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Hidden model
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Figure 1: Hidden model

(Yn)n∈N : received signal / GPS position / DNA sequence
(Zn)n∈N : emitted signal / real position / related to DNA
structure



Plan

Introduction
Framework

Definitions

Nonparametric
estimation

Application

Future research

Hidden semi-Markov models 6/03/2006, Université Pierre et Marie Curie 6

Hidden Markov models (Baum and Petrie, 1966)
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Figure 2: Hidden Markov model

(Zn, Yn)n∈N − (Zn)n∈N Markov process (of order k)
− (Yn)n∈N depends on (Zn)n∈N,

conditionally independent (or Markov)



Plan

Introduction
Framework

Definitions

Nonparametric
estimation

Application

Future research

Hidden semi-Markov models 6/03/2006, Université Pierre et Marie Curie 7

applications : Churchill(1989, 1992), Durbin et
al.(1998), Rabiner(1989), Ephraim and Merhav(2002)
statistical properties : Leroux (1992), Bickel et al.
(1998)
associated algorithmic studies

Problem : constraints on the sojourn times (Markov)

⇓

Hidden semi-Markov models : (Zn)n∈N semi-Markov process
Ferguson (1980), Levinson(1986), Guédon (2003)
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Discrete-time semi-Markov model

Z = (Zk)k∈N− with state space E = {1, 2, . . . , s}
J = (Jn)n∈N, visited states, E− valued MC

S = (Sn)n∈N, jump times, N− valued chain
X = (Xn)n∈N, times between two successive jumps

X 1

X 2

X n + 1

S 0 S 1 S 2 S n S n + 1

{ J 0 = i }
{ J 1 = j }

{ J n = k }
.  .  .

.  .  .

.  .  .

.  .  . t i m e

s t a t e s
( X n  )  :  s o j o u r n  t i m e
( J n   )  :  s t a t e s  o f  t h e  s y s t e m
( S n )   :   j u m p  t i m e

FIG.: A sample path of a semi-Markov chain
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If (J, S) verifies :

P(Jn+1 = j, Sn+1 − Sn = k|J0, · · · , Jn; S1, · · · , Sn)
= P(Jn+1 = j, Sn+1 − Sn = k|Jn), j ∈ E, k ∈ N

(J, S) Markov renewal chain (MRC)
Z = (Zk)k∈N− the associated semi-Markov chain
P =

(
Pij(·)

)
i,j∈E− the transition matrix of Z

Pij(k) := P(Zk = j | Z0 = i), i, j ∈ E, k ∈ N.
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The S-M chain Z is characterized by :
1. the initial distribution α(i) := P(J0 = i),
2. • the S-M kernel q =

(
qij(·)

)
i,j∈E

qij(k) :=
{

P(Jn+1 = j, Xn+1 = k | Jn = i), k ∈ N∗
0, k = 0

or
• the sojourn time distributions f =

(
fij(·)

)
i,j∈E

fij(k) = P(Xn+1 = k | Jn = i, Jn+1 = j),

• the transition matrix of the MC (Jn)n∈N, p = (pij)i,j∈E

pij := P(Jn+1 = j | Jn = i); pii := 0.

qij(k) = pij fij(k)
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The hidden SM1−M0 model

(Z, Y) = (Zn, Yn)n∈N− hidden SM1−M0 chain if :

H1. Z = (Zn)n∈N− semi-Markov chain

H2. Y = (Yn)n∈N− conditionally independent r.v., with state
space A = {1, . . . , d},
P(Yn = a | Yn−1 = ·, . . . , Y0 = ·, Zn = i, Zn−1 = ·, . . . , Z0 = ·) =
P(Yn = a | Zn = i) =: Ri;a
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The hidden SM1−Mk model

(Z, Y) = (Zn, Yn)n∈N− hidden SM1−Mk chain (k ≥ 1) if :

H1 Z = (Zn)n∈N− semi-Markov chain

H2’ Y = (Yn)n∈N− conditional Markov chain of order k ≥ 1,

P(Yn+1 = ak | Yn
n−k+1 = ak−1

0 , Yn−k
0 = ·, Zn+1 = i, Zn = ·, . . . , Z0 = ·)

= P(Yn+1 = ak | Yn
n−k+1 = ak−1

0 , Zn+1 = i) =: Ri;a0,...,ak
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The hidden SM1−Mk model

(Z, Y) = (Zn, Yn)n∈N− hidden SM1−Mk chain (k ≥ 1) if :

H1 Z = (Zn)n∈N− semi-Markov chain

H2’ Y = (Yn)n∈N− conditional Markov chain of order k ≥ 1,

P(Yn+1 = ak | Yn
n−k+1 = ak−1

0 , Yn−k
0 = ·, Zn+1 = i, Zn = ·, . . . , Z0 = ·)

= P(Yn+1 = ak | Yn
n−k+1 = ak−1

0 , Zn+1 = i) =: Ri;a0,...,ak



Plan

Introduction
Framework

Definitions

Nonparametric
estimation

Application

Future research

Hidden semi-Markov models 6/03/2006, Université Pierre et Marie Curie 14
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The problem

(Z, Y)− hidden SM1−M0 chain
Z is not directly observed
The observations are described by a chain
Y = (Yn)n∈N, conditioned by Z
Starting from a sample path y = yM

0 = (y0, . . . , yM), we
want to estimate :

- the characteristics of the underlying semi-Markov chain
- the conditional distribution of Y.
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Definition
U = (Un)n∈N - the backward-recurrence times of the
semi-Markov chain (Zn)n∈N if

Un := n− SN(n).

