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Abstract

In this paper we invite the reader to a journey through thaleelda calculi with re-
source control: the lambda calculus, the sequent lambdaloal and the lambda
calculus with explicit substitution. All three calculi dsia explicit control of re-
sources due to the presence of weakening and contractioatoge Along this
journey, we propose intersection type assignment systemallfthree resource
control calculi. We recognise the need for three kinds ofaldes all requiring
different kinds of intersection types. Our main contributis the characterisation
of strong normalisation of reductions in all three calcubjng the techniques of
reducibility, head subject expansion, a combination ofl\weders and suitable
embeddings of terms.

Keywords: lambda calculus, resource control, sequent calculusiagxpl
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Introduction

It is well known that simply typed-calculus captures the computational con-
tent of intuitionistic natural deduction through Curryadard correspondence [35].
This connection between logic and computation can be egtetalother calculi
and logical systems [30]: Herbelinscalculus [34], Pinto and Dyckhoff’ATo-
calculus [51] and Espirito SantaX*t-calculus [21] correspond to intuitionistic
sequent calculus. In the realm of classical logic, Parsygii-calculus [50] cor-
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responds to classical natural deduction, whereas Barbaret Berardi's sym-
metric calculus|[4] and Curien and Herbelingu-calculus [15] correspond to its
sequent version. Extending first, the calculus of explicit substitution and later
A-calculus and\®t-calculus with explicit operators for erasure (a.k.a. vezak
ing) and duplication (a.k.a. contraction) brings the sameespondence to intu-
itionistic natural deduction and intuitionistic sequeatatilus with explicit struc-
tural rules of weakening and contraction on the logical §&83, as investigated
in [36,137,.28].

On the other hand, let us consider type assignment systanvarfious cal-
culi. To overcome the limitations of the simple type distiplin which the only
forming operator is an arrows, a new type forming operator was introduced
in [13,/14, 52| 5[7]. The newly obtained intersection typagssent systems en-
abled complete characterisation of termination of terncwdal3, 24,/26]. The
extension of Curry-Howard correspondence to other fosnadibrought the need
for intersection types into many different settings [19,44,47].

Our work is inspired by and extends Kesner and Lengrand$ W8k on
resource operators for-calculus with explicit substitution. Their lineavxr-
calculus introduces operators for linear substitutioasere and duplication, pre-
serving at the same time confluence and full composition pli@ksubstitutions
of its predecessakx [9, 54]. The simply typed version of this calculus corre-
sponds to the intuitionistic fragment of Linear Logic’s pfaets, according to
Curry-Howard correspondence, and it enjoys strong nogatiin and subject re-
duction. Resource control in sequeéntalculus was proposed by Ghilezan et al.
in [28], whereas resource control bothArcalculus and\x-calculus was further
developed in/[37, 38].

In order to control all resources, in the spirit df-calculus (see e.g.L|[9]),
void lambda abstraction is not acceptable, so in order te RaW the variablex
has to occur irM. But if x is not used in a terrM, one can perform aarasure
(a.k.a weakenind)y using the expressioti> M. In this way, the ternM does not
contain the variable, but the ternx® M does. Similarly, a variable should not
occur twice. If nevertheless, we want to have two positi@ngtie same variable,
we have to duplicate it explicitly, using fresh names. TRislone by using the
operatorx <x: M, calledduplication (a.k.a contractionyhich creates two fresh
variablesx; andxo.

Explicit control of erasure and duplication leads to decosipg of reduc-
tion steps into more atomic steps, thus revealing the dethtomputation which
are usually left implicit. Since erasing and duplicating(sfib)terms essentially
changes the structure of a program, it is important to seethimynechanism re-
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ally works and to be able to control this part of computatidve chose a direct
approach to term calculi rather than taking a more commoh fhetbough linear
logic [1,.8]. In practice, for instance in the descriptioncoimpilers by rules with
binders [55, 56], the implementation of substitutions o&hr variables by inlin-
in(ﬂ is simple and efficient when substitution of duplicated ailes requires the
cumbersome and time consuming mechanism of pointers asdherefore im-
portant to tightly control duplication. On the other handggse control of erasing
does not require a garbage collector and prevents memadingea

Our main goal is to characterize the termination of redu&ifmr term calculi
with explicit control of duplication and erasure, in diféet frameworks: natural
deduction, sequent style and with explicit substitutiore ¥Wisit the syntax and
reduction rules of three term calculi with explicit operstdor weakening and
contraction:Ag (the extension of thé-calculus),)\f@tZ (the extension of the se-

quent lambda calculus®t?) and)\x® (the extension of thex-calculus with explicit
substitution). We then introduce intersection types ifltthaee calculiAg), )\%Z

and)\g@. Our intersection type assignment systevgs), )\G®tzﬁ and)\m integrate
intersection into logical rules, thus preserving syntaeatedness of the system.
We assign restricted form of intersection types to termsyaig strict types, there-
fore minimizing the need for pre-order on types. By usingthmtersection type
assignment systems we prove that terms in all three calojdyestrong normali-
sation if and only if they are typeable. To the best of our kisalge, together with
the conference version of this paper|[27], this is the fietiment of intersection
types in the presence of resource control operators. &dgom types fit natu-
rally to resource control. Indeed, the control allows usdosider three types of
variables: variables as placeholders (the traditional\aeA-calculus), variables
to be duplicated and variables to be erased because thayelewant. For each
kind of a variable, there is a kind of type associated to imely a strict type for
aplaceholder an intersection for a variabte-be-duplicatedand a specific type
for anerasedvariable.

We first prove in Sectiofill that terms typeablehig-calculus are strongly
normalising by adapting the reducibility method for exjlresource control op-
erators. Then we prove that all strongly normalising termestgpeable iM\g-
calculus by using typeability of normal forms and head sttig&pansion.

Further, we prove strong normalisation fbgz and A%, in Section( 2 and

Hnlining is the technics which consists in copying at compile timetéixeof a function instead
of implementing a call to that function.



Sectior B, respectively, by using a combination of wellessdand a suitable em-
beddings of)\z-terms and\p-terms intoAg-terms which preserve typeability
and enable the simulation of all reductions and equationthéyperational se-
mantics of the\g-calculus. Finally, we prove that strong normalisation lieg
typeability in}\%tz and)\x® using head subject expansion.

Related work.The idea to control the use of variables can be traced back to
Church’sAl-calculus|[5]. Currently there are several different lioésesearch in
resource aware term calculi. Van Oostrom [48] and later Keand Lengrand [36],
applying ideas from linear logic [32], proposed to extenel Xkcalculus and the
Ax-calculus, with operators to control the use of variablesdurces). General-
ising this approach, Kesner and Renaud [37, 38] develope@ribmoid of re-
sources a system of eight calculi parametric over the explicit amglicit treat-
ment of substitution, erasure and duplication. Resourcgrabin sequent cal-
culus corresponding to classical logic was proposed. in. [€#} the other hand,
process calculi and their relationXecalculus by Boudol [10] initialised investiga-
tions in resource aware non-determinigticalculus with multiplicities and a gen-
eralised notion of application [11]. The theory was coneédb linear logic via
differential A-calculus in [[20] and typed with non-idempotent intersactiypes
in [49]. In this paper we follow the notation of [62] and [27}hich is related
to [48].

This paper is an extended and revised version aof [27]. Int&xfdio Ag-
calculus and&-calculus presented in [27], this extended version adds ¢ae-
ment of theAX, -calculus, the resource lambda calculus with explicit stuigon,
together with the characterization of strong normalisatar this calculus. Also,
the proof that typeability implies strong normalisatioig-calculus is improved.

Outline of the paperin Sectior[ 1 we first give the syntax and reduction rules for
A@-calculus, followed by the intersection type assignmesteay and the charac-
terisation of strong normalisation. Sectidn 2 deals w‘u@f-calculus, its syntax,
reduction rules, intersection type assignment system laadharacterisation of
strong normalisation. Sectignh 3 introdud%—calculus with its syntax, reduction
rules and intersection type assignment system, againnfietidoy the character-
isation of strong normalisation. Finally, we conclude irctg@ [4 with some
directions for future work.
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1. Intersection types for the resource control lambda calclus Ag

In this section we focus on the resource control lambda t#ddyy. First we
revisit its syntax and operational semantics; further viatuce intersection type
assignment system and finally we prove that typebility in pheposed system
completely characterises the set of strongly normaliaigegerms.

1.1. Resource control lambda calculig

Theresource controlambda calculus)g, is an extension of tha-calculus
with explicit operators for weakening and contraction.dtresponds to th&.,,-
calculus of Kesner and Renaud, proposed in [37] as a vert&hefprismoid of
resources”, where substitution is implicit. We use a notafillong the lines of
[62] and close t0[48]. It is slightly modified w.r.t. [37] irrder to emphasize the
correspondence between this calculus and its sequenterparit
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First of all, we introduce the syntactic categorypré-termsof Ag-calculus
given by the following abstract syntax:

Pre-terms  f = x|Ax.f|ff|xo f|x <}

wherex ranges over a denumerable set of term variablest is anabstraction
ff is anapplication x® f is aweakeningandx <X} f is acontraction The
contraction operator is assumed to be insensitive to ther @itthe arguments;
andxp, i.e. x <3¢ f =x <} f.

The set of free variables of a pre-terin denoted byFv(f), is defined as
follows:

Fv(x) =% Fv(Ax.f) =Fv(f)\{x}; Fv(fg)=Fv(f)UFv(g);
Fv(xo f) = {x}UFV(f); Fv(x < f) = {xX}UFV(f)\ {x1,%}.

In x <§§ f, the contraction binds the variablesandx; in f and introduces a
free variablex. The operatox® f also introduces a free variale In order to
avoid parentheses, we let the scope of all binders exterttetaght as much as
possible.

The set ofAg-terms denoted by\g and ranged over biyl,N,P,My, .... is a
subset of the set of pre-terms, defined in Figure 1.

f e Ng xeFv(f)
XE/\ }\X.fE/\

feNg geNg FV(f)NFv(g)=0
fgecNg

feNg x¢ Fv(f) feNg x1#X% X1, % € Fyv(f) x¢& Fv(f)\ {x,x2}
xo f e x<x% f€Ng

Figure 1:Ag: Ag-terms

Informally, we say that a term is a pre-term in which in evanpterm every
free variable occurs exactly once, and every binder binxisctly one occurrence
of) a free variable. Our notion of terms corresponds to thenmf linear terms
in [3€]. In that sense, only linear expressions are in thadaxf our investigation.
In other words, terms are well-formedAg, if and only if bound variables appear
actually in the term and variables occur at most once. Thaseitons will be as-
sumed throughout the paper without mentioning them exjlicihis assumption



is not a restriction, since every traditional term has aesponding\g-term, as
illustrated by the following example.

Example 1. Pre-termsAx.y andAx.xx are notAg-terms, on the other hand pre-
termshx.(X®y) andAx.x <3 (x1X%2) are their correspondingg-terms.

In the sequel, we use the notatidn® M for x; ® ... Xs @M and X <§ M
for x3 <% ... %y <& M, whereX, Y andZ are lists of sizen, consisting of all
distinct variablea, ..., Xn, Y1, ...,Yn, 21, ..., Zn. 1f n=20, i.e., if X is the empty list,
thenX ©M = X <¥ M = M. Note that due to the equivalence relation defined in
Figurel4, we can use these notations also for sets of vasiablhe same size.

In what follows we use Barendregt’s convention [5] for vates: in the same
context a variable cannot be both free and bound. This appdidinders like
AX.M which bindsx in M, X <Xl M which bindsx; andx, in M, and also to the
implicit substitutionM [N /x] which can be seen as a binder fan M.

