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Abstract

We consider a model of Internet congestion control, that represents
the randomly varying number of flows present in a network where band-
width is shared fairly between document transfers. We study critical
fluid models, obtained as formal limits under law of large numbers
scalings when the average load on at least one resource is equal to its
capacity. We establish convergence to equilibria for fluid models, and
identify the invariant manifold. The form of the invariant manifold
gives insight into the phenomenon of entrainment, whereby congestion
at some resources may prevent other resources from working at their
full capacity.
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1 Introduction

Roberts and Massoulié [19] have introduced and studied a flow-level model of
Internet congestion control, that represents the randomly varying number of
flows present in a network where bandwidth is dynamically shared between
flows that correspond to continuous transfers of individual documents. This
model assumes a “separation of time scales” such that the time scale of the
flow dynamics (i.e., of document arrivals and departures) is much longer than
the time scale of the packet level dynamics on which rate control schemes
such as TCP converge to equilibrium.

Subsequent to the work of Roberts and Massoulié, assuming exponen-
tially distributed document sizes, de Veciana, Lee and Konstantopoulos [9]
and Bonald and Massoulié [2] studied the stability of the flow-level model op-
erating under various bandwidth sharing policies, where a bandwidth shar-
ing policy corresponds to a generalization of the notion of a processor sharing
discipline from a single resource to a network with several shared resources.
Lyapunov functions constructed in [9] for weighted max-min fair and propor-
tionally fair policies, and in [2] for weighted a-fair policies (« € (0,00)) [17],
imply positive recurrence of the Markov chain associated with the model
when the average load on each resource is less than its capacity.

As a mechanism for performance analysis, we propose to use critical
fluid models and related Brownian models to explore the behavior of flow-
level models operating under weighted a-fair bandwidth sharing policies
in heavy traffic. We are particularly interested in manifestations of the
phenomenon of entrainment, whereby congestion at some resources may
prevent other resources from working at their full capacity. As a first step in
this exploration, in this paper we consider critical fluid models, obtained as
formal limits under law of large numbers scaling, from the flow-level models
with exponentially distributed document sizes and operating under weighted
a-fair bandwidth sharing policies. The term critical refers to the fact that
the nominal (or average) load on at least one resource is equal to its capacity,
and for the other resources their nominal loads do not exceed their capacities,
cf. (11)—(12). We identify the invariant states for the critical fluid models
and we study the convergence to equilibria of critical fluid model solutions
as time goes to infinity. Extrapolating from results for open multiclass
queueing networks, we conjecture that such behavior is key to establishing
heavy traffic diffusion approximations (also called Brownian models) for
these flow-level models. We indicate the natural diffusion approximations
suggested by our fluid model results.

There are several motivations for our work. One source of motivation lies



in fixed point approximations of network performance for TCP networks (cf.
[7, 12, 20]). These approximations require, as input, information on the joint
distribution of the numbers of flows present on different routes, where depen-
dencies between these numbers may be induced by the bandwidth sharing
mechanism. Similarly, an understanding of such joint distributions seems
important if the performance models for a single bottleneck described by
Ben Fredj et al. [1] are to be generalized to a network. Another motivation
is that the flow-level model typically involves the simultaneous use of several
resources. With exponential document sizes, this model can be equated (in
distribution) with a stochastic processing network (SPN) as introduced by
Harrison [13, 14]. Open multiclass queueing networks are a special case of
SPNs without simultaneous resource possession. For such networks oper-
ating under a head-of-the-line service discipline, it has been shown [5, 21]
that suitable asymptotic behavior of critical fluid models implies a property
called state space collapse, which validates the use of Brownian model ap-
proximations for these networks in heavy traffic. For more general SPNs,
investigation of the behavior of critical fluid models, of a related notion of
state space collapse, and of the implications for diffusion approximations, are
in the early stages of development. The analysis in this paper can be viewed
as a contribution to such an investigation for models involving simultaneous
resource possession. Finally, although we restrict to exponential document
sizes in this paper, we would like to relax that assumption in future work.
Although this involves a significantly more elaborate stochastic model to
keep track of residual document sizes (because of the processor sharing na-
ture of the bandwidth sharing policy), knowing the results for exponential
document sizes is likely to be useful for such work.

In order to state our results for the fluid model and conjectures for
diffusion approximations, we need first to define the network structure, the
weighted a-fair bandwidth sharing policy, and the stochastic model. This is
done in Sections 2-4 below. The notion of a fluid model solution is defined in
Section 5 and we state our main results there. The proofs of these results are
given in Section 6. Appendix A develops some properties of the function that
defines bandwidth allocations, and Appendix B shows that our definition of
a fluid model solution is reasonable in that fluid model solutions can be
obtained as limit points of the stochastic model under fluid (or law of large
numbers) scaling.

Notation. For each positive integer d > 1, R? will denote d-dimensional
Euclidean space and the positive orthant in this space will be denoted by
R ={zeR:g; >0fori=1,...,d}. The Euclidean norm of z € R? will
be denoted by ||z|. Inequalities between vectors in R? will be interpreted



componentwise, i.e., for z,y € R?, 2 < y is equivalent to z; < y; for i =
1,...,d. Given a vector 2 € R?, the d x d diagonal matrix with the entries
of z on its diagonal will be denoted by diag(z). For positive integers d; and
do, the norm of a d; x do matrix A will be given by

1
di  d» 2

1Al ={ > > 4%

i=1 j=1

The set of non-negative integers will be denoted by Z, and the set of points
in ]Ri with all integer coordinates will be denoted by Z‘i. A sum over an
empty set of indices will be taken to have a value of zero. The cardinality
of a finite set S will be denoted by |S|.

2 Network Structure

We consider a network with finitely many resources labelled by 7 € J. A
route 1 is a non-empty subset of J (interpreted as the set of resources used
by route i). We are given a set Z of allowed routes. We assume that J and Z
are both non-empty and finite. Let J = |J|, the total number of resources,
and I = |Z|, the total number of routes. Let A be the J xI matrix containing
only zeros and ones, defined such that A;; = 1 if resource j is used by route
i, and Aj; = 0 otherwise. Our assumption that each route i identifies a
non-empty subset of J implies that no column of A is identically zero. We
assume that A has rank J, so that it has full row rank. We further assume
that capacities (C; : j € J) are given and that these are all strictly positive
and finite.

3 Bandwidth Sharing Policy

Bandwidth is allocated dynamically to the routes according to the following
bandwidth sharing policy, which was first introduced by Mo and Walrand
[17]. (To see how this fits into a stochastic model for the network dynamics,
see Section 4.)

Given a fixed parameter o € (0,00) and strictly positive weights (k; :
i € T), if N;(t) denotes the (random) number of flows on route i at time ¢
for each i € Z and N(t) = (N;(t) : i € Z), then the bandwidth allocated to
route 7 at time ¢ is given by A;(N(¢)) and this bandwidth is shared equally
amongst all of the flows on route 7. The function A(-) = (A;(-) : ¢ € )
is defined as follows (we define it on all of ]RI+ as we shall later apply it



to fluid analogues of N.) Let A : ]REr — Rﬂr be defined such that for
each n € RL, Aj(n) = 0 for i € Zo(n) = {I € T : n; = 0}, and when
Z.(n)={l €ZI:n >0} is non-empty, AT(n) = (A;(n) : 4 € Z,(n)) is the
unique value of At = (A; : i € Z,.(n)) that solves the optimization problem:

maximize Gn(AT) (1)

subject to Z AN, <Oy, jeJT, (2)
i€I+(TL)

over A >0, i€Zi(n), (3)

where for n € RL \ {0} and AT = (A; : i € T, (n)) € R+,

aAe .
N Zi€I+(n) King 7, if a € (0,00) \ {1},
Gn(A ) - Z KiTl; log Ai if o = 1, (4)

i€y (n)

and the value of the right member above is taken to be —oo if @ € [1,00)
and A; = 0 for some ¢ € Z, (n). The resulting allocation is called a weighted
a-fair allocation.

