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Abstract

We consider a distributed system where each node keeps a local count for items (similar to elections
where nodes are ballot boxes and items are candidates). A top-k query in such a system asks which are the
k items whose global count, across all nodes in the system, is the largest. In this paper we present a Monte-
Carlo algorithm that outputs, with high probability, a set of k candidates which approximates the top-k items.
The algorithm is motivated by sensor networks in that it focuses on reducing the individual communication
complexity. In contrast to previous algorithms, the communication complexity depends only on the global
scores and not on the partition of scores among nodes. If the number of nodes is large, our algorithm
dramatically reduces the communication complexity when compared with deterministic algorithms. We
show that the complexity of our algorithm is close to a lower bound on the cell-probe complexity of any
non-interactive top-k approximation algorithm. We show that for some natural global distributions (such as
the Geometric or Zipf distributions), our algorithm needs only polylogarithmic number of communication
bits per node.

keywords: distributed algorithms, aggregate queries, communication complexity, sensor networks, random sampling

1 Introduction

Possibly one of the clearest examples of the difference between “global” and “local” can be seen in elections:
each ballot box has a local score for each candidate, but the results we are interested in are the global scores,
i.e., how many votes does each candidate have overall. This scenario is representative of the “top-k” query,
which is a major target of study in Database Theory. Other examples for the top-k task abound: in peer-to-peer
file-sharing networks (such as Gnutella), users may wish to find which are today’s most popular downloads; in
sensor networks, a sensor may count the number of occurrences of different species of birds, and a user might
be interested in the most frequent species observed over thewhole instrumented area; in an Internet domain
with several gateways, one of the first questions in defending against denial of service (DoS) attacks is which
are the most frequent sources of requests over all gateways;and there are many other applications.

∗An extended abstract of this paper appeared in Proc. 13th Int. Colloquium on Structural Information and Communication Com-
plexity, SIROCCO 2006, Lecture Notes in Computer Science 4056, pp. 319-333.
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In general, a top-k query returns thek items having largest global score in a distributed system, where each
item has a set of local scores. The global score of an item is just the sum of its local scores, over all locations.
The main difficulty is that the scores may be divided arbitrarily among the different locations. In elections, for
example, it may be the case that the most popular global candidate has the lowest positive count in each ballot
box. In this case, sampling a single ballot does not help muchin determining which are the top-k candidates.

The problem of computing the top-k items in a database is quite well understood when the database consists
of a constant number of tables (see [11] for a survey). In thisversion of the problem, the complexity measure
of interest is the number of databaseaccesses. However, in a distributed system, a key question in computing
top-k queries is how to minimize thecommunication complexityrequired to provide an answer. This issue
is particularly important in sensor networks, where the communication subsystem is by far the largest energy
consumer at the nodes. An algorithm which allows us to trade communication for local computation may have
a decisive effect on the longevity of node batteries and hence on the usability of the system. This observation
has established the measure ofindividual communication complexity as a key performance criterion insensor
networks [15, 17, 24, 7, 20]. The measure of worst-case individual communication cost (used also, for example,
in [15]) allows the system designer to estimate the energy required to carry out distributed tasks, in contrast
to the more traditional measure of the overall number of messages (see, for example, [1, 16]). Obviously, an
upper bound on the worst-case complexity implies an upper bound on the average complexity. In this work,
our goal is to minimize the worst-case individual communication complexity of top-k computation. From this
point of view, we observe that deterministic algorithms aresensitive to the way scores are partitioned among
the different nodes: It may well be the case that the global top-k items are not among the local top-k items in
any node, thus forcing essentially the trivial solution, inwhich all scores are communicated.

1.1 Our results

In this paper we propose a simple and effective way to overcome the problem of adversarial partition of the
scores among the nodes. Our algorithm is Monte Carlo (it may err with some arbitrarily small probability),
and its results are only approximate: using very little communication, the algorithm can tell, roughly, which
items are in the top-k set. We focus on the worst-case individual communication complexity, i.e., our goal is to
minimize the maximal number of bits communicated (sent or received) by any single node.

Our basic tool is random sampling. Done in the right way, sampling strips away the difficulties due to
geographical distribution of scores which are the main difficulties for deterministic and Las Vegas algorithms.
The basic idea is compounded with techniques that allow the algorithm to adapt to the specific input at hand.
The performance of the algorithm depends on how popular are the top-k items, and on how “flat” is the global
distribution of items. The algorithm learns these parameters adaptively. More concretely, suppose that the least
popular item of the top-k appears with frequencyp∗ in the global input, and suppose that we want a result which
is within a factor of(1 + ǫ) from optimal for someǫ > 0. Then our final algorithm (AlgorithmR) guarantees
that the communication complexity is always bounded byO( 1

p∗ǫ2
) times a polylogarithmic factor. When the

distribution of the global scores is “steep,” i.e., when thepopularity of items decreases relatively quickly,
better results can be proved. In particular, if the global scores adhere to the Zipf distribution with parameter
a > 1 (namely the relative popularity of theith popular item is proportional toi−a), then the communication
complexity drops fromO(ka

ε2 ) to O( k
ε2 ) (times a polylogarithmic factor). This special case is quite important, as

it is widely believed that many natural phenomena (as well asvarious Internet statistics) are well approximated
by the Zipf distribution (see, e.g., [3, 13]).

We note that the communication complexity of our algorithmsscales very well compared with previous
algorithms [12, 6], since it depends mainly on properties ofthe underlying global popularity distribution and
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on the desired approximation accuracy. We stress again, however, that the communication complexity of our
algorithms is completely independent of the way scores are divided among nodes. We have run simulations that
confirmed the fact that the performance of our algorithm is much better than other known algorithms.

We give some evidence showing that our algorithm is close to optimal. In particular, we analyze a limited
class of single-round Monte Carlo algorithms for the top-k problem, and prove a lower bound on thecell-probe
complexity [23, 14] of algorithms in this model, which is very close to our upper bound in this class.

1.2 Previous work

As mentioned above, the top-k problem received much attention in the context of databases[11], where the goal
is to minimize the number of accesses (reads of local counts)by the system. In this model, it appears that one of
the strongest results is the Threshold Algorithm (TA) of Fagin, Lotem and Naor [12]. The TA algorithm works
as follows. Local counts are scanned top-down in parallel one step at a time, and the sum of the counts of the
current local tops is used as a threshold value. The global count of each item encountered is found by looking
that item up in all other locations. The topk global results are recorded until there arek items that pass the
threshold value. While this does not occur, the next-popular items are looked up and the threshold is updated.
Correctness of the TA algorithm follows from the fact that the objects that were not encountered yet cannot
have a global count larger than the threshold. Fagin Lotem and Naor argue that the TA algorithm is the best
possible among all top-k algorithms that never err (i.e., deterministic or Las Vegasalgorithms). Specifically,
they prove that TA is ‘instance-optimal’ for the top-k problem, where instance optimality is a notion reminiscent
of competitiveness for on-line algorithms. However, we note that TA may do as many asn accesses times the
optimum, wheren is the number of nodes in the system (which is unavoidable forany algorithm which doesn’t
err). While this is fine ifn is a small constant (as in the database scenario), the situation is different in the
distributed case:n may be very large, and the dominant cost measure is communication rather than accesses.

This viewpoint is developed by Cao and Wang in [6], who propose the TPUT algorithm to reduce latency
and save communication in some typical cases. TPUT works in three communication rounds between a des-
ignated coordinator node (say, the initiator of the query) and all other nodes. First, all nodes report their local
top-k items to the coordinator, which computes the partial countsaccording to these reports. LetT be the value
of the kth largest count in these partial sums (T is clearly a lower bound on the count of the truekth most
popular item). In the second round, the coordinator sendsT/n to all nodes, wheren is the number of nodes.
As a response, each node sends to the coordinator all items whose local count is at leastT/n. The coordinator
now computes the partial sums according to all reports received so far. LetT ′ be the value of thekth largest
count in these partial sums. Then, all items that may have global count larger thanT ′ are counted in all nodes,
and the topk of them are reported by the coordinator as the final output. Cao and Want prove that TPUT is
instance-optimal if thelocal inputs are generated by Zipf-like distributions. As expected from an algorithm
which never errs, the performance of TPUT also depends crucially on the way the scores are partitioned among
nodes. Other related work include variations of TA and TPUT optimized for certain network models [18, 25, 5].

From the sensor networks perspective, top-k queries are viewed as a special case of aggregate queries
(see, e.g., [17, 24]). Typically, it is assumed that data is routed on a spanning tree, and each node does some
aggregation en-route. Simple aggregates (such as countingthe number of items, summing numbers etc.) can
be done withO(log n) bits per node. Considine et al. [7] relax the spanning tree assumption to allow messages
to be duplicated for these aggregates. In [19], Gibbons et al. present a methodology for robust approximation
of aggregates in sensor networks. They also present a sketchof a top-k-approximation algorithm that appears
promising, but the algorithm is not fully specified, and no formal statement or analysis is given. Computing
themedianin sensor networks does not fall within the class of simple queries described above. Deterministic
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and randomized algorithms for median computation are studied in [20, 15]; the randomized algorithm of [20]
computes an approximate median with high probability usingO(log log n) communication per node.

Many recent papers focus on techniques for dynamically monitoring aggregates over time in sensor net-
works, where the main question is how to efficiently update the results under some assumptions on the way the
input changes. Monitoring thek-largest values is studied in [21, 4], monitoring themedianandheavy-hittersis
studied in [8] and monitoring the top-k items is studied in [2].

1.3 Paper Organization

The remainder of the paper is organized as follows. Section 2describes our model, problem definition and
a few known results about efficient counting. Section 3 presents our algorithms with formal analysis results.
Simulation results are presented in Sect. 4. In Sect. 5, we present our lower bound, and we conclude in Sect. 6.
In order to keep the flow of the paper simple, some proofs are deferred to the appendices.

2 Model and preliminaries

2.1 System model

The system is modeled as a communication graphG(V,E) with n , |V |, where each node models a classical
RAM machine with access to its local input and to an infinite tape of random bits. A distinguished nodev∗ ∈ V
is theroot nodeand is assumed to have a special write-once output register.

The system executes distributed algorithms according to the standard asynchronous message passing model
(see, e.g., [1, 16]). Very briefly, in this model an event (such as arrival of a message to nodeu) triggers a state-
transition (e.g.,u computes a response message and inserts it to the link buffer). An execution in our model is
considered terminated when the root-node has written the result to the output register.

Let M denote some finite string of bits. We assume that the system contains a message passing infrastruc-
ture supporting the following facilities:

• Each nodeu ∈ V may send a messageM to any other nodev ∈ V . This causes each node along some
simple path fromu to v to send and receiveΘ (|M |) bits.

• Each nodeu ∈ V can broadcast a messageM to all other nodes. This causes every node inV to send
and receiveΘ (|M |) bits.

The particular way in which these actions are implemented isimmaterial for our purposes. We note, however,
that these assumptions can be justified by the existence of a spanning-tree of constant degree for message
passing (see, e.g., [15, 17, 24, 7, 20]). We note that our complexity measure ignore the overhead incurred by the
routing subsystem, such as message headers. This is becausethe routing mechanism can be tailored in many
different ways which are beyond the scope of this paper.1

1For example, there may be an identifier for each task (such as the top-k task), and each message can be tagged by the identifier of
the task, along with one additional bit saying whether the message is from the root (to be broadcast to everyone) or to the root (in which
case its source is immaterial).
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2.2 Input model and problem statement

Let I denote the set of possibleitems. We assumeI is finite. An instance of the problem, denoted byX, is a
vector of multisets ofI: one multiset, denotedXv, for each nodev ∈ V . We sometimes slightly abuse notation
and useX to also denote the multiset

⋃

v∈V Xv.

It is convenient to imagine each multiset as a set ofcells, where each cell contains a single item, so that an
item with multiplicity w hasw replicas, one in a cell. Theweightof item i in nodev, denotedwv(i), is the
multiplicity of i in Xv. Theweight of a nodev is the total number of cells inv, formally Wv , |Xv |. The
weight of an itemi ∈ I, is the sum of its multiplicities over all nodes, i.e.,w(i) ,

∑

v∈V wv(i). We define
the total input size as the total number of input-cells, i.e., W (X) ,

∑

v∈V |Xv|. Theempirical probability, or

frequency, of an itemi ∈ I in X, is defined byp
X
(i) ,

w(i)
W . When the context is clear we omit the subscript.

