjunctive logic programpP, under which conditions does there exist an equivalent ab(ie.,
disjunction-free) logic progran®’. In fact, we study this problem under different notions ofiieg-
lence, viz. for ordinary equivalence (considering theections of all stable models of the programs)
as well as for the more restrictive notions of strong andamif equivalence. We resolve the issue
for propositional programs on which we focus here, and preaesimple, appealing semantic cri-
terion from which all disjunctions can be eliminated undenrsg equivalence; testing this criterion
is coNP-complete, but the class of programs satisfying st the same complexity as disjunctive
logic programs in general. We also show that under ordinadyuiform equivalence, disjunctions
can always be eliminated. In all cases, we give construatigthods to achieve this. However, we
also provide evidence that disjunctive logic programs areege succinct knowledge representation
formalism than normal logic programs under all these natioihequivalence.
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1 Introduction

Disjunctive logic programming extends normal logic pragraing by permitting disjunctions to appear in
rule heads, and is generally regarded to add expressivergowegic programs under the stable model
semantics. This view is supported by results on the exp@ssss of disjunctive logic programs (DLPS)
over finite structures, which show that properties at theosddevel of the polynomial hierarchy can be
expressed by inference from function-free (datalog) DLEY,[while normal logic programs (NLPs) can
express only properties at the first level of the polynomiardrchy [28]. However, disjunction is often
not really needed, in that an equivalent normal logic progfae., without disjunction) can be given. For
example, [9] showed that in the presence of functions symiiilPs have over Herbrand models the same
expressive power as NLPs, whichlis.

Given the availability of efficient solvers for the stable debsemantics, such as DLV [5], Smodels [29],
ASSAT [17], or GnT [13], which utilize efficient algorithmsd methods, the approach to encode solutions
of a problem in terms of the stable models resp. answer sedslagic program (known astable logic
programmingor answer set programminghas become a popular paradigm for solving KR problems in
different areas, like, e.g., planning, inheritance reasprand diagnosis, to mention just a few. This raised
interest in the expressiveness of logic programs in termth@fwhole collection of their stable models
(or answer sets) rather than their intersection or uniomaswtious and brave reasoning, respectively [20];
related to this is preliminary work on the expressivenesstioér well-known KR formalisms, such as default
logic and circumscription, in terms of their extensions amadels [2, 12, 19].

Recently, different notions of equivalence between logagpams have been studied. Besides the usual
equivalence between programs, i.e., checking whether tagrams have the same stable models, the more
refined notions obtrong equivalencgls, 30, 31, 24, 16, 4] andniform equivalenc¢6, 7, 25] have been
investigated. Formally, two DLPB, and P, are strongly equivalent (resp., uniformly equivalent)fdr any
setR of rules (resp., atoms), the progralisU R and P, U R are equivalent in the usual sense.

Strong and uniform equivalence can be utilized for progratinaization [31, 22, 7], taking a possible
incompleteness of a program into account, where not alsrate known at optimization time, and for vary-
ing input data given by atomic facts, respectively. Thisagipularly helpful for optimizing components of
a more complex logic program. Note that, as recently dismigs [25], uniform and strong equivalence are
essentially the only concepts of equivalence obtained byingthe logical form of the program extensions.

A natural issue in this context is the expressiveness ofidigions in rule heads, i.e., whether it really
adds expressive power. This is indeed the case, as can bégdha simple example of the program
P = {a Vb «}: This program is not strongly equivalent to any normal logiogram P’ (cf. [31]).
However, as easily seef, is equivalent to the NLP?' = {a + not b, b + not a} since for both the stable
models areX; = {a} and X, = {b}, and furthermoreP is also uniformly equivalent t&’.

This raises the question of a criterion which determinesmtiisjunctions can be eliminated, and a
method for deciding, given a DLP, whether an equivalent NLP’ exists. We study this issue for propo-
sitional programs, on which we focus here, and make theiatig contributions:

() We present a simple, appealing semantic charactesizadf the programs from which all disjunctions
can be eliminated under strong equivalence. In partictiarcharacterization is based on the condition that,
for each classical modé&f of a programP, the Gelfond-Lifschitz reducP” of P is semantically Horn if
models ofPY not contained irY” are disregarded.

(if) We further show that under ordinary and uniform equérade, this elimination is always possible. In all
three cases, we obtain a constructive method to rewrite atoldh equivalent normal logic program, by
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stepwise eliminating disjunctions.

(i) We show that testing whether for a given propositioilP a strongly equivalent normal program
exists is coNP-complete, and moreover, that the class gfranes possessing a strongly equivalent normal
program has the same complexity as general disjunctive lmgigrams.

(iv) Finally, we show that any equivalence-preserving iiging of a DLP to a NLP must lead in general to
an exponential blowup, providing the polynomial hierarctoes not collapse. Thus, replacing a DLP by an
equivalent NLP, which is, in some sense, “easier” to eval(aiz., with NP or coNP complexity v&l or
1Y) comes at a price. However, there are classes of progranenich rewriting is efficiently possible.

Our results extend recent results on simplifying logic pamgs under different notions of equivalence [22,
31, 7]. They might be used for deciding whether a given didjina problem representation for a system
such as DLV [5] or GnT [13] can, in principle, be replaced byegiivalent non-disjunctive representation,
and in particular for (automated) rewriting. Furthermditegy contribute to the comparative linguistics of
KR formalisms in the sense of [3, 2, 12], showing that DLPsmoge succinct than NLPs under different
notions of equivalence.

2 Preliminaries
We deal with propositional disjunctive logic programs, @oning rulesr of form
a1 V--Va < a1, ,0m, 00t i1, ..., 00t ap,

n >m >1>0, where alla; are atoms from a finite set of propositional atomds,andnot denotes default
negation. Théeadof r is the setH (r) = {aq, ..., a;}, and thebodyof r is B(r) = {a;11, . .. ,am, not ap 41,
...,not a,}. We also definé3* (r) = {a;41,...,am} andB~ (r) = {am+1, .. .,a,}. Moreover, for a set of
atomsA = {ay,...,a,}, not A denotes the sdtnot ay, ..., not a,}.

A rule r isnormal if | < 1; and(proper) disjunctive otherwise;positive if n = m; andHorn, if it is
normal and positive. I1f{(r) = 0 andB(r) # 0, thenr is aconstraint if B(r) = 0, r is afact, written as
a1 V---Va ifl >0, and asl otherwise.

A disjunctive logic progranfDLP), P, is a finite set of rulesP is called anormal logic program(NLP)
(resp.,positive programHorn progranj, if every rule in P is normal (resp., positive, Horn). We ugeCP
and NLP to denote the classes of DLPs and NLPs, respectively.

