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tIt was 
onje
tured by Tutte that every 4-edge-
onne
ted graph admits a nowhere-zero 3-
ow. In this paper, we give a 
omplete 
hara
terization of graphs whosesquares admit nowhere-zero 3-
ows and thus 
on�rm Tutte's 3-
ow 
onje
ture forthe family of squares of graphs.1 Introdu
tionAll graphs 
onsidered in this paper are simple. Let G = (V;E) be a graph with vertex setV and edge set E. For any v 2 V (G), we use dG(v); NG(v) to denote the degree and theneighbor set of v in G, respe
tively. The minimal degree of a vertex of G is denoted byÆ(G). We use Km for a 
omplete graph on m verti
es, Pt for a path of length t and W4for a graph obtained from a 4-
ir
uit by adding a new vertex x and edges joining x to allthe verti
es on the 
ir
uit. We 
all x the 
enter of this W4 and ea
h edge with x as oneend is 
alled a 
enter edge. Let D be an orientation of G. Then the set of all edges withtails (or heads) at a vertex v is denoted by E+(v) (or E�(v)). If an edge uv is orientedfrom u to v under D, then we say D(uv) = u ! v. The square of G, denoted by G2, isthe graph obtained from G by adding all the edges that join distan
e 2 verti
es in G. Werefer the reader to [1℄ for terminology not de�ned in this paper.De�nition 1.1 Let D be an orientation of G and f be a fun
tion: E(G) 7! Z. Then(1). The ordered pair (D; f) is 
alled a k-
ow of G if �k+1 � f(e) � k�1 for everyedge e 2 E(G) and Pe2E+(v) f(e) = Pe2E�(v) f(e) for every v 2 V (G).(2). The ordered pair (D; f) is 
alled a Modular k-
ow of G if for every v 2 V (G),Pe2E+(v) f(e) � Pe2E�(v) f(e) ( mod k).�Partially supported by the National Se
urity Agen
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The support of a k-
ow (Modular k-
ow) (D; f) of G is the set of edges of G withf(e) 6= 0 (f(e) 6� 0 (mod k)), and is denoted by supp(f). A k-
ow (D; f) (Modulark-
ow) of G is nowhere-zero if supp(f) = E(G).For 
onvenien
e, a nowhere-zero k-
ow is abbreviated as a k-NZF. The 
on
ept ofinteger-
ow was introdu
ed by Tutte([7, 8℄ also see [9, 4℄) as a re�nement and generaliza-tion of the fa
e-
oloring and edge-3-
oloring problems. One of the most well known openproblems in this subje
t is the following 
onje
ture due to Tutte:Conje
ture 1.2 (Tutte, unsolved problem 48 in [1℄) Every 4-edge-
onne
ted graph admitsa 3-NZF.Squares of graphs admitting 3-NZF's are to be 
hara
terized in this paper. The fol-lowing families of graphs are the ex
eptions in the main theorem.De�nition 1.3 T1;3 = fT j T is a tree and dT (v) = 1 or 3 for every v 2 V (T )gDe�nition 1.4 �T1;3 = fT j T 2 T1;3 or T is a 4-
ir
uit or T 
an be obtained from someT 0 2 T1;3 by adding some edges ea
h of whi
h joins a pair of distan
e 2 leaves of T 0gThe following is the main result of this paper.Theorem 1.5 Let G be a 
onne
ted simple graph. Then G2 admits a 3-NZF if and onlyif G =2 �T1;3.An immediate 
orollary of Theorem 1.5 is the following partial result to Tutte's 3-
ow
onje
ture (Conje
ture 1.2).Corollary 1.6 Let G be a graph. If Æ(G2) � 4 then G2 admits a 3-NZF.This resear
