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DC telluric fields in three dimensions: A refined 
finite-difference simulation using local integral forms 

John F. Hermance* 

ABSTRACT 

A new finite-difference form is developed for simulating 
the distortion of telluric fields by 3-D azimuthally sym- 
metric structures. The technique involves a sequence of 
local integrations of the electric current density crossing 
closed surfaces surrounding each mesh node. The resulting 
expressions. which are accurate to second degree every- 
where. correctly describe first-order discontinuities in the 
electric field normal to electrical discontinuities in the in- 
terior of the model. Moreover. the new form (a nine-point 
finite-difference operator) accounts for cross-derivative 
(e.g.. rI’r//JrJ;) effects in the region about each node, 
which can lead to significantly improved accuracy near 
sharp. localized discontinuities where the anomalous ticld 
decays as I/R’ or I/R’ with distance. 

Numerical simulations tire compared with analytical 
solutions for two simple models: (I ) a circular disk-shaped 
heterogeneity in a thin sheet: and (2) a sphere imbedded 
in a homogeneous. infinite medium. The comparison be- 
tween the analytical and numerical results for bqth of these 
models indicates that an accuracy of better than a few per- 
cent is not exceptional. 

INTRODUCTION 

An important class of problems which is often encountered 
while interpreting the behavior of time-varying telluric and/or 
magnetotelluric (MT) fields is concerned with the case in which 
the depth of penetration 6 is much greater than the characteristic 
dimension L of geologic structures under study. In such situ+ons 
(where 6 % L). one can assume that they are dealing with the dis- 
tortion of dc-telluric or galvanic fields and can neglect, to first 
order, the effects of self and mutual induction over the dimen- 
sions of the body considered (Berdichevskiy, 1965: Hermance, 
1982a). 

Being able to invoke this limiting situation enables one to 
simulate effectively with numerical models the long-period dis- 
tortion of telluric fields in the vicinity of surficial lateral hetero- 
geneities. Such shallow geologic structures may or may not be of 
direct interest in a specific exploration program. However, there 
is little doubt that galvanic effects can appreciably perturb the 

long-period MT response of such a structure. even when its in- 
duction parameter (L/6) is negligible (Berdichevskiy and Dmitriev. 
1976; Hermance, 1982a). Hence WC adopt the point of view that 
while at present there is limited interest among exploration peo- 
physicists in quantitatively interpreting the results of telluric 
surveys. the effects of phenomena associated with telluric field 
distortion can significantly modify the MT response at long periods 
and thus lead to strongly biased interpretations if not properly ac- 
counted for (Hermance, 1982a). Therefore this paper, while re- 
stricted to considering the dc-telluric case. lays the foundation 
for addressing a larger range of problems commonly encountered 
in conventional MT surveys. 

We are concerned with developing an accurate numerical al- 
gorithm which adequately accounts for the physical behavior of 
electric fields in the vicinity of sharp electrical discontinuities 
within the interior of our modeling region. The technique involves 
the extension to three dimensions of the concept of local integral 
forms developed by Hermance (1982b) for two dimensions. As 
shown in this previous work, the method is quite similar to the 
finite-difference technique although a somewhat higher accuracy 
is to be expected, particularly in the vicinity of electrical discon- 
tinuities where the perturbed fields decrease rapidly with distance. 
In simulating such models, the problem reduces to the analog of 
solving Laplace’s equation for a scalar potential field. This not 
only simplifies the mathematics in deriving the appropriate nu- 
merical algorithm, it also reduces computation times on a com- 
puter dramatically, particularly when certain symmetries in the 
model are exploited. 

THE MODEL 

The class of models considered here is limited to azimuthally 
symmetric structures (an example is illustrated in Figure I). The 
resistivity structure can vary arbitrarily in the radial or vertical 
direction, but it is constrained to be symmetric in the azimuthal 
plane. Although the geometry is somewhat restrictive, such 
models can be used to represent circular basins, domes, laccoliths, 
hydrothermal plumes, ocean islands, etc. At this point I feel that 
there are decided advantages to employing this symmetry: first, 
it is possible quantitatively to compare the results of the numerical 
model with those from analytical models which have cylindrical 
or spherical symmetry; second, the computation time is reduced 
appreciably. As will be shown below, the problem effectively 
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reduces from evaluating fields at the nodes of a 3-D mesh to 
evaluating the fields at the nodes of a 2-D mesh which has rota- 
tional symmetry about the center of the structure. The reader 
should readily perceive the straightforward application of these 
concepts to more general cases. 

The method begins with a global discretization of the model 
over the region of interest, as is usually done in conventional 
finite differences (e.g., Mufti, 1976: Dey and Morrison, 1979a. b). 
We then perform a local surface integration of the electric field in 
the vicinity of each grid node. The method is described for 2-D 
structures by Hermance (1982b), where it is shown that although 
the resulting simulation has the form of a nine-point finite- 
difference expression, it has a higher precision than the more 
conventional five-point finite-difference forms. 

