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Figure 1: Hidden model

(Yn)nen : received signal / GPS position / DNA sequence
(Zy)nen : emitted signal / real position / related to DNA
structure



"‘\-F Hidden semi-Markov models 6/03/2006, Université Pierre et Marie Curie 6
I i bl
Plan (Baum and Petrie, 1966)
Introduction

Framework

Nonparametric
estimation

Application

Future research

Yb Y1 Yé Yn—Z Yn— 1 )/n

. -

Zy Zy Zy Zno Zna Iy

N

Figure 2: Hidden Markov model

hidden process

(Zn, Yn)nen — (Zy)nen Markov process (of order k)
—  (Yn)nen depends on (Z,),en,

conditionally independent (or Markov)
[
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4

: (Z1)nen Semi-Markov process
Ferguson (1980), Levinson(1986), Guédon (2003)
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B Z = (Z;)ren— With state space E = {1,2,...,s}
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(X, ) : sojourn time
(J, ) : states of the system
X, (S,) : jump time
=} X —<
e
Xn+1
{J.=k} —(
N,
I I I I Z
S, S, S, ... S, S, ... time

FiG.: A sample path of a semi-Markov chain
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Nonparametri . . .
estimation S = (Sp)nen, jump times, N— valued chain
— X = (X,)nen, times between two successive jumps
pplication
states
Future research
A (X, ) : sojourn time
(J, ) : states of the system
X, (S,) : jump time
T
=i} 14(
p
.=k} — ¢
I I I I )
S, S, S, ... S, S ... time

FiG.: A sample path of a semi-Markov chain
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If (J,S) verifies :

IFD(‘]n—l—l :j7Sn+l _Sn = k|-’07' c 7Jn;S17' v 7Sn)
= IED(Jn—l—l =J Sn+1 — 8= k|Jn)aj €EEkeN

m (J,S) Markov renewal chain (MRC)
B Z = (Z;)ren— the associated semi-Markov chain
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If (J,S) verifies :

P(Juy1 =7, Snt1 — Su = klJo, -+, Ju; S1,- -+, Sn)
= IP:'(Jn—l—l :j> Sn+l =8y = k|-’n)aj € Eak eN

m (J,S) Markov renewal chain (MRC)
B Z = (Z;)ren— the associated semi-Markov chain
mP= (P,-j(-))l.J.EE— the transition matrix of Z

Pj(k) :=P(Zy =j| Zy=1i), i,j EE, ke N.
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FD;\‘:;‘»O:‘: 2. [ ] the S'M kernel q - (ql-](.))l,]eE

onparametric P(Jn 1 :J7Xn 1:k|‘]n:i)7 keN*
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1. the initial distribution a/(i) := P(Jy = i),
2.

or

e the sojourn time distributions f = (ﬁj(-))i‘ieE
fij(k) = IP)(XnJrl =k | Jn =1, Jnt1 :j)7

e the transition matrix of the MC (J,,),en, p = (Pij)ijeE

pij =Plnp1 =j [ Ju =1); pii == 0.
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The S-M chain Z is characterized by :
1. the initial distribution a/(i) := P(Jy = i),
2. o the S-M kernel ¢ = (g;(-))

ijEE

PJyi1 =), X1 =k|Jy=1), keN*
Qij(k) ::{0( +1 = J, &n+1 | ) 0

or

e the sojourn time distributions f = (ﬁj(-))i‘ieE
fij(k) = IP)(XnJrl =k | Jn =1, Jut1 :j)7

e the transition matrix of the MC (J,,),en, p = (Pij)ijeE

pij =P(np1 =Jj [ Ju =1i); pii == 0.

qij(k) = pi fij(k)
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H2. Y = (Y,).en— conditionally independent r.v., with state
space A ={1,...,d},

]P’(Yn:a|Yn_1 :-,...,YOZ -,Zn:i,Zn_l :-,...,Z(): ):
P(Y,=a|Z,=i) = Ria
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H2’ Y = (Y,).en— conditional Markov chain of order k > 1,

k—1 —k .
P(Y,H_l = a | Y,’,l_k_H = ao ,Yg = '7Zn+l = l,Z,, = ... ,Zo = )

k—1 :
= P(Yuy1 = a | Yr’zl—k-H =ay ;Zut1 = i) = Riay,...q
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m (Z,Y)— hidden SM1 — MO0 chain
m Z is not directly observed

m The observations are described by a chain
Y = (¥,)qen, conditioned by Z
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estimation m (Z,Y)— hidden SM1 — MO0 chain

m Z is not directly observed

m The observations are described by a chain
Y = (Y,)nen, conditioned by Z
m Starting from a sample path y = y¥ = (yo, ..., yu), we
want to estimate :
- the characteristics of the underlying semi-Markov chain
- the conditional distribution of Y.
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U = (Uy)nen - the backward-recurrence times of the
semi-Markov chain (Z,)en if