Various properties of the mapping A : ]RI+ — ]REr are developed in Ap-
pendix A of this paper. In particular, for each n € Rﬂ_,

(i) Ai(n) > 0 for each i € T, (n),
(ii) A(rn) = A(n) for each r > 0,
(iii) A;(-) is continuous at n for each i € Z,(n), and

(iv) there is p € RY (not necessarily unique and depending on n) such that

Kj

1/«
Al(n) = Ny <m) y for each ¢ € Z+(TL), (5)

where
D <Cj - ZAjiAi(n)) =0 foralljeJ. (6)
1€T

The (p; : j € J) are Lagrange multipliers for the optimization problem
(1)=(3), one for each of the capacity constraints (2). (Note that for each
i € T1(n), since Aj(n) > 0 (by (i)) and n; > 0 (by definition), the fact that



the representation (5) holds implies that p is such that the denominator in
the right member of (5) does not vanish.)

When k; = 1,1 € Z, the cases a — 0, @ — 1 and o — oo correspond
respectively to an allocation which achieves maximum throughput, is propor-
tionally fair or is maz-min fair [2, 17]. Weighted a-fair allocations provide
a tractable theoretical abstraction of decentralized packet-based congestion
control algorithms such as TCP, the transmission control protocol of the
Internet. Indeed, if @ = 2 and k; is the reciprocal of the square of the
round trip time on route 7, then the formula (5) is a version of the inverse
square root law familiar from studies of the throughput of TCP connections
[11, 16, 18]. The relations (2) (3), (5) (6), and more refined versions of these
relations, can be solved by iterative methods to give predictions of through-
put, given the numbers of flows N(¢) present at time ¢ [7, 12, 20]. Given
a distribution for N (¢), the overall network performance can be predicted.
But a major difficulty with this approach is the choice of the distribution for
N(t). For example, if flows arrive on different routes as independent Poisson
processes, and if flows on a route remain in the system for independent and
identically distributed holding periods, then the stationary distribution of
the process N is easy to describe: the components are independent, each
with a Poisson distribution, whatever the distribution of holding periods.
This model is indeed used in [12], and might be appropriate for real-time
flows whose time in the system is unaffected by their allocated bandwidth.
But for many flows, for example document transfers, their length of time in
the system is affected by their allocated bandwidth, and this may produce
correlations between the components of N(¢) which need to be understood.
Roberts and Massoulié [19] have begun the study of a stochastic model that
captures this effect.

4 Stochastic Model

An active flow on route 7 corresponds to the continuous transmission of a
document through the resources used by route ¢. Transmission is assumed
to occur simultaneously through all resources on route i. The number of
active flows on route i at time ¢ is denoted by N;(¢). The stochastic process
N = {(Ni(t),...,Ni(t)),t > 0} is assumed to be a Markov process with



state space ZI+ and infinitesimal transition rates ¢ : ZI+ X Zfr — R given by

q(n,m) = Vi, if m=mn+ e, (7)
qin,m) = p;A;(n), ifm=mn-—e;, ni >1, (8)
q(n,m) = 0, otherwise, (9)

for each n,m € RL . i € Z, where, for each i, ; > 0 and p; > 0 are fixed
constants, and e; is the I-dimensional unit vector whose i'" component is 1
and whose other components are all zero.

This corresponds to a model where new flows arrive on route 7 according
to a Poisson process of rate v;; for ¢ such that N;(¢) # 0, A;(N(t))/N;(t)
is the bandwidth allocated to each active flow on route ¢ at time ¢; and a
flow on route 7 transfers a document whose size is exponentially distributed
with parameter p;. This is the model of Roberts and Massoulié [19] with
exponential document sizes.

From the results of de Veciana, Lee and Konstantopoulos [9] and Bonald
and Massoulié [2], we know that the Markov chain N is positive recurrent if

ZAjiPi <Cj, j€J, (10)

1€L

where p; = v;/p; for all i € Z. These are natural constraints: p; is the
average load produced by route i, and we can identify the ratio of the two
sides of the inequality (10) as the traffic intensity at resource j. Indeed,
condition (10) is necessary for positive recurrence of N. For a proof, suppose
that IV is positive recurrent and fix j € J. The virtual waiting time V}(t) for
resource j at time ¢ is the amount of time, measured from time ¢ onwards,
that it would take to complete the transfer of all of the documents that
are being transmitted through resource j at time ¢, assuming that external
arrivals are turned off after time ¢, i.e., no new documents are accepted
for transmission after time ¢, and that all other resources are given infinite
capacity, i.e., Cp = 4oo for all k # j, after time £. The virtual waiting
time thus measures the time it would take for resource j to become idle if
there were no more arrivals after time ¢ and if resource j could work at full
capacity from time £. Suppose that the network starts empty. The positive
recurrence of N implies that the mean time for the virtual waiting time
process V; to return to zero (after first moving away from zero) is finite.
Consider another network with the same features as the original one, except
that Cp = 400 for all k # j. Let 17] denote the virtual waiting time process
for resource j in this network. When the same arrival and document size
processes are used for the two networks, V;(t) < V;(t) for all . In particular,



the mean time for f/] to return to zero must be finite. Now, f/] is equivalent in
distribution to the virtual waiting time process for a multiclass single server
queueing system operating under a work conserving service discipline. This
system has one queue for each i such that Aj; = 1. The queue associated
with such an ¢ has an infinite capacity buffer, Poisson arrivals at rate v;,
i.i.d. exponential service times with a mean of 1/u;, and the server serves at
a maximum rate of C;. The virtual waiting time process for this queueing
system is the same for all work conserving service disciplines and it is well
known that the mean time for this process to return to zero is finite if and
only if > ;.7 Ajip; < Cj. Since j was arbitrary, it follows that (10) must
hold.

It is an open question whether, in the generalization of the above model
to allow arbitrarily (rather than exponentially) distributed document sizes,
the condition (10) is sufficient for stability.

5 Main Results

Our aim in this paper is to begin to explore the behavior of the Markov
chain {N(t),t > 0} when

Y Ajipi<Cj jeT, (11)
€L

and some of the constraints are saturated, i.e., some of the resources are in
heavy traffic. Thus, we henceforth assume that (11) holds and that

1€L

Let J. = |J.| and without loss of generality assume that the first |J.| ele-
ments of J correspond to the set 7.

Here, we focus on understanding the behavior of fluid model solutions,
which can be thought of as formal limits of the stochastic process N under
law of large numbers scaling. The following notions are used in the definition
below. A function f = (f1,...,f1) : [0,00) — RY is absolutely continuous if
each of its components f; : [0,00) — Ry, i =1,... I, is absolutely continu-
ous. A regular point for an absolutely continuous function f : [0,00) — Rﬂ_
is a value of t € [0, 00) at which each component of f is differentiable. (Since
f is absolutely continuous, almost every time ¢ € [0, 00) is a regular point

for f.)



Definition 5.1 A fluid model solution is an absolutely continuous function
n : [0,00) = RY such that at each regular point t for n(-), we have for each
1 €T,

L) = { 0 wilki(nli), Z 228 ~ 8 (13)

and for each j € J,

Yoo Aphn))+ D> Aupi <G, (14)

i€T4 (n(t)) i€Zo(n(t))
where Ly (n(t)) ={i € Z : n;(t) > 0} and Zy(n(t)) = {i € Z : n;i(t) = 0}.

Motivation for this definition is given in Appendix B through a fluid limit
result. For the moment, we observe that if n;(¢) > 0, then the right hand
side of (13) is the infinitesimal drift of N;(¢) when N;(t) > 0 (cf. (7)—(8)).
On the other hand, if n;(t) = 0 and ¢ is a regular point for n(-), then the
derivative of n;(-) at ¢ is forced to be zero since n;(s) > 0 for all s > 0 —
to see this, consider the left and right hand derivatives of n;(-) at ¢. This
property may seem counterintuitive, however, this phenomenon is common
in fluid models for queueing systems. It reflects the fact that a fluid model
solution is obtained as a (formal) law of large numbers limit from the original
stochastic model, and consequently a fluid model solution state n € Rﬂ_ for
which n; = 0 can be the limit of rescaled states in the stochastic model
where the i'" component is at or near zero. The inequality (14) is derived
from the fact that, in the stochastic model, the cumulative unused capacity
for each resource is a non-decreasing process. As in the derivation of the
differential equation (13), some care is needed here in treating routes i for
which n;(t) = 0. One might paraphrase (14) as saying that the total fluid
model bandwidth allocation for each resource cannot exceed its capacity,
where the allocation to any route i satisfying n;(t) = 0 is p; at time ¢. For
a more detailed justification, we refer the reader to Theorem B.1 and its
proof.