Basic theory 

The discussion follows the theory presented by Hermance 
(1982b) and only some of the essential relations are reviewed 
here. Upon invoking the low-frequency or dc approximation and 
neglecting the contribution from any frequency-dependent induc- 
tion phenomena. the electrical held can be represented by the 
gradient of a scalar potential, e.g.. 

E = -VU, (1) 

where U is a solution to Laplace’s equation 

Vu = 0. (2) 

An alternative approach would be to use the continuity con- 

FIG. 1. An example of the type of azimuthally symmetric 3-D model to be considered. The heterogeneity need not be imbedded in a 
homogeneous layer, but it can simulate a local geometrical modulation (thinning or thickening) of a surface layer or a layer at depth. 
The conventions of the X, v, z and r, 8, z coordinate systems are shown relative to an origin over the center of the heterogeneity. 
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dition on the electric current density, 

V - (J + dD/dt) = 0, (3) 

J being the conduction current density (A/m’). and aD/dr the 

displacement current density (Aim’). Since frequency and time- 
dependent effects are neglible, we set the time derivatives of all 
variables to zero. Hence 

forms are more basic. Therefore, an appropriate integration of 
field quantities is invoked in the vicinity of each of the grid nodes 
which, in the case of telluric or dc fields, involves the conserva- 
tion of current expressed by 

ii 
J.dA=O, (5) 

V*J=O, (4) 

which, because of Ohm’s law in point form (J = aE), can be 
related in a homogeneous medium to the divergence of the gradient 
of a scalar potential as in equation (1) such that one arrives at an 
expression identical to equation (2). 

where the surface integration totally encloses a particular grid 
node P. The objective is to perform the required surface integra- 
tion to second-degree accuracy in the vicinity of each nodal point 
over the interior of the model. 

Basic conventions 

The conventional finite-difference method is applied by super- For azimuthally symmetric structures, the model can be de- 
imposing an irregularly spaced grid on the region containing the scribed completely by specifying values for the resistivity over 
structure to be studied. This forms a basis for a coordinate system, a single mesh in the r, z plane at 8 = 0. A simple rotation of the 
with the spacing between grid lines usually arranged so that the mesh from 0 = 0 to 360 degrees will then trace out the actual 
mesh is small near where fields are expected to vary significantly structure. In this case, it is apparent that the most complicated 
over small distances, i.e., near the boundaries of structures. Re- boundary to be encountered in the vicinity of any node P is when 
lations such as (2) or (4) are then sought for each nodal point P four dissimilar materials abut along a line in the 0 direction, as 
throughout the grid mesh. shown in Figure 2. 

As outlined by Hermance (I 982b). the fundamental concept 
underlying the new tecnique is the fact that the differential form 
(4) is not the most primitive form of Maxwell’s equations. Integral 

The convention for describing the nodes which are the nearest 
neighbors of P is indicated in Figure 3. The contact, or central 
point (actually a line in the 0 direction) at which nodal planes 

\ 

\ \ 

\ 

FIG. 2. A local segment of the model showing the most pathologic 
situation to be encountered in the vicinity of a grid node at the 
interface of an electrical discontinuity; four dissimilar materials 
abutting along a line in the t3 direction. 

FIG. 3. The notation used to describe the coupling of eight neigh- 
boring nodes to the central node P. The letters UR denote upper- 
right, DR denote down-right, etc. The width of the segment in 
the azimuthal direction, AO,., is considered to be arbitrarily 
small. 
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FIG. 4. The surface over which the normal current density is to be 
integrated. Note the temporary nodes PI, P2, P3, and P4 which 
are introduced at the midpoint of each surrounding prism and 
which describe the edges of the enclosed volume. 

come into contact, is labeled P, and the grid surfaces delineate 
four quasi-rectangular prisms, labeled 1 through 4 (see Figure 2), 
each possibly having a different value of conductivity u, (or its 
inverse, resistivity p,), where the index j = I to 4 corresponds to 
the respective medium. These prisms each have nodal points at 
their comers (Figure 3); R signifies right, D down, L left, and 
U up. It follows that the label UR denotes upper right, etc. The 
spacings between the central node P and its nearest neighbors 
R, D, L, and U are given, respectively, by da, dD, do, and du. 
The width of each prism in the azimuthal direction is be,, , which 
we assume is a small angle. 