h is motivated by Conje
ture 1.2 and the following open problem:Conje
ture 1.7 (Zhang [11℄) If every edge of a 4-edge-
onne
ted graph G is 
ontainedin a 
ir
uit of length at most 3 or 4, then G admits a 3-NZF.Theorem 1.5 and the following early results are partial results of the open problemabove.Theorem 1.8 (Catlin [2℄) If every edge of a graph G is 
ontained in a 
ir
uit of lengthat most 4, then G admits a 4-NZF.Theorem 1.9 (Lai [5℄) Every 2-edge-
onne
ted, lo
ally 3-edge-
onne
ted graph admits a3-NZF.Theorem 1.10 (Imri
h and Skrekovski [3℄) Let G and H be two graphs. Then G � Hadmits a 3-NZF if both G and H are bipartite.the ele
troni
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2 Splitting operation, 
ow extension and lemmasDe�nition 2.1 (A spe
ial splitting operation) Let G be a graph and e = xy 2 E(G). Thegraph G�e is obtained from G by deleting the edge e and adding two new verti
es x0 andy0 and adding two new edges, ex and ey, joining x and y0, y and x0, respe
tively.De�nition 2.2 Let G be a graph, let (D; f) be a 3-
ow of G and let F � E(G)nsupp(f).A 3-
ow (D0; f 0) of G is 
alled an (F; f)-
hanger if F [ supp(f) � supp(f 0).Lemma 2.3 ([7℄) A graph G admits a k-
ow (D; f1) if and only if G admits a Modulark-
ow (D; f2) su
h that f1(e) � f2(e)( mod k) for ea
h e 2 E(G).An orientation of a graphG is 
alled a modular 3-orientation if jE+(v)j � jE�(v)j (mod 3),for every v 2 V (G). The following result appears in [4, 6, 9℄, but by Lemma 2.3, we 
anattribute it to Tutte.Lemma 2.4 ([7℄) Let G be a graph. Then G admits a 3-NZF if and only if G has amodular 3-orientation.A partial 3-orientation D of G is an orientation of some edges of G satisfyingjE+(v)j � jE�(v)j (mod 3), for any v 2 V (G). The support of D is the set of edgesoriented under D and is denoted by supp(D). Clearly the partial orientation obtained byreversing every oriented edge of a partial 3-orientation is also a partial 3-orientation.Let D be a partial 3-orientation of G and let C = v0v1 � � � vk�1v0 be a 
ir
uit of G. A
ir
uit-operation along C is de�ned as following: For 0 � i � k�1, if D(vivi+1) = vi !vi+1 (mod k), then reverse the dire
tion of this edge; if (vivi+1) (mod k) is not orientedunder D, then orient it as vi ! vi+1; if D(vivi+1) = vi+1 ! vi (mod k) then vivi+1 losesit's orientation.Lemma 2.5 Let G be a graph, (D; f) be a 3-
ow of G and H be a subgraph of G(1). If H �= W4 and e 2 E(H) n supp(f) is a 
enter edge, then an (feg; f)-
hangerexists.(2). If H is a 
ir
uit of length 3 with E(H)\ supp(f) = feg, then an (E(H)nfeg; f)-
hanger exists.Proof. (1). Sin
e H �= W4, let x be the 
enter of H and let u1u2u3u4u1 be the 4-
ir
uit H n x. Sin
e G has a 3-
ow (D; f), then G has a partial 3-orientation D� withsupp(D�) = supp(f). We need only to �nd a partial 3-orientationD0 su
h that supp(D�)[feg � supp(D0). Sin
e e is a 
enter edge, without loss of generality, assume that e = xu1.First we assume E(H)nfeg � supp(D�). Without loss of generality, assumeD�(u1u2) =u1 ! u2. Then D�(u2x) = x ! u2. Otherwise, we do a 
ir
