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Abstract

This paper is devoted to the study of methods allowing to sort multi-attribu-
ted alternatives between several ordered categories. Within a general frame-
work that encompasses most sorting models proposed in the literature, we
provide an axiomatic analysis of what we call noncompensatory sorting mod-
els, with or without veto effects. These models contain the pessimistic version
of ELECTRE TRI as a particular case. Our analysis can be seen as attempt
to give a firm axiomatic basis to ELECTRE TRI emphasizing its specific
features, i.e., the rather poor information that is used on each attribute.

Keywords: Decision with multiple attributes, Sorting models, Noncom-
pensation, Conjoint measurement, ELECTRE TRI.
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1 Introduction and motivation

In most MCDM models, a recommendation is built using a preference relation
comparing alternatives in terms of desirability. Hence in these models, the
recommendation is derived on the basis of a relative evaluation model as given
by the preference relation. This is not always appropriate since, e.g., the best
alternatives may not be desirable at all. This calls for evaluation models
having a more absolute character. In response to this need, the MCDM
community has recently developed a number of techniques designed to sort
alternatives between ordered categories defined by norms. Recent reviews of
this trend of research can be found in Greco et al. (2002) or Zopounidis and
Doumpos (2000a, 2002). Contrary to more traditional approaches based on
binary relations, these techniques have often been proposed on a more or less
ad hoc basis.

This paper takes a more theoretical view on these sorting techniques.
Our approach is inspired by the analysis of Goldstein (1991) who showed
how standard conjoint measurement techniques could be extended to deal
with ordered partitions of multi-attributed alternatives.

In a companion paper (Bouyssou and Marchant, 2004), we proposed an
axiomatic analysis of several sorting models between two categories, concen-
trating on what we called noncompensatory sorting models. These models
contain the pessimistic version of ELECTRE TRI as a particular case. The
main aim of this paper is to extend this analysis to the case of an arbi-
trary number of ordered categories. We refer the reader to Bouyssou and
Marchant (2004) for a detailed motivation of such an analysis and its possi-
ble implications for the practice of MCDM. This paper mostly concentrates
on technical results. It is organized as follows. We introduce our setting
and some background material in section 2. Section 3 deals with the case
of noncompensatory sorting models in the absence of veto effects. Section 4
extends this analysis to include the possibility of such effects. A final section
concludes.

2 Background

2.1 The setting

Let n > 2 be an integer and X = X; x X3 x --- x X, be a set of objects.
Elements z,y, z,... of X will be interpreted as alternatives evaluated on a
set N ={1,2,...,n} of attributes. For any nonempty subset J of the set of
attributes NV, we denote by X (resp. X_) the set [[,c ; X; (resp. [[;0; Xi).



With customary abuse of notation, (z;,y_;) will denote the element w € X
such that w; = x; if i € J and w; = y; otherwise. When J = {i} we shall
simply write X_; and (z;,y_;).

2.2 Primitives

Let r > 2 be an integer and define R = {1,2,...,r} and R ={2,3,...,r}.
Our primitives consist in an r-fold partition (C1,C? ..., C") of the set X
(the sets C* are therefore nonempty and pairwise disjoint; their union is the
entire set X). We often abbreviate (C*,C?,...,C") as (C*)rcg. Note that
throughout the paper superscripts are used to distinguish between categories
and not, unless otherwise specified, to denote exponentiation.

We interpret the partition (C*)icr as the result of a sorting model be-
tween ordered categories applied to the alternatives in X. We suppose that
the ordering of these categories is known beforehand and that they have been
labelled in such a way that the desirability of a category increases with its
label: the worst category is C! and the best one is C”. Our central aim is
to study various models allowing to represent the information contained in

(C*)ker.

Remark 1

The fact that we suppose the ordering of categories is known beforehand is
in line with the type of data that is likely to be collected in order to test the
conditions that will be introduced below. Furthermore, this does not involve
any serious loss of generality.

Indeed, suppose that the ordering of categories is unknown and, conse-
quently, that the categories have been labelled arbitrarily. In such a case, it
will be extremely unlikely that the conditions introduced below are satisfied
since they implicitly use the fact that categories have been labelled accord-
ing to their desirability. In this case, we should reformulate our conditions
saying that it is possible to label the categories in such a way that these con-
ditions hold. This would clearly imply a much more cumbersome notation
and formulation of the conditions with almost no additional insight. Hence,
we stick to the framework in which the ordering of the categories is known
and categories are labelled accordingly. °

For all k € R*, we define C% = |J;_, €7 and CL = Uf;ll C7. The set C%
(resp. C*) is therefore a category grouping all categories that are at least as
good as (resp. worse than) than C*. The r — 1 twofold partitions (C%, C*)
for k € R* will play an important role in what follows. -

We say that an attribute i € N is influent for (C*)cr if there are z;, y; €
X; and a_; € X _; such that (x;,a_;) and (y;,a_;) do not belong to the same
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category. We say that an attribute is degenerate if it is not influent. Clearly,
a degenerate attribute has no influence whatsoever on the sorting of the
alternatives and may be suppressed from N. Note however that an attribute
that is influent for (C*).cp may well be degenerate for some, but not all, of
the twofold partitions (C%, C*).

Remark 2

The fact that not all attributes are influent for all twofold partitions (C%, C*)
will complicate the analysis. The reader willing to have a feeling of the results
without entering details is invited to skip the parts linked with the treatment
of degenerate attributes. He/she is also invited to devise the much simpler
proofs that are available if it is supposed that all attributes are influent for all
twofold partitions induced by (C*)rcg. This is a strong hypothesis however. o

2.3 Binary relations

We use a standard vocabulary for binary relations. An equivalence (resp.
a weak order, a semiorder) is a reflexive, symmetric and transitive (resp.
complete and transitive, complete, Ferrers and semi-transitive) relation. If
R is an equivalence on a set A, A/R will denote the set of equivalence classes
of R on A.

Following, e.g., Krantz et al. (1971, Chapter 2), we say that B is dense
in A for R if, for all a,b € A, [a R b and Notb Ra]] = [a R cand ¢ R
b, for some c € B].

Let R be a binary relation on A. It is well-known (Fishburn, 1970; Krantz
et al., 1971) that there is a real-valued function f on A such that, for all
a,be A,

@ Rbe fla) > f(b),

if and only if R is a weak order and there is a finite or countably infinite set
B C A that is dense in A for R.

Let R and R’ be two weak orders on A. We say that R’ refines R if, for
all a,b € A, a R b= a Rb. If R refines R and there is a set B that is dense
in A for R', B is also dense in A for R.

2.4 The decomposable sorting model

Goldstein (1991) was the first to suggest the use of conjoint measurement
techniques for the analysis of twofold and threefold partitions of a set of multi-
attributed alternatives through decomposable models. His analysis was later
generalized in Greco et al. (2001) to the general case of r-fold partitions. For



the convenience of the reader and because our proofs are somewhat simpler
than the one proposed in the above-mentioned papers, we briefly recall here
the central points of this analysis.

Consider a measurement model in which, for all z € X and all £ € R,

z € C" & sp < Fluy(an),uz(zs), ... un(n)) < Sp1, (1)

where s1, 89, ..., S,.41 are real numbers such that s; < sy < ... < s.01, u; is
a real-valued function on X; and F' is a real-valued function on []_, u;(X;)
that is increasing in all its arguments.

Define on each X; the binary relation =% letting, for all z;,y; € X;,
w2ty o [foralla_; € X_yand all k € R, (y,a_;) € CF = (25,a_;) € Cg]

~Jl

We use = and ~ as is usual. By construction, = is reflexive and transitive.
When z; = y; any alternative (2, a_;) must belong to a category that is at
least as good as the category containing the alternative (y;,a_;). Hence, =
may be interpreted as an “at least as good as” relation induced on X; by the

partition (C*)ycr. We have:

Lemma 1
Forallk € R and all x,y € X,

1. [yeCF and x; = y) = (z5,y-4) € Cg,
2. |x; ~By;, foralli € N] = [x € C* &y e CF.

PROOF
Part 1 is clear form the definition of =f. Part 2 follows. O

We say that the partition (C*),cg is R-linear on attribute i € N (condition
linear®) if, for all a;,v; € X, all k,¢ € R and all a_;,b_; € X_;,

(25,a_;) € Ck (yi,a—;) € C;
and = or (Iinear ﬁ )
(yi, bfl) c CZ (.I'i, b*l) € Cg

We say that (C*).cp is R-linear if it is R-linear for all i € N. R-linearity
is a condition that was first proposed by Goldstein (1991) (for the case of
twofold and threefold partitions) and was generalized in Greco et al. (2001)
for the analysis of r-fold partitions.

Remark 3
Observe that, in the expression of Iinearf, it is possible to replace the
premises (z;,a_;) € C* and (y;,b_;) € C* by (z;,a_;) € C’g and (y;,b_;) €
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C%. Indeed, suppose that (z;,a_;) € C¥ and (y;,b_;) € C4 while (y;,a_;) €
C% and (z;,b_;) € C.. Since (z;,a_;) € C¥, we have (z;,a_;) € C®, for
some o > k. Similarly, we have (y;,b_;) € C?, for me § > ¢. Applying
linear® to (r;,a_;) € C* and (y;,b_;) € C? leads to either (y;,a_;) € e
or (x;,b_;) € C?. Because a > k and § > ¢, we know this implies either
(yi,a_;) € CF or (x;,b_;) € C%, a contradiction. °

The consequences of R-linearity on attribute ¢ € N are noted below.

