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uid-like disorder on the molecular scale and a high degree of order at longer length scales. A molecule in adiblock copolymer melt is linear sub-chain of A monomers grafted covalently to another sub-chain ofB monomers. Because of the repulsion between the unlike monomers, the di�erent type sub-chainstend to segregate below some critical temperature, but as they are chemically bonded in chainmolecules, even a complete segregation of sub-chains cannot lead to a macroscopic phase separation.Only a local micro-phase separation occurs: micro-domains rich in A and B are formed. These�Abbreviated title. Wriggled Lamellar Solutions.ySupported in part by a Direct Grant from CUHK and an Earmarked Grant of RGC of Hong Kong.1



Figure 1: The spherical, cylindrical, and lamellar morphology phases commonly observed in diblockcopolymer melts. The dark color indicates the concentration of type A monomer, and the whitecolor indicates the concentration of type B monomer.micro-domains form morphology patterns/phases in a larger scale. The most commonly observedundistorted phases are the spherical, cylindrical and lamellar, depicted in Figure 1. Here we seekdistorted, defective lamellar patterns, where the interfaces separating the microdomains, unlike theones in Plot 3 of Figure 1, are wriggled.We consider a scenario that a diblock copolymer melt is placed in a domain D and maintained at�xed temperature. D is scaled to have unit volume in space. Let a 2 (0; 1) be the relative numberof the A monomers in a chain molecule, and b = 1 � a be the relative number of the B monomersin a chain. The relative A monomer density �eld u is an order parameter. u � 1 stands for highconcentration of A monomers. The melt is incompressible so the relative B monomer density is 1�uand u � 0 stands for high concentration of B monomers.Ohta and Kawasaki [10] introduced an equilibrium theory, in which the free energy of the systemis a functional of the relative A monomer density:I(u) = ZDf�22 jruj2 + �
2 j(��)�1=2(u� a)j2 +W (u)g; (1.1)de�ned in Xa = fu 2 W 1;2(D) : u = ag, where u := RD u is the average of u on D. The originalformula in [10] is given on the entire R3. The expression here on a bounded domain D �rst appearedin Nishiura and Ohnishi [8]. A mathematically more rigorous derivation is in Choksi and Ren [3]. Thelocal function W is smooth and has the shape of a double well. It has the global minimum value 0 attwo numbers: 0 and 1. To avoid unnecessary technical di�culties we assume that W (p) =W (1�p).The two global minimum points are non-degenerate: W 00(0) =W 00(1) 6= 0.The most unusual in (1.1) is the nonlocal expression (��)�1=2(u�a). It re
ects the connectivityof polymer chains. (��)�1=2 is the square root of the positive operator (��)�1 from fw 2 L2(D) :w = 0g to itself. The integral of the nonlocal part in (1.1) may be rewritten asZD j(��)�1=2(u� a)j2 = ZD ZD GD(x; y)(u(x) � a)(u(y)� a) dxdy:2



Figure 2: A perfect lamellar solution and a wriggled lamellar solution. In the dark regions thesolutions are close to 1 and in the light regions the solutions are close to 0.GD is the Green function of �� with the Neumann boundary condition. It splits to the fundamentalsolution part and a regular part. The fundamental solution in R3 is 14�jx�yj , a long range Coulombtype interaction, which is common in many important physical systems (Muratov [7]).� and 
 are positive dimensionless parameters that depend on various physical quantities [3]. Inthe strong segregation region where morphology patterns form, � is very small. 
 is of order 1 whenwe choose the size of the sample to be comparable to the size of the microdomains [3]. We develop aparticular two parameter perturbation method. We do singular perturbation analysis with respectto � and bifurcation analysis with respect to 
. The challenge is to combine these two techniquesto derive �ne analytical results. Even though this mathematical method is tailored for the diblockcopolymer problem, we believe that it may be applied to other ones with multiple parameters.The Euler-Lagrange equation of I is��2�u+ f(u)� f(u) + �
(��)�1(u� a) = 0; @�u = 0 on @D: (1.2)f is the derivative of W . The term f(u) is equal to the Lagrange multiplier corresponding to theconstraint u = a. The equation (1.2) may also be written as an elliptic system:8>><>>: ��2�u+ f(u) + �
v = Const.��v = u� a@�u = @�v = 0 on @Du� a = v = 0 : (1.3)Here Const. is the Lagrange multiplier.In Ren and Wei [15] a family of lamellar solutions is found. When D = (0; 1), for each positiveinteger K there exists a 1-dimensional local minimizer of I if � is su�ciently small 1. This 1-D localminimizer may be extended trivially to a 3-D solution of (1.2) on a box. Such a solution, illustratedin Plot 1 of Figure 2, models the lamellar phase, Plot 3 of Figure 1, only if it is stable in the sensethat it is a local minimizer of I in 3-D. A local minimizer in 3-D is called a meta-stable state of thephysical system. It survives mild thermal 
uctuation.1See Theorem 2.1. 3



However in Ren and Wei [12] it is shown that such 1-D solutions are not necessarily 3-D localminimizers. Detailed spectral information on each 1-D solution is found 2. In summary a 1-D localminimizer is a 3-D local minimizer only if K is su�ciently large or 
 is su�ciently small. Moreoverthe 1-D global minimizer, which is one of the 1-D local minimizers with the optimal number ofinterfaces Kopt � (a2b2
3� )1=3, where � is de�ned in (2.2), has a delicate stability property. It actuallylies near the borderline that separates the stable 1-D solutions from the unstable 1-D solutions.All this suggests that the lamellar phase is only a meta-stable, transient state of the material.Thermal 
uctuation will eventually destroy this phase. In reality one often observes the lamellarphase in distorted forms. We predict based on the model (1.1) that a defective, wriggled lamellarpattern (Figure 2, Plot 2) exists in diblock copolymers. We point out that the wriggled lamellarpattern is typically observed in systems with competing interactions [18].The existence of wriggled lamellar solutions is shown by a bifurcation analysis. Each perfectlamellar solution u
 with K interfaces is stable when 
 is su�ciently small. The spectrum of thesecond variation of I at u
 , which consists of real eigenvalues only, lies to the right of 0. If weincrease 
, the spectrum moves to the left. When 
 reaches a critical value 
B, the principal (thesmallest) eigenvalue in the spectrum becomes 0. A new solution branch bifurcates out of u
B . Thisis a wriggled lamellar solution (Figure 2, Plot 2). If we further increase 
, then another eigenvalue ofu
 , which is not the principal eigenvalue, may become 0, and another new solution also of a wriggledlamellar pattern bifurcates from u
 . However wriggled lamellar solutions that bifurcate from largereigenvalues are unstable and physically less interesting.Whether the wriggled lamellar solution associated with the principal eigenvalue of u
B is stableis a subtle question. It is relatively easy to see that the bifurcation diagram has the shape of apitchfork (Figure 3). The stability of the wriggled solution depends on the direction of the fork.Here we face a formidable problem. The direction is determined by the sign of a number whichturns out to be terribly small (of �5 order, Lemma 5.2). To �nd this number we have to expandthe \trivial solution" u
B , its principal eigenfunction corresponding to the 0 eigenvalue, and thethird function g0(0) de�ned in (5.4), with respect to �. As we prove Lemma 5.2, these expansionshave to be carefully managed. All the lower order terms up to �4 vanish. In the end we arrive at aquantity S(a;K) that depends on a, and K only. The bifurcating solution is stable if S(a;K) > 0and unstable if S(a; k) < 0. S(a;K) may be accurately calculated by a simple numerical method.Our tests, reported in Section 5, show that for most values of a and K the wriggled lamellar solutionbifurcating out of the principal eigenvalue is stable.The paper is organized as follows. In Section 2 we recall some properties of the perfect lamellarsolutions u
 . Section 3 contains some spectral information of the second variation of I at u
 . Theexistence of the wriggled lamellar solutions is in Theorem 4.1. The reduction of their stability tothe positivity of S(a;K) culminates in Theorem 5.4. The lengthy calculations that prove Lemma5.2 are in Appendices B and C.To avoid clumsy notations a quantity's dependence on � is usually suppressed. For example wewrite u, the lamellar solution, instead of u�. On the other hand we often emphasize a quantity'sindependence of � with a superscript 0. For example the limit of a lamellar solution u as � ! 0 isdenoted by u0. In estimates C is always a positive constant independent of �. Its value may varyfrom line to line. The L2 inner product is denoted by h�; �i and the Lp norm by k � kp.To simplify the formulation of our results, we take D = (0; 1)� (0; 1) to be a 2-D square insteadof a 3-D box. Generalization to 3-D is trivial.2See Theorem 3.1. 4