uit-operation along u1u2xu1and then get a needed partial 3-orientation D0 of G. For the same reason, u4 must be thetail (or head) of both u1u4 and xu4. By symmetry, we 
onsider the following two 
ases.Case 1. D�(u1u4) = u1 ! u4 and D�(xu4) = x! u4.the ele
troni
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We may assume that u3 is the tail (or head) of all edges in
ident with it in H. Oth-erwise, there exists a dire
ted 2-path xu3ui (or uiu3x) for some i 2 f2; 4g. Then wedo 
ir
uit-operations along xu3uix (or uiu3xui) and along u1uixu1. Therefore, we get aneeded partial 3-orientation of D0 of G.If all edges in H have u3 as a tail, then we do 
ir
uit-operations along xu1u4x, alongu4xu3u4, along xu3u2x and along u2xu1u2; If all edges in H have u3 as a head, then wedo 
ir
uit-operations along u1u2u3xu1 and along u3xu4u3. In both 
ases, we get a neededpartial 3-orientation D0 of G.Case 2. D�(u1u4) = u4 ! u1 and D�(xu4) = u4 ! x.Similar to Case 1, we may assume u3 be the tail (or head) of all edges in
ident withit in H. If all edges in H have u3 as a tail, then we do 
ir
uit-operations along xu1u4x,along u3u4u1u2u3 and along u3xu2u3; If all edges in H have u3 as a head, then we do
ir
uit-operations along u1xu2u1, along u4u1u2u3u4 and along u4xu3u4. In both 
ases, weget a needed partial 3-orientation D0 of G.If supp(D�) misses some other edges of E(H), say e� = ab 2 E(H) n supp(D�), thenwe de�ne D�(ab) = a ! b or b ! a, by the proof of Case 1 and Case 2, we 
an �nd aneeded D0 of G.(2). it is trivial.Lemma 2.6 For ea
h G 2 �T1;3 and ea
h e0 2 E(G), the graph G2 admits a 3-
ow (D; f)su
h that supp(f) = E(G2) n fe0gProof. Indu
tion on jE(G)j. It is obviously true for graphs G with G2 = K4 (in
ludingG = C4, the 
ir
uit of length 4). So, assume that jV (G)j � 5 and let D be any �xedorientation of G2.Let e = xy with dG(x) = dG(y) = 3. Then G�e 
onsists of two 
omponents, say G1and G2. Clearly, G1; G2 2 �T1;3. Without loss of generality, let e0 2 E(G1). By indu
tion,G21 admits a 3-
ow (D; f1) su
h that supp(f1) = E(G21) n fe0g and G22 admits a 3-
ow(D; f2) that supp(f2) = E(G22) n feg.Then, identifying the split verti
es and edges, ba
k to G, (D; f1+f2) is a 3-
ow (D; f)with supp(f) = E(G2) n fe0g.Lemma 2.7 (1). Let G be a k-path with k � 2 or an m-
ir
uit with m = 3 or m � 5.Then G2 admits a 3-NZF.(2). Let G be a graph obtained from an r-
ir
uit x0x1 � � �xr�1x0 by atta
hing an edgexivi at ea
h xi for 0 � i � r � 1, where vi 6= vj if i 6= j. Then G2 admits a 3-NZF.(3). Let G be a graph obtained from an m-
ir
uit x0x1 � � �xm�1x0 by atta
hing an edgexm�1v at xm�1 alone, where m � 5. Then G2 admits a 3-NZF.Proof. (1). If G is an m-
ir
uit with m = 3 or m � 5, then G2 is a 
y
le (every vertexis of even degree) and G2 admits 2-NZF. If G is a k-path with k � 2, by indu
tion on kand using Lemma 2.5-(2), G2 admits a 3-NZF.(2). For r � 5 (or r = 3): let D be an orientation su
h that vi (0 � i � r � 1)is the tail of every edge of G2 in
ident with it and all the other edges are oriented asthe ele
troni
