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Abstra
tWe 
onsider a model of Internet 
ongestion 
ontrol, that representsthe randomly varying number of 
ows present in a network where band-width is shared fairly between do
ument transfers. We study 
riti
al
uid models, obtained as formal limits under law of large numberss
alings when the average load on at least one resour
e is equal to its
apa
ity. We establish 
onvergen
e to equilibria for 
uid models, andidentify the invariant manifold. The form of the invariant manifoldgives insight into the phenomenon of entrainment, whereby 
ongestionat some resour
es may prevent other resour
es from working at theirfull 
apa
ity.Short Title: Fluid Model for Bandwidth Sharing.Keywords and Phrases: Bandwidth sharing, �-fair, 
ow level Internetmodel, 
uid model, workload, Lyapunov fun
tion, invariant manifold, si-multaneous resour
e possession, Lagrange multipliers, Brownian model, re-
e
ted Brownian motion.AMS Subje
t Classi�
ation (2000): 60K30, 90B15.
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1 Introdu
tionRoberts and Massouli�e [19℄ have introdu
ed and studied a 
ow-level model ofInternet 
ongestion 
ontrol, that represents the randomly varying number of
ows present in a network where bandwidth is dynami
ally shared between
ows that 
orrespond to 
ontinuous transfers of individual do
uments. Thismodel assumes a \separation of time s
ales" su
h that the time s
ale of the
ow dynami
s (i.e., of do
ument arrivals and departures) is mu
h longer thanthe time s
ale of the pa
ket level dynami
s on whi
h rate 
ontrol s
hemessu
h as TCP 
onverge to equilibrium.Subsequent to the work of Roberts and Massouli�e, assuming exponen-tially distributed do
ument sizes, de Ve
iana, Lee and Konstantopoulos [9℄and Bonald and Massouli�e [2℄ studied the stability of the 
ow-level model op-erating under various bandwidth sharing poli
ies, where a bandwidth shar-ing poli
y 
orresponds to a generalization of the notion of a pro
essor sharingdis
ipline from a single resour
e to a network with several shared resour
es.Lyapunov fun
tions 
onstru
ted in [9℄ for weighted max-min fair and propor-tionally fair poli
ies, and in [2℄ for weighted �-fair poli
ies (� 2 (0;1)) [17℄,imply positive re
urren
e of the Markov 
hain asso
iated with the modelwhen the average load on ea
h resour
e is less than its 
apa
ity.As a me
hanism for performan
e analysis, we propose to use 
riti
al
uid models and related Brownian models to explore the behavior of 
ow-level models operating under weighted �-fair bandwidth sharing poli
iesin heavy traÆ
. We are parti
ularly interested in manifestations of thephenomenon of entrainment, whereby 
ongestion at some resour
es mayprevent other resour
es from working at their full 
apa
ity. As a �rst step inthis exploration, in this paper we 
onsider 
riti
al 
uid models, obtained asformal limits under law of large numbers s
aling, from the 
ow-level modelswith exponentially distributed do
ument sizes and operating under weighted�-fair bandwidth sharing poli
ies. The term 
riti
al refers to the fa
t thatthe nominal (or average) load on at least one resour
e is equal to its 
apa
ity,and for the other resour
es their nominal loads do not ex
eed their 
apa
ities,
f. (11){(12). We identify the invariant states for the 
riti
al 
uid modelsand we study the 
onvergen
e to equilibria of 
riti
al 
uid model solutionsas time goes to in�nity. Extrapolating from results for open multi
lassqueueing networks, we 
onje
ture that su
h behavior is key to establishingheavy traÆ
 di�usion approximations (also 
alled Brownian models) forthese 
ow-level models. We indi
ate the natural di�usion approximationssuggested by our 
uid model results.There are several motivations for our work. One sour
e of motivation lies3



in �xed point approximations of network performan
e for TCP networks (
f.[7, 12, 20℄). These approximations require, as input, information on the jointdistribution of the numbers of 
ows present on di�erent routes, where depen-den
ies between these numbers may be indu
ed by the bandwidth sharingme
hanism. Similarly, an understanding of su
h joint distributions seemsimportant if the performan
e models for a single bottlene
k des
ribed byBen Fredj et al. [1℄ are to be generalized to a network. Another motivationis that the 
ow-level model typi
ally involves the simultaneous use of severalresour
es. With exponential do
ument sizes, this model 
an be equated (indistribution) with a sto
hasti
 pro
essing network (SPN) as introdu
ed byHarrison [13, 14℄. Open multi
lass queueing networks are a spe
ial 
ase ofSPNs without simultaneous resour
e possession. For su
h networks oper-ating under a head-of-the-line servi
e dis
ipline, it has been shown [5, 21℄that suitable asymptoti
 behavior of 
riti
al 
uid models implies a property
alled state spa
e 
ollapse, whi
h validates the use of Brownian model ap-proximations for these networks in heavy traÆ
. For more general SPNs,investigation of the behavior of 
riti
al 
uid models, of a related notion ofstate spa
e 
ollapse, and of the impli
ations for di�usion approximations, arein the early stages of development. The analysis in this paper 
an be viewedas a 
ontribution to su
h an investigation for models involving simultaneousresour
e possession. Finally, although we restri
t to exponential do
umentsizes in this paper, we would like to relax that assumption in future work.Although this involves a signi�
antly more elaborate sto
hasti
 model tokeep tra
k of residual do
ument sizes (be
ause of the pro
essor sharing na-ture of the bandwidth sharing poli
y), knowing the results for exponentialdo
ument sizes is likely to be useful for su
h work.In order to state our results for the 
uid model and 
onje
tures fordi�usion approximations, we need �rst to de�ne the network stru
ture, theweighted �-fair bandwidth sharing poli
y, and the sto
hasti
 model. This isdone in Se
tions 2{4 below. The notion of a 
uid model solution is de�ned inSe
tion 5 and we state our main results there. The proofs of these results aregiven in Se
tion 6. Appendix A develops some properties of the fun
tion thatde�nes bandwidth allo
ations, and Appendix B shows that our de�nition ofa 
uid model solution is reasonable in that 
uid model solutions 
an beobtained as limit points of the sto
hasti
 model under 
uid (or law of largenumbers) s
aling.Notation. For ea
h positive integer d � 1, Rd will denote d-dimensionalEu
lidean spa
e and the positive orthant in this spa
e will be denoted byRd+ = fx 2 Rd : xi � 0 for i = 1; : : : ; dg. The Eu
lidean norm of x 2 Rd willbe denoted by kxk. Inequalities between ve
tors in Rd will be interpreted4




omponentwise, i.e., for x; y 2 Rd , x � y is equivalent to xi � yi for i =1; : : : ; d. Given a ve
tor x 2 Rd , the d� d diagonal matrix with the entriesof x on its diagonal will be denoted by diag(x). For positive integers d1 andd2, the norm of a d1 � d2 matrix A will be given bykAk = 0� d1Xi=1 d2Xj=1A2ij1A 12 :The set of non-negative integers will be denoted by Z+ and the set of pointsin Rd+ with all integer 
oordinates will be denoted by Zd+. A sum over anempty set of indi
es will be taken to have a value of zero. The 
ardinalityof a �nite set S will be denoted by jSj.2 Network Stru
tureWe 
onsider a network with �nitely many resour
es labelled by j 2 J . Aroute i is a non-empty subset of J (interpreted as the set of resour
es usedby route i). We are given a set I of allowed routes. We assume that J and Iare both non-empty and �nite. Let J = jJ j, the total number of resour
es,and I = jIj, the total number of routes. Let A be the J�I matrix 
ontainingonly zeros and ones, de�ned su
h that Aji = 1 if resour
e j is used by routei, and Aji = 0 otherwise. Our assumption that ea
h route i identi�es anon-empty subset of J implies that no 
olumn of A is identi
ally zero. Weassume that A has rank J, so that it has full row rank. We further assumethat 
apa
ities (Cj : j 2 J ) are given and that these are all stri
tly positiveand �nite.3 Bandwidth Sharing Poli
yBandwidth is allo
ated dynami
ally to the routes a

ording to the followingbandwidth sharing poli
y, whi
h was �rst introdu
ed by Mo and Walrand[17℄. (To see how this �ts into a sto
hasti
 model for the network dynami
s,see Se
tion 4.)Given a �xed parameter � 2 (0;1) and stri
tly positive weights (�i :i 2 I), if Ni(t) denotes the (random) number of 
ows on route i at time tfor ea
h i 2 I and N(t) = (Ni(t) : i 2 I), then the bandwidth allo
ated toroute i at time t is given by �i(N(t)) and this bandwidth is shared equallyamongst all of the 
ows on route i. The fun
tion �(�) = (�i(�) : i 2 I)is de�ned as follows (we de�ne it on all of RI+ as we shall later apply it5