Surface integration of normal current density 

Local Taylor series representations.-The surface of integra- 
tion for the normal current density is shown in Figure 4. A set 
of temporary nodes, one at the center of each rectangular region. 
is labeled Pl, P2, P3, and P4. The potential field U, in each 
.medium can be locally represented as a second-degree poly- 
nomial form relative to a coordinate system centered at PI, P2, 
P3, or P4, respectively. It follows, therefore, that a local Taylor 
series expansion of r/j can be developed for each medium (I 
through 4) about the temporary points Pl through P4, respectively. 
The form of such an expansion is 

+ (A02/2) a2 U/M’ I4 + (Az’/2) a’ U/iJz’Ip,, (6) 

where Ar = r - rp,, A0 = 0 - tip,, and AZ = z - zp, are 
distances referenced to a set of local coordinate systems, each 
having its origin at the center of a rectangular region such as 
shown in Figure 5 where, as an example, j = 1. In this local 
region, the origin is designated by the indices (0, 0), the node to 

dH (L-I) 
v 

dV 
_________$L&!--- 

I I 
a I 

0 
HA) (l,I) 

FIG. 5. Notation used to express the local coupling relations at 
the temporary node (0, 0). Each of the four regions about P has 
a similar geometry, although for clarity these are not shown. 

the right and down by (1. I), the node to the left and down by 
(- 1, I), etc. Note that these integers are not distances, but indices. 
The distance between nodes is dH in the horizontal direction and 
dv in the vertical direction. 

The continuous derivatives evaluated at each of the temporary 
nodes can be approximated by the following centered difference 
operators which are accurate to second degree (see Hermance. 
1982b): 

[dU/dr]j z D,(U) 

= [U,(l, 1) + U,(l, -1) - U,(-1, 1) 
- U,(-I, -1)1/2&j. (7) 

[aU/aZ]j ~ D,(U) 

= [z/,(1, 1) + I/,(-l, 1) - U,(l, -1) 
- U,(-1. -1)]/2d,. (8) 

[a’ U/tlraz], = D,,(U) 

= W,(l. I) - U,(-1, l)ll& 
- [U,(l, -1) - U,(-1, -I)]/&}/d,. (9) 

An operator denoted by the upper case D represents one of the 
finite-difference forms in equations (7). (8), or (9). 

It is useful to recognize at this point that the potential field is 
continuous across the four interfaces separating the various media, 
whereas its Hurst and second derivatives with respect to r and z may 
be discontinuous, On the other hand, because of the azimuthal 
symmetry of the structure, the first and second derivatives of U 
with respect to 0 are continuous across all interfaces. 

The function U can be expanded as a Fourier series in Cl such that 

U(r. z, 0) = i U,,(r, z) exp(in 0). (10) 
” = 0 

where U,(r, z) is generally complex and depends upon the 
order n of the Fourier term. For electric held sources which are 
spatially uniform and polarized in the x-direction. equation (10) 
reduces to 
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FIG. 6. Top: illustrates the integration of the normal current den- 
sity .I,. over the surface r = rpl in medium 1. Bottom: illus- 
trates the convention for integrating .I, over all the appropriate 
surfaces in media I, 2, 3, and 4. 

U(r, ;. 0) = U(r. L) cos H, (11) 

where U(r. -_) is purely real. It is convenient for future applica- 
tions of the model to consider the more general Fourier term 
represented by equation (10) so that upon suppressing the sum- 
mation sign 

U(r. :. 0) = U,(r, z) exp(in 8) (12) 

along with the derivatives 

JU/M = in U, (13) 

and 

d2U/dO' = -n” U. (14) 

The electric field components in the ,jth medium are given by 

E, = -dU/dr 

= -[D,(U) + (AO)in Do, 

+ AZ D,,(U) + Ar iJ-U/dr’]. 

E, = -(I/r)dU/M 

= -[(l/r)in Up, + (Ar/r)rn D,.,(U) 

+ (AZ/r) in D,,(U) - (AH/r) n2 Up,]. 

and 

(15) 

(16) 

E, = -XJ/k 

= -[D,(U) + in A8 D;,(U) 

+ Ar D,,,(U) + Az d’U/dz’]. (17) 

---__ 

b 
DR 

FIG. 7. Top: illustrates the integration of the normal current den- 
sity Ja over the surface +A0,./2. Bottom: illustrates the con- 
vention for integrating JH over all the appropriate surfaces in 
media 1, 2, 3, and 4. The encircled point represents the tip of an 
arrow directed toward the reader. 

The surface integration.-Now incorporate expressions (15) 
through ( 17) for the electric field components into Ohm’s law for 
each medium, J, = cr,E, , to determine relations for the ap- 
propriate components of the normal current density. These can 
then be integrated over the surface of the volume indicated in 
Figure 4. Begin by integrating J, over the surface in medium I, 
at constant radius r = rpl , as shown in the top diagram of 
Figure 6. The total current passing radially outward through this 
surface is given by 

I rP1 = -(or rpr AC),,. doD)[D,r (U) - (do/4)Drrr (WI. (18) 
where A0,. , the angular width of the volume. is assumed to be arbi- 
trarily small. 

