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t. In this paper, we propose a method for spe
i�
ally proving termination of rewritingwith parti
ular strategies: lo
al strategies on operators. An indu
tive proof pro
edure is proposed,based on an expli
it indu
tion on the termination property. Given a term, the proof prin
iple relieson alternatively applying the indu
tion hypothesis on its subterms, by abstra
ting the subtermswith indu
tion variables, and narrowing the obtained terms in one step, a

ording to the strategy.The indu
tion relation, an F-stable ordering having the subterm property, is not given a priori, butits existen
e is 
he
ked along the proof, by testing satis�ability of ordering 
onstraints.Keywords: Rewriting, termination, lo
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onstraints.1 Introdu
tionTermination of rewriting is a 
ru
ial problem in automated dedu
tion, for equational logi
, as well asin programming, for rule-based languages. As it is unde
idable in general, it is ensured in parti
ular
ontexts with suÆ
ient 
onditions. A lot of termination proof te
hniques have been proposed, mostof them using noetherian orderings on terms. But they usually ta
kle the property for the standardrewriting relation and essentially work on free term algebras. In the 
ontext of rule-based languages su
has ASF+SDF [15℄, OBJ3 [14℄, Maude [5℄, CafeOBJ [10℄, Stratego [19℄, or ELAN [3℄, where programs aresets of rules and exe
utions 
onsist in rewriting ground expressions, it would be useful to have more spe
i�
termination proof tools: methods allowing to prove termination under spe
i�
 redu
tion strategies, or toprove termination on the ground term algebra, for term rewriting systems (TRSs in short) that are notterminating on the free term one. The proof method we propose here, based on an expli
it indu
tion onthe termination property, enables us to ta
kle these problems.In the 
ontext of programming, there are sets of rules, that lead to divergent 
omputations whenall derivations are 
onsidered, but that terminate for parti
ular strategies. A famous example is theevaluation of a re
ursive fun
tion de�ned with an if_then_else_ expression, and that 
an diverge if the�rst argument is not evaluated �rst.Lo
al strategies on operators are used in this 
ontext, in parti
ular to for
e the evaluation of expres-sions to terminate. This kind of strategy is allowed by languages su
h that OBJ3, CafeOBJ or Maude,and studied in [7℄ and [18℄. It is de�ned in the following way: to any operator f is atta
hed an orderedlist of integers, giving the positions of the subterms to be evaluated in a given term, whose top operatoris f . For example, the TRS 2nd(
ons(x; 
ons(y; z)))! yinf(x)! 
ons(x; inf(s(x)))does not terminate for the standard rewriting relation, but does wit the following strategy: LS(
ons) =[1℄, LS(2nd) = [1; 0℄, LS(inf) = [1; 0℄, LS(s) = [1℄.As far as we know, the spe
i�
 termination problem of rewriting with strategies has only been ta
kledfor the innermost 
ase on free term algebras [1℄ and for the innermost and the outermost 
ases for groundterm ones [12℄. Here, we propose a termination proof method for the 
ase of lo
al strategies on operators,following the indu
tion proof prin
iple proposed in [12℄. Note that with our approa
h we handle the



leftmost innermost strategy, whi
h is a parti
ular 
ase of lo
al strategy. Let us also 
ite terminationresults for a restri
ted kind of rewriting 
alled 
ontext-sensitive rewriting [17, 16, 20, 11℄. In this 
ontext,rewriting is allowed only at some spe
i�ed position in the terms, whi
h is di�erent from lo
al strategies,that are more spe
i�
: in the se
ond 
ase, not only allowed rewriting positions are spe
i�ed, but alsothe order to 
onsider them. Ex
ept for parti
ular 
ases of lo
al strategies, the two kinds of strategy aredistin
t.The main idea of our proof method is to use expli
it indu
tion on the termination property in orderto prove that any element t of a given set of terms T terminates i.e. there is no in�nite derivation 
hainstarting from t. Our indu
tion prin
iple uses an ordering on ground terms having the subterm property.It is based on the simple idea that if redu
ing a term t a

ording to a given strategy �rst requires tonormalize a subterm t0 of t, we 
an suppose, by indu
tion hypothesis, that t0 terminates for the samestrategy. If we repla
e t0 by an indu
tion variable X representing any of their normal forms, it thenremains to prove that the term u obtained by repla
ement of t0 by X in t is terminating, to prove thatt is terminating. A rewriting step is then performed on u following the di�erent possible values of X : itis 
omputed by narrowing. This pro
ess is iterated until obtaining a no narrowable term, or a term, theindu
tion hypothesis applies on. Note that the indu
tion ordering is not given a priori but 
onstrainedduring the proof by setting ordering 
onstraints. Applying the indu
tion hypothesis then lies on testingwhether these 
onstraints are satis�able.On the previous example, our method 
onsists in proving termination of the 
onstants, and of theterms of the form s(T ); 
ons(T1; T2); inf(T ); 2nd(T ), for the previously given strategy, whatever the valuesof the ground terms T; T1; T2. Let us suppose here we have a 
onstant 0 in the signature. Obviously, 0 isin normal form and then terminating. For s(T ), using an indu
tion ordering � su
h that s(T ) � T , byindu
tion hypothesis, we 
an suppose that T is terminating. So is s(T ), sin
e s is a 
onstru
tor (i.e. s isnot a top symbol of left-hand side of rule).By de�nition of the strategy, normalizing 
ons(T1; T2) 
onsists in normalizing T1, into T1# if itsexists, and then 
ons(T1#; T2) at the top position. For the same ordering � as previously, we have
ons(T1; T2) � T1. Then, by indu
tion hypothesis, T1 terminates. Let T1# be any of its normal forms(there 
an be several normal forms if the system is not 
on
uent). The termination of 
ons(T1; T2) isthen redu
ed to the termination of 
ons(T1#; T2), whi
h does not redu
e at the top position by de�nitionof the strategy.Normalizing 2nd(T ) also �rst 
onsists in normalizing T . In a similar way than previously, the indu
tionhypothesis 
an be applied to T . Let T# be any of its normal forms. Redu
ing 2nd(T#) at the top position
an give two results, a