Following Bramson [5], we now define an invariant manifold for fluid
model solutions.

Definition 5.2 A state ng € Rﬂ_ 1s called invariant if there is a fluid model
solution n(-) such that n(t) = ng for all t > 0. Let M, denote the set of all
invariant states. We call M, the invariant manifold.

The following is a simple characterization of M,.

10



Lemma 5.1 The set of invariant states, Mg, is given by
{neRL : Ai(n) = p; for alli € T (n)}. (15)

Proof. Let N, denote the set in (15). Note that M, and N, are non-empty
since they both contain the origin in Rﬂ_.

To show that M, C N,, suppose that ng € M,. If ng = 0, then it
follows trivially that ng € N,. If ng # 0, then there is a fluid model solution
n(-) satisfying n(t) = ng for all £ > 0 and so it follows from (13) that

Ai(ng) = p;  for alli € Ty (ng). (16)

Conversely, to show that N, C M,, suppose that ng € N,. Then, by
(11), n(t) = ng for all ¢ > 0 satisfies (13) (14) for allt and alli € Z,j € J,
and so n(-) is a valid fluid model solution. Hence ng is in M. O

The following alternative characterization of the invariant states will also
be used. It is proved in Section 6.

Theorem 5.1 A state n € ]REr 15 an tnvariant state if and only if there is
q € R‘l* such that

_ <Zjej* q;Aji
Ng =pPi \ —

K

1/a
) for alli e T. (17)

Remark 5.1 In fact, as examination of the proof of the above theorem re-
veals, for an invariant state n, there is a one-to-one correspondence between
the vectors q appearing in the above representation of n and the Lagrange
multipliers p appearing in the characterization of A+ (n) given in Lemma A.J
(see also (5) (6)). This correspondence is obtained by taking the entries of
q to be given by the entries of p with indices j € J,. and noting that the other
entries in p are necessarily zero.

For each n € Rﬂ_, we define the distance of n from M, as
d(Mgy,n) =1inf{|lv —n| : v € My} (18)

The following theorem shows that, starting in any compact set, fluid model
solutions converge uniformly towards the invariant manifold. This theorem
is proved in Section 6.

Theorem 5.2 Fiz R € (0,00) and € > 0. There is a constant Tg, < o0
such that for each fluid model solution n(-) satisfying ||n(0)| < R we have

d(Mqy,n(t)) <e forallt>Tg,. (19)

11



In the course of proving Theorem 5.2, in Section 6, we prove the following
(see Theorem 5.3) alternative characterization of invariant states. For this,
define w(n) = (w;(n) : j € J.) for n € RL to be given by

Uz .
wi(n) =Y Aj—, j€ T (20)
i€l Hi

We call w(n) the workload associated with n. Let

a+1
F(n) = oz—li- . Zumm?il (Z—:) for all n € RL . (21)
i€l

This function F' was used in [2] as a Lyapunov function to show positive
recurrence of N under the conditions (10). An intuitive interpretation of
the function F' is as follows. If the the number of flows on each route is fixed
and given by the components of n € Rﬂ_, then, by Little’s law, n;/v; is the
mean time that a flow on route 7 spends in the system, and the time a flow
on route 7 spends in the system is exponentially distributed with mean n;/v;.
The (a+ 1)™ moment of this random variable is T'(e + 2)(n;/v;)*!, where
I'(+) is the usual Gamma function. Thus, given n, F(n) can be interpreted
as a weighted sum over the routes, where for route 7, the summand is the
weight vk p® ' /(e + 1)I' (@ + 2) times the (@ + 1) moment of the amount
of time spent in the system by a flow on that route.

For w € RY* | define A(w) to be the unique value of n € RL that solves
the following optimization problem:

minimize  F(n)

subject to ZAJZ/M >wj, j€ Tk, (22)
€T
over n; >0, 1€l

Remark 5.2 Since A has full row rank and its only entries are zeros and
ones, for each w € ]R‘J]r*, the feasible set of the optimization problem (22)
18 non-empty, and then since F' is non-negative on RI+ and F(n) — oo as
In|| = oo, (22) has an optimal solution. By the strict convexity of F, this
solution is unique.

Theorem 5.3 A wvector n € ]RI+ s an invariant state if and only if n =
A(w(n)).

The map A : ]Ri* — ]REr plays an analogous role for the flow-level model
of [19] to the lifting maps occuring in Bramson’s work [3, 4] on the asymp-
totic behavior of fluid models associated with multiclass queueing networks

12



operating under certain head-of-the-line service disciplines. It is natural to
conjecture that one might prove a state space collapse theorem for the flow-
level model in an analogous manner to that in Bramson [5], and extend the
diffusion approximation results developed for multiclass queueing networks
in Williams [21], to prove a diffusion approximation for the flow-level model.
This suggests that, under suitable rescaling and initial conditions, a diffusion
approximation for the J,-dimensional workload process W = {W (¢) : t > 0}
defined by

Wi = 4,00 e g, (23)

i
€7 Hi
is likely to be a reflecting Brownian motion W living in the workload cone
Wa = A*MilMaa (24)

where M = diag(u), A, is the J, x I matrix obtained from A by eliminating
those rows of A that are not indexed by elements of 7., and

o qiA

Ma: nGRLn,L:p,L(M

1
@ . J*
p ) , 1 € Z, for some ¢ € R

(25)
Here the direction of reflection on the boundary surface corresponding to
gj = 0 is the unit vector pointing in the direction of the positive §* coordi-
nate axis. Furthermore, state space collapse should yield an approximation
N for N, under diffusion scaling, where N = A(W). This conjecture will be
pursued in a subsequent work.

To illustrate the conjecture, we consider the following simple example.
Suppose that J = {1,2} and Z = {{1},{2},{1,2}}, corresponding to a
linear network with two resources and three routes. Let o € (0,00), K; =
pi =1, for i =1,2,3, C; =1for j = 1,2, and p; + p3 = po + p3 = 1. Then
the state space for the diffusion W is the cone

1
o

Q=

1 1
Wo = {(wi,w2) :wi = prgi" + p3(q1 +q2)>, wa = p2qg5 + p3(q1 + q2) =,

for some ¢; > 0,q2 > 0},
which for all a € (0, 00) is the same as the cone
{(w1,ws) s w1 >0, wips < wy < wipy'}

pictured in Figure 1. Reflection occurs in the horizontal direction (corre-
sponding to resource 1 incurring idleness) on the bounding face wy = wyps.

13



Wo

w1 = wapP3

~_

Wy = W13

{

Figure 1: The workload cone W, for a network with two resources, with
workloads labelled w;, w9, and three routes, with traffic loads labelled
p1,p2,p3. Under the lifting map A, points (wi,wy) on the boundary
w1 = wapz are mapped to points (nq,n9,ng) where n; = 0 (and the corre-
sponding ¢ € R% has ¢; = 0); similarly, points (wy,w2) on the boundary
we = w1 pz are mapped to points (nq,ny,ng) where ny = 0 (and the corre-
sponding ¢ € R% has ¢o = 0).

The interpretation of this is that although there is work for resource 1 within
the system, congestion at resource 2 is preventing resource 1 from working
at its full capacity. Similarly, vertical reflection (corresponding to resource
2 incurring idleness) on the bounding face wy = wj p3 is interpreted to mean
that congestion at resource 1 is preventing resource 2 from working at its
full capacity. Although the workload cone is the same for all a € (0,00)
in this example, this will not be the case in general for higher dimensional
workloads.

14



6 Proofs: Characterization of Invariant States and
Convergence to the Invariant Manifold

Proof of Theorem 5.1. It follows from Lemma 5.1, and the characteri-
zation of AT (n) in terms of Lagrange multipliers given in Lemma A.4, that
n € M, if and only if there is p € R‘J_ such that

o pi A\ e
ni = p; (M> for all i € T, (n), (26)

Kq

and for all j € J,

pi | Ci— Y Ajpi| =0 (27)
i€y (n)
Note that for j € T\ Js, > icr Ajipi < Cj and so (27) holds for such a j if
and only if p; = 0. It follows that we can replace J by J. and J by J, in
the above characterization of invariant states. The characterization given in
the theorem can now be deduced as follows.
First, consider an invariant state n and ¢ € Z\ Z;(n). Then n; = 0 and
for any j € J, such that A;; > 0, we have

Z Ajipi < ZAijz = Cj, (28)

1€T (n) leT

and so by (27), we must have p; = 0. On combining the above, we see that

K

, A\ Ve
ni = p; <M> for all i € Z. (29)

Thus, any invariant state has the form given in (17) with ¢; = p; for j € ..