Un :=n—Syu)-
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U = (Uy)nen - the backward-recurrence times of the
semi-Markov chain (Z,)en if

Un :=n—Syu)-

The chain (Z,, U,)nen is @ Markov chain with state space
E x N.
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U = (Uy)nen - the backward-recurrence times of the
semi-Markov chain (Z,)en if

Un :=n—Syu)-

The chain (Z,, U,)nen is @ Markov chain with state space
E x N.

— The transition matrix : p = (p(iytl)@,z)),-,,-GE,,I,tzeN

=FroHa>
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The associated hidden Markov model

Hidden semi-Markov model <« Hidden Markov model
(Zn7 Yn)nEN = ((Zm Un): Yn)neN

0= ((q5(k), (Ria)) < 0= ((P(i))G))> (Ria))
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The associated hidden Markov model

Hidden semi-Markov model <« Hidden Markov model
(Zm Yn)nEN ~ ((Zm Un)7 Y")neN

0= ((q5(k), (Ria)) < 0= ((P(i))G))> (Ria))

P(Yn=a|Yn_l=-,...,Y0=',Zn=i,Zn_1=',...,Z()=-)=
P(Y,=al|Z, =i
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The associated hidden Markov model

Hidden semi-Markov model <« Hidden Markov model
(Zm Yn)nEN g ((Zm U ) )neN
0= ((q5(k), (Ria)) < 0= ((P(i))G))> (Ria))

P(Yn:a|Yn—l:'a---,YOZ',Zn:iazn—l:'7-'-a20:'):
PY,=a|Z, =i

0 __ 0. _
0 ( (i, (), ,2)) z,,eED (Ria)lEE,aeA) true value of 6

=FroHa>
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A1 The S-M chain (Z,),en is irreducible.

A2 The conditional sojourn time distributions f;;(-),i,j € E
have finite support.

mD: = {0, e ,;’i} 2 Sugpflj()
mg= (qij(k))iJeE,keD’p = Py isesnnep

=FroHa>



Plan

Introduction
Fra work
Def ions

Nonparametric
estimation

Application

Future research

< utc

Hidden semi-Markov models 6/03/2006, Université Pierre et Marie Curie 18

A1 The S-M chain (Z,),en is irreducible.

A2 The conditional sojourn time distributions f;;(-),i,j € E
have finite support.

mD: = {0, e ,;’i} 2 Sugpflj()
mg= (qij(k))iJeE,keD’p = (Pli1)(itz) JijEE 126D

Under assumptions A1 and A2, given a sample of
observations {Yy = yo, ..., Yy = yu}, we have

~

0(M) _a% g0,

M—oo
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A1 The S-M chain (Z,),en is irreducible.

A2 The conditional sojourn time distributions f;;(-),i,j € E
have finite support.

mD: = {0, e ,;’i} 2 Sugpflj()
mg= (qij(k))iJeE,keD’p = (P(in)(j,) JieE neD

Under assumptions A1 and A2, given a sample of
observations {Yy = yo, ..., Yy = yu}, we have

~

0(M) _a% g0,

M—oo

— Consistency of (Ri,(M));.. and (G;;(k, M));

=FroHa>
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niroducton oy (69) = —Eg 9" logp(¥g)
Defintions Yo ‘ o 00,00, 0=6° u,v
Nonparametric
estimation and
Application 82 log P, (Y | Y .Y )
0 g g Io 1 2y
Future research w00y, 0=6°/ ,

A3 There exists an integer n € N such that the matrix
oy (6°) is nonsingular.

From Theorem 3 of Douc(2005) we know that o(6°) is
nonsingular if and only if A3 is fulfilled.

