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I. INTRODUCTION

The theory of interacting many-boson systems is of fundamental
interest, not only from a guantum statistical point of view but also
because no single theory has bgen advanced that is capable of describing
the curlous properties of He II. These properties ere thought to be prin~
cipally determined by the statistical nature of the substance. For

3

instence, the low temperature behavior of He” is drastically different

from that of Heh, even though the only significent difference between the
3

two isotopes, other than their mass difference, is that He” obeys Fermi-
Dirac statistics whereas Hek obeys Bose-Einstein statistics. It seems
evident that at low temperatures, where the quantum festures of the system
are not masked out by thermel effects, statistics are of vital importance
to a completevunderstanding of the problen. .

For a weakly-interacting system, it is often possible to develop a
basis of understanding in tei-ms of a collectipn of free particles where
the interaction is considered to have a small effect. However, for weakly-
coupled bosons, the low-lying momentum stetes are highly populated and, in
the limit of vanishing interaction, all particles condense to the zero-
momentum state. Therefore, .the kinetic energy may become small compared
to the potential energy in which case the characteristics of the system
depart sharply from those of a free particle model. In fact, even in the
extreme wesk-coupling limit, important differences occur which meke it
very difficult to understand the problem in terms of a non-interacting
gas. Such difficulties do not generally occur for a many-fermion system
since the kinetic energy is not zero, even in the limit of vanishing

interactions because of the exclusion principle. Therefore, in the weak-
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coupling limit, the interaction may be completely dominated by the kinetic
energy, in which case the properties of the system are very similar to
those of a free fermion gas.

Because He II is the only known boson fluid at absolute zero, it is
natural to compare its properties with those of any proposed theory. It
has been found that the properties of He II are remarkably different from
what would be expected on the basis of a free boson gas model. For in-
stance, Hénshav and Woods (1) have found that the excitation spectrum is
a linear function of momentum at low momenta as compared to a quadratic
low momentum dependence for a free gas. Therefore, as a result, the tem-
perature dependence of the specific heat is also quite different at low
temperatures. Even less understandable are the superfluid properties of
He II which cannot be predicted on the basis of a free particle model.
Meny attempts have been made to explein these peculiar properties from a
firm theoretical basis, but without success.

The present work consists of two parts. first, an att.mpt is made
to wnify in an understandablé way, several different theorizs that have
been partially succeésful in describing the properties of many-boson sys-
tems and, secondly, to develop a more general theory, capable of handling
problems that are outside the range of validity for the weak-coupling
approximations of Bogoliubov (2), and others.

In this paper, four separate but related theories are presented, each
of which views the many-boson problem in a somewhat different way. An
underlying assumption in each derivation is that the momentum distribution
of particles is sufficiently localized to permit the use of certain

simplifying approxiﬁations. In Part 1 of Chapter III, the equation of
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motion for an operator related to the density fluctuation is evaluated in
an approximate way, from which certain generalizations of previous theories
are accomplished. In Part 2 of Chapter III, the equation of motion for a
plane-wave operator is linearized and the associated quasi-particle exci-
tation operator is then constructed, from which the properties of the sys-

tem are deduced. In this development, the operator products a+a+ as well

k™ -k
as number operators aré replaced by their ground state expectation velues
in the interaction part of the equation of motion. In Part 3 of the same
chapter, an excitation operétor is generated for which the approximsted
equation of motion yields substantially the same results as derived in
Part 2 but which does not require that the particle non-conserving pro-
ducts, such as a;afk, be replaced by their average values. The theory,
therefore, conserves particle number, but this advantage is gained at the
expense of the formal simplicity which is present in the procedure of
Part 2. In Section B of Chapter III, a straightforward extension of
Bogoliubov's (2) method is developed and again, the results agree with

those of Part. 2 and Part 3.




II. REVIEW OF EXISTING THEORIES

Among the important contributions to many-boson theory are those of
Bogoliubov (2), Brueckner and Sawada (3), and Lee, Huang, and Yang (4),
who have based thelr calculations on the assumption that a great majority
of the particles are In the single-particle zero-momentum state. Because
the interaction tends to deplete this state by exciting particles to states
of higher momenta, these theories can be considered valid only in the ex-
treme weak-coupling limit. Nevertheless, such derivetions yield important
information about the general properties of many-boson systems and, for
He II, the qualitative agreement with experiment is quite good considering
that, for this case, the weak-coupling theories are not even self-
consistent.

Consider a collection of bosons undergoing two-body interactions
vwhich are describable by a static scalar potential. The Hemiltonian for
the system is |

_ + 1 + o+
H = xThaa +3 3 V(k)ap_k§q+kgq§p (1)
k »,%,k

where a; and &, are plane-wave creation and annihilation operators, V(k)
is the Fourier transform of the two-body interaction pctential, and Tk is

the kinetic energy.