References on the mathematical aspects of the block copolymer theory include, in addition tothe ones cited already, Ohnishi et al [9], Choksi [2], Fife and Hilhorst [5], Henry [6], Ren and Wei[11, 16], on diblock copolymers, and Ren and Wei [13, 14] on triblock copolymers.2 The perfect lamellar solution u
The perfect lamellar solutions that serve as \trivial solutions" in the bifurcation theory are con-structed in [15] by the �-limit theory. The �ndings there are summarized in the following theorem.Theorem 2.1 (Ren and Wei [15]) In 1-D for each positive integer K the functionalI1(u) := Z 10 f�22 (dudx )2 + �
2 j(� d2dx2 )�1=2(u� a)j2 +W (u)g dx;in fu 2 W 1;2(0; 1) : u = ag, has a local minimizer u near u0, under the L2 norm, when � issu�ciently small. It satis�es the Euler-Lagrange equation��2u00 + f(u)� f(u) + �
G0[u� a] = 0; u0(0) = u0(1) = 0;and has the propertieslim�!0 ku� u0k2 = 0; and lim�!0 ��1I1(u) = �K + 
2 Z 10 j(� d2dx2 )�1=2(u0 � a)j2 dx:Let H be the solution of�H 00 + f(H) = 0 in R; H(�1) = 0; H(1) = 1; H(0) = 1=2: (2.1)The constant � in the theorem is de�ned by� := ZR(H 0(t))2 dt: (2.2)� is often called the surface tension in the literature. u0 is a step function of K jump discontinuitypoints, de�ned to beu0(x) = 1 on (0; x01); 0 on (x01; x02); 1 on (x02; x03); 0 on (x03; x04); 1 on (x04; x05); :::with (recall b = 1� a)x01 = aK ; x02 = 1 + bK ; x03 = 2 + aK ; x04 = 3 + bK ; x05 = 4 + aK ; :::: (2.3)G0 is the solution operator of �v00 = g, v0(0) = v0(1) = v = 0, i.e. v = G0[g] = (� d2dx2 )�1g.There is another K-interface 1-D local minimizer whose limiting value as �! 0 is 0 instead of 1on the �rst interval (0; b=K). It is just 1� ~u where ~u is a solution constructed in Theorem 2.1, butwith ~u = b instead. 1� ~u has the same properties as u does, so we focus on u. u is found periodicin the following sense. 5



Theorem 2.2 (Ren and Wei [12]) Let u be a 1-D local minimizer constructed in Theorem 2.1.When � is small, for every x 2 (0; 1=K),u(x) = u( 2K � x) = u(x+ 2K ) = u( 4K � x) = u(x+ 4K ) = ::: = � u(1� x) if K is evenu(x+ K�1K ) if K is odd :Moreover when � is small, u is the unique local minimizer of I1 in an L2 neighborhood of u0. If uon ((j � 1)=K; j=K) for some j = 1; 2; :::;K is scaled to a function on (0; 1), then it is exactly aone-layer local minimizer of I1 with � and 
 replaced by ~� = �K and ~
 = 
=K3.Let us denote this u ofK interfaces by u
 , to emphasize its dependence on 
. We need asymptoticexpansions of u
 in terms of �. According to [12, Lemma A.1] there exist exactly K points xj ,j = 1; 2; :::;K, in (0; 1) so that u(xj) = 1=2. These K points identify the interfaces of u. Theorem2.2 implies that x2 = 2K � x1, x3 = 4K � x2, x4 = 6K � x3, etc. The zeroth order approximation ofu
 iss(x) = H(�x� x1� )+H(x� x2� )+H(�x� x3� )�1+ :::+� H(x�xK� ) if K is evenH(�x�xK� )� 1 if K is odd : (2.4)The � order outer expansion term is z0, de�ned to bez0(x) = �
(v0(x) � v0(x0j ))f 0(0) ; v0 = (� d2dx2 )�1(u0 � a): (2.5)and the � order inner expansion term is 0. Because of the periodicity, v0(x0j ) is independent of j andz0 is well de�ned. The �2 order inner expansion term is P , where P is the solution of�P 00 + f 0(H)P = �
(v0)0(x0j )t; P ? H 0: (2.6)There are two di�erent P 's depending on whether j is odd or even. But they just di�er by a sign,and it is always easy to tell from the context which one is referred to.Lemma 2.3 (Ren and Wei [12]) Let z be de�ned by u
 = s+ �z.1. kz � z0k1 = O(�).2. There exists a constant C > 0 independent of � so that j��1z(xj + �t)j � C(1 + jtj) for allt 2 (�xj� ; 1�xj� ). ��1z(xj + ��) converges to P in C2loc(R).Proof. See [12, Lemmas 2.4 and 2.5].It is proved in [12] that u
 is a non-degenerate 1-D local minimizer in the sense that the 1-Dspectrum of u
 lies to the right of the origin 3. This allows us to apply the implicit function theoremto conclude that u
 depends on 
 smoothly. Next we estimate du
d
 . De�nehj(x) = H 0(x� xj� ) + e:s: (2.7)3See Part 2 of Theorem 3.1. 6



where e:s: is an exponentially small correction term. It is chosen so that hj(0) = hj(1) = h0j(0) =h0j(1) = 0, kh0j � ��1H 00( ��xj� )k1 = O(��C=�), and kh00j � ��2H 000( ��xj� )k1 = O(��C=�). Decomposedu
d
 =Xj c(hj � hj) + � (2.8)where hj � hj ?  for each j. Here that c is the same in front of all hj � hj is a consequence ofTheorem 2.2.Lemma 2.4 1. c! c0 := � v0(x0j )Kf 0(0) .2.  = O(1), and near each xj ,  (xj + ��)! R in C2loc(R), where R is the solution of�R00 + f 0(H)R = �v0(x0j )f 0(0) f 0(H); R ? H 0:3. Near each xj , ��1( (xj + ��)�R)! 
�1P + b0 in C2loc(R) where b0 is the solution of�b000 + f 0(H)b0 = �c0f 00(H)HtP + Const.; b0 ? Ht:The proof of this lemma is technical. We include it in Appendix A.The 1-D local minimizer u
 of I1 is now viewed as a function on D, through extension to thesecond dimension trivially, so u
(x; y) = u
(x). It is a solution of (1.2) and I1(u
) = I(u
). In 2-Dit has straight interfaces. We call it a perfect lamellar solution of (1.2).3 The 2-D spectrum of u
The linearized operator at u
 isL
' := ��2�'+ f 0(u
)'� f 0(u
)'+ �
(��)�1'; ' 2W 2;2(D); @�' = 0 on @D; ' = 0: (3.1)This is an unbounded self-adjoint operator de�ned densely on f� 2 L2(D) : � = 0g whose spectrumconsists of real eigenvalues only.For an eigen pair (�; ') of L
 separation of variables shows that '(x; y) = �m(x) cos(m�y) wherem is a non-negative integer. Hence the eigenvalues � are naturally classi�ed by m. We thereforedenote a � that is associated with m by �m. We have the following reduced eigenvalue problems for(�m; �m).1. When m = 0,��2�000 + f 0(u
)�0 � f 0(u
)�0 + �
G0[�0] = �0�0; �00(0) = �00(1) = �0 = 0: (3.2)2. When m 6= 0,��2(�00m �m2�2�m) + f 0(u
)�m + �
Gm[�m] = �m�m; �0m(0) = �0m(1) = 0: (3.3)7



Here Gm are the solution operators of the di�erential equations�X 00 = �0; X 0(0) = X 0(1) = 0; X = 0; if m = 0; (3.4)�X 00 +m2�2X = �m; X 0(0) = X 0(1) = 0; if m 6= 0; (3.5)i.e. Gm[�m] = X . We often identify the operators Gm with the Green functions of (3.4) and (3.5).Theorem 3.1 (Ren and Wei [12]) 4 The eigenvalues � of L are classi�ed into �m by m whichis a non-negative integer. The following 3 statements hold when � is su�ciently small.1. There exists M(K) depending on K but not � so that when jmj �M(K), �m � C�2 for someC > 0 independent of �.2. When m = 0, there are K small positive �0's. One of them is of order � whose only eigen-function is approximately Pj(hj(x) � hj). The other K � 1 �0's are of order �2. Their onlyeigenfunctions are approximately Pj c0jhj(x) for some vectors c0 satisfying Pj c0j = 0. Theremaining �0's are positive and bounded below by a positive constant independent of �.3. When m 6= 0 and jmj < M(K), there are K �m's of order �2, which are not necessarilypositive, whose only eigenfunctions are approximately Pj c0jhj(x) cos(m�y). The remaining�m's are positive and bounded below by a positive constant independent of �. Only when K issu�ciently large or 
 is su�ciently small, all the eigenvalues of L are positive and u is stable.The eigenvalues �0 in Part 2 of Theorem 3.1 are just the 1-D eigenvalues of u
 . That theyare positive is consistent with the fact that u
 is a local minimizer of I1. Bifurcations occur at 0eigenvalues, so we are more interested in the �m's of Part 3. In [12, Sections 6 and 7] we obtainedasymptotic expansions of the K pairs (�m; �m) in Part 3. When m � 1,�m = �2(
� (�� abK ) +m2�2) + o(�2); �m =Xj cjhj + �2�?m: (3.6)In (3.6) �m is decomposed to Pj cjhj in the subspace spanned by hj , j = 1; 2; :::;K, and �2�?m inthe orthogonal complement of the subspace. Moreover k�?mk2 = O(jcj) 5. As � ! 0, cj ! c0j . Here(�; c0) are the K eigenpairs of the K by K matrix [Gm(x0j ; x0k)]. [Gm(x0j ; x0k)] is diagonalized in [12,Section 7]. When K = 1, it has, for each m � 1, one eigenvalue pair� = 1m�(tanh(m�a) + tanh(m�b)) ; c0 / 1: (3.7)When K = 2, there are two eigenpairs� = 1m�(coth(m�a) + cot(m�b)� csch (m�a) + csch (m�b)) ; c0 / (�1; 1);� = 1m�(coth(m�a) + cot(m�b)� csch (m�a)� csch (m�b)) ; c0 / (1; 1): (3.8)4[12, Theorem 1.1] is formulated for a 3-D box. The similar conclusions hold true for the 2-D square D here.5See [12, Formula (6.55)]. 8