ording to the form of T#. If T# is of the form 
ons(T3; 
ons(T4; T5)), we obtainT4, whi
h is in normal form sin
e 
ons(T3; 
ons(T4; T5)) is in normal form. If T# is not of the form
ons(T3; 
ons(T4; T5)), then 2nd(T#) does not rewrite at the top position and then is already in normalform.Normalizing inf(T ) also �rst 
onsists in normalizing T . Like previously, T# exists thanks to theindu
tion hypothesis. The resulting term inf(T#) rewrites into 
ons(T#; inf(s(T#))), whose �rst subtermhas then to be normalized. As this subterm is already in normal form, 
ons(T#; inf(s(T#))) is in normalform for the given strategy. So any ground term is terminating. Our goal here is to provide a pro
edureimplementing su
h a reasoning.In Se
tion 2, the ba
kground is presented. Se
tion 3 introdu
es the basi
 notions formalizing ourindu
tion prin
iple. In Se
tion 4, a rule-based algorithm me
hanizing the proof prin
iple is given, its
orre
tness is established and examples are given.2 The ba
kgroundWe assume that the reader is familiar with the basi
 de�nitions and notations of term rewriting givenfor instan
e in [6℄. T (F ;X ) is the set of terms built from a given �nite set F of fun
tion symbolshaving an arity n 2 N, and a set X of variables denoted x; y : : :. T (F) is the set of ground terms(without variables). The terms 
omposed by a symbol of arity 0 are 
alled 
onstants; C is the set of
onstants of F . Positions in a term are represented as sequen
es of integers. The empty sequen
e �denotes the top position. The symbol at the top position of a term t is written top(t). Let p and p0 betwo positions. The position p is said to be pre�x of p0 (and p0 suÆx of p) if p0 = p�, where � is a non



empty sequen
e of integers. Given a term t, O(t) is the set of positions in t, indu
tively de�ned as follows:O(t) = f�g if t 2 X ; O(t) = f�g [ fi:p j 1 � i � n and p 2 O(ti)g if t = f(t1; : : : ; tn). This set ispartitioned into O(t) = fp 2 O(t) j tjp 62 Xg and OV(t) = fp 2 O(t) j tjp 2 Xg where the notation tjpstands for the subterm of t at position p. If p 2 O(t), then t[t0℄p denotes the term obtained from t byrepla
ing the subterm at position p by the term t0.A substitution is an assignment from X to T (F ;X ), written � = (x 7! t) : : : (y 7! u). It uniquelyextends to an endomorphism of T (F ;X ). We identify a substitution � = (x 7! t) : : : (y 7! u) with the�nite set of equations (x = t) ^ : : : ^ (y = u). The result of applying � to a term t 2 T (F ;X ) is written�(t) or �t. The domain of �, denoted Dom(�) is the �nite subset of X su
h that �x 6= x. The range of�, denoted Ran(�), is de�ned by Ran(�) = Sx2Dom(�) V ar(�x). A ground substitution or instantiationis an assignment from X to T (F). Id denotes the identity substitution. The 
omposition of substitutions�1 followed by �2 is denoted �2�1. Given two substitutions �1 and �2, we write �1 � �2 i� 9� su
h that�2 = ��1. Given a subset X1 of X , we note �X1 for the restri
tion of � to the variables of X1, i.e. thesubstitution su
h that Dom(�X1) � X1 and 8x 2 Dom(�X1) : �X1x = �x:Given a set R of rewrite rules or term rewriting system on T (F ;X ), a fun
tion symbol in F is 
alleda 
onstru
tor if it does not o

ur in R at the top position of the left-hand side of a rule, and is 
alled ade�ned fun
tion symbol otherwise. The set of 
onstru
tors of F for R is denoted by ConsR, the set ofde�ned fun
tion symbols of F for R is denoted by DefR (R is omitted when there is no ambiguity). Therewriting relation indu
ed by R is 
alled standard rewriting relation and is noted !R (! if there is noambiguity on R). We note s!p;l!r;� t (or s!p;l!r;� t where either p or l ! r or � may be omitted) ifs rewrites into t at position p with the rule l ! r and the substitution �. The transitive (resp. re
exivetransitive) 
losure of the rewriting relation indu
ed by R is denoted by !+R (resp. !�R). If it exists, thelast term of a �nite derivation starting from t is said to be in normal form, and is denoted by t#.An ordering � on T (F ;X ) is said to be noetherian (or well-founded) i� there is no in�nite de
reasing
hain for this ordering. It is F-stable i� for any pair of terms t; t0 of T (F ;X ), for any 
ontext f(: : : : : :),t � t0 implies f(: : : t : : :) � f(: : : t0 : : :). It has the subterm property i� for any t of T (F ;X ), f(: : : t : : :) � t.Note that if � is F-stable and has the subterm property, then it is noetherian. If, in addition, � is stableby substitution (for any substitution �, any pair of terms t; t0 2 T (F ;X ); t � t0 implies �t � �t0), thenit is 
alled a simpli�
ation ordering. Let t be a term of T (F); let us re
all that t terminates if and onlyif any rewriting derivation (or derivation 
hain) starting from t is �nite.3 Indu
tion for termination with lo
al strategiesWe now ta
kle the termination problem for rewriting with lo
al strategies on operators, as expressed in[14℄ and studied in [7℄. A lo
al strategy is de�ned in the following way.De�nition 1. An LS rewriting strategy (or LS-strategy) on terms of T (F ;X ) (resp. of T (F)) is afun
tion LS from F to the set of lists of integers L(N), de�ning a rewriting strategy as follows.Given a LS-strategy su
h that LS(f) = [p1; : : : ; pk℄, pi 2 [0::arity(f)℄ for all i 2 [1::k℄, for somesymbol f 2 F , normalizing a term t = f(t1; : : : ; tm) 2 T (F ;X ) (resp 2 T (F)) with respe
t to LS(f) =[p1; : : : ; pk℄, 
onsists in normalizing all subterms of t at positions p1; : : : ; pk su

essively, a

ording to thestrategy. If there exists i 2 [1::k℄ su
h that p1; : : : ; pi�1 6= 0 and pi = 0, then{ if the 
urrent term t0 obtained after normalizing tjp1 ; : : : ; tjpi�1 is redu
ible at the top position into aterm g(u1; : : : ; un), then g(u1; : : : ; un) is normalized with respe
t to LS(g) and the rest of the strategy[pi+1; : : : ; pk℄ is ignored,{ if t0 is not redu
ible at the top position, then t0 is normalized with respe
t to pi+1; : : : ; pk.Note that for x 2 X , LS[x℄ = [℄ sin
e a term is not redu
ible at a variable position.At ea
h rewriting step, the term t is said to LS-rewrite into a term t0. If t does not rewrite for theLS-strategy, it is said to be in LS-normal form (or in normal form if there is no ambiguity). If anyLS-rewriting 
hain starting from t leads to a LS-normal form then t is said to be LS-terminating (or toLS-terminate). If the evaluation strategy of a term t0 is the empty list, then t0 is in LS-normal form.