The setR) of reduction rules—>)\® of theAg-calculus is presented in Figtire 2.

(B) (AXM)N — M[N/X

(Y1) X<x2 AY.M) = Ayx<gM

(Y2) x<X2 (MN) — (x<x2 M)N, if X3,X%2 & FV(N)
(y3) X< (MN)  — M(x<ig N), if x3,% € Fv(M)
(wq) M (YOM) — yoOAXM), x#£y

(o) (X®@M)N — x®(MN)

(w3) M(x®N) — x© (MN)
(yuon) X<x2 (YOM) — yo(x<gM),y#x1,%
(Yyur) X <X2 (X1 OM) — MIx/x2]

Figure 2: The se® of reduction rules of thag-calculus

The reduction rules are divided into four groups. The maimgotational
step isP reduction. The group ofy) reductions perform propagation of con-
traction into the expression. Similarlgw) reductions extract weakening out of
expressions. This discipline allows us to optimize the cotagon by delaying
duplication of terms on the one hand, and by performing eeagiiterms as soon
as possible on the other. Finally, the ruleqym) group explain the interaction
between explicit resource operators that are of differafnne.

The inductive definition of the meta operatof |, representing the implicit
substitution of free variables, is given in Figlte 3. In artieobtain well formed
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terms as the results of substitutidiiy(M) N Fv(N) = 0 must hold in this defi-
nition. Moreover, notice that for the expressighN /x| to make senséyl must
contain exactly one occurrence of the free variabd&ddM andN must share no
variable butx!q Indeed a substitution is always created bfg-eeduction and, in
the term(AX.M)N, x has to appear exactly once lh and the other variables of
Fv(M)UFV(N) as well. Barendregt convention on variable says xtsitould not
occur freely inN. Also, if the termsN; and N, are obtained from the teriN
by renaming all the free variables i by fresh variables, theM[N; /X1, N2/X2]
denotes a parallel substitution.

xN/x| £ N
(AYM)IN/X £ Ay M[N/X], x#y
(MP)[N/X] £ MIN/XP, x¢ Fv(P)
(MP)[N/X £ MP|N/X], x¢& Fv(M)
(YOM)IN/XY £ yOMIN/X, x#y
(XxoM)[N/X = Fv(N)eoM
(Yy<$ M)IN/X| £ y<§3 MIN/X|, x#y
(X<EM)IN/X 2 FV(N) <pyiRd) MINg/xa,No/%)

Figure 3: Substitution i g-calculus

Definition 2 (Parallel substitution). M[N/x,P/z] = (M[N/X])[P/Z] for x,z€ Fv(M)
and (Fv(M)\ {x})NFv(N) = (Fv(M)\ {z}) nFv(P) = Fv(N)NFv(P) = 0.

In theAg-calculus, one works modulo equivalencies given in Figlre 4
Notice that because we work witk terms, no variable is lost during the
computation, which is stated by the following proposition.

Proposition 3. If M — M’ then F(M) = Fv(M’).
Proof. The proof is by case analysis on the reduction rules. O
The following lemma explains how to compose implicit sutogibns.

Lemma 4.

2We preferx not to belong tdM in order to respect Barendregt convention on variable.



(€1) XO(YOM) =g y@(x@M)

(g2) XM =3 x<xl M

(83) X<I(Y<yM) =p, X<u (y<iM)

(82) XSG (Y<BM) =hg V<3 (X<EM), XFEY1,Y2, Y7 X1, %

Figure 4: Equivalences ihg-calculus

o If z& FV(N) then(M[N/X))[P/Z = M[N[P/Z/X].
o If z& FV(M) then(M[N/X)[P/Z = (M[P/Z)[N/X

Proof.
Notice that for the expressions to make sense, one mustérave/(M) and

(FV(M)\ {x})NFV(N) =0, (FV(N)\{z})nFv(P)=0and(Fv(M)\ {x}) NFv(P) = 0.
e (X[N/X))[P/Z = N[P/Z andx[N[P/Z/x] = N[P/Z

o ((AyM)[N/x))[P/Z = (Ay.M[N/x])[P/Z] £ Ay.(M[N/X])[P/Z =i Ay.M[N[P/Z] /x| £
(AY-M)[N[P/Z/X, x,z7y

e Xx¢ FVv(Q) (the casex ¢ Fv(M) is analogous)

((MQ)[N/x))[P/Z = (M[N/X|Q)[P/Z =zcryn) (MIN/X))[P/ZQ =11 M[N[P/Z]/XQ=

MQ)IN[P/Z/X
(YOM)IN/X))[P/Z] = (yoM[N/X])[P/Z = y©MIN/X|[P/Z =i YOMIN[P/Z] /X £
M)INIP/Z/X, y#x,2

yo

(x&M)IN/X)[P/Z 2 (FV(N) O M)[P/Z =cry)

zo{Fv(N)\{Z}} ©M)[P/Z = {FV(P)UFV(N)\ zZ} ©M = FVv(N[P/Z) ®
M £ (x©M)[N[P/Z/X]

o (y<EMINMX)[P/Z 2 (y < MIN/X)[P/Z 2 y <t MIN/X[P/Z =1
y < MIP/ZN/X =i (y <3 M)[[P/ZN/X], Xy

* (X <EMIN/X)IP/2 £ (Fu(N <pu MINg/x1, Np /2] [P/7) £
FV(N) <pun) MINa/xa][No/%] [P/ =
2<% FV(N)\ {2} <y ) MNa /) [No ] [P/ 2] 2
FV(P) <puip) FYIN)\ {Z} <pu(Ni)\ () MN /) [No /o] [P/ 21] [Po/ 22] =ik

(
(
(
(
(

[N
FV(Ny)
(N2)
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FV(P) UFV(N)\ {Z} <putrt)oivin | (o] M[Na[P1/21] /0, Na [P/ 22] /o] =
(x <xg M)[N[P/Z]/X.
We used the fact tha € Fv(N;) andz, € Fv(Ny).
0]
In the following lemma, by—* we denote the reflexive and transitive closure
of the reductions and equivalenceshgf-calculus, i.e.;.—*£ (—rg U=ag) "
Lemma 5.

() MlyoON/x =*yOM[N/X]

(i) y <3 MIN/X] —* M[y <32 N/x], for y1,y> ¢ Fy(M).
Proof. The proof is by induction on the structure of the tdvin
() —M=x ThenMyoON/x] =xyoON/x2£yoON2yoxN/x =

M[N/X].

— M =AzP. ThenMy®N/X = (AzP)[y®N/X £ AzP]y®N/X| =
AZ(YOPIN/X]) =, YO (AZP[N/X)) £y® (AzP)[N/X =y©M[N/X].

- M =PQ. We will treat the case wher ¢ Fv(Q). The case when
x ¢ Fv(P) is analogous.
ThenM[yoN/X = (PQ)[y®N/X £ PlyoN/XQ -1 (YOPIN/X)Q
—ap YO (P[N/XQ) £ y© (PQ)[N/X = y© MIN/X].

—~ M=2z0P. ThenM[yoON/x = (zOP)[yON/X = zoPly®N/X] =4
ZOYOPIN/X =¢, YO ZOP[N/X = y©M[N/X.

— M=x®P. ThenMyoN/x = (xOP)yoN/X £ FVyoN) P =
YyOFVIN)OP £ y® (xoP)[N/X =y®MI[N/x], sincex ¢ Fv(P).

~-M=z<Z2P. ThenM[y@ N/X = (z<Z P)lyoN/X £ z<Z Ply®
N/X =1 2<% (YO PIN/X]) =y, YO (2 <7 PIN/X]) = y© M[N/X.

—~ M=x<P. ThenMyoN/X = (x<} P)[yoN/x £
FUY©ON) <potont) Plys ©Na/xa, Y2 © Na /%] =i
FV(yoN) <§z<§;gsg Y1 ©Y2 @ P[N1/X1,Na/Xa] =
FV(N) <Ez oy Y<y2 Y1 ©Y2 © P[N1/X1,N2/X2] —yay,
Fv(N) ) ) y© PN /X1, No/Xg] —yo

<Fv
FV(N]_

YOFV(N) <gyn,) PIN1/X1,No/%o] £ YO (x <5 P[N/X]) =yOM[N/X].
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(i) = M=x Theny<} M[N/X=y<yx[N/X £y <y NExly <} N/x] =
M[y <3; N/X].

— M =AzP. Theny <3t M[N/x] =y <3} (AzP)[N/x] £ y <3} AzP[N/x]
—y AZY <32 PIN/X| =11 AZPly <32 N/X| & (AzP)[y <32 N/X] =
MIy <g; N/X].

- M =PQ, x¢ Fv(Q). The case wher ¢ Fv(P) is analogous.
Theny <y; M[N/X] =y <f; (PQ)[N/X] £y <3 PIN/XQ =, (y <33
PIN/x))Q —n Py <35 N/XIQ £ (PQ)ly <3 N/X = My <3} N/X.

~ M =z0OP, wherez # x,y1,¥2. Theny <t M|N/x =y <! (z0
P)IN/X| £y <33 ZOPIN/X =y, 2Oy <§; PIN/X| =11 2O Ply <g;
N/X| £ (2o P)ly <35 N/x| = Mly <j; N/x].

— M =x®P. Theny < M[N/x] =y <3 (xOP)[N/x £y <}t FV(N) ®
P. Sinceys, Y2 € FV(N) we have thay <3t y1 ©y2 @ FV(N) \ {y1,y2} ®
P =y, YOFVIN)\ {y1,y2} ©P.

On the other handW[y <3} N/x| = (x® P)[y <3 N/x| £ Fv(y <y}
N)©P=y®FV(N)\{y1,y2} ©®P, so the proposition is proved.

~ M=2z<ZP. Theny <}t M[N/X| =y <3} (z<Z P)[N/x 2
y <y; 2<5 PIN/X =) 2<53y <35 PIN/X =1 <5 Ply <y; N/X| £
(2<% P)ly <y N/X =My <f; N/X.

— ¥y <y MIN/X] - yN<¥% (x <53 P)IN/X =
y <3t FV(N) <F:EN3 P[N1/x1, N2/X2] =

Y < ya < v2 < PN\ Y1 Y2} <pun i) PING/%a, N /o] =5
(
(

2)\{Y2:¥2}

D\A) p

' Fy(N
y<§ n <§Z y2 <¥i’ FYN)\{¥1,Y2} <y o)\ (s sy PINL/ X1 N2 /%] =g

)
)
)
)
13\{)/173/1/} P[N1/%1, N2/%2] =g
)
)

Y1 Y2 1% Fv(N
y <y Y1 <gr¥2 <y FVIN)\{YL Y2} <gupon vyt
FV(N W/
y<$hyi <§i/ y2 <y§ FV(N)\ {y1,y2} <FXEN2 &é% P[N1/x1,N2/%2] =)

s&% Y2 <§2’ y1 <;/,1, P[N1/x1,N2/X2] = 1Hx2

F , !

Y <H FUN)\ {y1.v2) <tun () PO < Na) /0, (v2 <05 Na) /e
On the other hand, rewriting the right hand side yields:

My <33 N/ = (x <33 P)ly <35 N/X] £

1
2

Fv(N
y<$ FVN)\{y1,v2} <paqn
v(N

- — — —
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Fv(y3<¥%Ni) Y1 N1 N
FV(ya<IANG) Pl(ys <y5 N7) /X1, (Y4 <35 N3) /%2]

By renamingy; — Y, andy, — Y{ in y3 <3} Nj andy; — y, and
Y2 = Y5 inya <33 Nj we get

Fvy <t N) <

9
Fuy <N < A by < N e (va <5 N
Y2 v Y3 <yr N1)/X1,(ya <y 2) /%2
Fy(ya< 7N2) ! 2

whereN! [y, /y1, V! /ya] = Nu andNj [y /v, V4 /ys] = No.