=FroHa>
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Consider the partition of o~1(6°) :
52 x (4 1)? sd
~~ ~~
o=1(0%) = o1 (%) R (A b2 x @1)?
0'_1(90)21 0'_1(90)22 } sd
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Consider the partition of o~1(6°) :

2 x (m41)2 sd
= =~
_ [ e a6 }ooSx @+l
o 1(00) [ 0_1(90); 0—1(90)2 } } sd

Under assumptions A1, A2 and A3, the MLE of (RY,)ick.aca
is asymptotically normal :

VM |(RialM)) e gen — (Riddiekae] ——— N (0,67 (0%)20)

=FroHa>
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Under assumptions A1, A2 and A3, the MLE of
(Q2'(k))i,jeE,k€D is asymptotically normal :

\/M[@ij(k, M))ijecEkep — (qg'(k))i,ieE,keD] ﬁ N (0, 02) )

with
U; = Function (0_1(90), (qg'(k))i,jeE,keD) :

=FroHa>
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Research of CpG islands

CpG islands
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TAGTGGAATG CGACG - - - — DNA sequence
—_——
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CpG islands high frequency of the bases C and G
Application

regions with an essential role in the genome

e Y : TAGTGGAATG CGACG - - - — DNA sequence
N——_——— ——
eZ:000000000011111---— indicators for CpG islands

sl 1= island
"1 0+« non-island
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high frequency of the pair CG
CpG islands high frequency of the bases C and G
Application

regions with an essential role in the genome

e Y : TAGTGGAATG CGACG - - - — DNA sequence
N——_——— ——
eZ:000000000011111---— indicators for CpG islands

sl 1= island
"1 0+« non-island

Consider : (Z,Y) hidden SM1 — M0 chain
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Plan 1. (Z7 Y)

fj{jffﬁjf“m State space : Z — E = {0,1}, Y — A= {0,1,2,3}

oot kernel : go.1 = Wo.7,09, 1,0 = Wo5,0.7— discrete time, first
type, Weibull distributions
Application
k—1)f kb
Future research W b(k) - q( ) -q , k Z 1
’ 0, k=0
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b i hsd

Plan 1 (Z, Y)
State space: Z - E={0,1},Y - A=1{0,1,2,3}
kernel : go.1 = Wo.7, 09, q1,0 = Wo s, 0.7— discrete time, first
type, Weibull distributions

Application

conditional distribution of Y :

(Ro:a)aca = (0.25 0.25 0.25 0.25) (R1.q)aca = (0.1 0.4 0.4 0.1)
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2. the characteristics of the model (EM algorithm)
Initial value
] q(()ol) =U(1,...,15)— uniform discrete distribution
Application ’

u qio(% = U(1,...,10)— uniform discrete distribution

Initial value
n q(()ol) := Wp.9,1— discrete time Weibull distribution

[ q§°3 := Wo.9,1.5— discrete time Weibull distribution
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technique used for CpG islands research - generality

- patterns research
Application - correlation of the patterns with biological function

m takes into account the heterogeneity of DNA

coding / non-coding zones, exons / introns, intron/exon
borders, etc

m detection of homogeneous zones along DNA (Muri,
1997, use of HMM)
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Future research
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Future research

m statistical studies
m adapted algorithms
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m statistical studies
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Forallk=2,...,nandi € E, define :
m the scalars o = F?(k -1)
m the matrices Bix = (Bi(ut, V) )u=1,... s—
v=1,...,n—
0 g\ HO(v—1)H? (v DHY (k—1)
qi,u(k) W) ()

) — v—1)HO (v+1)HO (k— .
Bt ) =4 g0, (ke 1) BUDIOEED < 10>
0 otherwise

1€ M (s—1)x (1)

v<k—1lu<i

where H;(-) is the survival function in state i defined by

Hn) :=PX; >n|Jo=i)=1-> 3 gy(k), n € N*
JEE k=1
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Under assumptions A1, A2 and A3, the MLE of
(49(k))ijerxep is asymptotically normal :

\/M[(/q\ij(ka M))ijeEkeD — (qg'(k))i,iEE,keD] E%: N(0,07),
where

02 = Function <(5m,n)m,n=1,...,s?i+m (ai;k)k_iGE ~(Bi;k) I€E ~) .

2,001 k=2,....,n
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For2 <v <m,

~ ~ T ~ ~ T
Q101 sy—s+1 T Ul,sﬁ+131;v e P R e Ul,s’ﬁ+sBs;v
Ml,v = :

ps ~ T ~ ~ T
Q1,05 sv—s+1 T Us,s'ri-i—lB];v cee QO+ Us,sﬁ—f—sBs;v
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s

Application CsuOsu,1 + BSWUSE+S,1 s Q4O su,s + Bs;ugsﬁJrs,s

Future research For2 < u,v < ;’i, Mu,v = (MI{;,';))I,rZI,...,S_ block matrix

Lr ~ ~
Muyv = (al;uasu—s—i—l,sv—s-i—r+Bl;uasﬁ+l,sv—s+r)ar;v

~ ~ T
+ (al;uasu—s—l-l,sﬁ-l-r + Bl;uasﬁ+l,sﬁ+r)Br;v
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