When K � 3, there are K eigenpairs � = 1d� q ; c0: (3.9)Here q is one of the K eigenvalues of the triagonal matrixQ = 266664 � �� 0 �� 0 �� 0 �::: 377775 (3.10)where � = m�csch 2m�aK ; � = m�csch 2m�bK ; d = m�(coth 2m�aK + coth 2m�bK );and c0 is a corresponding eigenvector of Q.In this paper we improve k�?mk2 = O(jcj) to k�?mk1 = O(jcj), and �nd the limiting behavior of�?m near each xj . De�ne � to be the solution of��00 + f 0(H)� = 
� (�� abK )H 0 +Const.; � ? H 0; (3.11)in R. Recall P from (2.6).Lemma 3.2 1. k�?mk1 = O(jcj).2. At each xj , �?m(xj + ��) converges in C2loc(R) to c0j (P 0 +�).Proof. We de�ne an operator Lm so that the left side of (3.3) is Lm�m 6. �?m satis�es theequationLm�?m � �m�?m =Xj cjf�m2�2hj � 1�2 (f 0(u
)� f 0(H))hj � 
Gm[hj� ] + �m�2 hjg: (3.12)We claim that the right side of (3.12) is O(jcj). The �rst term inside fg on the right side is obviouslyO(1). The last term is O(1) by (3.6). The third term is O(1) because Gm[hj� ]! Gm(x; x0j ) as �! 0.The least obvious is the second term. It is O(1) by Lemma 2.3.Suppose that Part 1 of Lemma 3.2 is false. Let  = �?mk�?mk1 .  satis�esLm = o(1): (3.13)Without the loss of generality we let x� 2 [0; 1] so that  (x�) = max j j = 1. Then x� � xj = O(�)for some xj . If this is not the case, (3.13) can not be satis�ed at x� sinceLm (x�) = ��2( 00(x�)�m2�2 (x�)) + f 0(u
(x�)) (x�) + �
Gm[ ](x�) � f 0(0) + o(1):De�ne 	(t) =  (xj + �t). As �! 0, 	 converges in C2loc(R) to a non-zero solution 	1 of�	001 + f 0(H)	1 = 0:6This Lm di�ers from the one in [12] slightly. 9



Therefore 	1 / H 0. But  ? hj implies that 	1 ? H 0. Hence 	1 = 0, a contradiction.To prove Part 2 we let �?(t) = �?m(xj + �t). From (3.12) we �nd that �? ! �?1 which is asolution of �(�?1)00 + f 0(H)�?1 = c0j (f 00(H)H 0P + 
� (�� abK )H 0 + 
�): (3.14)By di�erentiating the equation for P we �nd�(P 0)00 + f 0(H)P 0 = �f 00(H)H 0P � 
abK :So �?1 and c0j (P 0+�) satisfy the same equation (3.14). Moreover �?m ? hj implies �?1 ? H 0. Hence�?1 = c0j (P 0 +�).4 Bifurcation at (
B; uB)We use 
 as a bifurcation parameter. Let �(
) be one of the K eigenvalues of order �2 found in Part3 of Theorem 3.1, associated with a positive integer m. Generically this eigenvalue is simple. Tohave multiplicity there would be another m0 6= m so that �(
) = �m0 for a �m0 associated with m0.Because of (3.6) the latter case happens rarely, so we assume that �(
) is simple. It is continuedsmoothly to a curve of simple eigenvalues �(
) of L
 as 
 varies. Let 
B be a particular value of 
so that �(
B) = 0. The existence of such 
B follows from (3.6). The sign of �(
) is determined, tothe leading order term, by 
� (�� abK )+m2�2. This quantity is positive when 
 is small and negativewhen 
 is large. See [12, Section 7] for more details. Denote the eigenfunction associated with �(
B)by 'B(x; y) = �B(x) cos(m�y). We write uB := u
B and LB := L
B for simplicity. LetX := fw 2W 2;2(D) : @�w = 0 on @D; w = 0g; Y := fz 2 L2(D) : z = 0g: (4.1)Here X is a dense subspace of Y . Y is an Hilbert space with the usual inner product h�; �i inheritedfrom L2(D).A nonlinear map F : (0;1)�X ! Y is de�ned byF (
; w) := ��2�(u
 + w) + f(u
 + w)� f(u
 + w) + �
(��)�1(u
 + w � a): (4.2)Obviously the \trivial branch" (
; 0) is a solution branch of F (
; w) = 0. It corresponds to theK-interface, perfect lamellar solution u
 of (1.2), parameterized by 
. We look for another solutionbranch, a bifurcating branch, (
(s); w(s)) of F . It gives another solution u
(s) + w(s) of (1.2).Theorem 4.1 At 
 = 
B another solution branch (
(s); w(s)) bifurcates from the \trivial branch"(
; 0). Here w(s) = s'B+ sg(s) where the parameter s is in a neighborhood of 0 with 
(0) = 
B andw(0) = 0. Moreover g(s) 2 X satis�es g(s) ? 'B and g(0) = 0.Note that u
(s) +w(s) is approximately u
(s)(x) + s�B(x) cos(m�y) since g(s) is a smaller termcompared to 'B(x; y) = �B(x) cos(m�y). Plot 2 of Figure 2 is made based on this observation.Proof. We appeal to the standard \Bifurcation from simple eigenvalue" theorem 7. Denote theFr�echet derivatives of F with respect to 
 by D1 and with respect to w by D2. We need to verifythe following three properties.7See [19, Theorem 13.5, page 173]. 10



1. D2F (
B; 0), which is just LB : X ! Y , has a one dimensional kernel, spanned by 'B.2. R(D2F (
B; 0)), the range of D2F (
B; 0), has co-dimension 1.3. D1D2F (
B; 0)'B is not in R(D2F (
B; 0)).Property 1. follows from the simplicity assumption of �(
). To prove 2. we claim that thereexists a positive constant c(�; 
B) depending on � and 
B so thatk k2 � c(�; 
B)kLB k2; for all  ? 'B;  2 X: (4.3)Suppose (4.3) is false. There would exist a sequence  n 2 X ,  n ? 'B, k nk = 1 so that kLB nk2 !0. Let  n !  � weakly in L2(D). Then  � ? 'B. For every ! 2 Xh �; LB!i = limn!1h n; LB!i = limn!1hLB n; !i = 0:By the self-adjointness of LB,  � 2 X and LB � = 0. Hence  � = 0 from property 1. Rewrite LB nas ��2� n = �f 0(uB) n + f 0(uB) n � �
B(��)�1 n + LB n:Since k nk2 = 1 and kLB nk2 ! 0, the right side is bounded in L2(D). The elliptic regularitytheory asserts that  n is pre-compact in L2(D). Hence  n ! 0 in L2(D). This is inconsistent withthe fact k nk = 1. Hence (4.3) holds.We now prove 2. by showing R(LB) = f'Bg?. The self-adjointness of LB and 1. imply thatevery  2 R(LB)? is 'B multiplied by a constant. It su�ces to show that R(LB) is closed. Take!n 2 R(LB) so that !n ! !� in L2(D). Let  n 2 X ,  n ? 'B such that LB n = !n. Since !n is aCauchy sequence, by (4.3)  n is also a Cauchy sequence. Let  n !  � in L2(D). Note that LB is aclosed operator since it is self-adjoint. Hence  � 2 X and LB � = !�. This proves 2.To prove 3. note that the linear map D1D2F (
B; 0) : X ! Y is ! f 00(uB)du
d
 j
=
B � f 00(uB)du
d
 j
=
B + �(��)�1 : (4.4)Since R(LB) = f'Bg?, it su�ces to showhD1D2F (
B; 0)'B; 'Bi 6= 0; i.e. ZDff 00(uB)du
d
 j
=
B'2B + �'B(��)�1'Bg 6= 0: (4.5)This fact is established in the next lemma.Lemma 4.2 When � is su�ciently small,ZDff 00(uB)du
d
 j
=
B'2B + �'B(��)�1'Bg = ��3jc0j2�m2�22
B + o(�3jc0j2) < 0:Here � is given in (2.2), and c0 is in (3.7-3.9), a non-zero vector.
11