3.1 Indu
tion for lo
al strategiesFor proving that a term t of T (F) LS-terminates, we pro
eed by indu
tion on T (F) with a noetherianordering � (more pre
isely, an F-stable ordering having the subterm property), assuming that for any t0su
h that t � t0, t0 LS-terminates. We �rst prove that a basi
 set of minimal elements for � LS-terminates.As the subterm property for � is required, the set of minimal elements is a subset of the set of 
onstantsof F .We then 
onsider the 
ase of any term t of T (F). For that, we observe the rewriting derivation treefor the LS-strategy starting from a term tref = g(x1; : : : ; xm), for any g 2 F , where x1; : : : ; xm areindu
tion variables that 
an be instantiated by any ground term. The LS rewriting relation on groundterms is simulated by the two me
hanisms below to follow the derivation tree starting from tref , andwhose 
urrent term is t. Let LS(top(t)) = [p1; : : : ; pn℄, and pk the �rst element of [p1; : : : ; pn℄ su
h thatpk = 0.{ First, the subterms tjp1 ; : : : ; tjpk�1 of t have to be LS-normalized, by de�nition of the above LS-strategy. If tref � tjp1 ; : : : ; tjpk�1 we 
an suppose, by indu
tion hypothesis, that these subterms areLS-terminating. We then repla
e them in t by abstra
tion variables Xi representing respe
tively anyof their normal forms ti#: these variables will only be instantiated by terms in normal form. Reasoningby indu
tion allows us to only suppose the existen
e of the ti# without expli
itly 
omputing them; thisstep will be 
alled abstra
tion step or abstra
tion of the subterms of t. We also say that t is abstra
tedinto a term v.{ Se
ond, rewriting the resulting term v at position �, following all possible ground instantiations of v.This is 
omputed by a narrowing step on v. Two 
ases may happen:� if v is not narrowable at the top position, the subterms vjpk+1 ; : : : ; vjpn of v then have to beLS-normalized, and we try to abstra
t them like above;� if v is narrowable at the top position, the narrowing step is 
omputed with all possible rules and allpossible substitutions �1; : : : ; �l to give terms w1; : : : ; wl, that have to be 
onsidered respe
tivelywith the strategies LS(top(w1)); : : : ; LS(top(wl)). So the two me
hanisms above are again appliedon the terms w1; : : : ; wl. In addition, instan
es of v that are not 
onsidered by the narrowing haveto be redu
ed at the positions pk+1; : : : ; pn. So the two me
hanisms des
ribed above are alsoapplied on v at positions pk+1; : : : ; pn for the instan
es of v that are not instan
es of �iv; i 2 [1::l℄.{ The pro
ess stops on the 
urrent terms t having an empty LS-strategy or on 
urrent terms theindu
tion hypothesis 
an be applied on (i.e. su
h that tref � t; in this 
ase, t is supposed to beLS-terminating).Note that if there does not exist pk in fp1; : : : ; png su
h that pk = 0, then only the �rst point ispro
essed, abstra
ting every subterm tjpi of t; i 2 [1::n℄.3.2 Abstra
tionWe now give some new de�nitions to formalize the above me
hanisms. Abstra
tion needs the use ofspe
ial variables representing LS-normal forms.De�nition 2. Let N be a set of new variables disjoint from X . Symbols of N are 
alled NF-variables.Substitutions and instantiations are extended to T (F ;X [ N ) in the following way. Let X 2 N ; for anysubstitution � (resp. instantiation �) su
h that X 2 Dom(�), �X (resp. �X) is in normal form.LS-strategies 
an be extended to terms of T (F ;X [ N ), by stating LS(X) = [℄ for any X 2 N .Note that for abstra
ting the 
urrent term f(u1; : : : ; um), it is not useful to introdu
e an abstra
tionvariable for the uj that are ground terms already in normal form, nor for the uj that are already NF-variables.De�nition 3. The term f(u1; : : : ; um) is abstra
ted into f(U1; : : : ; Um) at positions fi1; : : : ; ipg � [1::m℄if :{ fi1; : : : ; ipg are the positions of [1::m℄ su
h that ui1 ; : : : ; uip are neither ground terms in normal form,nor NF-variables,