We recall the stable-model semantics for DLPs [11, 26]. Lbe an interpretation, i.e., a subsetAf
Then, an atona is true underl, symbolicallyI = q, iff a € I, andfalse underl otherwise. For a rule,
I = H(r) iff somea € H(r) is true underl, andI = B(r) iff (i) eacha € B*(r) is true underl, and
(i) eacha € B~ (r) is false underl. I satisfiesr, denoted! |= r, iff I = H(r) wheneverl = B(r).
Furthermore [ is amodelof a programP, denoted! = P, iff I = r, forallr € P. As usual,P = r iff
I = r, for each model of P.

The Gelfond-Lifschitz reducdf a programP relative toa set of atomd is the positive progranP’ =
{H(r) + B*(r) | r € P, B~(r) NI = (}. For a single rule-, we writer’ instead of{r}’. (Note that an
empty program has any interpretation as its model.) Anjm&gation] is astable modebf a programp iff
I is a minimal model (under set inclusion) Bf . The set of all stable models &f is denoted byS M (P).

Lemma2.1 LetPbeaDLP andX C Y' C Y. Then,X = PY impliesX = P".
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The result is seen by the observation tHAtC Y implies PY C PY'. Thus, X |= PY impliesX |= PY.
In particular, forX = Y’, X |= P impliesX |= PY, foranyX C Y.

Several notions of equivalence between logic programs haee considered in the literature (cf., e.g.,
[15, 18, 27]). Under stable semantics, two DLPsand () are regarded as equivalent, denofed= (),
iff SM(P) = SM(Q). The more restrictive forms dftrong equivalencanduniform equivalencare as
follows:

Definition 1 Let P and (@ be two DLPs. Then,

() P and (@ are strongly equivalentor s-equivalent denotedP =, @, iff, for any setR of rules, the
programsP U R and@ U R are equivalent, i.e.PUR = QU R;

(i) P and @ are uniformly equivalent or u-equivalent denotedP =, @, iff, for any setF' of non-
disjunctive factsP U F'and@Q U F' are equivalent, i.ePUF = QU F.

Obviously, P = (Q implies P =, () but not vice versa. Both notions of equivalence enjoy irstimg
semantical characterizations [15, 30, 31]. As shown in,[$Fong equivalence is closely related to the
non-classical logic of here-and-there, which was adaptdadgdic-programming terms by Turner [30, 31]:

Definition 2 A pair (X,Y) with X, Y C Aand X C Y is called anSE-interpretation (overl). By INT 4
we denote the set of all SE-interpretations overFurthermore,(X,Y’) € INT4 is an SE-model ¢ver.A)
ofaDLPP,ifY = Pand X |= PY. The set of all SE-models & is denoted by\/;*(P) (or simply by
M, (P) if Ais fixed.

Proposition 2.1 ([30, 31]) For any DLPP and @, P =, Q iff M,(P) = M,(Q).

SE-models also can be used to determine the stable modelzafm.

Proposition 2.2 ([23, 15]) Let P be a DLP. ThenY € SM(P) iff (Y,Y) € M,(P) and, for eachX C Y,
(X,Y) ¢ My(P).

Recently, the following pendant to SE-models, charadtegiziniform equivalence for (finite) logic
programs, has been defined [6].

Definition 3 Let P be a DLP and(X,Y) an SE-model of. Then,(X,Y’) is an UE-modelof P iff, for
every (X', Y) € My(P), it holds thatX C X' impliesX’ = Y. By M,(P) we denote the set of all
UE-models ofP.

Proposition 2.3 ([6]) For any DLPP and @, P =, Q iff M, (P) = M,(Q).

This test can be reformulated as follows.

Proposition 2.4 For DLPsP and@, P =, Q iff M, (P) C M,(Q) and M, (Q) C M,(P).

Proof. From Proposition 2.3P =, @ iff both M, (P) C M,(Q) andM,(Q) € M,(P) hold. Clearly,
M, (R) C M,(R) holds for any DLPR, which immediately gives the only-if direction. For the ifettion,
supposeP #, Q. Hence, there exists an SE-interpretatidgh Y'), such that either (i) X,Y’) € M, (P) and
(X,Y) ¢ M,(Q);or (i) (X,Y) € M,(Q) and(X,Y) ¢ M,(P). For (i), we have two cases, by definition
of UE-models. First(X,Y) ¢ M,(Q). Butthen,M,(P) C M,(Q) cannot hold. Second, there exists a set
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X'with X ¢ X' CY,suchtha{X',Y) € M,(Q). But(X",Y) ¢ M,(P) since(X,Y) € M,(P), hence
M, (Q) C M,(P) cannot hold. The argumentation for (ii) is analogous. O

As a final result here, we characterize the set of SE-modelsdidjunctive rule.

Proposition 2.5 Letr be a disjunctive rule an@iX, Y') an SE-interpretation. ThefX,Y) € M,(r) iff one
of the following conditions is satisfie@) X = H(r); (i) Y [& B(r); or (ii) X = B*(r) andY |= H(r).

Proof. By definition, (X,Y) € M,(r) iff Y = r, andX |= r¥. The former holds ifftY = H(r),
Y ¥ BT (r),orY N B~(r) # 0. The latter holds iffX = H(r), X & B*(r),orY N B~ (r) # (. Hence,
(X,Y) € Mg(r)iff YNB(r)#Dor

(Y =H(r) VY £ B+(7~)) A (X =H(r) vV X B+(7")). 1)

Clearly,Y = B*(r) implies X # B (r) and, furthermoreX = H(r) impliesY = H(r). From this, it is
easily verified that X, Y) satisfies (1) iff eithed” [£ B*(r), X |= H(r) (i.e., (i)), or jointly X [~ BT (r)
andY = H(r) (i.e., (iii)), holds. Hence, we have thaK,Y) € M,(P) iff either Y N B~ (r) # 0,
Y [ BT (r), (i), or (iii) holds. Finally,Y N B~(r) # @ or Y [~ B*(r) holds exactly ifY’ [~ B(r) (i.e.,
(ii)) holds. O

3 Equivalence Results

In what follows, we provide general characterizations unvdgich disjunctions can be eliminated from pro-
grams. We first deal with a criterion for eliminating disjtionis under strong equivalence, and afterwards
we show that such an elimination is always possible unddoumiand ordinary equivalence.

3.1 Strong Equivalence

We start our analysis with some informal discussion. Casrsilde following logic programs, each of them
havingr = a V b < as its only disjunctive rule:

Plz{a\/b<—};

Py={aVb+;a+}; Py ={aVb<;a+ b}

Py ={aVb<+;a+;< notb}; Ps ={aVb+;a<+ b+ notb};
Ps={aVb+;a+;b<+}; P;={aVb+;a+ bb<+ al;

Py ={aVb<+;+ a,b}; Py = {aV b ;< nota; < not b}.

