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hAbstra
t Wherever we see life, we see di�erent kinds of 
omplex net-works, reason why they are studied a
ross various �elds of s
ien
e. Ran-dom Boolean Networks (RBNs) form a spe
ial 
lass in whi
h the linksbetween the nodes and the boolean fun
tions are spe
i�ed at random.Whereas syn
hronous RBNs were investigated in detail, there has littlebeen done around their asyn
hronous 
ounterpart, although there is evi-den
e that most living systems are governed by asyn
hronous updating.Derrida's annealed approximation predi
ts a 
riti
al 
onne
tivity valueof K = 2 for syn
hronous RBNs. We present a similar and original ap-proa
h for asyn
hronous RBNs and show that they do not possess su
h a
riti
al 
onne
tivity value. The asyn
hronous and nondeterministi
 up-dating s
heme introdu
es perturbations that rea
h about 25% of thenodes and thus prevents the networks to be
ome stable. Further, our nu-meri
al simulations show that asyn
hronous RBN tend to amplify smalland to redu
e big perturbations.1 Introdu
tionWherever we see life, we see di�erent kinds of 
omplex networks, reason whythey are studied a
ross various �elds of s
ien
e. Many of the natural networkssu
h as e
ologi
al food webs, geneti
 networks, so
ial networks, neural networks,and even the World Wide Web share 
ommon and global statisti
al features andmotifs [14, 18, 20℄.Among the di�erent kinds of networks, Random Boolean Networks (RBNs)(sometimes also 
alled Kau�man nets or model) form a spe
ial 
lass in whi
h thelinks between the nodes and the node's boolean transfer fun
tions are spe
i�edat random. They are often spe
i�ed by two parameters: N , the number of nodesand K, the number of in
oming links per node (sometimes, K indi
ates theaverage number of links). Syn
hronous RBNs have been seriously investigatedby Kau�man [12, 13℄, Weisbu
h [22℄, and many others as models for biologi
alphenomena su
h as geneti
 regulatory networks and embryoni
 development.Indeed, randomly 
onne
ted networks with various kinds of nodes have beenanalyzed mu
h earlier. The �rst persons to mention randomly 
onne
ted net-works were Ashby [3℄ and Allanson [1℄ who investigated in 1956 networks ofdynami
al systems. Rozono�er [16℄ analyzed the properties of networks 
onsist-ing of elements whose properties depend on parameters 
hosen at random. In



1971, Amari [2℄ published a paper on the 
hara
teristi
s of randomly 
onne
tedthreshold-element networks with the intention of understanding some aspe
tsof information pro
essing in nervous systems. He showed that two statisti
alparameters are suÆ
ient to determine the 
hara
teristi
s of su
h networks.Whereas syn
hronous RBNs as abstra
t models of spe
i�
 biologi
al systemswere investigated in detail, there has little been done around their asyn
hronous
ounterpart, although there is eviden
e that most living systems are governedby asyn
hronous updating. Harvey and Bossomaier note, that \[...℄ for manybiologi
al phenomena asyn
hronous versions are more plausible" [9℄. Observedglobal syn
hronous behavior in Nature usually simply arises from the lo
al asyn-
hronous behavior.This paper prin
ipally addresses the question whether asyn
hronous RBNshave a similar phase transition and 
riti
al value for K like syn
hronous RBNs.In parti
ular, we use a similar approa
h to asyn
hronous RBNs as Derrida usedto �nd the 
riti
al 
onne
tivity for syn
hronous RBNs. Our results are thenveri�ed by numeri
al simulations.The reminder of the paper is as following: Se
tion 2 introdu
es the prin
i-pal 
hara
teristi
s of syn
hronous and asyn
hronous RBNs. Se
tion 3 gives anoverview on Derrida's annealed approximation that predi
ts K = 2 for syn-
hronous RBNs. Our approa
h for asyn
hronous RBNs is presented in Se
tion 4and the numeri
al results in Se
tion 5. Se
tion 6 
on
ludes the paper.2 Syn
hronous versus Asyn
hronous Random BooleanNetworksRandom boolean networks (RBNs) are usually 
onsidered as a more general
ase of 
lassi
al 
ellular automata (CA). In the syn
hronous version, both areexamples of dis
rete deterministi
 dynami
al systems made up from simple 
om-ponents that pro
ess data in parallel. The RBN ar
hite
ture is in many wayssimilar to weightless neural networks [21℄. Kau�man's studies [13℄ have revealedsurprisingly ordered stru
tures in randomly 
onstru
ted networks. In parti
u-lar, the most highly organized behavior appeared to o