{ Uj = Xj where Xj is a fresh NF-variable, if j 2 fi1; : : : ; ipg, Ui = ui otherwise.We will prove LS-termination on T (F), reasoning on terms with abstra
tion variables, i.e. on termsof T (F ;X [ N ).3.3 ConstraintsLet us now de�ne the di�erent 
onstraints needed by our proof pro
ess. Unlike in 
lassi
al approa
hesusing indu
tion, the indu
tion ordering is not given a priori. Constraints are set along the proof, followingthe requirements appearing when indu
tion hypotheses have to be applied. Su
h ordering 
onstraints are
umulated in a set C and the satis�ability of C is tested any time the indu
tion hypotheses have to beapplied.We now formally de�ne the satis�ability of ordering 
onstraints.De�nition 4. An ordering 
onstraint (t > t0) on terms of T (F ;X [ N ) is satis�able if there exists anordering � and at least one instantiation � su
h that �t � �t0. We say that � and � satisfy (t > t0).A 
onjun
tion C of ordering 
onstraints is satis�able if there exists an ordering and an instantiationsatisfying all 
onjun
ts. The empty 
onjun
tion, always satis�ed, is denoted by >.Along our indu
tion pro
ess, when abstra
ting subterms ti byXi, we state 
onstraints on NF-variablesto express that their instan
es 
an only be the normal forms of the 
orresponding instan
es of the ti.They are of the form t# = X where t 2 T (F ;X ), and X 2 N , or more generally of the form t# = t0 wheret; t0 2 T (F ;X [ N ). Let us 
all su
h a 
onstraint an abstra
tion 
onstraint.De�nition 5. An abstra
tion 
onstraint (t# = t0) where t; t0 2 T (F ;X [ N ) is satis�able if there existsat least one instantiation � su
h that �t# = �t0. We say that � satis�es (t# = t0).A 
onstraint formula A is a formula of the form Vi(ti# = t0i)Vj(Wkj (xkj 6= ukj )), xkj 2 X [N ; ukj 2T (F ;X [N ) and the (ti# = t0i) are abstra
tion 
onstraints. The empty formula is denoted >. A formulaA is satis�able if there exists at least one instantiation � su
h that Vi(�ti# = �t0i)Vj(Wkj (�xkj 6= �ukj )).We say that � satis�es A.In this paper, we 
onsider 
onstraint problems 
omposed of 2-tuples (A;C) where A is 
onstraintformula and C is a 
onjun
tion of ordering 
onstraints.De�nition 6. Let A be a 
onstraint formula and C a 
onjun
tion of ordering 
onstraints. The 
onstraintproblem (A;C) is satis�ed by an ordering � if A is satis�able, and for all instantiations � satisfying A,� and � satisfy C. (A;C) is satis�able if A is satis�able and there exists an ordering � as above.De
iding the satis�ability of (A;C) would require to express all instantiations satisfying A. As we willsee later, an interesting point of our method is that we do not need to 
hara
terize all those instantiations.It is enough to exhibit one of them to prove the satis�ability of A. In su
h a 
ase, a suÆ
ient 
onditionfor an ordering � to satisfy (A;C) is that � is stable by substitution (the indu
tion ordering is then asimpli�
ation ordering) and t � t0 for any unequality t > t0 of C.3.4 NarrowingAfter the abstra
tion of the term f(u1; : : : ; um) into f(U1; : : : ; Um) at positions fi1; : : : ; ipg, where theuij are supposed to have a normal form uij#, and are repla
ed by abstra
tion variables Xij , we testwhether the ground instan
es of f(U1; : : : ; Um) are redu
ible with a 
ase study on the synta
ti
 form ofthe possible instantiations of the Xij . This test 
onsists in narrowing f(U1; : : : ; Um) at position � withall possible substitutions instantiating the Xi only with irredu
ible terms, and all possible rewrite rules.Let us now re
all the de�nition of narrowing.De�nition 7. Let R be a TRS on T (F ;X ). A term t is narrowed into t0, at the non variable positionp, using the rewrite rule l ! r of R and the substitution �, when � is a most general uni�er of tjp andl, t0 = �(t[r℄p). This is denoted t  p;l!r;�R t0 where either p, or l ! r or � may be omitted. It is alwaysassumed that there is no variable in 
ommon between the rule and the term, i.e. that V ar(l)\V ar(t) = ;.



The requirement of disjoint variables is easily ful�lled by an appropriate renaming of variables in therules when narrowing is performed. Note that for the most general uni�er � used in the above de�nition,Dom(�) � V ar(l) [ V ar(t) and we 
an 
hoose Ran(�) \ (V ar(l) [ V ar(t)) = ;, thus introdu
ing in therange of � only fresh variables. Thus V ar(t) \ V ar(t0) = ; if in addition, variables of Var(t) �Dom(�)are renamed through a substitution denoted �ren.Moreover, if narrowing is performed after an abstra
tion step, the range Ran(�) of the narrowingsubstitution � only 
ontains NF-variables. Indeed, abstra
tion gives a term f(U1; : : : ; Um) in whi
h somesubterms Ui are abstra
tion variables Xi1 ; : : : ; Xip . Thus, on fXi1 ; : : : ; Xipg, � is of the form (Xi1 =vi1 ; : : : ; Xip = vip). As Xi1 ; : : : ; Xip are NF-variables, all their ground instan
es must be in normal form,and the same holds for ground instan
es of the vi's. So the variables of vi1 ; : : : ; vip have to be NF-variables.As we will see below, in our proof pro
ess, we will also have to 
onsider the negation of a substitution.De�nition 8. Let � be a substitution on T (F ;X [N ) de�ned by Vi(xi = ti) xi 2 X [ N , ti 2T (F ;X [N ). The negation of �, denoted � is the formula Wi(xi 6= ti).4 A rule-based algorithm4.1 The inferen
e rulesInferen
e rules des
ribing our termination proof me
hanism for lo
al strategies work on sets of 4-tuplesT = (fug; [p1; : : : ; pm℄; A; C), where:{ fug is a set of terms of T (F ;X [N ), 
ontaining the 
urrent term u whose ground instan
es have tobe proved LS-terminating. This is either a singleton or the empty set.{ [p1; : : : ; pm℄ is the list of positions with respe
t to whom the 
urrent term u has to be evaluated. Thisis a sublist of LS(top(u)).{ A is a 
onstraint formula. The sub-formulas of the form u# = X;u 2 T (F ;X [ N ); X 2 N are statedea
h time a subterm u of the 
urrent term is abstra
ted by a new NF-variable X .{ C is a 
onjun
tion of ordering 
onstraints 
ompleted by the abstra
tion steps.Let us now present the inferen
e rules.{ The rule Abstra
t pro
esses the abstra
ting step. It applies on (ff(u1; : : : ; um)g; [p1; : : : ; pn℄; A; C),when there exists k 2 [2::n℄; pk = 0 and p1; : : : ; pk�1 6= 0. The term u = f(u1; : : : ; um) is abstra
ted atpositions i1; : : : ; ip 2 fp1; : : : ; pk�1g if there exists an F-stable ordering having the subterm propertyand su
h that (A;C ^ tref > ui1 ; : : : ; uip) is satis�able. Indeed, by indu
tion hypothesis, all groundinstan
es of ui1 ; : : : ; uip LS-terminate. So ff(u1; : : : ; um)g is repla
ed by f(U1; : : : ; Um). The list ofpositions then be
omes [0; pk+1; : : : ; pn℄.{ The rule Abstra
t�Stop pro
esses the abstra
ting step as above, when there is no position 0 inthe strategy of the 
urrent term. Any ground instan
e of the term obtained after abstra
tion isirredu
ible, by de�nition of the LS-strategy, whi
h ends the proof on the 
urrent derivation 
hain.The set 
ontaining the 
urrent term is then repla
ed by the empty set.{ The rule Narrow�Y pro
esses the narrowing step at position 0 (i.e. the top position) of the 
urrentterm u. If u is narrowable with a substitution satisfying the 
urrent 
onstraint formula A, then u isnarrowed in all possible ways in one step, with all possible rewrite rules of the rewrite system R, andall possible substitutions �i, into wi; i 2 [1::l℄. Then (fug; [0; p1; : : : ; pn℄; A; C) is repla
ed byf(fwig; LS(top(wi)); �iA;C); i 2 [1::l℄g, where �i is the most general substitution allowing narrow-ing of u into terms wi. This narrowing step means that �1u; : : : ; �lu are all the instan
es of uthat are redu
ible at the top position. It involves that if � = �1 ^ : : : ^ �l is satis�able, for ea
hsubstitution � satisfying �, �u is not redu
ible at the top position. Then, as these �u have tobe redu
ed at positions [p1; : : : ; pn℄, if � is satis�able, to the previous set we must add the set :(fug; [p1; : : : ; pn℄; AVli=1 �i; C)g. Note that if 9i su
h that �i is just a renaming of variables, then� = ;. Moreover, sin
e the set of variables o

