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Abstract

We consider a distributed system where each node keeps lacmaat for items (similar to elections
where nodes are ballot boxes and items are candidates).-Adogry in such a system asks which are the
k items whose global count, across all nodes in the systefmeiktgest. In this paper we present a Monte-
Carlo algorithm that outputs, with high probability, a sek@andidates which approximates the tojgems.
The algorithm is motivated by sensor networks in that it f&@sion reducing the individual communication
complexity. In contrast to previous algorithms, the comination complexity depends only on the global
scores and not on the partition of scores among nodes. |If th&ar of nodes is large, our algorithm
dramatically reduces the communication complexity whempgared with deterministic algorithms. We
show that the complexity of our algorithm is close to a loweuibd on the cell-probe complexity of any
non-interactive tog: approximation algorithm. We show that for some natural glatistributions (such as
the Geometric or Zipf distributions), our algorithm needdygpolylogarithmic number of communication
bits per node.

keywords: distributed algorithms, aggregate queries, communioatiplexity, sensor networks, random sampling

1 Introduction

Possibly one of the clearest examples of the differencedmivwglobal” and “local” can be seen in elections:
each ballot box has a local score for each candidate, buethdts we are interested in are the global scores,
i.e., how many votes does each candidate have overall. Taisdo is representative of the “téf-query,
which is a major target of study in Database Theory. Othemgtes for the topk task abound: in peer-to-peer
file-sharing networks (such as Gnutella), users may wishtbviihich are today’s most popular downloads; in
sensor networks, a sensor may count the number of occugr@fickfferent species of birds, and a user might
be interested in the most frequent species observed ovevhblke instrumented area; in an Internet domain
with several gateways, one of the first questions in defendgeinst denial of service (DoS) attacks is which
are the most frequent sources of requests over all gateaagishere are many other applications.

*An extended abstract of this paper appeared in Proc. 13tiCtitloquium on Structural Information and Communicatioon@G
plexity, SIROCCO 2006, Lecture Notes in Computer Sciend&b4pp. 319-333.
TCorresponding author. Telephone +972 (3) 640-7036, fa2+{9y643-6392



In general, a tog: query returns thé items having largest global score in a distributed systehereveach
item has a set of local scores. The global score of an itensidie sum of its local scores, over all locations.
The main difficulty is that the scores may be divided arhiiraamong the different locations. In elections, for
example, it may be the case that the most popular global datedhas the lowest positive count in each ballot
box. In this case, sampling a single ballot does not help nmudetermining which are the top-candidates.

The problem of computing the tapitems in a database is quite well understood when the daaoasists
of a constant number of tables (see [11] for a survey). Inuéision of the problem, the complexity measure
of interest is the number of databamecessesHowever, in a distributed system, a key question in conmguti
top-k queries is how to minimize theommunication complexitsequired to provide an answer. This issue
is particularly important in sensor networks, where the gamication subsystem is by far the largest energy
consumer at the nodes. An algorithm which allows us to tradencunication for local computation may have
a decisive effect on the longevity of node batteries and é@mcthe usability of the system. This observation
has established the measurdrafividual communication complexity as a key performance criterioegnsor
networks [15, 17, 24, 7, 20]. The measure of worst-case iithgia communication cost (used also, for example,
in [15]) allows the system designer to estimate the energuired to carry out distributed tasks, in contrast
to the more traditional measure of the overall number of agss (see, for example, [1, 16]). Obviously, an
upper bound on the worst-case complexity implies an uppandb@n the average complexity. In this work,
our goal is to minimize the worst-case individual commuti@acomplexity of topk computation. From this
point of view, we observe that deterministic algorithms seasitive to the way scores are partitioned among
the different nodes: It may well be the case that the globgaktitems are not among the local téptems in
any node, thus forcing essentially the trivial solutionwinich all scores are communicated.

1.1 Ourresults

In this paper we propose a simple and effective way to oveectira problem of adversarial partition of the
scores among the nodes. Our algorithm is Monte Carlo (it mayih some arbitrarily small probability),
and its results are only approximate: using very little camination, the algorithm can tell, roughly, which
items are in the top-set. We focus on the worst-case individual communicationgexity, i.e., our goal is to
minimize the maximal number of bits communicated (sent oeiked) by any single node.

Our basic tool is random sampling. Done in the right way, dargpstrips away the difficulties due to
geographical distribution of scores which are the maindiffies for deterministic and Las Vegas algorithms.
The basic idea is compounded with techniques that allow Itf@rithm to adapt to the specific input at hand.
The performance of the algorithm depends on how populaharéop# items, and on how “flat” is the global
distribution of items. The algorithm learns these paranseddaptively. More concretely, suppose that the least
popular item of the tog: appears with frequengy* in the global input, and suppose that we want a result which
is within a factor of(1 + ¢) from optimal for some > 0. Then our final algorithm (AlgorithnR) guarantees
that the communication complexity is always boundeca%}?) times a polylogarithmic factor. When the
distribution of the global scores is “steep,” i.e., when papularity of items decreases relatively quickly,
better results can be proved. In particular, if the globakss adhere to the Zipf distribution with parameter
a > 1 (namely the relative popularity of th&" popular item is proportional to~?), then the communication
complexity drops fromO(’;—Z) to O(sﬁg) (times a polylogarithmic factor). This special case isguitportant, as
it is widely believed that many natural phenomena (as welbamus Internet statistics) are well approximated
by the Zipf distribution (see, e.qg., [3, 13]).

We note that the communication complexity of our algorithseales very well compared with previous
algorithms [12, 6], since it depends mainly on propertiethefunderlying global popularity distribution and



on the desired approximation accuracy. We stress agairevewthat the communication complexity of our
algorithms is completely independent of the way scores igrgetl among nodes. We have run simulations that
confirmed the fact that the performance of our algorithm iglmioetter than other known algorithms.

We give some evidence showing that our algorithm is closetonal. In particular, we analyze a limited
class of single-round Monte Carlo algorithms for the toproblem, and prove a lower bound on ttedl-probe
complexity [23, 14] of algorithms in this model, which is yaslose to our upper bound in this class.

1.2 Previous work

As mentioned above, the tdpproblem received much attention in the context of databidddswhere the goal

is to minimize the number of accesses (reads of local cobgtf)e system. In this model, it appears that one of
the strongest results is the Threshold Algorithm (TA) ofiRagotem and Naor [12]. The TA algorithm works
as follows. Local counts are scanned top-down in parallelsiap at a time, and the sum of the counts of the
current local tops is used as a threshold value. The glohaitaaf each item encountered is found by looking
that item up in all other locations. The tapglobal results are recorded until there aréems that pass the
threshold value. While this does not occur, the next-papitéms are looked up and the threshold is updated.
Correctness of the TA algorithm follows from the fact thag tbjects that were not encountered yet cannot
have a global count larger than the threshold. Fagin LotednNaor argue that the TA algorithm is the best
possible among all top-algorithms that never err (i.e., deterministic or Las Veglg®rithms). Specifically,
they prove that TA is ‘instance-optimal’ for the tépproblem, where instance optimality is a notion reminiscent
of competitiveness for on-line algorithms. However, weenibtat TA may do as many asaccesses times the
optimum, where: is the number of nodes in the system (which is unavoidablargralgorithm which doesn’t
err). While this is fine ifn is a small constant (as in the database scenario), theigituatdifferent in the
distributed casen may be very large, and the dominant cost measure is comntiamicather than accesses.

This viewpoint is developed by Cao and Wang in [6], who prepthee TPUT algorithm to reduce latency
and save communication in some typical cases. TPUT workisreetcommunication rounds between a des-
ignated coordinator node (say, the initiator of the quend all other nodes. First, all nodes report their local
top-k items to the coordinator, which computes the partial coaot®rding to these reports. LEtbe the value
of the kth largest count in these partial suni8 i§ clearly a lower bound on the count of the trkiln most
popular item). In the second round, the coordinator sé@ndsto all nodes, where is the number of nodes.
As a response, each node sends to the coordinator all itelwsevidcal count is at leagt/n. The coordinator
now computes the partial sums according to all reports vedeso far. Letl” be the value of théth largest
count in these partial sums. Then, all items that may haveagjlcount larger thafi” are counted in all nodes,
and the topk of them are reported by the coordinator as the final outpub &al Want prove that TPUT is
instance-optimal if théocal inputs are generated by Zipf-like distributions. As expdcfrom an algorithm
which never errs, the performance of TPUT also dependsattyioin the way the scores are partitioned among
nodes. Other related work include variations of TA and TPdfiized for certain network models [18, 25, 5].

From the sensor networks perspective, togueries are viewed as a special case of aggregate queries
(see, e.g., [17, 24]). Typically, it is assumed that dataiged on a spanning tree, and each node does some
aggregation en-route. Simple aggregates (such as couhtngumber of items, summing numbers etc.) can
be done withO(log n) bits per node. Considine et al. [7] relax the spanning trearagtion to allow messages
to be duplicated for these aggregates. In [19], Gibbons. girakent a methodology for robust approximation
of aggregates in sensor networks. They also present a siketctop£-approximation algorithm that appears
promising, but the algorithm is not fully specified, and nonfial statement or analysis is given. Computing
the medianin sensor networks does not fall within the class of simplergas described above. Deterministic



and randomized algorithms for median computation are atuiti [20, 15]; the randomized algorithm of [20]
computes an approximate median with high probability ushpg log n) communication per node.

Many recent papers focus on techniques for dynamically taong aggregates over time in sensor net-
works, where the main question is how to efficiently updagerésults under some assumptions on the way the
input changes. Monitoring thielargest values is studied in [21, 4], monitoring thedianandheavy-hitterds
studied in [8] and monitoring the topitems is studied in [2].

1.3 Paper Organization

The remainder of the paper is organized as follows. Sectidaszribes our model, problem definition and
a few known results about efficient counting. Section 3 preseur algorithms with formal analysis results.
Simulation results are presented in Sect. 4. In Sect. 5, esept our lower bound, and we conclude in Sect. 6.
In order to keep the flow of the paper simple, some proofs dexréel to the appendices.

2 Model and preliminaries

2.1 System model

The system is modeled as a communication gri@ph, £') with n = |V|, where each node models a classical
RAM machine with access to its local input and to an infinifgetaf random bits. A distinguished nodéc V'
is theroot nodeand is assumed to have a special write-once output register.

The system executes distributed algorithms accordingetstdndard asynchronous message passing model
(see, e.g., [1, 16]). Very briefly, in this model an event [sas arrival of a message to nodgtriggers a state-
transition (e.g.x computes a response message and inserts it to the link ousielexecution in our model is
considered terminated when the root-node has written thdtr® the output register.