Proof. Note that 'B(x; y) = �B(x) cos(m�y) and (��)�1'B(x; y) = Gm[�B](x) cos(m�y).Hence after integrating out the y variable we deduceZDff 00(uB)du
d
 j
=
B'2B + �'B(��)�1'Bg = Z 10 f12f 00(uB)du
d
 j
=
B�2B + �2Gm[�B]�Bg dx: (4.6)By Lemmas 2.4, 3.2, we �ndZ 10 f 00(uB)du
d
 j
=
B�2B = Z 10 f 00(uB)(Xj c(hj � hj) + �R+ �2(
�1P + b0))�2B + o(�3)= Z 10 f 00(uB)(Xj (chj + �2(
�1P + b0))�2B + o(�3jcj2)= Z 10 f 00(uB)(Xj (chj + �2(
�1P + b0))�2B + o(�3jcj2)= �2 Z 10 f 00(uB)(
�1P )�2B + o(�3jcj2):We have used the fact that P is odd and b0, Ht and � are even. Hence we arrive atZ 10 f 00(uB)du
d
 j
=
B�2B = �3 ZR f 00(H)
�1P (Xj c2j )(H 0)2 dt+ o(�3jcj2) = ��3jc0j2abK + o(�3jc0j2)where the last equation follows after we di�erentiate the equation for 
�1P :�(
�1P )000 + f 0(H)(
�1P )0 + f 00(H)H 0(
�1P ) = �abK ;multiply by H 0, and integrate: RR f 00(H)
�1P (H 0)2 dt = �ab=K. By Lemma 3.2 we obtainZ 10 �Gm[�B]�B = �3 Z 10 (Xj cjGm[hj� ])(Xk ck hk� ) + o(�3jcj2)= �3Xj;k cjckGm(xk ; xj) + o(�3jcj2) = �3�jc0j2 + o(�3jc0j2):Here � is an eigenvalue of the K by K matrix Gm(x0k ; x0j ) and c0 is a corresponding eigenvector,satisfying lim�!0 cj = c0j .Hence the right side of (4.6) becomes�3jc0j22 (�� abK ) + o(�3jc0j2):To determine the sign of this quantity we recall (3.6):�(
B) = �2[
B� (�� abK ) +m2�2] + o(�2):But here �(
B) = 0. Hence �� abK = ��m2�2
B + o(1):This proves the lemma. 12



5 Stability of the bifurcating solutionsThe eigenvalue �(
) of the \trivial" branch u
 corresponds to an eigenvalue ��(s) of the bifurcatingsolution u
(s)+w(s). The sign of ��(s) may be determined from the shape of 
(s). Thus we proceedto compute 
0(0) and 
00(0). However the overall stability of u
(s) + w(s) is interesting only when�(
) is the principal, i.e. the smallest, eigenvalue of L
 . Otherwise, both u
 and u
(s) + w(s) areunstable. For the moment when studying the shape of 
(s), we do not assume that �(
) is theprincipal eigenvalue. We will do so later in Theorem 5.4.Place w(s) = s'B + sg(s) into F (
; w) = 0 and divide by s:��2�(u
(s)s +'B + g(s)) + f(u
(s) + w(s))s + �
(s)(��)�1(u
(s) � as + 'B + g(s)) = Const. (5.1)where Const. refers to the term coming from the average of f , which is independent of (x; y). Herewe do not need its exact value. On the other hand divide the equation (1.2) of u
(s) by s andsubtract the result from (5:1):��2�('B + g(s)) + f(u
(s) + w(s)) � f(u
(s))s + �
(s)(��)�1('B + g(s)) = Const. (5.2)Di�erentiate (5.2) with respect to s and set s = 0 afterwards:LBg0(0) + 
0(0)ff 00(uB)du
d
 j
=
B'B + �(��)�1'Bg+ 12f 00(uB)'2B = Const.: (5.3)Then we multiply (5.3) by 'B and integrate over D:
0(0) ZDff 00(uB)du
d
 j
=
B'2B + �'B(��)�1'Bg = � ZD 12f 00(uB)'3B: (5.4)Clearly the right side of (5.4) is 0 since 'B(x; y) = �B(x) cos(m�y) and integration with respect toy yields 0. Lemma 4.2 then impliesCorollary 5.1 
0(0) = 0.Consequently the equation (5.3) is simpli�ed toLBg0(0) = �12f 00(uB)'2B +Const.; g0(0) ? 'B: (5.5)The right side of (5.5) is perpendicular to 'B since the integration of the right side multiplied byuB with respect to y yields 0, so there is a solution of g0(0). g0(0) ? 'B follows from g(s) ? 'B inTheorem 4.1, so g0(0) is uniquely determined.Corollary 5.1 implies that the bifurcation digram has the shape of a pitchfork. There are twopossibilities illustrated in Figure 3. To determine which of the two cases occurs, we need to �nd
00(0). Di�erentiate (5.2) with respect to s twice and set s = 0 afterwards:LBg00(0) + 
00(0)ff 00(uB)du
d
 j
=
B'2B + �(��)�1'Bg+ 2f 00(uB)'Bg0(0) + 13f 000(uB)'3B = Const.:(5.6)13



Perfect, Stable Untable

Wriggled, Unstable

> γ

Perfect, Stable Untable

Wriggled, Stable

Figure 3: The two possible diagrams of wriggled lamellar solutions bifurcating out of perfect lamellarsolutions. The bifurcating solutions are unstable in the �rst case where 
00(0) < 0, and stable in thesecond case where 
00(0) > 0.We have used Corollary 5.1 in deriving (5.6). Again we multiply (5.6) by 'B and integrate:
00(0) ZDff 00(uB)du
d
 j
=
B'2B + �'B(��)�1'Bg = � ZDf2f 00(uB)'2Bg0(0) + 13f 000(uB)'4Bg: (5.7)The integral on the left side of (5.7) has been calculated in Lemma 4.2. We now need to know theright side.Lemma 5.2 � ZDf2f 00(uB)'2Bg0(0) + 13f 000(uB)'4Bg =��5m�
B KXj=1 c4j"2 + cosh(2m�)8 sinh(2m�) + cosh(2m�(1� 2x0j ))8 sinh(2m�) + cosh(m�(1� 2x0j ))4 sinh(m�) � 5(m�)3�8
B #+o(�5jcj4):The proof of Lemma 5.2 is formidable. We have to expand the quantity to the �5 order term,because all the lower order terms up to �4 vanish. Our main idea is to expand uB; �B; 2g0(0) as(:::)+ �2(:::) near each interface xj and then show that the quantity in Lemma 5.2 depends \locally"on these expansions near xj . This is a very long computation. We do not know if there is a simplerproof. We include it in Appendices B and C. The reader may skip it at a �rst reading. CombiningLemmas 4.2 and 5.2 we obtainCorollary 5.3 As �! 0, ��2
00(0)!2(
B0)2jc0j2m�� KXj=1(c0j )4"2 + cosh(2m�)8 sinh(2m�) + cosh(2m�(1� 2x0j ))8 sinh(2m�) + cosh(m�(1� 2x0j ))4 sinh(m�) � 5(m�)3�8
B0 #where 
B0 = lim�!0 
B and 
B0� is determined from 
B0� = m�abK � � .14



To study the overall stability of u
(s) + w(s) we now assume that at 
 = 
B, the principleeigenvalue �(
B) of uB is 0, and this eigenvalue is associated with a particular m. There are Keigenvalues of order �2 associated with this particular m. Here the 0 eigenvalue is the smallest.Hence � now is the smallest eigenvalue of [Gm(x0j ; x0k)]. According to [12, Section 7]� = 1m�(tanh(m�a) + tanh(m�b)) if K = 1;� = 1m�(coth(m�a) + cot(m�b)� csch (m�a) + csch (m�b)) if K = 2; (5.8)� = 1d+p�2 + �2 + 2�� cos � ; � = 2�=K; if K � 3:De�neS(a;K) := KXj=1( c0jjc0j )4[ 2 + cosh(2m�)8 sinh(2m�) +cosh(2m�(1� 2x0j ))8 sinh(2m�) +cosh(m�(1� 2x0j ))4 sinh(m�) �5(m�)3�8
B0 ] (5.9)where 
B0=� is determined as in Corollary 5.3 and m is associated with the principal eigenvalue 0.Note that S(a;K) depends on a and K only. It does not depend on � . Since � depends on the shapeof W , S(a;K) is independent of the exact shape of W . Then Corollary 5.3 implieslim�!0 ��2
00(0) = 2(
B0)2jc0j2m�� S(a;K): (5.10)Theorem 5.4 When � is su�ciently small, the bifurcating solution u
(s) + w(s) of K wriggledinterfaces is stable if S(a;K) > 0 and it is unstable if S(a;K) < 0.Proof. We �rst �nd �0(
B). Di�erentiate the equation L
' = �' with respect to 
:��2�'
 + f 0(u
)'
 + �
(��)�1'
 + f 00(u
)du
d
 '
 + �(��)�1' = �'
 + �0(
)'+Const.:Set 
 = 
B in the equation, multiply the equation by 'B, and integrate over D:ZDff 00(uB)du
d
 j
=
B'2B + �'B(��)�1'Bg = �0(
B) ZD '2B:The left side is calculated in Lemma 4.2. The integral on the right side isZD '2B = ZD(Xj cjhj)2 cos2(m�y) dxdy + o(�jcj2) = ��2 Xj c2j + o(�jcj2):Therefore �0(
B) = ��2m2�2
B + o(�2) < 0: (5.11)According to Crandall and Rabinowitz [4, Theorem 1.16], which generalizes an earlier result ofSattinger [17], near s = 0, ��(s) and �s
0(s)�0(
B) have the same zeros, andlims!0; ��(s)6=0 �s
0(s)�0(
B)��(s) = 1: (5.12)15