uring in A is disjoint from the set of variables o

uringin the rewrite rules, we had rather 
onsider �iVar(u) instead of �i.



Table 1. Inferen
e rules for tref LS-terminationAbstra
t: T [ f(ff(u1; : : : ; um)g; [p1; : : : ; pn℄; A; C)gT [ f(ff(U1; : : : ; Um)g; [0; pk+1; : : : ; pn℄; A ^i2fi1;:::;ipg(ui# = Xi); C ^i2fi1;:::;ipg tref > ui)gwhere f(u1; : : : ; um) is abstra
ted by f(U1; : : : ; Um) at the positions i1; : : : ; ip 2 fp1; : : : ; pk�1gif 9k 2 [2::n℄ : p1; : : : ; pk�1 6= 0; pk = 0 and (A;C ^i2fi1;:::;ipg tref > ui) is satis�ableAbstra
t-Stop: T [ f(ff(u1; : : : ; um)g; [p1; : : : ; pn℄; A; C)gT [ f(;; [℄; A; C ^i2[i1::ip℄ tref > ui)gwhere f(u1; : : : ; um) 
an be abstra
ted by f(U1; : : : ; Um) at the positions i1; : : : ; ip 2 fp1; : : : ; pngif p1; : : : ; pn 6= 0 and (A;C ^i2[i1::ip℄ tref > ui) is satis�ableNarrow-Y: T [ f(ff(u1; : : : ; um)g; [0; p1; : : : ; pn℄; A; C)gT [i2[1::l℄ f(fwig; LS(top(wi)); �iA; C)g [ COMPLif 9� su
h that f(u1; : : : ; um) �;� w and �A is satis�ablewhere wi; i 2 [1::l℄; are all terms su
h that f(u1; : : : ; um) �;�i wi and �iA is satis�able;COMPL = �f(ff(u1; : : : ; um)g; [p1::pn℄; AVli=1 �iVar(f(u1;:::;un)); C)g if (AVli=1 �iVar(f(u1;:::;un))) satis�able; otherwise:Narrow-N: T [ f(ff(u1; : : : ; um)g; [0; p1; : : : ; pn℄; A; C)gT [ f(ff(u1; : : : ; um)g; [p1; : : : ; pn℄; A; C)gif f(u1; : : : ; um) is not narrowable at the top positionor 8� narrowing substitution of f(u1; : : : ; um) at the top position ; �A is not satis�able:Stop-Ind: T [ f(fug; [p1; : : : ; pn℄; A; C)gT [ f(;; [℄; A; C ^ tref > u)if (A;C ^ tref > u) is satis�ableStop-A: T [ f(ff(u1; : : : ; um)g; [p1; : : : ; pn℄; A; C)gT [ f(f℄g; [℄; A; C)gif p1 6= 0 and neither Abstra
t nor Abstra
t�Stop applies:Stop: T [ f(ff(u1; : : : ; um)g; [℄; A; C)gT [ f(;; [℄; A; C)g