to 
uid analogues of N .) Let � : RI+ ! RI+ be de�ned su
h that forea
h n 2 RI+ , �i(n) = 0 for i 2 I0(n) � fl 2 I : nl = 0g, and whenI+(n) � fl 2 I : nl > 0g is non-empty, �+(n) � (�i(n) : i 2 I+(n)) is theunique value of �+ = (�i : i 2 I+(n)) that solves the optimization problem:maximize Gn(�+) (1)subje
t to Xi2I+(n)Aji�i � Cj ; j 2 J ; (2)over �i � 0; i 2 I+(n); (3)where for n 2 RI+ n f0g and �+ = (�i : i 2 I+(n)) 2 RjI+ (n)j+ ,Gn(�+) = 8<: Pi2I+(n) �in�i �1��i1�� ; if � 2 (0;1) n f1g;Pi2I+(n)�ini log �i if � = 1; (4)and the value of the right member above is taken to be �1 if � 2 [1;1)and �i = 0 for some i 2 I+(n). The resulting allo
ation is 
alled a weighted�-fair allo
ation.Various properties of the mapping � : RI+ ! RI+ are developed in Ap-pendix A of this paper. In parti
ular, for ea
h n 2 RI+ ,(i) �i(n) > 0 for ea
h i 2 I+(n),(ii) �(rn) = �(n) for ea
h r > 0,(iii) �i(�) is 
ontinuous at n for ea
h i 2 I+(n), and(iv) there is p 2 RJ+ (not ne
essarily unique and depending on n) su
h that�i(n) = ni �iPj2J pjAji!1=� ; for ea
h i 2 I+(n); (5)where pj  Cj �Xi2I Aji�i(n)! = 0 for all j 2 J : (6)The (pj : j 2 J ) are Lagrange multipliers for the optimization problem(1){(3), one for ea
h of the 
apa
ity 
onstraints (2). (Note that for ea
hi 2 I+(n), sin
e �i(n) > 0 (by (i)) and ni > 0 (by de�nition), the fa
t that6



the representation (5) holds implies that p is su
h that the denominator inthe right member of (5) does not vanish.)When �i = 1; i 2 I, the 
ases � ! 0, � ! 1 and � ! 1 
orrespondrespe
tively to an allo
ation whi
h a
hieves maximum throughput, is propor-tionally fair or is max-min fair [2, 17℄. Weighted �-fair allo
ations providea tra
table theoreti
al abstra
tion of de
entralized pa
ket-based 
ongestion
ontrol algorithms su
h as TCP, the transmission 
ontrol proto
ol of theInternet. Indeed, if � = 2 and �i is the re
ipro
al of the square of theround trip time on route i, then the formula (5) is a version of the inversesquare root law familiar from studies of the throughput of TCP 
onne
tions[11, 16, 18℄. The relations (2){(3), (5){(6), and more re�ned versions of theserelations, 
an be solved by iterative methods to give predi
tions of through-put, given the numbers of 
ows N(t) present at time t [7, 12, 20℄. Givena distribution for N(t), the overall network performan
e 
an be predi
ted.But a major diÆ
ulty with this approa
h is the 
hoi
e of the distribution forN(t). For example, if 
ows arrive on di�erent routes as independent Poissonpro
esses, and if 
ows on a route remain in the system for independent andidenti
ally distributed holding periods, then the stationary distribution ofthe pro
ess N is easy to des
ribe: the 
omponents are independent, ea
hwith a Poisson distribution, whatever the distribution of holding periods.This model is indeed used in [12℄, and might be appropriate for real-time
ows whose time in the system is una�e
ted by their allo
ated bandwidth.But for many 
ows, for example do
ument transfers, their length of time inthe system is a�e
ted by their allo
ated bandwidth, and this may produ
e
orrelations between the 
omponents of N(t) whi
h need to be understood.Roberts and Massouli�e [19℄ have begun the study of a sto
hasti
 model that
aptures this e�e
t.4 Sto
hasti
 ModelAn a
tive 
ow on route i 
orresponds to the 
ontinuous transmission of ado
ument through the resour
es used by route i. Transmission is assumedto o

ur simultaneously through all resour
es on route i. The number ofa
tive 
ows on route i at time t is denoted by Ni(t). The sto
hasti
 pro
essN = f(N1(t); : : : ; NI(t)); t � 0g is assumed to be a Markov pro
ess with
7



state spa
e ZI+ and in�nitesimal transition rates q : ZI+� ZI+! R given byq(n;m) = �i; if m = n+ ei; (7)q(n;m) = �i�i(n); if m = n� ei; ni � 1; (8)q(n;m) = 0; otherwise; (9)for ea
h n;m 2 RI+ , i 2 I, where, for ea
h i, �i > 0 and �i > 0 are �xed
onstants, and ei is the I-dimensional unit ve
tor whose ith 
omponent is 1and whose other 
omponents are all zero.This 
orresponds to a model where new 
ows arrive on route i a

ordingto a Poisson pro
ess of rate �i; for i su
h that Ni(t) 6= 0, �i(N(t))=Ni(t)is the bandwidth allo
ated to ea
h a
tive 
ow on route i at time t; and a
ow on route i transfers a do
ument whose size is exponentially distributedwith parameter �i. This is the model of Roberts and Massouli�e [19℄ withexponential do
ument sizes.From the results of de Ve
iana, Lee and Konstantopoulos [9℄ and Bonaldand Massouli�e [2℄, we know that the Markov 
hain N is positive re
urrent ifXi2I Aji�i < Cj ; j 2 J ; (10)where �i = �i=�i for all i 2 I. These are natural 
onstraints: �i is theaverage load produ
ed by route i, and we 
an identify the ratio of the twosides of the inequality (10) as the traÆ
 intensity at resour
e j. Indeed,
ondition (10) is ne
essary for positive re
urren
e of N . For a proof, supposethat N is positive re
urrent and �x j 2 J . The virtual waiting time Vj(t) forresour
e j at time t is the amount of time, measured from time t onwards,that it would take to 
omplete the transfer of all of the do
uments thatare being transmitted through resour
e j at time t, assuming that externalarrivals are turned o� after time t, i.e., no new do
uments are a

eptedfor transmission after time t, and that all other resour
es are given in�nite
apa
ity, i.e., Ck = +1 for all k 6= j, after time t. The virtual waitingtime thus measures the time it would take for resour
e j to be
ome idle ifthere were no more arrivals after time t and if resour
e j 
ould work at full
apa
ity from time t. Suppose that the network starts empty. The positivere
urren
e of N implies that the mean time for the virtual waiting timepro
ess Vj to return to zero (after �rst moving away from zero) is �nite.Consider another network with the same features as the original one, ex
eptthat Ck = +1 for all k 6= j. Let ~Vj denote the virtual waiting time pro
essfor resour
e j in this network. When the same arrival and do
ument sizepro
esses are used for the two networks, ~Vj(t) � Vj(t) for all t. In parti
ular,8



the mean time for ~Vj to return to zero must be �nite. Now, ~Vj is equivalent indistribution to the virtual waiting time pro
ess for a multi
lass single serverqueueing system operating under a work 
onserving servi
e dis
ipline. Thissystem has one queue for ea
h i su
h that Aji = 1. The queue asso
iatedwith su
h an i has an in�nite 
apa
ity bu�er, Poisson arrivals at rate �i,i.i.d. exponential servi
e times with a mean of 1=�i, and the server serves ata maximum rate of Cj . The virtual waiting time pro
ess for this queueingsystem is the same for all work 
onserving servi
e dis
iplines and it is wellknown that the mean time for this pro
ess to return to zero is �nite if andonly if Pi2I Aji�i < Cj. Sin
e j was arbitrary, it follows that (10) musthold.It is an open question whether, in the generalization of the above modelto allow arbitrarily (rather than exponentially) distributed do
ument sizes,the 
ondition (10) is suÆ
ient for stability.5 Main ResultsOur aim in this paper is to begin to explore the behavior of the Markov
hain fN(t); t � 0g whenXi2I Aji�i � Cj ; j 2 J ; (11)and some of the 
onstraints are saturated, i.e., some of the resour
es are inheavy traÆ
. Thus, we hen
eforth assume that (11) holds and thatJ� � (j 2 J :Xi2I Aji�i = Cj) 6= ;: (12)Let J� = jJ�j and without loss of generality assume that the �rst jJ�j ele-ments of J 
orrespond to the set J�.Here, we fo
us on understanding the behavior of 
uid model solutions,whi
h 
an be thought of as formal limits of the sto
hasti
 pro
ess N underlaw of large numbers s
aling. The following notions are used in the de�nitionbelow. A fun
tion f = (f1; : : : ; fI) : [0;1)! RI+ is absolutely 
ontinuous ifea
h of its 
omponents fi : [0;1)! R+ , i = 1; : : : ; I, is absolutely 
ontinu-ous. A regular point for an absolutely 
ontinuous fun
tion f : [0;1) ! RI+is a value of t 2 [0;1) at whi
h ea
h 
omponent of f is di�erentiable. (Sin
ef is absolutely 
ontinuous, almost every time t 2 [0;1) is a regular pointfor f .) 9



