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25.7.2002Optimum Quantization and Its Appli
ationsPeter M. GruberAbstra
t. Distorsion of optimum quantizers or, equivalently, minimum sumsof moments play an important role in several bran
hes of mathemati
s. FejesT�oth's inequality for sums of moments in the plane is the �rst pertinent result indimension d � 2. In this arti
le it is extended in the form of asymptoti
 formulaefor minimum sums of moments on Riemannian d-manifolds and normed d-spa
es.In addition, we provide geometri
 and analyti
 information on the stru
ture ofoptimum 
on�gurations. These results are then used to obtain information on(i) the minimum distortion of high resolution ve
tor quantization and optimumquantizers,(ii) the error of best approximation of probability measures by dis
rete measuresand support sets of best approximating dis
rete measures,(iii) the minimum error of numeri
al integration formulae for 
lasses of H�older
ontinuous fun
tions and optimum sets of nodes,(iv) best volume approximation of 
onvex bodies by 
ir
ums
ribed 
onvex poly-topes and the form of best approximating polytopes, and(v) the minimum isoperimetri
 quotient of 
onvex polytopes in Minkowski spa
esand the form of the minimizing polytopes.MSC 2000. 52C99, 53C20, 94A24, 94A34, 65D30, 65D32, 52A27, 52B60.Key words. Optimum quantization, sums of moments, distortion of ve
tor quan-tizers, approximation of probability measures, error of numeri
al integration for-mulae, best approximating polytopes, minimum isoperimetri
 quotient.1 Introdu
tion1.1 Fejes T�oth's inequality for sums of moments in the plane. Letf : [0;+1) ! [0;+1) be in
reasing, where f(0) = 0, and let H be a 
onvex 3,4, 5, or 6-gon in the Eu
lidean plane E 2 . Then(1.1) infS�E2#S=n nZH mins2S ff(ks� uk2)gduo � n ZHn f(kuk2)du;where n = #S is the number of points of S and Hn a regular 
onvex hexagon inE 2 of area jHj=n and 
enter at the origin o. k � k2 and j � j stand for the Eu
lideannorm and the ordinary (area) measure. There are more than a dozen proofs forthis result of L. Fejes T�oth [17℄ and its variants. Its appli
ations range frompa
king and 
overing problems for solid 
ir
les, problems of optimal lo
ation ine
onometri
s, quantization of data, Gauss 
hannels and numeri
al integration, allin E 2 , to the isoperimetri
 problem for spe
ial 
onvex polytopes and asymptoti
1



approximation of 
onvex bodies in E 3 . See Mat�ern and Persson [39℄ and Gruber[29℄ for referen
es. Related results, in
luding results on �nite di�eren
e methods,
ellular biology and territorial behaviour of animals are surveyed by Du, Faberand Gunzburger [12℄.The inequality (1.1) indi
ates that for 
ertain geometri
 and analyti
 prob-lems in E 2 or E 3 regular hexagonal 
on�gurations are 
lose to optimal, possiblyoptimal.1.2 The 
orresponding planar stability problem. The obje
tive here is todes
ribe the sets S = Sn for whi
h equality or approximate equality holds in (1.1).Although for 
ertain fun
tions f no 
lear 
ut answer is possible, Gruber [28, 30℄showed that in E 2 and on Riemannian 2{manifolds under suitable restri
tions forf , the sets Sn form `asymptoti
ally regular hexagonal patterns' as n ! 1. ForE 2 a similar, slightly more general result was given by G. Fejes T�oth [15℄.The stability result implies that for 
ertain geometri
 and analyti
 problemsin E 2 , E 3 and on Riemannian 2{manifolds, the optimal or almost optimal 
on�gu-rations are `asymptoti
ally regular hexagonal pattern'. For examples see Gruber[30℄.1.3 Extensions to general dimensions. From the point of view of appli
ationsthe following extensions suggest themselves. First, determine or estimate theexpressions(1.2) infS�M#S=n nZJ minp2S ff(%m(p; x))gw(x)d!M(x)o;and(1.3) infS�Ed#S=n nZJ mins2S ff(ks� uk)gw(u)duo:Here J is a (Jordan) measurable set in a Riemannian d-manifold M with Rie-mannian metri
 %M and (area) measure !M , or in E d , where the latter is endowedwith an additional norm k � k, and w : J ! R+ a weight fun
tion. Se
ond, de-s
ribe the 
orresponding minimizing or almost minimizing 
on�gurations. Whilepre
ise answers to these problems are out of rea
h, asymptoti
 estimates and up-per and lower bounds for the expressions in (1.2) and (1.3) and information onthe minimizing 
on�gurations have been given for spe
ial fun
tions f , parti
ularnorms, and d = 2:In the 
ontext of information theory Zador [48℄ proved that for f(t) = t�; � >0, and k � k = k � k2 the expression in (1.3) is asymptoti
ally equal to�ZJ w(u) d�+ddu��+dd 1n�d as n!1;omitting a multipli
ative 
onstant; for related, more re
ent work in informationtheory see the survey of Gray and Neuho� [21℄. The results in information theorywere used to approximate probability measures by dis
rete measures, see thereport of Graf and Lus
hgy [20℄. In the disguise of an asymptoti
 formula for the2



minimum error of numeri
al integration formulae the same result, but for generalnorms instead of k � k2, was proved by Chernaya [7℄. A similar formula with ffrom a wide 
lass of moduli of 
ontinuity in
luding the fun
tions of the form t�and where the asymptoti
s is des
ribed by a fun
tion related to f , was given inthe same year by Chernaya [8℄. Finally, Gruber [26℄ and Glasauer and Gruber[19℄ proved in the 
ontext of 
onvex geometry that the expression in (1.2) forf(t) = t2 is asymptoti
ally equal to�ZJ w(x) dd+2d!M(x)� d+2d 1n 2d as n!1;again omitting a multipli
ative 
onstant. It is 
urious to note that all these 
loselyrelated results were found independently in di�erent areas of mathemati
s. Theproofs di�er, but a 
ru
ial idea, a similarity argument, whi
h was 
ommuni
atedto Zador by Hammersley, is the same in ea
h of them. In [33℄ we will des
ribe aproof for general norms whi
h is also based on it.If f is stri
tly in
reasing, then for S = fsn1; : : : ; snng � E d ,ZJ mini=1;:::;nff(ksni � uk2)gw(u)du = nXi=1 ZDni f(ksni � uk2)w(u)du;where the Diri
hlet{Voronoi 
ells Dni; i = 1; : : : ; n, in J 
orresponding to S arede�ned by Dni = fu 2 J : ksni � uk2 � ksnj � uk2 for j = 1; : : : ; ng:(This explains why we speak of sums of moments.) A 
onje
ture of Gersho [18℄asserts that for f(t) = t2 or, more generally, for stri
tly in
reasing f , and fork � k = k � k2 and w = 1, there is a 
onvex polytope P with jP j = 1 whi
h admitsa tiling of E d by 
ongruent 
opies su
h that the following holds: as n! 1, the
ells Dni whi
h 
orrespond to minimizing 
on�gurations S = Sn, where #Sn = n,are `asymptoti
ally 
ongruent' to (jJ j=n)1=dP . For d = 2 the author's stabilityresult stated above readily implies the truth of this 
onje
ture, showing also thatP is a regular hexagon. This seems to be the �rst proof of Gersho's 
onje
turefor d = 2. Also G. Fejes T�oth's [15℄ version of the stability theorem yields a proofof Gersho's 
onje
ture for d = 2. (We point out that no proof is provided by [16℄or [42℄, 
ontrary to positive statements in the literature.) For d � 3 it is not 
learthat the 
onje
ture is valid and if so, at present, proofs seem to be out of rea
h.Assuming the truth of Gersho's 
onje
ture, lower bounds for the expressionin (1.3) have been given for 
ertain fun
tions f and 
ertain norms. See [33℄ forsimple arguments whi
h also lead to lower bounds. For referen
es see the surveyof Gray and Neuho� [21℄.General referen
es for results as des
ribed above are Gray and Neuho� [21℄,Du, Faber and Gunzburger [12℄, Graf and Lus
hgy [20℄ and Gruber [33℄. Thelatter is an easily 
omprehensible introdu
tion to the present arti
le.3



1.4 Results. We will give asymptoti
 formulae for the expressions in (1.2) and(1.3) for a wide 
lass of fun
tions f . Further, geometri
 and analyti
 informationon the minimizing 
on�gurations S = Sn will be provided; roughly speaking, Snis distributed over J rather uniformly and regularly. The hard part of the proofis to show that Sn is Delone (Se
tion 2).These results admit interpretations and appli
ations to quantization of data,approximation of probability measures by dis
rete probability measures, numeri-
al integration, approximation of 
onvex bodies by polytopes and the isoperimet-ri
 problem for 
onvex polytopes.An important step in data transmission is to en
ode signals (in many 
asesve
tors in E d) produ
ed by a sour
e into 
odewords (parti
ular ve
tors) from a
odebook 
onsisting of, say, n 
odewords (and whi
h are then transmitted in a
hannel). So-
alled distortions measure the quality of this en
oding or quantizingpro
ess. See [21℄ for the pertinent literature starting with Shannon and Zador.In Shannon's theory distortion is estimated as d ! 1, while in Zador's highresolution theory estimates for n ! 1 are 
onsidered. Our results immediatelyimply asymptoti
 formulae for the minimum distortion of quantization as thenumber n of 
odewords tends to in�nity and give information about the stru
tureof optimum 
odebooks (Se
tion 3).Given a probability measure on a Jordan measurable subset of E d , it is anatural question to ask, how well 
an it be approximated by dis
rete measures.Here the spa
e of all probability measures is endowed with the Wasserstein orKantorovi
h metri
, or generalizations of it. See Graf and Lus
hgy [20℄. Ourresults yield asymptoti
 formulae for the error of the best approximation as thenumber of support points of the approximating dis
rete measures tends to in�nity.In addition, information on the stru
ture of the support of the best approximatingdis
rete measures is provided (Se
tion 4).Consider a 
lass of Riemann integrable real fun
tions on a Jordan measurablesubset of E d or of a Riemannian manifoldM . In general it is diÆ
ult to estimatethe minimum error of numeri
al integration formulae with n nodes and weights.Pertinent results have been given in the 
ontext of uniform distribution theory byKoksma and Hlawka, see [34℄, further for Sobolev spa
es of fun
tions by Sobolev[46℄ and his s
hool, in
luding Polovinkin [43℄, and for 
lasses of Lips
hitz or H�older
ontinuous fun
tions by Babenko [2℄ for d = 2 and Sobol' [45℄, Chernaya [7, 8℄and others for general d. Our results yield for 
ertain H�older 
lasses of fun
tionsasymptoti
 formulae for the minimum error of numeri
al integration formulae asthe number n of nodes and weights tends to in�nity. (Our 
lasses are slightlyless general than those of Chernaya.) Moreover, we obtain information about thestru
ture of optimal sets of nodes (Se
tion 5).The spe
ial 
ase f(t) = t2 of our result for Riemannian manifolds yieldsasymptoti
 formulae for best volume approximation of 
onvex bodies by 
ir
um-s
ribed 
onvex polytopes as the number of fa
ets tends to1. An argument fromthe proof of our manifold result shows that the fa
ets of the best approximatingpolytopes are all `rather round' and `roughly of the same size' (Se
tion 6).4



