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“Simple Models of Influenza Progression within a Heterogeneous Population” targets the impor-
tant goal of engaging the operations research (OR) community to work on challenging and impor-
tant problems in infectious disease management and control. Valuable points Larson makes include
(1) the importance of developing models with a decision-context in mind, (2) the examination of
system-level control alternatives such as public health interventions as well as medical interven-
tions, including state-dependent control decisions, (3) a discussion of behavioral issues and disease
control that may depend upon the progression of an outbreak.

That said, I would like to challenge some statements in the paper with respect to the modeling
of heterogeneity in populations, and with respect to the so-called “basic reproductive ratio” R0,
a concept that is fundamental to epidemiology and to the control of infectious diseases. This
commentary first reviews some existing literature on heterogeneous population models and R0 that
supplements the discussion in Larson’s paper. With this supplemented view of epidemic models,
some different high-level perspectives emerge about ways that OR modelers can contribute to the
field of infectious disease control. There are a number of exciting opportunities.

Heterogeneous populations. This section supplements Larson’s discussion of heterogeneous
population models, and shows that the mixing models of Section 5 are a special case of some
well-studied models. To fix ideas, we first introduce homogeneous population models that serve as
a basis of discussion.

Two textbook models of infectious disease transmission are the homogeneous population
susceptible-infectious-susceptible (SIS) model and the susceptible-infectious-recovered (SIR) model
(Jacquez 1996, Halloran 1998, Sterman 2000). The SIS model allows a given individual to become
infected and recover multiple times. When expressed as a differential equation, epidemiologists
tend to parameterize the SIS model by:

(1) dS/dt = I/D− cβSI/N
I +S = N,

where N is the total population size, S is the number of susceptible individuals, I is the number
of infected individuals (hereafter called infecteds), D is the average disease duration, c is the rate
of potentially infective contacts, β is the probability of infection per contact, I/N is the fraction
of a susceptible individual’s contacts that are with infecteds, and R0 = cβD is the mean number of
secondary transmissions from a single infected in an otherwise completely susceptible population.
If R0 <1 then infection transmission nicely dies out. If R0 >1 then a nonzero endemic level of
infection will continue to circulate in the population (more on R0 below). The model in (1) can
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be derived as a large-population limit of a discrete-state continuous time model that is in the
spirit of the homogenous population version of Larson’s model at the start of Section 5 (e.g.,
I/D is the instantaneous transition rate of a state change from I infecteds to (I − 1) infecteds,
for I = 1,2, ...,N). Pollett (2001) gives an easily accessible diffusion approximation that links the
CTMC and ODE models.

The SIS model in (1) above and the SIR model, which allows for an ongoing adaptive immunity
that outlasts the outbreak of interest, are basic building blocks for epidemic modelers. They are
useful for insights, as is the M/M/1 queue in OR, but may be simplistic. Starting in Section 5,
Larson discusses variations on a discrete-time approximation to the continuous time SIR model
with population heterogeneity.

Heterogeneous population models have a rich history, including the seminal influenza model of
Longini et al. (1978). Hill and Longini (2003) define the next generation matrix R = (Rij) to model
the expected number of secondary transmissions from a single infected in group i to individuals in
group j during the period of infection. For Larson’s base model in Section 5,

(2) R =

(
λHp nHλH

nHλH+nLλL
λHp nLλL

nHλH+nLλL

λLp nHλH
nHλH+nLλL

λLp nLλL
nHλH+nLλL

)
.

The product form of (2), with Rij = aibj for all i, j, is called separable mixing. Larson’s model
is a particular special case called proportional mixing (Jacquez and Simon 1992) with the propor-
tion of contacts for individuals in group j being njλj/

∑
` n`λ`. Longini, Hethcote and van Ark

(1987), and others discuss the effect of vaccine program optimization with heterogeneous mixing
patterns. Vaccine models can account for modified susceptibility and infectivity, the other sorts of
heterogeneity that Larson considers.

More generally, mixing models include proportionate mixing, preferred mixing (e.g., see Hethcote
and Yorke, 1984, Diekmann and Heesterbeek 2000), structured mixing of populations in activity
groups (Jacquez et al., 1989), age-dependent and other patterns (Busenberg and Castillo-Chavez,
1991), and various forms of social network structures that can model super-spreaders of infectious
disease and other phenomenon (Barabasi 2002, Newman 2002). While modeling for sexually trans-
mitted diseases and vaccination are the sources of these ideas, they can be readily adapted to many
ideas presented in the paper, including Section 5.4.

Heterogeneity besides mixing patterns and contact rates that have already been considered for
infectious disease models include heterogeneous: natural immunity levels, adaptive immunity levels,
age-dependence, disease-state dependence, levels of susceptibility through time, state-dependent
number of contacts (e.g., monogamy versus varying degrees of partnership concurrency for sexually
transmitted infections), modes of disease transmission (e.g., human-human, human-environment-
human), and others.