Conversely, suppose that n is of the form given in (17) for some ¢ € ]Ri* )
Set pj = 0 for j € J\ Ji and p; = ¢; for j € J.. Then, (26) holds
immediately with J, in place of J, and so it suffices to show that p and n
satisfy the complementarity condition (27) for each j € J,. The only way
that this can fail to hold is if there is j € J, and ¢ € Z such that g; > 0,
Aj; > 0 and n; = 0. But, by the representation (17), n; = 0 implies that
q; = 0 for all j € J, satisfying Aj; > 0. Thus, (27) must hold for all j € 7.
O

We need some preliminary lemmas before we can prove the other char-
acterization of invariant states given by Theorem 5.3. For this, recall the
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definition of the function F' from (21) in Section 5. For any fluid model
solution n(-), F(n(-)) is absolutely continuous and at each regular point ¢
for n(-),

d OF d
3P = g (30

iz iy N
- zeI%(t))Hi (w:(ﬂ)“ (:_ _Ai(n(t))) (32
= K(n(t)), (33)

where, for each n € ]Rﬂ_,
ping \“ [ vi
K(n) = i — —Ai(n) | . 4
m o= ¥ w (M) (2 am) (34

Indeed, K (0) = 0 and for n € RY \ {0},

K(n) = VGu(AT"(n)) - (A" (n) — AT (n)), (35)

where AT (n) = (Aij(n) 1 i € Zy(n)), AT*(n) = (p; : 7 € Z1(n)), VGu() is
the gradient of the function G, (-) defined in (4).

Lemma 6.1 The function K is continuous on Rﬂ_ and
K(n) <0 for eachn e R, (36)
where the inequality is strict unless n is an invariant state.

Proof. The continuity of K follows from the definition (34), combined with
Lemma A.3 and the fact that the term indexed by 7 in the sum in (34) is
small if n; is near zero, since A(n) is bounded.

If n =0, K(n) =0 and 0 is an invariant state. Now suppose that n # 0.
Then, by Lemma A.1, A*(n) solves the optimization problem (1) (3) on
(0, 00) T+ Since AT = AT*(n) is feasible for this problem and G,,(A™) is
concave as a function of AT € (0, 00) 7+ with a strictly negative definite
(diagonal) Hessian matrix of second partial derivatives at each point, it
follows from (35) that K (n) is non-positive and that it is strictly negative
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unless A (n) = AT*(n). More precisely, by (35) and Taylor’s theorem with
remainder, for v = AT (n) — AT*(n),

—K(n) = VG,(AT*(n))-v
= Ga(A () = Ga(A* () = 50 (V2Ga) (Ao,

for some A lying on the line segment between AT (n) and AT*(n) and
where (V2G,,)(-) denotes the Hessian matrix for G,,(-). By the optimality
of AT (n), Go(AT(n)) > G,(AT*(n)), and by the strict negative definiteness
of (V2G,)(A), it follows that the last line above is non-negative and it is
strictly positive unless v = 0. By Lemma 5.1, v = AT (n) — A™*(n) = 0 if

and only if n is an invariant state. O

Corollary 6.1 At any regular point t for a fluid model solution n(-), we
have

%F(n(t)) = K(n(t)) <0, (37)

where the inequality is strict unless n(t) € Mg.

Proof. This follows from Lemma 6.1 and (30) (33). O
For each n € R, let w(n) = (wj(n) : j € Ji) be defined by (20).

Lemma 6.2 For any fluid model solution n(-), t = w;(n(t)) is a non-
decreasing function of t € [0,00), for each j € J,.

Proof. Consider a fluid model solution n(-). Since n(-) is absolutely contin-
uous, then so is the linear function w(n(-)) of n(-). From equations (13) (14)
satisfied by a fluid model solution, at a regular point ¢ for n(-) we have for
each j € J,,

d
Zwi(n(t)) = > Ajilpi = Ai(n(t)), (38)
i€T (n(t))
and (14) holds. Now, for j € J,,
Cj = Ajipi. (39)
i1

and on substituting this into (14) we obtain

Z A]lAl(n(t)) < Z Ajipi for all 5 € 7., (40)

i€ (n(1)) i€ (n(1))
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and when combined with (38) this yields

%wj(n(t)) >0 forallje J.. (41)
Since wj(n(-)) is obtained by integrating its almost everywhere defined
derivative, it follows that w;(n(-)) is a non-decreasing function for each
J € T O

For each w € ]Ri*, define F(w) to be the optimal value attained in the
optimization problem (22), and recall, from Section 5, the definition of A(w)
as the optimizing value of n.

Lemma 6.3 The functions F : ]R‘J]r* — Ry and A : R‘l* — Rﬂ_ are contin-
wous. In addition, F is a non-decreasing function, i.e., if w and W are two
vectors in R‘l* such that w < w, then F(w) < F(w).

Proof. To prove the continuity of the functions F and A, consider a se-
quence {wy,,m = 1,2,...} in ]Ri* converging to some w € R‘J_*. By the
growth property of F' that F(n) — oo as ||n| — oo, and the full row rank and
non-negativity assumptions on A, {A(w,,),m =1,2,...} is bounded. Let n
be any cluster point of this sequence. Then, 1 satisfies the constraints of the
optimization problem (22) and, by the continuity of F', F(A(wy,,)) = F(n)
as k — oo for some subsequence {my} of {m}. By the feasibility of n,
F(n) > F(A(w)). We claim that 7 = A(w).

For a proof by contradiction, suppose that 7 # A(w). Then, by the
strict convexity of F, e = F(n) — F(A(w)) > 0, and by the continuity of
F, there is § > 0 such that F(n) < F(A(w)) + € = F(n) for all n € RL
satisfying ||n — A(w)| < .

Since w,; — w as m — oc and A has full row rank, there is n € ]REr
such that ||A — A(w)|| < § and A,M~'A > w,, for all m sufficiently large.
(Here A, is the J, x I matrix of rank J, obtained from A by eliminating
those rows of A that are not indexed by J, and M = diag(u).) To see
this, let A" be a I x J, matrix that is a right inverse for A, M~ i.e.,
A, M~1A" = I where I denotes the J, x J, identity matrix. By the definition
of A(w), AxM~'A(w) > w and so, since w,, — w as m — oc, there is m(4)
sufficiently large that for all m > m(J),

J
71’
2V .|| AT]|

where 1 denotes the J,-dimensional vector whose components are all 1’s. Let
_ 5 1 g -1, _ )
u = 72\/3\\14*”14 1, Note that ||u|| < % and A, M~ 'u = 2\/IHAT||1' Define

A M A(w) > wy, —

2
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f = A(w) + @, where @; = |u;| for i € Z. Then, 7 € R | |2 — A(w)|| =
|@| = ||lul| < & and, since A, M~ has non-negative entries,

AM th > ALM I A(w) + AcMtu > wy,

for all m > m(d), as desired.

For m > m(d), n is feasible for the optimization problem (22) with w,,
in place of w, and since A(w,,) is optimal for this problem, it follows that
F(n) > F(A(wy,)). Hence, F(n) > limy F(A(wy,)) = F(n). But this
yields a contradiction, since F'(n) < F(n) as ||n — A(w)|| < d. Thus, n =
A(w), and since 1 was an arbitrary cluster point of {A(w,,),m =1,2,...},
it follows that this sequence converges to A(w), and

F(w) = F(A(w)) = lir}rlnF(A(wm)) = linrlnE(wm).

This implies the continuity of A and F.
The non-decreasing property of F follows from the fact that, for w and
W in ]R'J]r* satisfying w < w, any feasible solution for the problem (22) with
w in place of w is feasible for the original problem with w. O
We have the following characterization of the optimal solutions of (22).