The latter results 
an be interpreted as asymptoti
 formulae for the mini-mum isoperimetri
 quotient of 
onvex polytopes in a Minkowski spa
e with nfa
ets as n!1 and as information about the form of polytopes with minimumisoperimetri
 quotient (Se
tion 7).2 Sums of Moments on Riemannian d-Manifoldsand Normed d-Spa
es2.1 Preliminaries. A fun
tion f : [0;+1) ! [0;+1) satis�es the growth
ondition if(2.1) f(0) = 0, f is 
ontinuous and stri
tly in
reasing and, for any given s > 1,the quotient f(st)=f(t) is de
reasing and bounded above for t > 0.In addition to the positive powers of t there are many other fun
tions f : [0;+1)![0;+1) whi
h satisfy the growth 
ondition. This is shown by the following result.We state it without proof.Proposition. Let f : [0;+1) ! [0;+1) be su
h that f(t) = 0 only for t = 0.De�ne g : R ! R by g(u) = log f(eu) for u 2 R. Then the following statementsare equivalent:(i) f satis�es the growth 
ondition,(ii) g is stri
tly in
reasing, 
on
ave and Lips
hitz.Let M be a Riemannian d-manifold. By this we mean a d-dimensional mani-fold of 
lass C3 with a metri
 tensor�eld (whi
h has 
oeÆ
ients) of 
lass C1. Let%M and !M be the 
orresponding Riemannian metri
 and (area) measure on M .A set J � M is (Jordan or Riemann) measurable if its 
losure 
lJ is 
ompa
tand !M(bd J) = 0, where bdJ is the boundary of J . See 2.3 for an alternativede�nition of neasurability. A measurable set J �M has positive density if(2.2) there are � > 1; 
 > 0, su
h that BM(p; %) is measurable and%d� � !M(BM(p; %) \ J) � �%d for p 2 
lJ; 0 < % < 
;where the ball BM(p; %) with 
enter p and radius % is the set fx 2M : %M(p; x) �%g. The measurability of BM(p; %) for suÆ
iently small 
 follows from an argu-ment using the exponential mapping, 
ompare the proof of (2.12). Let J �M bemeasurable with !M(J) > 0, let (Sn) be a sequen
e of sets in M with #Sn = n,and let Æ > 1. Sn is a (1=Æn1=d; Æ=n1=d)-Delone set in J for n = 1; 2; : : :, if anytwo distin
t points of Sn have distan
e at least 1=Æn1=d and for ea
h point of Jthere is a point of Sn at distan
e at most Æ=n1=d. Sn is uniformly distributed inJ as n !1 with respe
t to an integrable fun
tion, a density, w : J ! R+ if forany measurable set K � J we have,#(K \ Sn) � �ZK w(x)d!M(x) .ZJ w(x)d!M(x)� n as n!1:5



2.2 Asymptoti
 results. We will prove the following result, where � > 0 is a
onstant 
orresponding to f , see (2.14).Theorem 1. Let f : [0;+1) ! [0;+1) satisfy the growth 
ondition (2.1)and let � > 0 be the 
orresponding 
onstant. Then there is a 
onstant div > 0,depending only on f and d, su
h that the following is true: letM be a Riemanniand-manifold, J � M a 
ompa
t measurable set with !M(J) > 0, and w : J ! R+
ontinuous. Then(i) Fn = infS�M#S=n nZJ minp2S ff(%M(p; x))gw(x)d!M(x)o� div�ZJ w(x) d�+dd!M(x)��+dd f� 1n 1d � as n!1:If, in addition, J is 
onne
ted and has positive density, see (2.2), then the fol-lowing hold: let (Sn) be a sequen
e of sets Sn � M with #Sn = n su
h that thein�mum in (i) is attained for S = Sn; n = 1; 2; : : :. Then(ii) there is a 
onstant Æ > 1 su
h that Sn is (1=Æn1=d; Æ=n1=d)-Delone in J forn = 1; 2; : : :,(iii) Sn is uniformly distributed in J with density wd=(�+d) as n!1.Analogous results hold under the assumption that S; Sn � J.A proof whi
h is similar to that of Theorem 1, but with suitably distorted setsSn and whi
h makes use of a result of Ewald, Larman and Rogers [14℄, yields thenext result.Theorem 2. Let f : [0;+1) ! [0;+1) satisfy the growth 
ondition (2.1), let� > 0 be the 
orresponding 
onstant, and let k � k be a norm on E d . Then there isa 
onstant div > 0, depending only on f and k � k, su
h that the following holds:let J � E d be 
ompa
t and measurable with jJ j > 0, and w : J ! R+ 
ontinuous.Then(i) infS�Ed#S=n nZJ mins2S ff(ks� uk)gw(u)duo � div�ZJ w(u) d�+ddu��+dd f� 1n 1d �as n!1:If, in addition, J is 
onne
ted and has positive density, see (2.2), then the fol-lowing assertions hold: let (Sn) be a sequen
e of sets Sn � E d with #Sn = n su
hthat the in�mum in (i) is attained for S = Sn; n = 1; 2; : : :. Then(ii) there is a 
onstant Æ > 1 su
h that Sn is (1=Æn1=d; Æ=n1=d)-Delone in J forn = 1; 2; : : :,(iii) Sn is uniformly distributed in J with density wd=(�+d) as n!1.Analogous results hold under the assumption that S; Sn � J.Remark. Theorem 2 
an be generalized to Finsler spa
es where all tangentnorms are isometri
 { as in Theorem 1. For general Finsler spa
es there is alsosu
h a result, but then the 
onstant div depends on J .6



The proof of Theorem 1 will be given in Se
tions 2.3 - 2.6. To show the Deloneproperty of Sn is the 
ore of the proof. This property is then used to prove theasymptoti
 formula. The latter is the main tool for the proof that Sn is uniformlydistributed. We are aware that there are more dire
t proofs of the asymptoti
formula; 
ompare the sket
h of the proof of the asymptoti
 formula in Theorem2 in [33℄, or the proof of a similar formula due to Chernaya [8℄.2.3 Preparations for the proof. First, letM be a Riemannian d-manifold. LetU be an open neighborhood of a point p 2M with 
orresponding homeomorphismh =\ 0 " whi
h maps U onto the open set U 0 = h(U) � E d . To ea
h u 2 U 0 there
orresponds a positive de�nite quadrati
 form qu on E d .A 
urve C in U is of 
lass C1 if it has a parametrization x : [a; b℄ ! U su
hthat u = h Æ x is a parametrization of 
lass C1 of a 
urve in U 0. The length of Cthen is de�ned to be(2.3) bZa qu(t)(u:(t)) 12dt:By means of appropriate disse
tion and addition one 
an de�ne the length forany 
urve in M whi
h is pie
ewise of 
lass C1 and whi
h is not 
ontained in asingle neighborhood. The Riemannian distan
e %M(x; y) of two points x; y 2 M isthe in�mum of the lengths of 
ontinuous 
urves in M whi
h 
onne
t x; y and arepie
ewise of 
lass C1. A 
urve inM of 
lass C1 whi
h 
onne
ts two points x; y 2 Mis a (geodesi
) segment if its length is %M(x; y). A geodesi
 is a 
urve of 
lass C1in M whi
h 
onsists lo
ally of geodesi
 segments. A set N � M is geodesi
ally
onvex if for any x; y 2 N there is a unique geodesi
 segment 
onne
ting x; y andthis segment is 
ontained in N .A set J � U is (Riemann or Jordan) measurable in M if h(J) is so in E d .Then its (area) measure !M(J) is de�ned by!M(J) = Zh(J) (det qu) 12du;where du = du1 � � �dud. Again, by disse
tion and addition one 
an de�ne mea-surability and measure for sets whi
h are not 
ontained in a single neighborhood.(For an alternative de�nition see 2.1.)If J � U is measurable and w : J ! R 
ontinuous, then the (Riemann)integral of w on J is de�ned by(2.4) ZJ w(x)d!M(x) = Zh(J) w(h�1(u))(det qu) 12du:Also here one 
an de�ne integrals on sets not 
ontained in a single neighborhood.Using the exponential map (
ompare the proof of (2.12)) and simple argu-ments involving M one 
an show the following:7



(2.5) Let I � M be 
ompa
t. Then there are " > 1; # > 0 su
h that BM (p; %)is measurable and%d" � !M(BM(p; %)) � "%d for p 2 I; 0 < % � #:Let J; w : J ! R+ be as in Theorem 1 and let � > 1. For ea
h p 2 M 
hooseU; h =\ 0 ", U 0 = h(U); qu; q = qp0 as above where U is so small that the following
laims hold true:1�q(x0 � y0) 12 � %M (x; y) � �q(x0 � y0) for x; y 2 U;1�(det q) 12 � (det qu) 12 � �(det q) 12 for u 2 U;1� jK 0j(det q) 12 � !M(K) � �jK 0j(det q) 12 for measurable K � U;� inffw(x) : x 2 J \ Ug � supfw(x) : x 2 J \ Ug:Let V be an open measurable neighborhood of p with 
lV � U .As p ranges over the 
ompa
t set J , the 
orresponding neighborhoods V forman open 
overing of J . Thus there is a �nite sub
over. Therefore there are, say, mpoints in J and 
orresponding neighborhoods Ul; Vl, homeomorphisms hl =\ 0 ",and positive de�nite quadrati
 forms ql, su
h that(2.6) 1�ql(x0 � y0) 12 � %M (x; y) � �ql(x0 � y0) 12 for x; y 2 Ul;(2.7) 1�(det ql) 12 � (det qu) 12 � �(det ql) 12 for u 2 U 0l ;(2.8) 1� jK 0j(det ql) 12 � !M(K) � �jK 0j(det ql) 12 for measurable K � U;for l = 1; 2; : : : ; m. Moreover, the setsJl = J \ (Vln(V1 [ : : : [ Vl�1)) � Vl � Ul; l = 1; : : : ; m;have the following properties:(2.9) J is the disjoint union of the measurable sets Jl � Vl � Ul,where Vl is open and measurable, Ul open and 
lVl � Ul; l = 1; : : : ; m.(2.10) wl � w(x) � �wl; 1�Wl � w(x) � Wl for x 2 Jl,where wl = inffw(x) : x 2 Jlg;Wl = supfw(x) : x 2 Jlg; l = 1; : : : ; m.Sin
e J is 
ompa
t and w : J ! R+ 
ontinuous,(2.11) 0 < v = inffw(x) : x 2 Jg � supfw(x) : x 2 Jg =W <1:8