Finally, by renaming/z — y1 andys, — y»> we get

Y1
FV(Y1<y/l/ N1) Y,

FVy < N) < Pl(ys <3 Nu)/xa, (y2 <3 No) /] =

FV(Y2<Y§ N2)

FV(N Vi
Y < FVN)\ {y3,Y2} <pun i) Pl <3 N/, (v2 <32 No) /]

1
which completes the proof.
0]

Since the last case of the previous lemma is a bit tricky,dellustrate it with
the following example.

Example 6. LetM = X <§§§ X1X2 andN = yyy». Then

y <3 MIN/X] =y <5 X <34 xoxe[(yay) /X] £

y < FVy1y) <) xaxo[(2122) /X1, (Waws) /%] =

Y <9 Y1 <uh Y2 <vp X1Xe[(Z122) /X1, (W1W2) /X2] =p g (3xes)
Y <yt 1 <3 Y2 <ui (2122) (Wawp) = M.

On the other hand:

X <3 X[y <yb Y1y2/x £

E bl
FYY <3 y1y2) <pa oo C0)(¥a <3 Yaya) . (va <3 Yaya) %] =

y <32 (Y3 <33 Y1¥2) (Y4 <3 Yay2).

By renamingy; — z1, Y>» — 2 in the first bracket, angh — w1, y» — Wy in the
second one we obtaiy: <33 (y3 <2 2122) (Y4 <ws WiW2).

By renamingys — Y1, Y4 — Y2 We gety <v} (y1 <2 z122) (Y2 <whs Wiwz) = Ma.
Finally, My —y, v, Mo.

1.2. Intersection types fovg

In this subsection we introduce an intersection type assem system which
assignstrict typedo Ag-terms. Strict types were proposediin [3] and used.in [23]
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for characterisation of strong normalisatiom\iffz-calculus.
The syntax of types is defined as follows:

Stricttypes 0 = pla—o0
Types a = N'o;j

wherep ranges over a denumerable set of type atoms, &gl stands foroq N
...Nop, N> 0. Particularly, ifn =0, thenﬁ?oi represents theeutral elementor
the intersection operator, denoted by

We denote types with, 3,y..., strict types witho, T, p,v... and the set of all types
by Types. We assume that the intersection operator is idempotentngative
and associative. We also assume that intersection hastypowger the arrow op-
erator. Hence, we will omit parenthesis in expressions(lika;) — o.

Definition 7.

(i) A basictype assignmeigtan expression of the forrt a, wherexis a term
variable andx is a type.

(i) A basisl is a set{x; : a1,...,%, : 0n} of basic type assignments, where
all term variables are differenDom(I") = {x1,...,X,}. A basis extension
,x: o denotes the sétU {x: a}, wherex ¢ Dom(I").

(i) A bases intersectiois defined as:

rmA={x:anB|x:ael&x:BeA& Dom{)=DomA)}.
(iv) I'T ={x:T|xecDomT)}.

In what follows we assume that the bases intersection hasitgrover the
basis extension, hence the parenthesis,if\; 1...MA,) will be omitted. It is
easy to show thdf ' MA = A for arbitrary base§ andA that can be intersected,
hence ' can be considered the neutral element for the bases intiersec

The type assignment systelgN is given in Figure b. Notice that in the
syntax ofAg there are three kinds of variables according to the way theyma
troduced, namely as a placeholder, as a result of a corragtias a result of a
weakening. Each kind of a variable receives a specific ty@gialles as place-
holders have a strict type, variables resulting from a @mtiton have an inter-
section type and variables resulting from a weakening haveype. Moreover,
notice that intersection types occur only in two inferendes. In the rulgCont)

13



X:0FX:0 (AX)

FX:akFM:o FEM:N'ti—0 AoFN:To... A N:Ty

(—E)

FF Mg oo Al NALN..NAFMN o

rx:o,y:BEFM:o
Mz:anBrz<yM:o

[-M:o
(Cony x: TEXoOM:o (Weal

Figure 5:AgN: Ag-calculus with intersection types

the intersection type is created, this bethg onlyplace where this happens. This
is justified because it corresponds to the duplication ofrelkie. In other words,
the control on the duplication of variables entails the oarin the introduction
of intersections in building the type of the term in questidn the rule(—g),
intersection appears on the right hand side-afign which corresponds to the
usage of the intersection type after it has been createdebyuth (Cont) or by
the rule(Weak if n= 0. In this inference rule, the role @& should be noticed.
It is needed only when = 0 to ensure thal has a type, i.e. thall is strongly
normalizing. Then, in the bottom of the rule, the types of fitee variables of
N can be forgotten, hence all the free variable®Nakceive the typel. All the
free variables of the term must occur in the environment (eeemd 8), therefore
useless variables occur with the type If nis not 0, then)g can be any of the
other environments and the type Mfthe associated type. Sing€ is a neutral
element forr, thenA' disappears in the bottom of the rule. The casenfer0
resembles the rulgslirop) and/or(K-cut)in [43] and was used to present the two
casesn = 0 andn # 0 in a uniform way. In the ruléWeak the choice of the
type ofxis T, since this corresponds to a variable which does not ocguriagre

in M. The remaining rules, nameljAx) and (—) are traditional, i.e. they are
the same as in the simply typ@dcalculus. Notice however that the type of the
variable in(Ax) is a strict type.

Lemma 8 (Domain Correspondence fagN). Letl =M : o be a typing judg-
ment. Then x Dom(I") if and only if xe Fv(M).

Proof. The rules of Figurel5 belong to three categories.

1. The rules that introduce a variahl@amely(Ax), (Cont) and(Weak. One

14



sees that the variable is introduced in the environmentdfaly it is intro-
duced in the term as a free variable.

2. The rules that remove variablgzamely(—) and(Cont). One sees that the
variables are removed from the environment if and only if/taee removed
from the term as a free variable.

3. The rule that does not introduce and does not remove a vagiaamely
(—E)-

Notice that(Cont) introduces and removes variables. O

The Generation Lemma makes somewhat more precise the DdDaaie-
spondence Lemma.

Lemma 9 (Generation lemma foxgN).

() T EFAxXM:1 iffthere existo ando suchthatt=a —o and N, x:ak
M:o.
(i)  TEMN:o iff there existA; andtj, j =0,...,n such thatAj = N : T
andl” =M : 'ty — o, moreoverl =T, AJ MAL ... M An.
(i) TkFz<fM:o iffthere exist’,a,B such thatl =T',z:anp
and M x:a,y:B+-M:ao.
(iv TkExoM:o iff Tr=r"x:Tand"+-M:oao.

Proof. The proof is straightforward since all the rules are synissatied. O
The proposed system satisfies the following properties.

Lemma 10 (Substitution lemma fohgN). If T, x:N'ti =M : o and for all
j€{0,....,n}, Aj-N:Tj, thenT,Al MALM...MA - M[N/X] : 0.

Proof. The proof is by induction on the structure of the tevin We only show
the interesting cases.

e Base cas®l = x. By the axionx: T+ x: T wheret = milri, i.e.n=1, hence
the second assumptionfsi- N : T which proves the case sinbe= x[N/X].

e M=x®P. Now we assumé&,x: N0ti - x®P: o andA; - N : 1 for all
i €40,...,0}, in other wordd™,x: T Fx®P:0andAgH N: 1 (i.e.Nis
typeable). By Generation lemr#i®) we getl” - P : 0. SinceDom(Ap) =
FV(N) by applying thefWeaK rule multiple times we geff,A] - Fv(N)®
P o which is exactly what we want to prove.
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e M =x<3tP. Froml,x: Nt - x < P: g, by Generation lemmig(8i )

we get than'tj = NN NN 4T for somem < nandl, xg - N, X
N ,.1Ti - P: 0. Fromthe other assumptidy - N : T forall j € {0,...,n},
by renaming the variables i (i.e. the free variables df) we get two dif-
ferent sets of sequent&; - Ny : T andA{ = N, : Tj. By applying IH twice,
we get, A'g MA; M. My, A" AL, M. TTALE (PN/xa)) [N2/X2)] - ©.
Now, we apply the definition of the parallel substitutiongdgerform con-
traction on all pairs of corresponding (i.e. obtained byréreaming of the
same variable) elements &f and A by introducing again the original
names of the free variables Nffrom Aj and finally get what we need:

[AL NALM...NAL - FY(N) <£x§m3 P[Ny/x1, No/%o] - O.

O

Proposition 11 (Subject reduction and equivalencé&pr everyAg-term M: if
r’M:oc andM— M orM=M, thenlT M :o0.

Proof. The proof is done by the case analysis on the applied reducdimce the
property is stable by context, we can without loss of geiltgrassume that the
reduction takes place at the outermost position of the tdtiere we just show
several cases. We will use GL as an abbreviation for Geoergimma D.

e CasegB): Letl - (Ax.M)N : 0. We want to show thdi - M[N/x] : 0. From
' (AX.M)N: o and from GL(ii) it follows that™ = F’,Ag MAL M. ..,
and that there is a type_,1; such that for allj = 0,....n, AjF N : 1j,
andl = Ax.M : NM; — o. Further, by GL(i) we have thdt’,x: Nt -

M : 0. Now, all the assumptions of Substitution lemma 10 holdldyiey
M,A5 MALM...M A MIN/X @ @ which is exactly what we need, since
F=T"A00 MALN...MA,.

e Case(yuwp): Letl - x <} x; ®M : 6. We show now thal - M[x/xp] : 0.
From the first sequent by GL(iii) we have tHat=T",x: anp andl", x; :
o,X : BFxg®M :ao. Further, by GL(iv) we conclude that = T, x:
TNR=pandl,x2: BFM:o. Sincef =N't; for somen > 0, by applying
Substitution lemma 10 tb’,x: B-M:oandx:1;Fx:Tj, j=0,...,nwe
getl - M[x/xo] : O.

e The other rules are easy since they do not essentially chtheg&ructure
of the term.
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Due to this property, equivalent terms have the same type.

1.3. Typeability=- SN inAgnN

In various type assignment systems, thducibility methodcan be used to
prove many reduction properties of typeable terms. It was firtroduced by
Tait [60] for proving the strong normalisation of simply ggA-calculus, and
developed further to provstrong normalisatiorof various calculi in|[[61, 31,
42,126, 29],confluencgthe Church-Rosser property) Pfi-reduction in([41, 59,
45,146, 29] and to characterise certain classes-tdrms such as strongly nor-
malising, normalising, head normalising, and weak headhabtising terms (and
their persistent versions) by their typeability in variootersection type systems
in [24,118, 16| 17].

The main idea of the reducibility method is to interpret tyby suitable sets
of lambda terms which satisfy some realizability properaed prove the sound-
ness of type assignment with respect to these interpragatid consequence of
soundness is that every typeable term belongs to the ietatpn of its type,
hence satisfying a desired reduction property.