Let M denote some finite string of bits. We assume that the systamaios a message passing infrastruc-
ture supporting the following facilities:

e Each node; € V may send a messadéd to any other node € V. This causes each node along some
simple path fromu to v to send and receiv® (| M |) bits.

e Each node: € V can broadcast a messafeto all other nodes. This causes every nod&’ito send
and receive® (| M) bits.

The particular way in which these actions are implementeachisaterial for our purposes. We note, however,

that these assumptions can be justified by the existence parnmg-tree of constant degree for message
passing (see, e.g., [15, 17, 24, 7, 20]). We note that our Exitypmeasure ignore the overhead incurred by the
routing subsystem, such as message headers. This is bélsausating mechanism can be tailored in many

different ways which are beyond the scope of this paper.

IFor example, there may be an identifier for each task (sudhea®pk task), and each message can be tagged by the identifier of
the task, along with one additional bit saying whether thesage is from the root (to be broadcast to everyone) or tathtgin which
case its source is immaterial).



2.2 Input model and problem statement

Let 7 denote the set of possibitems We assumé is finite. An instance of the problem, denoted By is a
vector of multisets of : one multiset, denoted’,,, for each node € V. We sometimes slightly abuse notation
and useX to also denote the multisgy, ;- X..

It is convenient to imagine each multiset as a satalls where each cell contains a single item, so that an
item with multiplicity w hasw replicas, one in a cell. Theeightof item ¢ in nodewv, denotedw, (i), is the
multiplicity of i in X,,. Theweight of a node is the total number of cells in, formally W, = |X,|. The
weight of an itemi € Z, is the sum of its multiplicities over all nodes, i.e:(i) £ > i, w,(i). We define
the total input size as the total number of input-cells, 18(X) £ >, | X,|. Theempirical probability or
frequency of an itemi € Z in X, is defined by (i) = # When the context is clear we omit the subscript.

Using this notation, we define the tdpset of X as follows.

Definition 2.1 Letk be a natural number, and suppose th@t > k. The topk set of X, denotedtop(k, X),
is a subset off of sizek containing the items with the maximal weights. Formallyp (k, X) satisfies the
following conditions.

(1) top(k, X) C T,

(2) |top(k,X)| =k, and

(3) Vi € top(k, X),Vj € T\ top(k,X) : p,(i) > p,(4).
Following [12], we extend Definition 2.1 to the concept of epfimate topk sets.

Definition 2.2 Lete > 0. A settop, of k items is are-approximation otop(k, X) if and only if for all items
i € top, andj ¢ top., we havep . (j) < (1 +¢)p, (7).

We will mainly be interested in small values®o$o without loss of generality, we assume henceforthehatl.

It turns out that the following quantity has a central roléhia complexity of computing tog-(and approxi-
mate topk) queries. For a given input, thegitical frequencyof the instance, denotett (X, k), is the empirical
probability of the least popular item ip(k, X), i.e., given inputX and a natural numbér, we define

p* (X, k) £ min {p,(i) | i € top(k, X)} .

Throughout the paper, we assume that instances haagles, total weight?’, and critical frequency*.
We denote the set of all such instancestyiv, n, p*).

2.3 Complexity measures

We evaluate the performance of certain algorithms using estwoase measure per node. Specifically, the
communication complexity of an algorithm is the maximumeioall inputs and over all nodes, of the to-
tal number of bits transmitted and received by a node througthe execution of the algorithm. Formally,
cA(X,v) denotes the total number of bits transmitted and receiveabldgv, throughout the execution of al-
gorithm A, for the inputX; ¢4 (X) denotes the maximal node-communication of algorithron inputX, i.e.,
ca(X) £ max {ca(X,v) | v € V}. Finally, given a collectiont’ of possible inputs(4 (X') denotes the worst-
case communication complexity of algorithmover all inputs inX, i.e.,Ca(X) = max {ca(X) | X € X}.

Note that our communication complexity measure is indigldn the sense that we measure the maximal
number of bits communicated by any single node. The motimetr such a measure is that in sensor networks,
each node has an individual energy source, and the longstitg system often depends on the longevity of the
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weakest sensors (see, e.g., [15]). Furthermore, assunspgraing tree of bounded degree, we can disregard
many aspects of wireless communication and focus on theongincinication used by the algorithm.

In some cases, it is more convenient to analyzectie probe complexity of algorithms [23, 14] rather
than directly analyze their communication complexity. Védime the cell probe complexity of an algorithm
as the maximum number of input cells accessed by a single Bukifically,cp 4, (X, v) denotes the number
of input cells accessed by nodethroughout the execution of for input X; cp ,(X) denotes the maximal-
node cell-probes of algorithm for input X, i.e.,cp4(X) = max {cp4(X,v) | v € V}. Finally, CP(X)
denotes the cell probe complexity of an algorithinover a set of possible inputd, namelyCP4(X) =
max {cp4(X) | X € X},

2.4 Loglog counting

Let us present a known result which we use. First we definedlf@ing concept.

Definition 2.3 LetZ be a positive number we wish to estimateclet 0 ando > 0 be real numbers. A random
variable Z is a (¢, 0?)-estimate ofZ if }|E[Z] — Z| < ¢, and};Var[Z] < o2 .

Durand and Flajolet [10] prove a result which, specializedur needs, can be stated as follows.

Fact 2.1 ([10]) There exists an algorithm,.g,, Which outputs arie, o?)-estimate of// with e = 10-¢ and
o = 1, usingO (log log W) bits of communication.

To get bounds that hold with high probability, we iterate éighm A1, and use Bernstein’s Inequality
(see, e.qg., [9]).

Algorithm BoundCount (Input:e,4,7)
(1) M « (6/¢?)In1/s.
(2) Broadcast a filtering message indicating that only dedlgling item: should be considered in Step 3.
(8) for¢ =1to M, run Ajg0e Obtaining an independent estimaite of w(7).
(4) Outputy £ L 5701 iy

Corollary 2.2 (high-probability estimates) For 107° < ¢ < 1 andé > 0, the outputw of Algorithm
BoundCount satisfieBr {ﬁ | —w(i)| < z—:} > 1 — 4. The individual communication complexity of the

algorithm is of orderO (log |Z| + slz log % loglog w(i)). Also, if the algorithm ran\/ iterations in Step 3, then
for any¢ > 1075, Pr { gl [ — w(i)| < ¢} = 1 - exp (~ (M(?)).

The proof is given in Appendix A.

3 Algorithms

In this section we present our main result, namely a randednagorithm for computing top- The first
difficulty introduced by the partition of the scores into tiple nodes is the possible discrepancy between the
local scores in different nodes. For example, the most poptdm overall may actually be the least popular
item in each node. More generally, no local view of scorescaids which are the global tdpitems. Thus,
when the items are adversarially distributed among thesyatkterministic algorithms will test many irrelevant
items, wasting a lot of communication. In our algorithm, baesic idea is to view each cell (representing a unit
of weight, or score) as a “vote,” and $gample each vote independenflihus, the expected number of sampled



votes for candidateis proportional to the total number of votes candidabas in the inputegardless of their
partition into nodes.The sampling results provide a good indication which itemesggobally popular, so that
counting can be applied only to these items, thus saving@ lmtmmunication.

Next, we need to determine the sample size. f*edlenote the frequency of the least popular of the #op-
items. Clearly, if we sample once, the sample size should keast2(1/p*) (or else the sample will fail to
find all top £ items). A more refined analysis shows what should be the sasip¢ as a function gf*, the
approximation parameter, and the confidence parameterTo deal with unknowrp*, we augment the basic
sampling algorithm with a technique to find the right samjmte sintuitively, we have a simple test which can
prove whether the sample size is sufficiently large; if ittisme double the sample size.

Finally, we address the issue of very smailvalues: whileQ2(1/p*) sample size cannot be avoided for
worst-case inputs, a much better bound can be obtained gdpelarity of items decreases relatively rapidly.
Consider, for example, the case where the global scoredame o the geometric distribution, e.g., when the
frequency of the/t* popular element is abo@*. Then we have* = 2%, and therefore the sample size
should beQ(2). This cost can be reduced exponentially by utilizing théofeing simple idea: Whenever a
sample is taken, the top item in the sample is by far the mgatlpo (it is expected to have half of the weight
in the sample). Therefore it is safe to add the top item to thipud list, remove it from further consideration
(as if all these items are not present in the system), andaiasther samplef the same sizdn the geometric
case, this approach has communication cost line&: ifhis intuition leads us to our final algorithm, called
Algorithm R. In essence, the idea is to iteratively discover the veryteps, “shave them off,” and to continue
recursively with the remainder of the population. The alipon combines this idea with an additional way to
verify that the topk items have been discovered. We show that AlgoritRns far better than Algorithnd' for
some common input distributions, such as Zipf distribution

We start, in Sect. 3.1, by describing the basic algorithmater luse as a building block. Section 3.2 presents
Algorithm S which uses adaptive sample size. Section 3.3 presentsithligoR, which is our main result.

3.1 Algorithm B: Basic Sampling

Consider basic sampling: if the tdpitems occupy a constant fraction of the total weight, thegedize sample
is sufficient to detect them for any input size (the logaritisrof the inverse of the error probability).

It is convenient to first define a simple sampling routine amalyze its properties.

Algorithm A ( Input: Psapre )

(1) The root sendBg,yp.r to all other nodes.
(2) Each node sends each cell to the root with probatBfye: k.

Lemma 3.1 There exists a functiof* (p*,¢,6) = © <p*1€2 -In p’}(S) , such that for any inpuk € X' (W, n, p*),
the top% elements of a random sample of size at legidp*, ¢, §) is an e-approximation oftop(k, X) with

probability at leastl — 4.

We give here only an outline of the proof. The full proof isht technical and is given in Appendix B.

Proof outline:  To bound the error-probability of a given sample size, waiidie pairs of itemsi, j such that

¢ must be more popular thaghin the sample to get a top<-approximation. By setting a threshold between
1 andj for every pair and requiring that no item reaches any of itegholds we get a single condition per
item. The choice of thresholds is such that we get tight beumd error probabilities. Finally, we group



items together by their global frequency and use the uniaméavithin each group to bound the probability
of errors. Summing the error probabilities of all groups, ge¢ a bound on the overall error probability.
Requiring that this probability be belofy we get our bound for the required sample size. Since ouritdigo
calculatesS*(p*, ¢, ), we give here its exact definition; we st(p*,e,6) = % . (lnﬁ +4), where

A (14¢€) In(1+e€)

g(E) - € ln(ﬁ)+ln(l+e)—€'

Algorithm B, presented below, follows directly from the Lemma 3.1. Thgoathm first determines the
sampling probabilityPswpr e USING the functiors™ from Lemma 3.1. Each cell (i.e., unit of weight) is then sent
to the root with probabilityPs,vper e, and the root outputs the tdpitems in the sample as an approximation of
the topk items in the complete input.