In a similar way the total current passing outward through each 
of the other surfaces shown in the lower diagram of Figure 6 is 
given, respectively, by 

I rPZ = +(o.2rP2A0,3 do/2)[D,r(U) ~ (~D/~)D,.,~(U)I. 

1,-P? = +(a3rpiA0,,. dr:/2)[D,.1(U) + (dr~/4)D,3(U)]~ 

and 

I rP4 = --(uqrP4AB,, dC,/2)[D,-4(U) + Cd,~/4)Drz4(U)1~ 

(19) 

(20) 

(21) 

Another set of surfaces is shown in Figure 7 over which Ja is 
integrated. It is most useful to consider the sum of the integrated 
current passing through a surface at +A 8,, /2 and that passing 
through another surface at -A0,,./2, where Atr,,. is small. In 
this case the sum of currents passing outward through these two 
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surfaces in medium 1 is 

[(ulAO,/r)~‘U/XtZ]dz dr. (22) 

Upon noting that J’l//atI’ = -n’U. equation (22) can be 
numerically integrated using the trapezoidal rule. To do so. the 
convention for indices shown in Figure 5 to identify the position 
of each node (or temporary node) is employed. Hence, per- 
forming the surface integration in (22) using the 2-D trapezoidal 
formula leads to 

AlepI = (a, dDdR ABWn2/16)[U(-1. -1)/r,, 

+ U(O, - I)lrpl + U(0. O)/rpl + UC-I. 0)/r,,]. (23) 

Since permanent nodes are not associated with the positions 
(0, - I), (0, 0), and (- I, 0), the potential at these points is deter- 
mined using the Taylor series expansion given in equation (6), 
where the derivatives are given by equations (7). (8). and (9). For 
example, expanding about the temporary node PI [corresponding 
to position (0, O)] leads to the following relation for the potcn- 
tial at node P: 

UP = UP, - (&/2)D,,(U) - (d,,/2)D,,(U) 
+ (&&/4)D.,, (U). (24) 

This can be rewritten in the form 

U,, = UP + (dR/2)Dr,(U) + (dnD)D,,(U) 

- (dRdo/4Dn, (U). (25) 

Equation (25) is an expression for Up, [or U (0, O)] in terms 

of the potential at its nearest neighbor nodes. In a similar way 

OR 

FIG. 8. Top: illustrates the integration of the normal current den- 
sity J, over the surface at z = dR/2 below the point P in medium 
1. Bottom: illustrates the convention for integrating J; over all the 
appropriate surfaces in media 1, 2, 3, and 4. 

one can solve for the potential at the other temporary nodes 
[(0, - I) and (- 1, O)]. Following some straightforward algebra, 
one finds that equation (23) can be expanded to the form 

AIHPI = (a, dDdx ABwn’/16) [Up/rp + (Up + UR)2rPI 

+ (Up + Uo)/Zr, + (UP + UR + UDR + UDJ/4rpIl. 

(26) 

Integrating over the other surfaces shown in Figure 7 leads to 
the following expressions for the differential currents (i.e., the 
difference between the azimuthal current passing outward through 
the surface at +A0W/2 and that passing inward through the 
surface at -A0W/2 in each medium): 

AIapz = (a? dDdl AtlWfr2/16)[Up/rp 
+ (UP + UD)/2r,, + (Up + 

AIHp3 = (a, dudl A0wn’/16)[Up/r,, 
+ (Up + Uc:)/2rp + (Up + 

and 

Alap = (u4 dudR A0wn’/16)[Up/r,, 

+ (Up + Uc)/2r, + (Up + 

f (Up + uL)/2rp2 
UL + UDL + Un)/4rp21, 

(27) 

+ (U, + UI.)/2rp3 
UL + UUL + U~,I/4rp31r 

(28) 

+ (I/, + UR)bp4 

Ul. + UUR + l/R)/4,41. 

(29) 

Finally, consider the vertical current density passing through 
the surfaces indicated in Figure 8. The total integrated current 
passing through the surface in medium I containing the point 
PI is 

&PI = - (o, rpA0, dR/2)(Dz,(u) [I + (dR/4rp)] 

- o,,(U){(dR/4) [I + (dR/hr,)]}). (30) 

The total integrated current densities passing outward through 
each of the other surfaces in Figure 8 are given, respectively, by 

I:,?_ = - (olrpAOW d,/2)(D,?(U) [l - (dL/4r,)l 
+ Drz2(U){(dl /4) rl - (dLl6r,Jll), (31) 

I:P3 = +(usrpA0w dJZ){D,~(U) [I - (dJ4rp)l 
+ D.,~(U)[(dL/4) [I - (dJ6rp)l}), (32) 

and 

I 2PJ = + (ujrpA@, dR/2)(D14(U) [I + (dR/brp)l 

- Drz4(U){(dR/4)L1 + (dR/6rp)lI). (33) 

Clearly the total current passing outward through the entire 
closed surface indicated in Figure 4 is simply the sum of the right- 
hand sides of expressions (18) through (21), (26) through (29), 
and (30) through (33). inclusive. The resulting expression, after 
eliminating the constant multiplier AHuJ/2. becomes the desired 
numerical operator. It is easy to show that as r,, becomes large 
relative to the nodal spacing. the above expression reduces to the 
2-D finite-difference form described by Hermance ( 1982b). 