Lemma 2
A partition (C*)rer satisfies linearl iff =% is complete.

Proor

The partition (C*)icr violates linear on i € N if and only if, for some
x5, y; € X; and some a_;,b_; € X 4, (x5,a_;) € CF, (y;,b_;) € C°, (y;,a_;) ¢
C% and (x;,b_;) ¢ C%. This is equivalent to saying that 7 is not complete. O

This leads to:

Proposition 1 (Goldstein (1991), Greco et al. (2001))

A partition (C*)rer has a representation in model (1) iff it is R-linear and,
for alli € N, there is a finite or countably infinite set X! C X; that is dense
in X; for .

Proor
The necessity of R-linearity is easily established. The weak order induced
on X; by u; refines = so that model (1) implies that =% has a numerical
representation. Hence, there is a finite or countably infinite set X! C X; that
is dense in X; for =F.

Sufficiency. Using lemma 2, we know that =% is a weak order. Since

there is a finite or countably infinite set X! C X, that is dense in X; for =,
there is a real-valued function u; on X; such that, for all z;,y; € X;,

x; iﬁ vi < () > ui(y;). (2)

Consider, on each ¢ € N any function u; satisfying (2). Take any sy, Sa, ..., Sy11
such that s; < s9 < --- < s,41. For all k£ € R, consider any increasing func-
tion ¢ mapping R into (sy, Sx4+1). Define F on [], u;(X;) letting, for all
r € X and all k € R,

Flur(z1), us(@s), . . un(20)) = b (O wilzs)) if @ € C*,

The well-definedness of I’ follows from part 2 of lemma 1. Its increasingness
is easily shown using the definition of u; and part 1 of lemma 1. O



This result prompts a series of remarks.

1. The uniqueness of the representation of (C*)icg in model (1) is quite
weak. It can easily be analyzed along the lines sketched in Bouyssou
and Marchant (2004).

2. Model (1) contains as particular cases many sorting models that have
been proposed in the literature. Notice, in particular, that when F' is
taken to be a sum, model (1) is nothing but the additive sorting model
used in the UTADIS technique (Jacquet-Lagreze, 1995; Zopounidis and
Doumpos, 2000b). As shown below, it also contains the pessimistic
version of ELECTRE TRI as a particular case.

3. Using the above result, it is easy to see that the variant of model (1)
in which F'is only supposed to be nondecreasing in each variable is, in
fact, equivalent to model (1).

2.5 ELECTRE TRI

For the ease of future reference, we briefly recall here the main points of
the ELECTRE TRI sorting technique. We suppose below that preference
and indifference thresholds are equal and that discordance effects occur in an
“all or nothing” way. This will allow to keep things simple while preserving
what we believe to be the general spirit of the method. Furthermore, for
reasons detailed in Bouyssou and Marchant (2004), we restrict our attention
to the pessimistic version of the method. We refer the reader to Mousseau
et al. (2000), Roy and Bouyssou (1993, ch. 6) or Wei (1992) for more detailed

descriptions.
The aim of ELECTRE TRI is to sort alternatives evaluated on several at-
tributes between r ordered categories C*, C?,...,C". This is done as follows.

For all k € R*, there is a profile p* being the lower limit of category C* and
the upper limit of C*~!. Each of these profiles p/’f is defined by its evaluations
(p%,ph,...,pF) on the attributes in N. Define X; = X; U {p?,p3,...,pi} and
X = Hff\il 551

Let g; be a real-valued function on )?Z such that, for all z;,y; € )/fi,
gi(x;) > gi(y;) implies that x; is judged at least as good as y;, i.e. the functions
g; are what is usually called “criteria”. Because categories are supposed to
be ordered, it seems obvious to require that the definition of the profiles p*

is such that, for all i € NV,

g:(0}) > gi(pi ") = - > (7).



Using these functions g;, we derive two relations two relations S; and V; on
X; letting, for all z;,y; € X,

v Si yi < gi(wi) > 9i(vi) — @,

z; Vi yi & gi(%i) > 9i(yi) + vi,
with ¢; < v;. The number ¢; (resp. v;) is called the preference (resp. veto)
threshold in ELECTRE TRI (although we take them here to be constant,
they could well be allowed to vary, see Roy and Bouyssou (1993)). The
relation S; is interpreted as an “at least as good” relation on X, while the
relation V; is a “far better than relation”. Clearly, V; is included in the
asymmetric part of .S;.

A nonnegative weight w; is assigned to each attribute i € N. We suppose

wlog that weights are normalized so that )., w; = 1. For all k € RT, let
A¥ be a real number between 1/2 and 1. It is supposed that:

)\7‘2)\7‘712__‘2)\2.

In ELECTRE TRI, for all k € R*, we build a binary relation S* on X
letting, for all x,y € X,

zS*ye Y w > M and [Not[y; Vi i), for all i € NJ, (3)
1€5(z,y)

where S(z,y) = {i € N : z; S; y;}. Hence, we have x S* y when x is
judged “at least as good as” y on a qualified weighted majority of attributes
(concordance condition) and there is no attribute on which y is judged “far
better” than x (non-discordance condition). Observe that, by construction,

we have:
Srgsr—lg . gs@ ]

The sorting of an alternative x € X is based the comparison of x with the
profiles p* using the relations S*. In the pessimistic version of ELECTRE
TRI, we have, for all x € X,

xGCQ@xSkpk.

Remark 4

In the original presentation of the method (see Roy and Bouyssou, 1993, p.
390), the assignment of an alternative to one of the categories is presented
slightly differently: for & = r,r — 1,...2, it is tested whether z S* p* and
x is assigned to the highest category C* such that this test is positive or to
O if the test is never positive. Our presentation is clearly equivalent to the
original one. °



3 The noncompensatory sorting model

This section studies a particular case of the decomposable sorting model (1)
that will turn to have close links with (the pessimistic version of) ELECTRE
TRI when there are no veto effects.

3.1 Definitions

We say that (C*),cr has a representation in the noncompensatory sorting
model if:

e for all ¢ € N there are sets o7 C szfi’”_l C..-C¥?CX,

e there are subsets .#7, Z" 1 ..., Z? of 2V that are monotonic wrt
inclusion (i.e. such that, for all k € RT, [ € #* and I C J] =
J € %) and such that " C "1 C ... C F?

such that:
reCl e {ieN: v ed}eF (4)

In this case, we say that (F*, (ZF),cy) is a representation of (C*)cp in the
noncompensatory sorting model. We note A*(z) instead of {i € N : x; €
2/F} when there is no ambiguity on the underlying sets 7. We define, in
this section, Z* = X; \ &F.

The interpretation of the noncompensatory sorting model is clear. For
all k € R*, we isolate within the set X; a subset «7F that we interpret as
containing the elements x; € X; that are judged “satisfactory at the level
k”. In order for € X to belong at least to C*, it is necessary that z is
judged satisfactory at the level k on a subset of attributes that is “sufficiently
important at the level &7, as indicated by the set .#*. The fact that .Z* is
monotonic means that replacing an unsatisfactory evaluation at the level k
by a satisfactory one cannot turn an alternative in C* into an alternative
in Ck. Because the categories are ordered, the hypothesis that @7 C o7
simply means that an evaluation that is satisfactory at the level k£ must be
judged satisfactory at any lower level. Similarly imposing that .#* C .#*-1
means that a subset of attributes that is judged “sufficiently important at
level £” must be so at any lower level.

When no discordance is involved, i.e. when V;= &, for all i € N, the
pessimistic version of ELECTRE TRI is a particular case of the noncom-
pensatory sorting model. Indeed, remember from section 2.5 that in the
pessimistic version of ELECTRE TRI we have, for all x € X,

i€S(z,pk)



Define @F = {i € N : 2; S; p*} and let I € #* whenever Yo Wi = Mg
By construction of the profiles p* and of the relations S;, we have &/ C
AF71. Because A\py1 > Mg, we have .ZF1 C .ZF Hence (F* (F)icy) is a
representation of (C*).cr in the noncompensatory sorting model.

Our aim in this section is to characterize the partitions (C*),cp that can

be represented in the noncompensatory sorting model.

3.2 Axioms

Let us first observe that, if (C*)cr has a representation in the noncompen-
satory sorting model then it is R-linear.

Lemma 3
If a partition (C*)rer has a representation in the noncompensatory sorting
model then it is R-linear.

Proor

Suppose that linear!® is violated so that (z;,a_;) € C*, (y;,b_;) € C°,
(yi,a_;) € C* and (z;,b_;) € C. This implies x; € ¥, y; ¢ ¥, y, € A
and z; ¢ ', This violates the fact that we have either &% C &‘ or
A C P .

In the noncompensatory sorting model all elements in &/* are treated in a
similar way. Therefore, if (C*)zcr has a representation in the noncompen-
satory sorting model, then, for all i € N, the relation =F can have at most
r distinct equivalence classes. Hence, for all i € N, the set X;/~F is finite.
In view of section 2.4, this shows that the noncompensatory sorting model
is a particular case of the decomposable sorting model (1). We provide be-
low conditions that will allow to isolate the noncompensatory sorting model
within model (1).