Using this notation, we define the top-k set ofX as follows.

Definition 2.1 Let k be a natural number, and suppose that|I| ≥ k. The top-k set ofX, denotedtop(k,X),
is a subset ofI of sizek containing the items with the maximal weights. Formally,top(k,X) satisfies the
following conditions.

(1) top(k,X) ⊆ I,

(2) |top(k,X)| = k, and

(3) ∀i ∈ top(k,X),∀j ∈ I \ top(k,X) : p
X
(i) ≥ p

X
(j).

Following [12], we extend Definition 2.1 to the concept of approximate top-k sets.

Definition 2.2 Let ε ≥ 0. A settopε of k items is anε-approximation oftop(k,X) if and only if for all items
i ∈ topε andj /∈ topε, we havep

X
(j) ≤ (1 + ε)p

X
(i).

We will mainly be interested in small values ofε so without loss of generality, we assume henceforth thatε ≤ 1.

It turns out that the following quantity has a central role inthe complexity of computing top-k (and approxi-
mate top-k) queries. For a given input, thecritical frequencyof the instance, denotedp∗(X, k), is the empirical
probability of the least popular item intop(k,X), i.e., given inputX and a natural numberk, we define

p∗(X, k) , min {p
X
(i) | i ∈ top(k,X)} .

Throughout the paper, we assume that instances haven nodes, total weightW , and critical frequencyp∗.
We denote the set of all such instances byX (W,n, p∗).

2.3 Complexity measures

We evaluate the performance of certain algorithms using a worst-case measure per node. Specifically, the
communication complexity of an algorithm is the maximum, over all inputs and over all nodes, of the to-
tal number of bits transmitted and received by a node throughout the execution of the algorithm. Formally,
cA(X, v) denotes the total number of bits transmitted and received bynodev, throughout the execution of al-
gorithmA, for the inputX; cA(X) denotes the maximal node-communication of algorithmA on inputX, i.e.,
cA(X) , max {cA(X, v) | v ∈ V }. Finally, given a collectionX of possible inputs,CA(X ) denotes the worst-
case communication complexity of algorithmA over all inputs inX , i.e.,CA(X ) , max {cA(X) | X ∈ X}.

Note that our communication complexity measure is individual in the sense that we measure the maximal
number of bits communicated by any single node. The motivation for such a measure is that in sensor networks,
each node has an individual energy source, and the longevityof the system often depends on the longevity of the
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weakest sensors (see, e.g., [15]). Furthermore, assuming aspanning tree of bounded degree, we can disregard
many aspects of wireless communication and focus on the net communication used by the algorithm.

In some cases, it is more convenient to analyze thecell probecomplexity of algorithms [23, 14] rather
than directly analyze their communication complexity. We define the cell probe complexity of an algorithm
as the maximum number of input cells accessed by a single node. Specifically,cpA(X, v) denotes the number
of input cells accessed by nodev, throughout the execution ofA for input X; cpA(X) denotes the maximal-
node cell-probes of algorithmA for input X, i.e., cpA(X) , max {cpA(X, v) | v ∈ V }. Finally, CPA(X )
denotes the cell probe complexity of an algorithmA over a set of possible inputsX , namelyCPA(X ) ,

max {cpA(X) | X ∈ X}.

2.4 Loglog counting

Let us present a known result which we use. First we define the following concept.

Definition 2.3 LetZ be a positive number we wish to estimate, letε ≥ 0 andσ ≥ 0 be real numbers. A random
variable Ẑ is a (ε, σ2)-estimate ofZ if 1

Z |E[Ẑ ]− Z| ≤ ε, and 1
Z2 Var[Ẑ] ≤ σ2 .

Durand and Flajolet [10] prove a result which, specialized to our needs, can be stated as follows.

Fact 2.1 ([10]) There exists an algorithmAloglog which outputs an(ε, σ2)-estimate ofW with ε = 10−6 and
σ = 1, usingO (log log W ) bits of communication.

To get bounds that hold with high probability, we iterate Algorithm Aloglog and use Bernstein’s Inequality
(see, e.g., [9]).

Algorithm BoundCount ( Input: ε, δ, i )

(1) M ← (6/ε2) ln 1/δ.

(2) Broadcast a filtering message indicating that only cellsholding itemi should be considered in Step 3.

(3) for ℓ = 1 to M , runAloglog obtaining an independent estimateŵℓ of w(i).

(4) Outputŵ , 1
M

∑M

ℓ=1 ŵℓ.

Corollary 2.2 (high-probability estimates) For 10−5 ≤ ε ≤ 1 and δ > 0, the outputŵ of Algorithm

BoundCount satisfiesPr
{

1
w(i) |ŵ −w(i)| < ε

}

≥ 1 − δ. The individual communication complexity of the

algorithm is of orderO
(

log |I|+ 1
ε2 log 1

δ log log w(i)
)

. Also, if the algorithm ranM iterations in Step 3, then

for anyζ > 10−5, Pr
{

1
w(i) |ŵ − w(i)| < ζ

}

≥ 1− exp
(

−Ω
(

Mζ2
))

.

The proof is given in Appendix A.

3 Algorithms

In this section we present our main result, namely a randomized algorithm for computing top-k. The first
difficulty introduced by the partition of the scores into multiple nodes is the possible discrepancy between the
local scores in different nodes. For example, the most popular item overall may actually be the least popular
item in each node. More generally, no local view of scores indicates which are the global topk items. Thus,
when the items are adversarially distributed among the nodes, deterministic algorithms will test many irrelevant
items, wasting a lot of communication. In our algorithm, thebasic idea is to view each cell (representing a unit
of weight, or score) as a “vote,” and tosample each vote independently. Thus, the expected number of sampled
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votes for candidatei is proportional to the total number of votes candidatei has in the inputregardless of their
partition into nodes.The sampling results provide a good indication which items are globally popular, so that
counting can be applied only to these items, thus saving a lotof communication.

Next, we need to determine the sample size. Letp∗ denote the frequency of the least popular of the top-k
items. Clearly, if we sample once, the sample size should be at leastΩ(1/p∗) (or else the sample will fail to
find all topk items). A more refined analysis shows what should be the sample size as a function ofp∗, the
approximation parameterε, and the confidence parameterδ. To deal with unknownp∗, we augment the basic
sampling algorithm with a technique to find the right sample size. Intuitively, we have a simple test which can
prove whether the sample size is sufficiently large; if it isn’t, we double the sample size.

Finally, we address the issue of very smallp∗ values: whileΩ(1/p∗) sample size cannot be avoided for
worst-case inputs, a much better bound can be obtained if thepopularity of items decreases relatively rapidly.
Consider, for example, the case where the global scores are close to the geometric distribution, e.g., when the
frequency of theℓth popular element is about2−ℓ. Then we havep∗ = 2−k, and therefore the sample size
should beΩ(2k). This cost can be reduced exponentially by utilizing the following simple idea: Whenever a
sample is taken, the top item in the sample is by far the most popular (it is expected to have half of the weight
in the sample). Therefore it is safe to add the top item to the output list, remove it from further consideration
(as if all these items are not present in the system), and takeanother sampleof the same size. In the geometric
case, this approach has communication cost linear ink. This intuition leads us to our final algorithm, called
Algorithm R. In essence, the idea is to iteratively discover the very topitems, “shave them off,” and to continue
recursively with the remainder of the population. The algorithm combines this idea with an additional way to
verify that the top-k items have been discovered. We show that AlgorithmR is far better than AlgorithmS for
some common input distributions, such as Zipf distribution.

We start, in Sect. 3.1, by describing the basic algorithm we later use as a building block. Section 3.2 presents
Algorithm S which uses adaptive sample size. Section 3.3 presents Algorithm R, which is our main result.

3.1 Algorithm B: Basic Sampling

Consider basic sampling: if the top-k items occupy a constant fraction of the total weight, then a log-size sample
is sufficient to detect them for any input size (the logarithmis of the inverse of the error probability).

It is convenient to first define a simple sampling routine and analyze its properties.

Algorithm A ( Input: PSAMPLE )

(1) The root sendsPSAMPLE to all other nodes.

(2) Each node sends each cell to the root with probabilityPSAMPLE.

Lemma 3.1 There exists a functionS∗(p∗, ε, δ) = Θ
(

1
p∗ ε2 · ln 1

p∗ δ

)

, such that for any inputX ∈ X (W,n, p∗),

the top-k elements of a random sample of size at leastS∗(p∗, ε, δ) is an ε-approximation oftop(k,X) with
probability at least1− δ.

We give here only an outline of the proof. The full proof is rather technical and is given in Appendix B.

Proof outline: To bound the error-probability of a given sample size, we identify pairs of itemsi, j such that
i must be more popular thanj in the sample to get a top-k ε-approximation. By setting a threshold between
i andj for every pair and requiring that no item reaches any of its thresholds we get a single condition per
item. The choice of thresholds is such that we get tight bounds on error probabilities. Finally, we group
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items together by their global frequency and use the union bound within each group to bound the probability
of errors. Summing the error probabilities of all groups, weget a bound on the overall error probability.
Requiring that this probability be belowδ, we get our bound for the required sample size. Since our algorithm

calculatesS∗(p∗, ε, δ), we give here its exact definition; we setS∗(p∗, ε, δ) ,
g(ε)
p∗ ·

(

ln 1+ε
p∗δ + 4

)

, where

g(ε) ,
(1+ε) ln(1+ε)

ε ln
“

ε
ln(1+ε)

”

+ln(1+ε)−ε
.

Algorithm B, presented below, follows directly from the Lemma 3.1. The algorithm first determines the
sampling probabilityPSAMPLE using the functionS∗ from Lemma 3.1. Each cell (i.e., unit of weight) is then sent
to the root with probabilityPSAMPLE, and the root outputs the topk items in the sample as an approximation of
the topk items in the complete input.

Algorithm B ( Input: W, p∗, k, ε, δ )

(1) The root computesPSAMPLE ← 2 · S∗(p∗, ε, δ
2
)/W .

(2) Execute AlgorithmA with parameterPSAMPLE to get a sampleS.

(3) Outputtop(k,S).

When running AlgorithmB as described above, each sampled vote is sent to the root separately incurring com-
municationlog |I|. An obvious optimization is to aggregate votes for the same candidate along the way, for
example by sending thecountof votes for each candidate. While such optimization is veryworthwhile to im-
plement, it would not help much when the partition of votes tonodes is adversarial. We therefore ignore such
optimizations in our upper bounds. Furthermore, we bound the worst-case communication complexity by the
size of the sample: this is certainly an upper bound on the number of bits communicated by any node in the
system (the worst case occurs at the root node).

Theorem 3.2 For any instanceX ∈ X (W,n, p∗) and knownp∗, ε, δ and W , AlgorithmB outputs a top-k

ε-approximation with probability at least1−δ and communication complexity of orderO
(

1
p∗ ε2 · ln 1

p∗δ · log |I|
)

.

The proof is rather standard and is given in Appendix B. Note the1/p∗ factor: It is unavoidable because if
the sample is to contain the topk elements, it should contain the least popular of them, and hence the sample
size must beΩ(1/p∗). A stronger lower-bound is proved in Section 5.

3.2 Algorithm S: Adaptive Sample Size

Algorithm B requires knowing the values ofW andp∗. While estimatingW is straightforward and cheap (by
deterministic or randomized counting, at the cost ofO(log W ) or O(log log W ) communication, respectively),
obtaining a lower bound onp∗ seems less trivial. We solve this problem as follows.

First, we note that by counting the weight ofanyk items, we obtain a lower bound onp∗: the least popular
among anyk items is certainly no more popular than the least popular among the top-k items. Second, we note
that exact counting is not necessary: we can use high-probability-estimates as described in Corollary 2.2 to get
a lower bound onp∗ that holds with high probability. However, if we simply use an arbitrary set ofk items to
boundp∗, that value can be smaller than the true value ofp∗ by an arbitrary factor, resulting in communication
cost that is higher than the bound in Theorem 3.2 by an arbitrary factor.