De�nition 5.1 A 
uid model solution is an absolutely 
ontinuous fun
tionn : [0;1)! RI+ su
h that at ea
h regular point t for n(�), we have for ea
hi 2 I, ddt ni(t) = � �i � �i�i(n(t)); if ni(t) > 0;0; if ni(t) = 0; (13)and for ea
h j 2 J ,Xi2I+(n(t))Aji�i(n(t)) + Xi2I0(n(t))Aji�i � Cj; (14)where I+(n(t)) = fi 2 I : ni(t) > 0g and I0(n(t)) = fi 2 I : ni(t) = 0g.Motivation for this de�nition is given in Appendix B through a 
uid limitresult. For the moment, we observe that if ni(t) > 0, then the right handside of (13) is the in�nitesimal drift of Ni(t) when Ni(t) > 0 (
f. (7){(8)).On the other hand, if ni(t) = 0 and t is a regular point for n(�), then thederivative of ni(�) at t is for
ed to be zero sin
e ni(s) � 0 for all s � 0 |to see this, 
onsider the left and right hand derivatives of ni(�) at t. Thisproperty may seem 
ounterintuitive, however, this phenomenon is 
ommonin 
uid models for queueing systems. It re
e
ts the fa
t that a 
uid modelsolution is obtained as a (formal) law of large numbers limit from the originalsto
hasti
 model, and 
onsequently a 
uid model solution state n 2 RI+ forwhi
h ni = 0 
an be the limit of res
aled states in the sto
hasti
 modelwhere the ith 
omponent is at or near zero. The inequality (14) is derivedfrom the fa
t that, in the sto
hasti
 model, the 
umulative unused 
apa
ityfor ea
h resour
e is a non-de
reasing pro
ess. As in the derivation of thedi�erential equation (13), some 
are is needed here in treating routes i forwhi
h ni(t) = 0. One might paraphrase (14) as saying that the total 
uidmodel bandwidth allo
ation for ea
h resour
e 
annot ex
eed its 
apa
ity,where the allo
ation to any route i satisfying ni(t) = 0 is �i at time t. Fora more detailed justi�
ation, we refer the reader to Theorem B.1 and itsproof.Following Bramson [5℄, we now de�ne an invariant manifold for 
uidmodel solutions.De�nition 5.2 A state n0 2 RI+ is 
alled invariant if there is a 
uid modelsolution n(�) su
h that n(t) = n0 for all t � 0. Let M� denote the set of allinvariant states. We 
all M� the invariant manifold.The following is a simple 
hara
terization of M�.10



Lemma 5.1 The set of invariant states, M�, is given byfn 2 RI+ : �i(n) = �i for all i 2 I+(n)g: (15)Proof. Let N� denote the set in (15). Note thatM� and N� are non-emptysin
e they both 
ontain the origin in RI+ .To show that M� � N�, suppose that n0 2 M�. If n0 = 0, then itfollows trivially that n0 2 N�. If n0 6= 0, then there is a 
uid model solutionn(�) satisfying n(t) = n0 for all t � 0 and so it follows from (13) that�i(n0) = �i for all i 2 I+(n0): (16)Conversely, to show that N� � M�, suppose that n0 2 N�. Then, by(11), n(t) = n0 for all t � 0 satis�es (13){(14) for all t and all i 2 I; j 2 J ,and so n(�) is a valid 
uid model solution. Hen
e n0 is in M�. �The following alternative 
hara
terization of the invariant states will alsobe used. It is proved in Se
tion 6.Theorem 5.1 A state n 2 RI+ is an invariant state if and only if there isq 2 RJ�+ su
h thatni = �i�Pj2J� qjAji�i �1=� for all i 2 I: (17)Remark 5.1 In fa
t, as examination of the proof of the above theorem re-veals, for an invariant state n, there is a one-to-one 
orresponden
e betweenthe ve
tors q appearing in the above representation of n and the Lagrangemultipliers p appearing in the 
hara
terization of �+(n) given in Lemma A.4(see also (5){(6)). This 
orresponden
e is obtained by taking the entries ofq to be given by the entries of p with indi
es j 2 J� and noting that the otherentries in p are ne
essarily zero.For ea
h n 2 RI+ , we de�ne the distan
e of n from M� asd(M�; n) = inffkv � nk : v 2M�g: (18)The following theorem shows that, starting in any 
ompa
t set, 
uid modelsolutions 
onverge uniformly towards the invariant manifold. This theoremis proved in Se
tion 6.Theorem 5.2 Fix R 2 (0;1) and � > 0. There is a 
onstant TR;� < 1su
h that for ea
h 
uid model solution n(�) satisfying kn(0)k � R we haved(M�; n(t)) < � for all t > TR;�: (19)11



In the 
ourse of proving Theorem 5.2, in Se
tion 6, we prove the following(see Theorem 5.3) alternative 
hara
terization of invariant states. For this,de�ne w(n) = (wj(n) : j 2 J�) for n 2 RI+ to be given bywj(n) =Xi2I Ajini�i ; j 2 J�: (20)We 
all w(n) the workload asso
iated with n. LetF (n) = 1�+ 1Xi2I �i�i���1i �ni�i��+1 for all n 2 RI+ : (21)This fun
tion F was used in [2℄ as a Lyapunov fun
tion to show positivere
urren
e of N under the 
onditions (10). An intuitive interpretation ofthe fun
tion F is as follows. If the the number of 
ows on ea
h route is �xedand given by the 
omponents of n 2 RI+ , then, by Little's law, ni=�i is themean time that a 
ow on route i spends in the system, and the time a 
owon route i spends in the system is exponentially distributed with mean ni=�i.The (�+1)th moment of this random variable is �(�+2)(ni=�i)�+1, where�(�) is the usual Gamma fun
tion. Thus, given n, F (n) 
an be interpretedas a weighted sum over the routes, where for route i, the summand is theweight �i�i���1i =(� + 1)�(�+ 2) times the (�+1)th moment of the amountof time spent in the system by a 
ow on that route.For w 2 RJ�+ , de�ne �(w) to be the unique value of n 2 RI+ that solvesthe following optimization problem:minimize F (n)subje
t to Xi2I Ajini�i � wj; j 2 J�;over ni � 0; i 2 I: (22)Remark 5.2 Sin
e A has full row rank and its only entries are zeros andones, for ea
h w 2 RJ�+ , the feasible set of the optimization problem (22)is non-empty, and then sin
e F is non-negative on RI+ and F (n) ! 1 asknk ! 1, (22) has an optimal solution. By the stri
t 
onvexity of F , thissolution is unique.Theorem 5.3 A ve
tor n 2 RI+ is an invariant state if and only if n =�(w(n)).The map � : RJ�+ ! RI+ plays an analogous role for the 
ow-level modelof [19℄ to the lifting maps o

uring in Bramson's work [3, 4℄ on the asymp-toti
 behavior of 
uid models asso
iated with multi
lass queueing networks12



operating under 
ertain head-of-the-line servi
e dis
iplines. It is natural to
onje
ture that one might prove a state spa
e 
ollapse theorem for the 
ow-level model in an analogous manner to that in Bramson [5℄, and extend thedi�usion approximation results developed for multi
lass queueing networksin Williams [21℄, to prove a di�usion approximation for the 
ow-level model.This suggests that, under suitable res
aling and initial 
onditions, a di�usionapproximation for the J�-dimensional workload pro
essW = fW (t) : t � 0gde�ned by Wj(t) =Xi2I AjiNi(t)�i ; j 2 J�; (23)is likely to be a re
e
ting Brownian motion ~W living in the workload 
oneW� = A�M�1M�; (24)whereM = diag(�), A� is the J�� I matrix obtained from A by eliminatingthose rows of A that are not indexed by elements of J�, andM� = 8<:n 2 RI+ : ni = �i�Pj2J� qjAji�i � 1� ; i 2 I; for some q 2 RJ�+ 9=; :(25)Here the dire
tion of re
e
tion on the boundary surfa
e 
orresponding toqj = 0 is the unit ve
tor pointing in the dire
tion of the positive jth 
oordi-nate axis. Furthermore, state spa
e 
ollapse should yield an approximation~N for N , under di�usion s
aling, where ~N = �( ~W ). This 
onje
ture will bepursued in a subsequent work.To illustrate the 
onje
ture, we 
onsider the following simple example.Suppose that J = f1; 2g and I = ff1g; f2g; f1; 2gg, 
orresponding to alinear network with two resour
es and three routes. Let � 2 (0;1), �i =�i = 1; for i = 1; 2; 3, Cj = 1 for j = 1; 2, and �1 + �3 = �2 + �3 = 1. Thenthe state spa
e for the di�usion ~W is the 
oneW� = f(w1; w2) : w1 = �1q 1�1 + �3(q1 + q2) 1� ; w2 = �2q 1�2 + �3(q1 + q2) 1� ;for some q1 � 0; q2 � 0g;whi
h for all � 2 (0;1) is the same as the 
onef(w1; w2) : w1 � 0; w1�3 � w2 � w1��13 gpi
tured in Figure 1. Re
e
tion o

urs in the horizontal dire
tion (
orre-sponding to resour
e 1 in
urring idleness) on the bounding fa
e w1 = w2�3.13
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Figure 1: The workload 
one W� for a network with two resour
es, withworkloads labelled w1; w2, and three routes, with traÆ
 loads labelled�1; �2; �3. Under the lifting map �, points (w1; w2) on the boundaryw1 = w2�3 are mapped to points (n1; n2; n3) where n1 = 0 (and the 
orre-sponding q 2 R2+ has q1 = 0); similarly, points (w1; w2) on the boundaryw2 = w1�3 are mapped to points (n1; n2; n3) where n2 = 0 (and the 
orre-sponding q 2 R2+ has q2 = 0).The interpretation of this is that although there is work for resour
e 1 withinthe system, 
ongestion at resour
e 2 is preventing resour
e 1 from workingat its full 
apa
ity. Similarly, verti
al re
e
tion (
orresponding to resour
e2 in
urring idleness) on the bounding fa
e w2 = w1�3 is interpreted to meanthat 
ongestion at resour
e 1 is preventing resour
e 2 from working at itsfull 
apa
ity. Although the workload 
one is the same for all � 2 (0;1)in this example, this will not be the 
ase in general for higher dimensionalworkloads.
14