Using, e.g., an additive sorting model, it is easy to build partitions
(C*)ep in which all relations =F have at most 7 equivalence classes that
cannot be represented in the noncompensatory sorting model. In order to
capture the specific features of the noncompensatory sorting model, consider,
for all k € Rt and all i € N, the binary relation =¥ on X; such that, for all
T, Y € X,

x; 7Ny e [for all a_; € X_y, (yi,a_) € C* = (25,a_;) € CQ]

~Jl

By construction, =¥ is reflexive and transitive. The relation =® always refines

=k R-linearity is equivalent to saying that each =¥ is complete and that

~J

these relations are compatible, i.e. that == (0, 5 ZF is complete.



On top of the fact that all relations =F can have at most r distinct
equivalence classes, the noncompensatory sorting model also implies that all
relations =¥ can have at most 2 distinct equivalence classes. This is the key
to the following condition. We say that (C*).cr is R-2-graded on attribute
i € N (condition 2-graded?) if:

(x;,a_4) € C’é

and (25,b_) € CL
(yi,a—;) € C% 3 = or (2-graded?)
and (zi,a-;) € C¥

(yi7 b—l) < Cé

for all z;,vy;,2z; € X;, all a_;,b_; € X_; and all k, ¢ € R with ¢ < k. We say
that (C*)rep is R-2-graded if it is R-2-graded on all i € N. As shown below,
R-2-gradedeness is necessary for the noncompensatory sorting model.

Lemma 4
If (C*)ver has a representation in the noncompensatory sorting model then
it is R-2-graded.

ProoF

Suppose that condition 2—gradedf is violated so that, for some ¢ < k,
(:E,-,a_i) € Ci, (yi,a_i) S Ci, (yi,b_i) S Oﬁ, (ZEi,b_i) c Ci and (ZZ',CL_Z') S
C*%. In the noncompensatory sorting model, (y;,b_;) € C and (z;,b_;) € C%
imply z; ¢ & . Similarly, (z;,a_;) € C¥ and (2;,a_;) € C¥ imply z; € .
This is contradictory since @/* C &7f. Hence, condition 2-graded? holds. O
R

7

The following lemma makes clear the consequences of conditions linear
and 2-graded! using the relations =¥

Lemma 5
Conditions linear” and 2-graded” hold iff

1. =% is a weak order having at most two distinct equivalence classes,

2. lxi =%yl = [xi =8 ys, for all £ € RY,
8. |wy ~F 2 and x; =¥ y) = [ ~8 2, for all € < K.
for all k € R™ and all z;,y;, 2z € X;.

Proor
Part [«<]. Suppose that ]inearf is violated so that, for some z;,y; € X;
and some a_;,b_; € X_;, (z;,a_;) € CF, (y;,b_;) € C*, (y;,a_;) € C* and
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(z:,b_;) € C%. Because, for all k € R, =¥ is a weak order, we have z; =¥ y;
and y; >f x;, a contradiction.

Suppose that 2-graded! is violated so that, for some £ < k, (2;,a_;) € C’
(yi,a_;) € C%, (y;,b_;) € C%, (z;,b_;) € CL and (z;,a_;) € C’k

Suppose that k = ¢. This would imply v; =% z; and z; =¥ 2, violating the
fact that =¥ has only two distinct equivalence classes. Suppose henceforth
that £ > ¢. We obtain, y; >f Ti, X; >f z; and y; >f z;. Since y; >f X,
we cannot have x; =% y;. If z; ~F vy, x; =F 2 would imply z; Nf Yi, a
contradiction. But supposing that y; =* z;, would imply that =¥ has three
distinct equivalence classes.

Part [=]. Using linear;’, we know that > is complete. Since reﬁnes
=k it follows that =¥ is complete and, hence a weak order. Clearly, z; =5y,
and yi =t Would Vlolate linear?.

Suppose that, for some k € R*, =F has at least three equivalence classes
so that, for some x;,y;, z; € X;, we have z; >k y; and y; >—k z;. Using the
deﬁmtlon of =k, we have, for some a_;,b_; € X 4, (z5,a_;) € C*, (y;,a_;) €
C*, (yi,b_;) € C*, (2, b ) € Ck. Using ImearR (z5,a_;) € CF, (yl, ;) € C*
and (y;,a_;) € Cﬁ imply (xz,b_i) € Ck. Using 2-graded?® with ¢ = k,
(yi,b_) € C*, (2;,b_;) € CE and (a:i,a_i)_e C* imply, either (y;,a_;) € C%
or (z,b_;) € C%, a contradiction. -

Suppose now that, for some ¢ < k and some z;,y;,2 € X, x; ~ oz
T; >f y; and x; >f z;. By definition, x; Nf z; and x; >f y; imply that
(zi,a_;) € C* (z,a_;) € C* and (y;,a_;) € CE, for some a_; € X ;.
Similarly x; =¢ 2; implies (z;,b_;) € C* and (2;,b_;) € C%, for some b_; €
X_,. Using 2-graded?, (z;,a_ ) € Ck, (z5,a_;) € C* and (4,b_;) € C* imply
(25,b_;) € C% or (y;,a_;) € CE a contradlctlon. 0

3.3 Background on twofold partitions

If a partition (C*)rcr has a representation in the noncompensatory sorting
model, all the twofold partitions (C¥, C%) will have a representation in the
noncompensatory sorting model. Hence, the analysis of the twofold partitions
(C% C*) will be crucial in what follows. With this objective in mind, we
briefly recall below the main points of the analysis of twofold partitions as
given in Bouyssou and Marchant (2004).

Consider a twofold partition (o7, %) of X. We define on each X; the
binary relation 77; letting, for all z;,y; € X,

Z; E;Z Y; &= {fOI‘ all a_; € X,i, (yl, ) c g = (33'1, ) S e,Q{]

In Bouyssou and Marchant (2004), we prove the following:

11



Proposition 2
Let (< , U ) be a twofold partition X. Then there are subsets B; C X; and a
subset 4 C 2N that is monotonic wrt inclusion such that, for all x € X,

red s{ieN:xv, € B} €Y, (5)
if
(wi,a_;) € o (yi,a_;) € o
and = or (6)
(yi7 b,Z) S (xi, bfl) € o
and
('riu a’*i) S f,Q{
and (i,b_) € o
(yiai) €A = or (7)
and (zi,a_;) € of
(y’i7 b*l) € 4

foralli € N, all x;,y;,z; € X; and all a_;,b_; € X_;. Furthermore:
1. Conditions (6) and (7) are independent.

2. The representation (4,(PB;)ien) of (, U ) is unique iff all attributes
are influent for (<t , U ).

3. Suppose that i € N is influent for (o, %). In all representations
(G (B)) of (o, U), B; must coincide with the first equivalence class
of Zi-

4. Ifi € N is degenerate for (o U ), it is always possible to take B; = .
With such a choice, we may always choose &4 in such a way that I € ¢
whenever there is some x € < such that {i € N : x; € B;} C I.

5. Furthermore, keeping the set 4 as above, on each degenerate attribute
we may modify PB; taking it to be an arbitrary subset of X;. If this
subset is taken to be strict, after this modification, we still have that
I € &4 whenever there is some x € &/ such that {i € N : x; € %;} C I.

Taking &/ = C% shows that, if a partition (C¥),cp is R-linear, then all
twofold partitions (C%, Ck) will satisfy (6). Similarly, still taking &/ = C%,
if (C*)er is R-2-graded, then all twofold partitions (C%, C*) will satisfy (7).
Hence, if (C*),cg is R-linear and R-2-graded, all twofold partitions (C¥, C*)
will have a representation in the noncompensatory sorting model. These
representations of the twofold partitions (C%, C*) will form the basis of our
analysis. -
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3.4 Result

Our main result in this section says that R-linearity and R-2-gradedness
characterize the noncompensatory sorting model.

Theorem 1
An r-fold partition (C*)rer of X has a representation in the noncompensa-
tory sorting model iff it is R-linear and R-2-graded.

PRrOOF

Necessity results from lemmas 3 and 4. We show sufficiency. Because (C*)rcr
is a partition, it is clear that, for all k € R, (C%, C) is a partition, so that
there is at least one attribute that is influent for (C%,C%). Since (C*)rer
is R-linear and R-2-graded, for all k € R*, the twofold partition (C%,C*)
satisfies (6) and (7). Using proposition 2, there are subsets % C X; and a
monotonic subset 4% C 2V such that, for all z € X,

reC e {ieN: x€B}ed

We define #* and " and the basis of 4% and AF.

Case k=7

Let (97, (%])ien) be the representation of (CL,C”) derived from proposi-
tion 2. It is such that if i € N is degenerate for (C%,C), then %I = .
Take .#7 = %" and, for alli € N, &/ = 7. By construction, (Z", (] )icn)
is a representation of (CL,CZ) in the noncompensatory sorting model.

Case k <r

Fork=r—1,r—2,...,2, let (4% (#F);cn) be the representation of (C¥, C%)
derived from proposition 2. We build .#* and " in sequence, starting with
k=r—1.