In the remainder of the paper we consideg as theapplicative structure
whose domain argg-terms and where the application is just the application of
A@-terms. The set adtrongly normalizing termis defined as the smallest subset
of Ag such that:

MeSN M—-M
Me SN

Definition 12. For M, \_ C Ag, we defineM — A C Ag as
M — N={NchAg|YMecM NMeAN)}.
Definition 13. The type interpretatiofi—] : Types — 2\® is defined by:
(11) [[p] = SAL, wherep is a type atom;
(12) fla = o = [a]] — [of;
(13) [Mai] = N{[oi]] and[NPoi] = SAC
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Next, we introduce the notions @friable property, reduction property, ex-
pansion property, weakening propeggdcontraction propertyVariable property
and expansion property correspond to the saturation progeen in [6], whereas
reduction property corresponds to the property CR 2 in Glrapof [33]. To this
aim we will use the following notation: recall th@ denotes the set of reductions
given in Figurd 2. Ifue ®, then rede>§ denotes a redex, that is a term which
is an instance by the meta-substitutioof the left hand side of the reductiqn
Whereascontr denotes the instance of the right hand side of the same ieduct
M by the same meta-substitutiqﬁ

Definition 14.

e AsetX C Ag satisfies thevariable property notationvAR(X), if X con-
tains all the terms of the formMy ... M, for Mj € SN

A set X C Ag satisfies theeduction property notationRED(.X), if X is
stable by reduction, in other wor##$ € X andM — M’ imply M’ € X.

A setX C Ag satisfies thexpansion propertynotationEXP(X') wherep
isarule in®, ifd:

M1 €SN ...Mp € SN conty M1...Mp € X
redef; My...Mp € X.

EXPy(X)

A setX C Ag satisfies thaveakening propertynotationWEAK(X) if:

MeX

—— WEAK(X)
XOM e X.

A setX C Ag satisfies theontraction propertynotationCONT(X) if:

MeX

T CONT(X)
X<IM e X.

SMeta-substitution is a substitution that assigns valuesdta-variables.
“Notice that we do not need a condition tiaaE SA( in EXPg(X), as in ordinary\-calculus,
since we only work with linear terms, hence if the contracMihl /x| € SA/, thenN € SA(.
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Remark. In the previous definition (Definitiodn 14) it is not necesstrgxplicitly
write the conditions about free variables since we work wighterms.

Definition 15 (®-Saturated set). A setX C Ag is called®-saturated if
e X C SN and

e X satisfies the variable, reduction, expansion, weakeningcantraction
properties.

Proposition 16. Let M, AL C Ag.
(i) SN is ®-saturated.
(i) If M and are ®-saturated, ther — A is ®-saturated.
(iii) If M and N\ are ®-saturated, the N A is ®-saturated.
(iv) For all typesd € Types,[¢] is ®-saturated.
Proof. (i)
o SALC SN, VAR(SN)) andRED(SA() trivially hold.

o EXPg(SA(). Suppose tha[N/X|My...Mp € SAL andMy,...,Mp € SA..
SinceM[N/x] is a subterm of a term iSA/, we know thatM € SA. Also,
sinceM[N/x| € SA_andM is linear,N € SA. By assumptionMy,...,Mp €
SN, so the reductions inside of these terms terminate. Aftéefinmany
reduction steps, we obtaldAx.M)NM;...My — ... = (AXM")N'M] ... M},
whereM — M’, N — N’, M1 — M3, ..., M, — MJ,. After contracting
(AM)N'M] ... M{, to M'[N'/xM7 ... M}, we obtain a reduct of
M[N/X|M;...Mp € SA. Hence,Ax.M)NM;...M, € SN

o EXPu(SA)). Analogous tEXPg(SN)).

e WEAK(SAN). Suppose tha?l € SA_ andx ¢ Fv(M). Then triviallyxoM €
SN, since no new redexes are formed.

e CONT(SA(). Suppose thaM € SN[, y # z, ¥,z€ FV(M), x & Fvy(M) \
{y,z}. We provex <¥ M € SN by induction on the structure oA.

— M =AwN. ThenN € SN’ andx < M = x <J (AWN) —, Awx <¥
N € SA(, sincex <y N € SA’ by IH.
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— M=PQ. ThenP,Q € SALand ify,z¢ FV(Q), X<y M =x<¥ (PQ) =y,
(X <¥P)Q e SN, since by IHx < P € SA(.
The case of-, reduction is analogous.

— M =woN. Thenx <I M =x <J (WO N) =y WO (X <I N). By IH
x <y N € SA_ andw® (x <Z N) does not introduce any new redexes.

— M=y®N. Thenx <} M = x <% (YyON) =y, N[x/Z € SN, since
N € SA by IH.

(ii)
e M — N CSN. Supposethdl e M — AL. Then, forallN € M, MN e

A. SinceM is ®-saturatedyAR(M ) holds sax € M andMx € AL C SN..
From here we can deduce thdte SH.

e VAR(M — N). Suppose thate var, andMy,..., M, € SA_,n> 0, such
thatxNFv(M1) N...NFv(My) = 0. We need to show thatM; ... M, €
M — AN, i.e.VN e M, xM;...MyN € AL. This holds since by IHW C
SN andq\ is ®-saturated, i.eVAR(A() holds.

e RED(M — A[). LetM e M — AL andM’ be such tham — M’ and let
N e M. We know thatMN € A’ andMN — M’N. By IH, M'N € A hence
MeM — N.

o EXPg(M — N). Suppose thatl[N/x]M1...Mye M — A andMy, ...,
Mp € SA_. This means that for alP € M, M[N/X|M1...MpP € A[. But
N is ®-saturated, s&XPg(A\() holds and we have that for at € A,
(AX.M)NM;...MyP € A. This means thahx.M)NM; ... Mpe M — AL

o EXPy(M — AN[). Analogous tEXPg(M — N).

e WEAK(M — A[). Suppose thaMl € M — AL andx ¢ Fv(M). This
means that for alN € ¢, MN € A[. But A is ®-saturated, i. (NEAK(N)
holds, hencex® (MN) € A[. Also EXPy,(A() holds so we obtain for all
NeM,XxoOM)Ne A, iexoMeM — A

e CONT(M — «N). LetM € M — A[. We want to prove that < M €
M — N fory+#1z yze Fvy(M) andx¢ Fv(M). Let P be any term in
M. We have to prove thaix <y M)P € A. SinceM € M — A, we
know thatM P € A(. By IH x <¥ (MP) € A(. By reductiony, and hence by
RED(\) we have(x < M)P € A(. Thereforex <YM € M — AL
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(iii)

M NN C SN is straightforward, sincél,N C SAL by IH.

VAR(M NAN). SinceVAR(M ) andVAR(A() hold, we have thatMq, ...,
Mh € SA,, n>0: XMz1...Mp € M andxM;...M, € A. We deduce that
YM1,...,Mp € SA,Nn>0: xMy... My € M NA, i.e. VAR(M NA) holds.

RED(M NA) is straightforward.
EXPg(M NA[) andEXPy(M NA) are straightforward.

WEAK(M NA[). LetM € M NA andx & Fv(M). ThenM € M and
M € AL. Since bothM and A\ are@®-saturatedWEAK (M) andWEAK(N)
hold, hence by IlkOM € M andx®M € A/, i.e. xOM € M N AL

CONT(M NA[). Suppose thaM € M NN, y#z y,ze Fy(M), x ¢
Fv(M)\ {y,z}. Since bothM and A are ®-saturatedCONT(M) and
CONT(A() hold, hence by IHx <Y M € M andx <y M € A, i.e. x <J
Me MNA.

(iv) By induction on the construction df € Types.

If = p, patype atom, thefip] = SA/, so it is®-saturated using (i).

If  =a — o, then[[¢]] = [a] — [[o]. Since[a] and[o] are®-saturated
by IH, we can use (ii).

If ¢ = Nloi, then[[¢] = [Noi]] = NMoi] and for alli = 1,...,n,[[o;]] are
®-saturated by IH, so we can use (jii).df= N°a;, then[[$] = SN

O

We further define avaluation of terms[—J|, : Ag — A@ and thesemantic
satisfiability relation= connecting the type interpretation with the term valuation

Definition 17. Let p : var — Ag be a valuation of term variables g . For
M € Ag), with FV(M) = {x4,..., %} theterm valuation][—], : Ag — A\g is de-
fined as follows:

[M]lp=M[p(x1)/X1,---,P(Xn)/*n].

providing thatx £y = Fv(p(X)) NFv(p(y)) = 0.
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Notation: p(N/x) is the valuation defined ap{N/x)(y) = { %(y) otkllfe)r(vﬁsi

Lemma 18.
() [MNJp = [MIo[NIp
(i) [AXM]JoN = [M]p(n/x)-
(i) [xoM]p =Fv(p(x)) © [M]p.

. FV(Ny)
(iv) [z<§M]p =FVv(N) <fu N; M p(Ng/xNo fy)
where N= p(z), N1, Nz are obtained from N by renaming its free variables.

Proof.

(i) Straightforward from the definition of substitution givin Figure B.

(i) If FV(AXM) = {x1,...,Xn}, then

[AX.M]JoN = (AXM)[p(X1) /X1, .. -, P(Xn)/%n]N —
(M[p(X1) /X1, -, P(%n) /%] )[N/X| = M[p(X1) /X1, . .., P(Xn) /%n,N/X] =
[MIlo(N/x)s

(ii) If Fv(M) ={xq,..., Xn}, then
[x©M]p = (xOM)[p(X)/X,P(X1) /X1, -- -, P(Xn) /Xn] =
Fy(p(x)) ©M[p(x1) /X1, - - ., p(%n) /%n] = FV(p(X)) © [M]p.
(iv) If Fv(M) = {xq,..., Xn}, then
[z<yMlp = (z<§M)[N/Z p(x1) /X1, .., P(Xn)/Xn] =
FV(N) <E$§H; MINL/X N2 /Y, P0x0) /X0, - P(n) /o] =
N1)

= FV(N) <FV Ny) [[M]] (N1/%x,N2/y)

/\/\\/v

Definition 19.

() pEM:0c <« [M]p e o];

(i) pElF =  (Vxra)el) p(x) e o
(i) TEM:0 <= (Vp,pET=pE=M:0).
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Lemma 20. Letl' EM :o0candAE M : 1, then
pETrMAifandonlyifpET andpF A.

Proof. The proof is a straightforward consequence of the Definfdarf bases
intersectiorn. O

Proposition 21 (Soundness dkgN). If T'-M: g, thenl =M : 0.

Proof. By induction on the derivation df - M : ©.
e If the last rule applied i$AX), i.e.x: o - X: o the proof is trivial.
e The last rule applied i§—), i.e
x:aFM:0=TFAXM:a—o.

By the IHI,x: a =M : 0. Suppose thgp =T and we want to show that
p =Ax.M:a — o. We have to show that

[AxMJp € [a — o] = [a]] — [o] i.e. ¥N & [a]. [AxM]jpN < [o].

Suppose thal € [[a]]. We have thap(N/x) =T, x:a sincep =T, x¢ T
andp(N/x)(x) =N € [[a]. By IH p(N/x) =M : o, hence we can conclude
that[M]|onyx) € [[0]- Using Lemma 18(ii) we geiAx-M]|oN — [M][o(n /x)-
Since[M]lon/x) € [[0]] and[[0] is ®-saturated, we obtaifAx.M]|oN € [a].

e The last rule applied is—g), i.e
FI—M:ﬁi”Ti—>0, DoFN:iTo...AyFN:Th = F,AgﬂAlﬂ..ﬂAnl—MN:o.

Let p be any valuation.
Assuming thaf” - M : N — 0,A1 - N Tq,...,An F N 2 Ty, we have to
prove that ifp = [, A} MA1M...M Ay, thenpE MN : ©.