Theorem
The chain (Zn, Un)n∈N is a Markov chain with state space
E × N.

→ The transition matrix : p̃ = (p(i,t1)(j,t2))i,j∈E,t1,t2∈N
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The associated hidden Markov model

Hidden semi-Markov model ⇔ Hidden Markov model

(Zn, Yn)n∈N ⇔ ((Zn, Un), Yn)n∈N

θ = ((qij(k)), (Ria)) ⇔ θ =
(
(p(i,t1)(j,t2)), (Ria)

)
Recall
P(Yn = a | Yn−1 = ·, . . . , Y0 = ·, Zn = i, Zn−1 = ·, . . . , Z0 = ·) =
P(Yn = a | Zn = i)

θ0 =
(

(p0
(i,t1)(j,t2)

) i,j∈E
t1,t2∈D

, (R0
ia)i∈E,a∈A

)
− true value of θ
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Assumptions

A1 The S-M chain (Zn)n∈N is irreducible.
A2 The conditional sojourn time distributions fij(·), i, j ∈ E
have finite support.

D := {0, . . . , ñ} ⊇ suppfij(·)
q =

(
qij(k)

)
i,j∈E,k∈D, p̃ = (p(i,t1)(j,t2))i,j∈E,t1,t2∈D

Theorem
Under assumptions A1 and A2, given a sample of
observations {Y0 = y0, . . . , YM = yM}, we have

θ̂(M) a.s.−−−−→
M→∞

θ0.

→ Consistency of (R̂ia(M))i,a and (q̂ij(k, M))i,j,k
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Define

σYn
0
(θ0) := −Eθ0

(
∂2 log p(Yn

0 )
∂θu∂θv

∣∣∣
θ=θ0

)
u,v

and

σ(θ0) := −Eθ0

(
∂2 log Pθ(Y0 | Y−1, Y−2, . . .)

∂θu∂θv

∣∣∣
θ=θ0

)
u,v

.

Assumption

A3 There exists an integer n ∈ N such that the matrix
σYn

0
(θ0) is nonsingular.

From Theorem 3 of Douc(2005) we know that σ(θ0) is
nonsingular if and only if A3 is fulfilled.
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Consider the partition of σ−1(θ0) :

s2 × (ñ + 1)2 sd︷︸︸︷ ︷︸︸︷
σ−1(θ0) =

[
σ−1(θ0)11
σ−1(θ0)21

σ−1(θ0)12
σ−1(θ0)22

]
}
}

s2 × (ñ + 1)2

sd

Theorem
Under assumptions A1, A2 and A3, the MLE of (R0

ia)i∈E,a∈A

is asymptotically normal :

√
M

[(
R̂ia(M)

)
i∈E,a∈A − (Ria)i∈E,a∈A

]
D−−−−→

M→∞
N

(
0, σ−1(θ0)22

)
.
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Theorem
Under assumptions A1, A2 and A3, the MLE of
(q0

ij(k))i,j∈E,k∈D is asymptotically normal :

√
M

[
(q̂ij(k, M))i,j∈E,k∈D − (q0

ij(k))i,j∈E,k∈D

]
D−−−−→

M→∞
N

(
0, σ2

q
)
,

with
σ2

q = Function
(
σ−1(θ0), (q0

ij(k))i,j∈E,k∈D
)
.
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Research of CpG islands

CpG islands


high frequency of the pair CG
high frequency of the bases C and G
regions with an essential role in the genome

• Y : TAGTGGAATG︸ ︷︷ ︸ CGACG︸ ︷︷ ︸ · · · − DNA sequence

• Z : 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 · · · − indicators for CpG islands

Z :
{

1← island
0← non-island

Consider : (Z, Y) hidden SM1−M0 chain
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1. Generate (Z, Y)

State space : Z → E = {0, 1}, Y → A = {0, 1, 2, 3}

kernel : q0,1 = W0.7, 0.9, q1,0 = W0.5, 0.7− discrete time, first
type, Weibull distributions

Wq,b(k) :=
{

q(k−1)b − qkb
, k ≥ 1

0, k = 0

conditional distribution of Y :

(R0;a)a∈A = (0.25 0.25 0.25 0.25) (R1;a)a∈A = (0.1 0.4 0.4 0.1)
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2. Estimate the characteristics of the model (EM algorithm)

Initial value
q(0)

0,1 = U(1, . . . , 15)− uniform discrete distribution

q(0)
1,0 = U(1, . . . , 10)− uniform discrete distribution

Initial value
q(0)