Lemma 6.4 For each w € R‘J_*, a vector m € RBF 1 the unique optimal
solution of (22) if and only if there is p € R‘J_* such that for each i € T,

) A\ Y
n; = p; (M) 7 (42)

Kq

and for each j € T,

and

Proof. Fix w € R‘J_*. For n € Rﬂ_ and p € ]RJ*, let

L(n,p) = F(n)+ > p; (U’j - Z!‘Uz’%) : (45)

JET« €T
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Suppose that n € ]RI+ is the unique optimal solution of (22). Since A has full
row rank, no row of A contains all zeros. Recall that A only contains zeros
and ones. It follows that there is v € RL such that >, 7 Aji% > wj for
each j € J,. Thus, Slater’s constraint qualification (cf. Clarke [8], p. 236) is
satisfied and by the necessity theory of Lagrange multipliers (cf. Luenberger
[15], Theorem 1, p. 217), there is p € ]R‘J]r* such that n minimizes L(-,p) over
Rfr and (43) holds for all j € J,.. Now, L(-,p) is continuously differentiable
and so for each ¢ € Z we have

oL

on;
where the inequality is an equality when n; > 0. If n; > 0, this yields (42)
immediately. If n; = 0, this yields

1
4 A\ ®
0=mn; > p; (M) _ (47)

sl K

Since p has non-negative components, it follows that the above holds with
equality. Thus, (42) holds for all i € Z. The inequality (44) holds for each
J € Jx, since n is feasible for (22).

Conversely, suppose that n € RY and p € R‘J]r* satisfy (42)—(44). Then

OL

%(n,p) =0, forallieZ, (48)

and it follows from the strict convexity of F' that n is a global minimum for
L(-,p) over RL. By (44), n is feasible for (22) and for any other feasible
n € Rfr we have

F(n) = L(n,p) < L(f,p) < F(n), (49)

where we have used (43), the feasibility of n, and the fact that p € R‘J_*.
Thus, n is optimal for (22). O

We can now prove Theorem 5.3.
Proof of Theorem 5.3. By Theorem 5.1, n € ]REr is an invariant state if
and only if there is p = ¢ € ]R‘J]r* such that (42) holds for all i € Z. Note
that if w = w(n), then (43) (44) automatically hold for all j € J,. Thus,
on combining the above with Lemma 6.4, we see that n € Rﬂ_ is an invariant
state if and only if n is the unique optimal of (22) with w = w(n). The
latter is equivalent to n = A(w(n)). O
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For the proof of the convergence result, Theorem 5.2, we introduce the
following function H and prove some of its elementary properties. For each
n € RL let

H(n) = F(n) — F(w(n)). (50)

Lemma 6.5 The function H : Rﬂr — R is continuous. Furthermore, it is
zero on the set of invariant states, My, and it is strictly positive on Rﬂ_ \M,.

Proof. The continuity of H on Rﬂ_ follows from the facts that F' is clearly
continuous, F' is continuous by Lemma 6.3, and the linear function w(-) is
continuous.

Since n € RY is feasible for (22) with w = w(n), we have F(n) > F(w(n))
and hence H(n) > 0. Furthermore, H(n) = 0 if and only if n is the optimal
solution for (22) with w = w(n), that is, if and only if n = A(w(n)). The
latter occurs if and only if n is an invariant state, by Theorem 5.3. O

Lemma 6.6 For any fluid model solution n(-), t — H(n(t)) is a non-
increasing function of t € [0, 00).

Proof. By Corollary 6.1, F(n(t)) = F(n(0)) + f(fK(n(s))ds is a non-
increasing function of ¢, and, by the combination of Lemmas 6.2 and 6.3,
F(w(n(t)) is a non-decreasing function of ¢, and so it follows that H (n(t)) =
F(n(t)) — F(w(n(t))) is a non-increasing function of . O

Remark 6.1 A stronger form of Lemma 6.6, which shows that H(n(t)) is
strictly decreasing at times where n(t) ¢ Mg will be developed and used in
the proof of Theorem 5.2 given below.

Proof of Theorem 5.2. Fix R € (0,00) and € > 0. Let
F(R) =sup{F(v) :v € R, |[v|| < R}.

Since F is continuous on RY , F'(R) is finite. For any fluid model solution n(-)
satisfying ||n(0)|| < R, on integrating (37) we see that F(n(t)) < F(n(0))
for all £ > 0. The fact that F(n) — oo as ||n|| — oo implies that there is
a closed ball B (depending on R) in RL that is centered at the origin and
of finite radius such that F(v) > F(R) for all v € B¢ where B® denotes
the complement of B in ]Rﬂ_. Combining the above we see that for any
fluid model solution n(-) satisfying ||n(0)|| < R, we have n(t) € B for all
t € [0,00).
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Let
D ={veB:dMgu,v) > ¢} (51)

Note that D depends on R and e. By Lemma 6.5, the function H is con-
tinuous and strictly positive on the compact set D. It follows that § =
inf{H(v) : v € D} is strictly positive, and the set D = {v € B : H(v) > 4}
contains D. Moreover, since H is zero on My, D does not meet M,,.

Consider a fluid model solution n(-) satisfying ||n(0)|| < R. Let T'(n) =
inf{t > 0: n(t) ¢ D}. Since n(-) remains in B for all time, it follows that
if T(n) < oo, then n(:) exits D by violating the constraint H(n(-)) > 4.
Then, since H(n(-)) is a non-increasing function (by Lemma 6.6), it follows
that n(t) ¢ D for all + > T(n). Consequently, since D C D, we have
d(Ma,n(t)) < efor all t > T(n). We now develop an upper bound on T'(n).
For 0 <t < T(n),

H(n(t)) - H(n(0)) < F(n(t)) — F(n(0)) (52)
= /0 K(n(s))ds, (53)

where we have used the non-decreasing property of F(w(n(-))) for the first
line, and Corollary 6.1 for the second line. By Lemma 6.1, K is continuous
and strictly negative off the manifold M,,. It follows that there is Cr . > 0
such that K is bounded above by —Cg . on the compact set D which does
not meet M. Then, the above yields

T(n) < Hp/Cr., (54)

where Hr = sup{H (v) : ||lv|]| < R} < oo, and the desired result follows. [

A Properties of the Bandwidth Sharing Policy

For each n € RL \ {0} and AT € ]R‘fL (™1 recall the definition of Gn(AT)
from (4).

Lemma A.1 For each n € RY \ {0}, there is a unique optimal solution
At(n) = (A; : 4 € Zy(n)) of (1) (3); each of its components is strictly

positive and uniformly bounded by C* = maxc 7 Cj.

Proof. Fix n € Rl \ {0}.
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If @ € (0,1), the objective function G, (A™) is continuous and strictly
concave as a function of AT = (A; : i € Z,(n)) on the compact set

{A+ A >0foralli € Zi(n), Y Audi<Cj forallje J}. (55)
i€Zy(n)

It follows that the maximum of the objective function is achieved on this set,
and by the strict concavity, the maximizing point is unique. Furthermore,
since the derivative of the objective function with respect to A; diverges to
+oo as A; | 0 for each ¢ € 7, (n), the maximizing point must have strictly
positive components, i.e., the maximum cannot occur with one of the A;,
i € Zy(n), equal to zero.

For a € [1,00), by convention, the objective function takes the value —oc
whenever A; = 0 for some i € Z(n). Thus, any optimal solution to (1) (3)
has all components strictly positive. In fact, if we let ¢ = min;cs C;/|Z],
then the |Z, (n)|-dimensional vector At with all components set equal to ¢
satisfies the constraints in (1)—(3). By combining the fact that the feasible
set for (1) (3) is bounded, with the fact that the objective function diverges
to —oo as A; — 0 for any 7 € Z, (n), we may conclude that there is § > 0
such that for all AT = (A; : 7 € Z(n)) satisfying the constraints in (1) (3)
and such that A; < § for at least one i € T, (n), we have G,,(A") < G,,(A™).
It follows that any optimal solution of (1) (3) must be in the compact set

{A+ S <A foralli € Ty(n), Y AjAi < Cjforallje J}. (56)
i€I+(n)

Since the objective function is continuous and strictly concave on this com-
pact set, it has a unique maximum there, which is the optimal solution of

(1) (3).
Since for each 7 € Z there is j € J such that A;; = 1, it follows that
Af(n) <C*= magch for all s € T, (n). O
je

In the following lemmas, A : ]REr — ]REr is as defined in Section 3.

Lemma A.2 Fizn € R}. Then, A(rn) = A(n) for all T > 0.