Algorithm B (Input: W, p* k,e,9)

(1) The root computeBsapre < 2 - S*(p*, &, 3)/W.

(2) Execute AlgorithmA with parametePgypre to get a samplé.

(3) Outputtop(k,S).
When running AlgorithmB as described above, each sampled vote is sent to the rooatdpancurring com-
municationlog |Z|. An obvious optimization is to aggregate votes for the saameliclate along the way, for
example by sending theountof votes for each candidate. While such optimization is weoythwhile to im-
plement, it would not help much when the partition of votesdoes is adversarial. We therefore ignore such
optimizations in our upper bounds. Furthermore, we bourdatbrst-case communication complexity by the
size of the sample: this is certainly an upper bound on thebeuraf bits communicated by any node in the
system (the worst case occurs at the root node).

Theorem 3.2 For any instanceX € X (W, n,p*) and knowrnp*, ¢, § and W, Algorithm B outputs a topk

g-approximation with probability at leadt—6 and communication complexity of orcl”e’r(p%g2 -In p15 -log ]I[).

The proof is rather standard and is given in Appendix B. Nl {/p* factor: It is unavoidable because if
the sample is to contain the tépelements, it should contain the least popular of them, andénéhe sample
size must b&)(1/p*). A stronger lower-bound is proved in Section 5.

3.2 Algorithm S: Adaptive Sample Size

Algorithm B requires knowing the values oF andp*. While estimatinglV is straightforward and cheap (by
deterministic or randomized counting, at the costdfog W) or O(log log W) communication, respectively),
obtaining a lower bound op* seems less trivial. We solve this problem as follows.

First, we note that by counting the weightaniy & items, we obtain a lower bound gii: the least popular
among any items is certainly no more popular than the least populamanlee topk items. Second, we note
that exact counting is not necessary: we can use high-pilitpastimates as described in Corollary 2.2 to get
a lower bound onp* that holds with high probability. However, if we simply use arbitrary set of items to
boundp*, that value can be smaller than the true valug*dby an arbitrary factor, resulting in communication
cost that is higher than the bound in Theorem 3.2 by an arpitsator.

Our solution, in AlgorithmS' (Figure 1), combines the ideas described above with ariterapproach that
avoids unbounded ‘overshoots.” Intuitively, Algorithfhuses a variablg as an estimate gf*. The algorithm
starts by assigning < 1, and repeatedly performs halving @fwhile improving the lower bound op*. The
process continues uniilis smaller than the lower bound. The algorithm is formallgganted in Figure 1.



Algorithm S (Input: k,¢,0)
(1) W «— BoundCount: = 1,6/5,ALL )
(2) p < 1 (pisthe current estimate of)
(3) Repeat:
(3a) p—§
(3b) Execute AlgorithnB with parametersiV /2, p, ,6/5), to get a candidate top-setT".
(3c) Foreachiteme T,
w(i) « BoundCounts = 1,46/5,1)
Until p < L min {w(i)/Vv lie T}.
(4) Output the sef” computed at Step 3b of the last iteration.

Figure 1: AlgorithmS

Theorem 3.3 For any inputX € X(W,n,p*), with probability at leastl — §, Algorithm S outputs a topk
g-approximation with communication complexity

1
Cs:O< —5 - log
pre

1 1 1
log|Z| + klog —log =loglogW | .
p*o p* "0

The proof is deferred to Appendix C. The general idea in tloofois that the high-probability estimates
ensure that we run approximatdhyg I% iterations. As a result, the last iteration is similar to aeaution of
Algorithm B with the correct parameters and its communication comyléxias specified in Theorem 3.2.

Note that whenZ| > log W andk < O (1/(—p* logp*)), the communication complexity of Algorithrfi
is within a constant factor of the complexity of Algorithf.

3.3 Algorithm R: Sample & Remove

As already mentioned above, it appears thatltlye factor is unavoidable when we want all the tbptems

to be included in the sample (becayges the empirical probability of thé'" popular item). However, when
the popularity of the popular items is far from uniform, or@mao much better, as mentioned for the geometric
distribution example in the beginning of this section: thie* factor in the communication complexity can be
replaced by a factor of. Algorithm R achieves this improvement for both geometric and Zipf itigtions.

In a nutshell, the idea is still to cut the estimatepdfby half in each iteration; however, while Algorithi
achieves this by doubling the sample size, AlgoritRriries also to reduce the size of the relevant population.

In more detail, the algorithm works as follows (see Figure R) each iteration, the algorithm samples
with probability Psavpre, Obtained from the current estimageof p*. Then, in Step 3f, the algorithm counts
(approximately) some of the top items in the sample: the ramolb items is such that the cost of counting
equals the cost of sampling. The counted items (recordég) iare not considered part of the input anymore
(their identities are broadcast to all nodes in Step 3h)tép Sc,p is adjusted so that its valuie the full inputis
halved (but since the input is smaller ngws multiplied by a factor larger thaty2). The loop is executed until
one of the stopping rules specified in Predica#d e is met. These rules use a lower boundpdrcomputed
by functionp;,: it is a high-probability lower bound on thg® smallest value among all values counted so far.
Using p;,, the stopping rules are defined as follows. First, we can tthg value ofp w.r.t. the full input
is smaller than the lower bound gri. This test is done in Step 1 of Predicataf e. Second, we bound the
probability that an “important” item did not arrive at thetof the current sample and therefore was not counted.



Algorithm R (Input: k,e,6)
(1) Q — 0 (@ holds all items whose weights were already estimates)

(2) p < 1,4 < 0. (pis the current estimate of, ¢ is the iteration index)
(3) Repeat

(3a) W «— BoundCounfs = 1,5/7,‘ALL" ).

(Bb) L — L+ 1; W[ —W.

(3c) p—p- & W[t —1]/W[a.

(3d) Psaupre — 2S5*(p,¢/4,8/7) ) W.

(3e) Execute Algorithmi with parametePg,yp1r t0 get samples.

(3f) n < (6/7) ’ (1/ - Inglo(tOp(kv Q)a W))g
TS «— top(|S|log|Z| /(log |Z| 4+ loglog W), S).

(3g) Foreach € T, (i) + BoundCoune = 1,7, 1).
(3h) Q — Q U T¢; remove elements aF° from the input.
Until saf e(W,Q, S, p, ¢, 0).
(4) If |TS| < k, then for eachi € top(k, S), dow (i) «— BoundCounfe = 1,7,4) and add; to Q.

(5) Q = {i € Q| w(@)/W > pio(top(k, Q). W)}
(6) Foreach € Q, w(i) «— BoundCoune/4, 5%, ).
(7) Output the togk items in@ according to the new estimates.

Function p;, (Input: Q, W)
(1) Returngy min {w(i) | i € Q}.

Predicatesaf e (Input: W, Q,S,p,e,9)
1) Ifp- (W[]/WI1]) < pio(top(k, Q), W) returnTRUE.
(@) Thi = pr(SNQ, W)
) ¢ — (1 +¢/2) pio(top(k,Q), W); a — q/rpi.
(4) If @ > 1 AND exp (—|S|q (“7‘1)2) < % then returmRUE else returrFALSE.

Figure 2: AlgorithmR

More specifically, we bound the probability that an item wittbquencyq, whereq is sufficiently larger than
p*, was not counted, while an item whose frequency,jsvas counted. If the probability of this event is low,
we know that with-high-probability, the top items countedtbe algorithm contain as-approximation to the
top-k set (Step 4). This test is useless in some cases (say, tlwerandfstribution), but it is effective in some
distributions (such as Zipf).

Theorem 3.4 shows some general bounds on the complexitygarihm R. As expected, it shows that
for some inputs, AlgorithnR has very little advantage over Algorithéh Theorem 3.9, however, presents an
alternative analysis which, when applied to some natugaitilistributions, attains much better bounds than
those of Theorem 3.4.

Theorem 3.4 For any inputX € X (W, n,p*), with probability at leastl — ¢, Algorithm R outputs a topk
g-approximation with communication complexéy; = O (Iﬁ; log 5},% (log |Z| + loglog W)).

Again, when|Z| < log W, the communication complexity of AlgorithrR is within a constant factor of the
complexity of AlgorithmB.
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Proof of Theorem 3.4: The proof outline is as follows. The proof separates therélga to the iterations
phase and the final phase. First we show that if by the end dtettadions, the sa) contains an approximation
of top(k, X) then the output (chosen by high-probability estimatesprsect with high probability. Next we
show that() satisfies this condition with high probability; this is showseparately for two scenarios according
to the stopping condition by which the iterations termidatEor the purpose of bounding communication we
show that in the worst case, the iterations perform sinyilewl Algorithm S. Throughout the proof we use
§' £ §/7 to express error probabilities add £ 5 + log I% to express a bound on the number of iterations.
Lemma 3.5 If at the end of Step 4 of the algorithmup (&, Q) is a top4 §-approximation then with probability

at leastl — ¢’, the output of Algorithn? is a top+ e-approximation and the communication cost of Step 6 is

1 1 1 1
of orderO (F log & log [Z] + L5 log

5 log log W)

Proof: Let j be the least popular item top(k, Q). If all obtained estimates satisfy the requested accuteay t
in the worst case scenario:

There exists an iteri ¢ @ whose weight isv(i') = (1 + /4)w(j).

There exists an iterff € Q such thatw(j) = w(j’) - (1 +¢/2).

The high-probability estimate af(;) was low by relative error of /4.

The high-probability estimate af(;j') was high by relative error of/4.

In this caseR may output;’ and noti’, and the approximation error of the output would still beoek. A
worse approximation factor is possible only if one of thenhhpyobability estimates obtained in Step 6 is wrong.
The error probability passed to BoundCount in this line githee result of the lemma. Since we removed from

Q all items having weights below* /4, the size of@ is bound byO (pi) and by Corollary 2.2 we get the
communication cost bound. |

It remains to show that with high probability, the condisoof Lemma 3.5 hold. We show this separately
for each of the two stopping conditions. We start with a lenaibaut the number of iterations.

Lemma 3.6 With probability at leasti — 34’, Algorithm R runs at most.’ iterations before it stops.