6 Proofs: Chara
terization of Invariant States andConvergen
e to the Invariant ManifoldProof of Theorem 5.1. It follows from Lemma 5.1, and the 
hara
teri-zation of �+(n) in terms of Lagrange multipliers given in Lemma A.4, thatn 2M� if and only if there is p 2 RJ+ su
h thatni = �i�Pj2J pjAji�i �1=� for all i 2 I+(n); (26)and for all j 2 J , pj0�Cj � Xi2I+(n)Aji�i1A = 0: (27)Note that for j 2 J n J�, Pi2I Aji�i < Cj and so (27) holds for su
h a j ifand only if pj = 0. It follows that we 
an repla
e J by J� and J by J� inthe above 
hara
terization of invariant states. The 
hara
terization given inthe theorem 
an now be dedu
ed as follows.First, 
onsider an invariant state n and i 2 I n I+(n). Then ni = 0 andfor any j 2 J� su
h that Aji > 0, we haveXl2I+(n)Ajl�l <Xl2I Ajl�l = Cj ; (28)and so by (27), we must have pj = 0. On 
ombining the above, we see thatni = �i�Pj2J� pjAji�i �1=� for all i 2 I: (29)Thus, any invariant state has the form given in (17) with qj = pj for j 2 J�.Conversely, suppose that n is of the form given in (17) for some q 2 RJ�+ .Set pj = 0 for j 2 J n J� and pj = qj for j 2 J�. Then, (26) holdsimmediately with J� in pla
e of J , and so it suÆ
es to show that p and nsatisfy the 
omplementarity 
ondition (27) for ea
h j 2 J�. The only waythat this 
an fail to hold is if there is j 2 J� and i 2 I su
h that qj > 0,Aji > 0 and ni = 0. But, by the representation (17), ni = 0 implies thatqj = 0 for all j 2 J� satisfying Aji > 0. Thus, (27) must hold for all j 2 J�.� We need some preliminary lemmas before we 
an prove the other 
har-a
terization of invariant states given by Theorem 5.3. For this, re
all the15



de�nition of the fun
tion F from (21) in Se
tion 5. For any 
uid modelsolution n(�), F (n(�)) is absolutely 
ontinuous and at ea
h regular point tfor n(�),ddt F (n(t)) = Xi2I �F�ni ddt ni(t) (30)= Xi2I+(n(t)) �i�i ��i�i���1 (ni(t))� (�i � �i�i(n(t))) (31)= Xi2I+(n(t)) �i ��ini(t)�i �� � �i�i � �i(n(t))� (32)= K(n(t)); (33)where, for ea
h n 2 RI+ ,K(n) = Xi2I+(n) �i ��ini�i �� � �i�i � �i(n)� : (34)Indeed, K(0) = 0 and for n 2 RI+ n f0g,K(n) = rGn(�+;�(n)) � ��+;�(n)� �+(n)� ; (35)where �+(n) = (�i(n) : i 2 I+(n)), �+;�(n) = (�i : i 2 I+(n)), rGn(�) isthe gradient of the fun
tion Gn(�) de�ned in (4).Lemma 6.1 The fun
tion K is 
ontinuous on RI+ andK(n) � 0 for ea
h n 2 RI+ ; (36)where the inequality is stri
t unless n is an invariant state.Proof. The 
ontinuity of K follows from the de�nition (34), 
ombined withLemma A.3 and the fa
t that the term indexed by i in the sum in (34) issmall if ni is near zero, sin
e �(n) is bounded.If n = 0, K(n) = 0 and 0 is an invariant state. Now suppose that n 6= 0.Then, by Lemma A.1, �+(n) solves the optimization problem (1){(3) on(0;1)jI+(n)j. Sin
e �+ = �+;�(n) is feasible for this problem and Gn(�+) is
on
ave as a fun
tion of �+ 2 (0;1)jI+(n)j with a stri
tly negative de�nite(diagonal) Hessian matrix of se
ond partial derivatives at ea
h point, itfollows from (35) that K(n) is non-positive and that it is stri
tly negative16



unless �+(n) = �+;�(n). More pre
isely, by (35) and Taylor's theorem withremainder, for v = �+(n)� �+;�(n),�K(n) = rGn(�+;�(n)) � v= Gn(�+(n))�Gn(�+;�(n))� 12v � (r2Gn)(~�)v;for some ~� lying on the line segment between �+(n) and �+;�(n) andwhere (r2Gn)(�) denotes the Hessian matrix for Gn(�). By the optimalityof �+(n), Gn(�+(n)) � Gn(�+;�(n)), and by the stri
t negative de�nitenessof (r2Gn)(~�), it follows that the last line above is non-negative and it isstri
tly positive unless v = 0. By Lemma 5.1, v � �+(n) � �+;�(n) = 0 ifand only if n is an invariant state. �Corollary 6.1 At any regular point t for a 
uid model solution n(�), wehave ddtF (n(t)) = K(n(t)) � 0; (37)where the inequality is stri
t unless n(t) 2M�.Proof. This follows from Lemma 6.1 and (30){(33). �For ea
h n 2 RI+ , let w(n) = (wj(n) : j 2 J�) be de�ned by (20).Lemma 6.2 For any 
uid model solution n(�), t ! wj(n(t)) is a non-de
reasing fun
tion of t 2 [0;1), for ea
h j 2 J�.Proof. Consider a 
uid model solution n(�). Sin
e n(�) is absolutely 
ontin-uous, then so is the linear fun
tion w(n(�)) of n(�). From equations (13){(14)satis�ed by a 
uid model solution, at a regular point t for n(�) we have forea
h j 2 J�, ddtwj(n(t)) = Xi2I+(n(t))Aji(�i � �i(n(t))); (38)and (14) holds. Now, for j 2 J�,Cj =Xi2I Aji�i; (39)and on substituting this into (14) we obtainXi2I+(n(t))Aji�i(n(t)) � Xi2I+(n(t))Aji�i for all j 2 J�; (40)17



and when 
ombined with (38) this yieldsddtwj(n(t)) � 0 for all j 2 J�: (41)Sin
e wj(n(�)) is obtained by integrating its almost everywhere de�nedderivative, it follows that wj(n(�)) is a non-de
reasing fun
tion for ea
hj 2 J�. �For ea
h w 2 RJ�+ , de�ne F (w) to be the optimal value attained in theoptimization problem (22), and re
all, from Se
tion 5, the de�nition of �(w)as the optimizing value of n.Lemma 6.3 The fun
tions F : RJ�+ ! R+ and � : RJ�+ ! RI+ are 
ontin-uous. In addition, F is a non-de
reasing fun
tion, i.e., if w and ~w are twove
tors in RJ�+ su
h that w � ~w, then F (w) � F ( ~w).Proof. To prove the 
ontinuity of the fun
tions F and �, 
onsider a se-quen
e fwm;m = 1; 2; : : :g in RJ�+ 
onverging to some w 2 RJ�+ . By thegrowth property of F that F (n)!1 as knk ! 1, and the full row rank andnon-negativity assumptions on A, f�(wm);m = 1; 2; : : :g is bounded. Let ~nbe any 
luster point of this sequen
e. Then, ~n satis�es the 
onstraints of theoptimization problem (22) and, by the 
ontinuity of F , F (�(wmk ))! F (~n)as k ! 1 for some subsequen
e fmkg of fmg. By the feasibility of ~n,F (~n) � F (�(w)). We 
laim that ~n = �(w).For a proof by 
ontradi
tion, suppose that ~n 6= �(w). Then, by thestri
t 
onvexity of F , � � F (~n) � F (�(w)) > 0, and by the 
ontinuity ofF , there is Æ > 0 su
h that F (n) < F (�(w)) + � = F (~n) for all n 2 RI+satisfying kn��(w)k < Æ.Sin
e wm ! w as m ! 1 and A has full row rank, there is n̂ 2 RI+su
h that kn̂ ��(w)k < Æ and A�M�1n̂ � wm for all m suÆ
iently large.(Here A� is the J� � I matrix of rank J� obtained from A by eliminatingthose rows of A that are not indexed by J� and M = diag(�).) To seethis, let Ay be a I � J� matrix that is a right inverse for A�M�1, i.e.,A�M�1Ay = I where I denotes the J��J� identity matrix. By the de�nitionof �(w), A�M�1�(w) � w and so, sin
e wm ! w as m!1, there is m(Æ)suÆ
iently large that for all m � m(Æ),A�M�1�(w) � wm � Æ2pJ�kAyk1;where 1 denotes the J�-dimensional ve
tor whose 
omponents are all 1's. Letu = Æ2pJ�kAykAy1, Note that kuk � Æ2 and A�M�1u = Æ2pJ�kAyk1. De�ne18