If i € N is influent for (C¥,C*), take &/F = BF. 1f i € N is degenerate
for (C%,C*), we have #¥ = @. In such a case, we take o/* = 7. We take
Fk =" Using parts 4 and 5 of proposition 2, we know that (Z*, (&/*);cn)
is a representation of (C%,C%) in the noncompensatory sorting model. We
have I € .Z* whenever there is some 2 € C¥ such that {i € N : z; € &/F} C

I

Proof that o/ C o/"*

Let us prove that, for all i € N and all k& € R* we have &/ C &/F~! If
attribute ¢ € N is not influent for (C%,C%) for £ = r,r — 1,..., k, we have
/¥ = @ and there is nothing to prove. Similarly if i € N is not influent
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for (CE~1 C*1), we have «/"~! = &/F and there is nothing to prove either.
Suppose henceforth that i € N is influent for (Ck_l C*=1) and let ¢ be
the smallest k € {r,r — ,k} such that ¢ is influent for (C%,C%). By
construction, we have <7, k ,52% ‘. Suppose, in contradiction with the thesis,
that z; € ﬂf/ and z; ¢ b@ff U with ¢ > k.

Since i € N is influent for (C4, C%) and x; € &, we know that (z;,a_;) €
C% and (y;,a_;) ¢ C%, for some y; € X; and some a_; € X_;. Similarly, since
i € N is influent for_(C'k’1 CE 1Y and z; ¢ /7!, we know that (z;,b_;) €
C’k Uand (z;,b_;) ¢ C571, for some z € X; and some b_; € X_;.

Using linear), (x;, _,) € CL, (z,b) € C'k_1 and (z;,b_;) ¢ CE! imply
(zi,a_;) € C%. Using 2—gradedZR (zi,a-;) € C%, (z,a—;) € C% and (2i,b_;) €
CEVimply (25,b_;) € CE ' or (yi,a_;) € C’_, a contradiction.

Proof that .#% C #+!

Let us now prove that .#* C .#*~1. By construction, we know that, for all
k € R*, I € % whenever there is some z € C% such that A"(z) C I. Let
I € % and let © € X be such that z € C% and A*(z) C I. Starting with
such an alternative z € X, let us build an alternative 2’ € X as follows. For
all i € N such that z; € /¥, let o} = x;. Because &% C "', we know
that on these attributes 2}, € «/*'. For all i € N such that z; ¢ ZF, we
consider two cases:

1. if 4 is influent for (Cg’l, C*=1) by construction there is a z; € X; such
that z; ¢ /", In this case, let 2} = z;, so that 2} ¢ &ZF~".

(]

2. If 7 is not influent for (C£~", C%~1), we have " = "', In this case,
take 2/ equal to x;, so that o} ¢ /"',

By construction, we have A*(x) = Ak( ) = A*1(2") C I. Because A*(z) =
AF(z') and z € C%, we know that 2’ € C% so that 2’ € CF. Since z € C’k !

and A" (2)) C I, we have I € Z*=1. This completes the proof. O

The construction of the representation in the noncompensatory sorting model
is illustrated below.

Example 1

Suppose that n = 3, X; = Xy = X3 = {9,10,11}. We consider a three-
fold partition (C*, C?, C?) such that C3 = {(9, 10, 10), (9, 10, 11), (9, 11, 10),
(9,11,11), (10,9, 10), (10,9, 11), (10, 10,9), (10, 10, 10), (10, 10, 11), (10, 11,9),
(10, 11, 10), (10,11, 11), (11,9, 10), (11,9, 11), (11, 10,9), (11, 10, 10), (11, 10, 11),
(11,11,9), (11,11,10), (11,11,11)}, €% = {(9,10,9), (9,11,9), (10,9,9),
(11,9,9)} and C' = {(9,9,9), (9,9,10), (9,9,11)}.
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This partition can be obtained with the pessimistic version of ELECTRE
TRI with (10, 10, 10) as the limiting profile between C? and C? and (10, 10, 9)
as the limiting profile between C? and C', S; = > and V;= @ for all 1 € N,
w; = wy = wy = 1/3, A3 = \? = 2/3. This shows that it is R-linear and
R-2-graded.

All attributes are influent for the twofold partition (C2,C%). Let (¢43,
(B3, B3, $3)) be the unique representation of (C2, C2) derived from propo-
sition 2. We have: %% = %5 = %2 = {10,11} and ¥° = {{1,2},{1,3},
{2,3},{1,2,3}}. We take &> = %3, for all i € N, and #° = &3.

Only attributes 1 and 2 are influent for the twofold partition (C2%,C?2).
The representation (42, (%2, %2, %2)) of (C%,C2%) derived from proposi-
tion 2 is such that %? = %2 = {10,11}, #? = @ and ¥? = {{1}, {2},
{1,2},{1,3},{2,3},{1,2,3}}. As explained in the proof of theorem 1, we
take o = B, Ay = B5, ¢ = o and F? = G2

It can easily be checked that (F* (/*),cn) is a representation of (C*)cp

in the noncompensatory sorting model. This is detailed in table 1. O

3.5 Independence and uniqueness

This section discusses the independence of the conditions used in theorem 1
and the uniqueness of the representation in the noncompensatory sorting
model.

3.5.1 Independence of conditions

Let us show that none of the two conditions used in theorem 1 can be dis-
pensed with. Consider first the following condition:

(il?i, CL_Z') S Cg

and (x;,0_;) € Cg
(yi,a_;) € C§ = or (8)
and (zi,a-;) € C%

(yi> b—l) € C§

for all x;,y;,2; € X;, all a_;,b_; € X ; and all £ € R*. Condition (8) is
nothing but condition 2—gradedf restricted to the case ¢ = k. The following
example shows that the conjunction of R-linearity and condition (8), for all

1 € N, is not sufficient to precipitate the noncompensatory sorting model.
Example 2

Let n = 3, X = {x1,y1,21} X {wo, 92} x {x3,y3} and r = 3. Let C% =
{(z1, 22, 23), (Y1, 72, 23) }, O = {(21, 02, y3), (T1,Y2,23), (Y1, T2, Y3), (Y1, Y2, T3),
(Y1, Y2,Y3), (21, T2, 23), (21, T2, ¥3), (21,2, ¥3) } and Cl = {(21, 92, 43), (21,42, 93) }-
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x Category B*(x) B*(x) A*(x)
(9,10, 10) ct {2, 3} {2} {2,3}
(9,10,11) ct (2,3} {2} {23}
(9,11, 10) ct (2,3} {2} {23}
(9,11, 11) % (2,3} {2} {2.3}
(10,9, 10) ! 1,3}y {1} {2.3}
(10,9, 11) cl 1,3V {1} {2,3}
(10,10,9) Ct {1,2}  {1,2} {1,2}
(10,10,10)  C'  {1,2,3} {1,2} {1,2,3}
(10,10,11)  C'  {1,2,3} {1,2} {1,2,3}
(10,11,9) Cct {1,2}  {1,2} {1,2}
(10,11,10)  C'  {1,2,3} {1,2} {1,2,3}
(10,11,11)  C'  {1,2,3} {1,2} {1,2,3}
(11,9, 10) ct 1,3y {1y {13}
(11,9,11) ct (1,3} {1y {13}
(11,10,9) Cct {1,2} {12} {1,2}
(11,10,10)  C'  {1,2,3} {1,2} {1,2,3}
(11,10,11)  C'  {1,2,3} {1,2} {1,2,3}
(11,11,9) cl 1,2y {12} {12}
(11,11,10)  C'  {1,2,3} {1,2} {1,2,3}
(11,11,11) ' {1,2,3} {1,2} {1,2,3}
(9,10,9) c? {2} {2} {2}
@19 {2} {3 {2}
(10,9,9) c? {1} {1+  {y
(11,9,9) c? {1} {1y {1

(9,9,9) C3 %) %) %)
(9,9,10) 3 {3} %) {3}
(9,9,11) 3 {3} %) {3}

Table 1: Details of example 1
B¥x)={i€ N:x; € B}, B*(v) = {i € N : v; € $?},
'93% = '@g = @g = {10’ 11}7 "Qflg = %3 = %3 = {107 11}7
F? = {{1,2},{1,3},{2,3},{1,2,3}},
B = B2 ={10,11}, B2 = @, @} = o = {10,11}, & = {10, 11},
F2={{1}, {2}, {1,2}.{1,31,{2,3}.{1,2,3}}.
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We have y; =1 z; =% 2, 2o =% yo and 3 =& y3, which shows that
(C*)ep is R-linear.

The twofold partition (C2,C?) has a representation in the noncompen-
satory sorting model with %} = {x1,y}, %5 = {22}, &2 = {x3} and
@3 = {{1,2,3}}. This representation is unique since all attributes are influ-
ent for (C2,C2). Indeed, we have (z1,x2,23) € C2 and (21,29, 23) € C2,
(21, T, T3) € C% and (z1,y2,23) € C2, (21, T, T3) € C% and (z1,72,y3) €
C3.

Similarly, the twofold partition (C2,C?%) has a representation in the non-
compensatory sorting model with B = {y,}, &7 = {x,}, B? = {x3} and
@? = 2N\ {@}. This representation is unique since all attributes are in-
fluent for (C2,C%). Indeed, we have (y1,y2,y3) € C2 and (z1,y2,y3) € C2,
(71, 29,y3) € C% and (xl,yg,yg) € C2%, (z1,y,73) € C2 and (71, y2,y3) € C2.