A

Proof: Recall thatL’ = log I% + 5 and letE3; denote the event where Algorithi reached iteratio” + 1.
We assume that Algorithn® did reach iteratiorl.’ and consider the state at the end of this iteration. Note also
that the stopping condition at Step 1<éf e is the same as the stopping condition of Algoritt%n Denote
by p’ the left hand side of this condition, i.¢/ £ j - (W[¢]/W[1]). Note that by Step 3c of the algorithm,
p’ is halved on each iteration so on iteratibh p’ < 3—12p*. The right hand side of the condition is actually
the frequency-bound of the itefnhaving thek-highest estimate from items discovered so far. If Algontk
continued to the next iteration, thép’ > p(j);, }, and therefore either of the two following events occurrad o
iteration L'

e EventE} : p(j) < ip*

o EventEy : p(j) > 5p* ANDY' > p()io-
First consider the probability oF; on iterationL’. Clearly there is some iterd € top(k, X') which is either
missing from the set of counted items or got an estimate |ogar that of;. Lete’ denote the first case and let
¢’ denote the second. RegardisfigNote that the last sample size was calculated tich is at leas82 times
larger than the frequency g¢f in the modified input. By Lemma 3.Br {¢’} < ¢’. Sincee” means an error in

one of the high-probability-estimates, its probabilityalso smaller tha#’” and we havér {E%} < 2¢'. EY is
the event wherg(j) is high enough bub(j);, is too low. Since on iteratiod’, we havep’ < &5, EX requires

that{ £p(j) > p(j)i} - Recall thatp(j),, = % whereuw (j) was obtained by Algorithm BoundCount using
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e = 1. By Corollary 2.2 the probability of the last event is lesarth’ and thereforéPr { E5'} < ¢'. SinceEs
requires that eitheE’, or E occur on iterationl” we have thaPr {Es} < 36" |

Lemma 3.7 If Algorithm R terminated by the stopping condition in Step kaf e, then by the end of Step 4
of Algorithm R, top(k, Q) was a topk §-approximation with probability at least — 50"

Proof: Let j/ denote the least popular iteminp(k, Q) after the last iteration of the algorithm. d6p (%, Q)
does not satisfy the result then there exists an itegh Q such thatw(i') > (1 4 ¢/4) - w(j’). Now, letj be
the least popular item itop(k, S) on the last iteration; clearly(j) < w(j’) and it follows thattop(k, S) is
not a$-approximation of the tofg-set in the modified input. Let X’ denote the modified inputrat beginning

of the last iteration. Using Lemma 3.1 we get thatdp(k, Q) doesn’t satisfy the result then either we used
p > p*(X', k) or we had a sampling error that occurs with probability The event that we stopped even
thoughp > p* requires that the k-highest estimateiris off by a factor of over. If this is a different estimate
on each iteration that it may occur with probability at mesin each iteration. By Lemma 3.6, with probability
1 — ¢, there are at modt’ iterations. Fom < ¢'/L’ we get an overall error probability of at madst. |

Lemma 3.8 If Algorithm R terminated by the stopping condition in Step &af e, then by the end of Step 4
of Algorithm R, top(k, Q) was a topk §-approximation with probability at least — ¢’

Proof: Let j/ denote the least popular item tnp(k, Q) after the last iteration of the algorithm. #bp (%, Q)
does not satisfy the result (i.e. it it a top4 -approximation) then there exists an itém¢ @ such
thatw(i’) > (1 + ¢/4) - w(j'). Letting j be the least popular item 'S we note that ifi/’ ¢ @ then

7 is more popular thar’ in the last sample. For a specific su¢h this occurs with probability at most
exp (—%S -p(i) - © ((‘%1)2)) by Lemma B.2. Since the condition demands that this proibatbié p(i’)s’

and there are no more tharp(i') such items, we get the result. I

Combining the last 3 lemmas we get that with probability asté — 5¢’, the conditions of Lemma 3.5 hold
and the algorithms runs at mdét(log pi> iterations. It follows that AlgorithmR is correct with probability
at leastl — 64’.

As for communication complexity, first note that Step 3f of tigorithm carefully calculates the number
of items to be counted so that the communication of countiogsd’t exceed that of sampling. Secondly,
note that for the/’th iteration the largest communication cost is performed whés minimal. The series

of iterations-communication-costs is thus bound by théesewherep is halved on each iteration. In this
case the sum is bound by twice the communication cost of teitleration. assuming the algorithm ran

0 (log pi) iterations, the last iteration has = 2 (p*) and the communication cost of the last iteration is
bound byO (S*(p*, e/4,8 log%) log \I\) with probability at least — ¢’. By adding the communication cost
of Step 6 as specified in Lemma 3.5 we get the result of the¢heor 1

Next we refine the analysis to depend more closely on the btbstaibution (rather than only op*). We
use the following definition.

Definition 3.1 Fix the input distribution. For any integet > 0, 7, is the probability that a random item has
global frequency at mostt. Formally: m(X) £ > p(i) .
i p (i) <27

In our main result below, we get rid of the direct dependencé/@* as follows.

Theorem 3.9 (Main result) Let X € X(W, n,p*). Then with probability at least — ¢, Algorithm R outputs a

12



log 2 .
top-k e-approximation ofX while usingO 6% log p35 (log |Z| + loglog W) - Z;:gl” 2%@) communication

bits per node where, is as defined above.

Proof: The proof is a generalization of the “shaving” concept nwrd in the beginning of this chapter. It
starts by showing a direct relation between the iteratidrthe algorithm and the frequency of the items not
yet discovered. Secondly, it uses this relation aptb get tight bounds on the communication of an iteration.
From a similar bound on the number of items “discovered” athdteration, we bound the size of the ggt
and hence the communication of the final counting phase. aighbrt of the proof combines these bounds to
get the result.

The proof uses the following notation. Lg{¢] and R[¢] denote the values gf and ofvmé—[[ﬂ used in the/th
iteration, and let[¢] denote the individual-communication used throughout/théteration. As before we use

5257,
Lemma 3.10 The individual-communication done in tHé iteration of AlgorithmR is of orderO (ﬁ % log ﬁ log |I|) :

Proof. Note that Step 3f of the algorithm carefully calculates thenber of items to be counted so that the
communication of counting doesn’t exceed that of sampliffte communication of each iteration is therefore
determined by the sample size and is of or@€iS* (p[¢],/4,0")) - log |Z|. The result follows using the bound
for S* as givenin Lemma 3.1. |

Lemma 3.11 Definel’ 2 /+ {bg (1 + loiggzrVﬂ ands” 2 §/(1/%), By the end of iteratioff,with probability

at leasts” , the algorithm has removed from the input all items hayigg) > 2~ (in the original input).

Proof: Let X’ denote the modified input at the beginning of iteratibrand letY denote the set of items
appearing inX’ that had frequency (i) > 2~ in the original input. Note that[¢'] = 2~ /R[¢']. Note also
that any itemi € Y has frequency (i) > 27¢/R['] > 2p['] in the modified input and thus the number of
such items is bound byy'| < 2R[¢']. The sample size required to "discover” all itemsyinwith probability
1—¢"is S*(p[¢'],1,0"”). Since the sample size usetf;(p[¢'],c/4,9’), is larger than that, all items having
p(i) > 27% are in the top-items of the sample with probability at lehst §”. At last note that since the

sample size includes a factor ﬁ%} = (1 + loigozirv) 2¢R[¢'], Step 3f chooses more thahR[¢'] items and it

follows that all items inY” are selected and are later removed from the inpul.

Lemma 3.12 On iteration numbe¥’ + 1 we havep[¢’ + 1] < 2-¢~!/z, with probability at leastl — §”.

Proof: By Lemma 3.11, before the beginning of iteratiént 1, all itemsi € Z havingp, (i) > 2~! have been
removed with high probability. It follows thak[¢’ 4+ 1] < 7, and the result is obtained by definitionaf I

Using the above lemmas we go back to the proof of Theorem 38 (X) denote the communication
used throughout the iterations of Algorith® and let¢”(X) denote the communication used after the last
iteration (in Step 6). Clearlyr(X) = ¢/(X) 4+ ¢’(X). Let L denote the number of iterations performed by the
algorithm on this execution and recall that by LemmaZ3i§ bound by(5 + log(1/p*)) with high probability.

ForA £ 1+ log (1 + loigolg‘]gIF/) we get
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1,1 L
E 14
< ? log p*—(s log ‘I’ £ 2 Tyo—A

where the first inequality is by Lemma 3.10 and the second Isginyma 3.12. By shifting the indices and using
22 log|Z| = 2 (log |Z| + log log W) we get

L
1 1
'(X) < = log —— (log |Z| + log 1 242 2f 1
c(X) <5 ng*a(ogl |+ 0g0gW)< + ;:1 w) (1)

In order to bound””(X) we bound|Q| in Step 6. Since at this point, all items @ have frequency more
than some’ = Q (p*), a trivial upper bound i$Q)| = I% =0 <pi> Another bound is obtained as follows.

Partition @ into subsets), for 1 < ¢ < log(1/p'), where@, £ {i€ Q|27 <p (i) <27¢}. Then

log(1/p’) log(1/p") T —
QI = D 1l < )] —5—r— »and hence
=1 =1
" _ 1. 1Q
c(X) = O[|Qog|I] + |Q| 7 log 5 loglogW’
log(1/p") 1 1
_ ¢
= 0O Zzz:l 25(mp—y — p) <log |Z| + 6—210gp*—510glogW> . (2
Combining Eqg. (1) and Eq. (2), we conclude that
1,1 ey
cr(X) = O E—Zlogp*—é(log\ﬂ—i—loglogW) 2 | . |
(=1

Using Theorem 3.9, we can prove the following corollariessfeecific distributions.

Corollary 3.13 Let X be an instance where item frequencies are geometricaltyilolised, i.e.,p (i) = (1 —
A)Ai~! for some constarlt < A < 1. Then AlgorithmR, when run on inpuf{ with parameters), ¢ > 0 has

individual-communicatiorz(X) = O (5% log p%é (log |Z| + loglog W)).

Proof: It is straightforward to see that for such inpat, = % Next we calculate the sum used in Theo-

L L
A LA .
rem 3.9. Letl, = log . Then) "2, = > — = 7 SinceL = log 25 + klog £, for constant
(=1 (=1

A, L = © (k) and we obtairy ., 2z, = O (k). The result follows immediately by Theorem 3.9

For the important case of Zipf distribution, we have thedwiing corollary.

Corollary 3.14 Let X be an instance where item frequencies have Zipf distributith parameter > 1, i.e.,
F—a
pi(i) = ZT wherea > 1 andh is the normalization factor. Then Algorith®, when run on inputX’ with pa-

rameters), ¢ > 0 has individual-communication satisfying(X) = O (%} : g% -log p35 - (log |Z| + log log W)).