n̂ = �(w) + ~u, where ~ui = juij for i 2 I. Then, n̂ 2 RI+ , kn̂ � �(w)k =k~uk = kuk < Æ and, sin
e A�M�1 has non-negative entries,A�M�1n̂ � A�M�1�(w) +A�M�1u � wmfor all m � m(Æ), as desired.For m � m(Æ), n̂ is feasible for the optimization problem (22) with wmin pla
e of w, and sin
e �(wm) is optimal for this problem, it follows thatF (n̂) � F (�(wm)). Hen
e, F (n̂) � limk F (�(wmk)) = F (~n). But thisyields a 
ontradi
tion, sin
e F (n̂) < F (~n) as kn̂ � �(w)k < Æ. Thus, ~n =�(w), and sin
e ~n was an arbitrary 
luster point of f�(wm);m = 1; 2; : : :g,it follows that this sequen
e 
onverges to �(w), andF (w) = F (�(w)) = limm F (�(wm)) = limm F (wm):This implies the 
ontinuity of � and F .The non-de
reasing property of F follows from the fa
t that, for w and~w in RJ�+ satisfying w � ~w, any feasible solution for the problem (22) with~w in pla
e of w is feasible for the original problem with w. �We have the following 
hara
terization of the optimal solutions of (22).Lemma 6.4 For ea
h w 2 RJ�+ , a ve
tor n 2 RI+ is the unique optimalsolution of (22) if and only if there is p 2 RJ�+ su
h that for ea
h i 2 I,ni = �i�Pj2J� pjAji�i �1=� ; (42)and for ea
h j 2 J�, pj  Xi2I Ajini�i � wj! = 0; (43)and Xi2I Ajini�i � wj : (44)Proof. Fix w 2 RJ�+ . For n 2 RI+ and p 2 RJ�+ , letL(n; p) = F (n) + Xj2J� pj  wj �Xi2I Ajini�i! : (45)19



Suppose that n 2 RI+ is the unique optimal solution of (22). Sin
e A has fullrow rank, no row of A 
ontains all zeros. Re
all that A only 
ontains zerosand ones. It follows that there is v 2 RI+ su
h that Pi2I Aji vi�i > wj forea
h j 2 J�. Thus, Slater's 
onstraint quali�
ation (
f. Clarke [8℄, p. 236) issatis�ed and by the ne
essity theory of Lagrange multipliers (
f. Luenberger[15℄, Theorem 1, p. 217), there is p 2 RJ�+ su
h that n minimizes L(�; p) overRI+ and (43) holds for all j 2 J�. Now, L(�; p) is 
ontinuously di�erentiableand so for ea
h i 2 I we have �L�ni (n; p) � 0; (46)where the inequality is an equality when ni > 0. If ni > 0, this yields (42)immediately. If ni = 0, this yields0 = ni � �i�Pj2J� pjAji�i � 1� : (47)Sin
e p has non-negative 
omponents, it follows that the above holds withequality. Thus, (42) holds for all i 2 I. The inequality (44) holds for ea
hj 2 J�, sin
e n is feasible for (22).Conversely, suppose that n 2 RI+ and p 2 RJ�+ satisfy (42){(44). Then�L�ni (n; p) = 0; for all i 2 I; (48)and it follows from the stri
t 
onvexity of F that n is a global minimum forL(�; p) over RI+ . By (44), n is feasible for (22) and for any other feasible~n 2 RI+ we have F (n) = L(n; p) � L(~n; p) � F (~n); (49)where we have used (43), the feasibility of ~n, and the fa
t that p 2 RJ�+ .Thus, n is optimal for (22). �We 
an now prove Theorem 5.3.Proof of Theorem 5.3. By Theorem 5.1, n 2 RI+ is an invariant state ifand only if there is p = q 2 RJ�+ su
h that (42) holds for all i 2 I. Notethat if w = w(n), then (43){(44) automati
ally hold for all j 2 J�. Thus,on 
ombining the above with Lemma 6.4, we see that n 2 RI+ is an invariantstate if and only if n is the unique optimal of (22) with w = w(n). Thelatter is equivalent to n = �(w(n)). �20



For the proof of the 
onvergen
e result, Theorem 5.2, we introdu
e thefollowing fun
tion H and prove some of its elementary properties. For ea
hn 2 RI+ , let H(n) = F (n)� F (w(n)): (50)Lemma 6.5 The fun
tion H : RI+ ! R is 
ontinuous. Furthermore, it iszero on the set of invariant states,M�, and it is stri
tly positive on RI+nM�.Proof. The 
ontinuity of H on RI+ follows from the fa
ts that F is 
learly
ontinuous, F is 
ontinuous by Lemma 6.3, and the linear fun
tion w(�) is
ontinuous.Sin
e n 2 RI+ is feasible for (22) withw = w(n), we have F (n) � F (w(n))and hen
e H(n) � 0. Furthermore, H(n) = 0 if and only if n is the optimalsolution for (22) with w = w(n), that is, if and only if n = �(w(n)). Thelatter o

urs if and only if n is an invariant state, by Theorem 5.3. �Lemma 6.6 For any 
uid model solution n(�), t ! H(n(t)) is a non-in
reasing fun
tion of t 2 [0;1).Proof. By Corollary 6.1, F (n(t)) = F (n(0)) + R t0 K(n(s))ds is a non-in
reasing fun
tion of t, and, by the 
ombination of Lemmas 6.2 and 6.3,F (w(n(t)) is a non-de
reasing fun
tion of t, and so it follows that H(n(t)) =F (n(t))� F (w(n(t))) is a non-in
reasing fun
tion of t. �Remark 6.1 A stronger form of Lemma 6.6, whi
h shows that H(n(t)) isstri
tly de
reasing at times where n(t) =2 M� will be developed and used inthe proof of Theorem 5.2 given below.Proof of Theorem 5.2. Fix R 2 (0;1) and � > 0. LetF̂ (R) = supfF (v) : v 2 RI+ ; kvk � Rg:Sin
e F is 
ontinuous on RI+ , F̂ (R) is �nite. For any 
uid model solution n(�)satisfying kn(0)k � R, on integrating (37) we see that F (n(t)) � F (n(0))for all t � 0. The fa
t that F (n) ! 1 as knk ! 1 implies that there isa 
losed ball B (depending on R) in RI+ that is 
entered at the origin andof �nite radius su
h that F (v) > F̂ (R) for all v 2 B
 where B
 denotesthe 
omplement of B in RI+ . Combining the above we see that for any
uid model solution n(�) satisfying kn(0)k � R, we have n(t) 2 B for allt 2 [0;1). 21



Let D = fv 2 B : d(M�; v) � �g: (51)Note that D depends on R and �. By Lemma 6.5, the fun
tion H is 
on-tinuous and stri
tly positive on the 
ompa
t set D. It follows that Æ �inffH(v) : v 2 Dg is stri
tly positive, and the set ~D � fv 2 B : H(v) � Æg
ontains D. Moreover, sin
e H is zero on M�, ~D does not meet M�.Consider a 
uid model solution n(�) satisfying kn(0)k � R. Let ~T (n) =infft � 0 : n(t) =2 ~Dg. Sin
e n(�) remains in B for all time, it follows thatif ~T (n) < 1, then n(�) exits ~D by violating the 
onstraint H(n(�)) � Æ.Then, sin
e H(n(�)) is a non-in
reasing fun
tion (by Lemma 6.6), it followsthat n(t) =2 ~D for all t > ~T (n). Consequently, sin
e D � ~D, we haved(M�; n(t)) < � for all t > ~T (n). We now develop an upper bound on ~T (n).For 0 � t � ~T (n),H(n(t))�H(n(0)) � F (n(t))� F (n(0)) (52)= Z t0 K(n(s))ds; (53)where we have used the non-de
reasing property of F (w(n(�))) for the �rstline, and Corollary 6.1 for the se
ond line. By Lemma 6.1, K is 
ontinuousand stri
tly negative o� the manifoldM�. It follows that there is CR;� > 0su
h that K is bounded above by �CR;� on the 
ompa
t set ~D whi
h doesnot meet M�. Then, the above yields~T (n) � �HR=CR;�; (54)where �HR = supfH(v) : kvk � Rg <1, and the desired result follows. �A Properties of the Bandwidth Sharing Poli
yFor ea
h n 2 RI+ n f0g and �+ 2 RjI+ (n)j+ , re
all the de�nition of Gn(�+)from (4).Lemma A.1 For ea
h n 2 RI+ n f0g, there is a unique optimal solution�+(n) = (�i : i 2 I+(n)) of (1){(3); ea
h of its 
omponents is stri
tlypositive and uniformly bounded by C� = maxj2J Cj.Proof. Fix n 2 RI+ n f0g. 22