The following result will be used to show that Diri
hlet{Voronoi 
ells aremeasurable; here int stands for interior.(2.12) For ea
h point of M there is a geodesi
ally 
onvex 
ompa
t neighborhoodN su
h that for any p; q 2 intN; p 6= q, the bise
tor or Leibnizian planeLN (p; q) = fx 2 N : %M(p; x) = %M(x; q)g of p; q in N is measurable withmeasure 0.Sin
e M is of 
lass C3 with metri
 tensor�eld of 
lass C1, ea
h point of M hasa 
ompa
t neighborhood N with the following properties: (i) N � V , where Vis an open measurable neighborhood; (ii) N is geodesi
ally 
onvex; (iii) for ea
hp 2 N the geodesi
 segments 
onne
ting p with bdN 
over Nnfpg s
hli
ht; (iv)for ea
h p 2 intN there is a di�eomorphism E�1p : V ! E d , the inverse of theexponential mapping Ep, su
h that for ea
h geodesi
 segment G 
onne
ting p witha point of bdN the image E�1p (G) is a line segment starting at o. See [5℄ or [36℄.Now, given a point of M , let N be the neighborhood of it just des
ribed. Nis 
ompa
t and it is geodesi
ally 
onvex by (ii). Next, let p; q 2 intN; p 6= q.Then (ii) implies that ea
h geodesi
 segment 
onne
ting p and bdN 
ontains atmost one point of LN (p; q). Clearly, LN (p; q) is 
losed in the 
ompa
t set N .Hen
e E�1p (LN(p; q)) is 
losed in the 
ompa
t set E�1p (N) and ea
h ray startingat o meets E�1p (LN(p; q)) at most on
e by (iii) and (iv). Thus E�1p (LN (p; q)) hasLebesgue measure 0. Sin
e it is 
ompa
t it is (Jordan) measurable with (Jordan)measure 0. This yields (2.12).Se
ondly, f will be investigated. Clearly, (2.1) implies the following:(2.13) Given 0 < s < 1, the quotient f(st)=f(t) is in
reasing and has a positivelower bound for t > 0.As a 
onsequen
e of (2.1) and (2.13) it will be shown that(2.14) There is a 
onstant � > 0, depending on f , su
h that the limit l(s) =limt!+0(f(st)=f(t)) exists and is equal to s� for s > 0.The existen
e and positivity of this limit follows from (2.1) and (2.13). Thenl(rs) = limt!+0 f(rst)f(st)f(st)f(t) = l(r)l(s) for r; s > 0:The fun
tion 
 : R ! R de�ned by 
(u) = log l(eu) for u 2 R thus satis�esCau
hy's fun
tional equation. Sin
e f is stri
tly in
reasing, (2.1) and (2.13)imply that l(s) > 1 for s > 1 and l(s) < 1 for 0 < s < 1, respe
tively. Hen
e
(u) < 0 for u < 0 and 
(u) > 0 for u > 0. Being a solution of Cau
hy's fun
tionalequation it thus follows that 
(u) = �u for u 2 R, with suitable � > 0. See [37℄.This yields (2.14).The next required property of f is the following:9



(2.15) De�ne g : R+ ! R+ by g(t) = f(1=t1=d) for t > 0. Then, given 0 < � < 1;#; � > 0; # 6= �, there is a 
onstant � > 0 su
h that�g(#t)+(1��)g(�t) � (1+�)g((�#+(1��)�)t) for suÆ
iently large t > 0:To see this note that by (2.14) and the de�nition of g hold:g(#t) � 1#�d g(t); g(�t) � 1��d g(t);g((�#+ (1� �)�)t) � 1(�#+ (1� �)�)�d g(t) as t!1:2.4 The Delone property of Sn; �Sn. LetM;J; w : J ! R+ be as in Theorem 1.Later on we will assume that J is 
onne
ted and has positive density.At �rst tilings of J by Diri
hlet{Voronoi 
ells will be investigated. GivenS = fp1; : : : ; png � M , de�ne the (Diri
hlet{Voronoi) 
ell Di = D(J; S; pi) of piwith respe
t to S in J byDi = fx 2 J : %M(pi; x) � %M(x; pj) for j = 1; : : : ; ng; i = 1; : : : ; n:The 
ir
umradius Ri = R(Di) of Di with respe
t to pi is given byRi = inffR > 0 : BM(pi; R) � Dig; i = 1; : : : ; n:With these de�nitions in mind the following will be shown:(2.16) Let S = fp1; : : : ; png � M . If max1=1;���;nfRig is suÆ
iently small, then the
ells D1; : : : ; Dn are measurable and form a tiling of J ,i.e., they 
over J and their interse
tions have measure 0. There are �nitely manyneighborhoods as des
ribed in (2.12) su
h that their interiors 
over the 
ompa
tset J . Thus there is a 
onstant 2� > 0, a Lebesgue number of this 
overing,see e.g. [13℄, with the following property: for ea
h q 2 J the ball BM(q; 2�)is 
ontained in one of these neighborhoods. Assume now that maxi=1;���;nfRig < �.Then the following holds:(2.17) !M(Di \Dj) = 0 for i; j = 1; : : : ; n; i 6= j:If Di\Dj = ;, we are �nished. Otherwise, let q 2 Di\Dj � J . Then %M(pi; q) =%M(q; pj) � Rj < �. Sin
e Ri; Rj < �, we see that Di \Dj � BM(q; 2�). Hen
eDi \ Dj(� BM(q; 2�)) � N , where N is one of the neighborhoods as des
ribedin (2.12). Sin
e Di \ Dj � fx 2 M : %M (pi; x) = %M(x; qj)g it follows thatDi\Dj � LN(pi; pj) and thus !M(Di\Dj) � !M(LN (pi; pj)) = 0, by (2.12). Theproof of (2.17) is 
omplete. Sin
e D1; : : : ; Dn; J are 
losed and D1[ : : :[Dn = J;10



bdDi � �[i6=jDi \Dj� [ bdJ for i = 1; : : : ; n:This together with (2.17), the measurability of J whi
h implies that !(bdJ) =0, and the fa
t that D1; : : : ; Dn 
over J yields the measurability of the 
ellsD1; : : : ; Dn and the 
laim that they tile J , 
on
luding the proof of (2.16).The next preliminary step is to prove that(2.18) there is a 
onstant � > 0 su
h that Fn � �f� 1n 1d � for n = 1; 2; : : : ;where for Fn see (2.3). Let � = 2 and 
hoose m and Ul; : : : ; l = 1; : : : ; m, as in2.3 su
h that (2.6) { (2.11) hold. Let n � m. Sin
e the sets J 0l all are measurablein E d by (2.9), we may 
hoose bn=m
 points in ea
h J 0l su
h that the Eu
lideanballs with 
enters at these points and radius O(1=bn=m
 1d ) 
over J 0l . Here O(�)is a suitable Landau symbol, the same for ea
h l. If n is suÆ
iently large, whi
hwe assume, the balls 
overing J 0l all are 
ontained in U 0l by (2.9). Consider theh�1l -images of the 
enters of these balls and let S be the union of all these images,l = 1; : : : ; m. Then #S � n and (2.6), (2.7), (2.9), (2.11), the de�nition ofintegrals on M , and (2.14) together yield (2.18).Assume from now on in this subse
tion that J is 
onne
ted and has positivedensity, i.e., satis�es (2.2), but note that these assumptions will only be neededbeginning with the proof of proposition (2.26). Let Sn = fpn1; : : : ; pnng andDni = D(J; Sn; pni); Rni = R(Dni) for i = 1; : : : ; n; n = 1; 2; : : :. Our aim is toshow the following:(2.19) There is a 
onstant Æ > 1 su
h that1Æn 1d � mini;j=1;:::;ni6=j f%M (pni; pnj)g; maxi=1;:::;nfRnig � Æn 1d for n = 1; 2; : : : :We show the upper estimate �rst. Its proof is split into a series of steps. Inthe �rst step it will be shown that(2.20) Dni 6= ; for i = 1; : : : ; n; n = 1; 2; : : : :If Dni = ;, then minp2Snf%M(p; x)g = minp2Snnfpnigf%M(p; x)g for x 2 J:Now 
hoose q 2 (intJ)nSn and let Tn = (Snnfpnig) [ fqg. Thenminp2Snf%M(p; x)g � minp2Tnf%M (p; x)g for x 2 J;where stri
t inequality holds for all x 2 J suÆ
iently 
lose to q. Sin
e f is stri
tlyin
reasing by (2.1), S = Sn does not minimize the left hand integral in (2.3). This
ontradi
ts our 
hoi
e of Sn and thus 
on
ludes the proof of (2.20).The next step is to show that 11



(2.21) maxx2J fminp2Snf%M(p; x)gg ! 0 as n!1.For suppose not. Then there are � > 0 and a sequen
e of points xn 2 J wheren is from an in�nite subsequen
e of 1; 2; : : :, su
h that %M(p; xn) � 2� for ea
hp 2 Sn. Sin
e J is 
ompa
t, there is a point x 2 J su
h that %M (p; x) � � forea
h p 2 Sn and n from a suitable in�nite subsequen
e of the subsequen
e just
onsidered. Combining this with the assumptions that J has positive density (see(2.2)) and f is stri
tly in
reasing (see (2.1)), we obtain a 
ontradi
tion to (2.18).This 
on
ludes the proof of (2.21).(2.20), (2.21) and (2.16) yield the following:(2.22) maxi=1;:::;nfRnig ! 0 as n!1,(2.23) the 
ells Dn1; : : : ; Dnn are measurable and form a tiling of J for all suÆ-
iently large n,(2.24) there is a 
ompa
t set I � J su
h that Sn � I for n = 1; 2; : : :.The de�nition of Fn in (i), our 
hoi
e of Sn = fpn1; : : : ; pnng and ofDn1; : : : ; Dnn;(2.23), the assumptions that f is in
reasing and w � 0 together imply the nextassertion:(2.25) Let Tn = fqn1; : : : ; qnng �M and let En1; : : : ; Enn � J be measurable andform a tiling of J for n = 1; 2; : : :. Then, if n is suÆ
iently large,Fn = ZJ mini=1;:::;nff(%M(pni; x))gw(x)d!M(x)= nXi=1 ZDni f(%M(pni; x))w(x)d!M(x)� ZJ mini=1;:::;nff(%M(qni; x))gw(x)d!M(x)� nXi=1 ZEni f(%M(qni; x))w(x)d!M(x):Before proving the upper estimate in (2.19), a weaker version of it will beshown in the following step:(2.26) There is a 
onstant � > 0 su
h thatRnj � �n 1d for suitable j 2 f1; : : : ; ng; n =1; 2; : : :.If (2.26) did not hold, then, 12



