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SUMMARY

We consider the axisymmetric deformations of an initially eylindrical membrane
composed of an elastic, homogeneous, isotropic and incompressible material possess-
ing a strain energy function and reinforced by two families of perfectly flexible and
inextensible helicoidal cords. The solutions obtained include a wide range of
deformations and they are valid for the general strain energy function. Applications
to specific boundary-value problems are also given.

1. Introduction

THE theory of large elastic deformations of reinforced bodies, and in
particular of reinforced membranes, has been developed by J. E. Adkins
and R. S. Rivlin who also obtained the solutions to a number of problems.
Most of these solutions are given by Green and Adkins (1) who also give
references to original sources. The closely related theory of deformation
of networks of inextensible cords has been formulated by Rivlin (2) whose
paper motivated the problem described here.

Apart from their intrinsic interest, the deformations of reinforced solids
present a technological interest as well since reinforcement by inextensible
cords forms a common feature of such manufactured articles as pneumatic
tyres and hose-pipes in which it is necessary to give added strength to the
composite body.

Because of the complexity of the equationsinvolved, the number ofexact
solutions obtained so far to problems in the theory of finite deformations of
elastic membranes is limited. Some further solutions can be derived if a
particular simplified form is assumed for the strain energy function but,
even with this assumption, the number of existing solutions remains small.

In this paper we consider axisymmetric deformations of a cylindrical
membrane reinforced with two families of inextensible helicoidal cords.
The general solution obtained in section 2 is valid for the general strain
energy function and a wide range of deformations compatible with the not
very restrictive geometrical conditions assumed. In section 3 we describe
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how the general solution can be applied to three different classes of prob-
lems and also give specific examples.

The notation adopted is, in the main, that of Green and Adkins (1)
who give a full account of the theory of finite deformations and, in particu-
lar, of membrane theory. The reader is referred to (1) for details of the
notation and the derivations of the basic formulae.

2. General equations

We consider axisymmetric deformations of an initially cylindrical
membrane of uniform thickness 2%, composed of an elastic, homogeneous,
isotropic and incompressible material possessing a strain energy function
W = W(l,, I,) and reinforced by two families of perfectly flexible and
inextensible cords.

We assume that the cords of the two families form constant angles 4«
with the generators of the undeformed membrane. It is also assumed that
the lengths of the intercepts on any one cord of the one family by two
adjacent cords of the other family are independent of the position on the
surface and that these lengths are small compared with the radii of
curvature at any point of the deformed or undeformed membrane.
Moreover, it is assumed that no two cords of the same family are brought
into contact as a result of the deformation and that intersecting cords
of the two families do not move relative to each other at their point of
intersection.

As any cylindrical membrane can be deformed into a circular cylinder
without extension on its surface, it can be assumed, without loss of
generality, that the undeformed membrane is a circular cylinder.

We refer the deformation to cylindrical polar coordinates and denote by
(p, ?, n), p = constant, the coordinates in the undeformed configuration of
a point which has coordinates (r, ¢, z) in the deformed state. Because the
deformation is axially symmetric,

r=rln), 2=z (2.1)

The elements of length in the undeformed and deformed configurations
will be denoted by dS and ds respectively. The angle of dS with the gener-
ator of the undeformed membrane will be denoted by @ and the element of
the deformed meridian by d&. Thus

2 2 2 2 2
‘_ii) = d_E) 472 (@) = d_§) cos’a+- (l) sin’a,
as) = \as) T \as) T\ o

ds\? 2 2 22 i 2 <
(d_S) = 72 cos’a+ A2 sin’a, (2.2)

whence
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Fic. 1. Axial sections of the deformed membrane.

where we have used the notation
Ay = dé&ldn, Ay =1[p. (2.3)

From the symmetry of the system and the incompressibility of the
material it follows that 4,, 4, and 4, = (4,4,)~ are the principal extension
ratios in terms of which the strain invariants I, are given by