Let us first compute the SE-models (ovér= {a,b}) of these programs:

M (Pr) = { (ab.ab), (a,ab), (b,ad), (a,a), (b,b) };
MS(PQ) = MS(P3) { (ab ab)a (avab)v ( a, ) };
M;s(Py) = Ms(Ps) = { (ab, ab), (a,ab) };
M;(Ps) = Ms(P7) ={ (ab,ab) };

Ms(PS) { (a ) (ba b) }

M(Py) = { (ab,ab) (a,ab), (b,ad) }

"We writeab instead of{a, b}, anda instead of{a}, etc.
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A good approximation for obtaining strongly equivalentmeai logic programs is to replacev b + by the
two rulesa < not b andb + not a, i.e., by applying the usual shifting technique. It is easgéae that this
replacement works foP,, Py, Ps, and P, but not for Py, P, Ps, P;, andPy. As a matter of fact, for the
latter programs, this replacement yields an additionan®&fgel, (i, ab). In general, we have the following
relation between the SE-models of a disjunctive rule anddtsesponding shifting rules.

Proposition 3.1 For a disjunctive ruley, define

r= = A{p < B(r),not (H(r) \ {p}) | p € H(r)}; and
S, = {(X.Y)€INT4| X £ H(r),X |E BT (r),Y N B~ (r) = 0,[YNH(r)| > 1}.

Then,M,(r7) = Ms(r) U S,.

Proof. In what follows letr, denote that rule im™ with H(r),) = p.

Clearly, we haveS, C M,(r~) andM,(r) C M(r~"). The former relation can be seen by as follows,
for eachr, € r7: If (X,Y) € S,, then|Y N H(r)| > 1 and thus, by definitionY” [= B~ (r,), yielding
(X,Y) € Ms(r™). For the latter relation)(r) C Mg(r~"), supposéX,Y) € My(r). If Y [#= B(r) then
Y ¥ B(r,), for eachr, € r—. Hence,(X,Y) € My(r~). So assum&” |= B(r), and thusY’ = H(r).
Then, there exists ap € Y such thapp € H(r). Hence)Y |= r,. (X.Y) € M,(rp) is easily seen by
similar arguments. Moreover, botki = (r—*)" andY |= r~ hold, since for each, € r= with p # ¢,
Y N B~ (rq) # 0 by definition.

It remains to showM(r~) C M(r) U S,. Therefore, le{ X,Y) € My(r~) and supposéX,Y) ¢
M;(r). We show that X, Y') € S,.. Towards a contradiction, suppoSE,Y') ¢ S,. Since(X,Y) ¢ Ms(r),
we get by Proposition 2.5 tha& = H(r),Y = B(r), and eithetX = B (r) orY % H(r).

We have two cases. First,)f = H(r),i.e.,]Y NH(r)| = 0, this clearly contradictéX,Y) € M,(r™).
Otherwise, ifY’ |= H(r), we haveX = BT (r), and we getY N H(r)| = 1, otherwise(X,Y’) € S,. Let
Y NH(r) = {p} and consider the rute,. Obviously,Y N B~ (r,) = 0. Moreover, we hav& |= B*(r,) =
BT (r). Butthen,X = H(r)yieldsp ¢ X, and thus contradicteX,Y) € M (r™). O

Observe thatM,(r) and S, are disjoint, in view of Proposition 2.5. Therefor8, N M,(P \ {r})
are exactly the potential additional SE-models which mayuo@fter the shifting process. In the above
examples, we have= a V b <, r~ = {a + not b; b + not a}, andS, = {(}, ab)}.

The question is how to eliminate these additional SE-modAlgossible method is to add suitable
rules to the programs resulting from replacing disjunctivies by shifted ones. For the above examples,
it can be shown that adding < to P3, P5, and P; does the job, sincé), ab) ¢ M,(a «), and, for each
(X,Y) € My(P), (X,Y) € Ms(a <), fori € {3,5,7}. However, forP; and P, this does not work. The
problem here is that bottu, ab) and (b, ab) are contained inV/,(P;) and M,(Py), and it is not possible
to “delete” the undesired interpretatidfi, ab) without “deleting” one of the necessary modéis ab) or
(b, ab) as well. Indeed, there is no normal logic program which isragty equivalent taP; or to Py.

Now, what is the distinguishing property in these examplesall of the above programs except by
or Py, we have the property that witX', Y') and(X’, Y) being SE-modelg,X N X', Y") is an SE-model too.
To wit, in the case of programB; and Py, the pair of SE-modeléa, ab) and (b, ab) violates this property,
since ((), ab) is not contained iMV/,(P;), resp. M,(Py). This basic observation motivates the following
definition:
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Definition 4 Let P be a DLP overd. We say thatP is closed under here-intersectfoiff, for any pair
(X,Y) and (X', Y) of SE-models oP, (X N X' Y) is also an SE-model dP. We call(X N X', Y) the
here-intersection ofX,Y) and (X', Y), for any pair(X,Y), (X', Y) € INT 4.

Hence,P,—Ps are closed under here-intersection, whifstand Py are not.

Lemma 3.1 Each normal LP is closed under here-intersection.

Proof. SinceP is normal,PY is Horn. ThenX = PY andX’ |= PY immediately impliesxn X’ = PY
since, each Horn progratfi’, satisfies the following intersection properti = P’ and X' = P’ implies
XnX' =P. O

Hence, we can state the following result:

Theorem 3.1 Let P be a DLP. If there exists a normal logic progragh such thatP and ) are strongly
equivalent, therP is closed under here-intersection.

As discussed next, it turns out that closure under heresettion is also aufficientcondition for the
existence of a strongly equivalent normal program, giveraditrary DLP. To this end, we introduce the
following objects:

Definition 5 Let P be a DLP over4, letr € P be a disjunctive rule, and lg®. = P\ {r}. Then,

Ps=P Ur> U#p, wWhere #p, = U  rxvz
(X.Y.Z)€S] (P)

SHP) ={(X,Y,Z) | (X,Z) € S, N M,(P7),X CY,(Y,Z) € My(P),
W XCY CY = (Y, 7) ¢ My(P)}, and
rx,y,z ={p < X,not (A\ Z) |pe Y}

Intuitively, S!(P) collects, for eacl{X, Z) € S, which is also an SE-model d?~, the minimal SE-
models(Y, Z) of P “above” X (with fixed Z). Note that, by definition of5,, for any (X, Z) € INTy,
(X,X,Z) ¢ SI(P), but(X, Z) € S, implies the existence of an interpretatidhwith X C Y C Z such
that(X,Y, Z) € S} (P), since, at least fo¥' = Z, (Y, Z) € M,(P) holds (again by definition af,). The
rulesry v,z added accordingly to the elementsSjf( P) behave as follows:

Proposition 3.2 Forany setsX,Y. Z C A, (X', Y’) € INT,4 is SE-model of x v,  iff one of the following
conditions holds: (ily’ C X'; (i) X ¢ Y'; (i) Y' € Z;or (iv) X € X"andY CY".