Proof. Fix r > 0. Note that Z,(n) = Z4(rn) and so Aj(n) = Aij(rn) =0
for all i € To(n) = T\ Ty (n). Also, for A+ € RF+I G (A+) = roG,, (AT)
(for all @ € (0,00)), and since the constraints in (1) (3) do not involve n, it
follows that the optimal solution A™(rn) for the objective function G, ()

is the same as the optimal solution A*(n) for the objective function G, (-),
and hence At (rn) = At (n). O
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Lemma A.3 For ecach i € T, the it" component A;(-) of the function A(-)
is continuous on {n € Rﬂ_ :m; > 0}

Proof. We first prove continuity of A(-) at n* € RY satisfying n} > 0
for all 4 € Z. In this case, Z,(n*) = Z and, by Lemma A.1, the optimal
solution A(n*) to the problem (1) (3) with n = »n* has all components
strictly positive. Given € > 0, let B, be a non-empty open ball that is
centered at A(n*), that has radius less than or equal to €, and that is a
positive distance from the boundary of the orthant RI+. Let D, denote the
compact set of A € Rl that satisfy the constraints of (1)-(3) with n = n*
there and that are outside of B,.
We claim that there is > 0, 8 € (0, minl_, n;) and § > 0 such that

G- (A) < G- (A(n*)) — 7 for all A € D, (57)

and
Gn(A) < Gpe(A(n")) —n/2 (58)

whenever n € R satisfies |[n — n*|| < 8 and A € D, is such that A; < ¢ for
at least one 7 € Z. (Note that n; > 0 for all 7 when ||[n —n*|| < .) The first
inequality (57) can be proved by contradiction. For if (57) does not hold for
some 7 > 0, then for each positive integer k, there is A¥ € D, such that

G (AF) > G (An)) — 7. (59)
By the compactness of D, there is A € D, such that {A*} converges to A
along some subsequence. If « € (0, 1), then by the continuity of G,«(-) on
[0,00)" in this case, it follows on passing to the limit in (59) that G,-(A) >
Gn-(A(n*)), which contradicts the uniqueness of the optimum A(n*). If
a € [1,00) and A € (0,00)", then the continuity of G- (-) on (0,00)" yields
a contradiction in the same manner as for a € (0,1). Finally, if o € [1, 00)
and A; = 0 for some i € Z, then since Af — A, along some subsequence of
k’s, either x;n!log AF — —oo (if @ = 1) or k;(n})*(AF)1=2/(1 — a) —» —o0
(if @« > 1), along this same subsequence. The other terms (indexed by
| # i) in the sum constituting G,-(A¥) are either bounded (if A; # 0) or
go to —oo (if A; = 0) as k — oo along the subsequence. Consequently,
Gn+(AF) — —oc as k — oo along the subsequence, which contradicts (59).
Now we show the result pertaining to (58). For a € (0, 1), it follows from the
uniform continuity of G, (A) as a function of (n, A) on any compact subset
of [0,00)T x [0, 00)T that there is 8 € (O,minZI:1 n;) such that

Gu(A) < G- (A) +1/2
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for all n € RY satisfying ||n — n*|| < B and A € D.. The inequality (58)
follows immediately from this together with (57). For o = 1 and fixed
B € (0,min}_, n}), if n € RL satisfies |n — n*|| < B, § € (0,1), A € D, and
1 € T such that A; < §, then we have

Gn(A) = annl log A, (60)
ez
< ki(nf = B)logd+ > ki(ni +B)log(C* V1),  (61)
I#i

where C* = max;c 7 Cj. Since ny — 3 > 0, by the definition of 3, the last
line above goes to —oc as § — 0. As there are only finitely many indices
i € T and the right member of (58) does not vary with n or A, it follows
that for any fixed 8 € (0, min]_, n}), there is € (0,1) such that whenever
n € RL satisfies |[n — n*|| < 8, A € D, and A; < § for some i € Z, then (58)
holds. A similar proof of (58) holds for « € (1,00), with the exception that
(61) is replaced with

51704

1—a

Gn(A) < Hi(n;_ﬂ)a

(62)

Since G,,(A) is uniformly continuous as a function of (n, A) on any com-

I I : |

pact subset of (0, 00)" x (0,00)", there is v € (0, 8/2) such that for alln € R},
satisfying ||[n — n*|| <y and A € D, satisfying A; > ¢ for all i € Z, we have

Gn(A) < Gn* (A) + 77/27 (63)

and

Gn(A(n7))) > Gu- (A(n")) —n/2. (64)

Combining (57)-(58) with (63)—(64), we see that for all n € RL satisfying
|n —n*|] <~ and all A € D, we have

Gn(A) < Gp-(A(n")) = n/2 < Gu(A(n7)). (65)

Tt follows that for all n € Rﬂr satisfying ||n — n*|| < 7, the optimal solution
A(n) of (1) (3) must lie within B,, and hence must be no more than distance
e from A(n*). Hence, A(-) is continuous at n*.

Next, consider n* € RL \ {0} such that n} = 0 for at least one k.
We will show that as a function of n, (A;(n),i € Z,(n*)) is continuous
at n = n*. Small perturbations n of n* that only involve changes to the
strictly positive components of n* can be handled in a similar manner to
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that in the first three paragraphs of this proof. It is perturbations for which
Z:(n) # Z4(n*) that require additional argument, which we give below. For

fixed € > 0, let B, be a non-empty open ball in RE“L "9 that is centered

at AT (n*) = (A;(n*) : i € Z,(n*)), that has radius less than or equal to e,
and that is a positive distance from the boundary of the orthant R‘? Sl

Let D, denote the set of A € RE“L 1 that satisfy the constraints of (1)—(3)
with n = n* there and that are outside of B.. In a similar manner to that
for (57), by the strict concavity of Gy« (-) on the interior of R‘f* ™) and its

behavior near the boundary of RE“L ("*)‘, there is 7 > 0 such that
Gn-(A) < G- (At (n*)) —n  forall A € D,. (66)
We now need separate arguments for the cases « < 1, > 1 and o = 1.
We first consider « € (0,1). For a vector n € ]Rﬂ_ such that n; > 0 for all

i € I, (n*), the vector AT (n*) € RE“L ™) can be extended, by the addition

of zero components, to a feasible vector in R‘f*(n)‘ for the optimization
problem (1) (3) associated with n. Using the fact that

1—a
«a Al

"1 -«

(67)

KN

is zero when A; = 0 and « € (0,1), it follows that the optimal solution
AT (n) of the optimization problem (1)—(3) satisfies

Gn(AT(n)) > Ga(AT(n")) (68)

where 7 is the vector in ]Rﬂ_ obtained by resetting the entries in n indexed

by i € Ty(n) \ Z,(n*) to zero. Let A*(n) denote the vector in R‘f*(n*)‘
consisting of the components of A™(n) indexed by 7 € Z, (n*). Then,

. +p)) -
Gn(AT(n)) = Gi(AT(n)) + > mg&.

1€Z4 (n)\Z 4 (n*)

(69)

11—«

Since (67) tends to zero as n; — 0, uniformly for A; € [0, C*], there is y; > 0
such that whenever ||[n —n*|| < 1, we have n; € (0,00) for all s € Z, (n*)
and the sum on the right side of (69) is less than 7/6. Combining this with
(68), we see that for |n — n*|| < 71,

Ga(AT(n)) > Ga(A*(n*)) —n/6. (70)
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(Af (o)t

e as a

By the uniform continuity of G (AT (n*)) = 32c7, (n+)
function of (n; : i € T, (n*)) on compact subsets of (0,00) 7+l there is

v2 € (0,71) such that

e
KT

IGa(AT(n")) — Ga- (AT (n"))]| < /6, (71)
whenever ||[n —n*|| < 2. Combining (70) with (71), we obtain
Ga(A*(n)) > Gu- (A (n%)) — /3. (72)

for all n € RL satisfying |[n — n*|| < 7. Finally, by the same kind of
argument as in the second and third paragraphs of this proof (cf. (58)
(65)), but with A replaced by (A; : i € Z,(n*)) and n replaced by (n; : i €
Z.(n*)), using (66), there is 3 € (0,72) such that for all n € RY satisfying
|n —n*|| <3 and A € D,, we have

G- (AT (n*)) > Ga(R) +n/2. (73)

Combining the above, we have that for all n € RL such that ||n — n*| < 3
and A € D, ) )
Gi(AT(n)) > Ga(A) +n/6. (74)

It then follows that for |[n —n*|| < 43, A*(n) is not in D, and it satisfies the
constraints of the optimization problem (1)—(3) with 7 (or n*) in place of n,
and so it must be in B,.. This completes the proof of the desired continuity
for the case a € (0,1).