K m 
B0=� Kopt S(1=2;K) Stability1 1 1.2906e+02 2 -2.0964e-03 Unstable2 2 8.6349e+02 3 -2.1740e-02 Unstable3 3 2.7193e+03 4 -3.3075e-02 Unstable4 3 5.3823e+03 5 1.0764e-02 Stable5 3 9.7086e+03 6 2.1578e-02 Stable6 4 1.6165e+04 7 1.2129e-02 Stable7 4 2.4091e+04 8 1.5804e-02 Stable8 4 3.4492e+04 9 1.6739e-02 Stable9 4 4.7728e+04 10 1.6541e-02 Stable10 4 6.4156e+04 11 1.5885e-02 StableTable 1: The stability of the wriggled lamellar solutions that bifurcate from the principal eigenvaluesof the perfect lamellar solutions, when a = b = 1=2.Here ��(s) is the principle eigenvalue of the bifurcating solution u
(s)+w(s). Whether the bifurcatingsolution is stable depends on whether ��(s) is positive. The theorem follows from (5.10), (5.11), and(5.12).Let us use Theorem 5.4 to work out some examples. The quantity S(a;K) may be accuratelycalculated following these numerical steps.1. For each positive integer m �nd � from (5.8).2. With this � �nd 
B0=� from the formula in Corollary 5.3. If one obtains a non-positive 
B0=� ,this means that eigenvalues associated with this m are positive for any 
 and this m does notyield any wriggled lamellar solution. Discard such m.3. Minimize the positive 
B0=� with respect to the remaining m. The minimum is achieved atthe particular m associated to the principal eigenvalue of uB. Find c0 from Q of (3.10), usingthis m and its corresponding �.4. Use this particular m and the corresponding 
B0=� and c0 to �nd S(a;K) from (5.9).Tables 1, 2 and 3 report our numerical calculations based on this method for the cases a = 1=2,1=8, and 7=8. In each table the �rst column is the number of the interfaces in the perfect lamellarsolution uB. The second column gives the value of m associated with the principal eigenvalue 0 ofuB. Note that m does not increase as fast as K does. The third column has the value of 
B0=� . Wewill explain the fourth in a moment. The �fth column has the value of S(a;K). The last columnindicates the stability of the bifurcating solution with K wriggled interfaces.We have deliberately chosen a = 1=8 and a = 7=8 because they are somehow \symmetric".With the exception of K = 2, the 
B0=� 's are identical in Tables 2 and 3 for the same value of K.Moreover the S(a;K) values are the same in the two tables when K is odd. All these symmetriesand asymmetries can be explained from the formula (5.8) for � and the matrix (3.10) of Q.There is something interesting about the perfect lamellar solution uB whose principal eigenvalueis 0 where bifurcation occurs. In [12, Section 8] it is shown that the 1-D global minimizer (theglobal minimizer of I1 in Theorem 2.1, also a perfect lamellar solution on D after trivial extension),16



K m 
B0=� Kopt S(1=8;K) Stability1 3 1.7317e+03 2 -1.5234e-01 Unstable2 5 1.3418e+04 4 -8.9872e-03 Unstable3 2 1.0218e+04 3 5.7102e-02 Stable4 3 2.3798e+04 5 5.1520e-02 Stable5 3 4.3553e+04 6 3.4174e-02 Stable6 3 7.3607e+04 7 2.9597e-02 Stable7 4 1.1373e+05 8 2.4505e-02 Stable8 4 1.6489e+05 9 2.2058e-02 Stable9 4 2.3061e+05 10 1.9979e-02 Stable10 4 3.1284e+05 11 1.8189e-02 StableTable 2: The stability of the wriggled lamellar solutions that bifurcate from the principal eigenvaluesof the perfect lamellar solutions, when a = 1=8.
K m 
B0=� Kopt S(7=8;K) Stability1 3 1.7317e+03 2 -1.5234e-01 Unstable2 2 3.4949e+03 2 4.0940e-02 Stable3 2 1.0218e+04 3 5.7102e-02 Stable4 3 2.3798e+04 5 2.6416e-02 Stable5 3 4.3553e+04 6 3.4174e-02 Stable6 3 7.3607e+04 7 2.9798e-02 Stable7 4 1.1373e+05 8 2.4505e-02 Stable8 4 1.6489e+05 9 2.2092e-02 Stable9 4 2.3061e+05 10 1.9979e-02 Stable10 4 3.1284e+05 11 1.8196e-02 StableTable 3: The stability of the wriggled lamellar solutions that bifurcate from the principal eigenvaluesof the perfect lamellar solutions, when a = 7=8.
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which is one of the 1-D local minimizers, has the number of interfaces Kopt which minimizes (amongpositive integers N) �N + 
a2b2=(6N2). If we take 
 = 
B so that the K-interface, perfect lamellarsolution uB has 0 principal eigenvalue, we �nd the 1-D global minimizer corresponding to 
B. Thenumber of interfaces Kopt of this 1-D global minimizer is reported in the fourth columns in Tables1, 2, and 3. For most a and K the 1-D global minimizer has one more interface than uB does. Insome other cases the 1-D global minimizer is exactly uB.Acknowledgments. We thank Professors R. Kohn and C. Muratov for conversations on the subjectof block copolymers during the 50th annual SIAM conference in Philadelphia. Thanks also go toProfessor D. Sattinger for discussion on the bifurcation theory. The support from Institute ofMathematical Sciences at Chinese University of Hong Kong is much appreciated.References[1] J.W. Cahn and J.E. Hilliard. Free energy of a nonuniform system. I. Interfacial free energy. J.Chem. Phys., 28(2):258{267, 1958.[2] R. Choksi. Scaling laws in microphase separation of diblock copolymers. J. Nonlinear Sci.,11:223{236, 2001.[3] R. Choksi and X. Ren. On the derivation of a density functional theory for microphase separationof diblock copolymers. preprint.[4] M.G. Crandall and P.H. Rabinowitz. Bifurcation, perturbation of simple eigenvalues, andlinearized stability. Arch. Rational Mech. Anal., 52(2):161{180, 1973.[5] P.C. Fife and D. Hilhorst. The Nishiura-Ohnishi free boundary problem in the 1D case. SIAMJ. Math. Anal., 33(3):589{606, 2001.[6] M. Henry. Singular limit of a fourth order problem arising in the micro-phase separation ofdiblock copolymers. Adv. Di�erential Equations, 6(9):1049{1114, 2001.[7] C.B. Muratov. Theory of domain patterns in systems with long-range interactions of Coulombtype. Phys. Rev. E, to appear.[8] Y. Nishiura and I. Ohnishi. Some mathematical aspects of the microphase separation in diblockcopolymers. Phys. D, 84:31{39, 1995.[9] I. Ohnishi, Y. Nishiura, M. Imai, and Y. Matsushita. Analytical solutions describing the phaseseparation driven by a free energy functional containing a long-range interaction term. Chaos,9(2):329{341, 1999.[10] T. Ohta and K. Kawasaki. Equilibrium morphology of block copolymer melts. Macromolecules,19(10):2621{2632, 1986.[11] X. Ren and J. Wei. On energy minimizers of the di-block copolymer problem. preprint.[12] X. Ren and J. Wei. On the spectra of 3-D lamellar solutions of the diblock copolymer problem.preprint. 18



[13] X. Ren and J. Wei. Triblock copolymer theory: Free energy, disordered phase and weak segre-gation. preprint.[14] X. Ren and J. Wei. Triblock copolymer theory: Ordered ABC lamellar phase. preprint.[15] X. Ren and J. Wei. On the multiplicity of solutions of two nonlocal variational problems. SIAMJ. Math. Anal., 31(4):909{924, 2000.[16] X. Ren and J. Wei. Concentrically layered energy equilibria of the di-block copolymer problem.European J. Appl. Math., to appear.[17] D.H. Sattinger. Stability of bifurcating solutions by Leray-Schauder degree. Arch. RationalMech. Anal., 43:154{166, 1971.[18] M. Seul and D. Andelman. Domain shapes and patterns: The phenomenology of modulatedphases. Science, 267:476{483, 1995.[19] J. Smoller. Shock Waves and Reaction-Di�usion Equations. Springer-Verlag, New York Heidel-berg Berlin, 1983.A Proof of Lemma 2.4Proof. We di�erentiate the 1-D Euler-Lagrange equation in Theorem 2.1 with respect to 
 to deduce��2(du
d
 )00 + f 0(u
)du
d
 � f 0(u
)du
d
 + �
G0[du
d
 ] = ��G0[u
 � a]: (A.1)Let us de�ne an operator L0 so the left side of (A.1) is L0 du
d
 . Rewrite (A.1) ascXj L0(hj � hj) + �L0 = ��G0[u� a]: (A.2)Note thatL0(hj � hj) = (f 0(u
)� f 0(H))hj + �
G0[hj � hj ] + (f 0(u
)� f 0(u
))hj � f 0(u
)hj + e:s:: (A.3)We claim that k k1 = O(1)(1 + jcj): (A.4)According to [12, (4.29)], L0(hj � hj) = O(�). Hence we deduce from (A.2)L0 = O(1)(1 + jcj): (A.5)If (A.4) is false, let ! =  k k1 , which satis�esL0! = o(1): (A.6)Assume without the loss of generality at some x� 2 [0; 1], !(x�) = max j!j = 1. We show thatx� � xj = O(�) for some xj . Otherwise at x� (A.6) implieso(1) = L0!(x�) � f 0(u
(x�))!(x�)� (f 0(u
)� f 0(0))! +O(�) = f 0(0) + o(1);19