Our solution, in AlgorithmS (Figure 1), combines the ideas described above with an iterative approach that
avoids unbounded ‘overshoots.’ Intuitively, AlgorithmS uses a variablêp as an estimate ofp∗. The algorithm
starts by assigninĝp ← 1, and repeatedly performs halving ofp̂ while improving the lower bound onp∗. The
process continues until̂p is smaller than the lower bound. The algorithm is formally presented in Figure 1.
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Algorithm S ( Input: k, ε, δ )
(1) Ŵ ← BoundCount(ε = 1, δ/5, ‘ALL’ )

(2) p̂← 1 (p̂ is the current estimate ofp∗)

(3) Repeat:

(3a) p̂← p̂

2

(3b) Execute AlgorithmB with parameters(Ŵ /2, p̂, ε, δ/5), to get a candidate top-k-setT .

(3c) For each itemi ∈ T ,
ŵ(i)← BoundCount(ε = 1, δ/5, i)

Until p̂ < 1
8

min
{

ŵ(i)/Ŵ | i ∈ T
}

.

(4) Output the setT computed at Step 3b of the last iteration.

Figure 1: AlgorithmS

Theorem 3.3 For any inputX ∈ X (W,n, p∗), with probability at least1 − δ, AlgorithmS outputs a top-k
ε-approximation with communication complexity

CS = O

(

1

p∗ ε2
· log 1

p∗ δ
· log |I| + k log

1

p∗
log

1

δ
log log W

)

.

The proof is deferred to Appendix C. The general idea in the proof is that the high-probability estimates
ensure that we run approximatelylog 1

p∗ iterations. As a result, the last iteration is similar to an execution of
Algorithm B with the correct parameters and its communication complexity is as specified in Theorem 3.2.

Note that when|I| ≥ log W andk < O (1/(−p∗ log p∗)), the communication complexity of AlgorithmS
is within a constant factor of the complexity of AlgorithmB.

3.3 Algorithm R: Sample & Remove

As already mentioned above, it appears that the1/p∗ factor is unavoidable when we want all the top-k items
to be included in the sample (becausep∗ is the empirical probability of thekth popular item). However, when
the popularity of the popular items is far from uniform, one can do much better, as mentioned for the geometric
distribution example in the beginning of this section: the1/p∗ factor in the communication complexity can be
replaced by a factor ofk. Algorithm R achieves this improvement for both geometric and Zipf distributions.
In a nutshell, the idea is still to cut the estimate ofp∗ by half in each iteration; however, while AlgorithmS
achieves this by doubling the sample size, AlgorithmR tries also to reduce the size of the relevant population.

In more detail, the algorithm works as follows (see Figure 2). In each iteration, the algorithm samples
with probability PSAMPLE, obtained from the current estimatêp of p∗. Then, in Step 3f, the algorithm counts
(approximately) some of the top items in the sample: the number of items is such that the cost of counting
equals the cost of sampling. The counted items (recorded inQ) are not considered part of the input anymore
(their identities are broadcast to all nodes in Step 3h). In Step 3c,p̂ is adjusted so that its valuein the full inputis
halved (but since the input is smaller now,p̂ is multiplied by a factor larger than1/2). The loop is executed until
one of the stopping rules specified in Predicatesafe is met. These rules use a lower bound onp∗ computed
by functionplo: it is a high-probability lower bound on thekth smallest value among all values counted so far.
Using plo, the stopping rules are defined as follows. First, we can stopif the value ofp̂ w.r.t. the full input
is smaller than the lower bound onp∗. This test is done in Step 1 of Predicatesafe. Second, we bound the
probability that an “important” item did not arrive at the top of the current sample and therefore was not counted.

9



Algorithm R ( Input: k, ε, δ )
(1) Q← ∅ (Q holds all items whose weights were already estimates)

(2) p̂← 1, ℓ← 0. (p̂ is the current estimate ofp∗, ℓ is the iteration index)

(3) Repeat

(3a) Ŵ ← BoundCount(ε = 1, δ/7, ‘ALL’ ).

(3b) ℓ← ℓ + 1 ; Ŵ [ℓ]← Ŵ .

(3c) p̂← p̂ · 1
2
· Ŵ [ℓ− 1]/Ŵ [ℓ].

(3d) PSAMPLE ← 2S∗(p̂, ε/4, δ/7) / Ŵ .

(3e) Execute AlgorithmA with parameterPSAMPLE to get sampleS.

(3f) η ← (δ/7) · (1/− log plo(top(k, Q), Ŵ ));
T S ← top(|S| log |I| /(log |I|+ log log Ŵ ), S).

(3g) For eachi ∈ T S , ŵ(i)← BoundCount(ε = 1, η, i).

(3h) Q← Q ∪ T S ; remove elements ofT S from the input.

Until safe(Ŵ , Q,S, p̂, ε, δ).

(4) If |T S | < k, then for eachi ∈ top(k,S), doŵ(i)← BoundCount(ε = 1, η, i) and addi to Q.

(5) Q←
{

i ∈ Q | ŵ(i)/Ŵ > plo(top(k, Q), Ŵ )
}

(6) For eachi ∈ Q, ŵ(i)← BoundCount(ε/4, δ
5|Q| , i).

(7) Output the topk items inQ according to the new estimates.

Function plo ( Input: Q, W )
(1) Return 1

4W
min {ŵ(i) | i ∈ Q}.

Predicatesafe ( Input: W, Q,S, p̂, ε, δ )
(1) If p̂ · (W [ℓ]/W [1]) < plo(top(k, Q), W ) returnTRUE.

(2) rhi ← plo(S ∩Q, W )

(3) q ← (1 + ε/2) · plo(top(k, Q), W ); α← q/rhi.

(4) If α > 1 AND exp
(

−|S|q
(

α−1
α

)2
)

< qδ

5
then returnTRUE else returnFALSE.

Figure 2: AlgorithmR

More specifically, we bound the probability that an item withfrequencyq, whereq is sufficiently larger than
p∗, was not counted, while an item whose frequency isrhi was counted. If the probability of this event is low,
we know that with-high-probability, the top items counted by the algorithm contain anε-approximation to the
top-k set (Step 4). This test is useless in some cases (say, the uniform distribution), but it is effective in some
distributions (such as Zipf).

Theorem 3.4 shows some general bounds on the complexity of Algorithm R. As expected, it shows that
for some inputs, AlgorithmR has very little advantage over AlgorithmS. Theorem 3.9, however, presents an
alternative analysis which, when applied to some natural input distributions, attains much better bounds than
those of Theorem 3.4.

Theorem 3.4 For any inputX ∈ X (W,n, p∗), with probability at least1 − δ, AlgorithmR outputs a top-k

ε-approximation with communication complexityCR = O
(

1
p∗ ε2 log 1

δp∗ (log |I|+ log log W )
)

.

Again, when|I| < log W , the communication complexity of AlgorithmR is within a constant factor of the
complexity of AlgorithmB.
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Proof of Theorem 3.4: The proof outline is as follows. The proof separates the algorithm to the iterations
phase and the final phase. First we show that if by the end of theiterations, the setQ contains an approximation
of top(k,X) then the output (chosen by high-probability estimates) is correct with high probability. Next we
show thatQ satisfies this condition with high probability; this is shown separately for two scenarios according
to the stopping condition by which the iterations terminated. For the purpose of bounding communication we
show that in the worst case, the iterations perform similarly to Algorithm S. Throughout the proof we use
δ′ , δ/7 to express error probabilities andL′ , 5 + log 1

p∗ to express a bound on the number of iterations.

Lemma 3.5 If at the end of Step 4 of the algorithm,top(k,Q) is a top-k ε
4 -approximation then with probability

at least1 − δ′, the output of AlgorithmR is a top-k ε-approximation and the communication cost of Step 6 is

of orderO
(

1
p∗ log 1

p∗ log |I|+ 1
p∗ ε2 log 1

p∗ δ log log W
)

Proof: Let j be the least popular item intop(k,Q). If all obtained estimates satisfy the requested accuracy then
in the worst case scenario:

• There exists an itemi′ /∈ Q whose weight isw(i′) = (1 + ε/4)w(j).

• There exists an itemj′ ∈ Q such thatw(j) = w(j′) · (1 + ε/2).

• The high-probability estimate ofw(j) was low by relative error ofε/4.

• The high-probability estimate ofw(j′) was high by relative error ofε/4.

In this caseR may outputj′ and noti′, and the approximation error of the output would still be below ε. A
worse approximation factor is possible only if one of the high-probability estimates obtained in Step 6 is wrong.
The error probability passed to BoundCount in this line gives the result of the lemma. Since we removed from

Q all items having weights beloww∗/4, the size ofQ is bound byO
(

1
p∗

)

and by Corollary 2.2 we get the

communication cost bound.

It remains to show that with high probability, the conditions of Lemma 3.5 hold. We show this separately
for each of the two stopping conditions. We start with a lemmaabout the number of iterations.

Lemma 3.6 With probability at least1− 3δ′, AlgorithmR runs at mostL′ iterations before it stops.

Proof: Recall thatL′ , log 1
p∗ + 5 and letE3 denote the event where AlgorithmR reached iterationL′ + 1.

We assume that AlgorithmR did reach iterationL′ and consider the state at the end of this iteration. Note also
that the stopping condition at Step 1 ofsafe is the same as the stopping condition of AlgorithmS. Denote
by p′ the left hand side of this condition, i.e.p′ , p̂ · (Ŵ [ℓ]/Ŵ [1]). Note that by Step 3c of the algorithm,
p′ is halved on each iteration so on iterationL′, p′ ≤ 1

32 p∗. The right hand side of the condition is actually
the frequency-bound of the itemj having thek-highest estimate from items discovered so far. If Algorithm R
continued to the next iteration, then{p′ ≥ p(j)lo}, and therefore either of the two following events occurred on
iterationL′:

• EventE′
3 : p(j) ≤ 1

2p∗

• EventE′′
3 : p(j) ≥ 1

2p∗ ANDp′ ≥ p(j)lo.

First consider the probability ofE′
3 on iterationL′. Clearly there is some itemj′ ∈ top(k,X) which is either

missing from the set of counted items or got an estimate lowerthan that ofj. Let e′ denote the first case and let
e′′ denote the second. Regardinge′, Note that the last sample size was calculated byp̂ which is at least32 times
larger than the frequency ofj′ in the modified input. By Lemma 3.1,Pr {e′} < δ′. Sincee′′ means an error in
one of the high-probability-estimates, its probability isalso smaller thanδ′ and we havePr {E′

3} < 2δ′. E′′
3 is

the event wherep(j) is high enough butp(j)lo is too low. Since on iterationL′, we havep′ < p∗

32 , E′′
3 requires

that
{

1
16p(j) > p(j)lo

}

. Recall thatp(j)lo ,
ŵ(j)
2Whi

whereŵ(j) was obtained by Algorithm BoundCount using

11



ε = 1. By Corollary 2.2 the probability of the last event is less thanδ′ and thereforePr {E′′
3} < δ′. SinceE3

requires that eitherE′
3 or E′′

3 occur on iterationL′ we have thatPr {E3} < 3δ′

Lemma 3.7 If Algorithm R terminated by the stopping condition in Step 1 ofsafe, then by the end of Step 4
of AlgorithmR, top(k,Q) was a top-k ε

4 -approximation with probability at least1− 5δ′.

Proof: Let j′ denote the least popular item intop(k,Q) after the last iteration of the algorithm. Iftop(k,Q)
does not satisfy the result then there exists an itemi′ /∈ Q such thatw(i′) > (1 + ε/4) · w(j′). Now, let j be
the least popular item intop(k,S) on the last iteration; clearlyw(j) < w(j′) and it follows thattop(k,S) is
not a ε

4 -approximation of the top-k-set in the modified input. Let X’ denote the modified input at the beginning
of the last iteration. Using Lemma 3.1 we get that iftop(k,Q) doesn’t satisfy the result then either we used
p̂ > p∗(X ′, k) or we had a sampling error that occurs with probabilityδ′. The event that we stopped even
thoughp̂ > p∗ requires that the k-highest estimate inQ is off by a factor of over2. If this is a different estimate
on each iteration that it may occur with probability at mostη on each iteration. By Lemma 3.6, with probability
1− δ′, there are at mostL′ iterations. Forη ≤ δ′/L′ we get an overall error probability of at most5δ′.