Since each of the twofold partitions induced by (C™, 7 C?,C?) has a repre-
sentation in the noncompensatory sorting model, condition (8) holds, for all
i € N. However the partition (C', C% C®) cannot be represented in the non-
compensatory sorting model. Indeed, (21, g, 23) € C2 and (21, 29, 23) € C2
would imply z; € 7. Similarly, (y1,ys2,y3) € C2 and (1,92, y3) € C?% would
imply z; ¢ /2, violating &> C /2. -

On can check, e.g. using lemma 5, that the partition (C1, C?, C3) satisfies
2-gradedy and 2-gradedy. Condition 2-graded? is violated since (1, x4, z3) €
C’%, (y1, 22, x3) € C2 and (y1, Y2, y3) € CZ but (1,92, y3) ¢ C2 and (21, 2, x3) ¢
Cs. O

Consider now the following condition

(r5,a_;) € Ck (yi,a_;) € C;
and = or 9)
(y;,b_) € C* (25,b_) € C&

for all x;,y; € X;, all k € R and all a_;,b_; € X_;. Condition (9) is nothing
but condition Imear restricted to the case £ = k. It is clearly equivalent to
requiring that all relatlons =k are complete. The following example shows

that the conjunction of R-2-gradedness and condition (9), for all ¢ € N, is
not sufficient to precipitate the noncompensatory sorting model.

Example 3
Let n = 3, X = {x1,y1} X {Z2,y2} X {3,y3} and r = 3. Let C° =
{(xlax%x?))’ (wlay%xi’»)v (y1,y2,$3)}, c? = {(ylayQayi’:)a <y17x27x3)} and
Cl = {(z1,22,3), (T1,92,¥3), (Y1, 2,93)}.

Because each X; has only two elements, this partition is trivially R-2-
graded. We have y, =2 25 and x5 = y3, so that lineary and linear hold.
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Since (1,2, 23) € C® and (y1,y2,y3) € C* but neither (y;, 22, x3) € C2 nor

21, Y2, vy3) € C2, condition linear® is violated. Observe that z; =3 y; and
Y2, Y > 1 1Y

Y1 >7 71, so that condition (9) is satisfied for attribute 1. &

3.5.2 Uniqueness of representation

Let (<7, %) be a twofold partition of X having a representation in the non-
compensatory sorting model. In Bouyssou and Marchant (2004), we prove
that (&7, %) has a unique representation in the noncompensatory sorting
model if and only if all attributes are influent for (o, 7).

Using the above observation, it is clear that if, for all ¢ € N and all
k € R", attribute i is influent for (C%,C%), the r-fold partition (C*)xer
will have a unique representation in the noncompensatory sorting model. To
examine the converse, suppose that, for some ¢ € R™, there is an attribute
j € N that is degenerate for (C%,C%). Because, by hypothesis, j € N is
influent for (C*)4ep, it is influent for some of the twofold partitions (C%, C%).
Let 7; be the largest k¥ € R* such that j € N is influent for (CE, Ck).
Similarly, let §; be the smallest & € R' such that j € N is influent for
(C%,CE). The sets lejTj and %’6 7 are nonempty strict subsets of X; and are
uniquely defined.

Suppose first that ¢ > 7;. We have defined in the proof of theorem 1
szjk = g, for all k > 7;. Clearly, we can freely choose the sets <" for all
k > 7; to be arbitrary subsets of 52%;]' provided that this arbitrary choice is
consistent with the constraints 427;’“ C ijk_l. In this case, the representation
will not be unique.

Suppose now that ¢ < ;. We have defined in the proof of theorem 1

mfj’“ = Jafjﬂ 7, for all k < B;. Clearly, we can freely choose the sets Jafjk for all

k < B; to be arbitrary supersets of ,ijﬁj provided that this arbitrary choice is
consistent with the constraints ;zfjk C gQ%jkfl. Because szjyj is a strict subset
X, this shows that the representation will not be unique.

Otherwise, let ¢+(j) € R" be the smallest k& > ¢ such that j € N is
influent for (C%,C%) and ¢-(j) € R* be the largest k& < ¢ such that j €
N is influent for (C%,C%). We know that %HU ) and ﬂffi(j ) are uniquely
defined and that foﬂj) C 527;7(]' ). We claim that if Jafj”(j) - &fo*(j), the
representation will not be unique. Indeed, for all k£ such that (-(j) < k <

(+(j), we have defined in the proof of theorem 1, &/ = Q/fﬂj ). Clearly, we

might as well have taken all sets ssz to be such that szfj“(j ) C ,Q%J’“ C szf_(j ),
provided that this arbitrary choice is consistent with the constraints yfjk C
W;"”_l. This proves the claim.
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The uniqueness of the representation in the noncompensatory sorting
model is therefore stronger than what it is in the particular case of twofold
partitions. It is nevertheless apparent that, unless in rather particular cases,
the representation of a partition in the noncompensatory sorting model will
not be unique when an attribute is degenerate for one of the twofold partitions
(C% C*). As detailed in Bouyssou and Marchant (2004), this shows that
methods designed to infer the parameters of an ELECTRE TRI model on
the basis of assignment examples (e.g. Dias et al., 2002; Mousseau et al.,
2001; Mousseau and Stowinski, 1998; Ngo The and Mousseau, 2002), should
be prepared to deal with such situations.

We give below an example showing that there are instances of partitions
in which some attributes are degenerate for some of the twofold partitions
(C%,C*), while the representation of (C*).cr in the noncompensatory sort-

ing model is unique. It also shows that an attribute may be influent for
(CEF! CE1Y and (CE7', C57Y), while being degenerate for (C%, C*).

Example 4
Let n = 3, X = {z1,y1} X {®a, 92} X {z3,y3} and r = 4. Let C* =
{(z1,29,23)}, C° = {(y1,22,23)}, C% = {(21,22,73), (21,92, 23)} and C' =
{(z1,92,93), (1,22, 93), (Y1, Y2, 23), (Y1,92,¥3)}-

All attributes are influent for the twofold partition (C%,C%). It has the
unique representation @' = {x,}, o} = {25}, o4 = {x3} and .F* = {N}.

All attributes are influent for (C%,C2). It has the unique representa-
tion & = {11}, @f = {my}, o = {a3} and F? = {{1,2},{1,3}, {2,3},
{1,2,3}}.

Attributes 2 and 3 are influent (C2,C?) while attribute 1 is degenerate.
In order to satisfy the constraints of the noncompensatory sorting model, the
representation of (C2,C?) must be chosen so that «7* = {z}, @ = {z2},
P = {3} and F? = {{2,3}, {1,2,3}}. <&

3.6 Extensions

The remainder of this section is devoted to the study of two particular cases
of the noncompensatory sorting model.

3.6.1 The case &} = o/

We analyze here what must be added to the conditions in theorem 1, in order
to ensure that (C’k)ke r has a representation in the noncompensatory sorting
model in which 7% = &Zf, for all k,¢ € R*. With such a model, going from
C* to C*7! only involves a change from .#* to .#*~!, ie. a change in the
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“strength” of the coalition of attributes needed to ensure that an alternative
is judged satisfactory.

Suppose that (C*)rcr has a representation in the noncompensatory sort-
ing model such that &% = &Z* for all k,¢ € RT. Let k € {3,4,...,r} and
suppose that (z;,a_;) € C¥ and (yi,a_;) € C*. This implies that z; € "
and y; ¢ F. Let £ € R* such that ¢ < k. Smce by hypothesis, &7F = dz
this implies that y; ¢ ‘. Therefore, if (y;,b_;) € C%, it must be true that
(z:,b_;) € CL, for all z; € X;. This shows that (C*),cr satisfies the following
condition:

(x;,a_;) € Ck (yi,a_;) € C§
and = or (Eq;)
(yi, b_z) c Oé (ZZ', b_z) c Oé

for all x;,y;, 2 € X;, all a_;,b_; € X_; and all k,/ € R* such that ¢ < k.
We say that (C*),cr satisfies condition Eq if it satisfies condition Eq; for all
1 € N. We have:

Proposition 3

An r-fold partition (C*)rer of X has a representation in the noncompen-
satory sorting model with <F = <!, for all k¢ € R* iff it is R-linear,
R-2-graded and satisfies Eq.

Proor
The necessity of R-linearity and R-2-gradedness follows from theorem 1.
Suppose that Eq; is violated so that, for some k,¢ € R" with ¢ < k,
(zi,a_;) € CE, (yi,b_i) € CL, (yi,a_;) € CE and (2;,b_;) € CL. The first
and the third conditions imply v; ¢ /F. The second and the fourth imply
y; € o, violating the fact that &7 = &7f. Hence, Eq; holds.

Sufficiency. Since (C*)rep is R-linear and R-2-graded, it has a repre-
sentation in the noncompensatory sorting model. Let (F* (&/F);cn) be the

representation built in theorem 1. Suppose that, for some ¢ € R*, we have

x; € o}, Since <! # @, attribute ¢ € N is influent for (C%,C%). This im-
plies (xl, i) € CZ and (zl, ;) € CL, for some z; € X; and some c_; € X_;.
Suppose first that attribute i € N is degenerate for all k& > ¢. We have
¥ = @, for all k > ¢. However, as shown in section 3.5.2, this representation
is not unique and it is always possible to take all sets @* to be equal to ‘.
Suppose now that attribute i € N is influent for for (C%,C*), for some
k > ¢ and that x; ¢ </F. This implies (y;,a_;) € C% and (v;,a_;) € C¥, for
some y; € X; and some a_; € X_;. Using Eq;, k > ¢, (yl,a_i) € C% and
(2, c—;) € C% imply either (z;,a_;) € C% or (z,c_;) € C%, a contradiction.
Hence, we have shown that for all £ and all k& > ¢, there is a representation
such that &% = &/f. This completes the proof. O
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Let us observe that none of the conditions used in proposition 3 is redundant.
Using an ELECTRE TRI model, it is easy to build partitions that are R-
linear, R-2-graded and satisfy condition Eq; holds on all but one attribute.
We give below the other two examples.