ur in networks whereea
h node re
eives inputs from two other nodes (K = 2). It turned out thatthe networks exhibit three major regimes of behavior: ordered (\solid"), 
omplex(\liquid"), and 
haoti
 (\gas"). The most 
omplex and interesting dynami
s 
or-respond to the liquid interfa
e, the boundary between order and 
haos. In theordered regime, little 
omputation 
an o

ur. In the 
haoti
 phase, dynami
sare too disordered to be useful. The most important and dominant results ofKau�man's numeri
al simulations 
an be summarized as follows [13℄: (1) Theexpe
ted median state 
y
le length is about pN . (2) Most networks have shortstate 
y
les, while a few have very long ones. (3) The number of state 
y
le at-tra
tors is about pN . (4) The most interesting dynami
s appear with an average
onne
tivity of K = 2 (the boundary between order and 
haos).Very few work has been done around asyn
hronous random boolean networks(ARBN), although the updating s
heme in dis
rete systems plays a 
ru
ial role



for its properties. Moreover, for many physi
al and biologi
al phenomena, theassumption of asyn
hrony seems more plausible. Harvey and Bossomaier [9℄ haveshown that ARBNs behave radi
ally di�erent from the deterministi
 syn
hronousversion. Di Paolo [15℄ provided further analysis and mainly investigated rhythmi
and non-rhythmi
 attra
tors. Although ARBNs 
annot exhibit stri
tly 
y
li
behavior (due to their random updating s
heme), he has shown that they 
anall the same model rhythmi
 phenomenon. Re
ently, Gershenson [7℄ provided a�rst 
lassi�
ation of the di�erent types of RBNs. The study also revealed thatthe RBNs point attra
tors are independent of the updating s
heme and thatthey are more di�erent depending on their determinism rather than dependingon their syn
hroni
ity.An attra
tor in a dynami
al system is an equilibrium state. Following Hope-�eld [10℄, the attra
tors of networks represent a sort of 
ontent addressable mem-ory. Ea
h attra
tor is en
ompassed by a basin (domain) of attra
tion. A deter-ministi
 
omplex dynami
al system with a �nite number of states ultimately\settles down" in an attra
tor after a �nite time. If the state ve
tor 
omes to rest
ompletely, it is 
alled a �xed point. If the state ve
tor settles into a periodi
motion, it is 
alled a limited 
y
le. Due to their indeterminism, asyn
hronousRBNs do not have 
y
li
 attra
tors but only point and loose attra
tors. Similarto the syn
hronous version, the number of point attra
tors is independent ofK [9℄.Note that there is also a growing interest in asyn
hronous 
ellular automatain various problem domains (see for example [4, 5, 17, 19℄).3 Derrida's Annealed Approa
h to Syn
hronous RBNsAs stated above, the average 
onne
tivity of K = 2 presents a 
riti
al 
onne
tiv-ity for 
lassi
al syn
hronous RBNs. This value is obtained by numeri
al simula-tions as well as by several theoreti
al methods. In 1986, Derrida and Pomeau [6℄proposed the annealed approximation whi
h allowed to predi
t K = 2 as the
riti
al value of K. This se
tion shall brie
y re
all the basi
 ideas of Derrida'sapproa
h that we then apply in a similar manner in Se
tion 4 to asyn
hronousRBNs.Assume that we have a network made up of N nodes, ea
h being randomly
onne
ted to K other nodes. Ea
h node 
an be in one out of two possible states,0 or 1, and the node's state after the next update is de�ned by a randomly 
hosenboolean fun
tion that takes the K in
oming links as inputs. The network stateat time t is de�ned as the ve
tor of node states at time t, whi
h we write as st.The network states st for t > 1 are 
orrelated to the network wiring andthe node's boolean fun
tions. Derrida noti
ed that this is somehow diÆ
ult toformalize, whi
h lead him to the 
orre
t assumption that, sin
e everything (i.e.,wiring, transfer fun
tions) is random in RBNs, randomly generating a new net-work after ea
h update should not fundamentally a�e
t the overall dynami
s ofthe system. In order to �nd out the 
riti
al value for K, he 
ompared the dy-nami
s of two identi
ally 
onne
ted networks with state ve
tors st1 and st2. Let