For the case o € (1,00), for m; > 0, the term (67) is negative, and is
unbounded below as A; | 0. However the choice A; = n; gives an evaluation

kini/(1 — «) that converges to zero as n; | 0. Since ZiEI+(n*) Hlnf‘/}’i—:
is uniformly continuous as a function of ((n;, A;) : i € Z,(n*)) on compact
subsets of ((0,00) x (0,00))Z+(™)! there is ; > 0 such that whenever
[ni — nill < v and ||A; — AF(n*)]| < 4 for all i € Z(n*), we have n; >

0,A; >0 forallieZ,(n*) and

A”
S wimd T = G (AT ()| < /6. (75)
i€I+(n*)

Since n = 0 for all ¢ ¢ Z, (n*), there is 72 € (0,71) such that

1
—n/6 < — > King < 0 (76)
1€Z4 (n)\Zy(n*)
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and
> Ajn; < (m/2) AC; forall j € T, (77)
i€y (n)\Z+(n*)
whenever n € R satisfies |[n — n*|| < 79. Then, for such n, the vector
Ae R‘f* ™! defined by A; = n; fori € T, (n)\Zy(n*) and A; = A} (n*)—v,/2
for i € Z,(n*), satisfies the constraints of the optimization problem (1)—(3)
for n. Since AT (n) is the optimal solution of that problem, using the same

notation with tildes as for the case a € (0, 1), it follows, by the negativity
of (67), that

Ga(A*(n)) > Gu(A*(n)) > Ga(d), (78)
where, by (75) and (76),

1 1

Gu(A) = = > wmiATH— > ki (19)
i€Z4(n*) 1€Z4 (n)\Zy(n*)
> Gy (AT(n")) =n/6 — /6. (80)

From hereon, the proof proceeds in the same manner as from (72) onwards
in the proof for a € (0,1), to show that A*(n) is in B, whenever n is
sufficiently close to n*.

If « =1 and n; > 0, the term (67) becomes k;n; log A;, which may take
positive or negative values. Nevertheless, one can proceed in a very similar
manner to that for the case a € (1,00), after observing that if A; = n; then
the evaluation k;n;logn; is negative for small enough n;, and approaches
zero as n; | 0, while the maximum over 0 < A; < C* of the analogue of (67),
namely x;n;log C*, also approaches zero as n; | 0. It follows that there is
v2 > 0 such that for n € RY satisfying ||n — n*|| < 72, we have n; > 0 for all
i € Zy(n*) and

Gi(A*(n)) > Gu(A*(n)) —n/12 (81)
> Gue (AT (n")) = /12 — /12 — /6. (82)
The proof can then be completed as in the case a € (1,00). O

Remark A.1 A;(n) may be discontinuous at n if n; = 0.

For n € RL \ {0}, consider the Lagrangian

Lo(AY,p) = Gu(AT) + > pi [ Ci— D Ajili |,
jeJ i€I+(TL)
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where G,,(AT) is defined by (4), AT = (A; : i € T (n)) € (0,00) T+
and p = (pj cj € J) € R‘J_ is a vector of Lagrange multipliers. Since
the optimal solution A™(n) of (1)—(3) has strictly positive components (cf.

Lemma A.1), we can use the theory of Lagrange multipliers to characterize
ATt (n) as follows.

Lemma A.4 Fiz n € RL \ {0}. A wvector AT = (A; 1 i € I (n)) is the
unique optimal solution of (1) (8) if and only if there is p € RY such that

pi | Cj— Z AjiNi | =0 forallje J, (83)
i€Zy(n)
ijA]-i >0  foralli€Zy(n), (84)
JjeET
1/
fos
A=y | =t for alli € T,(n), (85)
' (Zjejijji>
and
Y AN <Cj foralljeJ. (86)
i€Zy(n)

Proof. By Lemma A.1, all of the components of the unique optimal solution
AT (n) of (1)—(3) are strictly positive. Since C; > 0 for each j € J, there
is AT € (0,00) 5+l satisfying Cj — Zi€I+(n) AjiA; > 0 for each j € J.
It follows that Slater’s constraint qualification (cf. [8], p. 236) is satisfied
and so by the necessity theory of Lagrange multipliers (cf. Luenberger [15],
Theorem 1, p. 217), there is p € R} such that A" (n) maximizes L, (AT, p)
over At € (0,00)/ T+ and (83) holds with A; = A;f(n) for all i € Z(n).
Since AT = AT (n) is an interior maximum for L, (-, p), which is continuously
differentiable as a function of AT € (0, 00)/Z+™) it follows that

oL, n;
0= SE 0 ). p) = i (s

) — ijAji for alli € Z,(n). (87)
JjeJ

The relations (84) and (85) follow immediately from this and the strict
positivity of AT(n). Condition (86) follows from the constraints satisfied by
At (n).

Conversely, if p € R] and AT = (A; : i € Z(n)) satisfy (83)—(86), then
using the strict concavity of L, (-, p) one can verify that (A, p) is a saddle
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point of Ly (-,-) on (0,00)/Z+™I x RY and so by a sufficiency theorem for
Lagrange multipliers (cf. Luenberger [15], Theorem 2, p. 221), AT is an
optimal solution of (1)—(3) with A; > 0 in place of A; > 0 for all i € Z, (n).
But since the optimal solution of (1) (3) has strictly positive components,
it follows that A™ is optimal for (1) (3). O

Remark A.2 Given n € RL \ {0}, while the vector p = p(n) may be non-
unique, the vector (3_,c 7 pj(n)Aji,i € Iy(n)) is unique by (85) and the fact
that A*(n) is unique, by Lemma A.1.

B Fluid Model Solutions as Fluid Limits

We shall use the following representation for the Markov process N intro-
duced in Section 4:

Ni(t) = Ni(0) + Ei(t) — Si(Ti(t)), i€Z, t>0, (88)

where N (0) is a random variable taking values in Rﬂ_ that is independent of
E,S; E, S are independent I-dimensional processes with independent com-
ponents such that for each i € Z, FE; is a Poisson process with rate v; and
S; is a Poisson process with rate u;. The sample paths of these processes
are assumed to be right continuous on the time interval [0, 00) and to have
finite left limits on (0,00). The process T' = (T; : i € I) is a continuous,
I-dimensional, non-decreasing process such that for each i, T;(t) represents
the cumulative amount of (bandwidth) capacity allocated to route i up to
time ¢; it is given by

T;(t) = /Ot Ai(N(s))ds forieZ, t>0, (89)

where the function A(-) = (A;(+) : i € Z) is defined as in Section 3 using the
optimization problem (1) (3). For each j € 7, let

Uj(t) = Cjt — > AjTi(t) = Cit — (AT(t));, t>0. (90)
i€

The process U; is continuous and non-decreasing, and U;(t) represents the
cumulative unused capacity for resource j up to time f.

We develop a fluid model, which can be thought of as a formal law of
large numbers approximation for the stochastic model. For this, we consider
a sequence of stochastic systems, indexed by r — oo, in which the initial
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conditions may change with r, but £ and S are kept fixed. The processes
N7, U", T", E, S, in the r** system are rescaled with law of large numbers
scaling to yield new processes N U, T"E',S":

N'(t) = N"(rt)/r, (91)
Ut = U (rt)/r, (92)
Tr(t) = T"(rt)/r, (93)
E'(t) = E(rt)/r, (94)
S'(t) = S(rt)/r, (95)

for each t > 0.

The sample paths of (T',E", S ,N',U") lie in the space D*I*J of func-
tions defined from [0, c0) into R+ that are right continuous on [0, oc) and
have finite limits from the left on (0,00). This space is endowed with the
usual Skorokhod J;-topology (cf. Ethier and Kurtz [10]). We say that a
subsequence (which may be the whole sequence) of {(TT, E",S" N', UT)} is
tight (resp. converges weakly) if the probability measures induced on D*+J
by the subsequence are tight (resp. converge weakly). We say that the sub-
sequence is C-tight if it is tight and any weak limit point has continuous
paths almost surely.

To obtain the fluid model, we formally pass to the limit as 7 — oo in the
rescaled versions of (88) (90). In fact, we have the following theorem. For
this, recall the definition of a regular point given before Definition 5.1.