(2.27) for any (arbitrarily large) � > 0 there is an in�nite set of n su
h thatmini=1;:::;nfRnig � �n 1d :Take � from (2.2) and v;W from (2.11). By (2.14) one may(2.28) 
hoose � > 0 so large that for suitable � > 0 holds!M(J)Wf(3t) < �dv3d��f�2t3 �� f� t3�� for 0 < t � �:>From now on we 
onsider in the proof of (2.26) only su
h n for whi
h(2.29) (2.23), (2.25), and (2.27) for the 
hosen � hold, and(2.30) maxi=1;:::;nfRnig � 
; � .Here for (2.30) we have made use of (2.22) and 
; � are as in (2.2) and (2.28),respe
tively. By (2.29) and (2.23) the 
ells Dn1; : : : ; Dnn are measurable and forma tiling of J . Hen
e there is a 
ell Dnj, say, su
h that(2.31) !M(Dnj) � !M(J)n .Sin
e in this subse
tion J is assumed to be 
onne
ted and sin
e the 
ellsDn1; : : : ; Dnntile J by (2.29) and (2.23) and are 
ompa
t, we may 
hoose a point p 2 Dnj\Dnkfor suitable k 6= j. Then %M(pnj; pnk) � %M(pnj; p) + %M(p; pnk) = 2%M(pnj; p) �2Rnj and therefore,(2.32) k 6= j and %M(pnk; x)(� %M(pnk; pnj) + %M (pnj; x)) � 3Rnj for x 2 Dnj.Choose q 2 Dnj with %M(pnj; q) = Rnj. The de�nition of Dnj then shows that(2.33) %M (q; x) � Rnj3 ; %M(pni; x) � 2Rnj3 for x 2 B = BM�q; Rnj3 �; i =1; : : : ; n.De�ne fn : J ! R by(2.34) fn(x) = mini=1;:::;nff(%M(pni; x))g for x 2 J .Finally, the de�nition of Fn in (i), our 
hoi
e of Sn = fpn1; : : : ; pnng, (2.34), (2.29)and (2.23), the measurability of B whi
h follows from (2.30) and (2.2), (2.25),the assumptions that f is in
reasing and f; w � 0, (2.32), (2.34), (2.11), (2.30),13



(2.2), (2.34) and (2.33), (2.11), (2.3), (2.34), (2.31), (2.29) and (2.27), (2.30), and(2.28) lead to the following 
ontradi
tion and thus 
on
lude the proof of (2.26):Fn = ZJ fn(x)w(x)d!M(x) = nXi=1 ZDni f(%M(pni; x))w(x)d!M(x)� nXi=1i6=j ZDninB f(%M(pni; x))w(x)d!M(x) + ZDnjnB f(%M(pnk; x))w(x)d!M(x)+ ZB\J f(%M(p; x))w(x)d!M(x)� nXi=1i6=j ZDninB f(%M(pni; x))w(x)d!M(x) + ZDnjnB f(%M(pnj; x))w(x)d!M(x)+ ZDnjnB f(3Rnj)w(x)d!M(x) + ZB\J fn(x)w(x)d!M(x)� ZB\J (fn(x)� f(%M(q; x)))w(x)d!M(x)� ZJ fn(x)w(x)d!M(x) + !M(Dnj)f(3Rnj)W�Rdnj3d� �f�2Rnj3 �� f�Rnj3 ��v� Fn + 1n!M(J)Wf(3Rnj)� 1n �dv3d��f�2Rnj3 �� f�Rnj3 �� < Fn:We 
ome to the �nal step of the proof of the upper estimate in (2.19). If thisestimate did not hold, then(2.35) for any (arbitrarily large) � > 0 there is an in�nite set of n su
h thatRnk > �n 1d for suitable k 2 f1; : : : ; ng:Take � from (2.2), " from (2.5), where I is from (2.24), � from (2.26), and v;Wfrom (2.11). By (2.14) we may(2.36) 
hoose � > 0 so large that(i) � > �,(ii) for suitable ' > 0 holdW"�df�3�n 1d �� v�d3d��f�2t3 �� f� t3�� < 0 for �n 1d < t < ':>From now on 
onsider in the proof of the upper estimate in (2.19) only su
h nthat 14



(2.37) (2.5), where I is from (2.24), (2.23), (2.25) and (2.35) hold, and(2.38) maxi=1;:::;nfRnig � 
; #; ',where 
; #; ' are as in (2.2), (2.5) and (2.36), respe
tively. Given su
h an n, letj be as in (2.26). Then Rnj � �=n1=d. Choose pnl 6= pnj with %M(pnj; pnl) �2Rnj � 2�=n1=d. Su
h a 
hoi
e is possible sin
e in this subse
tion J is 
onne
tedby assumption, 
ompare the argument that led to (2.32). Then(2.39) l 6= j and %M(pnl; x) � 3Rnj � 3�n 1d for x 2 Dnj.By (2.37), proposition (2.35) holds for n and the 
hosen �. Let k be as in (2.35).Sin
e Rnj � �=n1=d < �=n1=d < Rnk by (2.26), (2.36i) and (2.37) and (2.35),(2.40) k 6= jfollows. Choose p 2 Dnk with %M(pnk; p) = Rnk. The de�nition of the 
ellDnk and(2.35) then imply that %M (pni; p) � %M (pnk; p) = Rnk > �=n1=d for i = 1; : : : ; n.Hen
e,(2.41) %M (p; x) � Rnk3 ; %M(pni; x) � 2Rnk3 forx 2 B = BM�p; Rnk3 �; i = 1; : : : ; n.Finally, the de�nition of Fn in (i), our 
hoi
e of Sn = fpn1; : : : ; pnng, (2.37) and(2.25), the measurability of B whi
h follows from (2.38) and (2.2), (2.39), (2.40),(2.37), (2.23) and (2.25), the assumptions that f is in
reasing and f; w � 0,(2.39), (2.34), (2.11), (2.41), (2.38), (2.2), (2.11), (2.38), (2.26), (2.37) and (2.5),(2.26), (2.37), (2.35), (2.38) and (2.36) together yield a 
ontradi
tion and thus
on
lude the proof of the upper estimate in (2.19):Fn = nXi=1 ZDni f(%M(pni; x))w(x)d!M(x)� nXi=1i6=j;k ZDninB f(%M(pni; x))w(x)d!M(x) + ZDnjnB f(%M(pnl; x))w(x)d!M(x)+ ZDnknB f(%M(pnk; x))w(x)d!M(x) + ZB\J f(%M(p; x))w(x)d!M(x)� nXi=1i6=j;k ZDninB f(%M(pni; x))w(x)d!M(x) + ZDnjnB f(%M(pnj; x))w(x)d!M(x)+ ZDnjnB f(3�n 1d )w(x)d!M(x) + ZDnknB f(%M(pnk; x))w(x)d!M(x)+ ZB\J fn(x)w(x)d!M(x)� ZB\J (fn(x)� f(%M(p; x)))w(x)d!M(x)15



= ZJ fn(x)w(x)d!M(x)+!M(Dnj)f�3�n 1d �W � vRdnk3d� �f�2Rnk3 �� f�Rnk3 ��� Fn + 1nW"�df�3�n 1d �� 1n v�d3d��f�2Rnk3 �� f�Rnk3 �� < Fn:We pro
eed to the proof of the lower estimate in (2.19). The proof will besplit into two steps. In the �rst step it will be shown that(2.42) there is a 
onstant � > 0 su
h that for j = 1; : : : ; n, holdsFn � ZJ gn�1(x)w(x)d!M(x)��nf� 1n 1d �; gn�1(x) = mini=1;:::;ni6=j ff(%M(pni; x))g:It is enough to show this for suÆ
iently large n. The argument that led to (2.32)shows that for ea
h x 2 J there is a point in fpn1; : : : ; pnj�1; pnj+1; : : : ; pnng atdistan
e at most 3Æ=n 1d , where Æ is from the upper estimate in (2.19). Hen
e the
ells in J 
orresponding to the set fpn1; : : : ; pnj�1; pnj+1; : : : ; pnng have 
ir
umra-dius at most 3Æ=n1=d. Then (2.16) shows that for all suÆ
iently large n and anyj = 1; : : : ; n, the n � 1 
ells 
orresponding to fpn1; : : : ; pnj�1; pnj+1; : : : ; pnng aremeasurable and tile J . Thus there is a 
ell of measure at least !M(J)=(n� 1) >!M(J)=n, say the 
ell 
orresponding to pnk. Clearly, k 6= j. Noting (2.24) and(2.5) we see that this 
ell has 
ir
umradius at least �=n1=d, where � > 0 is asuitable 
onstant. Hen
e there is a point p of this 
ell with %M(pnk; p) � �=n1=d.The de�nition of 
ells then shows that %M(pni; p) � �=n1=d for i = 1; : : : ; d; i 6= j.As before,(2.43) %M (p; x) � �3n 1d ; %M(pni; x) � 2�3n 1d for x 2 B = BM�p; �3n 1d �; i =1; : : : ; n; i 6= j,
ompare (2.33) and (2.41). Now, the de�nitions of Fn in (i) and of gn�1 in(2.42), the measurability of B whi
h follows from (2.2) for suÆ
iently large n,the assumption that J satis�es (2.2), (2.43), the assumptions that f is in
reasingand f; w � 0, and (2.11) imply, for suÆ
iently large n, thatFn � ZJ minf mini=1;:::;ni6=j ff(%M(pni; x))g; f(%M(p; x))gw(x)d!M(x)= ZJ minfgn�1(x); f(%M(p; x))gw(x)d!M(x)� ZJnB gn�1(x)w(x)d!M(x) + ZB\J f(%M(p; x))w(x)d!M(x)
16