2
k
To= = (2)

The system occupies unit volume and & has been set equal to unity for con-
venience. The operators a, and az, acting on the wave function for a sys-
tem with a precise number of particles in each single-particle momentum

state, give




i
N2y -1, (3)

ao[No,--->

1
-+ -
a_IN ,==-> = (N_+1)Z[N_+1,---> (k)

where No is the number of particles in the zero-momentum state and, in
Egs. 3 and L , ail other occupation numkers are undisturbed.

In the Bogoliubov (2) approximation it is recognized that if N >>1
and if the fluctuation of particle number in the correct zero-momentum
state of the interacting system is small compared to its average occupation
value, then two things may be done;

(2) Replace (N +1)% vy u ¥

(6) Assume that the physical properties of the system are not sig-

nificantly altered by adding or removing a particle from the

zero-momentum state.
Under these circumstances, &y and 9.: will commute with each other and,
since they already commute with 8‘.1:’ ak for k ;4 0, they may simply be re-
prlaced by their c-number expectation velues in the correct ground state.
The Bogoliubov (2) approximation proceeds by considering only those terms
in the interaction part of Eq. 1 that contain at least two operators of
zero-momentum.

For No approximately equal to the total number of particles N, the

resulting Hamiltonian is

_ NgN-lMo} + 1 + o+ +oa.
H = 5 + 1}:{: Ty s, 3 kﬁo Ww(k)aa , +aa, +2aa] (5)

This equation can be diagonalized by the following transformation:
I .

by = u(k)ey + v(kla_, | (6)



b, = ulk)a + vkl (7)

where u(k) and v(k) are real, c-number coefficients that depend only on
the absolute megnitude of their arguments. If these coefficients obey the

added condition
wB(x) - vP(x) = 1 (8)
then the operators M and b, satisfy the usual boson commutetion laws.

k k
The diagonalized form of Eq. 5 is

H = E + 12;; w(k)b;bk (9)
where
k) = Zulﬂ fw(k) + T, + N (k)] (10)
v(k) = _257%5 [T + W(k) - w(k)] (11)
B, = X N‘%_ ki Q) + % kgo [w(k) - T, = NV (k)] (12)
w(k) = [Tk2 + ZTKNV(R)]%. (13)

In Eq. 9, E, may be interpreted as the ground state energy and w(k) is tie
excitation energy for quasi-particles generated from the ground state by
the excitation operator b;.

The inverse of the transformation identified by Eqs. 6 and T is

a; u(k) -v(k) b;
= lh-
&y -v(k)  u(k) b_, - (1)

The expectation value of the number operator is found by using Eq. 14

along with the condition that the ground state |0> be a vacuun state for



the generation of quasi-particles, that is

b o> = 0. (15)
The result for the number operator is

N

= <Olas |o> = V2 (x).

From Egs. 10, 11, 14, and 15 it can be shown that the products <O[
a;afk!0> and <0le,a , [0> have large expectation values at low momenta as
do the number operators. Girardeau and Arnowitt (5) and Wentzel (6) have
tried to improve the Bogoliuvbov (2) approximation by retaining in the
Hemiltonian not only terms linear in these products but also the quadratic
terms. The resulting truncated Hamiltonian is then solved in an approxi-
mate way, with limited success. A related calculation that uses 'thé veri=-
ation principle to evaluate the products Nk and <0{a;afk|0>, and which
emphasizes the connection with techniques used in the theory of supercon-
ductivity, hes been performed by Valatin and Butler (7)._

For liquid He II, Feymmen (8) has calculated, in a very general wey,
the wave functions for the low-lying excited states. It is argued that

the excited states should be of the form T f(xi),0>, which depends on the
X,
i

position of every particle and where l0> is the ground state wave function.

By & variationsl calculation it is found that I £(x;) = £ e 1, vhich is
X5 X,
the configuration space representation of the density. In second quantized

notation the density operator is given by Py

va . a. (x7)

Px K
D bt D

Therefore, the Feynman excited state may be represented as
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= plo>. (18)
The excitation energy is then calculated from these state functions in
terms of the liquid structure factor S(k). The result is

2 :
ok) = merEy (20)
Using experimentally known values for S(k), the excitation energy, as cal-
culated from Eq. 19, is in good sgreement with experiment at low momenta
but, for momenta beyond the line;L (phonon) part of the spectrum, ‘the
agreement is only qualitative at best.
To improve the calculation, Feynman and Cohen (9) proposed a more
general wave function, generated from the ground state by the excitation

operator 3 h(xi)e}k'xi, i.e.