Example 5

Let n =2, X = {21,91, 21} X {22,92} and r = 3. Let C° = {(x1, %), (Y1, 72),
(y1,92)}, €% = {(21,22)} and C* = {(z1,92), (21,92)}. We have yy =1 21 =1
z1 and x4 >§ Y2, so that this partition is R-linear. Condition 2—graded§ is
trivially satisfied. Condition 2-graded?f® is violated because (z1,25) € O3,
(y1,72) € C? and (y1,y2) € C? but neither (x1,92) € C2 not (z1,x2) € C2.
A routine check shows that condition Eq holds. - &

Example 6

Let n = 3 and X = {x1,51} X {®o, 92} x {z3,y3} and r = 3. Let C3 =
{(21, 22, 23), (1, 2, 23)}, C% = {(21,22,¥3), (Y1, ¥2, 73) } and C* = {(w1, 92, 93),
(Y1, Y2, Y3), (z1, Y2, 23), (Y1, Z2,y3)}. Since all sets X; have two only elements,
this partition is trivially R-2-graded. Condition linear, and linears hold with
Ty =5 yy and x3 =L y3. Condition linear; is violated since (z1, s, ys3) € C?,
(Y1, Y2, 23) € C? but neither (y1, z2,y3) € C2 nor (1, y2, z3) € C2. A routine
check shows that Eq holds. - - O

3.6.2 The case ZF = 7

We analyze here what must be added to the conditions in theorem 1 in order
to ensure that (C*).cr has a representation in the noncompensatory sorting
model in which .#* = Z¢, for all k,¢/ € R*. In this case, going from C%
to C*~1 only involves a change in the definition of the sets /. In most
applications of ELECTRE TRI, this additional hypothesis is used. This case
is more difficult to analyze than the preceding one since, in our proofs, the
construction of the sets .#* is left implicit. This is a clear drawback of our
technique.
Take any x € C* and let J(x) be the subset of attributes i € N such
that:
(zi,7_) € O (yi,y—i) € CE™ and (24,y_,) € CEHY, (10)

for some y € X and some z; € X;. Hence, J(z) is the subset of attributes such
that z; € F, because (z;,x_;) € C* but (z;,x_;) € C¥, while z; ¢ sz%l.k“,
because (y;,y_;) € C5! and (x;,y_;) € CEHL.

For all j € J(z), let 37 € X be any alternative such that (10) is satisfied.
Consider an alternative w € X such that w; = z; if j ¢ J(x) and w; = yg
if j € J(z). The alternative w is identical to x on all attributes such that
x; € o/} The same is true on all attributes such that z; ¢ 7. On all
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attributes such that z; € " and x; ¢ /"™ we have w; € /"™, Therefore,
we have A*!(w) = A¥(z). Because x € C*, we know that A*(x) C I implies
I € F* 1If it is required that w € C¥*! all such subsets I will also belong
to FktL, -

We have exhibited a necessary condition for the existence of a representa-
tion in which .#* = .Z*!. When added to R-linearity and R-2-gradedness,
this condition is also sufficient to ensure the existence of such a representa-
tion. Since this new condition is quite cumbersome and the proof is not very
instructive, we do not formalize this point further here. We are not presently
aware of a more satisfactory characterization of this particular case of the
noncompensatory sorting model, in spite of its intuitive appeal.

4 The noncompensatory sorting model with
veto

4.1 Definitions

We consider a model generalizing the noncompensatory sorting model in
order to allow for possible veto effects. We say that (C*),cr has a represen-
tation in the noncompensatory sorting model with veto if:

e for alli € N and all k € RT there are disjoint sets &%, ¥,* C X;,
o forallic N o] Cf/ ' C... C a2
e foralli e N, %7 D ' D... D¥2

o for all k,¢ € R such that k < (, if z; € &F, y; € X and z; € ¥;* then
Yi € ”//f, where, in this section, Z* = X; \ [« U ¥}¥],

e there are subsets .Z#7, Z"1 ..., Z? of 2V that are monotonic wrt
inclusion (i.e. such that [[ € #* and I C J] = J € #*) such that
ﬁTC9T_1 C CyQ

= = _= )

such that:
zreCie{ieN v edfteFrand{ieN:z; ¥} =02, (11)

for all z € X and all k € R*. As before we note A*(x) and V*(z) instead
of {ie N:x; € &} and {i € N : z; € ¥;*} when there is no ambiguity on
the underlying sets &% and ¥;*.

The interpretation of the noncompensatory sorting model with veto is
similar to that of the noncompensatory sorting model, the latter being a
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particular case of the former. The only difference is that, for each k &
R*, there is a set #* that is repulsive for C¥. Since the categories are
ordered, the requirement that a level that is repulsive for a given category
should be repulsive for all higher categories is not surprising. This explains
the introduction of the additional constraints #;* O #*~'. The consistency
condition on «7F, ¥ and ¥;* is interpreted as follows. If x; € ¥, y; € U,
this is an indication that x; is superior to y;. Supposing now that, for some
0>k, x; € ¥ and y; ¢ ¥, would give the inconsistent indication that y; is
superior to ;.

The pessimistic version of ELECTRE TRI is a particular case of the non-
compensatory sorting model with veto. Indeed, remember from section 2.5
that in the pessimistic version of ELECTRE TRI we have, for all x € X,

relt e Z w; > A* and [Not[y; V; a;], for all i € N]
1€5(z,y)

Define &ZF = {i € N : 2; S; p*}, ¥* ={i € N : p* V; 2;} and let [ € F*
whenever Y, ;w; > AF.

By construction, z; € ZF implies g;(z;) > ¢;(p¥) — ¢;. Since gi(pF >
g;(pF™), we obtain g;(x;) > gi(pF~") — ¢, so that z; € &7*~'. The proof that
¥F=1 C #% is similar. The sets @/ and #;* are disjoint. Suppose now that
k<t ;€ dF y; € UF and z; € ¥*. This implies gi(z;) > g:(pf) — i,
gi(y;) < gi(pF) — q; and g;(p%) > gi(x;) + v;. The first two equations imply
gi(z;) > gi(y;). The third equation therefore imply that g;(pF) > g:i(vi) +
v;, so that y; € ¥* Because \* > M1 we have #% C %1 Hence,
(FF Ak, VF)icn) is a representation of (CK)rep in the noncompensatory

(2
sorting model with veto.

4.2 Axioms

The noncompensatory sorting model with veto shares with the noncompen-
satory sorting model the fact that it implies R-linearity.

Lemma 6
If a partition (C’“>k€R has a representation in the noncompensatory sorting
model with veto then it is R-linear.

Proor

Suppose that linear’ is violated so that (z;,a_;)) € C*, (y;,b_;) € C°,
(yi,a_;) € C% and (z;,b_;) € CL. Suppose wlog that k& < ¢. Because
(zi,a_;) € C* and (y;,a_;) € C%, we have either y; € Z* or y; € ¥*. Be-
cause k < ¢, we know that #;* D ¥*. It is therefore impossible that y; € ¥#;*
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since this would imply y; € %, contradicting (y;,b_;) € C*. Hence, we must
have y; € %F, so that x; € &*. Because &' C @*, we know that y; € %"
Because (y;,b_;) € C%, (;,b_;) € C% and y; € %,*, we must have x; € ¥;*.
Since we have x; € &F, z; € ¥* and y; € %, the definition of the generalized
ordinal sorting model with veto implies that y; € ¥;*, contradicting the fact
that (yu b,l) < CZ. O

Similarly to what was done before, we wish to add to R-linearity conditions
that would precipitate the noncompensatory sorting model with veto. We
say that (C*).cp is R-3v-graded on attribute i € N (condition 3v-graded?)
if:
(LUZ', a,i) € Ci )
and
(yira—;) € C% (23,b-4) € C%
and = or (3v-graded®)
(yi,b—i) € C% (zi,a-;) € CE
and -
(zi,c-) € CE

for all @;,y;, 2z € X;, all a_;,b_; € X_; and all k,¢ € R such that ¢ < k. We
say that (C*)rer is R-3v-graded if condition 3v-graded? holds for all i € N.

Note that condition 3V—gradedﬁ is the weakening of 2—gradedf obtained
by adding the premise (z;,a_;) € C%. The intuition behind this weaken-
ing is that the noncompensatory sorting model with veto requires condition
2-g1"adedzR to hold for elements that are not repulsive. Adding the premise
(25,a_;) € C¥ ensures that z; ¢ ¥F.

Lemma 7
If a partition (C’“>keR has a representation in the noncompensatory sorting
model with veto then it is R-3v-graded.

PrROOF

Suppose that (z;,a_;) € C%, (z;,c_;) € C% and (z;,a_;) € CE. By con-
struction, it is impossible that z; € #*. Hence, we must have z; € 7.
Because ¢ < k, we know that «/* C @/f. Hence, we have z; € </'. Since
(yi,b—;) € C%, the monotonicity of Z* implies (2;,b_;) € C¥. 0

The following lemma summarizes the consequences of conditions linear’ and

3v-graded! using the relations =¥
Lemma 8
Conditions linear’ and 3v-graded? hold iff

1. =% is a weak order having at most three distinct equivalence classes.