st2 be a perturbed (i.e., 
hanging the state of a random number of nodes) 
opyof st1 and let us de�ne dt as being the normalized Hamming distan
e between st1and st2. The main question is then as follows: whi
h value of K allows dt ! 0when t! +1?To answer this question, let at be the probability for a node to have the samevalue in both networks at time t. Let us then make two subsets of nodes 
alledA and B. A 
ontains all nodes that have equal states in st1 and in st2, B 
ontainsnodes with unequal states. Obviously, the probability for a node to belong to Aat time t is at. Moreover, for ea
h node two possibilities arise: (1) all of its inputnodes belong to A, and (2) at least one of the input nodes belongs to B. Hen
e,in the �rst 
ase, the node's input will be the same in both networks sin
e ea
hinput node belongs to A. This does not hold in the se
ond 
ase as at least one ofthe input nodes belongs to B. For a given node, the probability of having all ofits inputs in A is therefore (at)K , and �1� (at)K� otherwise. Consequently, thenode's probability of being in the same state in st1 as in st2 at time t+ 1 is 1 inthe �rst 
ase and 1=2 in the se
ond as we suppose that states 0 and 1 are equallydistributed. Indeed, if a node has the same input in both networks, it will surelyhave the same output and 
onsequently be in the same state in both networksat the next time step. In the se
ond 
ase, inputs are di�erent and outputs willthus be equal with probability 1=2.We 
an therefore des
ribe the evolution of at as a fun
tion of t by means ofthe following re
ursive equation:at+1 = (at)K + 12 �1� (at)K� = 1 + (at)K2 :By taking into a

ount that dt = 1� at, we get:dt+1 = 1� (1� dt)K2whi
h des
ribes the evolution of dt as a fun
tion of time t. Figure 1 plots dt+1as a fun
tion of dt for K = 1; 2; 3; 4; 10. One 
an easily see that K 2 f1; 2g arethe two only values that allow dt ! 0 when t ! +1. Geometri
ally speaking,the plots for K = 1 and K = 2 lie below the identity fun
tion dt = dt+1 whi
himplies that dt+1 tends toward 0 as time in
reases.The results suggest that syn
hronous RBNs with a 
onne
tivity of K = 2(the \edge between order and 
haos") are parti
ularly resistant to perturbations.This is mainly due to a phase transition in the number of frozen 
omponentswithin a network (see also [13℄). Naturally, the question arises whether su
h a
riti
al value exists in asyn
hronous RBNs. To the best of our knowledge, ourattempt is the �rst one to investigate this question.4 Our Approa
h to Asyn
hronous RBNsAs mentioned in Se
tion 1, Harvey and Bossomaier 
laimed that asyn
hronoussystems are biologi
ally more plausible for many phenomena than their syn-
hronous 
ounterpart. However, studying asyn
hronous RBNs is often all but a
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Figure 1. dt+1 in fun
tion of dt for K = 1; 2; 3; 4; 10. For K = 1 and K = 2, dt+1 tendstoward 0 as time in
reases. For more information, see also Kau�man [13℄.trivial task, mainly due to the nondeterminism introdu
ed by the asyn
hronousnode updating s
heme.In this paper, we will only 
onsider the following 
ase of asyn
hrony: at ea
htime step, 1 to N nodes are randomly sele
ted and syn
hronously updated. Asshown in the previous se
tion, we 
onsider two identi
ally 
onne
ted networkswith di�erent state ve
tors st1 and st2. Again, 
onsider st2 as being a perturbed
opy of st1. In the asyn
hronous 
ase, three possibilities arise for ea
h node: (1)the node is updated in both networks, similarly to syn
hronous RBNs; (2) thenode is updated in only one of the networks; and (3) the node is not updated atall. We therefore need to 
al
ulate the node's probability of being updated. Letmbe the number of nodes updated at a given time t. Hen
e, the node's probabilityof being updated knowing m is m=N . As m 2 [1; N ℄ and as we suppose that allvalues are equally probable, the probability of being updated be
omes:P (being updated) = 1N NXm=1 mN = N + 12N :Given this, we 
an now des
ribe the probability of the three above-mentionedsituations:p2 = �N + 12N �2 , p1 = 2�N + 12N ��1� N + 12N � and p0 = �1� N + 12N �2