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xi ! xi+1; xi ! xi+2 (mod r) (or xi ! xi+1 (mod 3) only for r = 3). Obviously, D is amodular 3-orientation of G2.For r = 4: let D be the orientation su
h that v0 and v2 be the tail of every edge of G2in
ident with it, v1 and v3 be the head of every edge of G2 in
ident with it, x0x1x3x2x0as a dire
ted 
ir
uit and other edges are oriented as x3 ! x0, x1 ! x2. Obviously, D is amodular 3-orientation of G2.(3). Orient all the edges as xi ! xi+1; xi ! xi+2 (mod m) for 0 � i � m � 1 andlet v be the tail of every edge of G2 in
ident with it. Then reverse the dire
tion of thefollowing edges: x0xm�1; x0xm�2. Clearly, this orientation is a modular 3-orientation ofG2.3 Proof of the main theoremProof. =) By 
ontradi
tion. Suppose G 2 �T1;3. Let G be a 
ounterexample withjV (G)j+ jE(G)j as small as possible. Clearly jV (G)j � 5 and G 
ontains no 
ir
uits. SoG 2 T1;3. Let v 2 V (G) be a degree 3 vertex su
h that NG(v) = fv1; v2; v3g; dG(v1) =dG(v2) = 1. Clearly, G1 = G n fv1; v2g 2 T1;3. Sin
e G2 has a modular 3-orientation Dand both v1 and v2 are degree 3 verti
es in G2, then this orientation restri
ted to the edgeset of G21 will generate a modular 3-orientation of G21. Therefore, G21 admits a 3-NZF, a
ontradi
tion.(= Let G be a 
ounterexample to the theorem su
h that(i). jE(G)j � jV (G)j is as small as possible,(ii). subje
t to (i), jE(G)j is as small as possible.Note that jE(G)j � jV (G)j+ 1 is the rank of the 
y
le spa
e of G.Claim 1. Let e0 = xy 2 E(G). If dG(x) � 3 and dG(y) � 2, then xy is not a 
ut edgeof G.If e0 is a 
ut-edge, then at least one 
omponent of G�e0 is not in �T1;3, say, G1 is not,while G2 might be. By indu
tion, let (D; fi) be a 3-
ow of G2i for ea
h i = 1; 2 su
h thatf1 is nowhere-zero, f2 might miss only one edge ex (that is a 
opy of e0). Without loss ofgenerality, assume that f1(ey)+ f2(ex) 6� 0 (mod (3)). Then, identifying the split verti
esand edges, ba
k to G, (D; f1+f2) is a nowhere-zero Modular 3-
ow of G2. By Lemma 2.3,G2 admits a 3-NZF, a 
ontradi
tion.Claim 2. dG(x) � 3 for any x 2 V (G).Otherwise, assume that dG(x) � 4 for some vertex x 2 V (G). Clearly G 6�= K1;mfor m � 4 sin
e K1;m is not a 
ounterexample. So there exists e0 = xy 2 E(G) withdG(y) � 2. By Claim 1, e0 is not a 
ut edge of G and G1 = G�e0 =2 �T1;3. Then by (i), G21admits a 3-NZF.In G21, identify x and x0, y and y0, and use one edge to repla
e two parallel edges, byLemma 2.3, we will get G2 and a Modular 3-
ow (D; f) of G2 su
h that E(G2)nsupp(f) �fxv or yw j v 2 NG(y); w 2 NG(x)g. Let C(x) = G2[NG(x)[fxg℄. Then C(x) is a 
liqueof order at least 5. We are to adjust (D; f) so that the resulting Modular 3-
ow (D; f 0)the ele
troni
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of G2 misses only edges of fuv j u; v 2 V (C(x))g. For ea
h edge xv whi
h is missed bysupp(f) and xv 62 E(C(x)), xyvx must be a 
ir
uit of G2, so let (D; fxv) be a 3-
ow ofG2 with supp(fxv) = fxy; yv; xvg and fxv(yv) + f(yv) 6� 0 (mod 3). Now (D; f + fxv)is a Modular 3-
ow of G2 whose support 
ontains xv; yv, but may miss xy. Repeat thisadjustment and do the similar adjustment for the edges yw not in the support until weget a Modular 3-