By IH, T =EM: N — o andAg =N : Tp,...,An = N : Th. Assume that
p =T ,AJ MALM...MAR. This means that =T andp = A MALM...MA,.
Fromp =T we deduce by Definition 19 (i) = M : N'ti — o and by Defi-
nition[I9 (i) [M] € [N{'ti — o] . By Definition[I7[M], € N'[t] — [o].
Using Lemma 2@ = A NAM...MA implies(p = AJ) A (AL p E A,
hence by Definition 9 (i) and (iii) we géfNJlp € [T]) AAL1([IN]p € [Ti]),
i.e.[N]lp € SAC N NM[Ti] = N[t], sincef[ti]] € SA. by Propositiof 16(iv).
By Definition[12 of —, [MN], = [M]], [N}, € [[o]] and by Definitio 1P (i)
pEMN:oO.
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e The last rule applied i8Neak, i.e.,
NEFM:o=Tx: THFXOM:o.

By the IH =M : 0. Supposethgp =, x: T < pETlandpEXx:T.
Fromp =T we obtain[M]], € [[0]. Using multiple times the weaken-
ing propertyWEAK and Lemma_1i8(iii) we obtaifr v(p(x)) © [M]p = [X®
M]lp € [[al, sinceFv(p(x)) NFv([M]p) = ©.

e The last rule applied i€Cont), i.e.,
rx:o,y:pFM:0 = F,z:cxﬁBFz<§M . 0.

By the IHI,x:a,y: B = M: 0. Suppose thagy |=T,z: aNB.This means
thatp =T andp =z: aNP < p(z) € [a] andp(z) € [B]. For the sake
of simplicity let p(z) = N. We define a new valuatiop’ such thatp’ =
p(N1/x,N2/y), whereN; andN, are obtained by renaming the free variables
of N. Thenp’ =T, x:a,y: B sincex,y ¢ Dom(I"), N; € [[a]] andNz € [B].

By the IH [M]ly = [M]lo(ny/xN,/y) € [O]- Using the contraction property

Fv(N
CONT we have thaFVv(N) <Fng3 [MIlp(Ny/xNa ) = 12 <y M| € [[]).

O

Theorem 22 (SN for Agn). If ' =M : g, then M is strongly normalizing, i.e.
M e SA.

Proof. Supposd M : 0. By Propositio 2L = M : a. According to Defini-
tion [19(iii), this means thatvp =) p k= M : 0. We can choose a particular
po(x) = x for all x € var. By Propositior 16(iv)[|] is ®-saturated for each type
B, hencex = [[X] o, € [[B] (variable condition fon = 0). Thereforepg =T and we
can conclude thdiM]l,, € [[0]. On the other hand\l = [M]},, and[[o] C SN
(Proposition 16), hendél € SA(. O

1.4. SN= Typeability inAgN

We want to prove that if dg-term is SN, then it is typeable in the system
A@N. We proceed in two steps: 1) we show thaigl}-normal forms are typeable
and 2) we prove the head subject expansion. First, let ugwb#ee structure of
theAg-normal forms, given by the following abstract syntax:

Mnt = X|AXMnt|AXXO Mpt [XML, .. MP. |
X<§; MntNnt, with X1 € Fv(Mpt), X2 € FV(Nqt)
Whi 1= XOMpt | XOWhit
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Notice that it is necessary to distinguish normal foMidg since the term
AX.Y® Myt is not a normal form, SincBX.Y © Mpt — ¢y, YO AX.Mps.

Proposition 23. Ag-normal forms are typeable in the systagN.
Proof. By induction on the structure &fl,+ andWs. O

Lemma 24 (Inverse substitution lemma)et ' - M[N/x] : ¢ and N typeable.
Then, there ard\; andt;, j =0,...,nsuch thaf\j - N : T}, andl,x: N'tj - M :
o, wherel' =T, AJ MALM...MA.

Proof. By induction on the structure ofl. O

Proposition 25 (Head subject expansianffor everyAg-term M: if M — M’, M
is a contracted redex and - M’ : o, then I = M : g, provided that if M=
(A.N)P —g N[P/x| = M’, Pis typeable.

Proof. By case study according to the applied reduction. O

Theorem 26(SN = typeability). All strongly normalising\g-terms are typeable
intheAgN system.

Proof. The proof is by induction on the length of the longest redarcipath out
of a strongly normalising terrivl, with a subinduction on the size bf.

e If M is a normal form, theiM is typeable by Propositidn 23.

e If M is itself a redex, leM’ be the term obtained by contracting the redex
M. M’ is also strongly normalising, hence by IH it is typeable. TMis
typeable, by Propositidn 25. Notice thatMf= (AX.N)P —¢ N[P/x] = M,
then, by IH,P is typeable, since the length of the longest reduction path o
of P is smaller than that df1, and the size oP is smaller than the size of
M.

e Next, suppose thatl is not itself a redex nor a normal form. Théh
is of one of the following forms:AX.N, AXxX® N, xMz...Mp, X® N, or
X <§§ NP x1 € FV(N), x2 € Fv(P) (whereMy,..., My, N, andNP arenot
normal forms).My,...,M, andNP are typeable by IH, as subterms Mt
Then, it is easy to build the typing fdvl. For instance, let us consider the
casex <x; NP with x; € FV(N), x; € Fv(P). By inductionNP is typeable,
henceN is typeable with say, x; : B+ N : N't; — o andP is typeable with
sayAj,x :yjFP:1j, forall j=0,...,n. Then using the ruleg —) we
obtain, AJ MA1M...M AR X1 : B, X2 : NP = NP: . Finally, the rule(Cont)
yields[, A MALM... M AR X: BN (NMY) X <& NP ©.
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0]
Finally, we can give a characterisation of strong normébsan Ag-calculus.

Theorem 27.In Ag-calculus, the term M is strongly normalising if and onlytif i
is typeable imgN.

Proof. Immediate consequence of Theordmbs 22[and 26. O

2. Intersection types for the sequent resource control lamtta calculus)\%tZ

In this section we focus on the sequent resource controldlamblculus?\z.
First we revisit its syntax and operational semanticshiertve introduce an in-
tersection type assignment system and finally we prove tiegability in the
proposed system completely characterises the set of Qtrongnalising)\%z-
expressions.

2.1. Resource control sequent lambda calc&@?

Theresource control lambda Gentzer;llculus)\G®tZ is derived from the\®tz-
calculus (more precisely its confluent sub-calcdl@éz) by adding the explicit
operators for weakening and contraction. It is propose®#§].[ The abstract
syntax of}\f@tZ pre-expressions is the following:

Pre-values F = Xx|Axf|x®f|x< f
Pre-terms f = F|fc
Pre-contexts ¢ == Xf|f:ic|xoc|x<iic

wherex ranges over a denumerable set of term variables.

A pre-valuecan be a variable, an abstraction, a weakening or a corracti
a pre-termis either a value or a cut (an application).pfe-contexts one of the
following: a selection, a context constructor (usuallyledlcons), a weakening
on pre-context or a contraction on a pre-context. Pre-temnalspre-contexts are
together referred to as thwe-expressionand will be ranged over bi. Pre-
contextsx ® ¢ andx <3} ¢ behave exactly like corresponding pre-temus f and
x <3 f in the untyped calculus, so they will mostly not be treatqubsately. The
set of free variables of a pre-expression is defined anakigtauthe free variables
in Ag-calculus with the following additions:

Fv(fc)=Fv(f)UFv(c); Fv(Xf)=Fv(f)\{x}; Fv(f:c)=Fv(f)UFv(c).
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Like in Ag-calculus, the set oigz-expressions (namely values, terms and
contexts), denoted b&(Gtz LJ/\%tZ , IS a subset of the set of pre-expressions, de-

fined in Figure 6. Values are denoted Byterms byt,u, v..., contexts by, K/, ...
and expressions by €.

f e A xe Fy(f)
xe NG M f e NG

f e NG ce Ag% Fv(f)NFv(c) =0

Gt
fce /\®Z

fens® xeFv(f) feAg® ceAgt Fv(f)nFv(c)=0
xfe/\Gtz frcengt

E € AGPUAE% x ¢ FV(E)
G G
XOE € AGPUNE%

Ee /\%ZU/\%E X1 # %o X1,% € FV(E) x¢ FV(E) \ {x1,%2}
X <X% Ec /\Gtz U/\Gtz

Figure 6:Ag* UNGT: A\g*-expressions

The computation over the set bgz-expressions reflects the cut-elimination
process. Four groups of reductions)\@z-calculus are given in Figute 7.

The first group consists df,, 1, 0 and i reductions from thé ®t2. New re-
ductions are added to deal with explicit contractipmgductions) and weakening
(w reductions). The groups gfand w reductions consist of rules that perform
propagation of contraction into the expression and extracif weakening out of
the expression. This discipline allows us to optimize thepotation by delaying
the duplication of terms on the one hand, and by performiegtiasure of terms
as soon as possible on the other. The equivalencileg?nare the ones given in

Figurel4, except for the fact that they refelgr*-expressions.
The meta-substitutiorju/x| is defined as in Figuild 3 with the following addi-
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(Bg) (Axt)(uk) — u(xXtk)

(0) T(Xv) — V[T/X

() (tk — t(k@K)

(W) xxk — k

(y1)  x<x Ayt) — Ayx<set

(o)  x<3g (k) — (x<g bk, if xa,xe ¢ Fv(k)
(a)  X<g (k) — t(x<5gk), if xa,x2 & FV(t)
(Ya)  X<g(91) — 9.(x<gt)

(Y5) X< (tok) — (x<3t) ik, if xg,% ¢ Fv(K)
(Vo) X< (tuk) — tiu(x<@K), ifxg,% ¢ Fv(t)
(o) A (YOt) — yoO(Axt), x#y

(o) (xot)k — xo(tk)

(wa) txok) — xo(tk)

(0og) X(yot) — yo(xt), x#y

(0s) (xot) ik — xo(t:k)

(0g) t:(xok) — xo(t:k)
(Yor) Xx<§(YOE) — yo(x<Ge)  x#AYy#X
(Yap) X<33g (Xx10€) — e[x/x]

Figure 7: Reduction rules df%z—calculus

tions:

(tk)[u/x] = tlu/xk, x¢ Fv(k) (tk)[u/x] = tk[u/x], x¢& Fv(t)
(Y-O)lu/x = ytu/x
(tuKu/x = tu/x:k x¢g¢Fvk) (t:k)u/x = t:ku/x, x¢Fv(t)

In thertrule, the meta-operator @, callagpendjoins two contexts and is defined
as:

(Xt)@k' = Xtk (uzk@k = u:(k@k)
(xOK@K = xo (k@K (Xx<YK@K = x<(k@kK).
2.2. Intersection types for3*

The type assignment syste§i*N that assigns strict types Mgi*-expressions

is given in Figure_B. Due to the sequent flavour of t@z-calculus, here we
distinguish two sorts of type assignments:
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- [ +t:ofortyping a term and
- I';BFk: 0, a type assignment withstoup for typing a context.

A stoup is a place for the last formula in the antecedenty #ftesemi-colon. The
formula in the stoup is the place where computation will oure.

The syntax of types and the related definitions are the sarime)ggn. The
)\%Zm system is also syntax-directed i.e. the intersection isrjparated into al-
ready existing rules of the simply-typed system. In theestyfl sequent calcu-
lus, left intersection introduction is managed by the caction rulegCont) and
(Conk), whereas the right intersection introduction is perforrbgdhe cut rule
(Cut) and left arrow introduction rulé— ). In these two ruleom(l';) =... =
Dom(Tn). The role ofl ] has been already explained in subsedfioh 1.2.