I =RB4+284+28 1, = 732442 (2.4)
Since the cords are inextensible, for a = « we obtain from (2.2)
A% cos®a+ A% sin®e = 1, (2.5)

which gives 1, in terms of 4, and «.
Let 4 B(n) be the angles of the two families of cords with the meridian of
the deformed section. Then, if dS, ds are on the same cord,

rp7'sinadS =sin Bds,  cosfds = df = Adn = 1, cos a dS.
From these relations we obtain
sin §# = A, sin o, cos ff = 1, cos a. (2.6)

Let A and 6 denote the distances between adjacent cords in the un-
deformed and deformed membrane respectively. From
A=pcosad?, &=rcospdd
and (2.6) we obtain
0= AA4A. (2.7
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We now introduce the further assumption that the meridian C of the
deformed membrane does not intersect the z-axis and it has no finite
element parallel or perpendicular to the z-axis. Moreover, and without loss
of generality, it is assumed that the tangent to C is nowhere parallel or
perpendicular to the z-axis, except perhaps at an end point of C; other-
wise C' may be divided into segments for which this condition does hold.
With this assumption the equations of equilibrium

f(rTl) =¥ Titw Ty =P,

dé
which are valid for any axisymmetric deformatlon of a membrane, can be
written in the form

—(rTl)_ Y i g -} (2.8)

where T, T', are the stress resultants, per unit length of the deformed
membrane, in the directions of the meridian and the circle of latitude
respectively, «, the principal curvatures, «, being the curvature of the
meridian, and P is the internal pressure. If w < =/2 denotes the angle
formed by the tangent to the meridian of the deformed membrane and
the axis of symmetry then

r, = ;—rcos w, Ko = rlcos w. (2.9)

By using (2.3) and (2.9) the equations (2.8) are reduced to

-‘3—(121'1) =T, %().ET1 cos w) = Ppl,. (2.10)

2 2

The stress resultants 7'y can be resolved into two parts:
T, =T 41T, (2.11)

where T, is due to the deformation of the material and can be expressed
in terms of the strain energy function W by

b

, w 2k OW
T} = dholy( A1~ ~3)( + Zaa]) =Toﬁ~

(8W BW) 2hy, OW
191 Z aA '

(2.12)
T, = b2, (A2—A2)

and 7" is due to the tension in the cords. The expressions (2.12), , for
the parts T of the stress resultants were given by Pipkin (3).
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Fic. 2. Element of area of the deformed membrane.

By considering the element of area ABCD of the deformed configuration
shown in Fig. 2 we obtain

2 2 2
T'r 9 = z(ﬁ) cos f = 27 "C08B B g ZTHCOSa g 2rhicosta o
é AAA AAA AN
. 2 Qin? 12
7 dg = 2(7_ @)sinﬁ — o, S0 pds sin f = 2725 sin adf =2‘r,12 sin‘o ae,
é 1A M LA
whence
2 ihe
. _ 2cos’e ly . _ 280’ }‘_21. (2.13)

TTA a0 TR A
By using (2.11) to (2.13) the first equation of equilibrium (2.10), is
reduced to

2
dr 2}, sin’a ;= hhd & W_zlaiy (2.14)
diy 1—Ajsin®a  1—2AZsin’x d, o
with solution
- = Mo W—1@W[oh)}+4 (2.15)

1— 22 sinx
where 4 is an integration constant.
From (2.4), (2.5), (2.13) and (2.15) we obtain 7", as functions of A,. This
result together with (2.4), (2.5), (2.11) and (2.12) gives 7', in terms of 4,
and the integration constant 4.

3. Applications
With the theory described in the previous section three different kinds of
problems can now be solved.

A. The meridian of the deformed membrane 18 specified

This type of problem arises if, for example, the deformed membrane
encloses a rigid axisymmetric body of a given shape and all the membrane
is in contact with the enclosure.
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In this case w is given in terms of 1, = 7/p by the equation of the merid-
ian of the enclosure and 7', has already been determined in terms of 1,.
Thus the internal pressure P applied to the membrane is easily obtained
from (2.10),.