COMPARISON OF NUMERICAL AND ANALYTICAL RESULTS 
FOR SIMPLE MODELS 

Circular disk in a thin sheet 

An important test for evaluating the modeling algorithm is to 
see if it can simulate the distortion of electric fields in the vicinity 
of a circular disk-shaped heterogeneity in a thin sheet (Figure 9). 
This problem is readily evaluated analytically and represents a 
simple member of the class of problems where geologic hetero- 
geneities outcrop at the surface. 

The electric potential was calculated for a set of 25 nodes un- 
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FIG. 9. A circular disk-shaped heterogeneity in a thin sheet 

equally spaced from the center of a disk having a radius Rd = 

100 m, to a distance of 1000 m (10 Rd). The thin sheet was 
10 m thick over which 5 vertical nodes were equally spaced at 
distances of 2.5 m. A boundary condition of E; = 0 was imposed 
along the top and bottom horizontal surfaces. At the origin I! = 0, 
whereas at infinity (r = 10 Rd) a constant gradient was im- 
posed simulating a uniform source field of 

E,(source) = 1.0 Vim. (34) 

At each internal node the local integration described in the pre- 
vious section was applied, leading to a set of coupled linear equa- 
tions in the unknown potentials. In the present code double preci- 
sion variables were used (16 significant figures in floating point 
form) and the arrangement of the finite-difference expressions 
was ordered in such a way that a strongly banded (bandwidth 
= twice the number of horizontal nodes + 3), diagonally domi- 
nant matrix was generated. For small models (25 X 25 nodes), 
this type of matrix is quite suitable for inversion by Gauss eli- 
mination; pivoting is not required, the elimination is performed 
only on the band containing nonzero coefficients, and the matrix 
inversion is quite stable. 

The electric field components are determined from the dis- 
cretized potential field solutions using modified centered differ- 
ence gradient operators (see the Appendix). The electric field E 

therefore is a derived quantity; it is not a primary quantity, such 
as UP which is calculated during the original numerical simula- 
tion. One might expect some loss of precision to occur at this 
secondary level of calculation. A third level of calculation (and 
associated imprecision) is introduced when the results are cast in 
terms which are most useful to the exploration geophysicist, who 
is interested in the anomalous electric field relative to the source 
field, i.e., 

AE, = [E,(x) - E,(source)]/EX(source). (35) 

This residual quantity is due solely to the effects of the electrical 
heterogeneity, and its numerical evaluation tends to emphasize 
any imprecision in the model calculation. 

The results of the numerical simulation of the circular disk- 
shaped heterogenetity in a thin sheet are summarized in Figure 
10. Also shown is the analytical solution to the same problem. 
The anomalous horizontal electric field component given by equa- 
tion (35) is presented at points along a radial profile from the 
center of the disk parallel to the direction of the source field, E, 

(source). We plotted our results in logarithmic coordinates to 
emphasize the 1 /R* decrease of the anomalous field with distance 
beyond the edge of the disk. Another feature of the result is the 

typically constant value of the electric field over the interior of 
the disk, given analytically by 

AE, = -(aI - u,)/(u> + a,). (36) 

In the case shown here, where u, = 0.1 S/m and u? = 1 .O S/m, 
AE, = 0.82, with which the numerical results agree quite well 
(see Figure 10 and Table I). 

It is important to recognize that the anomalous electric field 
is not continuous across the edge of the disk, but undergoes a 
discontinuity associated with a change in sign. Since such a 
change in sign cannot be shown directly in logarithmic coordi- 
nates, we have indicated this implicitly with the negative sign (- 1 
and positive sign (+) in brackets. When u?(disk) > u, (sheet), 
the anomalous field is negative over the interior of the disk and 
positive beyond the disk. Hence the anomalous electric field is 

I I 1 ““I 

2.0 - <EDGE ZF DISK, 

I 
I 

0.1 I I I1111 

IO 40 100 400 
RADIAL DISTANCE, M 

FIG. 10. Comparison of analytical (solid line) and numerical re- 
sults (points) for the anomalous electric field due to a circular 
disk-shaped heterogeneity in a thin sheet; u, (sheet) = 0.1 
mho/m and u2 = 1.0 mhoim. 
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Table 1. Comparison of numerical and analytical results for a disk- 
shaped heterogeneity in a thin sheet. Radius (I of disk = 100 m, con- 
dpctivity of disk = I mho/m, conductivity of host medium = 0.1 mhoim. 