What is R0? The basic reproductive ratio R0 is a measure that indicates whether the intro-
duction of a single initial case of infection into an otherwise susceptible population will result in
a continued nonzero level infection in the population (for an SIS-type model), or will result in a
nontrivial outbreak (for an SIR-type model like Larson’s). For the SIS model in (1), endemic levels
of infection transmission will continue indefinitely if the expected number of additional infections
from a single initial case is R0 > 1, and infection dies out if R0 < 1. A similar threshold is also
valid for SIR models, where the total number infected in an outbreak is of interest. R0 is some-
times called the basic reproduction number. It is a concept in infectious disease modeling that is as
central as the concept of utilization for queuing, or the critical order fraction for the newsvendor
problem.

The depiction of R0 in Sections 2 and 5 of Larson’s article appears to be inconsistent with the
general epidemic modeling literature in two important ways.



Chick: Commentary
Operations Research (Online Forum Commentary) 55(3), 2007 INFORMS 3

First, the basic reproduction number R0 is not always properly distinguished from the effective
reproduction number, R. R0 describes the ability of an outbreak to begin, or for infection to be self-
sustaining in a population, and is not a dynamic quantity in the sense that Larson’s paper describes.
The value of R is the expected number of secondary infections from a typical infected individual,
and it may change through time as a function of the state of the system (e.g., Wallinga and Tuenis,
2004). The effective reproduction number is inappropriately called the basic reproduction number
in much of the discussion from Equation (5) in Sections 5.1 onwards. In contrast to the claims
of Sections 5.2-5.3, we should expect the effective reproduction number to decrease for an SIR
model, after an initial peak in Section 5.2, as the pool of susceptible individuals is exhausted. The
value of R decreases in homogeneous population models, too. Given this distinction, the decline of
the effective reproduction number would not be due to multiple subpopulations, contrary to the
discussion in Section 5.3.

Second, some existing literature points to different approaches than that of Larson’s paper for
generalizing the R0 concept to handle heterogeneous populations. A challenge to generalizing R0

arises because the expected number of secondary transmissions may depend upon the character-
istics of the initially infected “typical” individual. In a heterogeneous population, “typical” may
not be clearly defined. For deterministic ordinary differential equation models, the natural gener-
alization for SIS-type models is to see if there is a unique locally asymptotically stable equilibrium
that represents a disease-free population. Simon and Jacquez (1992) use Lyapunov functions in
order to generalize R0 for certain mixing models of SI transmission, and cite work for SIR, SIS
and SIRS models. Larson’s paper uses a related discrete-time SIR model that counts the number
of infections in each generation. For that type of model, Hill and Longini (2003) justify R0 as the
dominant eigenvalue of the next generation matrix using Perron-Frobenius theory.

Recalling (2) above and Larson’s parameters in Section 5, the dominant eigenvalue of the next

generation matrix R =
(

50/11 5/11
5/11 1/22

)
is R0= 4.5909, a number that is just slightly higher than

Larson’s reported R0(2) = 4.55 in Section 5.2. We should expect that in a large population with
an initially small number of infecteds, the effective reproduction number will look similar to this
R0 during the peak rate of epidemic takeoff.

Simon and Jacquez, Hill and Longini, Dietz and others that have generalized R0 to heterogeneous
populations have maintained that appealing and intuitive threshold interpretation: Disease trans-
mission is self-limiting if R0 < 1. That theory provides a structural explanation for the analysis in
Section 5.

Control decisions. The account of R0, R and heterogeneity above has implications for infectious
disease control. First, the critical value R0 = cβD for the simple homogenous population in (1)
provides basic insights about disease control that are valid for more complex models: the potential
for a significant outbreak can be attenuated by changing any of the three components: c, β and
D. Roughly speaking, vaccines operate on β in two ways, via susceptibility and via infectivity,
and potentially operate on D by altering the natural history of infection. Social and behavioral
interventions, such as quarantine, hand-washing and the avoidance of acts that may lead to infection
transmission, directly influence cβ, and are already a part of the public health toolkit (e.g., some of
the Sars articles cited by Larson). R0 is similarly important for SIR models when the total number
of infected individuals by the end of an outbreak is of interest.

Those insights can be quantified for heterogeneous populations using the ideas for a generalized
R0 described above. Hill and Longini (2003) show that targeting influenza vaccination to children
alone may prevent outbreaks in the general population. Weycker et al. (2005) obtain the same
conclusion using a cost effectiveness analysis of influenza vaccination and a discrete event simulation
model of heterogeneous populations with community and household structures.

The effect of interventions on R0 can be understood to be a surrogate for thinking about R
in epidemic control. By distinguishing R0 from R we obtain a more refined view of implications
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for infectious disease control. By focusing on R0 <1, one examines conservative, closed loop con-
trol policies that cause an outbreak to be self-limiting, independent of the initial conditions (if
behavior does not change through time to cause disease transmission to change for the worse,
once an outbreak begins). By focusing on R <1 through time, one can examine a broader class
of control policies that include state-dependent open loop control. Focusing on R also provides
an appropriate metric with which to measure the effects of state-dependent behavioral changes
that Larson describes. While state-dependent control is not entirely new (e.g., Kress 2005), it
is not as widely studied as it could be. The gain from flexibility from considering open loop
controls does not come without a cost: it may entail significant data collection and informa-
tion systems. Existing tools for influenza include the WHO Global Influenza Surveillance Net-
work (http://www.who.int/csr/disease/influenza/influenzanetwork/en/index.html) and the CDC’s
surveillance publications and maps (http://www.cdc.gov/flu/professionals/surveillance.htm). An
implication is the importance of geography and the monitoring of the strains of influenza.