= ZJ gn�1(x)w(x)d!M(x)� ZB\J (gn�1(x)� f(%M(p; x)))w(x)d!M(x)� ZJ gn�1(x)w(x)d!M(x)� 1n �dv3d��f� 2�3n 1d �� f� �3n 1d ��:An appli
ation of (2.14) then yields (2.42).In the se
ond step we assume that the lower estimate in (2.19) does not hold.Then,(2.44) for any (arbitrarily small)  > 0 there is an in�nite set of n su
h that%M(pnj; pnk) �  2n 1d for suitable j; k 2 f1; : : : ; ng; j 6= k:Let Æ; "; �;W be as in the upper estimate in (2.19), (2.5), where I is from (2.24),(2.42), and (2.11), respe
tively. By (2.14) we may 
hoose 0 < !;  < 1 so smallthat(2.45) �Æd!Wf� Æn 1d �+ � dWf�2 n 1d � < �f� 1n 1d �,(2.46) f((1 +  )t) � (1 + !)f(t) for 0 < t � � ,with a suitable � > 0. In the remaining part of the proof of the lower estimatein (2.19) we 
onsider only n for whi
h(2.47) (2.25) and (2.44) hold, and(2.48) maxi=1;:::;nfRnig � Æn 12 � minf
; �g;  n 1d � 
,where 
 is as in (2.2) and � as in (2.46). For (2.48) we have used (2.19). Propo-sitions (2.47) and (2.44) and our 
hoi
e of  (< 1) imply that(2.49) %M (pnk; x) � (1 +  )%M(pnj; x) for x =2 B = BM�pnj;  n 1d �;%M (pnk; x) � 2 n 1d for x 2 B.Now, 
ombining (2.42), (2.47) and (2.25) applied with n� 1 instead of n, whereEni = Dni for i = 1; : : : ; n; i 6= j; k and Enk = Dnj [Dnk, the measurability of Bwhi
h follows from (2.24) and (2.5) for suÆ
iently large n, the assumptions thatf is in
reasing and f; w � 0, (2.49), (2.46), (2.48) and (2.2), (2.11), (2.48) and(2.2), the assumptions that f is in
reasing and f , w � 0 and (2.45), we obtain17



for suÆ
iently large n the following 
ontradi
tion whi
h 
on
ludes the proof ofthe lower estimate in (2.19):Fn � ZJ mini=1;:::;ni6=j ff(%M(pni; x))gw(x)d!M(x)� �nf� 1n 1d �� nXi=1i6=j ZDni f(%M(pni; x))w(x)d!M(x) + ZDnj f(%M(pnk; x))w(x)d!M(x)��nf� 1n 1d �� nXi=1i6=j ZDni f(%M(pni; x))w(x)d!M(x) + ZDnjnB f((1 +  )%M(pnj; x))w(x)d!M(x)+ ZB\Dnj f�2 n 12 �w(x)d!M(x)� �nf� 1n 1d �� nXi=1i6=j ZDni f(%M(pni; x))w(x)d!M(x) + ZDnjnB f(%M(pnj; x))w(x)d!M(x)+! ZDnjnB f(%M(pnj; x))w(x)d!M(x) + 1n� dWf�2 n 12 �� �nf� 1n 12 �� Fn + 1n�Æd!Wf� Æn 1d � + 1n� dWf�2 n 1d �� �nf� 1n 1d � < Fn:For n = 1; 2; : : :, 
hoose �Sn = f�pn1;; : : : ; �pnng � J in the following way: if in(i) the in�mum is 
onsidered only for S with #S = n for whi
h S � J (insteadof S � M), then it is attained for S = �Sn. If J is 
onne
ted and has positivedensity, then a proof similar to the one whi
h led to (2.19), but easier in somedetails, shows that(2.50) there is a 
onstant �Æ > 1 su
h that1�Æn 1d � mini;j=1;:::;ni6=j f%M (�pni; �pnj)g; maxi=1;:::;nf �Rnig � �Æn 1d for n = 1; 2; : : : ;where the �Rni are the 
ir
umradii of the 
ells in J 
orresponding to f�pn1; : : : ; �pnng.2.5 The 
onstant div. Let M = E d ; J = [0; 1℄d; w = 1. If the in�mum in (i)is attained for, say, Tn = ftn1; : : : ; tnng, then Tn � [0; 1℄d. Thus an appli
ationof (2.19) or (2.50), and (2.14) together with the assumptions that f is in
reasingand f � 0 yields the following: ifGn = infT�Ed#T=n n Z[0;1℄d mint2T ff(kt� uk2)gduo = Z[0;1℄d mini=1;:::;nff(ktni � uk2)gdu;then Gn=f(1=n 1d ) is bounded between positive 
onstants. Thus, de�ning18



(2.51) div = lim infn!1 Gnf� 1n 1d � ;it follows that(2.52) div 2 R+ :We will show that(2.53) div = limn!1 Gnf� 1n 1d � :Let Æ > 1 be as in (2.19). Choose � > 1 (arbitrarily 
lose to 1) and let m be su
hthat(2.54) Gmf� 1m 1d � � � div; f � Ækm 1d �f� 1km 1d � � � f� Æm 1d �f� 1m 1d � for k = 1; 2; : : : :This is possible by the de�nition of div in (2.51), (2.52) and (2.1). An appli
ationof (2.13) shows that(2.55) f � Ækm 1d �f � Æm 1d � f(t) � f � tk� for 0 < t � Æm 1d ; k = 1; 2; : : : :For k = 1; 2; : : :, disse
t the 
ube [0; 1℄d in the usual way into kd 
ubelets, ea
h ofedge length 1=k. The kd aÆne transformationsAa : u1 ! u1 + a1k ; : : : ; ud ! ud + adk ; z ! f � Ækm 1d �f � Æm 1d � z for (u; z) 2 E d+1 ;where a = (a1; : : : ; ad)T 2 f0; : : : ; k � 1gd;map the setf(u; z) 2 E d+1 : u 2 [0; 1℄d; 0 � z � mini=1;:::;mff(ktmi � uk2)gg:onto kd non-overlapping sets. Together, these sets 
ontain the setf(u; z) 2 E d+1 : u 2 [0; 1℄d; 0 � z � mini=1;:::;ma2f0;:::;k�1gdff(kAatmi � uk2)g:This follows from (2.55) and the fa
t that by (2.19) the 
ells in [0; 1℄d 
orre-sponding to Tm = ftm1; : : : ; tmmg have 
ir
umradius at most Æ=m 1d . Hen
e thede�nition of Gkdm and (2.54) show thatGkdm � kd � 1kd f � Ækm 1d �f � Æm 1d � Gm � �f � 1km 1d �f � 1m 1d � Gm;19



and thus, again by (2.54), Gkdmf � 1km 1d � � � Gmf � 1m 1d � � �2div:By (2.14) there is k0 su
h thatf � 1km 1d �f � 1(k+1)m 1d � � � for k � k0:Finally, given n � kd0m, let k � k0 be su
h that kdm � n < (k + 1)dm. Thus,Gnf � 1n 1d �� � Gkdmf � 1km 1d � f � 1km 1d �f � 1(k+1)m 1d �� � �3div for all suÆ
iently large n:Sin
e � > 1 was arbitrary, this together with (2.51) implies (2.53).Next, (2.53) will be extended to arbitrary 
ubes:(2.56) Let C be a 
ube in E d . ThenHm = infT�Ed#T=m nZC mint2T ff(kt� uk2)gduo � divjCj�+dd f � 1m 1d � as m!1;where � is as in (2.14). We may assume that C = �[0; 1℄d = [0; �℄d for suitable� > 0. By (2.19) the 
ir
umradii of the 
ells 
orresponding to Tm � [0; 1℄d arebounded above by Æ=m1=d. Thus by (2.14),Gm = Z[0;1℄d mint2Tmff(kt� uk2)gdu � Z[0;1℄d min�t2�Tmff(k�t� �uk2)gdu 1��= Z[0;�℄d minv2�Tmff(kv � wk2)gdw 1��+d � Hm��+d = HmjCj�+dd ;or GmjCj�+dd >� Hm as m!1:The same argument with [0; 1℄d and C ex
hanged shows thatHm >� GmjCj�+dd as m!1;and therefore, Hm � GmjCj�+dd as m!1:This together with (2.53) yields (2.56).A suitable aÆne transformation applied to (2.56) �nally gives the following:20



(2.57) Let q(�) be a positive de�nite quadrati
 form on E d and C 0 a 
ube in E dwith respe
t to the norm q(�)1=2. TheninfT 0�Ed#T 0=m nZC0 mint2T 0ff(q(t�u) 12 )gduo � div (det q) �2d jC 0j�+dd f � 1m 1d � asm!1:2.6 The asymptoti
 formula. Choose Sn = fpn1; : : : ; pnng and Dn1; : : : ; Dnnfor n = 1; 2; : : :, as in 2.4. De�neSn(K) = fqni 2 Sn : Dni \K 6= �g; n(K) = #Sn(K) for measurable K � J:If in the following an integral is written omitting the integrand, the integrand isto be w(x)d=(�+d) and by R � we mean the �th power of R .In the �rst part of the proof of the asymptoti
 formula (i) it will be shownthat(2.58) Fn >� div�ZJ w(x) d�+dd!M(x)��+dd f � 1n 1d � as n!1:Let � > 1 and 
hoose Ul; Vl; : : :, for l = 1; : : : ; m, as in 2.3 su
h that(2.59) (2.6) { (2.11) hold.The �rst step of the proof of (2.58) is to show that(2.60) there is a 
onstant � > 1 su
h that 1� f � 1n 1d � � Fn � �f � 1n 1d � forn = 1; 2; : : :The upper estimate was proved in (2.18). For the proof of the lower estimate
hoose a set C in Jl, say, su
h that C 0 is a 
ube with respe
t to the norm ql(�) 12 .Then C is measurable and the de�nition of Fn in (i), (2.11), the assumptions thatf is in
reasing and f; w � 0, (2.59) and (2.6), the de�nition of integrals in M ,(2.59) and (2.7) show thatFn � ZC minp2Snff(%M(p; x))gw(x)d!M(x)� 1� v (det ql) 12 ZC0 mins2Sn(C)0 nf�1�ql(s� u) 12�odu� 1� v (det ql) 12 infT 0�Ed#T 0=n(C) nZC0 mint2T 0 nf�1�ql(t� u) 12�oduo:If n(C) did not tend to 1 as n ! 1, the latter expression would not tend to0, in 
ontradi
tion to the upper estimate for Fn in (2.60). Hen
e n(C) ! 1 as21