Anomalous field 

Distance(m) Numerical Analytical 
Normalized 

error (% 1 

0. -.x20 -.X18 0.2 
IO. -.x20 -.81X 02 
20. ~.Xxl -.X18 0 2 
30. -.X20 -.X18 0.2 
40. -.X20 - XIX 0.2 
hO. -.X20 -.81X 0.2 
80. ~ .X20 -.X18 0.2 
90. - x20 -.X18 0.2 

loo.(-)* -.X19 -.81X 0. I 
loo.(+)“* +.x09 +.x1x -1.1 
II0 + ,670 + .676 -0.9 
130. + ,480 + ,484 -0.X 
I so. + 358 +.364 -1.6 

rma error 0.6% 

*Denote\ the horizontal electric field is evaluated at v < U. but im- 
mediately adjacent to discontinuity. 
**Denotes the field is evaluated at I’ > a. but immediately adjacent to 
discontinuity. 

not continuous across the edge of the disk as it may first appear 

from Figure 10. 
Although the numerical and analytical results shown for this 

model in Figure 10 seem to agree quite well, a better idea of the 
overall distribution of errors may be obtained from a close in- 
spection of Table 1:‘Here we indicate, for a few representative 
points. the results of the numerical calculation, the analytical 
solution. as well as the difference between the two, as given by 

RN = [AE,(numer.) - AE,(analyt.)]/AE,(analyt.). (37) 

expressed as a percentage. This table also summarizes the 
root-mean-square (rms) value of all the normalized residuals of 
the numerical result, which is calculated by taking the square root 
of the mean of the normalized residuals squared. 

This comparison should dispel1 any notion that numerical 
model studies are intrinsically inaccurate. We should emphasize 
again that we are at the third level of imprecision in the calcula- 
tion; the agreement between the primary field quantities. the elec- 
tric potentials U calculated directly in the numerical simulation. 
is even more striking. 

An imbedded sphere 

In this section analytical and numerical calculations for a 
sphere in a homogeneous medium are compared. Neither calcula- 
tion accounts for the effects of the earth’s surface. 

The model consists of 30 x 30 nodes unequally spaced radially 
from r = 0 to 1500 m and vertically from z = 0 to - I.500 m. A 
spherical-shaped inclusion is simulated numerically by a set of 
discrete cylindrical-shaped structures centered at the origin 
(r. z) = (0, 0) as shown in Figure 11. The total volume of the 
cylinders is set equal to the volume of a sphere having a radius 
(R,) of 100 m. A symmetric boundary condition is applied along the 
bottom-most plane. It is important to note. of course. that one 
cannot expect complete agreement between the numerical and 
analytical results in this case because of the higher order mul- 
tipole moments which are induced in the cylindrical-shaped struc- 
ture which are not present in the analytical sphere. The induced 

DISTANCE, M 

FIG. 1 I. Comparison of analytical (solid line) and numerical 
results (points) for the anomalous electric field due to a sphere 
imbedded in an infinite homogeneous medium; u, (host) = 0.1 
mho/m, a2(sphere) = 1.0 mho/m. The height of the profile is 
- 120 m above the center of a sphere having a radius of 100 m. 
The spherical heterogeneity is approximated by an equal volume 
set of cylindrical structulcs as shown in vertical section. The 
radius of the points is approximately 2 percent of the maximum 
analytic field value. 

field in the analytical calculation is simply that of a dipole. How- 
ever, one feels intuitively that if the sphere is represented by a 
set of cylinders as shown, and if one is not too close to the anoma- 
lous structure, then certainly the induced dipole terms in the 
numerical solution should dominate the higher order multipole 
terms. This seems to be the case as illustrated in Figure 11, where 
the results are presented for the anomalous horizontal electric 
field component along a radial profile parallel to the source field 
at a height of -110 m (where R, = 100 m). 

In an actual field survey, explorationists would tend to extract 
two pieces of information from such a profile: the peak anomaly 
and the half-width of the anomaly. What is apparent in this figure, 

as well as in Table 2, is that the numerical simulation of both 
parameters is in excellent agreement with the analytical solution 
over the most critical portions of the profile. However, it is clear 
in Table 2 that the normalized residuals, as determined using 
equation (37). are not always a good measure of the overall preci- 
sion of the data, particularly when the anomalous field amplitudes 
become very small. Because of this it is useful to introduce a 
parameter which normalizes the difference between the numerical 
simulation and the analytical calculation in a somewhat different 
fashion. Rather than dividing this difference by the analytical value 
at the same point as is done in equation (37), an alternative ap- 
proach is to divide the difference by the strength of the source 
field, i.e., 

Ri = [AE,(numer.) - AE,(analyt.)]/Ey. (38) 

As seen in Table 2. this leads to much more stable values of the 
normalized residual. Which of these normalization procedures is 
to be preferred depends upon the exact application. If an inter- 
pretation depends heavily on determining the peak amplitude, the 
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Table 2. Numerical and analytical results for a sphere imbedded in a homogeneous medium. Height of profile = - 1 IO m, radius of sphere = 100 m, 
conductivity of sphere = 100 mhoim, conductivity of host medium = 0.1 phoim. 