which is impossible. De�ne 
(t) = !(xj + �t), which satis�es�
00 + f 0(u
)
 = o(1) (A.7)on (�xj=�; (1� xj)=�) by (A.6). As �! 0, 
! 
1 in C2loc(R). 
1 is non-zero and satis�es�
001 + f 0(H)
1 = 0:Therefore 
1 / H 0. On the other hand  ? hj implies 
1 ? H 0. Hence 
1 = 0, a contradiction.This proves (A.4).Multiply (A.2) by hk � hk and integrate:cXj hL0(hj � hj); hk � hki+ �h ;L0(hk � hk)i = ��hG0[u
 � a]; hk � hki: (A.8)It is proved in [12, (4.35)] thathL0(hj � hj); hk � hki = ��3
ab�jkK + �3
G0(xj ; xk) + �2f 0(u
) + o(�3); (A.9)where �jk = 0 if j = k and = 0 otherwise, and proved in [12, (4.30)] thatkL0(hj � hj)k1 = O(�2): (A.10)Following (A.9) and (A.10), (A.8) becomescXj f��3
ab�jkK + �3
G0(xj ; xk) + �2f 0(u
)g+ o(�3)jcj+O(�3)(1+ jcj) = ��2v(xk) + o(�2): (A.11)Comparing the leading order �2 terms on the both sides of (A.11), we conclude that c = O(1) andlim�!0 c = c0 := � v0(x0k)Kf 0(0) . This proves Part 1.The above argument (A.11) also shows thatc = � v0(x0k)Kf 0(0) + O(�): (A.12)Rewrite (A.2) as L0 = �G0[u� a]� c�Xj L0(hj � hj) (A.13)= �c� [Xj (f 0(u
)� f 0(H))hj + f 0(u
)hj + 
�G0[hj � hj ]�(G0[u� a] +Kcf 0(u
)hj): (A.14)The limit of  (xj + ��) satis�es the limit of (A.14) in the t-coordinate:�R00 + f 0(H)R = �v0(x0k)f 0(0) f 0(H) + Const: (A.15)20



This is because in the right side of (A.3) the third term is of the leading � order (See [12, Section 4]for details). Multiply (A.15) by Ht and integrate to �nd Const. = 0. This proves Part 2.To prove Part 3, we note that we can write R = � v0(x0j )f 0(0) + d0Ht, where d0 is such that R ? Ht.This is the inner expansion of  . We have to glue the inner expansion and outer expansion of  .The outer expansion of  is v�f 0(0) . We now chooseR� =Xj ( ĉhj� + d̂hj � v�f 0(0) )�(x� xjp� ) + v�f 0(0) (A.16)where �(s) is a cut-o� function such that �(s) = 1 for s � 1 and �(s) = 0 for s � 2, and theconstants ĉ and d̂ are chosen such that R R�hj = 0; R R� = 0. By (A.12), we haveĉ = Kc+O(�); d̂ = d0 +O(�):It is then easy to calculate thatL0R� = �Xj G0[u� a](1� �(x� xjp� ))� ĉ�Xj f 0(u
)hj + �Const. + o(�): (A.17)Set now  = R� + �b�Then b� satis�es L0b� = c�2 Xj (f 0 � f 0(u))hj � c
� Xj 
G0[hj � hj ]�1�Xj (G0[u� a]�(x� xjp� )� v�(xj)) + Const. + o(1): (A.18)Since R b�hj = 0; R b� = 0, we see from (A.18) that b� is bounded and hence we pass to the limit in(A.18). The limiting equation of (A.18) becomesb̂00 � f 0(H)b̂ = �(v0)0(x0j )t+ c0f 00(H)HtP +Const.; b̂ ? Ht; (A.19)where b̂(t) = lim�!0 b�(xj + �t). Multiplying (A.19) by Ht, we see that the Const. in (A.19) mustbe �c0 RR f 00(H)H2t P . It then follows that b̂ = 1
P + b0, where b0 is de�ned in Lemma 2.4. Thisgives Part 3.B Expansion of 2g0(0)In Appendices B and C we use the following simpli�ed notations:u := uB; v := G0[uB � a]; 
 := 
B; � := �B; ! := �?B ; f 0 := f 0(H); f 00 := f 00(H); etc. (B.1)The vector cj in the expansion of � satis�es jcj = 1.21



De�ne a linear operator L by LU := U 00 � f 0U (B.2)where U is de�ned on R. Then LHt = 0; (B.3)LHtt = f 00H2t ; (B.4)LHttt = 3f 00HtHtt + f 000H3t : (B.5)Let u = H(t) + �2p. Then p satis�es�2p00 � f 0p = 1�2 [
�G0[u� a]�Constant] + �2f 00 p22 +O(�4): (B.6)By Lemma 2.3 as �! 0; p(xj + ��)! P in C2loc(R), where P satis�esLP + 
(v0)0(x0j )t = 0: (B.7)Note that P (t) is an odd function (and hence P ? Ht). It is easy to compute thatLPt = f 00HtP � 
(v0)0(x0j ); (B.8)LPtt = (f 00Ht)tP + 2f 00HtPt; (B.9)LPttt = (f 00Ht)ttP + 3(f 00Ht)tP + 3f 00HtPtt: (B.10)Recall Lemma 3.2. In the decomposition�(x) = KXj=1 cjhj + �2!; hj ? ! (B.11)! satis�es �2!00 � �2(m�)2! � f 0(u)! � �
Gm[!]= � 1�2 KXj=1 cj [(f 0 � f 0(u))hj � �2(m�)2hj ] + 
� KXk=1 ckGm[hk]: (B.12)We further expand (B.12):�2!00 � f 0! = KXj=1 cj [f 00Htp�m2�2Ht] + 
� KXk=1 ckGm[hk]+
�Gm[!] + �2[f 00p! +m2�2! + f 000Ht p22 ] +O(�3): (B.13)As �! 0, we have !(xj + ��)! c0j
 in C2loc(R), where 
 satis�esL
 = f 00HtP � (m�)2Ht +Const.; 
 is even and 
 ? Ht: (B.14)22



Hence L
t = f 00Ht
+ (f 00Ht)tP + f 00HtPt � (m�)2Htt: (B.15)Finally, we calculate 2g0(0). Since '2B = �2(x) cos2(m�y), we decompose the solution of (5.5)into 2g0(0)(x; y) = g1(x)2 + g2(x) cos(2m�y)2 (B.16)where g1 and g2 are solutions of the following two equations.�2g001 � f 0(u)g1 � �
G0[g1] = f 00(u)�2 � f 00(u)�2; g01(0) = g01(1) = g1 = 0; (B.17)�2(g002 � 4m2�2g2)� f 0(u)g2 � �
G2m[g2] = f 00(u)�2; g02(0) = g02(1) = 0: (B.18)Both equations are uniquely solvable, since the eigenvalues of the two operators in (B.17) and (B.18)are non-zero (the zero eigenvalue is associated with m), i.e. both operators are invertible.We write 2g0(0) =  1 + �2 2 (B.19)where  1(x; y) =Xj c2jHtt(x� xj� ) cos2(m�y);  2 = g112 + g212 cos(2m�y): (B.20)Here g1 =Xj c2jHtt(x � xj� ) + �2g11; g2 =Xj c2jHtt(x� xj� ) + g21: (B.21)The equation for g11 is�2g0011 � f 0(u)g11 � �
G0[g11]= 
c2j� G0[Htt] + 1�2 [f 00(u)�2m � c2jf 00H2t � f 00(u)�2m]= 
c2j� G0[Htt] + c2jf 000H2t p+ 2f 00Htcj! + c2jf 00Http+�2[c2jf (4)H2t p22 + c2jf 000Htt p22 + 2cjf 000Htp! + f 00!2] +O(�4) + C1 (B.22)where C1 = ��2f 00(u)�2m. By (B.15), it is easy to see thatC1 = 1�2 Z 10 f 00(u)�2m = 1�2 KXj=1 f 00(H + �2p)c2jH2t + o(1) = o(1): (B.23)Similarly the equation for g21 is�2g0021 � 4m2�2g21 � f 0(u)g21 � �
G2m[g21]= 4m2�2c2jHtt + 
c2j� G2m[Htt] + c2jf 000H2t p+ 2f 00Htcj! + c2jf 00Http+�2[c2jf (4)H2t p22 + c2jf 000Htt p22 + 2cjf 000Htp! + f 00!2] +O(�4): (B.24)We state the following lemma. 23