1/a
Proof: We first find the items summed up in for a given/. Requiringp(i) < 2~¢ yieldsi > (2—;) / . Next

we approximater, by 1 — F((2¢/h)'/%) whereF(z) £ Pr {Z < 2} is the probability density function of the
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Pareto distribution, which is essentially the continuoassion of the Zipf distribution. The approximation is
correct up to a constant factor if we use the same expdremnt for the Pareto distribution. We obtain that for

—o [5e\1/a —a
a>1,m~ 2 (%) . Let L denote the value dbg # = log ©-=. Then

h—l/a 26‘/ah1/ak -1
[ lla  _ olfa 2 107 7 -
Sootr = Yoo = g 2O

e 3(a+1) a+1
6/a N2 T 7)o .
< 2 2a—1) k O<k a_1>,

and the result follows from Theorem 3.9.1

The results in this section analyze the behavioRdbr asymptotically large inputs. As described in the
next section, we have tested our algorithms on realistie-siputs to study the effect of the hidden constants.
We have also comparefd with other known algorithms from the literature. We remdr&ttAlgorithm R turns
out to have significantly superior performance.

3.4 A note on average complexity

The main target of the analysis in this section up to now wastmd the worst-case communication complexity
of any nodes. In fact, our algorithms are such that the wasé @lways occurs at the root, which collects all
information. Clearly, the average-case complexity is @seery interesting measure; however, the average
complexity depends on the topology of the network, whoséyarsais beyond the scope of this paper. To get
some intuition, consider the following two extreme casasre scenaria; nodes are arranged on a line, with
the root node being one of the endpoints, and in the othersicen nodes are arranged in a complete binary
tree of heighth (assuming that, = 2"+ — 1). To keep things simple, let us roughly analyze basic samgpli
(Algorithm B), which is the fundamental building block of all our algbrits. Every time a sample of sizas
inspected, the root receivesandomly chosen items.

In the line topology, these items are spread uniformly okierline, and thus the number of items that go
through a node at distanéérom the root is expected to b&1 — ). It follows that on average, the number of
message per node g2, i.e., the same order of magnitude as the worst case.

Consider now the complete binary tree scenario. Supposéhthéree is of height. Of thes items in the
sample, we expect abosf2 items to originate at the leaves, and each of them inkuransmissions until it
gets to the root; about/4 items originate at the next level up, each traveling 1 hops to the root. In general,
we have about/2+! messages originating at heightravelingh — i hops each. It follows that the expected
total number of message transmissions is

h 00
>ogrro(h=i) < shd 27 = s-h.
i=1

=0

(Note that the upper bound is quite tight, becassg2 messages are already due to the items at the leaves
alone.) This means that the average communication cagt/is = O(slogn/n), i.e., about d% fraction

of the worst case. Note that usually< %, in which case the average communication complexity(i9
message.

Our conclusion is that the difference between the worst ardage case cost may be negligible or huge,
even if we restrict ourselves to bounded degree trees.
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Figure 3: Communication costs of algorithifé compared to TA and TPUT for random partition of scores in
various system scales.

4 Simulations results

To evaluate the performance of our algorithm in more raalistenarios, we ran simulations examining the
actual number of bits communicated throughout the executit’e compared our algorithiR with the best
known algorithms, namely TA [12] and TPUT [6]. We compared fferformance of the algorithms when the
input is partitioned randomly and when it is partitioned exbarially. Finally, we evaluated the performance of
R for various values op* (popularity of thek*® most popular item) and various valuesedthe approximation
parameter). Informally, we find that AlgorithiR offers a dramatic improvement over TA and TPUT unless
the system is very small and the distribution is particyldavorable to TA and TPUT. Moreover, for typical
inputs, R behaves better than predicted by our analytical bounds.

4.1 Simulated instances

Topology. Since we are mainly interested in the worst-case commuoicabmplexity, and since the worst
case occurs at the root node under all algorithms we condidertopology we simulate is simply the star
topology, where the root is connected to all other nodes.

Inputs. The main input to the problem is the distribution of items tmles. We used randomly generated
inputs of various sizes, and our main focus was on inputsrgésee by Zipf distribution with exponent between
0.8 and3; all shown charts used Zipf distribution with exponémi (different exponent values showed qual-
itatively similar behavior). Typical other parameters ér= 5, ¢ = 0.5 andé = 0.05. The total number
of votes (V) was eitherl0° or 107 and the varying parameter is the number of nodgs The number of
candidate-items was equal to the number of no8s= n).

Output. All simulations measured the worst-case individual comitation (in bits). This is simply the
number of bits communicated by the root node.
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Figure 4: Communication costs of optimized algorithms for variousteasy scales. Left: with an adversarial
partition of scores among nodes. Right: with a random paniiof scores among nodes.

4.2 Comparison with existing algorithms

In Figure 3 we compare algorithnig, TA and TPUT. We used the approximation version of the TA algo.
We note that TPUT has no approximation version, but in alugations we ran, TPUT appeared less efficient
than TA, even for high accuracy suchsas- 0.01.

Results for adversarial and random partition of scores wiendar. As shown in Figure 3, the performance
of TA and TPUT for a random partition is rather poor for largstems and AlgorithnR is superior even for a
system ofl00 nodes.R is overwhelmingly superior (by more than two orders of magte) forn > 10000.

Next, we modified the deterministic algorithms by using émgkounting and allowing them to err. We
also assumed the existence of a bounded degree spannirgniaesed unlimited memory at each node (which
allows simple aggregation while traversing the tree). €hasdifications resulted in drastic improvement in TA
performance: see Figure 4. The optimized version of TPUDisshown because it performed far worse than
the optimized version of TA. Note that when the input is adaerlly partitioned,R beats TA forn > 2000.

But even when the input is partitioned randomly (which issel@o the best case of TAR performs better for
n large enough, where large enough means 200000 in this case.

4.3 The effect of accuracy and critical frequency on perfornance

We examined the performance of Algorithmisand algorithmS while varyinge andp* (for n fixed). The
results are given in Figure 5. Obviously, AlgorithRiwas always superior to Algorithrf. The results fop*
(Figure 5, left) show that AlgorithnR is less sensitive tp* when the input is generated by Zipf distribution.
We note that the flat left segment in the graphSak due to the fact that for small values pf, the sample of
Algorithm S consists of the entire input.

The effect of the approximation facter(seen in Figure 5, right) on the communication of both alionis

is proportional to(%)Z, as suggested by our upper bounds. AlgoritRns more efficient due to its improved
termination criterion.
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Figure 5:Communication costs of algorithn$sand R. Left: as a function op*. Right: as a function of. The
dashed line marks the communication cost of reading theeeinfput.

5 A lower bound on the total cell-probe complexity

In this section we give a lower bound on ttotal cell probe complexitj23, 14] of randomized algorithms for
the top% problem. For a restricted settings, we can deduce a loweandon the individual communication
complexity of such randomized algorithms.

Recall that the cell probe complexity of an algorithm wasrdedias the total number of input cells accessed
by a single node for the worst-case input. Note that the sall pfobed cells can be viewed as a sample whose
size is the total number of cell-probes.

Theorem 5.1 For some naturak, lete > 0,0 < p* < ﬁ 0<6<0.014, andW = Q (ﬁ . (1:%)2) and

let A be any Monte Carlo algorithm. LA outputs a topk c-approximation with probability at least — ¢ for
any input inX (W, n, p*), then its total cell-probe complexity satisfies CP% | = (;%2 -log %)

The proof is deferred to the end of this section.

Star topology and “smart dust” systems. Theorem 5.1 demonstrates the optimality of Algoritiwith
respect to theotal cell-probe complexity but not thadividual cell-probe complexity. Consider a setting
where the system has star topology, i.e., all nodes are ctathéo a root node, and suppose that each node
holds a single cell. This model is a reasonable abstractidheosetting in sensor networks usipassive
communication In these systems, the only communication is between a polMesse-station and a sensor,
forming a star topology (as opposed to the common spanraeg. tYWhen compared witiictive communication
techniques, passive communication is much more energyeeffiand suitable for very small devices, such as
“smart dust” systems (see e.g., [22]). Now, for these systdineorem 5.1 says that any algorithm that satisfies

the conditions of the theorem has individual communicatomplexity at leasf) (ﬁ -log %)

We stress that while our model assumes certain routing dajessh our algorithms only use a broadcast-
convergecast scheme rooted by the root node. Such comrtianicasuitable for the star topology.

Proof of Theorem 5.1: The main steps of the proof are as follows. We use Yao’s Mirifidnciple to show
the lower bound on Monte Carlo algorithms. To this end, wev@ra lower bound on the expected sample
size used by any deterministic algorithm when the input &wirat random from a certain distribution of our
choice. In our distribution, the gap between the populafta top4 set and any other item is more thanso
that the correct output for aryapproximation algorithm is precisely the tépset. Furthermore, the local view
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of each node is just a random subset of the items. We then ghavany algorithm which does not output the
top-k set of its sample is doomed to err with probability at lelg®. Finally, we show that the top-set of the
sample is the tog-set of the input with probability at least— § only if the sample is large enough.

Consider some input distributioP. For the sake of brevity we will us¥ € D to denote inputs in the
support of D (i.e. X : Prp{X} > 0). Let A(D,e,0) be the set of all algorithms which output a tbp-
g-approximation with probability at leadt — § for a random inputX drawn by D. To formalize this, we
define the proximityp(Q) of a setQ to top(k, X); p(Q) is defined as the minimal for which Q is a top%
g-approximation, i.e.,

» max{p(j) [j € T\Q}

MO TG liee

The classA(D, e, d) is then defined as
A(D,e,8) & {A : XPrD {p(A(X)) <e}>1- 5} .

Let A’ denote the set of all deterministic algorithmsAdD, ¢, §) and assume that we have a lower botund
of the form: Ex.p [cpg(X)] > b, for any deterministic algorithml € A’. Using Yao’s Minimax Principle,
we say that for any random algorithAy, satisfyingAr € A(D, ¢, %) the total cell-probe complexity satisfies

E[CPY. ] > max{E [cpy,(X)] | X € D} > g Lemma 5.2 that follows gives such a lower bound for

S . . 1 (1
deterministic algorithms with = 2 <— . ( 4;5—:)
Pt €

1 .
-log %> giving the result of the theorem. i

Lemma 5.2 Letk be a natural number. Let> 0,0 < p* < ﬁ 0<d<0.014, W :5 (# . (1_;5)_2> Then
there exists an input distributio® with support{D) C X (W, n,p*) such that for any deterministic algorithm
A we have that ifA outputs a topk c-approximation on an inpuk chosen randomly fron with probability
atleastl — 4, thenEx..p [cp}(X)] = Q (i C049) L og 21—5)

p* £2

Proof: For the given value®V, k,p*,e >0 (0 < p* < ﬁ), construct the input distributioP as follows. Let
U(X) be the uniform distribution above the permutationsXoéind defing; = %* for somea > 1 +¢.