{ The rule Narrow�N handles the 
ase where u is not narrowable at position 0 or is narrowable witha substitution that does not satisfy the 
urrent 
onstraint formula A. Then no narrowing is pro
essedand the 
urrent term is evaluated at positions following the top position in the strategy. The list ofpositions then be
omes [p1; : : : ; pn℄.{ We also 
an test for the 
urrent term whether there exists an ordering having the subterm propertysu
h that (A;C ^ tref > u) is satis�able. Then, by indu
tion hypothesis, any ground instan
e of uterminates for the LS-strategy, whi
h ends the proof on the 
urrent derivation 
hain. The Stop�Indrule then repla
es the set 
ontaining the 
urrent term by the empty set.{ The rule Stop�A allows to stop the inferen
e pro
ess when neither Abstra
t nor Abstra
t�Stopapplies, repla
ing u by the parti
ular symbol ℄.{ The rule Stop allows to stop the inferen
e pro
ess when the list of positions is empty.The set of inferen
e rules is given in Table 1.On
e Abstra
t is applied, the evaluation list's �rst element is 0, so the only rule that applies thenis one of fNarrow�Y, Narrow�Ng. When Narrow�Y does not apply, Narrow�N applies. WhenAbstra
t does not apply, and the evaluation list's �rst element is not 0, either Abstra
t�Stop orStop�A applies, and then no rule applies anymore. The strategy for applying these rules is:repeat*(Stop; Stop�Ind; Abstra
t; Abstra
t�Stop; Stop�A; (Narrow�Y/Narrow�N))where ";" expresses the sequential appli
ation of the rules, r1/: : :/rn expresses that the rules r1; : : : ; rnare mutually ex
lusive and that one of them will be applied, and repeat* (r1; : : :; rn) stops if none of theri applies anymore.We write SUCCESS(g;�) if appli
ation of the inferen
e rules on (fg(x1; : : : ; xm)g; LS(g);>;>),whose 
onditions are satis�ed by �, gives a state of the form (;; [℄; A; C) on every bran
h of the derivationtree.Theorem 1. Let R be a TRS on T (F ;X ), and LS : F 7! L(N) a LS-strategy su
h that the 
onstants ofF LS-terminate. If there exists an F-stable ordering � having the subterm property, su
h that for everynon 
onstant de�ned symbol g, SUCCESS(g;�), then every term of T (F) LS-terminates.Note that if there exists a simpli�
ation ordering � su
h that l � r for any rewrite rule l ! r of aTRS R, then we have SUCCESS(g;�0), for any de�ned symbol g 2 Def R and any F-stable ordering�0 having the subterm property. Indeed, for any tref = g(x1; : : : ; xm), we have U(tref ) = R, with everyrule oriented by �. Then, thanks to Proposition 1, we have TERMIN(tref ), and then Stop�Ind applies.4.2 Extending the indu
tion prin
ipleWhen the indu
tion hypothesis 
annot be applied on a term u, the indu
tive reasoning 
an be 
ompletedas follows. It 
an sometimes be possible to prove termination of any ground instan
e of ui (resp. u) byanother way. Let TERMIN(u) be a predi
ate that is true i� any ground instan
e of u LS-terminates.In the �rst, se
ond and �fth previous inferen
e rules we 
an then repla
e the 
ondition t > ui for some i(resp. t > u) by the alternative predi
ate TERMIN(ui) (resp. TERMIN(u)). Obviously, in this 
ase,the ordering 
onstraint t > ui (resp. t > u) is not added to C.As in [13℄, for establishing that TERMIN(u) is true, in some 
ases, the notion of usable rules 
an beused. Given a TRS R on T (F ;X ) and a term t 2 T (F ;X [ N ), we determine the only rewrite rules thatare likely to apply to any of its ground instan
es, for the standard rewriting relation, until its groundnormal form is rea
hed, if it exists. Then we try to �nd a simpli�
ation ordering �N so that these rulesare oriented. Thus any ground instan
e �t is bound to terminate for the standard rewriting relation:indeed, if �t ! t1 ! t2 ! : : :, then, thanks to the previous hypotheses, �t �N t1 �N t2 �N : : : and,sin
e the ordering �N is noetherian, the rewriting 
hain 
annot be in�nite. More formally, given a TRSR, we 
all usable rules of a term t 2 T (F ;X [ N ), as in [2℄, a 
al
ulable superset of the set of rules of Rused in all possible standard derivations starting from t, and de�ned as follows. When t is a variable ofX , then the usable rules of t are R itself. Moreover, the set of usable rules asso
iated to a NF-variable isempty, sin
e the only possible instan
es of su
h a variable are ground terms in normal form.



De�nition 9. Let R be a TRS on a set F of symbols. Let Rls(f) = fl ! r 2 R j top(l) = fg. For anyt 2 T (F ;X [ N ), the set of usable rules of t, denoted U(t), is de�ned by:{ U(t) = R if t 2 X ,{ U(t) = ; if t 2 N ,{ U(f(u1; : : : ; un)) = Rls(f)Sni=1 U(ui)Sl!r2Rls(f) U(r).Lemma 1. [13℄ Let R be a TRS on a set F of symbols and t 2 T (F ;X [N ). Whatever �t groundinstan
e of t and �t !p1;l1!r1 t1 !p2;l2!r2 t2 ! : : : !pn;ln!rn tn rewrite 
hain starting from �t, thenli ! ri 2 U(t); 8i 2 [1::n℄.We then 
an give a suÆ
ient 
riterion for ensuring termination for the standard rewriting relation(and then LS-termination) of any ground instan
e of a term t.Proposition 1. [13℄ Let R be a TRS on a set F of symbols, and t a term of T (F ;X [ N ). If thereexists a simpli�
ation ordering � su
h that 8l ! r 2 U(t) : l � r, then any ground instan
e of t isterminating.Let us now illustrate our method on the example given in the Introdu
tion.Example 1. Let R be the following TRS. We prove that R is terminating on T (F) (F = f
ons : 2; 2nd :1; inf : 1; s : 1; 0 : 0g) with the following evaluation strategy : LS(
ons) = [1℄, LS(2nd) = [1; 0℄,LS(inf) = [1; 0℄, LS(s) = [1℄.2nd(
ons(x; 
ons(y; z)))! yinf(x) ! 
ons(x; inf(s(x)))The de�ned symbols of F are 2nd and inf . The term 0 is obviously terminating. Applying the ruleson 2nd(x1), we get : 2nd(x1) [1; 0℄A = >C = >Abstra
t2nd(X1) [0℄A = (x1# = X1)C = (2nd(x1) > x1)Narrow�YX3 [℄� = (X1 = 
ons(X2; 
ons(X3; X4))^ x = X2 ^ y = X3 ^ z = X4)A = (x1# = 
ons(X2; 
ons(X3; X4)))C = (2nd(x1) > x1)2nd(X1) [℄A = (x1# = X1)^ (X1 6= 
ons(X2; 
ons(X3; X4)))C = (2nd(x1) > x1)The �rst 
onstraint formula A 
an be satis�ed by � = (x1 = 
ons(0; 
ons(0; 0)) ^ X2 = 0 ^ X3 =0 ^X4 = 0), the se
ond one by � = (x1 = 0 ^X1 = 0).Stop (twi
e); [℄A = (x1# = 
ons(X2; 
ons(X3; X4)))C = (2nd(x1) > x1); [℄A = (x1# = X1 ^X1 6= 
ons(X2; 
ons(X3; X4)))C = (2nd(x1) > x1)