Proof. Letp € Y andr, the corresponding rule iny,y,z with H(r,) = p. By Proposition 2.5(X",Y") €

M, (r,) iff one of the following conditions hold: (X' = H(r,) (i.e.,p € X'); (i) Y’ {= B(r,) (i.e., either
X ¢Y'orY' ¢ Z); or (i) X' = Bt(r,) andY' = H(rp) (i.e., X € X" andp € Y’). For any two
rulesry, vy € Tx,v,z, We haveB(r,) = B(rq). Thus, (X", Y') € M(rx,v,z) iff either (i), or, for any
rp € Tx,v,z, (1) or (iii) holds. For the latter relations consider twoses. IfX C X', the relation holds iff
p € X' foreachr, € rxy,z, i.e., for eaclp € Y. Hence, the relation holds iff C X'. If X ¢ X' and
Y ¢ X' then from (iii)p € Y’ for eachp € Y. HenceY C Y’ has then to hold. O

2The term “here-intersection” derives from the logical ummening of strong equivalence [15], given by the logic oféwxand-
there [23], in which the first component of an SE-interpiietatefers to the world “here”.
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Note thatrx y,z may contain redundant rules, for instance if we have Y. It can be shown that then,
Tx,v,Z =s Tx,y\x,z Which reduces the number of rules. However, for technicatoes we subsequently
do not pay attention to this potential optimization.

Lemma 3.2 If P is a DLP closed under here-intersection, th&éfy(P) = M,(P, ), for any disjunctive
ruler € P.

Proof. First observe that, by Proposition 3.1, we have

My(P.s) = My(P~Ur~ Urp,)

r

= My(P7) N My(r™) 0 M(fp,)
= My(P7) 0 (My(r) US,) N My(7p,)
= (M(P7) N My(r) 0 Mi(#p)) U (Mo(P) 0 S, 0 M(i,))

(
= (MS(P) N Ms(fps)) U (MS(P,T) ns, N Ms(fps)).
The strategy for the remainder of the proof is as follows. W& 8how that for the latter set
T = (My(P7) N S, N My(7p,)) = 0.

This leads us then t&/,(P, ;) = M,(P) N My(7p,), and thus to show,(P) = Ms(P) N M,(p,), i.e.,
that M, (P) C M,(7p,) holds.

We showT = 0. Let (X,Z) € S,. If (X,Z) ¢ M,(P"), we immediately havéX, Z) ¢ T.
Otherwise,(X, Z) € Ms(P, ). Then there eX|sts atripleX, v, Z) € SI(P) with X c Y C Z, and thus,
rxy,z C 7p,. We now show thatX, Z) ¢ M,(rx,y,z). Assume the contrary, i.6.X,Z) € My(rxy,z).
Then, by Proposition 3.2 one of the following conditions tabkold: ()Y C X, (i) X € Z, (i) Z € Z,
or (iv) X ¢ X andY C Z. (i) does not hold since we havé C Y, (ii) does not hold since we get C Z
from X C Y C Z; (iii+iv) do not hold trivially. Contradiction.

We show thatM,(P) C M(7p,) holds. Clearly, iffp, is empty we are done, since then each SE-
interpretation is also an SE-model#&#,. Hence, suppos&p, # (. We show that, for eachx y,z C 7p,
and each X', Z') € M,(P), (X',Z") € M,(rxy,z) holds. Towards a contradiction, lek y z C 7p,,
(X',Z") € M,(P), and supposéX’,Z') ¢ M,(rxy,z). On the one hand, fromxy,, C 7p,, we
have (X,Y, Z) € S/(P), which implies that (a\X,Z) € S, N M(P); (b) (Y,Z) € M,(P); and
() X C Y C Z. Onthe other hand, by Proposition 3(X’, Z') satisfies the following conditions for being
acounter SE-model ofxyz: (1) Y € X', (2) X C Z',3)Z' C Z,and ()X C X' orY ¢ Z'.

By assumption(X’, Z') € M,(P). Hence,X' = PZ andZ' = P%?". Moreover, by (3).Z' C Z
holds. By Lemma 2.1, we get’ = PZ andZ’ = P”, and from (b) we getY, Z) € M,(P), and thus
7 |= P.Hence (X', Z) € Ms(P)and(Z', Z) € My(P). Now P is closed under here-intersection yielding
(YNX' Z)e My(P),and(Y N Z',Z) € My(P). We use (4) to distinguish between the following two
cases.

X C X" By(c), X C Y, and thusX C (Y N X’). From (1), we have/ ¢ X'. This implies
(YNX') CY. Hence, we havX C (Y N X') C Y. Together with (a) andY N X', Z) € M,(P), this
yields (X,Y N X', Z) € SI(P), contradicting(X,Y, Z) € S}(P).

X ¢ X': We have a similar argumentation. By (4),Z Z' holds, yielding(Y N Z') C Y. Moreover,
by (2) X C Z'and by (c)X C Y hold. Thus, X C (Y N Z'). Again, we haveX C (Y N Z') C Y, and by
(@) and(Y N Z', Z) € M,(P), this contradict{ X,Y, Z) € SI(P). O
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Hence, by applying the above transformation successieelglf disjunctive rules in a given DLP, we
eventually obtain a normal logic program strongly equinake P.

Theorem 3.2 Let P be a DLP overA. If P is closed under here-intersection, then there exists a abrm
logic program@ over A such thatP and (Q are strongly equivalent.

Therefore, in view of Theorem 3.1, a DLP possesses a strongly equivalent Npfecisely if P is
closed under here-intersection.

For illustration, let us apply the construction &% ; to the exampled?, and P; from the above and
r = a V b <. ConsiderS!(P,). Clearly, S, N My((P),) = 0, andr is just replaced by—. But
S, N M((Ps);) = {(#,ab)}, and by the SE-models df;, we getS](P3) = {(0,a,ab)}. Hence, we
exchange in Py by v Uy 4 4, Wherery , ,, = {a <} (under the assumption that = {a, b}). For the
other programs, the construction is similar. In the end,gmmeral transformation goes well conform with
our informal analysis in the beginning of the section.