Lemma B.1 As � ! 0, near xj we have g11(xj + ��) ! (c0j )2G11; g21(xj + ��) ! (c0j )2G21, whereG11 satis�es LG11 = f 000H2t P + 2f 00Ht
+ f 00HttP; G11is oddand G21 satis�es LG21 = f 000H2t P + 2f 00Ht
+ f 00HttP + (2m�)2Htt; G21is odd:Proof. We only prove the convergence of g11. The convergence of g21 is similar. To this end, letus decompose g11 = KXj=1 �j(hj � hj) +G11 + ĝ11where ĝ11 ? hj ; j = 1; :::;K and R 10 ĝ11 = 0. The key is to show that �j = o(1). This is similar tothe proof of (3) of Lemma 2.4.Simple calculationss show that ĝ11 satis�es�2ĝ0011 � f 0(u)ĝ11 � �
G0[ĝ11] = O(�2 KXj=1 j�j j) + o(1)Since ĝ11 ? hj ; j = 1; :::;K; R ĝ11 = 0, standard arguments show thatĝ11 = O( KXj=1 j�j j�2) + o(1): (B.25)We multiply (B.22) by hj and integrate over (0; 1), to �nd�C1 + �j Z 10 (f 0 � f 0(u))H2t = Z 10 [c2jf 000H2t p+ 2cjf 00Ht! + c2jf 00Http]Ht + o(�3)= Z 10 [c2jf 000H2t p+ c2jf 00Http]Ht + 2cj Z 10 LHtt! + o(�3)= Z 10 [c2jf 000H2t p+ 3c2jf 00Http]Ht + o(�3)= c2j Z 10 (LHttt)p+ o(�3) = o(�3):Thus we obtain the �rst identity C1 + �2�j ZR f 00PH2t = o(�2): (B.26)Next, we integrate the equation (B.22) over (0; 1) and make use of (B.25) to deduce that0 = Z 10 f 0(u)g11 = Z 10 f 0(u)(Xj �j(hj � hj) + ĝ11):24



So we obtain the second identity Xj �jf 0(0) = o(1): (B.27)Substituting (B.27) into (B.26), we have thatC1 = o(�2); �j = o(1) (B.28)and hence ĝ11 = o(1).C Proof of Lemma 5.2In this appendix we omit Pj most of the time. When cj appears in a quantity, Pj is usuallyimplied. We use the notation A � B for A�B = o(�5).De�ne a linear operator S byS := �2� � f 0(u) + �
��1 : (C.1)where  is a function on D. Recall  1 and  2 de�ned in (B.20). NoteS 1 = c2jf(f 0 � f 0(u))Htt cos2(m�y) + f 00H2t cos2(m�y)�2�2(m�)2Htt cos(2m�y) + �
��1(Htt cos2(m�y))g: (C.2)S 2 = 2(m�)2c2jHtt cos(2m�y)� 
c2j� ��1(Htt cos2(m�y))+ 1�2 (f 00(u)�2 � c2jf 00H2t ) cos2(m�y) + c2j�2 (f 0(u)� f 0)Htt cos2(m�y): (C.3)Then ZD f 00(u)'2(2g0(0)) = ZD(S(2g0(0)))(2g0(0))= ZD(S 1) 1 + 2�2 ZD(S 2) 1 + �4 ZD(S 2) 2 := I1 + I2 + I3 (C.4)where the last equation de�nes I1, I2 and I3. To prove Lemma 5.2 we computeZD f 00(u)�2(2g0(0)) + 13 ZD f 000(u)�4 = I1 + I2 + I3 + 13 ZD f 000(u)�4: (C.5)We start with I2. From (C.3) we obtainI2 � 4�3(m�)2c4j ZRH2tt Z 10 cos2(m�y) cos(2m�y)�2�
c4j ZD(��1(Htt cos2(m�y)))Htt cos2(m�y)+2�c2j ZR(f 00(u)�2 � c2jf 00H2t )Htt Z 10 cos4(m�y)25



+2�c4j ZR(f 0(u)� f 0)H2tt Z 10 cos4(m�y)� �3(m�)2c4j ZRH2tt + �
c4j Z 10 (2G0 +G2m)[Htt]Htt4+3�c2j4 ZR(f 00(u)�2 � c2jf 00H2t )Htt + 3�c4j4 ZR(f 0(u)� f 0)H2tt: (C.6)The last two terms in (C.6) are estimated as follows:3�4 ZR(f 00(u)�2 � c2jf 00H2t )Htt� 3�34 ZR(c2jf 000pH2t + 2cjf 00Ht! + �2f 00!2 + 2�2cjf 000p! + �2c2jf (4) p22 H2t )Htt;3�4 ZR(f 0(u)� f 0)H2tt� 3�34 ZR(f 00H2ttp+ �2f 000H2tt p22 ): (C.7)Substitute (C.7) to (C.6) we obtainI2 � �3(m�)2c4j ZRH2tt + �
c4j Z 10 (2G0 +G2m)[Htt]Htt4+3�3c3j4 ZR(cjf 000H2tHttp+ cjf 00H2ttp+ 2f 00HtHtt!)+3�5c2j4 ZR(f 00Htt!2 + 2cjf 000HtHttp! + c2j (f (4)H2tHtt + f 000H2tt)p22 ): (C.8)On the other hand13 ZD f 000(u)'4 = 18 Z 10 f 000(H + �2p)(cjHt + �2!)4� �c4j8 ZR f 000H4t + �3c3j8 ZR(cjf (4)H4t p+ 4f 000H3t !)+�5c2j8 ZR(c2jf (5)H4t p22 + 4cjf (4)H3t p! + 6f 000H2t !2):We combine the last with (C.8) to deduceI2 + 13 ZD f 000(u)'4� �c4j8 ZR f 000H4t + �3(m�)2c4j ZRH2tt + �
c4j Z 10 (2G0 +G2m)[Htt]Htt4+�3c3j8 ZRfcj(f (4)H4t + 6f 000H2tHtt + 6f 00H2tt)p+ 4(f 000H3t + 3f 00HtHtt)!g26



+�5c2j8 ZRf(6f 000H2t + 6f 00Htt)!2 + cj(4f (4)H3t + 12f 000HtHtt)p!+c2j (f (5)H4t + 6f (4)H2tHtt + 6f 000H2tt)p22 g: (C.9)One term in the integral after �3c3j8 is simpli�ed using (B.5) and (B.13):ZR(f 000H3t + 3f 00HtHtt)!= ZR(LHttt)! = ZR(L!)Httt = ZRf(f 0(u)� f 0)Httt! + (!00 � f 0(u)!)Htttg= �2 ZR f 00Htttp! + �2(m�)2 ZRHttt! + �
 Z 10 Gm[!]Httt � (m�)2cj ZRH2tt+
cj� Z 10 Gm[Ht]Httt + cj ZR(f 00HtHtttp+ �2f 000HtHttt p22 ) + o(�2): (C.10)Here we have dropped R 10 Gm[!]Httt = R 10 Gm[Httt]! = o(�). Substituting (C.10) to (C.9) we deduceI2 + 13 ZD f 000(u)'4� �c4j8 ZR f 000H4t + �3(m�)2c4j2 ZRH2tt + �5(m�)2c4j2 ZRHttt!+�
c4j Z 10 f(2G0 +G2m)[Htt]Htt4 +Gm[Ht]Httt2 g+�3c4j8 ZR(f (4)H4t + 6f 000H2tHtt + 6f 00H2tt + 4f 00HtHttt)p+�5c2j8 ZRf(6f 000H2t + 6f 00Htt)!2 + cj(4f (4)H3t + 12f 000HtHtt + 4f 00Httt)p!+c2j (f (5)H4t + 6f (4)H2tHtt + 4f 000HtHttt + 6f 000H2tt)p22 g: (C.11)Next we compute I1. From (C.2) we deduceI1 � 3�c4j8 ZR f 00H2tHtt + 3�c4j8 ZR(f 0 � f 0(u))H2tt � �3(m�)2c4j2 ZRH2tt+�
c4j ZD(��1(Htt cos2(m�y))(Htt cos2(m�y)� 3�c4j8 ZR f 00H2tHtt � 3�3c4j8 ZR f 00H2ttp� 3�5c4j8 ZR f 000H2tt p22 � �3(m�)2c4j2 ZRH2tt��
c4j Z 10 (2G0 +G2m)[Htt]Htt8 : (C.12)(C.12) is added to (C.11). The � order terms and the �3(m�)2 terms cancel out:I1 + I2 + 13 ZD f 000(u)'4 27



� �5(m�)2c3j2 ZRHttt! + �
c4j Z 10 f(2G0 +G2m)[Htt]Htt8 +Gm[Ht]Httt2 g+�3c4j8 ZR(f (4)H4t + 6f 000H2tHtt + 3f 00H2tt + 4f 00HtHttt)p+�5c2j8 ZRf(6f 000H2t + 6f 00Htt)!2 + cj(4f (4)H3t + 12f 000HtHtt + 4f 00Httt)p!+c2j (f (5)H4t + 6f (4)H2tHtt + 4f 000HtHttt + 3f 000H2tt)p22 g: (C.13)The integral after �3c4j8 is, by (B.6),ZR(f (4)H4t + 6f 000H2tHtt + 3f 00H2tt + 4f 00HtHttt)p= ZR(LHtttt)p = ZR(Lp)Htttt= 
� ZR vHtttt + �2 ZR f 00Htttt p22 + o(�2) = �
 ZR vxxHtt + �2 ZR f 00Htttt p22 + o(�2)= ��
 ZR(H + �2p� a)Htt + �2 ZR f 00Htttt p22 = �
 ZRH2t + �2 ZR f 00Htttt p22 + o(�2):Hence (C.13) becomesI1 + I2 + 13 ZD f 000(u)'4� �
c4j Z 10 f(2G0 +G2m)[Htt]Htt8 +Gm[Ht]Httt2 g+ �4
c4j8 ZRH2t + �5(m�)2c3j2 ZRHttt!+�5c2j8 ZRf(6f 000H2t + 6f 00Htt)!2 + cj(4f (4)H3t + 12f 000HtHtt + 4f 00Httt)p!+c2j (f (5)H4t + 6f (4)H2tHtt + 4f 000HtHttt + 3f 000H2tt + f 00Htttt)p22 g= �
c4j Z 10 f(2G0 +G2m)[Htt]Htt8 +Gm[Ht]Httt2 g+ �4
c4j8 ZRH2t + �5(m�)2c3j2 ZRHttt!+�5c2j8 ZRf6(f 00Ht)t!2 + 4cj(f 00Ht)ttp! + c2j (f 00Ht)ttt p22 g: (C.14)Finally we compute I3. By (C.3) we �ndI3 = �4 ZD(S 2) 2� �4fc3j ZD(cj(f 00Ht)tp+ 2f 00Ht!) cos2(m�y)(g112 + g212 cos(2m�y))+2(m�)2c4j ZDHtt cos(2m�)(g112 + g212 cos(2m�y))28