Applying the rules on inf(x1), we get :inf(x1) [1; 0℄A = >C = >Abstra
tinf(X1) [0℄A = (x1# = X1)C = (inf(x1) > x1)Narrow�Y
ons(X2; inf(s(X2))) [1℄� = (X1 = X2 ^ x = X2)A = (x1# = X2)C = (inf(x1) > x1)The 
onstraint formula A is easily satis�ed with the substitution � = (x1 = 0 ^X2 = 0).Abstra
t
ons(X2; inf(s(X2))) [℄A = (x1# = X2)C = (inf(x1) > x1)Stop; [℄A = (x1# = X2)C = (inf(x1) > x1)Note that the substitution of narrowing used in the appli
ation of Narrow�Y merely 
onsists of arenaming of variable. Therefore all the instan
es of inf(X1) are 
overed, and there is no need to de�nean extra derivation.Another example is the famous 
ase of the 
onditional expression.Example 2. Let us 
onsider the following system R built on F = ff : 1; zero : 1; if then else : 3; h :1; s : 1; i : 1; g : 1; 0 : 0g, and denote if then else by ite for short :f(i(x)) ! ite(zero(x); g(x); f(h(x)))zero(0) ! truezero(s(x)) ! falseite(true; x; y) ! xite(false; x; y)! yh(0) ! i(0)h(x) ! s(i(x))The LS-strategy is the following : LS(ite) = [1; 0℄, LS(f) = LS(zero) = LS(h) = [1; 0℄ and LS(g) =LS(i) = [1℄.Before showing LS-termination of R, let us note a few points :{ be
ause of the �rst rule and the last one, R 
annot be oriented;{ R does not terminate in general; indeed, it suÆ
es to 
onsider the following derivation :f(i(0))!�ite(zero(0); g(0); f(h(0)))!3:1ite(zero(0); g(0); f(i(0)))! : : :



Obviously, the 
onstant 0 LS-terminates. Applying the inferen
e rules on f(x1), we get :f(x1) [1; 0℄A = >C = >Abstra
tf(X1) [0℄A = (x1# = X1)C = (f(x1) > x1)Abstra
t applies, sin
e C is satis�able by any ordering having the subterm property. A is satis�ablewith any instantiation � su
h that �x1 = �X1 = 0.Narrow�Yite(zero(X2); g(X2); f(h(X2))) � = (X1 = i(X2)^ x0 = X2)[1; 0℄A = (x1# = i(X2))C = (f(x1) > x1)f(X1) [℄A = (x1# = X1)^ (X1 6= i(X2))C = (f(x1) > x1)Note that x0 
omes from the renaming of x in the �rst rule. Here, the �rst 
onstraint formula A issatis�able by any instantiation � su
h that �X2 = 0 and �x1 = i(0). The se
ond 
onstraint formula issatis�ed by any instantiation � su
h that �x1 = �X1 = �X2 = 0.Narrow�Y expresses the fa
t that �f(X1) is redu
ible if � is su
h that �X1 = i(X2), and that theother instan
es (�0f(X1) with �0X1 6= i(X2)) 
annot be redu
ed.Stopite(zero(X2); g(X2); f(h(X2))) � = (X1 = i(X2)^ x0 = X2)[1; 0℄A = (x1# = i(X2))C = (f(x1) > x1); [℄A = (x1# = X1)^ (X1 6= i(X2))C = (f(x1) > x1)Stop applies, ending the se
ond bran
h.Abstra
tite(X3; g(X2); f(h(X2))) [0℄A = (x1# = i(X2)^ zero(X2)# = X3)C = (f(x1) > x1); [℄A = (x1# = X1) ^ (X1 6= i(X2))C = (f(x1) > x1)The 
onstraint formula A is satis�able with any instantiation � su
h that �X2 = 0, �X3 = true and�x1 = i(0).Abstra
t applies here, sin
e zero(X2) 
an be abstra
ted, thanks to Proposition 1. Indeed, U(zero(X2)) =fzero(0)! true; zero(s(x)) ! falseg, and both rules 
an be oriented by a LPO � with the pre
eden
ezero �F true and zero �F false. Then we have TERMIN(zero(X2)).



Narrow�Yg(X4) � = (X3 = true ^X2 = X4^ x00 = g(X4) ^ y00 = f(h(X4)))[1℄A = (x1# = i(X4)^ zero(X4)# = true)C = (f(x1) > x1)f(h(X4)) � = (X3 = false ^X2 = X4^ x00 = g(X4) ^ y00 = f(h(X4)))[1; 0℄A = (x1# = i(X4)^ zero(X4)# = false)C = (f(x1) > x1)ite(X3; g(X2); f(h(X2)) [℄A = (x1# = i(X2) ^ zero(X2)# =X3) ^ (X3 6= true ^X3 6= false)C = (f(x1) > x1); [℄A = (x1# = X1) ^ (X1 6= i(X2))C = (f(x1) > x1)The �rst 
onstraint formula A is satis�able by any instantiation � su
h that �X4 = 0 and �x1 = i(0).The se
ond one is satis�able by any instantiation � su
h that �X4 = s(0) and �x1 = i(s(0)). The thirdone is satis�able by any instantiation � su
h that �X3 = zero(i(0)), �X2 = i(0) and �x1 = i(i(0)).The following step ends the third bran
h, whose strategy evaluation list is empty.Stopg(X4) [1℄A = (x1# = i(X4) ^ zero(X4)# = true)C = (f(x1) > x1)f(h(X4)) [1; 0℄A = (x1# = i(X4) ^ zero(X4)# = false)C = (f(x1) > x1); [℄A = (x1# = i(X2) ^ zero(X2)# = X3)^ (X3 6= true ^X3 6= false)C = (f(x1) > x1); [℄A = (x1# = X1) ^ (X1 6= i(X2))C = (f(x1) > x1)Abstra
t (twi
e)g(X4) [℄A = (x1# = i(X4) ^ zero(X4)# = true)C = (f(x1) > x1)f(X5) [0℄A = (x1# = i(X4) ^ zero(X4)# = false^ h(X4)# = X5)C = (f(x1) > x1)