where pi des
ribes the probability that the node is updated in i networks. Notethat p1 is 
ounted twi
e be
ause there are two possibilities of updating a nodein only one of both networks.Nodes 
an now again be separated into two subsets A and B with the samemeaning as des
ribed in Se
tion 3. Hen
e, if a node has all of its inputs in A andis updated in both networks, it will surely hold the same value in st+11 as in st+12 .If only one of both networks updates the node, there will be one 
han
e out oftwo to be in a di�erent state. Finally, if none of the networks updates the node,it will keep its 
urrent state at time t+ 1 and thus hold the same value in bothnetworks if and only if the node belongs to subset A. After adding together allthese probabilities we get:(at)K "N + 12N +�N � 12N �2 at# : (1)This represents the 
ontribution of the nodes having all of their input nodes in Ato the overall probability at+1 that a node has the same state in both networksat time t+1. To this term we must add the 
ontribution of the nodes that have atleast one 
onne
tion in B. Note that when a node is updated in both networks,the probability of being in the same state at time t+1 is not 1 but 1=2, similarlyto the syn
hronous 
ase. We therefore obtain:�1� (at)K� "3=2 �N2 +N � 1=24N2 +�N � 12N �2 at# : (2)And �nally, the probability at+1 that a node has the same state in both networksat time t+1 is obtained by adding 1 and 2 when N ! +1. Note that N ! +1simpli�es the writing of the forth
oming equations and is justi�ed by the fa
tthat, as long as we 
onsider probabilities over nodes, a \suÆ
ient" number ofthem is required. The resulting re
ursive equation for asyn
hronous RBNs isthus as follows: at+1 = 18 (at)K + 14 at + 38 :As for syn
hronous RBNs, this leads to the equation that de�nes the evolutionof perturbations in asyn
hronous RBNs:dt+1 = 58 � 18 (1� dt)K � 14 (1� dt): (3)Figure 2 shows the plots of Equation 3 for K = 1; 2; 3; 4; 10. The followingobservations 
an be made:1. Criti
al values for K do not seem to exist as no plot is stri
tly below theidentity fun
tion dt+1 = dt.2. Ea
h plot starts from one and the same point, situated at dt+1 = 0:25. Thismeans that two networks with the same initial state will be
ome di�erenton 25% of their nodes at the next time step. Hen
e, dt = 0) dt+1 = 0 is nolonger valid.
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Figure 2. dt+1 in fun
tion of dt for K = 1; 2; 3; 4; 10. Note that no 
riti
al value of Kseems to exist.From the point of view of the above presented theoreti
al analysis, it followsthat asyn
hronous RBNs do not seem to be as tolerant to perturbations assyn
hronous RBNs. In fa
t when dt is lower than 0:5, dt+1 is always bigger thandt, independently of K. This implies that, instead of redu
ing perturbations,asyn
hronous RBNs 
reate new ones.Remember that Derrida allowed his networks to 
hange at ea
h time step.This simpli�
ation has proved to be 
orre
t for syn
hronous networks, i.e., nota�e
ting the overall network dynami
s, however, one might ask whether thishypothesis is 
orre
t for asyn
hronous RBNs too. The next se
tion shall addressthis question by means of numeri
al simulations.5 Numeri
al ResultsFigure 3 shows numeri
al results for K = 1; 2; 3; 4; 10 obtained with networks ofN = 200 nodes. For ea
h value of dt between 1 and 200, 200 randomly generatedpairs of network states were tested during t = 600 time steps. Then, for ea
hvalue of dt, the mean value of dt+1 was 
omputed.Compared to Figure 2, Figure 3 shows mainly two di�eren
es. The plot ob-tained for K = 1 lies very 
lose to the identity fun
tion dt+1 = dt. Hen
e, thetheoreti
al results do not 
orrespond to the numeri
al simulations for that 
ase.A possible explanation is that K = 1 networks are highly ordered (\solid") and
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Figure 3. Numeri
al results obtained for K = 1; 2; 3; 4; 10 with asyn
hronous RBNsmade up of 200 nodes.that they possess a large number of short attra
tors. Indeed, two identi
al net-works with their state ve
tors at distan
e dt will very qui
kly end up into di�erentattra
tors that are separated approximately by the same distan
e. Remember,however, that our theoreti
al model is rewired 
onstantly and that therefore noattra
tors are possible, hen
e the di�eren
e between the simulations and reality.The se
ond important di�eren
e is that our theoreti
al model also partly failsto predi
t the behavior of the K = 2 plot for dt 2 [0:2; 0:7℄. The numeri
al resultsshow that networks with two in
oming 
onne
tions per node 
an also be verystable within this interval as the plot lies rather 
lose to the identity fun
tion.Finally, the mean error between the theoreti
al model and the numeri
alsimulations is about 3:3% for K = 2, 1:6% for K = 3 and falls below 1% forK > 3. Hen
e, the bigger K be
omes, the better the model �ts to reality.6 Con
lusion and Future WorkWe have investigated the dynami
 behavior of asyn
hronous RBNs by meansof a method inspired by Derrida's annealed approximation. The main questionwas whether there is a similar phase transition and 
riti
al value for K in asyn-
hronous as in syn
hronous RBNs.Our original theoreti
al approa
h and numeri
al simulations revealed thatasyn
hronous RBNs do not have a 
riti
al 
onne
tivity value similar to syn-