n !1. Thus, using (2.14), (2.57), and the assumption that f is in
reasing, we
on
lude further thatFn >� 1�1+� v (det ql)�+d2d divjC 0j�+dd f� 1n(C) 1d �� 1�1+� v (det ql)�+d2d divjC 0j�+dd f� 1n 1d � as n!1:This readily implies the lower estimate in (2.60), 
on
luding the proof of (2.60).Noting that Fn � �f(1=n1=d) by (2.60), the assumption that f is stri
tlyin
reasing, and (2.14), we obtain the following proposition as a byprodu
t of thelast part of the proof of (2.60):(2.61) Let C � Jl, say, su
h that C 0 is a 
ube with respe
t to the norm ql(�) 12 .Then there is a 
onstant � with 0 < � < 1 su
h that �n � n(C) � n forsuÆ
iently large n.We 
ome to the se
ond step of the proof of (2.58). Noti
ing (2.9), we may
hoose sets Cli � Jl; i = 1; : : : ; il; l = 1; : : : ; m, with the following properties:(2.62) The sets Cli � J; i = 1; : : : ; il; l = 1; : : : ; m; are 
ompa
t and pairwisedisjoint.(2.63) C 0li is a 
ube with respe
t to the norm ql(�) 12 . Thus, in parti
ular, Cli ismeasurable.(2.64) Xl;i ZCli d!M(x) � 1� ZJ d!M(x):By the de�nition of Sn(Cli), (2.62) and (2.22) (whi
h has been proved withoutthe assumptions that J is 
onne
ted and has positive density),(2.65) the sets Sn(Cli) are pairwise disjoint for suÆ
iently large n. Thus,(2.66) Xl;i n(Cli) � n for suÆ
iently large n.Finally, it follows from (2.63) and (2.61) that(2.67) there is a 
onstant � with 0 < � < 1 su
h that �n � n(Cli) � n fori = 1; : : : ; il; l = 1; : : : ; m, and suÆ
iently large n.In the third step note that (2.60), (2.67) and (2.66) together yield the followingpropositions, where L = lim infn!1 Fnf� 1n 1d � (> 0) :22



(2.68) There is an in�nite subsequen
e of 1; 2; : : :, su
h that Fn=f(1=n 1d )! L asn!1 in this subsequen
e.(2.69) There are 
onstants �li > 0 su
h that n(Cli) � �lin for i = 1; : : : ; il; l =1; : : : ; m; as n!1 in the same subsequen
e as in (2.68). Furthermore,Xl;i �li � 1:In the �nal step of the proof of (2.58) assume that n is from the subsequen
e
onsidered in (2.68) and (2.69) and that it is so large that (2.65) and (2.66) hold.Then the de�nition of Fn in (i), our 
hoi
e of Sn, (2.62), (2.63), the de�nition ofSn(Cli), the de�nition of integrals onM , the assumptions that f is in
reasing andf; w � 0, (2.59) and (2.6), (2.10), the in
lusion Cli � Jl, (2.14), (2.57), (2.69), thede�nition of integrals on M , (2.59) and (2.6), (2.10), (2.14), (2.64), (2.15), theassumption that f is in
reasing, (2.64), (2.69), and (2.14) imply the following:Fn = ZJ minp2Snff(%M(p; x))gw(x)d!M(x)� Xl;i ZCli minp2Sn(Cli)ff(%M(p; x))gw(x)d!M(x)� 1�Xl;i (det ql) 12 ZC0li mins2Sn(Cli)0 nf�1�ql(s� u) 12�owldu� 1�1+� divXl;i (det ql)�+d2d jC 0lij�+dd wlf� 1(�lin) 1d �� 1�1+�+1+�+dd divXl;i �ZCli w(x) d�+dd!M(x)��+dd f� 1(�lin) 1d �� 1�3+�+�d divXl;i ZCli f� RCli�lin! 1d �= 1�3+�+�d divXl;i ZCli Xl;i RCliPl;i RCli f� 1��linRCli � 1d �>� 1�4+�+�d div ZJ f� 1�Pl;i RCli �linRCliPl;i RCli � 1d �= 1�4+�+�d div ZJ f��Pl;i RCliPl;i �lin� 1d�� 1�4+�+�d div ZJ f��1� ZJ 1n� 1d� � 1�4+�+ 2�d divZJ �+dd f� 1n 1d �23



as n ! 1 in the subsequen
e 
onsidered in (2.68) and (2.69). Sin
e � > 1 wasarbitrary, we have thus shown thatlim infn!1 Fnf� 1n 1d � � div �ZJ w(x) d�+dd!M(x)��+dd ;whi
h is equivalent to (2.58).In the se
ond part of the proof of the asymptoti
 formula (i) we 
onsider, inaddition to Fn, the quantity�Fn = inf�S�J#�S=n nZJ min�p2 �S ff(%M(�p; x))gw(x)d!M(x)o:Our aim is to show that(2.70) Fn � �Fn <� div � ZJ w(x) d�+dd!M(x)��+dd f� 1n 1d � as n!1:Let � > 1 and 
hoose Ul; Vl; : : : ; l = 1; : : : ; m; as in 2.3 su
h that(2.71) (2.6) { (2.11) hold.In the �rst step of the proof of (2.70) we 
hoose sets Cli; i = 1; : : : ; il; l =1; : : : ; m, with the following properties, where � > 0 (is small) and Wl is as in(2.10):(2.72) For ea
h l = 1; : : : ; m, the sets Cli; i = 1; : : : ; il, are 
ompa
t, non-overlapping and su
h thatJl � Cl1 [ : : : [ Clil � Vl; Cli \ Jl 6= ;:(2.73) C 0li is a 
ube with respe
t to the norm ql(�) 12 (thus, in parti
ular, Cli ismeasurable) and su
h that(det ql) 12 jC 0lijW d�+dl = � ZJ w(x) d�+dd!M(x):(2.74) Xl;i ZCli � � ZJ :Let i0 = i1 + : : :+ im. Sin
eXl;i (det ql) 12 jC 0lijW d�+dl � � d�+d+1Xl;i ZCli w(x) d�+dd!M(x) � �3 ZJ w(x) d�+dd!M(x)by (2.71) and (2.10), (2.7), the de�nition of integrals on M , and (2.74), it followsfrom (2.73) that 24



(2.75) �i0 � �3:By (2.14) we may 
hooose k0 so large that(2.76) 1i�d0 f� 1k 1d � � �f� 1(i0k) 1d � for k � k0,(2.77) f� 1(i0k) 1d � � �f� 1(i0(k + 1)) 1d � for k � k0.In the next step of the proof of (2.70) we 
onsider �rst the 
ase where n is ofthe form n = i0k for some k � k0. Assume that(2.78) infT 0�Ed#T 0=k nZC0li mint2T 0ff(ql(t� u) 12 )gduois attained for T 0 = T 0lik where T 0lik � C 0li;#T 0lik = k.Applying the result (2.19) for M = E d and J = C 0li; i = 1; : : : ; il; l = 1; : : : ; m, weobtain the following, where, omitting indi
es, T 0lik = ft1; : : : ; tkg and D01; : : : ; D0kare the 
ells in C 0li 
orresponding to the set T 0lik and the norm ql(�)1=2.(2.79) There is a � > 1, independent of l; i; k, su
h that any two distin
t pointsfrom T 0lik = ft1; : : : ; tkg have distan
e at least 1=�k1=d and ea
h of the
ells D01; : : : ; D0k has 
ir
umradius at most �=k1=d (with respe
t to thenorm ql(�)1=2).Sin
e J is (Jordan) measurable, bdJ is measurable and !M(bd J) = 0. hen
e(Cli \ bd J)0 is measurable in E d with j(Cli \ bdJ)0j = 0. A result on Jordanmeasurable sets of measure 0 in E d then says that the parallel set[u2(Cli\bd J)0(u+ �Bd)has arbitrarily small measure if � > 0 is suÆ
iently small. Here Bd is the solidEu
lidean unit ball in E d . This remark together with (2.79) yields the nextproposition, where Dj = h�1l (D0j):(2.80) There are at most o(k) 
ells D0j in C 0li with (Dj \ bd J)0 6= ;, where wemay 
hoose the same Landau symbol o(k) for all l; i.If D0j � (Cli \ intJ)0, let �tj = tj, if D0j \ (Cli \ bd J)0 6= ;, 
hoose for �tj anarbitrary point of D0j \ (Cli \ bd J)0. Let �T 0lik be the set of all points �tj whi
h
an be obtained in this way and let �Tlik = h�1l ( �T 0lik) � Cli. Then the de�nition ofintegrals onM in (2.4), the assumptions that f is in
reasing and f; w � 0, (2.72),(2.71) and (2.6), (2.7), (2.10), (2.14), (2.2), (2.79), (2.80), (2.57), and (2.73) yieldthe following: 25



(2.81) ZCli\J min�p2 �Tlikff(%M(�p; x))gw(x)d!M(x)� � Z(Cli\J)0 min�t2 �T 0likff(�ql(�t� u) 12 )gdu Wl (det ql) 12<� �1+� ZC0li mint2Tlikff(ql(t� u) 12 )gdu Wl (det ql) 12 + o(k)� 2d� dk f� 2�k 1d ���1+� div (det ql)�+d2d jC 0lij�+dd Wl f� 1k 1d �+ o(1)f� 1k 1d �<� �1+�+1+�+dd div �� ZJ w(x) d�+dd!M(x)��+dd f� 1k 1d � as k !1;where the symbols o(k); o(1) are independent of l; i:For n = iok let �Tn = Sl;i �Tlik. Then # �Tn � n and �Tn � J . The de�nitions ofFn and �Fn, (2.72), (2.71) and (2.9), i0 = i1 + : : : + im, (2.81), (2.75) and (2.14)together imply thatFn � �Fn � ZJ min�p2 �Tnff(%M(�p; x))gw(x)d!M(x)�Xl;i ZCli\J min�p2 �Tlikff(%M(�p; x))gw(x)d!M(x)<� �3+2�i0 div �� ZJ w(x) d�+dd!M(x)��+dd f� 1k 1d �= �3+2� div �ZJ w(x) d�+dd!M(x)��+dd (i0���+ddi�d0 f� 1k 1d �<� �3+2�+ 3�+3dd div �ZJ w(x) d�+dd!M(x)��+dd f� 1n 1d � as n = iok!1:Sin
e � > 1 was arbitrary, this proves (2.70) for n of the form n = iok. This,together with (2.77) yields (2.70) for general n; 
ompare the argument in the lastpart of the proof of (2.53).Having proved (2.58) and (2.70), the proof of the asymptoti
 formula (i) withS �M and also with �S � J is 
omplete.2.7 Uniform distribution of Sn; �Sn. Assume that J is 
onne
ted and haspositive density, i.e. satis�es (2.2). We will prove that(2.82) Sn is uniformly distributed in J with respe
t to the density wd=(�+d) asn!1. 26