X.
1

(20)

Lk xg -
chh(xi)e o> = [,

i
where h(xi) is a function whose purpose is to localize the excitation by
forming a wave-packet. The theoretical arguments for the inclusion of
h(xi) are based on ‘the pérticle backflow produced when a "quasi-particle"
excitation moves through the medium. By a variational calculation Feynman
end Cohen (9) obtain the excitation spectrum for He II in fairly good
agreement with experiment at all momenta. However, & simple closed form

relation between w(k) and S(k) no longer exists, and the associated theo-

retical interpretations become less apparent.



III. THEORETICAL DEVELOPMENT

For a meny particle system of bosons or fermions the possibility
exists that the Hamiltonien mey be expressed in terms of creation and
annihiletion operators for nearly independent quasi-particles whose action
manifests the behavior of the system. If a transformation can be made to
a system of weaskly-interacting quasi-particles whose interaction is ame-
nable to perturbation theory, then the problem is soluble in terms of
standard techniques. The major difficulty is to uncover these composite
or quasi-particle representations. It is here that the physics of the
situation is vital. In this chapter, approximate procedures for deter-

mining these representaticns in a many-boson system are developed.
A. Equation of Motion Method

Suppose that there exists an operator b; for which

[E,571]0> = w(p)]|o> (21)
where H is the Hamiltonian for the system and |0> is the ground state wave
function. It is very easy to show that lp> = b;[0> is an excited eigen~
state of the system with an excitation energy w(p). The momentum of the
state is a constant of motion characterized by the subscript p. ’For an
independent particle system, Eq. 21 is satisfied by the plane-wave creation
operator a;, and a; is a good approximstion to b; for a sufficiently
weakly-coupled system. In general, however, such an approximation is not
adequate because of the interparticle interaction. For instance, the

commutator of a; with the Hamiltonian is
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+

p- % q+k q (22)

+
E = 7 a + 2 V(k)a
(B8] PP qk()

Clearly, it is the interaction part of Eq. 22 that does not conform to
Eq. 2L.

One procedure for studying the syé‘tem is to linearize Eq. 22 by sonme
approximate method which is valid in the domain of interest, thereby
reducing it to the form of Eq. 21. The random phase approximation (RPA)
is such & procedure thet is valid if the interaction between the quasi-
particle excitations is weak.

The equation of motion for a; can be written es®

+ +
[Be)) = [T, +§V(k_)N 1a * quV(k)a. BN
: +
+ ZV(K)Ma ,a_, -N_ . Ja 2
E Ve oy - Ny il (23)
where I\l‘p k now the expectation value of ap ke‘p-k in the true ground

state and the prime over the sum indicates that the term q = p-k is to be
omitted. The ordinary RPA (10) consists of neglecting the last two terms

in Eq. 23, in which case’

[T + T V(p-k)N, ]a. lo>. (24)
X

L}

[H,a;J lo>

Thus, in the RPA, a.; satisfies Eq. 21. If in addition, one replaces Nk by

The interaction term with k = 0 in Eq. 1 only centributes a constant
energy NN- 1 V{0 to the N particle system and can be removed by shifting

the zero of energy.
++An asterisk immediately preceeding an equation number will here- -

after indicate that that relation is necessarily satisfied only when
acting on the ground state of the system, {o>.
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its value in a non-interacting system, the result for w(p) is

w(p) = Ty + WV (p). (25)

At large momenta, ﬁogoliubov's (2) equation for w(p) is identical with

Eq. 25. The implication is that the approximate linearization of the
equation of motion fox a;, by the ordinery RPA, is sufficient to reproduce
the known weak-coupling results at large momenta but not at small momenta.
This is reasonable for such a simplified treatment of the interaction
because, &t high momenta, it is expected that the interaction term will be
of diminished impbrtance compared to the kinetic energy. At low momenta,
however, the interaction may well dominate, rendering this approximate
calculation invalid. It is apparent that a more sophisticated treatment
of the equation of motion is necessary if satisfactory results are to be
obtained.

The most general linearization of Eq. 22, consistent with the con-
servation of momentum, involves the replacement of products a;afk as well
as number operators by their average values in the interaction part of the
equation of motion. The ground state expectation value of these opposite
momentum pairs <a;af > is understood to mean <O;N]a;gfk|O;N-2> where |0;N>
is the real ground state function for an N particle system and IO;N-2> is
the corresponding state for an N-2 particle systen.