B. The internal pressure P is given in terms of A,
Then, by integrating (2.10),, we obtain

Az

2 —1
w= cos—l[(%p f Pi, d/lz—{—B) (hoalv+°°s “/117) ] 3.1)
%, A

Az

where B is an integration constant and A, the value of 4, at z = 0. The
formula (3.1) determines the equation of the deformed meridian in the
form of a relation between r = A,p and w.

From Fig. 1 it is readily seen that

Az Az
z-=ifcotwdzz, - if s (3.2)
) p sin w
Az Az

where the + or — sign is used according to whether 4, is an increasing or a
decreasing function of &, and & = 0 for z = 0. We also obtain

2

A
/ f a2y (3.3)
p
Ag

N >
/,8in @

where 7 is measured from the cross-section of the undeformed membrane
which corresponds to the cross-section z = 0 of the deformed configuration.
The formulae (3.2) and (3.3) are valid for the deformation of any membrane
subject to the conditions stated in section 2.

The constant A, and the integration constants 4 and B involved in this
solution will be determined by the appropriate boundary conditions of
any specific problem.

Let us, for instance, consider the deformation under uniform internal
pressure P, of an initially cylindrical membrane the edges of which are
bonded on circular rings of radius p. This corresponds to the physical
problem of the deformation under constant pressure of the flexible joint
between two co-axial rigid tubes of radius p.

If z = 0is the plane of symmetry of the deformed configuration which is
perpendicular to its axis of symmetry and 21,, 2] denote the axial lengths of
the undeformed and deformed membrane respectively then, from (3.2),
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and (3.3), we obtain

1 1

l_oz_f_ifh_, —l=—~fcotwd,12. (3.4)
P Ay sin w P

A Az
Since w = 0 for 1, = A, and P = P, = constant, equation (3.1) reduces
to

- oW g ow 2 -t

(3.5)

From (2.5), (2.15) and (3.5) we derive w in terms of 1, and the integration
constant 4, and by substituting in (3.4) we obtain [, and ! in terms of A,
and 4. Thus, if the pressure P, and the axial lengths of the undeformed
and deformed membrane are known, the constants A, and 4 can be ob-
tained and the deformed configuration determined.

A solution to this problem for the case of a membrane fabric composed of
two families of inextensible cords was given by Rivlin (2).

C. A sector of the membrane deforms into a given shape while the remainder
of the membrane is under a given internal pressure P = P(1,)

This, for example, is the case of the deformation of a cylindrical mem-
brane by an enclosed rigid axisymmetric solid of a given shape and a
uniform internal pressure P, applied on that part of the membrane which
is not in contact with the enclosure. A solution to this problem valid for
an elastic non-reinforced membrane was given by Kydoniefs (4).

Mixed boundary-value problems of this type can be solved by a method
similar to that used in (4). The sectors of the membrane which deform to a
given shape or under a given pressure are considered separately in the way
described in A and B respectively and the solutions obtained are matched.
This matching is possible because the integration constant A4 involved in
the solution (2.15) retains the same value over the deformed meridian and
can be calculated at any of its points, and in particular at a point of the
common boundary of the two sections considered.

The solutions given in this paper are exact, valid for the general strain
energy function and include all possible axisymmetric deformations of the
reinforced membrane, subject to the not very restrictive conditions stated
at the beginning of the previous section. In order to solve specific bound-
ary-value problems it is only necessary to determine the arbitrary
constants and evaluate the integrals in (3.1) and (3.2). If a specified form,
for example the Mooney (5) or the neo-Hookean form suggested by Rivlin
(6) is assumed for the strain energy function, numerical results for the
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problems described in B and C can be obtained, though this involves a
fairly long computation.
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