 Randomly choose a permutation of itefs- U(Z). We usei to denote both the item and its indexiin
e Given the item-indices determined tﬁyfix the aggregate weight of each item by:

Wp* forl <i<k
. Wp* . 1—p*k
w(i) = Wq (=-F) fork <i<k+=1=
0 otherwise
e Let X, be an arbitrary vector where each itenhas exactlyw(i) cells and let(vy, ... ,v,) be some

ordering of the nodes. To obtain the random inAyttake a random permutation &f, and partition it
evenly among the nodes. i.e. L&, ~ U(X,) and letX,, £ {X,[&EW],..., X [£W]}.

Note that for any inpufX in the support ofD, only the topk set is a tope e-approximation. Note also that
since we use a random permutation of the items, the probabiare symmetric with respect to item-identities.

Let A be any deterministic algorithm which outputs a top-approximation with probability at least— &
for a random inputX ~ D. Let the sample off, S4(X) denote the cells actually probed throughout the
execution of4 on input X. SinceA is deterministic,S is a deterministic function ok and the output ofd
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Si Pr{S;}=mr(1-n)
Pr{Di}:w DZ 2

SE Pr{Sg}=2nm

Pr{S;}=r(1-n)

Figure 6: Transition probabilities during the samplingqass.

is a deterministic function of. We can therefore denote by(S) the output ofA whenS4(X) = S. We
first argue in that ifA does not output the top items in the sampleop(k, S), then A cannot be correct with
probability more thari /2. We then show that wheA outputs the tog: items in the sample, the sample has to
be large to get small error probability. Combining the twguanents we get result of the lemma.

Lemma 5.3 Let A be any deterministic top-approximation algorithm. For a random inpuf drawn byD, if
the resulting samplé = S4(X) is such thatd(S) # top(k, S), thenA errs with probability at least.

Proof: For a given sample, let® = (w°(i1) > w(i2) > ... > w5 (i);))) be the sorted vector of weights seen
in the sample and 16t° = (iy, is, . .., i|7|) denote the items matching the entriesist. We say thatd has some
deterministic function/ = f(w), J = {ji1,...,jx} such thatd outputs the se{fs[jl], .. ,fS[jk]} for any in-
put X. For example, the algorithm which always outpuis(k, S), hasJ = {1,2,...,k}. Let« be a weights
vector for whichA outputs a seY” such thaf” # top(k,® ). We now show thaPr { A errs| & = @} > 3.

Fix such aw. Leti € top(k,S)\Y and letj € Y \ top(k, S). Since there is only one correct answer in our
input distribution,Y” is a correct answer if and only ibp(k,S) is a wrong answer in which case there exists
such a paif(i, ) which also provesop(k, S) to be a wrong answer:

(i,7) : i€top(k,S)\Y, je€Y\top(k,S),
ps(d) S o), px(d) > (1 +€)py(i) > py(d)

Define” to be the instance generated frdrby switching the names of itemisandj. Call I’ theij-mirror
of I. Consider the set’ of all possible inputs which, for the sampling function4f result in either(«, f) or
its ij-mirror (7, I"). Let D; denote the set of such inputs whergi) > p.(j) and letD; denote the inputs
wherep (i) < p,(j). Further, letS; denote the set of possible samples whefe) > p(j), and letS; denote
the samples wherg (i) > p(j) and bySg the samples where,(i) = p4(j).

Figure 5 illustrates the relations of the weightsiof during the sampling process. Letdenote the
probability of D;. By symmetry we hav@®r {D;} = = too. It is straightforward to see th&t {S; | D;} >
Pr {S; | D;}, and similarly tha®r {S; | D;} > Pr{S; | D;}. Define:y £ Pr{S; | D;} — Pr{S; | D;} ,
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and n £ Pr {Sg | D;} = Pr {Sg | D;}. With this notation, we have the following identities.

Pr{S;|D;} = Pr{Slej}=§(1—n+v>
Pr{S; | D;} = Pr{S;|Di}=5(1-n-7)

Pr{Si} = Pr{S;}=n(1-n)
Pr{Sg} = 2nr,
and therefore, since > 0, we obtain
Pr{Y is correct| w} < Pr{D;|S;USg} (3)
. Pr {D]} Pr {SZ U SE ‘ D]}
B Pr{S;} + Pr{Sg}

m(3(1-n—-7) + 1)
m1l—n) + 2w
1 /1+n—x 1
-3 <
Lemma 5.4 Let A be any deterministic algorithm which probes a determioistt of S distinct cells and
outputs the toge-set computed by this sample. For a random inutirawn by D, if A has error probability

1 (1+¢)?
5p*2 54

1 « 1
f— Q —_— e . 1 PR .
5 (w m—nzcgw>

Proof: Recall that the inputX is a random permutation oX; and consider the cells ok, probed byA.
Actually, an execution ol may probe any one of the possible ordered-setXgetells (where each set contains
S distinct X-cells). Note that all those ordered-sets are equallylik@be used byd. SinceA is deterministic
we can define the collectio@ of such ordered-sets for which is correct. Sinced has error probability, the
size of G is a fraction of(1 — o) from all possible ordered-sets Sfdistinct X-cells.

0 < % and if the input size satisfid§’ :5 < > thenS satisfies

Now, let A, be the algorithms that selects at random a samplg célls, with replacement, probes those
cells and outputs the top-set of the sample. Note that.(.S) is the same ad except it takes a random sample
with replacement instead of a deterministic set of distosifs. It follows that wheneved,. happens to probe a
set of Xp-cells from@, A, outputs a correct answer just Asvould. Note also that fod,. too, all ordered-sets
of S distinct X cells are equally probable. L&tdenote the ordered-set &fy-cells sampled bw,.. Then

s
Pr {there are repetitions ifi} < Y —— < .
pt %4 2W

SincePr {S € G | no repetitions inS} = 1— ¢, we have thaPr {S € G} > (1—9) (1 - %) and therefore

S? S?
< 1- < = (11— 2
Pr{A,ernrs < 1-Pr{SeG} < 5+2W(1 J) < 5+2W’

which implies that forS < v2W 4, Pr { A, errs} < 2§. Lemma 5.5 that follows gives a bound on the sample
size used bw,.. Using the relation between the error probabilitiesdcdnd A,., we deduce that the number of

cells probed byd must satisfyS = Q) (I% . ﬁ -In 4_15> 1
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Lemma 5.5 For § < 513, there exists a valu,,;,, = © I% ez In 2—15> such that if4,. is ran on an input
chosen randomly b and it uses a sample smaller th&h,;,., then A,. errs with probability at least.

Proof: For a specific execution o, we have a specific inpuX’, and a specific samplg of cells probed by
A,. For this input, let € top(k, X) and someg € T \ top(k, X) and define theadvantage within the sample
of i overj to bed;;(S) £ w® (i) — w®(j) . For a permutation? = (z1,...,z25) of S, letPr {Z | X} denote
the probability thatZ is the sequence (ordered multiset) of cells probed duriagXecution ofd,. on input.X.
Clearly,Pr{Z | X} = Hle p(z¢). Note that all permutations & are equally probable.

We now bound the error probability of,.. We distinguish between three cases, depending on the ehlue
dij. If dij < 0thenwS(i) < wS(j). Sincei € top(k, X) andj ¢ top(k, X), it is obvious that is this case
top(k,S) # top(k,S) and henced, always errs in this case.

Next, consider a specific inplt’ and a specific ordered-s&t sampled byA, such thatd;;(Z’") = 0.
Suppose that!, outputsi and not;j (which is correct)). Consider thg-mirror input X” £ M;;(X’). By
definition of D, Pr {X'} = Pr {X"}. Since forZ” £ M;;(Z’), we havePr {Z' | X'} = Pr{Z" | X"} and
sinced;; = 0, we getPr{Z' | X"} = Pr{Z"” | X"} and thereforePr {Z', X"} = Pr{Z’, X"}. Once the
sample is fixed A, is deterministic so if the input iX” and the probed cells are the sadie A, outputs the
same answer as it did fot’, Z’ but in this case it would be wrong. For each such case wiere 0 and A,
is correct there exists at least one mirror-case whigrerrs. We get thaPr {A errs| d;;(S) = 0} > %

Finally, we bound the overall error probability of,. by the probability thatl;; < 0. Let = denote the
probability Pr {d;; > 0}. We have that

1—m

2

1 1
Pr {Ar errs} > Pr {d” < O} + 5 Pr {d” = O} > 5 Pr {d” < O} =

Note that ifr < % we havePr { A, errs} > 1 and we are done For the remainder of the proof, assume
7 > £. For any unordered samp®e= (v1, ...,vs), let S’ £ M;;(S) be the mirror sample. Clearty;;(S’) =
—d;;(S). Next we show the relation between the probablllty of a sardphnd the probability of itgj-mirror,

S’. Then by bounding the probability of a set of samples alltgd;; > 0, we get a bound for the probability

of the mirror-samples having; < 0.