Lemma 3.8 If Algorithm R terminated by the stopping condition in Step 4 ofsafe, then by the end of Step 4
of AlgorithmR, top(k,Q) was a top-k ε

4 -approximation with probability at least1− δ′.

Proof: Let j′ denote the least popular item intop(k,Q) after the last iteration of the algorithm. Iftop(k,Q)
does not satisfy the result (i.e. it isnot a top-k ε

4 -approximation) then there exists an itemi′ /∈ Q such
that w(i′) > (1 + ε/4) · w(j′). Letting j be the least popular item inT S we note that ifi′ /∈ Q then
j is more popular thani′ in the last sample. For a specific suchi′, this occurs with probability at most

exp
(

−1
8S · p(i) ·Θ

(

(

α−1
α

)2
))

by Lemma B.2. Since the condition demands that this probability be p(i′)δ′

and there are no more than1/p(i′) such items, we get the result.

Combining the last 3 lemmas we get that with probability at least1−5δ′, the conditions of Lemma 3.5 hold

and the algorithms runs at mostΘ
(

log 1
p∗

)

iterations. It follows that AlgorithmR is correct with probability

at least1− 6δ′.

As for communication complexity, first note that Step 3f of the algorithm carefully calculates the number
of items to be counted so that the communication of counting doesn’t exceed that of sampling. Secondly,
note that for theℓ′th iteration the largest communication cost is performed whenp̂ is minimal. The series
of iterations-communication-costs is thus bound by the series wherep̂ is halved on each iteration. In this
case the sum is bound by twice the communication cost of the last iteration. assuming the algorithm ran

O
(

log 1
p∗

)

iterations, the last iteration haŝp = Ω (p∗) and the communication cost of the last iteration is

bound byO
(

S∗(p∗, ε/4, δ′ log 1
p∗ ) log |I|

)

with probability at least1− δ′. By adding the communication cost

of Step 6 as specified in Lemma 3.5 we get the result of the theorem.

Next we refine the analysis to depend more closely on the global distribution (rather than only onp∗). We
use the following definition.

Definition 3.1 Fix the input distribution. For any integerℓ ≥ 0, πℓ is the probability that a random item has
global frequency at most2−ℓ. Formally: πℓ(X) ,

∑

i: p
X

(i)≤2−ℓ

p
X
(i) .

In our main result below, we get rid of the direct dependence on 1/p∗ as follows.

Theorem 3.9 (Main result) LetX ∈ X (W,n, p∗). Then with probability at least1−δ, AlgorithmR outputs a
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top-k ε-approximation ofX while usingO

(

1
ε2 log 1

p∗ δ (log |I|+ log log W ) ·∑log 1
p∗

ℓ=1 2ℓπℓ

)

communication

bits per node whereπℓ is as defined above.

Proof: The proof is a generalization of the “shaving” concept mentioned in the beginning of this chapter. It
starts by showing a direct relation between the iterations of the algorithm and the frequency of the items not
yet discovered. Secondly, it uses this relation andπℓ to get tight bounds on the communication of an iteration.
From a similar bound on the number of items “discovered” on each iteration, we bound the size of the setQ
and hence the communication of the final counting phase. The last part of the proof combines these bounds to
get the result.

The proof uses the following notation. Letp̂[ℓ] andR[ℓ] denote the values of̂p and of W [ℓ]
W [1] used in theℓth

iteration, and letc[ℓ] denote the individual-communication used throughout theℓth iteration. As before we use
δ′ , δ/7.

Lemma 3.10 The individual-communication done in theℓth iteration of AlgorithmR is of orderO
(

1
p̂[ℓ]

1
ε2 log 1

p∗ δ log |I|
)

.

Proof: Note that Step 3f of the algorithm carefully calculates the number of items to be counted so that the
communication of counting doesn’t exceed that of sampling.The communication of each iteration is therefore
determined by the sample size and is of orderO (S∗(p̂[ℓ], ε/4, δ′)) · log |I|. The result follows using the bound
for S∗ as given in Lemma 3.1.

Lemma 3.11 Defineℓ′ , ℓ+
⌈

log
(

1 + log log W
log|I|

)⌉

andδ′′ , δ′(1/ε2). By the end of iterationℓ′,with probability

at leastδ′′ , the algorithm has removed from the input all items havingp
X
(i) > 2−ℓ (in the original input).

Proof: Let X ′ denote the modified input at the beginning of iterationℓ′ and letY denote the set of items
appearing inX ′ that had frequencyp

X
(i) > 2−ℓ in the original input. Note that̂p[ℓ′] = 2−ℓ′/R[ℓ′]. Note also

that any itemi ∈ Y has frequencyp
X′(i) > 2−ℓ/R[ℓ′] ≥ 2p̂[ℓ′] in the modified input and thus the number of

such items is bound by|Y | < 2ℓR[ℓ′]. The sample size required to ”discover” all items inY with probability
1 − δ′′ is S∗(p̂[ℓ′], 1, δ′′). Since the sample size used,S∗(p̂[ℓ′], ε/4, δ′), is larger than that, all items having
p

X
(i) > 2−ℓ are in the top-items of the sample with probability at least1 − δ′′. At last note that since the

sample size includes a factor of1p̂[ℓ′] =
(

1 + log log W
log|I|

)

2ℓR[ℓ′], Step 3f chooses more than2ℓR[ℓ′] items and it

follows that all items inY are selected and are later removed from the input.

Lemma 3.12 On iteration numberℓ′ + 1 we havêp[ℓ′ + 1] ≤ 2−ℓ′−1/πℓ with probability at least1− δ′′.

Proof: By Lemma 3.11, before the beginning of iterationℓ′ + 1, all itemsi ∈ I havingp
X
(i) > 2−ℓ have been

removed with high probability. It follows thatR[ℓ′ + 1] ≤ πℓ and the result is obtained by definition ofp̂.

Using the above lemmas we go back to the proof of Theorem 3.9. Let c′(X) denote the communication
used throughout the iterations of AlgorithmR and letc′′(X) denote the communication used after the last
iteration (in Step 6). ClearlycR(X) = c′(X) + c′′(X). LetL denote the number of iterations performed by the
algorithm on this execution and recall that by Lemma 3.6L is bound by(5 + log(1/p∗)) with high probability.

For∆ , 1 + log
(

1 + log log W
log|I|

)

we get

c′(X) =

L
∑

ℓ=1

c[ℓ] <
1

ε2
log

1

p∗ δ
log |I|

L
∑

ℓ=1

1

p̂[ℓ]
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<
1

ε2
log

1

p∗ δ
log |I|

L
∑

ℓ=1

2ℓπℓ−∆

where the first inequality is by Lemma 3.10 and the second is byLemma 3.12. By shifting the indices and using
2∆ log |I| = 2 (log |I|+ log log W ) we get

c′(X) <
1

ε2
log

1

p∗ δ
(log |I|+ log log W )

(

2 + 2

L
∑

ℓ=1

2ℓπℓ

)

(1)

In order to boundc′′(X) we bound|Q| in Step 6. Since at this point, all items inQ have frequency more

than somep′ = Ω (p∗), a trivial upper bound is|Q| = 1
p′ = O

(

1
p∗

)

. Another bound is obtained as follows.

Partition Q into subsetsQℓ for 1 ≤ ℓ ≤ log(1/p′), whereQℓ ,
{

i ∈ Q | 2−ℓ+1 < p
X
(i) ≤ 2−ℓ

}

. Then

|Q| =

log(1/p′)
∑

ℓ=1

|Qℓ| <

log(1/p′)
∑

ℓ=1

πℓ−1 − πℓ

2−ℓ
, and hence

c′′(X) = O

(

|Q| log |I| + |Q| 1

ε2
log
|Q|
δ

log log W

)

= O





log(1/p∗)
∑

ℓ=1

2ℓ(πℓ−1 − πℓ)

(

log |I| +
1

ε2
log

1

p∗ δ
log log W

)



 . (2)

Combining Eq. (1) and Eq. (2), we conclude that

cR(X) = O







1

ε2
log

1

p∗ δ
(log |I|+ log log W )

log 1
p∗

∑

ℓ=1

2ℓ πℓ






.

Using Theorem 3.9, we can prove the following corollaries for specific distributions.

Corollary 3.13 Let X be an instance where item frequencies are geometrically distributed, i.e.,p
X
(i) = (1 −

λ)λi−1 for some constant0 < λ < 1. Then AlgorithmR, when run on inputX with parametersδ, ε > 0 has

individual-communicationcR(X) = O
(

k
ε2 log 1

p∗ δ (log |I|+ log log W )
)

.

Proof: It is straightforward to see that for such input,πℓ = 2−ℓλ
1−λ . Next we calculate the sum used in Theo-

rem 3.9. LetL = log 1
p∗ . Then

L
∑

ℓ=1

2ℓπℓ =

L
∑

ℓ=1

λ

1− λ
=

Lλ

1− λ
. SinceL = log λ

1−λ + k log 1
λ , for constant

λ, L = Θ (k) and we obtain
∑L

ℓ=1 2ℓπℓ = Θ (k). The result follows immediately by Theorem 3.9.

For the important case of Zipf distribution, we have the following corollary.

Corollary 3.14 LetX be an instance where item frequencies have Zipf distribution with parametera > 1, i.e.,

p
X
(i) ,

i−a

h
, wherea > 1 andh is the normalization factor. Then AlgorithmR, when run on inputX with pa-

rametersδ, ε > 0 has individual-communication satisfyingcR(X) = O
(

a+1
a−1 · k

ε2 · log 1
p∗ δ · (log |I|+ log log W )

)

.

Proof: We first find the items summed up inπℓ for a givenℓ. Requiringp(i) ≤ 2−ℓ yields i ≥
(

2ℓ

h

)1/a
. Next

we approximateπℓ by 1 − F ((2ℓ/h)1/a) whereF (z) , Pr {Z ≤ z} is the probability density function of the
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Pareto distribution, which is essentially the continuous version of the Zipf distribution. The approximation is
correct up to a constant factor if we use the same exponent(−a) for the Pareto distribution. We obtain that for

a > 1, πℓ ≈ 2−ℓ

a−1

(

2ℓ

h

)1/a
. Let L denote the value oflog 1

p∗ = log k−a

h . Then

L
∑

ℓ=1

2ℓπℓ =
L
∑

ℓ=1

2ℓ/a =
h−1/a

a− 1
· 21/a · 2

6/ah1/ak − 1

21/a − 1

< 26/a · 3(a + 1)

2(a− 1)
· k = O

(

k · a + 1

a− 1

)

,

and the result follows from Theorem 3.9.

The results in this section analyze the behavior ofR for asymptotically large inputs. As described in the
next section, we have tested our algorithms on realistic-size inputs to study the effect of the hidden constants.
We have also comparedR with other known algorithms from the literature. We remark that AlgorithmR turns
out to have significantly superior performance.

3.4 A note on average complexity

The main target of the analysis in this section up to now was tobound the worst-case communication complexity
of any nodes. In fact, our algorithms are such that the worst case always occurs at the root, which collects all
information. Clearly, the average-case complexity is alsoa very interesting measure; however, the average
complexity depends on the topology of the network, whose analysis is beyond the scope of this paper. To get
some intuition, consider the following two extreme cases. In one scenario,n nodes are arranged on a line, with
the root node being one of the endpoints, and in the other scenario, n nodes are arranged in a complete binary
tree of heighth (assuming thatn = 2h+1 − 1). To keep things simple, let us roughly analyze basic sampling
(Algorithm B), which is the fundamental building block of all our algorithms. Every time a sample of sizes is
inspected, the root receivess randomly chosen items.

In the line topology, these items are spread uniformly over the line, and thus the number of items that go
through a node at distancei from the root is expected to bes(1− i

n). It follows that on average, the number of
message per node iss/2, i.e., the same order of magnitude as the worst case.