0,1 := W0.9,1− discrete time Weibull distribution

q(0)
1,0 := W0.9,1.5− discrete time Weibull distribution



Plan

Introduction
Framework

Definitions

Nonparametric
estimation

Application

Future research

Hidden semi-Markov models 6/03/2006, Université Pierre et Marie Curie 25
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FIG.: Estimator of the semi-Markov kernel
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Remarks

technique used for CpG islands research - generality
- patterns research
- correlation of the patterns with biological function

takes into account the heterogeneity of DNA

coding / non-coding zones, exons / introns, intron/exon
borders, etc
detection of homogeneous zones along DNA (Muri,
1997, use of HMM)
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Future research

statistical studies
adapted algorithms
applications :
genetics, reliability, speech/image recognition, . . .
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Future research
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adapted algorithms
applications :
genetics, reliability, speech/image recognition, . . .
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Université Paris 5.

Mode, C.J. and Sleeman, C.K. (2000). Stochastic processes in epidemiology, World Scientific, New
Jersey.



Plan

Introduction
Framework

Definitions

Nonparametric
estimation

Application

Future research

Hidden semi-Markov models 6/03/2006, Université Pierre et Marie Curie 33

Note σ̃ = σ−1(θ0). Partition the matrix σ̃ :
2
66666666666666664

s−1z}|{eσ1,1 . . .

s−1z }| {eσ1,sen

en−1z }| {eσ1,sen+1 . . .

en−1z }| {eσ1,sen+s

.

.

.
.
.
.

.

.

.
.
.
.eσsen,1 . . . eσsen,sen eσsen,sen+1 . . . eσsen,sen+s eσAeσsen+1,1 . . . eσsen+1,sen eσsen+1,sen+1 . . . eσsen+1,sen+s

.

.

.
.
.
.

.

.

.
.
.
.eσsen+s,1 . . . eσsen+s,sen eσsen+s,sen+1 . . . eσsen+s,sen+seσB eσC

3
77777777777777775

}
.
.
.
}
}
.
.
.
}

s − 1

s − 1en − 1

en − 1
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For all k = 2, . . . , ñ and i ∈ E, define :

the scalars αi;k = H0
i (k − 1)

the matrices Bi;k = (Bi;k(u, v))u=1,...,s−1
v=1,...,en−1

∈M(s−1)×(en−1)

Bi;k(u, v) =


q0

i,u(k)
H0

i (v−1)H0
i (v+1)H0

i (k−1)

H0
i (v−2)H0

i (v)
v ≤ k − 1, u < i

q0
i,u(k + 1)H0

i (v−1)H0
i (v+1)H0

i (k−1)

H0
i (v−2)H0

i (v)
v ≤ k − 1, u ≥ i

0 otherwise

where Hi(·) is the survival function in state i defined by

Hi(n) := P(X1 > n | J0 = i) = 1−
∑
j∈E

n∑
k=1

qij(k), n ∈ N∗
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Theorem
Under assumptions A1, A2 and A3, the MLE of
(q0

ij(k))i,j∈E,k∈D is asymptotically normal :

√
M

[
(q̂ij(k, M))i,j∈E,k∈D − (q0

ij(k))i,j∈E,k∈D

]
D−−−−→

M→∞
N

(
0, σ2

q
)
,

where

σ2
q = Function

(
(σ̃m,n)m,n=1,...,sen+s, (αi;k) i∈E

k=2,...,en
(Bi;k) i∈E

k=2,...,en

)
.
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σ2
q =

 M1,1 . . . M1,en
...

...
M
en,1 . . . M

en,en

 , Mu,v ∈Ms(s−1)×s(s−1)

M1,1 =

 σ̃1,1 . . . σ̃1,s
...

...
σ̃s,1 . . . σ̃s,s


For 2 ≤ v ≤ ñ,

M1,v =

 α1;vσ̃1,sv−s+1 + σ̃1,sen+1BT
1;v . . . αs;vσ̃1,sv + σ̃1,sen+sBT

s;v
...

...
α1;vσ̃s,sv−s+1 + σ̃s,sen+1BT

1;v . . . αs;vσ̃s,sv + σ̃s,sen+sBT
s;v


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For 2 ≤ u ≤ ñ,

Mu,1 =

 α1;uσ̃su−s+1,1 + B1;uσ̃sen+1,1 . . . α1;uσ̃su−s+1,s + B1;uσ̃sen+1,s
...

...
αs;uσ̃su,1 + Bs;uσ̃sen+s,1 . . . αs;uσ̃su,s + Bs;uσ̃sen+s,s


For 2 ≤ u, v ≤ ñ, Mu,v = (Ml,r

u,v)l,r=1,...,s− block matrix

Ml,r
u,v = (αl;uσ̃su−s+l,sv−s+r + Bl;uσ̃sen+l,sv−s+r)αr;v

+(αl;uσ̃su−s+l,sen+r + Bl;uσ̃sen+l,sen+r)BT
r;v
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