�
c4j� ZD(��1(Htt cos2(m�y)))(g112 + g212 cos(2m�y))g� �5(c0j )48 ZR((f 00(Ht)tP + 2f 00Ht
)(2G11 +G21) + �5(m�)2(c0j )42 ZRHttG21 (C.15)where we have used Lemma B.1. We have dropped the last integral of the second last line for it isof order o(�2). Combining (C.14) and (C.15) we arrive atI1 + I2 + I3 + 13 ZD f 000(u)'4� �
c4j Z 10 f(2G0 +G2m)[Htt]Htt8 +Gm[Ht]Httt2 g+�4
c4j8 ZRH2t + �5(m�)2(c0j )42 ZRHtt(G21 �
t) (C.16)+�5(c0j )48 ZRf6(f 00Ht)t
2 + 4(f 00Ht)ttP
+ (f 00Ht)tttP 22 + 3((f 00Ht)tP + 2f 00Ht
)�g:Here we have introduced � := 2G11 +G213 : (C.17)We simplify the last integral in (C.16). Let
 = Pt +�; � = Ptt +	: (C.18)Note that by (3.11) and �(
B) = 0,L� = (m�)2Ht +Const.; L	 = 2f 00Ht�+ 4(m�)23 Htt: (C.19)The integral after �5(c0j )48 in (C.16) isZRf(f 00Ht)tttP 22 + 6(f 00Ht)tP 2t + 4(f 00Ht)ttPPt + 3((f 00Ht)tP + 2f 00HtPt)Pttg+ (C.20)ZRf4(f 00Ht)ttP�+12(f 00Ht)tPt�+6(f 00Ht)t�2+3((f 00H)tP+2f 00HtPt)	+6f 00Ht�	+6f 00Ht�Pttg:The �rst integral in (C.20) is 0 after integration by parts. To calculate the second integral note, by(B.9), ZR 3((f 00Ht)tP + 2f 00HtPt)	= 3 ZR(LPtt)	 = 3 ZR(L	)Ptt = 6 ZR f 00Ht�Ptt + 4(m�)2 ZRHttPtt; (C.21)ZR f 00Ht�	= 6 ZR(L�t � (m�)2Htt) = 6 ZR(2f 00Ht�+ 4(m�)23 Htt)�t � 6(m�)2 ZRHtt	= �6 ZR(f 00Ht)t�2 + 8(m�)2 ZRHtt�t � 6(m�)2 ZRHtt	: (C.22)29



Substituting (C.21) and (C.22) into the second integral in (C.20) we �nd, with the help of (B.10)and (C.19),(C:20) = ZR(4(f 0Ht)ttP + 12(f 00Ht)tPt + 12f 00HtPtt)� (C.23)+4(m�)2 ZRHttPtt + 8(m�)2 ZRHtt�t � 6(m�)2 ZRHtt	= 4 ZR(LPttt)� + 4(m�)2 ZRHttPtt + 8(m�)2 ZRHtt�t � 6(m�)2 ZRHtt	= 4(m�)2 ZRHtPttt + 4(m�)2 ZRHttPtt + 8(m�)2 ZRHtt�t � 6(m�)2 ZRHtt	= 8(m�)2 ZRHtt�t � 6(m�)2 ZRHtt	: (C.24)Substitute (C.24) back to (C.16) we �ndI1 + I2 + I3 + 13 ZD f 000(u)'4� �
c4j Z 10 f(2G0 +G2m)[Htt]Htt8 +Gm[Ht]Httt2 g+ �4
c4j8 ZRH2t+�5(m�)2(c0j )42 ZRHtt(G21 �
t + 2�t � 32	): (C.25)Note thatL(G21 �
t + 2�t � 32	)= 4(m�)2 + f 000H2t P + 2f 00Ht
+ f 00HttP � 2f 00Ht
� (f 00Ht)tP + f 00Ht�+ (m�)2Htt+2f 00Ht�+ 2(m�)2Htt � (32)2f 00Ht�� (32)4(m�)2Htt3= 5(m�)2Htt: (C.26)On the other hand we may solve the last equation to �ndG21 �
t + 2�t � 32	 = 5(m�)22 tHtsince L( t2Ht) = Htt. Hence the last integral in (C.25) isZRHtt(G21 �
t + 2�t � 32	) = 5(m�)22 ZR tHtHtt = �5(m�)2�4 :Putting this back to (C.25) we deduceI1 + I2 + I3 + 13 ZD f 000(u)'4� �
c4j Z 10 f(2G0 +G2m)[Htt]Htt8 +Gm[Ht]Httt2 g+ �4
c4j8 ZRH2t � 5�5(m�)2�(c0j )48 :(C.27)30



We now compute the �rst term in (C.27). Note thatZ 10 G0[Htt]Htt = �3 ZRH2t + o(�4); (C.28)since G0[Htt] = �2(H( ��xj� )�H( ��xj� )).Recall that G2m is identi�ed with the Green function of�G002m + (2m�)2G2m = �(� � y); G02m(0; y) = G02m(1; y) = 0:G2m splits to the fundamental solution part and the regular part:G2m(x; y) = 14m�e�2m�jx�yj �R2m(x; y):Note that R2m is smooth in both variables x and y. We write down G2m(x; y) explicitly:G2m(x; y) = cosh(2m�(1� jx� yj)) + cosh(2m�(1� x� y))4m� sinh(2m�) :Thus R2m(x; y) = 14m�e�2m�jx�yj � cosh(2m�(1� jx� yj)) + cosh(2m�(1� x� y))4m� sinh(2m�) :We need to computeR2m;xy(y; y) := @2R2m@x@y �����x=y = �m� + m� cosh(2m�)� 2m� cosh(2m�(1� 2y))sinh(2m�) : (C.29)Then we have G2m[Htt](x) = Z 10 G2m(x; y)Htt(y � xj� )dy:By simple computations, we have thatG2m[Htt](xj + �t) = � Z (1�xj)=e�xj=� G2m(xj + �t; xj + �z)Htt(z) dz= � ZR[ 14m�e�2m��jt�zj �R2m(xj + �t; xj + �z)]Hzzdz + o(�4): (C.30)We expand e�2m��jt�zj to deduceZR e�2m��jt�zjHzz dz = ZR(1� 2m��jt� zj+ 2(m��)2jt� zj3 +O(�3jt� zj3))Hzz dz= �4m��H(t) + 4(m��)2t+O(�3):Hence (C.30) becomesG2m[Htt](xj + �t) = ��2H(t) +m��3t� � ZRR2m(xj + �t; xj + �z)Hzz dz: (C.31)31



Next we expand R2m(xj + �t; xj + �z) so thatZ 10 G2m[Htt]Htt = �3 ZRH2t �m��4 � �4R2m;xy(x0j ; x0j ) + o(�4): (C.32)For the term involving Gm, integrating by parts, we obtainZ 10 Gm[Ht]Httt = � Z 10 GDm[Htt]Httwhere GDm[Htt] is the Green function of�(GDm)00 + (m�)2GDm = �(� � y); GDm(0; y)(0) = GDm(1; y) = 0: (C.33)The superscript D emphasizes the Dirichlet boundary condition. Similar to the Neumann boundarycase we �ndGDm(x; y) = cosh(m�(1� jx� yj))� cosh(m�(1� x� y))2m� sinh(m�) ;RDm(x; y) := 12m�e�m�jx�yj � cosh(m�(1� jx� yj))� cosh(m�(1� x� y))2m� sinh(m�) ;RDm;xy(y; y) := @2HDm@x@y �����x=y = �m�2 + m� cosh(m�) +m� cosh(m�(1� 2y))2 sinh(m�) : (C.34)By the same argument leading to (C.32), we arrive atZ 10 Gm[Ht]Httt = ��3 ZRH2t + �4m�2 + �4RDm;xy(x0j ; x0j ) + o(�4): (C.35)Substituting (C.28), (C.32) and (C.35) into (C.27), we obtainI1 + I2 + I3 + 13 ZD f 000(u)'4� KXj=1 c4j"�5
m�8 � �5
8 R2m;xy(x0j ; x0j ) + �5
2 RDm;xy(x0j ; x0j )� 5�5(m�)4�8 #� �5m�
 KXj=1(c0j )4"2 + cosh(2m�)8 sinh(2m�) + cosh(2m�(1� 2x0j ))8 sinh(2m�) + cosh(m�(1� 2x0j ))4 sinh(m�) � 5(m�)3�8
 #;using (C.29) and (C.34), (restoring the Pj sign). This completes the proof.
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