Let perms(S) denote the number of distinct permutationsSofClearly we haveprerms(S) = perms(S’).
For brevity, leta £ w° (i) andb £ w®(j). Clearlyd;; = a — b. Furthermore, For a specific inpit we have

Pr{S| X} = perms(S)- pr(vg)

= perms(S) - p, (1) - p,(J H px(ve)p(ve) -
Ze{l Shveg{ig}

S
Similarly, Pr{S'| X} = perms(S’): pr(vé)
/=1
= perms(S) - p (i)’ - p (4 H P(ve)

56{1 Sued{i,g}
yielding, Pr{S'| X} = Pr{S|X} p )" py(j)*"

— Pr{S|X}- <é>d .
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We now lower bound the probability of receiving a sample hgvi;; > 0. SinceS = (v1,...,vg) is
a random sample ok, each cellv, can be considered a random variable distributed by the @abpitem-
probabilities inX. This way,d;; is a random variable satisfying;(S) = ?:1 d'(vy) whered' (1) are i.i.d.
random variables with

P (7) ifd =1
Pl‘{d/(ljg) =d | X} = { p(4) if d =—
- px(i) - px(j) ifd =0

Since this gives the same distribution for akyproduced during our input distribution, we can eliminate th
conditioning. The expectation and variancel@f,) andd;;(S) are:

Eld(v)] =qla-1) pa = Eldij] = S(a—1)q
Var (d'(vg)) =qa+q—(ge—q)* o4 = Var( i) = (qa +q— (g — q)?)
04’ E[(dij)*] = S(a+1)q

We also note that by definition.S < d;; < S. By Chebyshev inequality, if we pick a random sample of size
S, we get:
ad2

1
Pr{0 <dj; < Tpq} = m—Pr{dij —pa > 6pa}y > 5 ——5 >
2 6pa

1o _(et])
2 Sq(a—1)262"

Since the transformation frof to S’ is one-to-one, we can apply it on the setoflistinct samples and get
another set of distinct mirror-samples. Replacirigandj in all samples for whicld < d;; < 7uq we get the
set of all possible samples satisfying1.q < d;; < 0. The probability of the transformed set satisfies:

1 T
Pr{—?,ud < dij < O} > Pr {O < dij < 7Nd} ' <E>

> (s im) (2)

ForS > S;, whereS; 2 ((°‘+1))2 , we can say that
1 /1)
Pr{-Tuq < dijj <0} 3 <a>
= %exp (—7Inapg)
> S exp (Tl — D)
= é xp (—=7Sq(c — 1)?%) .
And for §; < S < S, whereS, £ ﬁ; In 2 35, We get
VX eD, Pr {AT errs| X} 4)

Pr{S:AerrsforS | X}

= Pr{S5:3(i,j),i € top(k, X), j ¢ top(k, X), di;(S) <0 ] X}
Pr{S:—Tuq < d;;(S) <0] X} forasingle pair, j)

J.

vV Vv
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The above applies for cases whefe < Sy which is satisfied fo < 3% a < 1—71 We have shown a
specific sample siz&; for which A, has an error probability larger than We argue that there is no value
S’ < S, for which A, has a smaller error probability. If there were, than we caldéine another algorithm
A!, which takes a random sample of sige and outputs the top-set by the firstS’ probed cells only thus
achieving error probability smaller then Lemma 5.3 covers all cases where the outputipfis different
from that of A,.(S2) so A/ cannot have such error probability - a contradiction. Tlispletes the proof for

1 11
5<3?, Oé<7

As for other values oty, we note that in this case the result of the lemma is for sarsigle of order
S} (pi In %) for such small samples there is a good chance that one of pkie items would be completely
missing from the sample. Due to page limitations we omit tleopof this. |

We now go back to the proof of Lemma 5.2. Lemma 5.3 has showirfadha randomX ~ D, whenever
A outputs something different than the tbgset of probed-cells, it is probably wrong. This means thmat a
algorithm A that satisfies the conditions of the lemma must output thektept of probed-cells most of the

time. Lemma 5.4 showed the for the latter cadenust probe at leass = Q (pl atpe log 4—15) to have
error probability undep. Since this lower bound is concave dnthere is no better option than probing the
same number of cells for all inputs.

Even if we assume thal probes zero cells whenever it is wrong, we get that for thelitioms of the
lemma and a random inpl¥ ~ D, if the error probability ofA is §, then the expected number of probed cells

is of the same ordeEx .p [cp(X)] = (pi oty log 41—5) |

6 Conclusions and future work

In this paper we have proposed algorithms solving thektppsblem by adaptive sampling. The communication
complexity of our algorithms does not depend on the way thatiis partitioned in the network: only the global
statistics affect the complexity. Our final algorithm penfis particularly well when the global statistics are far
from flat. We have tested our algorithm by simulation and tbempirical support for our analytical claims.
Although our study is mainly theoretical, simulation reésuhdicate that our algorithm is rather practical and
can be very useful in real-life scenarios. Future work mamd our algorithm to specific models, where
spatial and temporal dependence among different senshis (gog., nearby nodes have similar readings).

From the theoretical viewpoint, we think that it is very irgsting to extend our lower bound to the case of
interactive algorithms. We conjecture that our Algoritlitis nearly optimal in this more general model.
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APPENDICES

A Proofs for Algorithm BoundCount

Corollary 2.2 For given10~> < e < 1 andé > 0, Algorithm BoundCount outputs an estimateof w(i) such
that

Pr{ﬁ]w—w(i)\<s}21—5.

The communication complexity of Algorithm BoundCount is

1

1 .
) <log |Z| + = log 5 log log w(z)> .

Also, if the algorithm ran\/ iterations in Step 3, then for any> 1072,

T ! w — w(? — ex — 2
P{w(i)| ()|<<}21 p(—Q (M) .

Proof: For eachiy, consider the random variabie £ i, /w(i). z, is a (useless) estimate of= E [, ] /w(i)
and by Fact 2.1, it satisfiegs [2,] — 1| < 1075, and Var(z;) = O(1). Now consider the random vari-
able 2 = w/w(i) wherew is the output of the algorithm. Note thatis actually the average of th&/
independent variablegz1, ..., za}. We get from Bernstein's Inequality th&t {2 — 1| < 1076 +/2} >

1 —exp (—M52/6). This translates directly to the average of fhieoriginal estimates, and the result of the
corollary follows. |

B Proofs for Algorithm B

Lemma 3.1There exists a functiof*(p*, ¢,§) = © <p*1€2 -In ﬁ) , such that for any inpuk € X' (W, n, p*),
the top% elements of a random sample of size at legid{p*, ¢, §) is an e-approximation oftop(k, X) with

probability at leastl — 4.
Proof: We say that a paifi, j) of items isimportantif i € top(k, X), j ¢ top(k, X), andp (i) > (1 +¢) -
px(j)'

A pair (i, j) of items is said to b@oorly-swappedn S if it is important AND p (i) < p4(j). Note that
top(k, S) is a topk c-approximation if and only if there are no poorly-swappedpm S.

For each itemi € top(k, X) we define a threshold valug satisfying pfjr(? < t; < p,(i) and for each

item j ¢ top(k, X') we define a threshold valué by ¢ £ min {t; | (4,7) is important. We denote byZ; the
event of receiving a sample wherep (i) < ¢;. This event is also referred to asViolates its threshold”. We
denote byE’ the event of receiving a sampfewherep(j) > ¢;. This event is also referred to a Violates
its threshold”.

From the above properties of the thresholds, ifina top(k, X) violates its threshold;, and noj ¢
top(k, X) violates its thresholml;, then there are no poorly-swapped pairsiand thus no error.

We now partition the items into 3 disjoint sets accordingheirt empirical probabilities; we will analyze
the violation-probabilities in each set separately.



e G'isthe topk set, i.e.G' £ {i € top(k, X)}
o &2 2 {j ¢ top(k, X) | L5z <pili) <77

o G32 {j ¢ top(k, X) | px(j) < ﬁ}

We denote byE! the event that one or more items @' violate their threshold. E? and E? are defined
similarly for G2, G3. Given the sample-siz&, we bound the probabilities of these 3 events; for this wetireq
the following two lemmas on the sample distribution.

Lemma B.1 Let X be a given input and letbe some item frori having empirical probabilityp (7). If S'is
a random sample of size obtained by AlgorithmA then

ef pr(i)
Ve>0: Pripgi) > (1+e)py(i)} < <W>

e SPX(i)
Ve <0: Pripdi) < (14e)p (i)} < <m>

Proof: The proof is by Chernoff bound. Singe(i) = @ bounding the tail probability ofs® (i) is equiv-
alent. Consider the s€tv1, ..., 1, } of all cells holdingi in the input and letz, be an indicator random
variable having valué if the cellv, was sampled. Clearly, are i.i.d random variables and the sampled-weight
of i satisfiesw® (i) = Z;f:(’f ve. Since the expectation of the sampled-weigh$js (i), we get the result by
Chernoff Bound. |

Lemma B.2 For any input and for any, j € Z such thatp, (i) > p,(j) > 0, leta £ IIJ)X—((;)) and defing;; as
X

~a—1
tij = px()

TP (we later show thap . (j) < ti; < p(i) )

If S is a random sample of sizeobtained by AlgorithmA for this input then:

oxp <_%s-px<z'> 0 ((a; 1>>>
exp <_§s-px<i>-@<<a;1> ))

Note also that;; is monotone decreasing withand so are the ‘violation’ probabilities.

Proof: Let f(a) £ %L t £t = f(a) -p(j), e1 £ {ps(i) < ti;} and ez £ {pg(j) > t;;}. Applying the
tail-probability bounds from Lemma B.1 fef andes gives

IA

Pr{p(i) <ti;}

Pr {ps(j) > tij}

IN

Pri{pi) <t} < (a1)*Pxt (5)
where s 0
A e 1 A Pl1) — 1
ai (1 — 51)(1_51) ) 1 pX(Z) ( )
and

Pr{p(j) >t} < (as)*"xV) (7)



where

1
A e”

ag =

At_px(j)
Qro)mm 1 25,0 ®)

Fort = f(a)p,(j), we get from Eq. (6) and Eq. (8) thét = 1 — L and d, = f — 1 giving

«

e(f_l)

agza%ZW: exp(—(fInf+1-1)) ©)

Using Taylor expansion around = 1 we can show that forr > 1, 1 < f(a) <1+ (e —1) < a and
thereforep (j) < t < p,(i). From Eq. (5), Eq. (7) and from Eq. (9), we get tiat{e;} < a,"*” and
Pr{es} < agpx(y) while

;"X = exp (=Spy(j) - (fFInf+1— f))

— exp (-sZ’XT(i) (flnf+1- f)> (10)

The functionh(a) = L (fIn f+1— f) is monotone increasing for any > 1. Let h(a) 2 (@1 then

- - 82 !

h(a) = ©(h(a)). The result of the lemma follows from Eqg. (10) by replacii@) with ©(h(«)). |

Continuing with the proof of Lemma 3.1 we now define for each top(k, X) the exact choice of its

threshold value ag; = px(i)m; this is equal ta;; defined in Lemma B.2 forr = 1 + <. Given

i € top(k,S), recall that for anyj such that(i, j) is an important pair, we ha\%’% > 1+ . Therefore by
X
2
LemmaB.2p,(j) < t; < p(i) andPr {E;} < exp <—%pr(i) -0 <<1—j€) >> . Note also that for some

2
j ¢ top(k, X), if we leti be the item that hag, = ¢; thenPr {Eg} < exp <—%pr(z') -0 <<1L+€) >> .

Note thatp, (i) > p* for anyi € top(k, X). Note also that the size @f* is k and the size 0&? is bound by
(1+¢)e? /p*. Clearlyp* < % so using the union bound we obtain

Loy 10-(1+4e) . e \’
Pr{E'oRE"} < p exp 85p C) T1s )

The following lemma bounds the probability & .