ow (D; f 0) of G2 su
h that E(G2) n supp(f 0) � E(C(x)). Sin
e ea
hedge in C(x) is 
ontained in some K5 and thus is a 
enter edge in some W4, by Lemma 2.3and Lemma 2.5-(1), G2 admits a 3-NZF, a 
ontradi
tion.Claim 3. No degree 2 vertex is 
ontained in a 3-
ir
uit.By 
ontradi
tion. Assume xyzx is a 
ir
uit of G with dG(x) = 2. If dG(y) = 2, thenwe must have dG(z) = 3. Therefore G1 = G n fxyg =2 �T1;3 and G21 = G2, 
ontradi
ting(ii). So dG(y) = dG(z) = 3.Let NG(y) = fx; y0; zg and NG(z) = fx; y; z0g. Let G1 = G � fxg. Sin
e (NG(y) \NG(z)) n fxg = ; (otherwise, let G2 = G n fyzg, then G22 = G2, G2 =2 �T1;3, 
ontradi
ting(ii)) and dG1(y) = 2, then G1 62 �T1;3. So G21 admits a 3-NZF. Sin
e E(G2) n E(G21) =fxy; xy0; xz; xz0g, by Lemma 2.5-(2), G2 admits a 3-NZF, a 
ontradi
tion.Claim 4. No degree 2 vertex of G is 
ontained in a 4-
ir
uit.Assume C = xu1u2u3x is a 4-
ir
uit of G and dG(x) = 2. By Claim 3, u1u3 =2 E(G).Let u0i be the adja
ent vertex of ui whi
h is not in V (C) if dG(ui) = 3 for some i 2 f1; 2; 3g.Let G1 = G n fxg. We 
onsider the following 3 
ases.Case 1. dG(u1) = dG(u3) = 2.Then dG(u2) = 3 and dG(u02) � 2 (if dG(u02) = 1, it's easy to show G2 admits a 3-NZF).Clearly, u2u02 is a 
ut edge, 
ontradi
ting Claim 1.Case 2. Exa
tly one of u1; u3 has degree 3.Assume dG(u1) = 3 and dG(u3) = 2. Sin
e dG1(u1) = 2, if dG1(u01) = 2 then u01 is not
ontained in a 3-
ir
uit in G (by Claim 3), and so G1 =2 �T1;3. By indu
tion, G21 admits a3-NZF. Sin
e E(G2) n E(G21) = fxu01; xu1; xu2; xu3g and G2[V (C) [ fu01g℄ 
ontains a W4with x as its 
enter, by Lemma 2.5-(1), G2 admits a 3-NZF, a 
ontradi
tion.Case 3. dG(u1) = dG(u3) = 3.If u01 = u03, then u01u1u2u3 is a 3-path, otherwise u01u1u2u3u03 is 4-path. In both 
asesG21 admits a 3-NZF. Sin
e E(G2) n E(G21) = fxu01; xu1; xu2; xu3; xu03g and ea
h edge xuior xu0j is 
ontained in some W4 in G2 as a 
enter edge for 1 � i � 3 and j = 1; 3, byLemma 2.5-(1), G2 admits a 3-NZF. a 
ontradi
tion.Claim 5. For any v 2 V (G), dG(v) 6= 2.Otherwise, if there exists v 2 V (G) su
h that dG(v) = 2, then by Claim 3-4, v is not
ontained in any 
ir
uits of length 3 or 4. By Lemma 2.7-(1), G 
annot be a k-path withk � 2 or an m-
ir
uit with m = 3 or m � 5. Let us 
onsider the following 
ases.Case 1. There exists a path Pm = v1v2 � � � vm su
h that m � 3; v = vt for some2 � t � m� 1, dG(vk) = 2 for 2 � k � m� 1 and dG(v1) 6= 2; dG(vm) 6= 2.Clearly, at least one of v1; vm has degree 3. If dG(vi) = 3 for i = 1, or m, letNG(vi) n V (Pm) = fv0i; v00i g. Clearly, G1 = G n fv2; v3; : : : ; vm�1g =2 �T1;3 (be
ause bythe ele
troni
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Claim 3, degree 2 verti
es are not 
ontained in any 3-
ir
uits of G). By Claim 1, G1is 
onne
ted. So G21 admits a 3-NZF (D; f1). By Lemma 2.7-(1), P 2m admits a 3-NZF(D; f2). Then G2 admits a 3-
ow (D; f) with supp(f) = supp(f1) [ supp(f2). By Claim3-4, E(G2) n supp(f) = fv2v01; v2v001 ; vm�1v0m; vm�1v00mg, then by Lemma 2.5-(2), G2 admitsa 3-NZF, a 
ontradi
tion.Case 2. There exists a m-