(AX)

X:0OFX:0

x:akFt:o (=R) F,x:aH:o(SeD
FEAXt:a—o R Makxt:o

MoFt:0op ... Thkt:on A;ﬁ?‘tj%k:p( )
%
I_gl_ll'll_l...l_ll_n,A;ﬂ'jn(ﬁi”Gi—>Tj)|—t::k:p -
loFt:og ... ThtFt:on A;NPojt-k:t
0 0 n n i Qi (Cut)

oM.y, Atk:T

rx:a,y:BFt:o

Ft:o
Mz:anBkz<jt:o (Cont) FX: TEXOt:o (Weak)
[x: By k: ; :
XioLyiBiyEkio (Cont) ryFk:o Weak)

MzianBykz<gk:o Mx:T,;yExok:o

Figure 8:A&N: Ag*-calculus with intersection types

The Generation lemma induced by the proposed system is lthe/iiog:

Lemma 28(Generation lemma fdr%zm).
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(i) T FAxt:t iff there existo ando suchthatt=a — o0 and I, x: o+
t:o.

(i) TykFtokop iff T=rg' Nrin..nrpA, y= "o — 1),
A;nTjEk:p and M Ft:o foralll €{0,...,n}.

(i) Trtk:o iff T=rp Nryn...Nr,,A, and there existj,j=0,...,n
suchthatforall je {0,...,n} the following holdsT"| -t : tj, and A;N'ti -
k:o.

(iv) TabXxt:o iff [)x:akFt:o.

(v) TFz<t:o iffthere exist” o, B such thatl =I",z: anpand
rx:a,y:Brt:o.

(vi)j Tkxot:oiff T=I"x:Tandl"kFt:0.

(vi) TyFz<{k:o iff there exist”,a,B such thatr =I",z: anpand
rx:a,y:B;yFk:o.

(viiy T;yExok:o iff T=I"x:Tandl";y-k:ao.

The proposed system satisfies the following properties.
Lemma 29.
(i) If THt:o,then Donil) = Fv(t).
(i) If T;akk:o,then Dontln) = Fv(k).
Proof. Similar to the proof of Lemm@al 8. O
Lemma 30 (Substitution lemma fo)&%zﬁ).

() If Ix:nMjFt:o andforall j=0,...,n, Aju:Tj, then
FAS MALM ..M A t[u/X] : o.

(i) f Ix:Nt;ak-k:o andforall j=0,...,n, Ajtu:Tj, then
MAS AL ..M AR o - K[u/X : o.

Proof. By mutual induction on the structure of terms and contexts. O

Proposition 31 (Append lemma) If Ij;ak-k:1; forall j =0,...,n, and
APt EK o, then T MMM, MMy, Ao - k@K : 0.

Proof. By induction on the structure of the context O

Proposition 32 (Subject equivalence fzﬂ).
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(i) ForeveryAgi*termt:if F'-t:o and t=)cu t’ thenl -t': o

(i) For every)\%z-context k:ifl;a-k:o and kz)\%z K,thenT;a-K:o

Proof. By case analysis on the applied equivalence. O

Proposition 33(Subject reduction fo)&%zﬁ).
(i) ForeveryAgi*termt:if F-t:c andt—t/, thenl+t':0

(i) For every)\G®tZ-context k:ifl;aF-k:0 andk— K, thenT;akkK : o

Proof. By case analysis on the applied reduction, using Lenimhs 8@Barfor
the cases ofo) and(m) rule, respectively. O

2.3. Typeability= SN inAgN

In this section, we prove the strong normalisation of)&@z-calculus with
intersection types. The termination is proved by showiraj the reduction on
the set/\GtZ LJ/\Gt of the typeabldxgz expressions is included in a particular
well- founded relatlon which we define as the lexicograpinaduct of three well-
founded component relations. The first one is based on theimaof )\G®tz
expressions intdg-terms. We show that this mapping preserves types and that
every}\G®tZ-reduction can be simulated either b)g-reduction or by an equality

and eacmG®tZ-equivaIence can be simulated by &g-equivalence. The other
two well-founded orders are based on the introduction ohtjtias designed to
decrease a global measure associated with spé@‘?eexpressions during the
computation.

Definition 34. The mappind | : /\Gtz — Ng is defined together with the auxil-
iary mapping| |k /\%ZC — (N\g —> Ag@) in the following way:

] = X [X.t]k(M) = (AX[t])M
Axt] = Ax|t] tokl(M) = [Kl(M]t])
[xot] = XQUJ [XOk[k(M) = x© |k]k(M)
x<Jt] = x<J|t] IX<IKk[ (M) = x<¥|K|K(M)
[tk] = [KJk([t])

Lemma 35.

(i) Fv(t) =Fv([t]), fort e Ag™.
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(i) [vit/x] = [v]lt]/x], for wut € AGE.

We prove that the mappings | and| |« preserve types. In the sequel, the
notation/\g rr, o stands fo{M | MeNAg & I ), M i 0}

Proposition 36 (Type preservation by |).
() If THt:o,thenl k,  [t]:o.

(i) If I;NMtiEK: o, then|k]y IA@@jhg ) = Neran o, forall j € {0,...,n}
and for someh = AJ MA; ... M A

Proof. The proposition is proved by simultaneous induction onvdgions. We
distinguish cases according to the last typing rule used.

e CasegAx), (—R), (Weak) and (Cont) are easy, because the intersection
type assignment system df has exactly the same rules.

e Case(Sel): the derivation ends with the rule

x:akFt:o
Makxt:o (Sel

By IH we have thal',x:a k) [t] : 0, wherea = N'ti. For anyM € Ag
such that\j k) M i, forall j € {0,...,n}, we have

CX:IN'Tibg [t o )
—I
FFA®}\X.LtJ:ﬁ{‘ti—>0 DobagM:iTo ... BnFyg M Tn
[Ag MALM...MAEy, (AX[t])M O

(—E)

Since(Ax.[t])M = |X.t|x(M), we conclude thatx:t | N\@ @) = A@ragna.rann, o).
e Case(—): the derivation ends with the rule

MoFt:00...ThHt:0n A;ﬁ?‘tj Fk:p
rANN N — 1)) Ftak:p

(=)

32



for [ =g Mryn...Nh. By IH we have thafl| -, [t] : oy, for |
{0,...,n}. ForanyM € Ag such thal™| Fag M 1 Njloi — 1j, j = 1
we have

MiFag MiNoi = 1) Tokag [t] 100 ... Tnkyg [t]:0n

%
Mo MTaM... MM g ML T (e)

From the right-hand side premise in the ) rule, by IH, we get thatk|y
is the function with the scopgk]i : Ag (1) = A" e, for some

M = F’”T arfn..ary. For” =Tr,I" and by taklngML | as the ar-
gument of the functlor[kjk, we getl, A" . [KJk(M[t]) : p. Since
[K|k(M[t]) = [t :: K|]c(M), we have thaf ,A, T’ h\® [t K]k(M):p. This
holds for anyM of the appropriate type, yleldlng

[t K]k /\®(rﬂ®mpaﬁr,-> — /\®(I’7A7I'/F)\®p), which is exactly what we need.
Case(Cut): the derivation ends with the rule

MokFt:To...ThFtith ANTHK:O
o Mram...Mr,,A-tk: o

(Cut)

By IH we have that l—)\® [t] : 15 and K]y : /\®(r’jh®r]~) — /\®(F’,A)—)\®0)

forall j=0,...,nand forl" =T M n...nr,. Hence, for anM € Ag

suchthal’| -\, M:tj, I, A [K|«(M): o holds. By takinghl = [t] and

g’ =T, we getl,Ak, [K|k([t]) s 0. But [K]([t]) = [tk], so the proof is
one.

Case(Weak): the derivation ends with the rule
Mprk:o
MXx:T;BFxok:o

(Wealk)

By IH we have thatk| is the function with the scopj| : A@(jg ) =
A@(rry ., o), Mmeaning that for eadd € Ag suchthaf'| by M1

forall j €{0,...,n} holdsly' MMy M...AMK Ty [K|k(M) : 6. Now, we
can apply(Weak rule:
Oy m...nrh e [k (M) o
O Ay m. i, x: TExo k(M) : o

Sincex® [k]k(M) = [x©Kk]k(M), this means thatx © k| : Agrir 1) —
/\@(rﬁréTﬂF’lm...ﬂrﬁﬁx:Tk)\(@0), which is exactly what we wanted to get.

(Weak
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e Case(Coni): similar to the caséWeal), relying on the rul§Cont) in Ag.
U

For the given encoding |, we show that eachG®tZ-reduction step can be
simulated by arkg-reduction or by an equality. In order to do so, we prove the
following lemmas. The proofs of Lemnial38 and Lemimé 39, adogrtb [22],
use Regnier's reductions, investigated in [53].

(AXM)N)P —  (AX.(MN))P x¢ P
(AXYyM)N — Ay.((AXM)N) y¢ N
M((Ax.P)N) — (AXMP)N x¢ M

Lemma 37.1f M —,  M’, then[K] (M) = [K[k(M).
Lemma 38. [K|k((AX.P)N) =, (AX.[K]k(P))N.
Lemma 39.If M € A® and kK € Ag%, then|K |, o k] (M) =y, [K@K |, (M).
Lemma 40.
(i) Ifx ¢ Fy(k), then(|k](M))[N/X] = k|, (M[N/x]).
(i) Ifx,y ¢ Fv(k), then z<j ([k[x(M)) =g [K]k(z<yM).
(i) [kJk(XOM) =g XO [K[(M).

Now we can prove that the reduction rules)(gz can be simulated by the
reduction rules or an equality in thgy-calculus. Moreover, the equivalences of
)\%Z-calculus are preserved Np-calculus.

Theorem 41(Simulation of)\z-reduction byAg-reduction)
(i) Ifatermt—>)\gz t', then[t] —) [t'].

(i) If a context k—>)\%z K' by ye or wg reduction, therik|«(M) = |K |((M), for
any Me A®,

(iii) Ifacontext k—>A%Z k' by some other reduction, th¢k|x (M) — [K'[«(M),
forany Me A®,
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(iv) Ift =) t', then[t] =, [t'], and if kz)\%z K, thenlk|k (M) =, [K]k(M),
forany Me Ag.

Proof. The proof goes by case analysis on the outermost reductiequivalence
performed, using Definitiopn_34. O

The previous proposition shows tha{, T, g, |, y1 - Y5, Wy - Ws, Yo and
o7 )\%Z-reductions are interpreted byg-reductions and thags and wg )\%Z-
reductions are interpreted by an identity in thg. Since the set of equivalences
of the two calculi coincide, they are trivially preserved.ohe wants to prove
that there is no infinite sequence )o%z-reductions one has to prove that there

cannot exist an infinite sequence)c%z-reductions which are all interpreted as

equalities. To prove this, one shows that if a term is redweg such a)\%z-
reduction, it is reduced for another order that forbids itdimlecreasing chains.
This order is itself composed of several orders, free of itefidecreasing chains
(Definition[45).

Definition 42. The functionssS(), | [lc, || [|lw : /\G®tZ — N are defined as follows:

Sx) = 1 S(tk) = S(t)+S(k)
S(AXt) = 14+8(t) S(Xt) = 1+5(t)
S(xoe) = 1+5(e) Stk = St)+S(K)

S(x<ye) = 1+5(e)

Xl =0 X =1

IAxtlle = it]e At = 1+[t]w

Ixoele = el Ix©elw = 0

[x<ele = llefc+S(e) Ix<z€fw = 1+]elw
Itkllc = [It]lc + [1K]lc Itklhe - = 2+ [t + [[K]w
Xtlle = ltllc Xt = L+t

e Kle = litlle + [1kllc e Klw = 1+t + [[K]w

Lemma 43. For alle,€ € /\Z:
(i) Ife —y €, then|ellc > ||€]|..
(i) Ife —u, €, then|le]c = ||€]l..