3.2 Uniform Equivalence

If we change from strong to uniform equivalence, and retajrour overall strategy, the intuitive problems
are very similar to those observed in the case of strong atgrice. But now, an SE-modgX, Y') from S,
comes into play only if it is also a UE-model of the remainimggram. Thus, if we want to eliminate such
an SE-model, the problem of eliminating further SE-modetsich should be retained, is less complicated
compared to the case of strong equivalence. Roughly spgai@cause of this difference, we alsvays
able to construct a uniformly equivalent normal programr iRstance, all our example prograniy—Py
exceptP; are uniformly equivalent to the program resulting frdfhwith » = a V b + replaced by its
shifting »—. For the programP; = {r;a + b;b + a}, however, we obtair), ab) as additional SEand
UE-model of(P; \ {a Vb <}) U {a < notb;b < nota}. Adding rulesa < or b < (or both of them)
circumvents this problem. Hence, in some cases, but in féwear for strong equivalence, we again have
to add further rules to achieve our goal—to wit, only rutesy 7, for (X,Y, Z) € S}(P), are used where
Y ="7.

Definition 6 LetP,r, P, Si(P), andry.y,z as in Definition 5, and define

P,n’u =P U r— U Tp,, for rp, = U TX.Z,7
(X,2,2)eS(P)

In contrast to the case of strong equivalence, this tramsftion is always applicable in order to retain
uniform equivalence.

Lemma 3.3 Given a DLPP with r € P disjunctive, it holds thad/, (P) = M, (P, ).
Proof. To start with, observe that analogously to the proof of Len®2a we get
M(P,,) = (MS(P) N Mg(fpu)) U (MS(P,T) ns, N Mg(fpu)). )

We show M, (P) = M,(P,,). By Proposition 2.4, this holds iff botf7,(P) C M(P,,) and
M,(P,,) C M,(P) hold.

We first showM,(P) C M,(P,,), which clearly impliesM,(P) C M,(P,,) immediately. Note
that if 7p, is empty we are done, since théii,(P) C M,(P) N M(rp,) holds trivially. So consider
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7p, 7 0. We show that, for eachy v,y C 7p, and each X', Y') € M,(P), (X', Y') € My(rx,y,y) holds.
Towards a contradiction, letyyy C 7p,, (X',Y') € M,(P), and supposéX'.Y') ¢ M,(rxyy). On
the one hand, sincexyy C #p,, we have (aX,Y) € S, N M (P-), (b) X C Y, and (c) for each
SE-interpretation(Z,Y) with X C Z, (Z,Y) € M,(P) impliesZ = Y. On the other hand.X’,Y”)
satisfies the following conditions for being a counter SEdei®frx vy, by Proposition 3.2: (iY” Z X’,
(i) X CY/', (i) Y CY,and (V)X C X' orY ¢ Y'. We use (iv) for distinguishing between the
following two cases:

First, assumeX C X'. Clearly, X’ C Y’, by (i) X’ # Y, and by (ii) Y’ C Y hold. We get
X C X' C Y. Moreover,X' = PY" holds, sincg X', Y’) € M,(P). By Lemma 2.1, we gek’ = P";
furthermore,Y |= P holds by (a). HencéX',Y) € M,(P), which clearly is in contradiction to (c).

Second, assum& ¢ X'. By (iv), thenY ¢ Y'. Together with (iii) we hav& C Y. Moreover,
X C Y holds by (ii). SincgX’,Y') € M,(P),Y' = PY' holds. Lemma 2.1 yield¥’ = PY, and since
Y = P,wehave(Y',Y) € M,(P)with X CY' C Y. Again this is in contradiction to (c).

It remains to show/,,(P,,) C M,(P). In particular, we show that/, (P, ,) N T = ( holds, where
T = My(P,) NS, N M,(7p,). By inspecting (2), it can easily be seen thid}, (P, ,) N T = 0 implies
My (Pr.) C Ms(P) N M,(7p,) which shows the claim sinck/,(P) N M,(7p,) C M,(P) holds trivially.

To deriveM,, (P, ,) N'T = 0, we show, foranyX,Y’) € S, N M, (P, ), that eithef X,Y") ¢ M, (P, )
or (X,Y) ¢ Ms(rp,). So, fixsomgX,Y) € S, N Ms(P,~). We consider two cases.

Assume(X,Y,Y) ¢ S!(P). Hence, there exists a s& C X' C Y such that X', Y) € M (P). We
know that(X, X,Y) ¢ SI(P). Thus,X C X'. We already have showh/,(P) C M,(P,,), yielding
(X"Y) € M(P,,). Butthen,(X,Y) ¢ M,(P,,),sinceX C X' CY.

So assumeX,Y,Y) € S/ (P) and thus'x y,y C #p,. However, we havéX,Y) ¢ M,(rx y,y), since
none of the following conditions from Proposition 3.2 isistied: ()Y C X, (i) X ¢ Y, (i) Y € Y,
or (iv) X ¢ X andY C Y. For (i+ii) this is seen by the fact thaX,Y) € S, and thusX C Y. (iii+iv)
trivially fail. Hence,(X,Y) ¢ M(7p,). O

Theorem 3.3 For each DLPP, there exists a normal progra such thatP =, Q.

As already discussed above, the only program from our exesiip-P, which is not uniformly equiv-
alent after replacing = a VvV b +. by r— is P;. However, since; is closed under here-intersection, we
already know how to derive a strongly (and thus uniformlyyigglent normal logic program. In fact, one
can verify that(P7), s = (Pr),.. For an example program? which is not closed under here-intersection
and hag'p, # 0, with r € P disjunctive, consideP = {a Vb +; a + ¢,b;b < ¢,a} over A = {a, b, c}.
The SE-models of are given as follows:

My(P) = {(abc,abc), (ab,abc), (ab,ab), (a,abc), (a,ad), (a,a), (b, abc), (b, ab), (b,b)}.

Indeed, P is not closed under here-intersectiofi, is given by{ (0, ab), (0, abc), (c,abc)} and as can be
verified, S, N M (P") = S,. Moreover,

SH(P) = {(0,a,ab), (B,b, ab), (B, a, abe), (0, b, abe), (c, abe, abe)}.

Only the last triple,(c, abe, abe), is applied in the construction afp,. In fact, we have to add, g qpc
(which is given by{a < ¢;b < ¢;¢ < ¢}) to P~ U r~. For the resulting progran®,, we then have
My(P,,,) = Ms(P) U {(0,ab), (0, abc)}, but the “critical” SE-interpretation(c, abc), has been eliminated.
In fact, M, (P) = M, (P,,) holds, since neitheff), ab) nor (0, abc) is UE-model ofP, .
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3.3 Ordinary Equivalence

Finally, we discuss the case of ordinary equivalence. Simiform equivalence implies ordinary equiva-
lence, in view of Theorem 3.3, for any DLP, there always exists an NL® such thatP and(@ are equiva-
lent. Moreover, the normal program obtained by succesgpéiaations of transformatio#®, , clearly does
the job. Hence:

Corollary 3.1 For each DLPP, there exists a normal progra® such thatP = ().