Consider now the complete binary tree scenario. Suppose that the tree is of heighth. Of thes items in the
sample, we expect abouts/2 items to originate at the leaves, and each of them incursh transmissions until it
gets to the root; abouts/4 items originate at the next level up, each travelingh− 1 hops to the root. In general,
we have abouts/2i+1 messages originating at heighti, travelingh − i hops each. It follows that the expected
total number of message transmissions is

h
∑

i=0

s

2i+1
· (h− i) < s · h

∞
∑

i=1

2−i = s · h .

(Note that the upper bound is quite tight, becausesh/2 messages are already due to the items at the leaves
alone.) This means that the average communication cost issh/n = O(s log n/n), i.e., about alog n

n fraction
of the worst case. Note that usually,s ≪ n

log n , in which case the average communication complexity iso(1)
message.

Our conclusion is that the difference between the worst and average case cost may be negligible or huge,
even if we restrict ourselves to bounded degree trees.
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Figure 3: Communication costs of algorithmR compared to TA and TPUT for random partition of scores in
various system scales.

4 Simulations results

To evaluate the performance of our algorithm in more realistic scenarios, we ran simulations examining the
actual number of bits communicated throughout the execution. We compared our algorithmR with the best
known algorithms, namely TA [12] and TPUT [6]. We compared the performance of the algorithms when the
input is partitioned randomly and when it is partitioned adversarially. Finally, we evaluated the performance of
R for various values ofp∗ (popularity of thekth most popular item) and various values ofǫ (the approximation
parameter). Informally, we find that AlgorithmR offers a dramatic improvement over TA and TPUT unless
the system is very small and the distribution is particularly favorable to TA and TPUT. Moreover, for typical
inputs,R behaves better than predicted by our analytical bounds.

4.1 Simulated instances

Topology. Since we are mainly interested in the worst-case communication complexity, and since the worst
case occurs at the root node under all algorithms we consider, the topology we simulate is simply the star
topology, where the root is connected to all other nodes.

Inputs. The main input to the problem is the distribution of items to nodes. We used randomly generated
inputs of various sizes, and our main focus was on inputs generated by Zipf distribution with exponent between
0.8 and3; all shown charts used Zipf distribution with exponent1.5 (different exponent values showed qual-
itatively similar behavior). Typical other parameters were k = 5, ε = 0.5 andδ = 0.05. The total number
of votes (W ) was either106 or 107 and the varying parameter is the number of nodes (n). The number of
candidate-items was equal to the number of nodes (|I| = n).

Output. All simulations measured the worst-case individual communication (in bits). This is simply the
number of bits communicated by the root node.
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Figure 4: Communication costs of optimized algorithms for various system scales. Left: with an adversarial
partition of scores among nodes. Right: with a random partition of scores among nodes.

4.2 Comparison with existing algorithms

In Figure 3 we compare algorithmsR, TA and TPUT. We used the approximation version of the TA algorithm.
We note that TPUT has no approximation version, but in all simulations we ran, TPUT appeared less efficient
than TA, even for high accuracy such asε = 0.01.

Results for adversarial and random partition of scores weresimilar. As shown in Figure 3, the performance
of TA and TPUT for a random partition is rather poor for large systems and AlgorithmR is superior even for a
system of100 nodes.R is overwhelmingly superior (by more than two orders of magnitude) forn > 10000.

Next, we modified the deterministic algorithms by using loglog counting and allowing them to err. We
also assumed the existence of a bounded degree spanning tree, and used unlimited memory at each node (which
allows simple aggregation while traversing the tree). These modifications resulted in drastic improvement in TA
performance: see Figure 4. The optimized version of TPUT is not shown because it performed far worse than
the optimized version of TA. Note that when the input is adversarially partitioned,R beats TA forn > 2000.
But even when the input is partitioned randomly (which is close to the best case of TA),R performs better for
n large enough, where large enough meansn > 200000 in this case.

4.3 The effect of accuracy and critical frequency on performance

We examined the performance of AlgorithmsR and algorithmS while varyingε andp∗ (for n fixed). The
results are given in Figure 5. Obviously, AlgorithmR was always superior to AlgorithmS. The results forp∗

(Figure 5, left) show that AlgorithmR is less sensitive top∗ when the input is generated by Zipf distribution.
We note that the flat left segment in the graph ofS is due to the fact that for small values ofp∗, the sample of
Algorithm S consists of the entire input.

The effect of the approximation factorε (seen in Figure 5, right) on the communication of both algorithms
is proportional to

(

1+ε
ε

)2
, as suggested by our upper bounds. AlgorithmR is more efficient due to its improved

termination criterion.

17



10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
4

10
6

c(
X

) 
(c

om
m

un
ic

at
io

n 
in

 b
its

)

p* (probability of k−heaviest item in X)

Algorithm S

Algorithm R

0 0.5 1 1.5 2 2.5 3 3.5 4

10
4

10
6

c(
X

) 
(c

om
m

un
ic

at
io

n 
in

 b
its

)

ε (required approximation level)

Algorithm S

Algorithm R

Figure 5:Communication costs of algorithmsS andR. Left: as a function ofp∗. Right: as a function ofε. The
dashed line marks the communication cost of reading the entire input.

5 A lower bound on the total cell-probe complexity

In this section we give a lower bound on thetotal cell probe complexity[23, 14] of randomized algorithms for
the top-k problem. For a restricted settings, we can deduce a lower bound on the individual communication
complexity of such randomized algorithms.

Recall that the cell probe complexity of an algorithm was defined as the total number of input cells accessed
by a single node for the worst-case input. Note that the set ofall probed cells can be viewed as a sample whose
size is the total number of cell-probes.

Theorem 5.1 For some naturalk, let ε > 0, 0 < p∗ ≤ 1
2k , 0 < δ < 0.014, andW = Ω

(

1
δ(p∗)2

· (1+ε)2

ε4

)

and

let A be any Monte Carlo algorithm. IfA outputs a top-k ε-approximation with probability at least1 − δ for

any input inX (W,n, p∗), then its total cell-probe complexity satisfiesE
[

CPT
A

]

= Ω
(

1
p∗ ε2 · log 1

δ

)

.

The proof is deferred to the end of this section.

Star topology and “smart dust” systems. Theorem 5.1 demonstrates the optimality of AlgorithmB with
respect to thetotal cell-probe complexity but not theindividual cell-probe complexity. Consider a setting
where the system has star topology, i.e., all nodes are connected to a root node, and suppose that each node
holds a single cell. This model is a reasonable abstraction of the setting in sensor networks usingpassive
communication. In these systems, the only communication is between a powered base-station and a sensor,
forming a star topology (as opposed to the common spanning tree). When compared withactive communication
techniques, passive communication is much more energy efficient and suitable for very small devices, such as
“smart dust” systems (see e.g., [22]). Now, for these systems, Theorem 5.1 says that any algorithm that satisfies

the conditions of the theorem has individual communicationcomplexity at leastΩ
(

1
p∗ ε2 · log 1

δ

)

.

We stress that while our model assumes certain routing capabilities, our algorithms only use a broadcast-
convergecast scheme rooted by the root node. Such communication is suitable for the star topology.

Proof of Theorem 5.1: The main steps of the proof are as follows. We use Yao’s Minimax Principle to show
the lower bound on Monte Carlo algorithms. To this end, we prove a lower bound on the expected sample
size used by any deterministic algorithm when the input is drawn at random from a certain distribution of our
choice. In our distribution, the gap between the popularityof a top-k set and any other item is more thanε, so
that the correct output for anyε-approximation algorithm is precisely the top-k set. Furthermore, the local view
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of each node is just a random subset of the items. We then provethat any algorithm which does not output the
top-k set of its sample is doomed to err with probability at least1/2. Finally, we show that the top-k set of the
sample is the top-k set of the input with probability at least1− δ only if the sample is large enough.

Consider some input distributionD. For the sake of brevity we will useX ∈ D to denote inputs in the
support ofD (i.e. X : PrD {X} > 0). Let A(D, ε, δ) be the set of all algorithms which output a top-k
ε-approximation with probability at least1 − δ for a random inputX drawn byD. To formalize this, we
define the proximity,ρ(Q) of a setQ to top(k,X); ρ(Q) is defined as the minimalε for whichQ is a top-k
ε-approximation, i.e.,

ρ(Q) ,
max {p(j) | j ∈ I\Q}

min {p(i) | i ∈ Q} − 1 .

The classA(D, ε, δ) is then defined as

A(D, ε, δ) ,

{

A : Pr
X∼D

{ρ(A(X)) ≤ ε} ≥ 1− δ

}

.

LetA′ denote the set of all deterministic algorithms inA(D, ε, δ) and assume that we have a lower boundb
of the form:EX∼D

[

cpT
A(X)

]

≥ b, for any deterministic algorithmA ∈ A′. Using Yao’s Minimax Principle,
we say that for any random algorithmAR satisfyingAR ∈ A(D, ε, δ

2) the total cell-probe complexity satisfies

E
[

CPT
AR

]

≥ max
{

E
[

cpAR
(X)

]

| X ∈ D
}

≥ b

2
. Lemma 5.2 that follows gives such a lower bound for

deterministic algorithms withb = Ω

(

1

p∗
· (1 + ε)

ε2
· log 1

2δ

)

giving the result of the theorem.

Lemma 5.2 Letk be a natural number. Letε > 0, 0 < p∗ ≤ 1
2k , 0 < δ < 0.014, W =

∼
Ω
(

1
δp∗2 · (1+ε)2

ε4

)

. Then

there exists an input distributionD with support(D) ⊆ X (W,n, p∗) such that for any deterministic algorithm
A we have that ifA outputs a top-k ε-approximation on an inputX chosen randomly fromD with probability

at least1− δ, thenEX∼D

[

cpT
A(X)

]

= Ω
(

1
p∗ ·

(1+ε)
ε2 · log 1

2δ

)

.

Proof: For the given valuesW,k, p∗, ε > 0 (0 < p∗ ≤ 1
2k ), construct the input distributionD as follows. Let

U(X) be the uniform distribution above the permutations ofX and defineq ,
p∗

α for someα > 1 + ε.

• Randomly choose a permutation of items~I ∼ U(I). We usei to denote both the item and its index in~I.

• Given the item-indices determined by~I, fix the aggregate weight of each item by:

w(i) =







Wp∗ for 1 ≤ i ≤ k

Wq (= Wp∗

α ) for k < i ≤ k + 1−p∗k
q

0 otherwise

• Let X0 be an arbitrary vector where each itemi has exactlyw(i) cells and let〈v1, . . . , vn〉 be some
ordering of the nodes. To obtain the random inputX, take a random permutation ofX0 and partition it
evenly among the nodes. i.e. LetX ′

0 ∼ U(X0) and letXvℓ
,
{

X ′
0[

ℓ−1
n W ], . . . ,X ′

0[
ℓ
nW ]

}

.

Note that for any inputX in the support ofD, only the top-k set is a top-k ε-approximation. Note also that
since we use a random permutation of the items, the probabilities are symmetric with respect to item-identities.

Let A be any deterministic algorithm which outputs a top-k ε-approximation with probability at least1− δ
for a random inputX ∼ D. Let the sample ofX, SA(X) denote the cells actually probed throughout the
execution ofA on inputX. SinceA is deterministic,S is a deterministic function ofX and the output ofA
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Figure 6: Transition probabilities during the sampling process.

is a deterministic function ofS. We can therefore denote byA(S) the output ofA whenSA(X) = S. We
first argue in that ifA does not output the topk items in the sampletop(k,S), thenA cannot be correct with
probability more than1/2. We then show that whenA outputs the topk items in the sample, the sample has to
be large to get small error probability. Combining the two arguments we get result of the lemma.

Lemma 5.3 LetA be any deterministic top-k-approximation algorithm. For a random inputX drawn byD, if
the resulting sampleS = SA(X) is such thatA(S) 6= top(k,S), thenA errs with probability at least12 .