Theorem B.1 Suppose that {N' (0)} converges in distribution asr — oo to

a random variable taking values in RY . Then, the sequence {T".E",S"N",U")}
is C-tight, and any weak limit point (T, E,S,N,U) of this sequence (0b-
tained by taking a weak limit as r — oc along a suitable subsequence), almost
surely satisfies the following for all t > 0: E(t) = vt, S(t) = ut,

Ni(t) = Ni(0) + vt — piTi(t) >0, i€l (96)
Uj(t) = Cjt—(AT(1); 20, j€J, (97)
where U is non-decreasing and continuous, T is uniformly Lipschitz contin-
uous with a Lipschitz constant bounded by C* = max;c 7 C;, and T(0) = 0.

Moreover, for a.e. sample point w, T(-,w) is absolutely continuous and for
each reqular point t for T(-,w), for each i € T,

d_ Ai(N(t,w)) ifie I (N(tw)),
%Ti(taw) = { pi if i eI;(N(t,w)), (98)

and (13) (14) hold at t for each i € T and j € J, with n(-) = N(-,w) there.

31



Proof. For each value of r and ¢ > 0,

rt t
() = %/ AN (s)) ds = / AN (s)) ds, (99)
0 0
where we have used the scaling property of Lemma A.2. Hence, since A(-)
is uniformly bounded by C*, for each r, ¢ — T (t) is uniformly Lipschitz
continuous with a Lipschitz constant bounded by C*. It follows immediately
that the sequence of processes {T" (-)} is C-tight. On combining this with the
assumed convergence in distribution of {N' (0)}, the functional weak law of
large numbers for (E, S), (88), and (90), we see that {(T',E ,S ,N ,U )}
is C-tight, and any weak limit point (7, E,S, N,U) of this sequence has
the following properties: almost surely for all t > 0, FE(t) = vt, S(t) = pt,
and (96) (97) hold, where U is non-decreasing and continuous, and T is
uniformly Lipschitz continuous with a Lipschitz constant bounded by C*,
and T(0) = 0.

To prove the remaining properties claimed in the theorem, without loss
of generality, using the Skorokhod representation theorem and the fact that
the sample paths of T, E, S, N,U are continuous with probability one, we
may assume that all stochastic processes under consideration are defined on

the same probability space and that almost surely,

{(T",E",§",N',U")} - (T,E,5,N,U) uo.c. (100)
as r — oo through a sequence {r;}?°,. Here n.o.c. denotes uniformly on
compact time intervals.

Fix a sample point w such that the convergence in (100) holds for w.
Then, T(-,w) is absolutely continuous and differentiable at almost every
time. Fix a regular point ¢ for 7(-,w). This is the same as a regular point for
N(-,w), and U(-,w) is differentiable there. For i € Zo(N(t,w)), N;(t,w) =0
and since N;(-,w) > 0, we must have %Ni(t,w) = 0, and hence, by (96),
%Ti(t,w) = pi = vi/pi. For i € T,(N(t,w)), Ni(t,w) > 0 and by the
continuity of N(-,w), there is ¢ > 0 (depending on ¢ and w) such that
Ni(s,w) > 0 for all s € [t,t+¢]. By (100), N *(-,w) — N(-,w) uniformly
on [t,t + €] as k — oo, and it then follows from the continuity property
of Lemma A.3 that A;(N *(-,w)) = A;(N(-,w)) uniformly on [t,t + €] as
k — oc. Hence, by passing to the limit in (99) we obtain

Ti(s,w) — T;(t,w) = /ts Ai(N(u,w))du for all se€[t,t+e]. (101

It follows, that %Ti(t,w) = A;(N(t,w)), since A;(-) is continuous on {n €
R! :m; >0}, by Lemma A.3. Combining the above, we see that (98) holds
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at a regular point ¢ for T(-,w). Moreover, for each j € J, since U;(-,w) is a
non-decreasing function, we have

d d—
0< —=U,(t = C;j—(A=T(t . 102
< Gl = o (agTew) (102)
Combining (98) and (102) with (96), we see that n(-) = N(-,w) satisfies
(13)-(14) for each i € 7 and j € J, at each regular point ¢ for N(-,w)
(which is the same as a regular point for T'(-,w)). O

Remark B.1 Theorem B.1 shows that there exists a fluid model solution
for each possible starting point n(0) € Rﬂ_. Note however that we are not
assuming uniqueness of fluid model solutions given the starting state.

Acknowledgement. The authors thank Maury Bramson for helpful con-
versations concerning his related work.

References

[1] S. Ben Fredj, T. Bonald, A. Proutiere, G. Regnie and J. Roberts
(2001). Statistical bandwidth sharing: a study of congestion at flow
level. Proceedings of ACM Sigcomm 2001.

[2] T. Bonald and L. Massoulié (2001). Impact of fairness on Internet
performance. Proceedings of ACM Sigmetrics 2001.

[3] M. Bramson (1996). Convergence to equilibria for fluid models of
FIFO queueing networks. Queueing Systems 22 5 45.

[4] M. Bramson (1997). Convergence to equilibria for fluid models of
head-of-the-line proportional processor sharing queueing networks.
Queueing Systems 23 1 26.

[5] M. Bramson (1998). State space collapse with application to heavy
traffic limits for multiclass queueing networks. Queueing Systems:
Theory and Applications 30 89-148.

[6] M. Bramson and J. G. Dai (2001). Heavy traffic limits for some queue-
ing networks. Annals of Applied Probability 11 49 90.

[7] T. Bu and D. Towsley (2001). Fixed Point Approximation for TCP
behavior in an AQM Network. Proceedings of ACM Sigmetrics 2001.

33



8]

[13]

[14]

[15]

[16]

[17]

18]

[19]

F. H. Clarke (1990). Optimization and Non Smooth Analysis, Classics
in Applied Mathematics, STAM, Philadelphia, 1990. (First published
in 1983 by John Wiley and Sons, New York.)

G. de Veciana, T.-J. Lee and T. Konstantopoulos (2001). Stabil-
ity and performance analysis of networks supporting elastic services.
IEEE/ACM Transactions on Networking 9 2-14.

S. N. Ethier and T. G. Kurtz (1986). Markov Processes: Characteri-
zation and Convergence. Wiley, New York.

S. Floyd and K. Fall (1999). Promoting the use of end-to-end conges-
tion control in the Internet. IEEE/ACM Transactions on Networking
7 458 472.

R. J. Gibbens, S. K. Sargood, C. Van Eijl, F. P. Kelly, H. Azmoodeh,
R. N. Macfadyen and N. W. Macfadyen (2000). Fixed-point models
for the end-to-end performance analysis of IP networks. 13th ITC Spe-
cialist Seminar: IP Traffic Measurement, Modeling and Management,
Sept 2000, Monterey, California

J. M. Harrison (2000). Brownian models of open processing networks:
canonical representation of workload. Annals of Applied Probability
10 75 103. Correction: 13 (2003), 390 393.

J. M. Harrison (2003). A broader view of Brownian networks. Annals
of Applied Probability 13 1119 1150.

D. G. Luenberger (1969). Optimization by Vector Space Methods.
John Wiley and Sons, New York.

M. Mathis, J. Semke, J. Mahdavi, and T. Ott (1997). The macro-
scopic behaviour of the TCP congestion avoidance algorithm. Com-
puter Communication Review 27 67 82.

J. Mo and J. Walrand (2000). Fair end-to-end window-based conges-
tion control. IEEE/ACM Transactions on Networking 8 556 567.

J. Padhye, V. Firoiu, D. Towsley and J. Kurose (2000). Modeling
TCP Reno performance: a simple model and its empirical validation.
IEEE/ACM Transactions on Networking 8 133-145.

J. Roberts and L. Massoulié (1998). Bandwidth sharing and admission
control for elastic traffic. ITC specialists seminar, Yokohama, 1998.

34



[20] M. Roughan, A. Erramilli and D. Veitch (2001). Network Performance
for TCP Networks, Part I: Persistent Sources. Proceeding I1TC’17,
Brasil, September 2001.

[21] R. J. Williams (1998). Diffusion approximations for open multiclass
queueing networks: sufficient conditions involving state space col-
lapse. Queueing Systems: Theory and Applications 30 27 88.

35