If � 2 (0; 1), the obje
tive fun
tion Gn(�+) is 
ontinuous and stri
tly
on
ave as a fun
tion of �+ = (�i : i 2 I+(n)) on the 
ompa
t setn�+ : �i � 0 for all i 2 I+(n); Xi2I+(n)Aji�i � Cj for all j 2 Jo: (55)It follows that the maximum of the obje
tive fun
tion is a
hieved on this set,and by the stri
t 
on
avity, the maximizing point is unique. Furthermore,sin
e the derivative of the obje
tive fun
tion with respe
t to �i diverges to+1 as �i # 0 for ea
h i 2 I+(n), the maximizing point must have stri
tlypositive 
omponents, i.e., the maximum 
annot o

ur with one of the �i,i 2 I+(n), equal to zero.For � 2 [1;1), by 
onvention, the obje
tive fun
tion takes the value �1whenever �i = 0 for some i 2 I+(n). Thus, any optimal solution to (1){(3)has all 
omponents stri
tly positive. In fa
t, if we let 
 = minj2J Cj=jIj,then the jI+(n)j-dimensional ve
tor ~�+ with all 
omponents set equal to 
satis�es the 
onstraints in (1){(3). By 
ombining the fa
t that the feasibleset for (1){(3) is bounded, with the fa
t that the obje
tive fun
tion divergesto �1 as �i ! 0 for any i 2 I+(n), we may 
on
lude that there is Æ > 0su
h that for all �+ = (�i : i 2 I+(n)) satisfying the 
onstraints in (1){(3)and su
h that �i < Æ for at least one i 2 I+(n), we have Gn(�+) < Gn(~�+).It follows that any optimal solution of (1){(3) must be in the 
ompa
t setn�+ : Æ � �i for all i 2 I+(n); Xi2I+(n)Aji�i � Cj for all j 2 Jo: (56)Sin
e the obje
tive fun
tion is 
ontinuous and stri
tly 
on
ave on this 
om-pa
t set, it has a unique maximum there, whi
h is the optimal solution of(1){(3).Sin
e for ea
h i 2 I there is j 2 J su
h that Aji = 1, it follows that�+i (n) � C� = maxj2J Cj for all i 2 I+(n). �In the following lemmas, � : RI+ ! RI+ is as de�ned in Se
tion 3.Lemma A.2 Fix n 2 RI+ . Then, �(rn) = �(n) for all r > 0.Proof. Fix r > 0. Note that I+(n) = I+(rn) and so �i(n) = �i(rn) = 0for all i 2 I0(n) = I n I+(n). Also, for �+ 2 RjI+ (n)j+ , Grn(�+) = r�Gn(�+)(for all � 2 (0;1)), and sin
e the 
onstraints in (1){(3) do not involve n, itfollows that the optimal solution �+(rn) for the obje
tive fun
tion Grn(�)is the same as the optimal solution �+(n) for the obje
tive fun
tion Gn(�),and hen
e �+(rn) = �+(n). �23



Lemma A.3 For ea
h i 2 I, the ith 
omponent �i(�) of the fun
tion �(�)is 
ontinuous on fn 2 RI+ : ni > 0g.Proof. We �rst prove 
ontinuity of �(�) at n� 2 RI+ satisfying n�i > 0for all i 2 I. In this 
ase, I+(n�) = I and, by Lemma A.1, the optimalsolution �(n�) to the problem (1){(3) with n = n� has all 
omponentsstri
tly positive. Given � > 0, let B� be a non-empty open ball that is
entered at �(n�), that has radius less than or equal to �, and that is apositive distan
e from the boundary of the orthant RI+ . Let D� denote the
ompa
t set of � 2 RI+ that satisfy the 
onstraints of (1){(3) with n = n�there and that are outside of B�.We 
laim that there is � > 0, � 2 (0;minIi=1 n�i ) and Æ > 0 su
h thatGn�(�) < Gn�(�(n�))� � for all � 2 D�; (57)and Gn(�) < Gn�(�(n�))� �=2 (58)whenever n 2 RI+ satis�es kn� n�k < � and � 2 D� is su
h that �i < Æ forat least one i 2 I. (Note that ni > 0 for all i when kn�n�k < �.) The �rstinequality (57) 
an be proved by 
ontradi
tion. For if (57) does not hold forsome � > 0, then for ea
h positive integer k, there is �k 2 D� su
h thatGn�(�k) � Gn�(�(n�))� 1k : (59)By the 
ompa
tness of D�, there is ~� 2 D� su
h that f�kg 
onverges to ~�along some subsequen
e. If � 2 (0; 1), then by the 
ontinuity of Gn�(�) on[0;1)I in this 
ase, it follows on passing to the limit in (59) that Gn�(~�) �Gn�(�(n�)), whi
h 
ontradi
ts the uniqueness of the optimum �(n�). If� 2 [1;1) and ~� 2 (0;1)I, then the 
ontinuity of Gn�(�) on (0;1)I yieldsa 
ontradi
tion in the same manner as for � 2 (0; 1). Finally, if � 2 [1;1)and ~�i = 0 for some i 2 I, then sin
e �ki ! ~�i along some subsequen
e ofk's, either �in�i log �ki ! �1 (if � = 1) or �i(n�i )�(�ki )1��=(1 � �) ! �1(if � > 1), along this same subsequen
e. The other terms (indexed byl 6= i) in the sum 
onstituting Gn�(�k) are either bounded (if ~�l 6= 0) orgo to �1 (if ~�l = 0) as k ! 1 along the subsequen
e. Consequently,Gn�(�k) ! �1 as k ! 1 along the subsequen
e, whi
h 
ontradi
ts (59).Now we show the result pertaining to (58). For � 2 (0; 1), it follows from theuniform 
ontinuity of Gn(�) as a fun
tion of (n;�) on any 
ompa
t subsetof [0;1)I � [0;1)I that there is � 2 (0;minIi=1 n�i ) su
h thatGn(�) < Gn�(�) + �=224



for all n 2 RI+ satisfying kn � n�k � � and � 2 D�. The inequality (58)follows immediately from this together with (57). For � = 1 and �xed� 2 (0;minIl=1 n�l ), if n 2 RI+ satis�es kn� n�k < �, Æ 2 (0; 1), � 2 D� andi 2 I su
h that �i < Æ, then we haveGn(�) = Xl2I �lnl log �l (60)� �i(n�i � �) log Æ +Xl 6=i �l(n�l + �) log(C� _ 1); (61)where C� = maxj2J Cj. Sin
e n�i � � > 0, by the de�nition of �, the lastline above goes to �1 as Æ ! 0. As there are only �nitely many indi
esi 2 I and the right member of (58) does not vary with n or �, it followsthat for any �xed � 2 (0;minIl=1 n�l ), there is Æ 2 (0; 1) su
h that whenevern 2 RI+ satis�es kn� n�k < �, � 2 D� and �i < Æ for some i 2 I, then (58)holds. A similar proof of (58) holds for � 2 (1;1), with the ex
eption that(61) is repla
ed with Gn(�) � �i(n�i � �)� Æ1��1� �: (62)Sin
e Gn(�) is uniformly 
ontinuous as a fun
tion of (n;�) on any 
om-pa
t subset of (0;1)I�(0;1)I, there is 
 2 (0; �=2) su
h that for all n 2 RI+satisfying kn� n�k � 
 and � 2 D� satisfying �i � Æ for all i 2 I, we haveGn(�) < Gn�(�) + �=2; (63)and Gn(�(n�))) > Gn�(�(n�))� �=2: (64)Combining (57){(58) with (63){(64), we see that for all n 2 RI+ satisfyingkn� n�k � 
 and all � 2 D� we haveGn(�) < Gn�(�(n�))� �=2 < Gn(�(n�)): (65)It follows that for all n 2 RI+ satisfying kn� n�k � 
, the optimal solution�(n) of (1){(3) must lie within B�, and hen
e must be no more than distan
e� from �(n�). Hen
e, �(�) is 
ontinuous at n�.Next, 
onsider n� 2 RI+ n f0g su
h that n�k = 0 for at least one k.We will show that as a fun
tion of n, (�i(n); i 2 I+(n�)) is 
ontinuousat n = n�. Small perturbations n of n� that only involve 
hanges to thestri
tly positive 
omponents of n� 
an be handled in a similar manner to25