In fact, this result is also obtained by an enumeration dfletenodels.

Theorem 3.4 Let P be DLP andrx y,~ as in Definition 5.

Proof. To start with, we state the following result which is easigées from Proposition 3.2.

ForanyY C A, M(rpyy)={(X"Y')€INT4|Y CX'orY' Y} (3)

LetY € SM(P). Then, for eacl’ € SM(P), eitherY ¢ Y orY = Y'. By (3), (Y,Y) € M(P).
Towards a contradiction, supposé ¢ SM(P). By Proposition 2.2, there existsd C Y such that
(X,Y) € M,(P). In particular, we must haveX,Y) € M;(rgyy). Butby (3), itis easily seen that this is
contradicted byX C Y. Thus,Y € SM(P).

Conversely, SUpposE € SM(P) andY ¢ SM(P). Thatis,(X,Y) € M,(P) for someX C Y.
Then,Y ¢ Y' for eachY’ € SM(P). We have(X,Y) € My(ryy y), for eachY’ € SM(P) by (3).

Thus,(X,Y) € M,(P) with X C Y. But this contradicty” € SM(P). O

Finally, we also note the following transformation for ardry equivalence, following the line d?,
andP, ,,, but being more compact. for ordinary equivalence.

Lemma 3.4 LetP,r, P, Sj(P), andry.y,z be as in Definition 5, and define

Pr,e =P U r—” U rp., where rp, = U rX,Z,7-
(X,2,Z)eS} (P),ZeSM(P)

ThenSM(P) = SM(P,.).
Proof. We first show that,
foreachY CA, Y =P iff Y|P, (4)

From Lemma 3.3, we hav&/, (P) = M, (P,,) and thusY" = Piff Y = P,,. By definition,P, . C P,,,
which shows the only-if direction. For the if-direction,sasneY” |= P, .. Then,Y = P~ Ur~. By
classical logic this clearly implie¥ = P.

We proceed with the proof of the lemma. First, Yete SM(P). Then,Y = P and by (4),Y = P, ..
It remains to show that n& C Y, yields an SE-modeglX, Y') of P, .. Towards a contradiction, suppose
someX C Y suchthat(X,Y) € M(P,.). Clearly, (X,Y) € My(P,), hence, sinc& € SM(P),
(X,Y) ¢ M,(r) must hold. Then, by Proposition 3.0X,Y) € S,. We have(X,Y) € S, N M (P ) and
Y € SM(P), and thus getx,y,y € P, . by construction. By Proposition 3.2X,Y) € My(rx,y,y) only
if X =Y. Thus(X,Y) ¢ M,(P,.). Contradiction.
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Conversely, let” € SM(P,.); by (4), we gett” |= P. Towards a contradiction, suppose¢ SM(P),
i.e., there exists asef C Y, such that( X,Y) € M,(P). By Proposition 3.1(X,Y) € M (P~ Ur™).
SinceY = P, and thusY’ = PY, we get by Lemma 2.1 thaf = PY' holds, for eacl’ with Y C Y.
Hence,Y ¢ Y, for eachY’ € SM(P). By Proposition 3.2(X,Y) € M,(rx y y), for eachY”’ with
Y ¢ Y'. Hence(X,Y) € M,(P,.). By Proposition 2.2, this contradict € SM(P,). O

To summarize, given a DLPP with » € P disjunctive, we are able to construct (via a replacement
of » by normal rules) a logic progran®, . which is ordinary equivalent td; a programp;, , which is
uniformly equivalent toP; and, whenever” is closed under here-intersection, a progr&y, which is
strongly equivalent td. All these programs are of the form

P.o =P Ur”Ufp,, fora e {eu,s}, and P, .C P, CP.

Recall that an application of these rule-wise transforametisuccessively for all disjunctive rules in a given
program leads to a normal logic program. Hence, our methadeaseen as a uniform framework to obtain
normal logic programs from disjunctive logic programs wiéspect to all important notions of equivalence.
Moreover, our results extend and generalize methods basetifting disjunctions, since the outcome of
these methods coincides with the presented rewrifing, wheneverp, is empty. In particular, concerning
equivalence in terms of stable models, we present a sen@itédon (in contrast to the syntactic criterion
of head-cycle free programs, cf. [1]) which allows for sinift. Moreover, in terms of uniform equivalence,
we generalized on an observation made in [6] (see Theoreyn 4.3

However, the size of the outcoming programs is in generabegptial in the size of the input program.
However, as we discuss in the next section, this exponéntigdase is, in a certain sense, unavoidable from
a complexity-theoretic point of view.

4 Complexity Issues

This sections deals with complexity issues related to thalte discussed above. We first analyse the com-
plexity of checking closure of a DLP under here-intersattiafterwards, we investigate the expressiveness
of the class of DLPs closed under here-intersection. As we/sthis class resides at the same level of the
polynomial hierarchy (PH) as the class of arbitrary DLPsaily, we show that the exponential increase of
program size in the worst case of our general rewriting metisainavoidable, providing the PH does not
collapse.

4.1 Checking Here-Intersection

We can express the test for a DIFPof being closed under here-intersection via the followiognmal logic
program, which is linear in the size &f. Therefore, for any rule, letr; denote the rule obtained fromby
replacing each occurrence of an atpgin r by p!.

Definition 7 Let P be a DLP over atom& and letV, V/, V{, V4, V34, V4, andu be disjoint new atoms.
Define

Py = {v<notv; v notv|veVy} (5)
U {v} < v, notv}; v, < notwv, |veV,ie{l,2}} (6)
U {« B(r),notH(r)|r € P} (7)
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U {« BT(r}),not B~ (r),not H(r}) | r € P,i € {1,2}} (8)
U {vy + v,v) |veV} 9)
U {u+ BT (r}),not B~(r),not H(r}) | r € P} (10)
U {« notu}. (12)

Intuitively, the programPg works as follows. Rules (5) guess an interpretaiorof P and rules (7)
check thaty” is a model ofP. Similarly, rules (6) guess subseX§ and X, of Y such that both are models
of PY, which is enforced by (8). Hence, the program (5)—(8) 'cotepuall pairs of SE-model§X;,Y)
and(X,,Y) of P.

Now, rules (9) compute the intersectiof, N X5 and via rules (10) the new atomcan be derived iff
the intersection does not modBl”, i.e. iff (X; N X5,Y) is no SE-model of”. The constraint (11) kills
all models of P for which this is not the case, i.e. for whigtX; N X5,Y") is an SE-model of”. Thus,
(9)—(11) ensure thafg has no stable model if is closed under here-intersection. Formally, we have:

Theorem 4.1 ADLP P is closed under here-intersection §fM (Pg) = 0.