ir
uit C = v1v2 � � � vmv1 with m � 5, dG(vi) = 2 for1 � i � m� 1, dG(vm) = 3 and v = vt for some 1 � t � m� 1.Suppose that v0 2 NG(vm) nV (C). By Claim 1, dG(v0) = 1. So by Lemma 2.7-(3), G2admits a 3-NZF, a 
ontradi
tion.Claim 6. Let e = xy 2 E(G) with dG(x) = dG(y) = 3. Then e is 
ontained in a 
ir
uitof length 3 or 4.By 
ontradi
tion. Let G1 be the graph obtained from G by deleting the edge e andadding a new vertex y0 and a new edge xy0. Sin
e G 
ontains no degree 2 verti
es anddG1(y) = 2, then G1 =2 �T1;3. By Claim 1, e is not a 
ut edge of G, then by (i), G21 admits a3-NZF (D; f1). Identify y and y0, the resulting 3-
ow (D; f2) in G2 misses only two edgesy1x and y2x where N(y) = fy1; y2; xg (sin
e xy is not 
ontained a 
ir
uit of length 3 or4). By Lemma 2.5-(2), G2 admits a 3-NZF, a 
ontradi
tion.Claim 7. For ea
h x 2 V (G) with dG(x) = 3, jNG(x) \ V3j � 2, where V3 is the set ofall the degree 3 verti
es of G.By 
ontradi
tion. Assume that U = fu1; u2; u3g = NG(x)\ V3. Let G1 = G n fxg. ByClaim 1, G1 is 
onne
ted. Sin
e G 
ontains no degree 2 verti
es, G1 =2 �T1;3 and G21 admitsa 3-NZF (D; f). By Claim 6, ea
h xui (1 � i � 3) is 
ontained a 
ir
uit of length at most4. We 
onsider the following 3 
ases.Case 1. G[U ℄ 
ontains at least 2 edges.Suppose that u1u2; u2u3 2 E(G). Let u0i 2 NG(ui) n U for i = 1; 3. If u01 = u03, thenG2[U [ fu01; xg℄ �= K5, by Lemma 2.5-(1), we 
an get a 3-NZF of G2, a 
ontradi
tion. Ifu01 6= u03, then G[u01u1u2u3u03℄ is a 4-path, by Lemma 2.5-(1) (similar to Case 3 of Claim4), we 
an get a 3-NZF of G2, a 
ontradi
tion.Case 2. G[U ℄ 
ontains exa
tly 1 edge.Assume that u1u2 2 E(G). By Claim 6, ea
h edge xui (i = 1; 2; 3) is 
ontained ina 
ir
uit of length 3 or 4. So we may assume z 2 (NG(u2) \ NG(u3)) n fxg. Clearly,G� = G2[U [ fx; zg℄ �= K5. Let u0i 2 NG(ui) n (U [ fzg) for i = 1; 3. Clearly, E(G2) nsupp(f) � E(G�) [ fxu01; xu03g. Sin
e xuju0jx(j = 1; 3) is a 
ir
uit of G2, we 
an get a3-
ow (D; f1) su
h that E(G2) n supp(f1) � E(G�). By Lemma 2.5-(1), we 
an get a3-NZF of G2, a 
ontradi
tion.Case 3. G[U ℄ 
ontains no edges.Assume that z1 2 (NG(u1) \ NG(u2)) n fxg and z2 2 (NG(u1) \ NG(u3)) n fxg. LetG2 = G n fxu1g, then G2 =2 �T1;3 and G22 admits a 3-NZF (D; f1). Clearly, E(G2) nsupp(f1) = fxu1g. Sin
e xu1 is 
ontained in aW4 whi
h is 
ontained in the graph indu
edby fu1; z1; u2; u3; xg in G2 with x as 
enter, by Lemma 2.5-(1), we 
an get a 3-NZF of G2,a 
ontradi
tion.the ele
troni
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Final Step. By Claim 2, Claim 5 and Claim 7, all verti
es of G have degree 1 or 3 andea
h degree 3 vertex is adja
ent to at most 2 degree 3 verti
es. So G[V3℄ is a path or a
ir
uit, hen
e G must be a graph obtained from an r-
ir
uit x0x1 � � �xr�1x0 by atta
hingan edge xivi at ea
h xi for 0 � i � r � 1, where vi 6= vj if i 6= j, or a path x0x1 � � �xpby atta
hing an edge vixi (1 � i � p� 1) at ea
h xi, where vi 6= vj if i 6= j. Clearly thelatter 
ase is a graph in �T1;3. By Lemma 2.7-(2), G2 admits a 3-NZF, a 
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