~J1
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. If =F has three distinct equivalence classes and x; is in the last class
then foralla_; € X_;, (v;,a_;) ¢ C%,

3. [wi =§ yi] = [ Z{ wi, for all L € RT],

4. [z ~F 2z and x; =% y; and (y;,a_;) € C;, for some a_; € X_;] =

7

[2; ~¢ zi, for all £ < k).
for allk € R™ and all z;,y;, 2z € X;.

Proor

Part [<]. Suppose that linear is violated so that, for some z;,y; € X;
and some a_;,b_; € X_;, (z;,a_;) € C*, (y;,b_;) € C*, (y;,a_;) € C* and
(z:,b_;) € CL. Because, for all k € R, ?\jf is a weak order, we have z; =¥ y;
and y; >—f x;, a contradiction.

Suppose that {)’V—glradedfEl is violated so that, for some ¢ < k, (z;,a_;) €
C (yl, Z) S CQ, (yl,b,l) € Cﬁ, (Zi,C,Z') € CQ, ([L’i,b,i) € Ci and
(zz, ;) € Ck. - - -

Suppose that k = £. This implies y; >f x; and x; >f z;. This is contra-
dictory since =¥ has three distinct equivalence classes and z; belongs to the
last class, while (2, c_;) € C%.

Suppose henceforth that k& > ¢. We have Yi > i, T; >k z; and y; >k Z.
Since y; > T;, we cannot have y; >k x;. Since (z,a_;) € Cﬁ, we cannot have
T; >Z Yi- lf T; Nl Yi, T >Z zi and (z;,a_;) € C’k would imply x; Nl Yi, a
contradiction.

Part [=]. Using linear;*, we know that = is complete. Since =% reﬁnes
=k it follows that =¥ is Complete and, hence a weak order. Clearly, z; =5y,
and y; >Z T; Would Vlolate l1nearf‘.

Suppose that, for some k € R*, =¥ has at least four distinct equivalence
classes so that, for some z;,y;, z;, w; € X;, we have x; >i-"’ Yis Ys >§“ z; and
Z >—k w;. Using the definition of >Z, we have, for some a_;,b_;,c_; € X_;,
(zi,a_;) € C*, (yi,a_y) € CF, (yi,b_;) € C*, (2,b_;) € C¥, (z1,c_;) € C¥,
(wi,c—;) € Ck

Using l1nearZR, (zi,a-;) € C*, (yi,b_;) € C* and (y;,a_;) € C* imply
(z:,0_;) € C%. Using 3v-graded? with ¢ = k, (y;,b_;) € C*, (z;,0_;) € C,
(xi,a_;) € C’k and (z;,c_;) € C* imply either (yz, a_;) € C'k or (z,b_;) € CE,
a contradiction. N

Suppose now that, for some ¢ < k and some z;,y;, 2 € X, x5 ~F 2,
x; =¥y, (yi,a_;) € C% and x; =% 2. By definition, z; ~F z; and x; =¥ y;
imply that (x;,b_;) € C”“ (2i,b_;) € C* and (y;,b_;) € C¥, for some b_; €
X_;. Similarly x; =¢ z 1mplies (z;,0-;) € C* and (2;,c_;) € CL, for some
c_; € X_;. Using 3v-graded?, (z;,b_;) € C*, (2;,b_;) € C*, (x5,c_;) € C*
and (y;,a_;) € C imply (z;,c_;) € C"Z or (yz,b ;) € C% . a contradiction. O

R
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4.3 Result

Our main result in this section says that R-linearity and R-3v-gradedness
characterize the noncompensatory sorting model with veto.

Theorem 2
An r-fold partition (C*¥)rer has a representation in the noncompensatory
sorting model with veto iff it is R-linear and R-3v-graded.

PROOF

Necessity results from lemmas 6 and 7. We show sufficiency. Suppose that
(C*)er is R-linear and R-3v-graded. For all k € R, define ¥}* = {x; €
X; i (w,a_;) € Ck, foralla_; € X_;}. By construction, the constraints
¥k C ¥ for £ > k are always satisfied with such a definition.

Let Y} = X;\ 7% and Y* = [[,.y Y. We have Y} C Y/!, for all
ke {r,r—1,...,3}. Since (C*)er is a partition, (C¥ C%) is a partition,
for all & € RT. Hence the sets Y* are nonempty, for all &k € R*. Let
Dt = CENY* and D% = CE NY*. Our plan is to build a representation of
the twofold partitions (D%, D) in the noncompensatory sorting model. The
set o7* will always be a subset of Y*. Hence, #;* and 27" will be disjoint.

Suppose first that for all k € R™, all attributes i € N are degenerate for
(DY, DE). By construction of the sets V¥, we have DX = Y*. In this case,
define, for all k € Rt and all i € N, @/* = Y} and .#* = {N}. This clearly
gives a representation of (C*)cp in the noncompensatory sorting model with
veto.

Otherwise, let £* be the largest k& € R* such that there is at least one in-
fluent attribute for (D%, D). In order to build the representation of (C*)cg,
we distinguish several cases.

Case (* < k
By hypothesis, all attributes are degenerate for (D’g, D%). By construction
of the sets Y*, we must have Dg = Y*. In this case, we define:

o JF=YFN" forallie N,
o Fk ="

)

where ,;sz* and .Z* will be defined below. For all k& > ¢*, the constraints
Fk C ZF1 will be satisfied; since ;"™ C V¥, we also have that <" C
oA
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Case k < 0*

By hypothesis, some attribute is influent for (D%, D*) so that it is a par-
tition. It is clear that this twofold partition satisfies (6). Let us show that
it satisfies (7). Suppose that (z;,a_;) € D%, (yi,a_;) € D%, (y;,b_;) € D&,
(zi,b_;) € D% and (2;,a_;) € D%, for some z;, y;, 2; € Y} and some a_;,b_; €
YE. Because z; € Y, we know that (24,c_;) € DX, for some c_; € Y*,. Using
3v-graded?, (z;,a_;) € DX, (ys,a_;) € DX, (y;, b_ ) € DY and (z;,c_;) € D
imply (z;,b_;) € D% or (z; a_;) € DX, a contradiction. Hence, using proposi-
tion 2, (DX, D) has a representation (4%, (%F);cx) in the noncompensatory
sorting model.

Subcase k = ¢*
Consider first the case k = €*. Let (9%, (8 )icn) be the representation of
(DY, DY) built using proposition 2. We define, for all i € N, &Z* = 2
and F¢ =%" . 1f i € N is influent for (D%, DY), we have @ C &7 C Y.
If i € N is degenerate for (D%, DY), we have &7 = @. By construction,
(FU (" )ien) is a representation of (DY, DY) in the noncompensatory
sorting model. In this representation, we have I € .#* whenever there is

some z € DY such that A (z) C I

Correctness of the choices for k > ¢*
Let k > ¢*. We know that DX = Y*. We have defined above &% = Y N .7
and ¥ = F%. By construction, for all z € DY = Y* we have A"(z) =
A¥(z) and A” (x) € F, so that A¥(z) € F*. Hence, the above choices
give, for all k > ¢*, a representation of (D%, D¥) in the noncompensatory
sorting model. -

Subcase k < ¢*

Suppose henceforth that k < ¢* and let (9%, (#F)icn) be the representation
of (D%, D’;) in the noncompensatory sorting model built in proposition 2.
We build the sets .Z* and .2ZF in sequence starting with k = ¢* — 1.

Let % =% 1If i € N is influent for (D%, D%), we take &7F = 2F. We
clearly have @ C o/ C Y}*. If i € N is degenerate for (Dg,D’i), we have
BE = 3. We take ofF = /" since YT C Y}, this is always possible.
On these attributes, we have <7 C Y/ since we never have " = Y}*, for all
kB <.

Because it is always true that @/ C Y/, we have I € .#* whenever

there is some z € D% such that A*(z) C I. Clearly, (F* (&})icy) is a
representation of (D%, DX} in the noncompensatory sorting model.
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We have now defined the sets @Z* #;* and Z*, for all i € N and all
k € RT. We know that for all k € R*, these sets give a representation of
(C%,C*) in the noncompensatory sorting model with veto. It remains to
check that the additional constraints of the noncompensatory sorting model
with veto are satisfied.

Proof that /"™ C o7F
This was shown above for k > ¢*. Let us prove that, for all i € N and all
k=23,...,0* —1 we have %’”1 C k.

If, for all £ € {¢*,¢* —1,...,k+ 1}, attribute ¢ € N is degenerate for the
partition (DY, D%) 1nduced on [[,cy Y, we have &' = @ and there is
nothing to prove. Similarly if i € N is degenerate for the partition (D%, D%)
induced on [], y Yi¥, we have o7F = /F*1 and there is nothing to prove
either.

Suppose henceforth that i € N is influent for the partition (D%, D)
induced on [],.y ¥;* and let ¢ be the smallest m € {¢*,¢*—1,..., k+1} such
that ¢ € N is influent for the partition (D%, D%) induced on [,y Y{. By
construction, we have 7! = a7*.