Based on this, we derive the following complexity result.

Theorem 4.2 Checking whether, for a given DLP, there exists a normal prograi) such thatP and @
are strongly equivalent, isoNRcomplete.

Proof. By Theorem 4.1, and the linear encoding from Definition 7 wethat closedness under here-
intersection is in coNP. As an alternative argumentatioa,nete that checking whether a given DEPs
not closed under here-intersection can obviously be domieterministic polynomial time as follows:
Guess SE-interpretatior(s{, V') and (X’,Y), and check in polynomial time whethéX,Y) € M,(P),
(X",Y) € My(P),and(X N X")Y) ¢ M,(P).

We show coNP-hardness of this problem by a reduction to tidPecomplete problem of deciding
whether.A is the uniqgue model of a positive DLP as follows:

Let P be a positive DLP over the alphahdt let v, v' be new atoms, and consider the program

Q=PU{vVv ;v A v + A}

We prove that) is closed under here-intersection ifis the unique model oP.

First, if A is the uniqgue model of then, by constructiond U {v, v’} is the uniqgue model of), and
since( is positive — and hence constant under reductigpis trivially closed under here-intersection.

Second, for the only-if direction, assunikis closed under here-intersection and, towards a proof by
contradiction, suppose there exists a madel- A of P. Then bothM U {v} andM U {v'} are models of
@ and thus also bot{M U {v}, AU {v,v'}) and(M U {v'}, AU {v,v'}) are SE-models of). However,
(M, AU {v,v'}) is not an SE-model af), sinceM = v V v' <. This contradicts the assumption thiais
closed under here-intersection, hengés the unique model oP.

We have shown coNP-hardness of deciding whether a DLi® closed under here-intersection which
immediately implies coNP-hardness of checking whetheretlegists a normal logic prograi® strongly
equivalent toP by Theorem 3.2. O
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4.2 Expressibility of DLPs closed under Here-Intersection

We now consider the expressibility of the class of DLPs aosader here-intersection. We show that
this class of programs possesses the same worst-case gdynatearbitrary DLPs. More specifically, the
relevant reasoning tasks in the context of DLPs are

¢ checking the existence of a stable model of a given DLP (‘isterscy problem”);

e checking whether a given atom belongs to at least one statdielnof a given DLP (“brave reason-
ing”); and

e checking whether a given atom belongs to all stable modedsgpfen DLP (“cautious reasoning”).

As shown in [8], for DLPs the consistency problem and braasoeing are.}’ -complete, whilst cautious
reasoning ig1'-complete. Moreover, the respective hardness resultshieset problems hold even for a
quite restricted class of DLPs. This class comprises DLPsr&vbach disjunctive rule is a fact and where
each stable model contains exact hitting setfor the collection of disjunctive facts iR.

Definition 8 A DLP P is called

(i) adisjunctive-fact prograntDFP) iff each disjunctive rule i has an empty body, i.e., for eacke P,
\H(r)| > 1 impliesB(r) = §; and

(if) a hitting-set prograniff, for each stable model € SM(P), |H(r) N I| = 1, for each disjunctive
ruler € P.

DLPs satisfying (i) and (ii) are calleditting-set DFP{HDFPSs).

Observe that HDFPs are in genenait closed under here-intersection, as seen by the programb «}.
However, we construct a polynomial-time translation mapgpach DFRP into a DLP() (over an extended
alphabet) such that (¢ is closed under here-intersection and (ii) there is a or@at® correspondence
(over the original alphabet) between the stable modeld ahd the stable models ¢f, wheneverP is also
a HDFP. From this, we derive the same lower complexity bodad®LPs closed under here-intersection
as for arbitrary DLPs.

We employ the following notation: For a given alphabgtA = {p | p € A} is a set of globally new
disjoint atoms. Accordingly, for a rule, 7 is the rule resulting fromr by replacing each atomain r by @.
Finally, letA* = AU A.

Definition 9 For a DLP P over A, let P* be the program resulting fron® by adding{p < p | p € A}
and, for eachr with |H(r)| > 1, adding(7)~ and{« 7, | p,q € H(r),p # q}.

Sublemma 4.1 For a DFP P, we have thaf/;" (P) is given by thoséX,Y') € INT 4~ which satisfy the
following conditions:

() (X,Y)e MM (P),XNAC(XNA),YNAC (YNA);and

(it) foreachr € Pwith |H(r)| > 1, XN H(T) =Y N H(F) = {p}.

3The exact hitting seproblem is as follows. Given a collectiafi of subsets of a sef, decide whether there exists a subset
S’ C SsuchthalS’ N C’'| = 1, foreachC’ € C. This problem is known to be NP-complete [14].
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Proof. It is easy to see tha/A' (P U {p + 7 | p € A}) is given by thosg X,Y) € INT4- which
satisfy (i). Furthermore, consider a disjunctive fact P. Applying Proposition 3.1, we get

MA

S

(M)7) =M (P USr={(X,Y) € INT4 | (HF)NX #0)
or (H(F) N X =0;]Y nHF)| > 1)}

In the construction of”* it remains to consider the ruld® = {«- p,q | p,q € H(r),p # ¢} having as its
SE-models (overA*)
{(X,Y)€ INT4 | |[Y NH(F)| < 1}.

Putting things together, for each disjunctive fact P, we get as SE-models (ovet*) of rules¥ U R
exactly thos€ X,Y') € INT 4« which satisfy (ii). O

For illustration, reconsideP; = {a V b <} over A = {a, b}. We get

P ={aVb<;a+ @b+« b a<+ notb; b+ nota; + a,b}.
The set of SE-models (ovén, b, @, b}) of Pt is then given by

{(a@,aa), (bb,bb), (aa,aba), (bb, abb), (aba,aba), (abb,abb)}.

Observe thatP;' is closed under here-intersection, whiBt is not. This example mirrors the following
general property:

Lemma 4.1 For each DFPP, P is closed under here-intersection.