Anomalous field Percent error (5% 1 

Distance (m) Numerical Analytuxl 

Normalized by 
corresponding analytical 

value 
Normalized by 

source held strength 

0. 
5 

lo: 
20. 
30. 
7< 

40. 
SO. 
58. 
6.5. 
7s. 
no. 
90. 

101. 
I IO. 
120. 
135. 
ISO. 

-0.s70 
-0.561 
-0.540 
PO.490 
PO.420 
-0.371 
-0.31x 
-0.216 
PO. 141 
-0.086 
-0.022 
-0.004 
-0.043 
PO.074 
~0.091 
-0. I03 
PO. I I I 
PO. I I I 

-0 563 
-o.ssx 
-0.s43 
PO.485 
PO.401 
-0.3.53 
-0.304 
-0.207 
PO.135 
~0.080 
-0.015 
-0.01 I 
-0.0.53 
-0.084 
PO. 100 
PO.1 IO 
-0. I14 
PO. I I I 

geometric half-width and perhaps the total area under the curve, 
then probably equation (38) is a proper measure of the overall 
accuracy of the numerical results. On the other hand, if one wants 
to extract second-order parameters from the model, then equation 
(37) is useful for indicating those segments of the profile where 
such a procedure may be misleading. 

DISCUSSION 

Significant developments have been made over the last decade 
in numerically modeling geophysically relevant three-dimen- 
sional (3-D) problems (Jones and Pascoe, 1972; Raiche, 1974; 
Weidelt, 1975; Hohmann, 1975; Reddy et al 1977). However, 
for the most part these techniques have only been used to de- 
scribe the response of locally imbedded features such as cubes 
or rectangular prisms (Jones, 1974; Reddy et al. 1977; Wanna- 
maker et al, 1980; Ting and Hohmann, 1980), geometries which 
cannot be directly compared with analytical results. 1 have at- 
tempted to ameloriate this situation to some degree by consider- 
ing geometries which have analytical counterparts. In addition, 
while developing the present algorithm I have paid close atten- 
tion to having the field relations obey basic physical principles 
at nodes which are located along internal discontinuities in the 
electrical conductivity (i.e., where normal-E is discontinuous). 
Moreover, the algorithm I have described is accurate to second 
degree not only in homogeneous regions, but also in regions 
closely adjacent to physical discontinuities. The numerical opera- 
tor incorporates explicit forms for the cross-derivatives which 
may be essential for most accurately reconstructing the distortion 
of fields near localized discontinuities [see Hermance (1982b) 
where this is discussed in detail for two dimensions]. Upon com- 
paring the numerical simulation with analytical calculations for 
simple models where the expected results are well-known, one 
sees that accuracies better than a few percent are not exceptional. 

I emphasize that the present code does not account for induc- 
tion effects, which should clearly dominate the actual results 
when penetration depths 6 become less than some characteristic 

1.2 0.7 
OS 0.3 

-0.5 ~0.3 
I .o 0.5 
4.7 I .9 
8.2 I.8 
4.6 I .‘I 
4.4 0.4 
4.4 0.7 
7.5 0.6 

17. 0.7 
64. -0.7 
20. ~ I .o 
12. -1.0 
9.0 - I .O 
6.4 -0.7 
7.6 PO.3 
0.0 0.0 

dimension L of the model. This is a profound handicap in the 
application of the algorithm to conventional MT surveys over a 
broad range of frequencies. However, in many cases, one is in- 
terested in analyzing the effects of 3-D structures when 6/L 3 1, 
i.e., at the long-period asymptotic limit. In such cases Hermance 
(1982a) has shown how the telluric response function can be cast 
in terms of MT response parameters. Such an approach would 
be useful for interpreting long-period data from telluric-magneto- 
telluric surveys as described by Hermance and Thayer (1975), 
providing one follows the cautionary notes recently discussed by 
Stodt et al (1981). 
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APPENDIX 
CALCULATING DERIVATIVES 

NEAR ELECTRICAL DISCONTINUITIES 

The potential field U is a continuous function of space through- 
out the modeling domain. However, the normal derivatives of U 
are discontinuous across boundaries where u is discontinuous. 
This poses a problem for numerically evaluating the components 
of the electric field intensity as the derivative of the electric poten- 
tial \E = -VC/) using methods which rely on simple central 
difference formulas. Recognizing that E may. in fact, be discon- 
tinuous at a node P (see Figure 3). one can evaluate the electric 
field in a vanishingly small region of the node P, but in one of the 
homogeneous prisms which abut at that point (Figure 2). Hence 
each electric field component can be evaluated in each of the four 
prisms. but vanishingly close to the central node P. 