that in the �rst three paragraphs of this proof. It is perturbations for whi
hI+(n) 6= I+(n�) that require additional argument, whi
h we give below. For�xed � > 0, let B� be a non-empty open ball in RjI+ (n�)j+ that is 
enteredat �+(n�) = (�i(n�) : i 2 I+(n�)), that has radius less than or equal to �,and that is a positive distan
e from the boundary of the orthant RjI+ (n�)j+ .Let D� denote the set of ~� 2 RjI+ (n�)j+ that satisfy the 
onstraints of (1){(3)with n = n� there and that are outside of B�. In a similar manner to thatfor (57), by the stri
t 
on
avity of Gn�(�) on the interior of RjI+ (n�)j+ and itsbehavior near the boundary of RjI+ (n�)j+ , there is � > 0 su
h thatGn�(~�) < Gn�(�+(n�))� � for all ~� 2 D�: (66)We now need separate arguments for the 
ases � < 1; � > 1 and � = 1.We �rst 
onsider � 2 (0; 1). For a ve
tor n 2 RI+ su
h that ni > 0 for alli 2 I+(n�), the ve
tor �+(n�) 2 RjI+ (n�)j+ 
an be extended, by the additionof zero 
omponents, to a feasible ve
tor in RjI+ (n)j+ for the optimizationproblem (1){(3) asso
iated with n. Using the fa
t that�in�i �1��i1� � (67)is zero when �i = 0 and � 2 (0; 1), it follows that the optimal solution�+(n) of the optimization problem (1){(3) satis�esGn(�+(n)) � G~n(�+(n�)) (68)where ~n is the ve
tor in RI+ obtained by resetting the entries in n indexedby i 2 I+(n) n I+(n�) to zero. Let ~�+(n) denote the ve
tor in RjI+ (n�)j+
onsisting of the 
omponents of �+(n) indexed by i 2 I+(n�). Then,Gn(�+(n)) = G~n(~�+(n)) + Xi2I+(n)nI+(n�) �in�i (�+i (n))1��1� � : (69)Sin
e (67) tends to zero as ni ! 0, uniformly for �i 2 [0; C�℄, there is 
1 > 0su
h that whenever kn � n�k < 
1, we have ni 2 (0;1) for all i 2 I+(n�)and the sum on the right side of (69) is less than �=6. Combining this with(68), we see that for kn� n�k < 
1,G~n(~�+(n)) � G~n(�+(n�))� �=6: (70)26



By the uniform 
ontinuity of G~n(�+(n�)) =Pi2I+(n�) �in�i (�+i (n�))1��1�� as afun
tion of (ni : i 2 I+(n�)) on 
ompa
t subsets of (0;1)jI+(n�)j, there is
2 2 (0; 
1) su
h thatkG~n(�+(n�))�Gn�(�+(n�))k < �=6; (71)whenever kn� n�k < 
2. Combining (70) with (71), we obtainG~n(~�+(n)) � Gn�(�+(n�))� �=3: (72)for all n 2 RI+ satisfying kn � n�k < 
2. Finally, by the same kind ofargument as in the se
ond and third paragraphs of this proof (
f. (58){(65)), but with � repla
ed by (�i : i 2 I+(n�)) and n repla
ed by (ni : i 2I+(n�)), using (66), there is 
3 2 (0; 
2) su
h that for all n 2 RI+ satisfyingkn� n�k < 
3 and ~� 2 D�, we haveGn�(�+(n�)) > G~n(~�) + �=2: (73)Combining the above, we have that for all n 2 RI+ su
h that kn� n�k < 
3and ~� 2 D�, G~n(~�+(n)) > G~n(~�) + �=6: (74)It then follows that for kn�n�k < 
3, ~�+(n) is not in D� and it satis�es the
onstraints of the optimization problem (1){(3) with ~n (or n�) in pla
e of n,and so it must be in B�. This 
ompletes the proof of the desired 
ontinuityfor the 
ase � 2 (0; 1).For the 
ase � 2 (1;1), for ni > 0, the term (67) is negative, and isunbounded below as �i # 0. However the 
hoi
e �i = ni gives an evaluation�ini=(1 � �) that 
onverges to zero as ni # 0. Sin
e Pi2I+(n�) �in�i �1��i1��is uniformly 
ontinuous as a fun
tion of ((ni;�i) : i 2 I+(n�)) on 
ompa
tsubsets of ((0;1) � (0;1))jI+(n�)j, there is 
1 > 0 su
h that wheneverkni � n�i k < 
1 and k�i � �+i (n�)k < 
1 for all i 2 I+(n�), we have ni >0;�i > 0 for all i 2 I+(n�) and





 Xi2I+(n�)�in�i �1��i1� � �Gn�(�+(n�))





 < �=6: (75)Sin
e n�i = 0 for all i =2 I+(n�), there is 
2 2 (0; 
1) su
h that��=6 < 11� � Xi2I+(n)nI+(n�)�ini < 0 (76)27



and Xi2I+(n)nI+(n�)Ajini < (
1=2) ^ Cj for all j 2 J ; (77)whenever n 2 RI+ satis�es kn � n�k < 
2. Then, for su
h n, the ve
tor�� 2 RjI+ (n)j+ de�ned by ��i = ni for i 2 I+(n)nI+(n�) and ��i = �+i (n�)�
1=2for i 2 I+(n�), satis�es the 
onstraints of the optimization problem (1){(3)for n. Sin
e �+(n) is the optimal solution of that problem, using the samenotation with tildes as for the 
ase � 2 (0; 1), it follows, by the negativityof (67), that G~n(~�+(n)) � Gn(�+(n)) � Gn(��); (78)where, by (75) and (76),Gn(��) = 11� � Xi2I+(n�) �in�i ��1��i + 11� � Xi2I+(n)nI+(n�) �ini (79)� Gn�(�+(n�))� �=6 � �=6: (80)From hereon, the proof pro
eeds in the same manner as from (72) onwardsin the proof for � 2 (0; 1), to show that ~�+(n) is in B� whenever n issuÆ
iently 
lose to n�.If � = 1 and ni > 0, the term (67) be
omes �ini log �i, whi
h may takepositive or negative values. Nevertheless, one 
an pro
eed in a very similarmanner to that for the 
ase � 2 (1;1), after observing that if �i = ni thenthe evaluation �ini logni is negative for small enough ni, and approa
heszero as ni # 0, while the maximum over 0 � �i � C� of the analogue of (67),namely �ini logC�, also approa
hes zero as ni # 0. It follows that there is
2 > 0 su
h that for n 2 RI+ satisfying kn�n�k < 
2, we have ni > 0 for alli 2 I+(n�) andG~n(~�+(n)) � Gn(�+(n))� �=12 (81)� Gn�(�+(n�))� �=12 � �=12 � �=6: (82)The proof 
an then be 
ompleted as in the 
ase � 2 (1;1). �Remark A.1 �i(n) may be dis
ontinuous at n if ni = 0.For n 2 RI+ n f0g, 
onsider the LagrangianLn(�+; p) = Gn(�+) +Xj2J pj0�Cj � Xi2I+(n)Aji�i1A ;28



where Gn(�+) is de�ned by (4), �+ = (�i : i 2 I+(n)) 2 (0;1)jI+(n)jand p = (pj : j 2 J ) 2 RJ+ is a ve
tor of Lagrange multipliers. Sin
ethe optimal solution �+(n) of (1){(3) has stri
tly positive 
omponents (
f.Lemma A.1), we 
an use the theory of Lagrange multipliers to 
hara
terize�+(n) as follows.Lemma A.4 Fix n 2 RI+ n f0g. A ve
tor �+ = (�i : i 2 I+(n)) is theunique optimal solution of (1){(3) if and only if there is p 2 RJ+ su
h thatpj0�Cj � Xi2I+(n)Aji�i1A = 0 for all j 2 J ; (83)Xj2J pjAji > 0 for all i 2 I+(n); (84)�i = ni �iPj2J pjAji!1=� for all i 2 I+(n); (85)and Xi2I+(n)Aji�i � Cj for all j 2 J : (86)Proof. By Lemma A.1, all of the 
omponents of the unique optimal solution�+(n) of (1){(3) are stri
tly positive. Sin
e Cj > 0 for ea
h j 2 J , thereis �+ 2 (0;1)jI+(n)j satisfying Cj �Pi2I+(n)Aji�i > 0 for ea
h j 2 J .It follows that Slater's 
onstraint quali�
ation (
f. [8℄, p. 236) is satis�edand so by the ne
essity theory of Lagrange multipliers (
f. Luenberger [15℄,Theorem 1, p. 217), there is p 2 RJ+ su
h that �+(n) maximizes Ln(�+; p)over �+ 2 (0;1)jI+(n)j, and (83) holds with �i = �+i (n) for all i 2 I+(n).Sin
e �+ = �+(n) is an interior maximum for Ln(�; p), whi
h is 
ontinuouslydi�erentiable as a fun
tion of �+ 2 (0;1)jI+(n)j, it follows that0 = �Ln��i (�+(n); p) = �i� ni�i(n)�� �Xj2J pjAji for all i 2 I+(n): (87)The relations (84) and (85) follow immediately from this and the stri
tpositivity of �+(n). Condition (86) follows from the 
onstraints satis�ed by�+(n).Conversely, if p 2 RJ+ and �+ = (�i : i 2 I+(n)) satisfy (83){(86), thenusing the stri
t 
on
avity of Ln(�; p) one 
an verify that (�+; p) is a saddle29