Proof. If PisaNLP,thenP" is clearly closed under here-intersection. So supposdt@D LP\NLP,
and assume thd®™ is not closed under here-intersection. Then, there exism®8Hels(X,Y) and(Z,Y)
of P suchthat X N Z,Y) ¢ M,(P™"). Let P, consist of all normal rules i+ and P, of all disjunctive
rules inP*. We know thatP; is closed under here-intersection, i€\, N Z,Y) € M,(P;). Moreover, by
Proposition 2.5, for alt € P,, we have thafX = H(r) andZ = H(r), since each body3(r) is empty.
Fix such anr (observe that?, # @ by hypothesis and» C P by definition). By Sublemma 4.1, we get
XNHF) =ZNHF)=YNHF) ={p}, XNAC (XNA),andZNAC (ZnNA). Sincep € H(r),
we obtain{p} € X N Z, and thusX N Z = H(r). Consequently(X N Z,Y) € M;(r). Since this holds
forall r € P, we end up with X N Z,Y") € M(P,). We already know thatX N Z,Y’) € M,(P;), and
so(X NZ,Y) e My(P*). This, however, is a contradiction {& N Z,Y) ¢ My(P"). Hence,P™ must
be closed under here-intersection. O

Lemma 4.2 Let P be a HDFP overA4. Then,
(i) if I € SM(P), then there exists & C A such thatl U K is a stable model oP*; and
(i) if I € SM(PT), thenI N Ais a stable model oP.

Proof. To show (i), letl € SM(P) and letK be constructed by ani C I satisfying|K N H(r)| = 1,
for each disjunctive fact € P. SuchK exists sinceP is an HDFP. ClearlyJ U K = P since no atoms
from A occur inP andI = P. Moreover,lUK |= {p + p | p € A} sinceK C I by definition. Let
R be the collection of the rule@g) ™ and{«+ p,qG | p,q € H(r),p # q} for each disjunctive fact € P.
Then,I UK [= R, by the assumption thdt satisfies K N H(r)| = 1, for eachr € P with |H(r)| > 1.
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Hencel U K |= PT. It remains to show that no proper subsebf I U K is model of(P*)!. Suppose
(JNA) C (INA). ThenJ = (P*)! would imply thatJ = P!, contradictingl € SM(P). Now suppose
(JN'A) c (InA).Then,J = R!, since we would have at least one rule fr¢m— which is not satisfied
by J.

Concerning (i), assumé € SM(P*). SinceP C P* and no atoms frond occur in P, we have
INA | P. Again, it remains to show that né C (I N A) exists, such thaf = P’ holds. Towards a
contradiction, let/ ¢ (I N .A) be a model ofP’. We show that then there existska C A such that both
(JUK) c IandJ UK |= (P*)! holds; thus contradicting € SM(P1). First, sincel € SM(PT), we
have(I,T) € MA" (P*), and by Lemma 4.1l N A C (TN A). Now letK = .J N (I N A). Consequently,
(JUK) C I, and moreover, we have U K |= {p + p | p € A}. Moreover, for each disjunctive fact
r € P, we have|J N H(r)| > 1 (otherwiseJ [~ P’) and|I N H(7)| = 1 (otherwisel [~ P*). Since
J cTandInA C (INA) holds by the fact thal € SM(P*), we finally getJ U K = R’. Hence,
JUK = (PH)L. 0

The relations from Lemmas 4.1 and 4.2 guarantee a faithfllaton (from arbitrary HDFPs to DLPs
closed under here-intersection) of the relevant reasotasgs in the context of logic programming. As
already mentioned, the hardness results in [8] carry oveHFPs. We thus obtain our next result which
shows that DLPs closed under here-intersection possessithe worst-case complexity as general DLPs.

Theorem 4.3 Both the consistency problem and brave reasoning for DLE&sed under here-intersection
is ©F'-complete, and cautious reasoning for DLPs closed undeg-heersection ig1 -complete.

4.3 Succinctness of DLPs

Theorem 4.4 There is no polynomial-size rewriting : DLP — NLP such thatP =, f(P), for every
P € DLP, with @ € {u, s}, unless the PH collapses.

Proof. Towards a contradiction, assume that a polynomial-sizeitieg / of the described kind exists.
Consider thdll -hard problem of checking whether, for a given positive DRRNd a given atom, not a
is a cautious consequence@fi.e., whethew is not contained in every stable model®f8].

DefineP, = Pt if a = s, andP; = P if @ = u. Then,not A is a cautious consequence Bfiff it is a
cautious consequence Bf. By the existence of, we can guess an NLP' in nondeterministic polynomial
time such that”’ =, P, (o« € {u,s}). CheckingP’ =, P; isin coNP [6], and checking whethewt a
is a cautious consequence Bf is in coNP (sinceP’ is normal). Thus, thélZ'-hard problem of deciding
whethernot o is a cautious consequenceBfis in =1, which is a contradiction unless the PH collapses.

Also for rewritings under ordinary equivalence, we cannaiid an exponential blowup unless the PH
collapses, as easily shown from known results [3, 2].

Proposition 4.1 There exists no polynomial-size rewritiffg: DLP — NLP such thatP = f(P), for
everyP € DLP, unless the PH collapses.

Clearly Theorem 4.4 is implied by Proposition 4.1, but thegbiof the latter refers to non-uniform complex-
ity classes, while ours is from first principles. In partiatla direct proof of Proposition 4.1 would show that
a polynomial-size rewritingd : DLP — NLP such thatP = f(P) implies coNPC P /poly (P/poly is the
class of problems decidable in polynomial time with polyiaradvice), which in turn implies a collapse of
the PH. Furthermore, Proposition 4.1 remains true for gadized rewritingsf which admit projective extra
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variables, i.e.P = f(P)|4, wheref(P) is defined over atomg’ O A and f (P)| 4 denotes the restriction
of the stable models of(P) to the original atomsA. This is a consequence of combining results in [2] and
the facts that (i) model checking for NLPs is polynomial aii}dhiodel checking for circumscription (which
is hard for the non-uniform compilability variant of coONR) & special case of model checking for DLPs
(both rely on minimal model checking).

We remark that, in terms of [12], DLPs are, because of the mempiial blow up, a stronger KR formalism
than NLPs, unless the PH collapses, regardless of the noftiequivalence considered.

5 Conclusion

In this paper, we derived new results concerning the elitianaof disjunctions in logic programs under the
stable model semantics with respect to strong, uniform,adahary equivalence. We showed that under
uniform and ordinary equivalence, disjunctions can alwag®liminated, whereas for strong equivalence,
this is precisely possible in case a certain semantic witeis satisfied, viz. that the given program is
closed under here-intersection. We also provide an expliniform method to rewrite a given DLP into an
equivalent NLP (if such an NLP exists, in case of strong egjaivce). Although the resultant NLPs are in
general exponentially larger than the input DLPs, we shaivatithis increase is in some sense unavoidable,
thus providing further insight on theuccinctnessf DLPs.

Our ongoing and future work concerns a closer investigatiotme newly derived class of DLPs closed
under here-intersection, as well as extending our resuiltise function-free first-order (datalog) case. Fur-
thermore, it remains to explore how our results can be apgdie optimizations of algorithms used in
disjunctive logic programming engines such as DLV and GnT.
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