Lemma B.3 For E? as defined above, if the sample size satis§ies 2(1 + ) In (1 + ¢) /ep*, then

e? 2
Pr{Eg} < %-exp <—%Sp*Q <<1i5> ))

Proof: Let f(«) andh(«a) be defined as in the proof of Lemma B.2,

andlet.f = f(14+¢)>1,t= %. For any itemyj in G2, we have that’; > ¢. Therefore definingz’ as the

event of receiving ,(j) > t, it is clear thatPr {Eg} < Pr {E;’}

We now further partitiorG: for any integer’ > 0 we define the subsétg? as
Gi & {j ¢ top(k, X):t-e 37t < p(d) <t- 6_2_6}



For every itemj € G2, let:
t
px(j)
a p* 244 340
- - = e <I<e
f(l+e)  (I+e) pi)

Using the tail bounds from Lemma B.1 we get

pa—1 Sp(7)
Pr{E}'} < < >

[

a

[

= exp (—(alna —a—+ 1)pr(]))

= exp <—Sp* (1+€)I-(If(lnf—l—ln[)—]f+1)>
= exp<1ip€-<(flnf—f—|—1)—I—(fln]—%)))
S*

< exp<I+&j (I4+e)h(l+¢) + (f(€+2)—1))>

< exp(=Sp*h(l1+¢))-exp (Iip: - fl+ 1)>

By definition of G3 we have thap,(j) > p*/(1 +¢)e*3. We can therefore bound the size Gf by
|G3| < (1+¢€)e™3/p*.

Let E} denote the event that one or more itemgGij violate the threshold, Ef = | | Ej. By the
jeG?
union-bound we get

Pr {Eg} < iPr {Eg’}

+102(1 —Sfp*
Pr{E}} %(*—1_6) - exp <17_£(€ + 1)> -exp (—Sp* h(1 +¢))
*(1+e) Sfp*

= ————~.exp <—(€—|—1)(—1+ 12

p*
UsingS > 2(1 +¢)/ fp* we get that sinc& fp* /(1 + ¢) > 2,

62 9 *
# exp <—(€+ 1)- %) -exp (=Sp" h(1 +¢))

 (l+e) x Sp” f ki
= — oo (—Sp h(1+¢) - 2(1+5)> FexP (‘é' 2(1+a)>

Note that the bounds we got fdﬁ‘? form a descending geometric-series. By summing them up singd the
fact thatS fp* /(1 + ¢) > 2 again we get

(e} < 205y (s (e gt ))

)> cexp (=Sp" h(l +¢))

Pr{E}} <

% - exp (—Sp* <h(1 +e)+ 2(11+€)>> '

iv

<




To conclude the proof of Lemma 3.1, we combine the result ohioa B.3 with the result we got for
{E'oRE?}. We get that for sample size satisfyisg> 2(1 + ¢) In (1 + £) /ep*, the overall error probability
satisfies

4e%(1 +¢)

Pr {E'ORE?0RE?} < -exp (—Sp* h(1 +¢))

. 1 1+e¢ .
Define S*(p*,¢,6) £ (1 4. F | tl *g,0 t
efine S*(p*, ¢, d) R (n pev + > or sample size at least'(p*, ¢, §) we get an error
probability smaller tha. The result of the lemma is a simplified expression for O (1). |

Theorem 3.2Let X € X (W,n,p*) be an instance. Provided thaf, ¢, § and W are known, Algo-
rithm B outputs a top% g-approximation with probability at least — § and communication complexity of

orderO( -In *5 - log ]I[)

Proof: First, note that the communication complexity of AlgorithBnis exactly the sample siZ&| times
O(log |Z|) (the number of bits required to encode each item in the sgmipd S be a random variable whose
value is the sample size. Clearl¥;[S] = W - Psuupre, and hence, by Step 1 of the algorithm, we have
E[S] = 25*. Now, the probability of error is bounded Bt { E10RE: }, whereE; denotes the event where
the output is incorrect even though the sample was largeggn@8l| > S*), andE, denotes the event where the
sample was too small, i.¢S| < S*. By Lemma 3.1Pr {E;} < % Using the Chernoff bound we obtain that
Pr{E,} < exp (—15*) and since5* > 81n ? we getPr {E>} < & Therefore, the algorithm is correct with
probability at least —Pr { £ } —Pr {E2} > 1—34/4. To bound the communication complexity, i8§ denote
the event thatS| > 45*. Using the Chernoff bound once again, we obtain tha{ E3} < exp (—45*) < &

Therefore, the sample size is boundeddlsy = O (pi -5
results hold with probability higher than— 5. I

p15) with probability at leastt — % and all

C Proofs for Algorithm S

Theorem 3.3For any inputX € X (W,n,p*), with probability at leastl — §, Algorithm .S outputs a topk
g-approximation with communication complexity of order

1 1
Cs:O<—2-1 log |Z| + klog—log loglogW>
p*e *5

5

Proof: The proof outline is as follows. The proof starts by showingttwith high probability, the algorithm
runs apprommatelj()g iterations. As aresult, the last iteration is similar to &aaition of AlgorithmB with

the correct parameters and therefore outputs &tepproximation with high probability. The communication
bound follows from the fact that the sample size is more tlarbtkd on each iteration. The communication is
therefore dominated by the last iteration.

The proof uses the follpwing notational conyention. Givehigh probability estimateZ of Z that has
accuracy = 1, Z;, denotesZ /2 and Z;; denote®”Z. Z;, and Z,; are uses as bounds dhthat hold with high
probability. The proof also uses = §/5 to express error probabilities.

First we show why is Algorithit' correct. We look at two possible ‘bad’ events:

e Let Eq be the event where Algorithr stopped too early because of an erroneous bound, i.e. on some
iteration we stopped even though we uged p*.



e Let E5 be the event where the last iteration uged p* but the output of AlgorithmB was not a topk
g-approximation.

We can bound the probability that the output is not atapapproximation byPr { F; } + Pr {E,}. Since
we pass) as error probability to AlgorithnB, from Section 3.1 it is easy to see that{F>} < ¢'.

Before we boundr { £} we give the following lemma.

Lemma C.1 With probability at least — 24’, Algorithm S runs at leasfog I% iterations before it stops.

Proof: Let L = log I% and letE’ denote the event where the algorithm stopped during thelfitsrations. We
let (1o, I . ..) denote the firsL + 1 iterations in a reversed order. Specificalfydenotes the earliest iteration
wherep < p* and I, is the iteration which ig iterations before that. On iteratiafa, we havep > 261 p*.
Recall the stopping rule of Algorithrfi is:

‘Until 2p < min {w(@);,/Wh; |1 €T} .

Letting p;, denote the current value ofin {w(i);,/ W, | i € T'} we obtain

L
Pr{E} < ZPr {p}ko > 2ép*} .
=1

We now consider the iteratiofy. Let j be the item having the smallest weight(j), among thet items inT’
and define ()i, = w(4)i0/Whi. We have

*

p
Pio
Pr{p(ie > 2 p(7)} -

j26)
P(J)io
Pr {piko > 2! -p*}

IV IA
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Sincew(3j);, was obtained using Algorithm BoundCount with= 1 and error probabilityy’, the algorithm
usedM = 61n(1/4") and by Corollary 2.2,

Pr {p(j)lo > 2¢ -p(j)} < exp <—(2£ - 1)21115’) = 5D

L
Ford’ < L andwe getPr {E}} <Y §® =D <25, 1|
=1
Since afterlog I% iterations,p is smaller tharp*, a direct result of Lemma C.1 is thBt {E;} < 20’ and
the total error probability of the algorithm is bound &y .

In order to bound communication complexity we give anotieenrha about the number of iterations.

Lemma C.2 With probability at leastl — 24’, Algorithm S runs at mostog I% + 5 iterations before it stops.

Proof: Let L’ £ log I% + 5 and letE’; denote the event where Algorithfreached iteratiod’ + 1. We bound
the probability of 5. We assume that Algorithms' did reach iteration.” and consider the state at the end of
this iteration. Recall that proceeding to the next iteraecurs if2p < p;, wherep; is the minimum ofk
high-probability bounds for the empirical probability kfdistinct items. Letj be the item having the lowest
empirical probability among thé items inspected on iteratioh’, then if Algorithm S continued to the next
iteration, then{2p > p(j);,}, and therefore either of the two following events occurradteration’:

Vi



e EventE) : p(j) < %p*
o EventEY : p(j) > 3p* AND 2p > p(j)i0.

Consider the probabilities af; and EY on iterationL’. Note thatE} is the event where the top-of the
sample is not & — approximation of the true topk set. Since we assunge< 1 and sinCePg,yprr IS large
enough at this stag®r {E4} < ¢’ by Lemma 3.1.EY is the event where(j) is high enough but the high-
probability bound is too low. Since on iteratidid, we have2p < ’f—;, EY requires tha 2p(j) > p(j)io} -
Recall thatp(j);, = % wherew(j) was obtained by Algorithm BoundCount using= 1. By Corollary 2.2
the probability of the last event is less thélrand thereforé@r { EY/} < ¢’. SinceEj3 requires that eitheE or

EY occur on iterationl’ we have thaPr {E3} < 20" 1

We now have that with probability at least- 46’ the output is correct and Algorithisi ran betweeriog I%
andlog I% + 5 iterations. The rest of the proof deals with communicatiomplexity assuming Algorithn®
performed at most/ iterations.

We use Chernoff bound for the number of cell probes. @) denote the sample size used on iteration
¢ and letCP = )" S(¢) denote the number of cell-probes throughout Algorithm\We consider a set of all
indicator random variables used for sampling by all iteradi(one random variable per input cell per iteration);
CP is the sum of these indicators. To estimate the expectat®nss the fact thats,wpr £ iS at least doubled on
each iteration and so is the expected sample size. We caidleebound the sum of expectations by by twice
the expected sample size on the last iteration.

E[CP] =) E[S()] <2S(L') = © (S*(W,n,p"))

g(e)

Using Chernoff bound we haver {CP > 2E[CP]} < ¢~ 55", SinceS™ is defined ass* (p*,,6) 2 L=
p

1 .
<ln %56 + 4> and since foe < 1, g(¢) > 8, we get
p

4
S* > 81n§—/ yielding Pr{CP >2E[CP]} <.

We have that with probability at least— 54’ the cell probe complexity is of ordeé (S*(W, n,p*)) and
the resulting number of communicated bits can be boun@ by* (W, n, p*) - log |Z|)

Finally we bound the communication complexity needed taioball high-probability bounds on each
iteration by©® (klog |Z] + klog % log log W). If we boundk by I% and bound the number of iterations by
we get that the communication complexity of all obtainedrmsion all iterations is of order

1 1 1 1
) (—* log — log |Z| +klog—*log—,loglogW> .
p* TP p* 7o

Adding the two communication complexities and settig® §/5 we get that all of the above holds with
probability at least — § giving the result of the theorem. |
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