Proof: For a given sample, let~wS =
(

wS(i1) ≥ wS(i2) ≥ . . . ≥ wS(i|I|)
)

be the sorted vector of weights seen

in the sample and let~IS =
(

i1, i2, . . . , i|I|
)

denote the items matching the entries of~wS . We say thatA has some

deterministic functionJ = f(~w), J = {j1, . . . , jk} such thatA outputs the set
{

~IS [j1], . . . , ~I
S [jk]

}

for any in-

putX. For example, the algorithm which always outputstop(k,S), hasJ = {1, 2, . . . , k}. Let ~w be a weights
vector for whichA outputs a setY such thatY 6= top(k,S ). We now show thatPr

{

A errs| ~wS = ~w
}

> 1
2 .

Fix such a~w. Let i ∈ top(k,S)\Y and letj ∈ Y \ top(k,S). Since there is only one correct answer in our
input distribution,Y is a correct answer if and only iftop(k,S) is a wrong answer in which case there exists
such a pair(i, j) which also provestop(k,S) to be a wrong answer:

(i, j) : i ∈ top(k,S)\Y, j ∈ Y \top(k,S),

p
S
(j) ≤ p

S
(i), p

X
(j) > (1 + ε)p

X
(i) > p

X
(i)

Define~I ′ to be the instance generated from~I by switching the names of itemsi andj. Call ~I ′ theij-mirror
of ~I. Consider the setX of all possible inputs which, for the sampling function ofA, result in either(~w, ~I) or
its ij-mirror (~w, ~I ′). Let Di denote the set of such inputs wherep

X
(i) > p

X
(j) and letDj denote the inputs

wherep
X
(i) < p

X
(j). Further, letSi denote the set of possible samples wherep

S
(i) > p

S
(j), and letSj denote

the samples wherep
S
(i) ≥ p

S
(j) and bySE the samples wherep

S
(i) = p

S
(j).

Figure 5 illustrates the relations of the weights ofi, j during the sampling process. Letπ denote the
probability ofDi. By symmetry we havePr {Dj} = π too. It is straightforward to see thatPr {Si | Di} >
Pr {Sj | Di}, and similarly thatPr {Sj | Dj} > Pr {Si | Dj}. Define: γ , Pr {Si | Di} − Pr {Sj | Di} ,
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and η , Pr {SE | Di} = Pr {SE | Dj}. With this notation, we have the following identities.

Pr {Si | Di} = Pr {Sj | Dj} = 1
2(1− η + γ)

Pr {Sj | Di} = Pr {Sj | Di} = 1
2(1− η − γ)

Pr {Si} = Pr {Sj} = π(1− η)
Pr {SE} = 2ηπ ,

and therefore, sinceγ > 0, we obtain

Pr {Y is correct| ~w} < Pr {Dj | Si ∪ SE} (3)

=
Pr {Dj}Pr {Si ∪ SE | Dj}

Pr {Si}+ Pr {SE}

=
π
(

1
2 (1− η − γ) + η

)

π(1− η) + 2ηπ

=
1

2

(

1 + η − γ

1 + η

)

<
1

2
.

Lemma 5.4 Let A be any deterministic algorithm which probes a deterministic set ofS distinct cells and
outputs the top-k-set computed by this sample. For a random inputX drawn byD, if A has error probability

δ < 1
3e3 and if the input size satisfiesW =

∼
Ω

(

1

δp∗2 ·
(1 + ε)2

ε4

)

thenS satisfies

S = Ω

(

1

p∗
· α

(α− 1)2
· log 1

4δ

)

.

Proof: Recall that the inputX is a random permutation ofX0 and consider the cells ofX0 probed byA.
Actually, an execution ofA may probe any one of the possible ordered-sets, ofX0-cells (where each set contains
S distinctX0-cells). Note that all those ordered-sets are equally likely to be used byA. SinceA is deterministic
we can define the collectionG of such ordered-sets for whichA is correct. SinceA has error probabilityδ, the
size ofG is a fraction of(1− δ) from all possible ordered-sets ofS distinctX0-cells.

Now, let Ar be the algorithms that selects at random a sample ofS cells, with replacement, probes those
cells and outputs the top-k set of the sample. Note thatAr(S) is the same asA except it takes a random sample
with replacement instead of a deterministic set of distinctcells. It follows that wheneverAr happens to probe a
set ofX0-cells fromG, Ar outputs a correct answer just asA would. Note also that forAr too, all ordered-sets
of S distinctX0 cells are equally probable. LetS denote the ordered-set ofX0-cells sampled byAr. Then

Pr {there are repetitions inS} ≤
S
∑

ℓ=1

ℓ− 1

W
<

S2

2W
.

SincePr {S ∈ G | no repetitions inS} = 1− δ, we have thatPr {S ∈ G} ≥ (1− δ)
(

1− S2

2W

)

, and therefore

Pr {Ar errs} ≤ 1− Pr {S ∈ G} ≤ δ +
S2

2W
(1− δ) < δ +

S2

2W
,

which implies that forS ≤
√

2Wδ, Pr {Ar errs} < 2δ. Lemma 5.5 that follows gives a bound on the sample
size used byAr. Using the relation between the error probabilities ofA andAr, we deduce that the number of

cells probed byA must satisfyS = Ω

(

1

p∗
· α

(1− α)2
· ln 1

4δ

)
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Lemma 5.5 For δ < 1
3e3 , there exists a valueSmin = Θ

(

1
p∗ · α

(1−α)2 · ln 1
2δ

)

such that ifAr is ran on an input

chosen randomly byD and it uses a sample smaller thanSmin, thenAr errs with probability at leastδ.

Proof: For a specific execution ofAr we have a specific inputX, and a specific sampleS of cells probed by
Ar. For this input, leti ∈ top(k,X) and somej ∈ I \ top(k,X) and define theadvantage within the sample
of i overj to bedij(S) , wS(i) − wS(j) . For a permutationZ = (z1, . . . , zS) of S, let Pr {Z | X} denote
the probability thatZ is the sequence (ordered multiset) of cells probed during the execution ofAr on inputX.
Clearly,Pr {Z | X} =

∏S
ℓ=1 p

X
(zℓ). Note that all permutations ofS are equally probable.

We now bound the error probability ofAr. We distinguish between three cases, depending on the valueof
dij . If dij < 0 thenwS(i) < wS(j). Sincei ∈ top(k,X) andj /∈ top(k,X), it is obvious that is this case
top(k,S) 6= top(k,S) and henceAr always errs in this case.

Next, consider a specific inputX ′ and a specific ordered-setZ ′ sampled byAr such thatdij(Z
′) = 0.

Suppose thatAr outputsi and notj (which is correct)). Consider theij-mirror input X ′′ , Mij(X
′). By

definition ofD, Pr {X ′} = Pr {X ′′}. Since forZ ′′ , Mij(Z
′), we havePr {Z ′ | X ′} = Pr {Z ′′ | X ′′} and

sincedij = 0, we getPr {Z ′ | X ′′} = Pr {Z ′′ | X ′′} and thereforePr {Z ′,X ′′} = Pr {Z ′,X ′′}. Once the
sample is fixed,Ar is deterministic so if the input isX ′′ and the probed cells are the sameZ ′, Ar outputs the
same answer as it did forX ′, Z ′ but in this case it would be wrong. For each such case wheredij = 0 andAr

is correct there exists at least one mirror-case whereAr errs. We get thatPr {A errs | dij(S) = 0} ≥ 1
2 .

Finally, we bound the overall error probability ofAr by the probability thatdij < 0. Let π denote the
probabilityPr {dij > 0}. We have that

Pr {Ar errs} ≥ Pr {dij < 0}+
1

2
Pr {dij = 0} ≥ 1

2
Pr {dij ≤ 0} =

1− π

2
.

Note that ifπ ≤ 1
2 we havePr {Ar errs} ≥ 1

4 , and we are done. For the remainder of the proof, assume
π > 1

2 . For any unordered sampleS = (ν1, . . . , νS), let S′ , Mij(S) be the mirror sample. Clearlydij(S ′) =
−dij(S). Next we show the relation between the probability of a sampleS and the probability of itsij-mirror,
S ′. Then by bounding the probability of a set of samples all having dij > 0, we get a bound for the probability
of the mirror-samples havingdij < 0.

Let perms(S) denote the number of distinct permutations ofS. Clearly we haveperms(S) = perms(S ′).
For brevity, leta , wS(i) andb , wS(j). Clearlydij = a− b. Furthermore, For a specific inputX we have

Pr {S | X} = perms(S) ·
S
∏

ℓ=1

p
X
(vℓ)

= perms(S) · p
X
(i)a · p

X
(j)b ·

∏

ℓ∈{1..S},vℓ /∈{i,j}

p
X
(vℓ)pX

(vℓ) .

Similarly, Pr
{

S ′ | X
}

= perms(S ′) ·
S
∏

ℓ=1

p
X
(v′ℓ)

= perms(S) · p
X
(i)b · p

X
(j)a ·

∏

ℓ∈{1..S},vℓ /∈{i,j}

p
X
(vℓ) ,

yielding, Pr
{

S ′ | X
}

= Pr {S | X} · p
X
(i)b−a · p

X
(j)a−b

= Pr {S | X} ·
(

1

α

)dij

.
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We now lower bound the probability of receiving a sample having dij > 0. SinceS = (ν1, . . . , νS) is
a random sample ofX, each cellνℓ can be considered a random variable distributed by the empirical item-
probabilities inX. This way,dij is a random variable satisfyingdij(S) =

∑S
ℓ=1 d′(νℓ) whered′(νℓ) are i.i.d.

random variables with

Pr
{

d′(νℓ) = d′ | X
}

=







p
X
(i) if d′ = 1

p
X
(j) if d′ = −1

1− p
X
(i) − p

X
(j) if d′ = 0

Since this gives the same distribution for anyX produced during our input distribution, we can eliminate the
conditioning. The expectation and variance ofd(νℓ) anddij(S) are:

E [ d′(νℓ) ] = q(α− 1) µd = E [ dij ] = S(α− 1)q
Var (d′(νℓ)) = qα + q − (qα− q)2 σd

2 = Var (dij) = S(qα + q − (qα− q)2)
σd

2 < E
[

(dij)
2
]

= S(α + 1)q

We also note that by definition−S ≤ dij ≤ S. By Chebyshev inequality, if we pick a random sample of size
S, we get:

Pr {0 < dij < 7µd} = π − Pr {dij − µd ≥ 6µd} >
1

2
− σd

2

6µd
2 >

1

2
− (α + 1)

Sq(α− 1)262
.

Since the transformation fromS to S ′ is one-to-one, we can apply it on the set ofn distinct samples and get
another set ofn distinct mirror-samples. Replacingi andj in all samples for which0 < dij < 7µd we get the
set of all possible samples satisfying−7µd < dij < 0. The probability of the transformed set satisfies:

Pr {−7µd < dij < 0} > Pr {0 < dij < 7µd} ·
(

1

α

)7µd

>

(

1

2
− (α + 1)

Sq(α− 1)262

)(

1

α

)7µd

.

ForS ≥ S1, whereS1 ,
(α+1)

6q(α−1)2 , we can say that

Pr {−7µd < dij < 0} >
1

3

(

1

α

)7µd

=
1

3
exp (−7 ln αµd)

>
1

3
exp (−7(α− 1)µd)

=
1

3
exp

(

−7Sq(α− 1)2
)

.

And for S1 ≤ S < S2 whereS2 , 1
2q · 1

(α−1)2
· ln 1

3δ , we get

∀X ∈ D, Pr {Ar errs| X} (4)

= Pr {S : A errs forS | X}
= Pr {S : ∃(i, j), i ∈ top(k,X), j /∈ top(k,X), dij(S) < 0 | X}
> Pr {S : −7µd < dij(S) < 0 | X} for a single pair(i, j)

> δ .
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The above applies for cases whereS1 < S2 which is satisfied forδ < 1
3e3 , α < 11

7 . We have shown a
specific sample sizeS2 for which Ar has an error probability larger thanδ. We argue that there is no value
S′ < S2 for which Ar has a smaller error probability. If there were, than we coulddefine another algorithm
A′

r, which takes a random sample of sizeS2 and outputs the top-k-set by the firstS′ probed cells only thus
achieving error probability smaller thenδ. Lemma 5.3 covers all cases where the output ofA′

r is different
from that ofAr(S2) soA′

r cannot have such error probability - a contradiction. This completes the proof for
δ < 1

3e3 , α < 11
7 .