Suppose, in contradiction with the thesis, that x; € 7' and z; ¢ *
with ¢ > k. Since i € N is influent for the partition (D%, DY) and z; € <,
we know that (z;,a_;) € D4 and (y;,a_;) ¢ D%, for some y; € Y, and some
a_; € Y*,. Because, by construction, y; € Y, we know that (y;,c_;) € D%,
for some c¢_; € Y. Similarly, since i € N is influent for (D%, D%) and
x; & @/F, we know that (z;,b_;) € DX and (x;,b_;) ¢ D%, for some z; € Y}
and some b_; € Y, - -

Using linear]’, (z;,a_;) € D%, (z;,b_;) € D% and (z;,b_;) ¢ D% imply
(zi,a_;) € DY. Using 3v-graded?, (x;,a_;) € D%, (%,a_ ) € DL, (2:,b_;) €
D% and (y;, c_;) € DY imply (z;,b_;) € DX or (yl, ;) € DY, a contradiction.
Hence we have «7"™ C o7F.

Proof of the consistency condition

Suppose that for some k < ¢, x; € F, y; € %* and z; € ¥*. We have to
show that y; € #*. Because z; € ;27/“, ; € %Zk, we have (z;,a_;) € D% and
(yi,a_;) & D, for some a_; € Y*. In contradlctlon with the thesis, suppose
that (y;,b_;) € D%, for some b_; € Y*,. Using linear?, (z;,a_;) € D% and
(yi,b_;) € D% imply (y;,a_;) € D% or (x;,b_;) € D4. This is contradictory
since we know that (y;,a_;) ¢ D and x; € #*.

Proof that #* C .#+1
This was already shown for & > ¢*. Suppose henceforth that £ < ¢*. The
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proof is identical to that of theorem 1. Indeed, for all £ < ¢*, we know
that I € .Z* whenever there is some 2 € DY such that A"(x) C I. Take
any such alternative € D%. Starting with z, let us build an alternative
¥ € Yk C Yk a5 follows. For all i € N such that z; € A let zt = ;.
Because 7 C @/"', we know that on these attributes z/ € «7*~!. For all
i € N such that z; ¢ &7F, we consider two cases.

1. Suppose that i € N is influent for <Dg_1,D’2_1). By construction,
there is a z; € Yf’l such that z; ¢ szik’l. In this case, let 2} = 2;. By
construction, we know that o} ¢ /"~ on these attributes.

2. Suppose that 7 € N is not influent for <D’;1, DE~1). By construction,

we have @/F = &/*7'. In this case, take  equal to z;. Therefore
x; ¢ /7! on these attributes.

By construction, we have A*(x) = A¥(2') = A*!(2') = I. Because A*(z) =
A¥(2') and 2 € D%, we know that 2/ € D% so that 2’ € D¥™'. We have
x € DV and AF'(2') C I. Hence, it must be true that I € .#*~!. This
completes the proof. O

The construction of a representation in the noncompensatory sorting model
with veto is illustrated below.

Example 7

Suppose that n = 3, X; = Xy = X3 ={8,9,10, 11}. We consider a threefold
partition (C!, C?,C?). Let C* = {(10,9, 10), (10,9, 11), (10, 10, 10), (10, 10,
11), (10,11, 10), (10,11, 11), (11,9, 10), (11,9, 11), (11,10, 10), (11,10, 11),
(11,11, 10), (11,11, 11) }, €% = {(8,10,9), (8,10,10), (8,10,11), (8,11,9),
(8,11,10), (8,11,11), (9,10,9), (9,10,10), (9,10,11), (9,11,9), (9,11, 10),
(9.11,11), (10,9,9), (10,10,8), (10,10,9), (10,11,8), (10,11,9), (11,9,9),
(11,10,8), (11,10,9), (11,11,8), (11,11,9)} and C' = X \ [C* U 2.

This partition can be obtained with the pessimistic version of ELECTRE
TRI with (10, 10, 10) as the limiting profile between C® and C*? and (10, 10, 9)
as the limiting profile between C? and C!, S; = > for alli € N, w; = w3 =
0,4, wy = 0,2, X = 2/3, \2 = 0,55, Vi = @ and V; = {(10,8), (11,8)}, for
i € {2,3}. This shows that this partition is R-linear and R-3v-graded.

We have:

o 7= = (8.9, %5 = (8},
.« V2= =2, 97 = {8).
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For the partition the twofold partition (D2,D?) on Y? = {10,11} x
{9,10,11} x {10, 11}, all attributes are degenerate. All attributes are influent
for the twofold partition (D%,D2%) on Y? = {8,9,10,11} x {9,10,11} x
{8,9,10,11}. -

Let (92, (%3, $a, $3)) be the unique representation of (D2, D2) induced
on Y2 by (C2%,C2) derived from proposition 2. We have %? = {10, 11},
B2 = {10,11}, 2 = {9,10,11} and 92 = {{1,2},{1,3},{2,3},{1,2,3}}.
We take &> = %2, for all i € N and .2 = 4?. As in the above proof, we
take &7 =Y N /?, for alli € N and .F* = F2.

It can easily be checked that (F* (&ZF ¥*),cn) is a representation of

(/%) in the noncompensatory sorting model with veto. &

4.4 Remarks

In view of the complexity of the noncompensatory sorting model with veto,
we do not pursue here a detailed analysis of particular cases of the non-
compensatory sorting model with veto as was done in section 3.6. Such an
analysis is likely to be quite cumbersome. We simply analyze below the in-
dependence of the conditions used in theorem 2 and the uniqueness of the
representation in the noncompensatory sorting model with veto.

4.4.1 Independence of conditions

Example 3 above gives a partition that is R-2-graded and that satisfies
]inearZR on all but one attribute. Since R-2-gradedness implies R-3v-gradedness,
this gives an example showing that, in theorem 2, no condition ]inearf is re-
dundant.

The following example shows that a partition may be R-linear and may
satisfy 3v-graded? on all but one attribute.

Example 8
Let n = 3, X = {z1,y1,21} X {x2,y2, 20} X {23,93,23} and r = 4. Let
C* = {(x1, 22, 3), (Y1, T2, 23), (21, %2, 3), (®1,Y2, T3), (Y1, Y2, T3), (21, Y2, X3),
(1, 2, y3), (Y1, T2, y3), (21, 2, ¥3), (X1, Y2, ¥3), (Y1, ¥2,93) }, C° = {(21, %2, ¥3) },
C? = {(z1, 72, 23), (Y1, 22, 23), (T1,Y2,23), (Y1,Y2, 23), (T1, 22, %3), (Y1, 22, T3),
(21, 22,93), (Y1, 22, 3), (Y1, 22, 23) } and C' = {(w1, 22, 23), (21, 22, 23), (21, Y2, 23),
(21, 22,¥3), (21, T2, 23), (21, 22,73) }.

We have y; =1 a1 =f 21, 2o =5 yo =8 20 and x5 =§ y3 =& 25, This
shows that the partition is R-linear.

Condition 3v-graded? is violated since (z1,v2,73) € C%, (y1,y2,y3) €
C’éy (Y1, 22,23) € C% and (z1,23,23) € C%, while (z1, 22, 23) & C% and
(21,92, 93) ¢ CL.
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We have xy =3 Yo =35 29, [T2 ~3 2] =5 25 and [y ~3 yo] =3 25. We never
have (aq, 29, a3) € C’g. Using lemma 8, this shows that 3v-graded} holds.
Similarly, it is easy to check that 3V—graded§ holds. &

Hence, we have shown that none of the conditions used in theorem 2 is
redundant. Note that, in example 8, the weakening of condition 3V—gradedf
obtained requiring 3v—gradedZR only when k = / is satisfied, for all 7 € N.
Similarly, in example 3, the weakening of ]inearf requiring ]1'neaurlR only when
¢ = k is satisfied, for all ¢ € N. Hence, our two conditions may not be
weakened in this way.

4.4.2 Uniqueness

Let (o7, %) be a twofold partition of X. Define let Z; = {z; € X, : (z;,a_;) €
U, foralla_; € X_;}and Y; = X; \ Z;. Let Y = [[_,Y; and define &/’ =
g NY and %' =% NY. We show in Bouyssou and Marchant (2004) that
the representation of (&7, %/ is unique if and only if all attributes i € N are
influent for (&7’ %").

As was the case for the noncompensatory sorting model, the additional
constraints brought by the noncompensatory sorting model with veto with
more than two categories are such that this sufficient condition is no longer
necessary. Since the noncompensatory sorting model is a particular case
of the noncompensatory sorting model with veto, example 4 illustrates this
possibility. The uniqueness of the representation in the noncompensatory
sorting model with veto can be analyzed using the same lines as in sec-
tion 3.5.2. Since the details are cumbersome, we do not develop this point
here. It should nevertheless be clear that as soon as some attribute is degen-
erate for a twofold partition (D%, D%) the uniqueness of the representation
in the noncompensatory sorting model with veto will be quite unlikely.

5 Conclusion

This paper has provided a characterization of the noncompensatory sorting
model with and without veto, extending the results presented in Bouyssou
and Marchant (2004) to an arbitrary number of ordered categories. This
characterization was performed within the general framework of decompos-
able sorting models proposed by Goldstein (1991) that obtains for R-linear
partitions. This characterization shows that the main distinctive character-
istic of these models lies in the rather poor information they use on each
attribute. This feature was captured using either R-2-gradedness (for the
case without veto) or by R-3v-gradedness (for the case with veto). These
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conditions are central for the ELECTRE TRI sorting model. Hence, the rea-
sonableness of this model is clearly linked with the reasonableness of these
two conditions.

We would like to conclude emphasizing the fact that sorting models offer
a widely open field for foundational research in the area of MCDM. The
decomposable sorting model seems to be quite a convenient framework to
analyze a large variety of sorting models. This is the subject of an ongoing
research.
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