; [℄A = (x1# = i(X2) ^ zero(X2)# = X3)^ (X3 6= true ^X3 6= false)C = (f(x1) > x1); [℄A = (x1# = X1) ^ (X1 6= i(X2))C = (f(x1) > x1)Abstra
t trivially applies on g(X4) : sin
e X4 is an NF-variable, there is no need to abstra
t it.The se
ond Abstra
t applies onf(h(X4)), thanks to Proposition 1. Indeed, U(h(X4)) = fh(0) !i(0); h(x)! s(i(x))g, and both rules 
an be oriented by the same LPO as previously with the additionalpre
eden
e h �F i and h �F s. Then we have TERMIN(h(X4)).The �rst 
onstraint formula has not 
hanged, while the se
ond one is now satis�able by any instanti-ation � su
h that �X5 = s(i(s(0))), �X4 = s(0) and �x1 = i(s(0)).Narrow�N (on the se
ond bran
h)g(X4) [℄A = (x1# = i(X4) ^ zero(X4)# = true)C = (f(x1) > x1)f(X5) [℄A = (x1# = i(X4) ^ zero(X4)# = false^ h(X4)# = X5)C = (f(x1) > x1); [℄A = (x1# = i(X2) ^ zero(X2)# = X3)^ (X3 6= true ^X3 6= false)C = (f(x1) > x1); [℄A = (x1# = X1) ^ (X1 6= i(X2))C = (f(x1) > x1)One 
ould have tried to narrow f(X5), by using the �rst rule and the narrowing substitution � =(X5 = i(X6) ^ x000 = X6). But then �A = (x1# = i(X4) ^ zero(X4)# = false^ h(X4)# = i(X6)). For any� satisfying A, � must be su
h that �h(X4)# = h(�X4#)# = i(�X6). If �X4# 6= 0, then, a

ording to R,h(�X4#)! s(i(�X4#)), where s is a 
onstru
tor. Then we 
annot have h(�X4#)# = i(�X6), and therefore� must be su
h that �X4# = 0. But then �zero(X4)# = true, whi
h makes A unsatis�ed. Therefore thereis no narrowing.The pro
ess is ended by a double appli
ation of Stop.Stop (twi
e); [℄A = (x1# = i(X4) ^ zero(X4)# = true)C = (f(x1) > x1); [℄A = (x1# = i(X4) ^ zero(X4)# = false^ h(X4)# = X5)C = (f(x1) > x1); [℄A = (x1# = i(X2) ^ zero(X2)# = X3)^ (X3 6= true ^X3 6= false)C = (f(x1) > x1); [℄A = (x1# = X1) ^ (X1 6= i(X2))C = (f(x1) > x1)As for the de�ned symbols ite; zero; h, the inferen
e rules apply su

essfully through one Abstra
t,Narrow�Y, Abstra
t without abstra
tion, Narrow�N and Stop appli
ation. Therefore R is LS-terminating.



5 Con
lusionIn this paper, we have proposed a method to prove termination of term rewriting with lo
al strategieson operators by expli
it indu
tion on the termination property. Our method works on the ground termalgebra using as indu
tion relation an F-stable ordering having the subterm property. The general proofprin
iple relies on the simple idea that for establishing termination of a ground term t, it is enough tosuppose that terms smaller than t for this ordering are terminating, and that rewriting the 
ontext leadsto terminating 
hains. Iterating this pro
ess until obtaining a 
ontext whi
h is not redu
ible anymoreestablishes the termination of t.More pre
isely, the method is applied on terms of the form g(x1; : : : ; xm), where g is a de�ned symbol,and 
onsists in iterating the appli
ation of two steps: an abstra
tion step, repla
ing immediate subtermsby NF -variables, representing any of their normalized instan
es, and a narrowing step, redu
ing theresulting term a

ording to the di�erent possible instan
es of the NF -variables. These two steps areiterated until getting a term for whi
h one 
an easily say that all ground instan
es are terminating.The important point to automatize our proof prin
iple is the satisfa
tion of the ordering 
onstraints forAbstra
t , Abstra
t�Stop and Stop�Ind.On many examples as those shown in the paper, this is immediate sin
e they are ensured by thesubterm property. In many other 
ases, a LPO is suÆ
ient to satisfy these 
onstraints. Note that su
han LPO does not suÆ
e when it is used in the 
lassi
al way (any left-hand side of rule is greater thanany 
orresponding right-hand side) sin
e we 
an handle systems that are not terminating for standardrewriting. Testing satis�ability of a 
onstraint formula A remains simple to handle in pra
ti
e.We now have a semi-automati
 implementation of the inferen
e rules and the strategy for the leftmostinnermost 
ase, that 
an be expressed by a lo
al strategy on operators. It has been implemented inELAN [4℄, whi
h is a logi
al environment for spe
ifying and prototyping dedu
tion systems in a rulebased language with strategies. In this 
ase, as any list of redu
tion positions ends with the top position,the formula A never 
ontains disequations. SuÆ
ient 
onditions are implemented to dete
t unsatis�abilityof A, by identifying the redu
ible right-hand sides. The subterm property of the indu
tion ordering tobe found is also implemented, allowing the �rst appli
ation of the rule Abstra
t to be 
ompletelyautomati
. Given a TRS, the program intera
ts with the user and builds the derivation tree resultingfrom the appli
ation of the inferen
e rules a

ording to the strategy we have de�ned in this paper [8℄.Exe
ution examples are available 1. We also have proposed a variant of the previous implementation,redu
ing the intera
tion with the user, by ignoring the satis�ability problem of A. In this 
ase, theobtained proof derivation tree 
ontains the tree we would obtain in using A: states for whi
h A is notsatis�able just 
orrespond to empty sets of ground terms. We thus have in general more 
omputations, butwith 
onsiderably less user intera
tions. Moreover, for many examples, the subterm property is the onlyrequired property on the indu
tion ordering, so there are no user intera
tions to test the satis�ability ofC and the algorithm is 
ompletely automati
. We are now working on automatizable suÆ
ient 
onditionsfor proving satis�ability of A.Proofs and additional examples 
an be found in the full version of the paper [9℄.Referen
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