As for other values ofα, we note that in this case the result of the lemma is for samplesize of order

Θ
(

1
p∗ ln 1

δ

)

for such small samples there is a good chance that one of the top-k items would be completely

missing from the sample. Due to page limitations we omit the proof of this.

We now go back to the proof of Lemma 5.2. Lemma 5.3 has shown that for a randomX ∼ D, whenever
A outputs something different than the top-k-set of probed-cells, it is probably wrong. This means that an
algorithmA that satisfies the conditions of the lemma must output the top-k set of probed-cells most of the

time. Lemma 5.4 showed the for the latter case,A must probe at leastS = Ω
(

1
p∗ · α

(α−1)2
· log 1

4δ

)

to have

error probability underδ. Since this lower bound is concave inδ, there is no better option than probing the
same number of cells for all inputs.

Even if we assume thatA probes zero cells whenever it is wrong, we get that for the conditions of the
lemma and a random inputX ∼ D, if the error probability ofA is δ, then the expected number of probed cells

is of the same order:EX∼D [ cp(X) ] = Ω
(

1
p∗ · α

(α−1)2
· log 1

4δ

)

.

6 Conclusions and future work

In this paper we have proposed algorithms solving the top-k problem by adaptive sampling. The communication
complexity of our algorithms does not depend on the way the input is partitioned in the network: only the global
statistics affect the complexity. Our final algorithm performs particularly well when the global statistics are far
from flat. We have tested our algorithm by simulation and found empirical support for our analytical claims.
Although our study is mainly theoretical, simulation results indicate that our algorithm is rather practical and
can be very useful in real-life scenarios. Future work may extend our algorithm to specific models, where
spatial and temporal dependence among different sensors holds (e.g., nearby nodes have similar readings).

From the theoretical viewpoint, we think that it is very interesting to extend our lower bound to the case of
interactive algorithms. We conjecture that our AlgorithmR is nearly optimal in this more general model.
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APPENDICES

A Proofs for Algorithm BoundCount

Corollary 2.2 For given10−5 ≤ ε ≤ 1 andδ > 0, Algorithm BoundCount outputs an estimateŵ of w(i) such
that

Pr

{

1

w(i)
|ŵ −w(i)| < ε

}

≥ 1− δ.

The communication complexity of Algorithm BoundCount is

O

(

log |I|+ 1

ε2
log

1

δ
log log w(i)

)

.

Also, if the algorithm ranM iterations in Step 3, then for anyζ > 10−5,

Pr

{

1

w(i)
|ŵ − w(i)| < ζ

}

≥ 1− exp
(

−Ω
(

Mζ2
))

.

Proof: For eachŵℓ, consider the random variablezℓ , ŵℓ/w(i). zℓ is a (useless) estimate ofz , E [ ŵℓ ] /w(i)
and by Fact 2.1, it satisfies|E [ zℓ ]− 1| < 10−6, and Var(zℓ) = O(1). Now consider the random vari-
able ẑ , ŵ/w(i) where ŵ is the output of the algorithm. Note that̂z is actually the average of theM
independent variables{z1, . . . , zM}. we get from Bernstein’s Inequality thatPr

{

|ẑ − 1| < 10−6 + ε/2
}

>
1 − exp

(

−Mε2/6
)

. This translates directly to the average of theM original estimates, and the result of the
corollary follows.

B Proofs for Algorithm B

Lemma 3.1There exists a functionS∗(p∗, ε, δ) = Θ
(

1
p∗ ε2 · ln 1

p∗ δ

)

, such that for any inputX ∈ X (W,n, p∗),

the top-k elements of a random sample of size at leastS∗(p∗, ε, δ) is an ε-approximation oftop(k,X) with
probability at least1− δ.

Proof: We say that a pair(i, j) of items isimportant if i ∈ top(k,X), j /∈ top(k,X), andp
X
(i) > (1 + ε) ·

p
X
(j).

A pair (i, j) of items is said to bepoorly-swappedin S if it is important AND p
S
(i) ≤ p

S
(j). Note that

top(k,S) is a top-k ε-approximation if and only if there are no poorly-swapped pairs in S.

For each itemi ∈ top(k,X) we define a threshold valueti satisfying
p

X
(i)

1+ε < ti < p
X
(i) and for each

item j /∈ top(k,X) we define a threshold valuet′j by t′j , min {ti | (i, j) is important}. We denote byEi the
event of receiving a sampleS wherep

S
(i) ≤ ti. This event is also referred to as “i violates its threshold”. We

denote byE′
j the event of receiving a sampleS wherep

S
(j) ≥ t′j. This event is also referred to as “j violates

its threshold”.

From the above properties of the thresholds, if noi ∈ top(k,X) violates its thresholdti, and noj /∈
top(k,X) violates its thresholdt′j, then there are no poorly-swapped pairs inS and thus no error.

We now partition the items into 3 disjoint sets according to their empirical probabilities; we will analyze
the violation-probabilities in each set separately.
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• G1 is the top-k set, i.e.G1 , {i ∈ top(k,X)}
• G2 ,

{

j /∈ top(k,X) | p∗

(1+ε)e2 ≤ p
X
(j) ≤ p∗

}

• G3 ,

{

j /∈ top(k,X) | p
X
(j) < p∗

(1+ε)e2

}

We denote byE1 the event that one or more items inG1 violate their threshold.E2 and E3 are defined
similarly for G2, G3. Given the sample-sizeS, we bound the probabilities of these 3 events; for this we require
the following two lemmas on the sample distribution.

Lemma B.1 Let X be a given input and leti be some item fromI having empirical probabilityp
X
(i). If S is

a random sample of sizeS obtained by AlgorithmA then

∀ε > 0 : Pr {p
S
(i) ≥ (1 + ε)p

X
(i)} ≤

(

eε

(1 + ε)1+ε

)Sp
X

(i)

∀ε < 0 : Pr {p
S
(i) ≤ (1 + ε)p

X
(i)} ≤

(

eε

(1 + ε)1+ε

)Sp
X

(i)

Proof: The proof is by Chernoff bound. Sincep
S
(i) ,

wS(i)
S , bounding the tail probability ofwS(i) is equiv-

alent. Consider the set
{

ν1, . . . , νw(i)

}

of all cells holdingi in the input and letxℓ be an indicator random
variable having value1 if the cellνℓ was sampled. Clearlyxℓ are i.i.d random variables and the sampled-weight
of i satisfieswS(i) =

∑w(i)
ℓ=1 νℓ. Since the expectation of the sampled-weight isSp

X
(i), we get the result by

Chernoff Bound.

Lemma B.2 For any input and for anyi, j ∈ I such thatp
X
(i) > p

X
(j) > 0, let α ,

p
X

(i)

p
X

(j) and definetij as

tij , p
X
(i)

α − 1

α ln α
(we later show thatp

X
(j) < tij < p

X
(i) )

If S is a random sample of sizeS obtained by AlgorithmA for this input then:

Pr {p
S
(i) ≤ tij} ≤ exp

(

−1

8
S · p

X
(i) ·Θ

(

(

α− 1

α

)2
))

Pr {p
S
(j) ≥ tij} ≤ exp

(

−1

8
S · p

X
(i) ·Θ

(

(

α− 1

α

)2
))

Note also thattij is monotone decreasing withα and so are the ‘violation’ probabilities.

Proof: Let f(α) , α−1
ln α , t , tij = f(α) · p

X
(j) , e1 , {p

S
(i) ≤ tij} and e2 , {p

S
(j) ≥ tij}. Applying the

tail-probability bounds from Lemma B.1 fore1 ande2 gives

Pr {p
S
(i) ≤ t} < (a1)

Sp
X

(i) (5)

where

a1 ,
e−δ1

(1− δ1)(1−δ1)
, δ1 ,

p
X
(i)− t

p
X
(i)

(6)

and
Pr {p

S
(j) ≥ t} < (a2)

Sp
X

(j) (7)
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where

a2 ,
eδ2

(1 + δ2)(1+δ2)
, δ2 ,

t− p
X
(j)

p
X
(j)

(8)

For t = f(α)p
X
(j), we get from Eq. (6) and Eq. (8) thatδ1 = 1− f

α and δ2 = f − 1 giving

a2 = aα
1 =

e(f−1)

(f)(f)
= exp (−(f ln f + 1− f)) (9)

Using Taylor expansion aroundα = 1 we can show that forα > 1 , 1 < f(α) < 1 + 1
2 (α − 1) < α and

thereforep
X
(j) < t < p

X
(i). From Eq. (5), Eq. (7) and from Eq. (9), we get thatPr {e1} < a

Sp
X

(j)
2 and

Pr {e2} < a
Sp

X
(j)

2 while

a
Sp

X
(j)

2 = exp (−Sp
X
(j) · (f ln f + 1− f))

= exp

(

−S
p

X
(i)

α
(f ln f + 1− f)

)

(10)

The functionh(α) = 1
α (f ln f + 1− f) is monotone increasing for anyα > 1. Let ĥ(α) ,

(α−1)2

8α2 , then

h(α) = Θ(ĥ(α)). The result of the lemma follows from Eq. (10) by replacingh(α) with Θ(ĥ(α)).

Continuing with the proof of Lemma 3.1 we now define for eachi ∈ top(k,X) the exact choice of its
threshold value asti , p

X
(i) ε

(1+ε) ln (1+ε) ; this is equal totij defined in Lemma B.2 forα = 1 + ε. Given

i ∈ top(k,S), recall that for anyj such that(i, j) is an important pair, we have
p

X
(i)

p
X

(j) > 1 + ε. Therefore by

Lemma B.2,p
X
(j) < ti < p

X
(i) andPr {Ei} < exp

(

−1
8Sp

X
(i) ·Θ

(

(

ε
1+ε

)2
))

. Note also that for some

j /∈ top(k,X), if we let i be the item that hast′j = ti thenPr
{

E′
j

}

< exp

(

−1
8Sp

X
(i) ·Θ

(

(

ε
1+ε

)2
))

.

Note thatp
X
(i) ≥ p∗ for any i ∈ top(k,X). Note also that the size ofG1 is k and the size ofG2 is bound by

(1 + ε) e2 / p∗. Clearlyp∗ ≤ 1
k so using the union bound we obtain

Pr
{

E1ORE2
}

<
10 · (1 + ε)

p∗
· exp

(

−1

8
Sp∗ Θ

(

(

ε

1 + ε

)2
))

.

The following lemma bounds the probability ofE3.

Lemma B.3 For E3 as defined above, if the sample size satisfiesS ≥ 2(1 + ε) ln (1 + ε)/εp∗, then

Pr
{

E3
}

<
2e2(1 + ε)

p∗
· exp

(

−1

8
Sp∗ Ω

(

(

ε

1 + ε

)2
))

Proof: Let f(α) andh(α) be defined as in the proof of Lemma B.2,
and let:f , f(1 + ε) > 1 , t ,

p∗ f
1+ε . For any itemj in G3, we have thatt′j > t. Therefore definingE′′

j as the

event of receivingp
S
(j) ≥ t, it is clear thatPr

{

E′
j

}

< Pr
{

E′′
j

}

.

We now further partitionG3: for any integerℓ ≥ 0 we define the subsetG3
ℓ as

G3
ℓ ,

{

j /∈ top(k,X) : t · e−3−ℓ ≤ p
X
(j) < t · e−2−ℓ

}
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For every itemj ∈ G3
ℓ , let:

a ,
t

p
X
(j)

I ,
a

f(1 + ε)
=

p∗

(1 + ε) · p
X
(j)

⇒ e2+ℓ < I ≤ e3+ℓ

Using the tail bounds from Lemma B.1 we get

Pr
{

E′′
j

}

<

(

ea−1

aa

)Sp
X

(j)

= exp (−(a ln a− a + 1)Sp
X
(j))

= exp

(

−Sp∗
1

(1 + ε)I
· (If(ln f + ln I)− If + 1)

)

= exp

(−Sp∗

1 + ε
·
(

(f ln f − f + 1) + (f ln I − I − 1

I
)

))

< exp

(−Sp∗

1 + ε
· ((1 + ε)h(1 + ε) + (f(ℓ + 2)− 1))

)

< exp (−Sp∗ h(1 + ε)) · exp

(−Sp∗

1 + ε
· f(ℓ + 1)

)

By definition of G3
ℓ we have thatp

X
(j) > p∗/(1 + ε)eℓ+3. We can therefore bound the size ofG3

ℓ by
∣

∣G3
ℓ

∣

∣ < (1 + ε)eℓ+3/p∗.