A proof whi
h is similar to that of (2.80), but slightly more 
ompli
ated inseveral details sin
e it deals withM instead of E d , and whi
h makes use of (2.19),(2.24), and (2.5) yields the following:(2.83) Let Z � J be measurable with !M(Z) = 0.Then n(Z) (= #fi : Dni \ Z 6= ;g) = o(n) as n!1.More diÆ
ult is the proof of(2.84) Let K � J be measurable with 0 < !M(K) � !M(J). Thenn(K) � �(K)n as n!1, where �(K) = ZK .ZJ .If !M(K) = !M(J), then (2.84) follows from (2.20), whi
h shows that n(J) = n,and from (2.83). Suppose now that !M(K) < !M(J) and assume that (2.84) doesnot hold:(2.85) n(K) 6� �(K)n as n!1.>From (2.18) and the de�nitions of Sn(K); n(K) in 2.6 it follows that�f� 1n 1d � � Fn � ZK minp2Snff(%M(p; x))gw(x)d!M(x)= ZK minp2Sn(K)ff(%M(p; x))gw(x)d!M(x)� infT�M#T=n(K) nZK minp2T ff(%M(p; x))gw(x)d!M(x)o:This 
an hold only if n(K) ! 1 as n ! 1. Now, applying the asymptoti
formula (i) to K instead of J , we 
on
lude further that�f� 1n 1d � >� divZK �+dd f� 1n(K) 1d � as n!1:Using the assumption that f is stri
tly in
reasing and (2.14) it follows thatn(K)=n is bounded below by a positive 
onstant. An analogous statement holdsfor the set L = JnK. By (2.20) and (2.83),(2.86) n(K) + n(L) = n + o(n) as n!1.(2.85), (2.86) and the above statements on n(K)=n and n(L)=n show that(2.87) there are #; � > 0 su
h that # < 1 < � or � < 1 < # and n(K) �#�(K)n; n(L) � ��(L)n as n!1, where n is from a suitable subsequen
eof 1; 2; : : : : 27



>From now on 
onsider in the proof of (2.82) only n from the subsequen
e in(2.87). We 
onsider only the 
ase that # < 1 < �. By (i), the de�nition of Sn; J =K [L;K \L = ;, the de�nitions of Sn(K); n(K); Sn(L); n(L) and n(K); n(L)!1 as n ! 1 (see (2.87)), the asymptoti
 formula (i) for K and L instead ofJ , (2.87), (2.14), �(L) = 1 � �(K) (see (2.84)), (2.15), # < 1 < �, (2.87) and(2.86), and (2.3) we arrive at the following 
ontradi
tion, where � > 0, and thus
on
lude the proof of (2.84):Fn = ZK minp2Sn(K)ff(%M(p; x))gw(x)d!M(x)+ ZL minp2Sn(L)ff(%M(p; x))gw(x)d!M(x)>� div �ZK �+dd f� 1n(K) 1d �+ ZL �+dd f� 1n(L) 1d ��� divZJ �+dd ��(K)�+dd f� 1(#�(K)n) 1d � + �(L)�+dd f� 1(��(L)n) 1d ��� divZJ �+dd ��(K)f� 1(#n) 1d � + (1� �(K))f� 1(�n) 1d ��� (1 + �) divZJ �+dd f� 1(�(K)#n + (1� �(K))�n) 1d �� (1 + �) divZJ �+dd f� 1(n(K) + n(L)) 1d � � (1 + �) divZJ �+dd f� 1n 1d �� (1 + �)Fn as n!1 in the subsequen
e from (2.87).Applying (2.83) and (2.84) to measurable K � J yield the following:#(K \ Sn) � n(K) = o(n) as n!1 for !M(K) = 0;#(K \ Sn) = n(K)� o(n) � �(K)n as n!1 for 0 < !M(K) � !M(J):This 
on
ludes the proof of (2.82). A similar, even simpler proof shows that(2.88) �Sn is uniformly distributed in J with respe
t to the density wd=(�+d) asn!1.2.8 Con
lusion. Having proved (2.58) and (2.70), (2.19) and (2.50), and (2.82)and (2.88), the proof of Theorem 1 is 
omplete. �3 Distortion of High Resolution Ve
tor Quanti-zation3.1 Distortion of ve
tor quantization. Let C1; : : : ; Cn be n measurable setswhi
h tile a measurable set C in E d and let 
1; : : : ; 
n 2 E d . To ea
h signal x 2 C28



assign the 
odeve
tor or 
odeword 
i from the 
odebook f
1; : : : ; 
ng, where x 2 Ci.(In 
ase of ambiguity, whi
h 
an o

ur only for x in a set of measure 0, 
hoosefor 
i any 
odeve
tor where x 2 Ci.) Common measures for the quality of thethus de�ned en
oder or (ve
tor) quantizer on C 
an be des
ribed as follows: letf : [0;+1) ! [0;+1) with f(0) = 0 be in
reasing, k � k a norm on E d , andw : C ! R+ 
ontinuous. Up to normalization, w is the density of the sour
ewhi
h generates the signals x. Then the 
orresponding (average) distortion ofour quantizer is de�ned to benXi=1 ZCi f(k
i � uk)w(u)du:How should the 
ells Ci and the 
odeve
tors 
i be 
hosen in order to minimize thedistortion? Given 
1; : : : ; 
n, the distortion is minimized if C1 � D1; : : : ; Cn � Dnwhere D1; : : : ; Dn are the Diri
hlet{Voronoi 
ells in C 
orresponding to 
1; : : : ; 
nand using k � k. Then the distortion isZC mini=1;:::;nff(k
i � uk)gw(u)du:Thus the minimum distortion is given byinf�S�C#�S=n nZC min
2 �S ff(k
i � uk)gw(u)duo:3.2 Asymptoti
 results. Clearly, Theorem 2 translates into the following result.Theorem 3. Let f : [0;+1) ! [0;+1) satisfy the growth 
ondition (2.1), let� > 0 be the 
orresponding 
onstant, and let k�k be a norm on E d . Then there is a
onstant div > 0, depending only on f and k �k, su
h that the following statementholds: let C � E d be 
ompa
t and measurable with jCj > 0 and w : C ! R+
ontinuous. Then(i) the minimum distortion in the above sense of a quantizer on C with sour
edensity w with n 
odewords is asymptoti
ally equal todiv�ZC w(u) d�+ddu��+dd f� 1n 1d � as n!1:If, in addition, C is 
onne
ted and has positive density, i.e. satis�es (2.2), thenthe following 
laims hold: let (Sn) be a sequen
e of 
odebooks in C, where #Sn = nfor n = 1; 2; : : :, and su
h that the in�mum in (i) is attained for Sn. Then(ii) there is a 
onstant Æ > 1 su
h that Sn is (1=Æn1=d; Æ=n1=d)-Delone in J forn = 1; 2; : : :,(iii) Sn is uniformly distributed in C with density wd=(�+d) as n!1.Remark. Theorem 1 admits an analogous interpretation.29



4 Error of Approximation of Probability Mea-sures by Dis
rete Measures4.1 Quantization of probability measures. Let f : [0;1) ! [0;1) bemonotone in
reasing, su
h that f(t) = 0 only for t = 0 and let k � k be a normon E d . Then we 
an de�ne on the spa
e of all probability measures on E d thefollowing notion of distan
e:�f(P;Q) = inf n ZEd�Ed f(kx� yk)d�(x; y)o for probability measures P;Q;where the in�mum is extended over all Borel probability measures � on E d � E dwhi
h satisfy the following 
ondition:P (B) = �(B � E d); Q(C) = �(E d � C) for all Borel sets B;C � E d :�f is a slight extension of the Wasserstein- or Kantorovi
h metri
 on the spa
e ofall probability measures on E d . The question arises as to how well 
an probabilitymeasures be approximated by dis
rete measures and to des
ribe the best approx-imating dis
rete measures. Let Dn denote the spa
e of all dis
rete probabiliymeasures on E d the support of whi
h 
onsists of at most n points, n = 1; 2; : : : :Then for the error of best approximation of a probability measure P on E d byprobability measures from Dn the following representation holds:�f (P;Dn) = infD2Dn �f (P;D) = infS�Ed#S=n nZEd mins2S ff(ku� sk)gdP (u)o:For this and for referen
es 
ompare Graf and Lus
hgy [20℄.4.2 Asymptoti
 approximation results. Considering the above, it is 
learthat Theorem 2 yields the following result on approximation of probability mea-sures.Theorem 4. Let f : [0;+1) ! [0;+1) satisfy the growth 
ondition (2.1), let� > 0 be the 
orresponding 
onstant, and let k � k be a norm on E d . Then thereis a 
onstant div > 0, depending only on f and k � k, su
h that the followingstatement holds: let J � E d be 
ompa
t and measurable with jJ j > 0 and P aprobability measure on J with 
ontinuous density p : J ! R+ . Then(i) the error of best approximation of P by probability measures from Dn isasymptoti
ally equal todiv�ZC p(u) d�+ddu��+dd f� 1n 1d � as n!1:If, in addition, J is 
onne
ted and has positive density, i.e. satis�es (2.2), then thefollowing 
laims hold: let (Sn) be a sequen
e of supports in J, where #Sn = n forn = 1; 2; : : :, and su
h that for suitable 
orresponding dis
rete probability measuresin Dn the minimum error is attained. Then30