point of Ln(�; �) on (0;1)jI+(n)j � RJ+ and so by a suÆ
ien
y theorem forLagrange multipliers (
f. Luenberger [15℄, Theorem 2, p. 221), �+ is anoptimal solution of (1){(3) with �i > 0 in pla
e of �i � 0 for all i 2 I+(n).But sin
e the optimal solution of (1){(3) has stri
tly positive 
omponents,it follows that �+ is optimal for (1){(3). �Remark A.2 Given n 2 RI+ n f0g, while the ve
tor p = p(n) may be non-unique, the ve
tor (Pj2J pj(n)Aji; i 2 I+(n)) is unique by (85) and the fa
tthat �+(n) is unique, by Lemma A.1.B Fluid Model Solutions as Fluid LimitsWe shall use the following representation for the Markov pro
ess N intro-du
ed in Se
tion 4:Ni(t) = Ni(0) +Ei(t)� Si(Ti(t)); i 2 I; t � 0; (88)where N(0) is a random variable taking values in RI+ that is independent ofE;S; E;S are independent I-dimensional pro
esses with independent 
om-ponents su
h that for ea
h i 2 I, Ei is a Poisson pro
ess with rate �i andSi is a Poisson pro
ess with rate �i. The sample paths of these pro
essesare assumed to be right 
ontinuous on the time interval [0;1) and to have�nite left limits on (0;1). The pro
ess T = (Ti : i 2 I) is a 
ontinuous,I-dimensional, non-de
reasing pro
ess su
h that for ea
h i, Ti(t) representsthe 
umulative amount of (bandwidth) 
apa
ity allo
ated to route i up totime t; it is given byTi(t) = Z t0 �i(N(s))ds for i 2 I; t � 0; (89)where the fun
tion �(�) = (�i(�) : i 2 I) is de�ned as in Se
tion 3 using theoptimization problem (1){(3). For ea
h j 2 J , letUj(t) = Cjt�Xi2I AjiTi(t) = Cjt� (AT (t))j ; t � 0: (90)The pro
ess Uj is 
ontinuous and non-de
reasing, and Uj(t) represents the
umulative unused 
apa
ity for resour
e j up to time t.We develop a 
uid model, whi
h 
an be thought of as a formal law oflarge numbers approximation for the sto
hasti
 model. For this, we 
onsidera sequen
e of sto
hasti
 systems, indexed by r ! 1, in whi
h the initial30




onditions may 
hange with r, but E and S are kept �xed. The pro
essesN r, U r, T r, E, S, in the rth system are res
aled with law of large numberss
aling to yield new pro
esses N r; U r; T r; Er; Sr:N r(t) = N r(rt)=r; (91)U r(t) = U r(rt)=r; (92)T r(t) = T r(rt)=r; (93)Er(t) = E(rt)=r; (94)Sr(t) = S(rt)=r; (95)for ea
h t � 0.The sample paths of (T r; Er; Sr; N r; U r) lie in the spa
e D4I+J of fun
-tions de�ned from [0;1) into R4I+J that are right 
ontinuous on [0;1) andhave �nite limits from the left on (0;1). This spa
e is endowed with theusual Skorokhod J1-topology (
f. Ethier and Kurtz [10℄). We say that asubsequen
e (whi
h may be the whole sequen
e) of f(T r; Er; Sr; N r; U r)g istight (resp. 
onverges weakly) if the probability measures indu
ed on D4I+Jby the subsequen
e are tight (resp. 
onverge weakly). We say that the sub-sequen
e is C-tight if it is tight and any weak limit point has 
ontinuouspaths almost surely.To obtain the 
uid model, we formally pass to the limit as r !1 in theres
aled versions of (88){(90). In fa
t, we have the following theorem. Forthis, re
all the de�nition of a regular point given before De�nition 5.1.Theorem B.1 Suppose that fN r(0)g 
onverges in distribution as r !1 toa random variable taking values in RI+ . Then, the sequen
e f(T r; Er; Sr; N r; U r)gis C-tight, and any weak limit point (T ;E; S;N;U) of this sequen
e (ob-tained by taking a weak limit as r !1 along a suitable subsequen
e), almostsurely satis�es the following for all t � 0: E(t) = �t, S(t) = �t,N i(t) = N i(0) + �it� �iT i(t) � 0; i 2 I; (96)U j(t) = Cjt� (AT (t))j � 0; j 2 J ; (97)where U is non-de
reasing and 
ontinuous, T is uniformly Lips
hitz 
ontin-uous with a Lips
hitz 
onstant bounded by C� = maxj2J Cj, and T (0) = 0.Moreover, for a.e. sample point !, T (�; !) is absolutely 
ontinuous and forea
h regular point t for T (�; !), for ea
h i 2 I,ddtT i(t; !) = � �i(N(t; !)) if i 2 I+(N (t; !));�i if i 2 I0(N(t; !)); (98)and (13){(14) hold at t for ea
h i 2 I and j 2 J , with n(�) = N(�; !) there.31



Proof. For ea
h value of r and t � 0,T r(t) = 1r Z rt0 �(N r(s)) ds = Z t0 �(N r(s)) ds; (99)where we have used the s
aling property of Lemma A.2. Hen
e, sin
e �(�)is uniformly bounded by C�, for ea
h r, t ! T r(t) is uniformly Lips
hitz
ontinuous with a Lips
hitz 
onstant bounded by C�. It follows immediatelythat the sequen
e of pro
esses fT r(�)g isC-tight. On 
ombining this with theassumed 
onvergen
e in distribution of fN r(0)g, the fun
tional weak law oflarge numbers for (E;S), (88), and (90), we see that f(T r; Er; Sr; N r; U r)gis C-tight, and any weak limit point (T ;E; S;N;U ) of this sequen
e hasthe following properties: almost surely for all t � 0, E(t) = �t, S(t) = �t,and (96){(97) hold, where U is non-de
reasing and 
ontinuous, and T isuniformly Lips
hitz 
ontinuous with a Lips
hitz 
onstant bounded by C�,and T (0) = 0.To prove the remaining properties 
laimed in the theorem, without lossof generality, using the Skorokhod representation theorem and the fa
t thatthe sample paths of T ;E; S;N;U are 
ontinuous with probability one, wemay assume that all sto
hasti
 pro
esses under 
onsideration are de�ned onthe same probability spa
e and that almost surely,f(T r; Er; Sr; N r; U r)g ! (T ;E; S;N;U) u.o.
. (100)as r ! 1 through a sequen
e frkg1k=1. Here u.o.
. denotes uniformly on
ompa
t time intervals.Fix a sample point ! su
h that the 
onvergen
e in (100) holds for !.Then, T (�; !) is absolutely 
ontinuous and di�erentiable at almost everytime. Fix a regular point t for T (�; !). This is the same as a regular point forN(�; !), and U(�; !) is di�erentiable there. For i 2 I0(N(t; !)); N i(t; !) = 0and sin
e N i(�; !) � 0, we must have ddtN i(t; !) = 0, and hen
e, by (96),ddtT i(t; !) = �i = �i=�i. For i 2 I+(N(t; !)), N i(t; !) > 0 and by the
ontinuity of N(�; !), there is " > 0 (depending on t and !) su
h thatN i(s; !) > 0 for all s 2 [t; t + "℄. By (100), N rk(�; !) ! N(�; !) uniformlyon [t; t + "℄ as k ! 1, and it then follows from the 
ontinuity propertyof Lemma A.3 that �i(N rk(�; !)) ! �i(N(�; !)) uniformly on [t; t + "℄ ask !1. Hen
e, by passing to the limit in (99) we obtainT i(s; !)� T i(t; !) = Z st �i(N (u; !)) du for all s 2 [t; t+ "℄: (101)It follows, that ddtT i(t; !) = �i(N (t; !)), sin
e �i(�) is 
ontinuous on fn 2RI+ : ni > 0g, by Lemma A.3. Combining the above, we see that (98) holds32



at a regular point t for T (�; !). Moreover, for ea
h j 2 J , sin
e U j(�; !) is anon-de
reasing fun
tion, we have0 � ddtU j(t; !) = Cj ��A ddtT (t; !)�j : (102)Combining (98) and (102) with (96), we see that n(�) = N(�; !) satis�es(13){(14) for ea
h i 2 I and j 2 J , at ea
h regular point t for N(�; !)(whi
h is the same as a regular point for T (�; !)). �Remark B.1 Theorem B.1 shows that there exists a 
uid model solutionfor ea
h possible starting point n(0) 2 RI+ . Note however that we are notassuming uniqueness of 
uid model solutions given the starting state.A
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