Upon considering the continuity of tangential electric field com- 
ponents across discontinuities, one has the following equalities: 

E;, = EP ,‘, , E:? = E;? ; E:, = E;?; E:3 = Efd; 

EC, = E& = E& = E&t. 

In addition, assuming that in each of the homogeneous subregions 
the potential can be expanded as a Taylor series, then. using the 
notation described in the text. the potentials at the right-hand 
node R and the left-hand node L, respectively, are related to the 
potential at the central node through 

lJR = U, + dR aU,/ar + (d~/2)82Ul/ar2 (A-1) 

and 

III_ = U, - dL auz/ar + (di/2)a2U2/ar’. (A-2) 

The expressions (A- 1) and (A-2) can be rewritten in the forms 

aU,/ar = (U, - U,)/dR - (d,/2) a’ U I /ar’, (A-3) 

and 

aUz/ar = (U, - UL)/dr. + (dL/2)a2U2/ar2. (A-4) 

The interpretation of each of these expressions, respectively, is 
that Jr/, /ar is the radial derivative of U in medium 1 imme- 
diately adjacent and vanishingly close to the central node P, 
whereas alJ>/ar is the radial derivative of U immediately ad- 
jacent to P in medium 2. If the conductivity is the same in both 
media, then of course aU,/ar = aU2/ar. 

We now algebraically manipulate equations (A-3) and (A-4) 
to eliminate the continuous second derivatives on the right-hand 
side of these expressions. Using Laplace’s equation V2U = 0, 

we can write 

a2u,/arz = -(l/r)ar/,/ar - (I/rZ)a”Uj/M’ - a2u,/a2?, 

(A-5) 

where j is the index corresponding to each medium, I or 2. This 
expression can be substituted into the right-hand side of equations 
(A-3) and (A-4) which can be factored into the forms 

[l - (dR/2r)]aUI/ar = (U, - U,)/dR 

+ (dR/2)[(l/r’)a2U,/a02 

+ a2 u, /ai’], (A-6) 

and 

[l + kiL/WlaU21ar = CU, - UL)ldr. 

- (dJ2)[(l/r2)a2U2/a02 
+ a2 uz/az2]. (A-7) 

Expression (A-7) can be factored into an expression for 
[(l/r’)$U,/aB’ + a’U~/a;‘] which, because of the con- 
tinuity of the potential along the 1-2 interface, is equal to 
[(l/r’)a2U,/a02 + 8’U,/az2] in expression (A-6), and can 
be substituted for the latter terms. Recognizing also, because 
of the continuity of normal current flow across the vertical inter- 
face through the nodal point P, that 

aUJar = Lb, + u4)/b2 + u,)lau,/ar, (‘4-8) 
expressions (A-6) and (A-7) can be combined to provide the 
forms for the derivatives alJ,/ar and au,/ar. These in turn 
lead to the following expressions for the electric field components: 

E:t = EP, = -(oz + us)[(&./dR)(UR - U,) 
+ (&/&)(Up - U,)l . 

and 

. i[dL - (dRdJWl(u2 + ~4 
+ [dR + (d~&/Wl(u~ + udm’, (A-9) 

E:z = EL = -(u, + u4)[(dL/dR)(U/z - U,) 

+ (dxld,.)(UP - ‘Jdl 
. l[& - (drdJW1(u2 + ~3) 
+ [dK + &/2r)l(u, + udF’. (A-10) 

One can readily see that these two expressions differ by the ratio 
(u2 + u3): (u, + u4), as they should according to equation 
(A-8). Relations (A-9) and (A-IO) provide the finite-difference 
expressions needed to calculate the radial components of the 
electric field on either side of an electrical discontinuity. When 
the medium is homogeneous (i. e., when ut = (~2 = us = (~4). 
these expressions are equal to each other and can be represented 
by the usual central diffference formula. 

Similar considerations lead to expressions for the vertical 
electric field component E, 

The derivation parallels the above development and is not re- 
produced here. The resulting expressions for the vertical electric 
field components are 

E:I = E;2 = -to3 + ud(dr,/dd(U, - UP) 

- (do/dri)(Up - UC,)] . 
. [&(a, + ~2) + du(u3 + ad-‘> (A-l 1) 

and 

~53 = Es = -to, + u2)[(dc//d,)(UD - UPI 

- kb/dLi)(UP - Uu)l 

. [&,(a, + ~2) + du(u3 + udp’. (A-12) 

It is clear that the ratio of equation (A-l 1) to equation (A-12) 
is given by (u3 + uq):(uI + u2). 