(ii) there is a 
onstant Æ > 1 su
h that Sn is (1=Æn1=d; Æ=n1=d)-Delone in J forn = 1; 2; : : :,(iii) Sn is uniformly distributed in J with density wd=(�+d) as n!1.Remark. Obviously, Theorem 1 yields a similar result for the approximation ofprobability measures by dis
rete probability measures on Riemannian manifolds.5 Error of Numeri
al Integration Formulae5.1 Error of numeri
al integration formulae. Let J � E d be a 
ompa
tmeasurable set in E d with jJ j > 0, let F be a 
lass of Riemann integrable fun
tionsg : J ! R and w : J ! R+ a 
ontinuous (weight) fun
tion. For given sets of nnodes N = fp1; : : : ; png � J and n weights W = fw1; : : : ; wng � R the error ofthe numeri
al integration formulaZJ g(u)w(u)du � nXi=1 g(pi)wi for g 2 F ;is de�ned by(5.1) E(F ; w;N;W ) = supg2F n��� ZJ g(u)w(u)du� nXi=1 g(xi)wi���o:The minimum error is then(5.2) E(F ; w; n) = infN�J;#N=nW�R;#W=nfE(F ; w;N;W )g:Now the problems arise to determine E(F ; w; n) and to des
ribe the optimal
hoi
es of nodes and weights. While for general F not mu
h 
an be said, we
onsider a spa
e of fun
tions for whi
h rather pre
ise information 
an be given.5.2 Asymptoti
 results. A modulus of 
ontinuity is an in
reasing 
ontinuousfun
tion f : [0;+1)! [0;+1) with f(0) = 0 su
h that(5.3) f(s+ t) � f(s) + f(t) for s; t � 0.Given a modulus of 
ontinuity f and a norm k � k on E d , de�ne the 
orrespondingH�older 
lass of fun
tions for J � E d by(5.4) Hf (k � k; J) = fg : J ! R : jg(u)� g(v)j � f(ku� vk) for u; v 2 Jg.Theorem 5. Let f : [0;+1) ! [0;+1) be a modulus of 
ontinuity whi
hsatis�es the growth 
ondition (2.1), let � > 0 be the 
orresponding 
onstant, andlet k � k be a norm on E d . Then there is a 
onstant div > 0, depending only on fand k � k, su
h that we have the following: let J � E d be 
ompa
t and measurablewith jJ j > 0 and w : J ! R+ 
ontinuous. Then(i) for the minimum error of a numeri
al integration formula with weight fun
-tion w for the H�older 
lass Hf = Hf (J; k � k) holds the asymptoti
 formula,E(Hf ; w; n) � div� ZJ w(u) d�+ddu��+dd f� 1n 1d � as n!1:31



If, in addition, J is 
onne
ted and has positive density, i.e. satis�es (2.2), thenthe following assertions hold: let (Nn) be a sequen
e of sets of nodes in J, where#Nn = n for n = 1; 2; : : :, and su
h that the in�mum in (4.2) is attained for Nnand suitable 
orresponding Wn. Then(ii) there is a 
onstant Æ > 1 su
h that Nn is (1=Æn1=d; Æ=n1=d)-Delone in J forn = 1; 2; : : :,(iii) Nn is uniformly distributed in J with density wd=(�+d) as n!1.Remark. An analogous result holds for Riemannian d-manifolds instead of E dand k � k. The asymptoti
 formula (5.3) for d = 2; k � k = k � k2 and w = 1is due to Babenko [2℄. For general d and arbitrary norm a related yet di�erentasymptoti
 formula was given by Chernaya [8℄. The fa
t that in Chernaya's resultw is assumed to be Lebesgue integrable 
an be redu
ed to the 
ontinuous 
ase byLusin's theorem. A pertinent idea is des
ribed also by Sobol' [45℄.5.3 Proof of Theorem 5. First, the following will be shown:(5.5) Let N = fp1; : : : ; png � J and let h : J ! R be de�ned byh(u) = minp2N ff(kp� uk)g. Then h 2 Hf .To see this, let u; v 2 J . By ex
hanging u and v, if ne
essary, we may assumethat h(u) � h(v). Then0 � h(u)� h(v) = minp2N ff(kp� uk)g �minq2N ff(kq � vk)g= f(kp� uk)� f(kq � vk) for suitable p; q 2 N� f(kq � uk)� f(kq � vk)= f(kq � v + v � uk)� f(kq � vk)� f(kq � vk+ kv � uk)� f(kq � vk)� f(kq � vk) + f(kv � uk)� f(kq � vk) = f(ku� vk);where we have used the assumptions that f is in
reasing and that is a modulusof 
ontinuity.Se
ondly,(5.6) let N = fp1; : : : ; png � J and W = fw1; : : : ; wng � R. De�neDi = fu 2 J : kpi � uk � kpj � uk for j = 1; : : : ; ngEi = Din(D1 [ : : : [Di�1); �wi = ZEi w(u)du; i = 1; : : : ; n�W = f �w; : : : ; �wngThenE(Hf ; w;N;W ) � E(Hf ; w;N; �W ) = ZJ minp2N ff(kp� uk)gw(u)du:32



Sin
e J is the disjoint union of E1; : : : ; En; g 2 Hf ; Ei � Di, the assumptionsthat f is in
reasing and w � 0, the de�nition of h, h 2 Hf and h(pi) = 0 (see(5.5)) together imply (5.6):E(Hf ; w;N; �W ) = supg2Hf n��� ZJ g(u)w(u)du� nXi=1 g(pi) ZEi w(u)du���o� supg2Hf n nXi=1 ZEi jg(u)� g(pi)jw(u)duo� nXi=1 ZEi f(kpi � uk)w(u)du = nXi=1 ZEi minpj2Nff(kpj � uk)gw(u)du= ZJ minp2N ff(kp� uk)gw(u)du = ZJ h(u)w(u)du= ZJ h(u)w(u)du� nXi=1 h(pi)wi � E(Hf ; w;N;W ):Thirdly, it follows from (5.6) thatE(Hf ; w; n) = infN�J;#N=nW�R;#W=nfE(Hf ; w;N;W )g = infN�J#N=nfE(Hf ; w;N; �W )g= infN�J#N=n nZJ minp2N ff(kp� uk)gw(u)duo:Now apply Theorem 2 to obtain Theorem 5.6 Volume Approximation of Convex Bodies6.1 Best volume approximation of 
onvex bodies. Let C be a 
onvex bodyin E d , i.e. a 
ompa
t 
onvex subset of E d with non-empty interior and let P
(n) bethe set of all 
onvex polytopes with n fa
ets whi
h are 
ir
ums
ribed to C. LetÆV (�; �) denote the symmetri
 di�eren
e metri
 on the spa
e of all 
onvex bodiesin E d . The problems arise to determine or estimate the quantityÆV (C;P
(n)) = inffÆV (C; P ) : P 2 P
(n)gand to des
ribe the polytopes P 2 P
(n) for whi
h the in�mum is attained, thebest approximating polytopes of C in P
(n) with respe
t to ÆV . See [25℄ and [27℄ forthe literature on this and related problems.6.2 Asymptoti
 approximation results. Re�ning a result of B�or�o
zky [4℄(asymptoti
 formula), the following result has been proved by Gruber [32℄ (asymp-toti
 formula and Delone property) and Glasauer and Gruber [19℄ (uniform distri-bution property). A weaker version of it (without the error term in the asymptoti
formula) 
an be obtained as a simple 
onsequen
e of Theorem 1 above and itsproof; 
ompare the 
orresponding argument in [30℄.33



Theorem 6. There is a 
onstant divd�1 > 0 with the following property: letC be a 
onvex body in E d (with boundary) of 
lass C3 and with Gauss 
urvature�C > 0. Let (Pn); Pn 2 P
(n), be a sequen
e of best approximating polytopes of C.Then we have the following statements:(i) ÆV (C; P 
(n)) � 12divd�1� ZbdC �C(x) 1d+1d�(x)� d+1d�1 1n 2d�1 +O� 1n 2d�1+ 13(d�1)�"�as n!1; for any " > 0,(ii) there is a 
onstant Æ > 1 su
h that the inradius of ea
h fa
et of Pn is at least1=Æn1=(d�1) and the 
ir
umradius at most Æ=n1=(d�1) for n = d+1; d+2; : : :,(iii) the sets C \ bdPn are uniformly distributed on bdC, endowed with theordinary surfa
e area measure �, with respe
t to the density �1=(d+1)C asn!1.Remark. For d = 3, a sharper result was given in [31℄.7 The Isoperimetri
 Problem for Convex Poly-topes in Minkowski Spa
es7.1 The isoperimetri
 problem in Minkowski spa
es. Let E d be endowedwith an additional norm. While in this new normed spa
e the natural notion ofvolume is the ordinary volume V (�) or j � j (Haar measure), several di�erent pro-posals for surfa
e area have been made by Busemann [6℄, Holmes and Thompson[35℄ and Benson [3℄. These amount to the introdu
tion of an o-symmetri
 
onvexbody I, the isoperimetrix, depending in a suitable way on the solid unit ball ofthis norm. The surfa
e area SI(C) of a 
onvex body C then is de�ned to beSI(C) = limÆ!+0 V (C + ÆI)� V (C)Æ ; where C + ÆI = fx+ Æy : x 2 C; y 2 Ig:See the book [47℄. For n = d + 1; d + 2; : : :, let Pn be a 
onvex polytope whi
hhas minimum isoperimetri
 quotientSI(Pn)dV (Pn)d�1among all 
onvex polytopes in E d with n fa
ets. The problem arises to determineor estimate the minimum isoperimetri
 quotient and to des
ribe the form of theminimizing polytopes Pn.7.2 Asymptoti
 isoperimetri
 results. A result of Diskant [10, 11℄, whi
hgeneralizes a theorem of Lindel�of [38℄ for the Eu
lidean 
ase, says that after asuitable homothety has been applied to Pn, we may assume that Pn is 
ir
um-s
ribed to I, i.e. Pn 2 P
(n)(I). Then it is easy to see thatSI(Pn)dV (Pn)d�1 = ddV (Pn):34



Sin
e the isoperimetri
 quotient is minimal for Pn, the polytope Pn thus is bestapproximating of I in P
(n)(I). Hen
e Theorem 5 yields the following result.Theorem 7. There is a 
onstant divd�1 > 0 su
h that the following hold: let Ibe an isoperimetrix in E d of 
lass C3 with �I > 0. For n = d+1; d+2; : : :, let Pnbe a 
onvex polytope with n fa
ets 
ir
ums
ribed to I and minimum isoperimetri
quotient SI(Pn)d=V (Pn)d�1. Then the following assertions hold:(i) SI(Pn)dV (Pn)d�1 � ddV (I) + dd2 divd�1� Zbd I �C(x) 1d+1d�(x)� d+1d�1 1n 2d�1+O� 1n 2d�1+ 13(d�1)�"� as n!1, for any " > 0,(ii) there is a 
onstant Æ > 1 su
h that the inradius of ea
h fa
et of Pn is at least1=Æn1=(d�1) and the 
ir
umradius at most Æ=n1=(d�1) for n = d+1; d+2; : : :,(iii) the sets C \ bdPn are uniformly distributed on bdC, endowed with theordinary surfa
e area measure �, with respe
t to the density �1=(d+1)C asn!1.Remark. For d = 3, a sharper result was given in [31℄.A
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