Opportunities for the OR Community. There are a number of opportunities for people
with OR training to contribute to informing public health decisions. The references in Larson’s
and this article, along with the articles that they cite, are a good list for starting. I would like to
add to Larson’s article by highlighting several opportunities.

Complexity. The discussion above indicates that there are already a number of heterogeneous
population models in the literature. There is ongoing work for social network models (e.g., scale free
networks), and the modeling of state-dependent parameter changes due to interventions or social
behavioral change may gain importance. Another challenge deals with the decision context and
model complexity. State-dependent control and highly heterogeneous populations require additional
assumptions. How complex must a model be in order to make sure that the important system-level
features are modeled? How robust is a decision with respect to changes in the level of a model’s
complexity? How complex should a model be given that simpler models are more acceptable to
policy makers?

Uncertainty. Richer models with more heterogeneity have more parameters. Data about some
parameters might be unavailable and/or unethical to collect. For example, in recent work we
examined the cost effectiveness of proposals to manage surgical instrument replacement policies
to limit the potential risk of vCJD transmission via surgery (Stevenson et al. 2006). Unknown
transmission parameters were elicited from experts, as one hopes not to be able to collect data on
positive infection events. Elicitation techniques and probabilistic sensitivity analysis to account for
the effect of input uncertainty on decisions, and tools to assess the value of information of further
data collection, present additional opportunities. See for example O’Hagan et al. (2006).

Input/Output perspective. Larson notes the tendency of OR to describe systems in terms of
structure and input parameters, followed by an analysis to describe outputs. Indeed, measurements
in public health are often thought of in terms of outputs (disease incidence or prevalence), although
trials often focus on the measurement of specific input parameters (probability of infection) (Chick
et al. 2001). Further work to infer input parameters from data about outputs is needed. Consider
the estimation of R0 for heterogeneous populations, or the estimation of R as behavior changes
during an outbreak. R0 and R are not only determined by a given individual, but by system
interactions. These are nontrivial parameter estimation problems, and the optimal decision may
depend upon the estimated value of parameters.

Broader health delivery view : More than modeling infectious disease transmission, it is also
important to model the way that an intervention is delivered. Supply chain issues, surveillance of
disease transmission, predictive planning or process changes in the face of operational time lags are
examples. Initial work for a subset of these issues for influenza includes an analysis of how to align
for-profit vaccine manufacturer incentives with the public-health governmental incentives (Chick
et al. 2006), and strain selection for annual influenza vaccine production (Wu et al. 2005, Kornish
and Keeney 2007).
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Implementation. Epidemic models can be naturally implemented as continuous time Markov
chains (CTMC), or as deterministic differential equations that are large-population limits of them.
Large-population CTMCs may be computationally intensive (every infection, recovery, etc. needs
to be modeled), so a discrete-time (DT) approximation to the CTMC may be used. Larson’s
paper uses such a DTMC type approximation that is similar to the Euler forward equations. Such
approximations are common. The best DT approximation may depend upon the structure of the
model. Further work to quantify the fidelity of approximations to more refined models that are both
computationally efficient and faithful to the analytical structure of the model would be useful. This
is especially true when models are mixed (e.g., an ODE or Gaussian diffusion-model for microbial
contamination in water reservoirs that interacts with a discrete-event model for individuals that
may be infected and contaminate water).

What types of models are appropriate? The choice of a particular type of model (discrete-time
or continuous time, stochastic or differential equation, Markovian, or generalized semi-Markovian
process, random versus the many types of heterogeneous mixing) deserves further attention. Dif-
ferent types of models can lead to different conclusions about the cost effectiveness and relative
merits of different interventions in some cases (Koopman et al. 2002, Brennan et al. 2006). Some
issues include the nonlinear dynamics of infectious disease transmission and of resource constraints,
and stochastic effects when subpopulations are small. That work is a start, but there is more to do,
e.g. in order to assess how network dynamics may or may not alter disease transmission dynamics,
with or without interventions, and the extent to which different individual modeling assumptions
may explicitly or implicitly influence disease control decisions.

Summary. Health care in general, and public health or even influenza control in specific, can
benefit greatly from operations research thinking. In the other direction, what is particularly excit-
ing is the richness of existing models and analytical tools from mathematical biology, epidemiology
and biostatistics that is available to inform individuals with an OR background. It takes time to
learn about these results, but it is time well spent – the payoff is greater sophistication in the OR
tool kit and the opportunity to contribute to resolving pressing problems.
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