Let E3
ℓ denote the event that one or more items inG3

ℓ violate the thresholdt, E3
ℓ ,

⋃

j∈G3
ℓ

E′′
j . By the

union-bound we get

Pr
{

E3
}

≤
∞
∑

ℓ=0

Pr
{

E3
ℓ

}

Pr
{

E3
ℓ

}

<
eℓ+1e2(1 + ε)

p∗
· exp

(−Sfp∗

1 + ε
(ℓ + 1)

)

· exp (−Sp∗ h(1 + ε))

=
e2(1 + ε)

p∗
· exp

(

−(ℓ + 1)(−1 +
Sfp∗

1 + ε
)

)

· exp (−Sp∗ h(1 + ε))

UsingS ≥ 2(1 + ε)/fp∗ we get that sinceSfp∗/(1 + ε) > 2,

Pr
{

E3
ℓ

}

<
e2(1 + ε)

p∗
exp

(

−(ℓ + 1) · Sfp∗

2(1 + ε)

)

· exp (−Sp∗ h(1 + ε))

=
e2(1 + ε)

p∗
exp

(

−Sp∗ h(1 + ε)− Sp∗ f

2(1 + ε)

)

· exp

(

−ℓ · Sfp∗

2(1 + ε)

)

Note that the bounds we got forE3
ℓ form a descending geometric-series. By summing them up and using the

fact thatSfp∗/(1 + ε) ≥ 2 again we get

Pr
{

E3
}

<
2e2(1 + ε)

p∗
· exp

(

−Sp∗
(

h(1 + ε) +
f

2(1 + ε)

))

<
2e2(1 + ε)

p∗
· exp

(

−Sp∗
(

h(1 + ε) +
1

2(1 + ε)

))
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To conclude the proof of Lemma 3.1, we combine the result of Lemma B.3 with the result we got for
{

E1ORE2
}

. We get that for sample size satisfyingS ≥ 2(1 + ε) ln (1 + ε)/εp∗, the overall error probability
satisfies

Pr
{

E1ORE2ORE3
}

<
4e2(1 + ε)

p∗
· exp (−Sp∗ h(1 + ε))

DefineS∗(p∗, ε, δ) ,
1

p∗ h(1 + ε)
·
(

ln
1 + ε

p∗δ
+ 4

)

. For sample size at leastS∗(p∗, ε, δ) we get an error

probability smaller thanδ. The result of the lemma is a simplified expression forε = O (1).

Theorem 3.2Let X ∈ X (W,n, p∗) be an instance. Provided thatp∗, ε, δ and W are known, Algo-
rithm B outputs a top-k ε-approximation with probability at least1 − δ and communication complexity of

orderO
(

1
p∗ ε2 · ln 1

p∗δ · log |I|
)

.

Proof: First, note that the communication complexity of AlgorithmB is exactly the sample size|S| times
O(log |I|) (the number of bits required to encode each item in the sample). Let S be a random variable whose
value is the sample size. Clearly,E [ S ] = W · PSAMPLE, and hence, by Step 1 of the algorithm, we have
E [ S ] = 2S∗. Now, the probability of error is bounded byPr {E1ORE2}, whereE1 denotes the event where
the output is incorrect even though the sample was large enough (|S| ≥ S∗), andE2 denotes the event where the
sample was too small, i.e.|S| < S∗. By Lemma 3.1,Pr {E1} ≤ δ

2 . Using the Chernoff bound we obtain that

Pr {E2} < exp
(

−1
4S∗

)

and sinceS∗ > 8 ln e4

δ we getPr {E2} < δ
e4 . Therefore, the algorithm is correct with

probability at least1−Pr {E1}−Pr {E2} > 1−3δ/4. To bound the communication complexity, letE3 denote
the event that|S| > 4S∗. Using the Chernoff bound once again, we obtain thatPr {E3} < exp

(

−1
3S∗

)

< δ
e4 .

Therefore, the sample size is bounded by4S∗ = O
(

1
p∗ · 1

ε2 · ln 1
p∗δ

)

with probability at least1 − δ
e4 and all

results hold with probability higher than1− δ.

C Proofs for Algorithm S

Theorem 3.3For any inputX ∈ X (W,n, p∗), with probability at least1 − δ, AlgorithmS outputs a top-k
ε-approximation with communication complexity of order

CS = O

(

1

p∗ ε2
· log 1

p∗ δ
· log |I| + k log

1

p∗
log

1

δ
log log W

)

.

Proof: The proof outline is as follows. The proof starts by showing that with high probability, the algorithm
runs approximatelylog 1

p∗ iterations. As a result, the last iteration is similar to an execution of AlgorithmB with
the correct parameters and therefore outputs a top-k ε-approximation with high probability. The communication
bound follows from the fact that the sample size is more than doubled on each iteration. The communication is
therefore dominated by the last iteration.

The proof uses the following notational convention. Given ahigh probability estimatêZ of Z that has
accuracyε = 1, Zlo denotesẐ/2 andZhi denoted2Ẑ. Zlo andZhi are uses as bounds onZ that hold with high
probability. The proof also usesδ′ , δ/5 to express error probabilities.

First we show why is AlgorithmS correct. We look at two possible ‘bad’ events:

• Let E1 be the event where AlgorithmS stopped too early because of an erroneous bound, i.e. on some
iteration we stopped even though we usedp̂ > p∗.
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• Let E2 be the event where the last iteration usedp̂ ≤ p∗ but the output of AlgorithmB was not a top-k
ε-approximation.

We can bound the probability that the output is not a top-k ε-approximation byPr {E1}+ Pr {E2}. Since
we passδ′ as error probability to AlgorithmB, from Section 3.1 it is easy to see thatPr {E2} < δ′.

Before we boundPr {E1} we give the following lemma.

Lemma C.1 With probability at least1− 2δ′, AlgorithmS runs at leastlog 1
p∗ iterations before it stops.

Proof: Let L = log 1
p∗ and letE′

1 denote the event where the algorithm stopped during the firstL iterations. We
let (I0, I1 . . .) denote the firstL + 1 iterations in a reversed order. SpecificallyI0 denotes the earliest iteration
wherep̂ ≤ p∗ andIℓ is the iteration which isℓ iterations before that. On iterationIℓ, we havep̂ > 2ℓ−1 p∗.
Recall the stopping rule of AlgorithmS is:

‘Until 2p̂ < min {w(i)lo/Whi | i ∈ T} ’.

Lettingp∗lo denote the current value ofmin {w(i)lo/Whi | i ∈ T} we obtain

Pr
{

E′
1

}

≤
L
∑

ℓ=1

Pr
{

p∗lo > 2ℓ p∗
}

.

We now consider the iterationIℓ. Let j be the item having the smallest weight,w(j), among thek items inT
and definep(j)lo , w(j)lo/Whi. We have

p(j) ≤ p∗

p(j)lo ≥ p∗lo

Pr
{

p∗lo > 2ℓ · p∗
}

≥ Pr
{

p(j)lo > 2ℓ · p(j)
}

.

Sincew(j)lo was obtained using Algorithm BoundCount withε = 1 and error probabilityδ′, the algorithm
usedM = 6 ln(1/δ′) and by Corollary 2.2,

Pr
{

p(j)lo > 2ℓ · p(j)
}

< exp
(

−(2ℓ − 1)2 ln δ′
)

= δ′(2
ℓ−1) .

For δ′ < 1
2 and we get Pr

{

E′
1

}

<

L
∑

ℓ=1

δ′(2
ℓ−1) < 2δ′.

Since afterlog 1
p∗ iterations,p̂ is smaller thanp∗, a direct result of Lemma C.1 is thatPr {E1} < 2δ′ and

the total error probability of the algorithm is bound by3δ′.

In order to bound communication complexity we give another lemma about the number of iterations.

Lemma C.2 With probability at least1− 2δ′, AlgorithmS runs at mostlog 1
p∗ + 5 iterations before it stops.

Proof: Let L′ , log 1
p∗ + 5 and letE3 denote the event where AlgorithmS reached iterationL′ + 1. We bound

the probability ofE3. We assume that AlgorithmS did reach iterationL′ and consider the state at the end of
this iteration. Recall that proceeding to the next iteration occurs if2p̂ < p∗lo, wherep∗lo is the minimum ofk
high-probability bounds for the empirical probability ofk distinct items. Letj be the item having the lowest
empirical probability among thek items inspected on iterationL′, then if AlgorithmS continued to the next
iteration, then{2p̂ > p(j)lo}, and therefore either of the two following events occurred on iterationL′:
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• EventE′
3 : p(j) < 1

2p∗

• EventE′′
3 : p(j) ≥ 1

2p∗ AND 2p̂ > p(j)lo.

Consider the probabilities ofE′
3 and E′′

3 on iterationL′. Note thatE′
3 is the event where the top-k of the

sample is not a1 − approximation of the true top-k set. Since we assumeε ≤ 1 and sincePSAMPLE is large
enough at this stage,Pr {E′

3} ≤ δ′ by Lemma 3.1.E′′
3 is the event wherep(j) is high enough but the high-

probability bound is too low. Since on iterationL′, we have2p̂ < p∗

16 , E′′
3 requires that

{

1
8p(j) > p(j)lo

}

.

Recall thatp(j)lo ,
ŵ(j)
2Whi

whereŵ(j) was obtained by Algorithm BoundCount usingε = 1. By Corollary 2.2
the probability of the last event is less thanδ′ and thereforePr {E′′

3} < δ′. SinceE3 requires that eitherE′
3 or

E′′
3 occur on iterationL′ we have thatPr {E3} < 2δ′

We now have that with probability at least1− 4δ′ the output is correct and AlgorithmS ran betweenlog 1
p∗

andlog 1
p∗ + 5 iterations. The rest of the proof deals with communication complexity assuming AlgorithmS

performed at mostL′ iterations.

We use Chernoff bound for the number of cell probes. LetS(ℓ) denote the sample size used on iteration
ℓ and letCP =

∑

S(ℓ) denote the number of cell-probes throughout AlgorithmS. We consider a set of all
indicator random variables used for sampling by all iterations (one random variable per input cell per iteration);
CP is the sum of these indicators. To estimate the expectation we use the fact thatPSAMPLE is at least doubled on
each iteration and so is the expected sample size. We can therefore bound the sum of expectations by by twice
the expected sample size on the last iteration.

E [ CP ] =
∑

E [S(ℓ) ] < 2S(L′) = Θ (S∗(W,n, p∗))

Using Chernoff bound we havePr {CP > 2E [ CP ]} < e−
1
3
S∗

. SinceS∗ is defined asS∗(p∗, ε, δ) ,
g(ε)

p∗
·

(

ln
1 + ε

p∗δ
+ 4

)

and since forε ≤ 1, g(ε) > 8, we get

S∗ > 8 ln
e4

δ′
yielding Pr {CP > 2E [ CP ]} < δ′ .

We have that with probability at least1 − 5δ′ the cell probe complexity is of orderΘ (S∗(W,n, p∗)) and
the resulting number of communicated bits can be bound byO (S∗(W,n, p∗) · log |I|)

Finally we bound the communication complexity needed to obtain all high-probability bounds on each
iteration byΘ

(

k log |I|+ k log 1
δ′ log log W

)

. If we boundk by 1
p∗ and bound the number of iterations byL′

we get that the communication complexity of all obtained bounds on all iterations is of order

Θ

(

1

p∗
log

1

p∗
log |I|+ k log

1

p∗
log

1

δ′
log log W

)

.

Adding the two communication complexities and settingδ′ , δ/5 we get that all of the above holds with
probability at least1− δ giving the result of the theorem.
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