hronous RBNs for K. The asyn
hronous and nondeterministi
 updating s
hemeintrodu
es perturbations that rea
h about 25% of the nodes and thus preventsthe networks to be
ome stable. Although there were some small dis
repan
iesbetween the theoreti
al model and the numeri
al simulations, we 
an say thatour approa
h to asyn
hronous RBNs predi
ts the most important 
hara
ter-isti
s of their overall dynami
s. From the numeri
al simulations we 
an 
on-
lude that asyn
hronous RBNs tend to amplify small perturbations, to redu
ebig ones and to keep them 
onstant when they are lo
ated in a region arounddt = 0:5. Furthermore, our �ndings 
on�rm what Harvey and Bossomaier [9℄have shown: asyn
hronous RBNs behave radi
ally di�erent from the determin-isti
 syn
hronous version.Syn
hronous RBNs have mainly been used as abstra
t models of spe
i�
biologi
al systems, however, some other appli
ations exist. In an interesting at-tempt, for example, Hurford [11℄ used syn
hronous RBNs to 
ast several essen-tial properties of natural languages. He modeled a language as an attra
tor ofa boolean network. To the best of our knowledge no useful and pra
ti
al appli-
ations seems to exist for asyn
hronous RBNs and one might question whetherthey are really biologi
ally plausible models. Syn
hronous updating as used insyn
hronous RBNs is not usually seen in Nature, although syn
hronous behaviormight arise from the syn
hronization of asyn
hronous elements (e.g., [8℄). Stri
tsyn
hrony as well as nondeterministi
 asyn
hrony present two extremes|neitheris usually observed in Nature. Biologi
al networks do not make use of any global
lo
k (i.e., syn
hronizing) signal, but usually immediately rea
t to perturbations.In geneti
 regulatory networks, for example, a 
hange in a gene's a
tivation statemay instantly imply other state 
hanges in a deterministi
 way elsewhere in thenetwork. From this point of view, syn
hronous RBNs are 
loser to reality thanthe asyn
hronous RBNs studied in this paper. Based on our results, we seri-ously doubt whether purely asyn
hronous RBNs are of any interest in modelingbiologi
al systems. There exist, however, many variants of asyn
hronous, de-terministi
, and lossless information transfer methods (e.g., asyn
hronous logi
based on Muller-C elements) that do not even make use of lo
al 
lo
k signals.A
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