(i) Ife == ¢, then|e]c =[]
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Lemma 44.
() Foralle,& e Ag™: If e — €, thenllell, > [|€/[|w.
(i) Ife =xoe €, then|e|w = ||€]w-

Now we can define the following orders based on the previomstpduced
mapping and norms.

Definition 45. We define the following strict orders and equivalencies!\@?m:
(i) t>xg tiff [t] — o It']; t=xg tiff [t =hg [t']

J’_
A
k>\g K iff - [K]k(M) —>)f® [K'|(M) for everyAg termM ;

k=)g K iff  [KJk(M) =g [KJk(M) or [k[x(M) = [K'|(M) for everyAg
termM;

(i) e>ce iff |efc>[|l€]lc; e=ce iff [e]c= €]
(i) e>w€ iff |e|w>|€llw; e=w€ iff |e|lw=1€w;
The lexicographic product of two orders, and>» is defined as [2]:
a>1 Xjex>2b < a>1b or (a=1band a>;,b).
Definition 46. We define the relatio> on /\z as the lexicographic product:
> = Zhg Xlex Zc Xlex >w -

The following propositions proves that the reduction tielaton the set of
typed)\%z-expressions is included in the given lexicographic prodsic

Proposition 47. For each ec /\G®tz: ife — €, thenes> €.

Proof. By case analysis on the kind of reduction and the structure of

If e — € by Bg, 0, T, W, Y1, Y2, V3, Y4 Y5, YW1, Yo, Wy, (e, W3 Gy OF ws reduction,
thene >, € by Propositior 41.

If e— € by v, thene =) € by Propositior 41, and > € by Lemmd 4B.
Finally, if e — € by ws, thene =, € by Propositiori 4lle = € by Lemma 43
ande >, € by Lemmd44. O
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Strong normalisation of- is another terminology for the well-foundness of
the relation— and it is well-known that a relation included in a well-fowtbrela-
tion is well-founded and that the lexicographic product efiviounded relations
is well-founded.

Theorem 48 (Strong normalisation of thh%zm). Each expression iM\G®th is
strongly normalising.

Proof. The reduction— is well-founded on/\Zﬁ as it is included (Proposi-
tion [47) in the relations> which is well-founded as the lexicographic product
of the well-founded relationS>A®, >c and >y,. Relation>A® is based on the
interpretation| | : /\G®tZ — N\g. By Propositiori_36 typeability is preserved by the
interpretation| | and —\g IS strongly normalising (i.e., well-founded) dhgN
(Section 1.B), hence is well-founded on/\%zm. Similarly, >; and >, are
well-founded, as they are based on interpretations intavislefounded relation

> on the seN of natural numbers. O

2.4. SN= Typeability in\&*n

Now, we want to prove that if aG®tZ-term is SN, then it is typeable in the
systermzm. We follow the procedure used in Section|1.4. The proofsiaridas
to the ones in Sectidn 1.4.

The abstract syntax z-normal forms is the following:

thr = X|AXtnf [ AXXOtaf | X(taf i Knf) [ X <2 Y(tas i Knt)
Knf == Xtnf|KXOthf|tns 2 Knf | X <Z (tnf  Knt), Y € FV(tn),z € FV(Knf)
Wnf = XOE€nf|XOWnt

We usee, s for any)\%z-expression in the normal form.

Proposition 49. )\Z-normal forms are typeable in the systé@zﬁ.
Proof. By mutual induction on the structure B, ko andwps. O

The following two lemmas explain the behavior of the metarafwes| / | and @
during expansion.

Lemma 50(Inverse substitution lemma)

(i) Let I -tlu/x: 0 and u typeable. Then, there exdstandtj, j =0,...,n
such tha®yj - u:1j andl”,x: N Ft: o, wherel =T, Al AL M...MA.
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(i) Let I';yFklu/x : 0 and u typeable. Then, there atg andtj, j=0,...,n
such thatyj - u:tj andl,x: MMy - k: o, wherel =T/, Al MAL M.
JAYS

Proof. By mutual induction on the structure of terms and contexts. O

Lemma 51 (Inverse append lemmalf I';a - k@k : o, then there are); and
Tj, j=0,...,nsuchthat’j;a Fk:1; andl;NPt - K : 0, wherel =T7,A] M

Proof. By induction on the structure of the context O
Now we prove that the type of a term is preserved during thamesion.

Proposition 52 (Head subject expansianiror every}\%z-term t:ift—t,tis
contracted redex andl -t': o, thenT -t : 0.

Proof. By case study according to the applied reduction. O

Theorem 53(SN = typeability). All strongly normalising\Z terms are typeable
in the AGt*N system.

Proof. Analogous to the proof of Theordml26. O

Now we give a characterisation of strong normalisatioh%f-calculus.

Theorem 54.In }\%Z-calculus, the term t is strongly normalising if and onlytif i
is typeable iM&t*n.

Proof. Immediate consequence of Theorémks 48[and 53. O

3. Intersection types for the resource control lambda calclus with explicit
substitution }\X®

3.1. Resource control lambda calculus with explicit sub&tn )\g@

Theresource controlambda calculus with explicit substituti%, is an ex-
tension of the\,-calculus with explicit operators for weakening and coctica.
It corresponds to thilxr-calculus of Kesner and Lengrand, proposed in [36], and
also represents a vertex of “the prismoid of resources”.

The pre-termsof )\-calculus are given by the following abstract syntax:

Pre-terms f = x|Axf|ff|f(x:=f)|xof|x< f
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The only point of difference with respectig,-calculus is the operator of explicit
substitution{ := ).
The set of free variables of a pre-terfn denoted byFv(f), is defined as
follows:
Fv(x) =% Fv(Ax.f) =Fv(f)\ {x};
Fv(fg) =Fv(f)UFV(g); Fv(f(x:=g))=(Fv(f)\{x})UFv(g)
Fy(x® ) = {x}UFV(f); Fv(x<id f) = {X}UFV(f)\ {x1,%}.
In f(x:= g), the substitution binds the variabtén f.
The set of)\-terms denoted by\g@ and ranged over byl,N,P,My,.... isa
subset of the set of pre-terms, defined by the rules in Flgure 9

f e Ny xeFv(f)
xe/\é )\x.fe/\é

feNgy g€ NG Fv(f)NFv(g) =0
fge NG

feNg g€ NG xeFv(f) (Fv(f)\{x})NFv(g)=0
f(x:=0) e NG

feNy x¢Fu(f)  TENG xa#%, xi,% € FV(f) x¢ FV()\ {x,%}
K TEAT B Teng

Figure 9:A\G: A -terms

The notion of terms corresponds to the notion of linear tamj3€].
The reduction rules dt-calculus are presented in Figlrg 10.
In the)\x®, one works modulo equivalencies given in Figuré 11.

3.2. Intersection types fdrx®

In this subsection we introduce intersection type assigrsystem which as-
signsstrict typesto )\X®-terms. The system is syntax-directed, hence significantly
different from the one proposed in [43].

The syntax of types and the definitions of type assignmesispatc. are the
same as in the case of the systadgn. The type assignment syst%m is
given in Figuré_IR. The only difference with respect to kg is the presence of
one new type assignment rule, namgBubsj for typing the explicit substitution.
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AY.M(x:= N)

M(x:=N)P, if x¢ Fv(P)
MP(x:=N), if x¢ Fv(M)

Fv(N) &M

YyOM({X:=N), if x££y

Fv(N) <E§Em3 M (X3 := Np) (X2 := Np)
M(x:=N({y:=P)), if y¢ Fvy(M)\ {x}
AY.X <3 M

(x <& M)N, if xq,% & FV(N)

M(x <3 N), if X1, % & Fy(M)

M(y :=x <3¢ N), if x1,x2 ¢ Fv(M)\ {y}

YO (AXM), X#Yy

M (X2 :=X)

Figure 10: Reduction rules af; -calculus

XO(YOM) =
X<4M =

X< (Yy<UM) =)«
X< (y < M) =
M(x:=N){y:=P) =
(y < M)(x:=N) =y

yo (XOM)

X< M

X <t (Y <ZM)

Y <y (X<SE M), XZ£Y1,Y2, Y # X1, %
M(y:=P)(x:=N), x¢ Fv(P), y ¢ Fv(M)
y <ys M{x:=N), x#Y, y1,y2 & FV(N)

Figure 11: Equivalences N -calculus
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The rules(—g) and(Subsj} are constructed in the same manner, as explained in
subsectioh 112.

(AX)

X:0OFX:0

Fx:akFM:o FrEM:Ny—0 DMoFN:To ... AyEN:Ty
Mg oo Y AL NALN..NAFMN o

(—E)

CLX:NtiEM:o AgFN:iTo ... AnFN:Ty

= (Subsy
[0 MALM...MAEM(X:=N):0

Lx:o,y:BFM: o
Mz:anBrz<gM:o

[-M:o
(Cony x: TEXoOM:o (Weal

Figure 12:Ng N: A -calculus with intersection types

Proposition 55(Generation Iemmafdxm).

(i) T'+=Ax.M: 1 iff there existoa ando suchthatt=a — o and ', x: o+
M:o.

(i) TEMN:o iff there existdj andtj, j=0,...,nsuchthatAj - N:1jand
' FM: 't — o, moreoverl =T, A} MAL ... M A

(ili) '+ M(x:=N):o Iiff there exist a typex = ﬂ?onj, such that for all
je{0,...,n}, AjEN:tjandl,x: N'ti - M : g, moreoverl =T x:
o,A) MALM...M AR,

(iv) TFz<{M:o iffthere exist’,a,B such thatr =T",z:anp
and M, x:a,y:BFM:ao.

VM TTExeoM:o iff T=IMx:Tand"+-M:o0.

The proposed system also satisfies preservation of freablasi, bases inter-
section and subject reduction and equivalence.

3.3. Typeability= SN in}\x®m

Now we prove the strong normalisation of th&-calculus with intersection
types. We follow the procedure established for proving theng) normalisation
of the system?x%zm. In the sequel, we denote By, the set ofAf-terms, and by
/\X®m the set oﬁ\-terms typeable in the syst%ﬁ.
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Definition 56. The mapping | 1N — N\ Is defined in the following way:

[X] = X M{x:=N)] = [M][IN]/X
[AXM] = A [M] [XOM] = XO[M]
[MN] = [M][N] [x<IM] = x<3[M]

Lemma 57. Fy(M) = Fv([M1), for M € A% B

Proof. The proof is an easy induction on the structure of the ternA\ll the cases
are straightforward, we only present the case of explidisstution.
FV(M(x:=N)) = (FV(M) \ {x}) UFV(N) = Fv([M])\ {x}) UFV([N]) =
FV((AX.[M])INT) = FV([M][[N]/X]) = Fv([M{x:=N)]) O

We prove that the mapping | preserves types.
Proposition 58(Type preservation by ). If T H@ M : o, thenl e [M] : 0.

Proof. The proposition is proved by induction on derivations. Wstidguish
cases according to the last typing rule used. C#éées (—), (—e), (Weak
and(Cont) are trivial, because the intersection type assignmenesysfAg has
exactly the same rules. The only interesting case is the(8Bués}. In that case,
the derivation ends with the rule

rx: N h\é@M:o Aol—;\x®NZTo Anl—)\?@NZTn
MO MALM... A, Fxg M(x:=N):o

(Subs}

By IH we have thaf’,x: N['ti k), [M]:oandforallj € {0,...,n}, Aj - [N]:
Tj. Now we can apply Lemnfall0 yieldidgAj MALM...MA, Fag IMIIINT/X]:
0. Since[M][[N]/x] = [M(x:=N)], the proof is done. O

We now show that eachj-reduction step can be simulated through the en-
coding[ 1|, by aAg-reduction or an equality.

Theorem 59(Simulation of}\x®-reduction and equivalence Ryy-reduction and
equivalence)

(i) If a Ng-term M— M', then[M] —,  [M'] or [M] = [M'].

SNotice that in [35]Fv(‘B(t)) C Fv(t) holds, whereB is the mapping from\§ -calculus to
ordinaryA-calculus without resources and that is why free variabiggppear there. Instead, our
mapping[ | mapsAg-terms toAg-terms.
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(ii) Ifa Af-term M= M’, then[M] =

=)y [M] OF [M] = [M'].

Proof. (i) Without losing generality, we prove the statement owlythe outer-
most reductions. The rulgg, Y2, Y3, w1, Wy, W3, YW1, Yu, are simulated by
the corresponding rules afg. For the remaining rules we have:

(Bx) (AX.M)N — M(x:= N).
[(AXM)NT = [AXMTINT = (Ax.[M])[NT] =g [M][IN]/X] = [M(x:= N)].
(01) x(x:=N) — N.
[x{x:=N)] = [X][[NT/x] =x[[N]/x] = [N].
(02) AY.M)(x:=N) = Ay.M(x:=N).
[(Ay.M) (x:=N)T= [Ay.M][[N]/x] = (Ay.[MT)[[N]/X] = Ay.[M][[NT/x] =
AY.[M(x:=N)] = Ay.M(x:= N} .
) (MP)(x:=N) — M(x:=N)P, if x¢ Fv(P).
(MP)(x:= N>—>MP<X =N), if x¢ Fv(M).
[MP(x:=N)| = ([M][P])[[N]/x].
If x¢ Fv(P) then([M][PT)[[N]/x] £ [M[[N]/X[P] = [M(x:= N)][P] =
[M(x:=N)P].
If x¢ Fv(M) then([M][P])[[N]/x] £ [M][P][[N]/X = [M][P(x:=N)] =
[MP(x:=N)].
(05) (XOM)(x:=N) — FVv(N) oM.
((X®M)<X=N>1 [XOMI[IN] /X = (x©[M DH 1/X
FV(N) © [M] = [FV(N) © M, sinceFVv(N) = Fv([NT).
(Gs) (YOM)(x:=N) = yoOMX:=N), if x#y.

((y@M) x:=N)]=[yoM][[N]/x] = (yo [M])[[N]/X £yo [M][[N]/x] =
yO[M{x:=N)] = [yoM{x:=N)].
FV(Ny)

(03) ) (04

||l>

O]
<
I

(07) (X<X;M><X N) — Fv(N ><Fv( )M<X1:: N1) (X2 := Ng).
[(x <M NN>1 X <3 MI[INT /X = x < [M][[N]/x) 2
FV(INT) <pyline]) TMTING] a, [Na] /0] =
[FV(N) <pu) Mixa = No) {xp 1= No)].

(08) (M{x:=N)){y:=P) = M{x:=Ny:=P)), if y ¢ Fv(M) {x}.
[(M(:=N))(y:=P)] = [M{x:=N)][[P] /] = (IM][[N]/X)[[P1/Y] =_ormma
IMI[[NT[P]/y]/X = [M[[N{y:=P)]/X = [M{x:=N{y:=P))].
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() X <3g (M{y:=N)) = M{y:=x <G N), if x3,% ¢ Fv(M)\ {y}.
(X <55 (M{y:=N))] =x<5g [M(y:= [N])] =x < [MI[[N] /Y] =} om0
[MT[x <35 [N1/y] =x <3 ([M][N/y]) = [M{y == x<ig N)].
(wg) M{y:=xON) = xO (M{y:=N)).
ﬂV|< =XON)[ = [MIXO[N]/Y] = X©O IMI[INT /Y] =
© [M{y:=N)] = [xO (M{y:=N))].

(i) The equivalences; - €4 coincide in both calculi, hence we prove the state-
ment only fores andeg.

(e5) M(x:=N){y:=P)=M(y:=P)(x:=N), x¢ Fv(P), y¢ Fv(M)
[M{x:=N){y:=P)[=[M{x:=N)|[[P]/y] = ([M[IN]/X)[[P]/y] =
[MI[INT/%,[P]/y] = [MI][[P]/y, [N]/x] = ([M][[P]/YD[IN]/X =
[M{y :=P)][[N]/X = [M{y :==P)(x:=N)].

(g6) (y<ys M)(x:=N) =y <3 M(x:=N), x#Y, y1,¥2 ¢ FV(N)

[(y <35 M){x:=N)] Zy[ly <

The previous proposition shows that ea\%‘rreduction step is interpreted ei-
ther by aAg-reduction or by an equality. More precisef, y1,Y2, Y3, w1, Wy, W,
yw, andywy, reductions are interpreted bByg-reductions,g; — og reductions
are interpreted by identities, whilg andwy reductions are interpreted either by
A@-reductions or byAg-equivalencies, depending on the structure of the term.
In order to define a lexicografic product of orders that foribithite decreasing
chains oT}\X®-reductions, we use two measures defined on thﬁ@enamely term
complexityT (M) and interpretatiorf (M) (based on multiplicityM (M)), pro-
posed inl[36] and already used for proving the strong nosatbn of the simply
typedAlxr-calculus. We give their definitions here.

Definition 60 (Multiplicity [36]). Given a free variable in a)\x®-term M, the

multiplicity of xin M, written A4 (M), is defined by induction on terms as follows,
supposing that # y, X # z, X # W:

My(x) = 1 My(xOM) = 1
My(AYM) = Mx(M) M(YyOM) = M(M)
M(MN) = M(M) if xe FY(M)  Hy(x <7 M) My(M) + Mz(M) + 1
M(MN) = M(N) if x€FU(N) My(w<IM) = My(M)
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MMly:=N)) = (M) if xe Fv(M)\ {y}
MM(y:=N)) = 3(M)-(M(N)+1) if x& Fy(N)

Definition 61 (Term complexity [36]). The notion of term complexity C(—) is
defined by induction on terms as follows:

TC(x) = 1 TCM{x:=N)) = TCM)+ M(M)-TC(N)
TCAXM) = TC(M) TCxoM) = TCM)
TC(MN) = TCM)+TC(N) TC(x<IM) = TC(M)
Definition 62 (Interpretation [36]). The notion of interpretatiofi(—) :/\X® —N
is defined as follows:
Ix) = 2 IM{(x:=N)) = I(M)-(I(N)+1)
IAXM) = 2I(M)+2 IXoM) = I(M)+1
IMN) = 2(I(M)+I(N)+2  I(x<iM) = 2I(M)
Definition 63. We define the following strict orders and equivalencies!\@]ﬁ:

() M>y M'iff [M] —%@ [M7]; M =5 MY iff [MT] =y [M'] or [M] = [M'];
(i) M>z-M"iff TCcM)>TCM); M=z-M iff TC(M)=TC(M),
(i) M>;M iff I(M)>I(M"); M= M iff I(M)=I1(M);

Definition 64. We define the relatiop>, on N as the lexicographic product:
>x = 2Ny Xlex >TC Xlex > -

The following proposition proves that the reduction relaton the set of typed
)\-terms,/\g@m, is included in the given lexicographic produst,.
Proposition 65. For each Me Ny if M — M/, then M>, M.
Proof. The proof is by case analysis on the kind of reduction andttiuetsire of
>y
If M — M’ by By, Y1, Y2, Y3, W1, Gy, Wz, Yu OF Yoy, reduction, them >N M’ by
Theoreni 5P.
If M — M’ by 01, 05, G7 Or 0g thenM =y M’ by Theorem 59, an¥l >, M’
by ([36], Lemma 3).
Finally, if M — M’ by 02, 03, 04, Og, Y4 O wy, thenM =Ny M’ by Theoreni 59,
M =z~ M’ by ([36], Lemma 3) and/ >; M’ by ([36], Lemma 4). O
Theorem 66(Strong normalization dﬁx®m). Each term in/\x®m is SN.

Proof. The proof is analogous to the proof of Theorem 48. O
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3.4. SN= Typeability inAG N

We finally prove that if a\é-term is SN, thenitis typeable in the systﬁ@ﬁ.
Due to the definition of thag@-terms given in Figure]9, particularM(x := N)
wherex € Fv(M) is required, as well as to the reductioftg — 0g), the set of
Ng-normal forms coincide with the set 8f-normal forms. This, combined with
the fact that all type assignment rules from Fidure 5 exist ai the)\x®ﬁ system,
has as a consequence the following proposition.

Proposition 67. Ag-normal forms are typeable in the systagn.

Proposition 68 (Head subject expansianlor every)\-term M: if M — M/,
M is contracted redex and” - M’ : ¢, then ' = M : g, provided that if M=
(AXN)P —p N(x:=P) =M, Pistypeable.

Proof. By the case study according to the applied reduction. O

Theorem 69(SN =- typeability). All strongly normalisin@xé-terms are typeable
in the)\x®m system.

Now we can give a characterisation of strong normalisar'ndr@'-calculus.

Theorem 70. In )\-calculus, the term M is strongly normalising if and onlytif i
is typeable in?\x®ﬁ.

Proof. Immediate consequence of Theordmbs 66[and 69. O

4. Conclusions
In this paper, we have proposed intersection type assighsgstems for:
e resource control lambda calculNg, which corresponds tdy of [37];
e resource control sequent lambda calcdl@»‘ of [28] and
e resource control calculus with explicit substitutiko@ of [36].

The three intersection type assignment systems proposedghe a complete
characterization of strongly normalizing terms for thdse¢ calculi. The strong
normalisation of typeable resource control lambda termsrased directly by
an appropriate modification of the reducibility method, vdas the same prop-
erty for resource control sequent lambda terms is proveddlsfaunded lexico-
graphic order based on suitable embedding into the formeulcs and the strong
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normalisation of the calculus with explicit substitutiangiven by its interpreta-
tion in the resource control lambda calculus. This papeaeap the range of the
intersection type techniques and combines different nusthio the strict types
environment. It should be noticed that the strict controtlmeway variables are
introduced determines the way terms are typed in a givem@amvient. Basically,
in a given environment no irrelevant intersection typesiam®duced. The flex-
ibility on the choice of a type for a term, as it is used in r(Heg) in Figure[5,
comes essentially from the choice one has in invoking themaxiUnlike the ap-
proach of introducing non-idempotent intersection typ#s the calculus with
some kind of resource management [49], our intersectioddmpotent. As a
consequence, our type assignment system corresponds itttditionistic logic,
while non-idempotent intersection type assignment systeonrespond to intu-
itionistic linear logic.

The three presented calciily, }\G®tz and}\x® are good candidates to investigate
the computational content of substructural logics [58}hka natural deduction
and sequent calculus. The motivation for these logics cdinoes philosophy
(Relevant Logics), linguistics (Lambek Calculus) to coripg (Linear Logic).
Since the basic idea of resource control is to explicitlydtarstructural rules, the
control operators could be used to handle the absence o&fsimctural rules in
substructural logics such as weakening, contraction, cotatirity, associativity.
This would be an interesting direction for further reseavshother direction will
involve the investigation of the use of intersection tydesng a powerful means
for building models of lambda calculus [7,/17], in constmgtmodels for sequent
lambda calculi. Finally, one may wonder how the strict colhtn the duplication
and the erasure of variables influences the type reconstnuzttterms [12, 39].
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