After making these replacements in the equation of motion for a;,
the result is

+ + +  +
H,a = [T +K a + % Vik)<a >a,

+ +
a

u +
+ T V(k)ap_kg a_ + E v(x)[ p-kPp-k Nb_kjap

a,k qtk g
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+  _+ + _+
+ T V(k a ., - a ,>la 26
z (B)ay 2y = BpPpadle (26)
where the double prime over.‘the sum indicates that the terms g = p-k and

w

q = -p are to be omitted. The quantity K(p) is the Hartree-Fock exchange

K(p) = 1fv(p-k)l\rk- 27

The last two terms in Eq. 26 are the fluctuation terms for operators that
have been replaced by their expectation values. By neglecting the remain-
ing non-linear terms, and provided that the fluctuation terms are negligi-

ble, the commutator [ H,a;] acting on the ground state l0> is,
Fu - + + 4+
a] = [T + a_ k)< >a . *(28
) = [T, + K(pllay + BVO< oy 2o, (28)

In this case, Eq. 21 is satisfied if the quasi-particle excitation oper-

ator is of the form

b; = a/(p)a; + B(p)a_P (29)

where o(p) and B(p) ere c-number coefficients.

It is evident that the equation of motion for a.; » as given by Eq. 28,
exists only if the Hamiltonian itself is a particle non-conserving oper-
ator, as will be displayed in Part 2 of the present chapter. In order to
consider the system represented by such a Hamiltonian, the wave function
]0> can be interpreted as contgining & mixture of states with a slight
spread in particle number, which is small compared to N. In this way it
is possible to consider the existence of a non-zero amplitude for the
expectation value of the opposite momentum pairs <a;afk> in Eqs. 26 end
28. PFurthermore, for a large system, the number operator mzy still be an

approximately good quantum number since it approximately commutes with the
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Hamiltonian. Such interpretations are common in the theory of super-
conductivity. It is also possible to argue that, for a large boson system,
the addition or removal of a few particles, particularly from heavily pop-
ulated momentum states, will not significantly alter the important physi;
cal properties. This ergument is completely aneclogous to the Bogoliuvbov
(2) treatment of the zero-momentum state. A complete, detailed, deriva-
tion of the propertles associated with such e system will be given in
Part 2 of this chapter.

Another method that goes beyond the ordinary RPA for the commutator
[H,a;], by considering not only the linearized terms in Eg. 23 but also

the triple term and the fluctuation & V(k)[a; Né_kja;, hes been
k

R
developed by Suhl and Werthamer (10,11). The advantage of this method is
that it provides a systematic way to generate the approximate excitation
operators for the system. The triple term in Eq. 23 can be included in

the calculation by constructing a new excitation operator

+ + p + -
bo = a + z'g(e,k)a_a .= 0
o o q’kg(qf )2 Py (30)

vhere g(q,k) is a c-number coefficient to be determined. The fluctuation
term may also be included in an equivalent way but, as Suhl and Werthamer
(10) have shown for the electron gas problem, and as we shall show in
Appendix A, under certain circumstences the fluctuation term is negligibly
small and, in anticipation of this result, it will hereafter be neglected.
The commutator of b; with the Hamiltonian is

al a8l (31)

+o + ‘
[H,bp] = [H)apj + 2'g(aq,k)[H, p-kgqﬁkgq *

a,k

The commutator [H,a+

+ . .
P_kgq*kqu, when expanded, contains triple and quintuple



13

products of creation and annihilation operators. These products can be
contracted in a manner similer to that used in obteining Eq. 24. All
number operators, a;?k’ a}e replaced in the commutator by their expectation
value in the true ground state. The quintuple terms that do not contract
to singles or triples by this replacement are neglected in the second RPA.
Such a procedure amounts to applying the RPA to the equation of motion for
b; as defined by Eg. 30.

The uncontractable quintuple terms neglected in the second RPA can be

included by constructing an operator of the form

+ + + o+ o+
b = a + k & + ¥ ha a a aa 2
o o q?kg(q, o o-iPqrk®q T T a (32)

[H,b;j would then contain a commutator [H,a+a+é+éa] which yields, upon
evaluation, quintuple and septuple terms. These can be contracted to
triples and quintuples by the previously mentioned technique. The sep-
tuple terms that do not reduce to triples or quintuples are neglected in
‘the next order of approximation. It is clear that one can continue the
above procedure by generating quasi-particle creation operators of higher
order than the one given by Eq. 32. In fact, Eq. 32 represents only the
terms through third order in an infinite sequence of epproximations de-
signed to generate a better approximated quasi-particle excitation
operator.

Werthamer and Suhl (11) point out thet the solution of Eq. 21 for

b; given by Eq. 32 is completely equivalent to solving the set of equations

| [H,a.;] [o> m(p)a.;|0> #(33)

+
(H, p-k q+k q-'

it

[o> a_|o> *(34)

‘”(P)a -x* q-l-k q
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[H,a'a’a’ea] o> = w(p)a+a+a+aa[ 0> #(35)
Eg. 33 yields, upon contraction, singles and uncontractable triples. The
uncontractable triples are evaluated using Eq.3k, which ylelds singles,
triples,‘ and uncontractable quintuples. The uncontractable quintuples are
evaluated by using Eq. 35 which yilelds triples, quintuples, and uncon-
tractable septuples. To the order of approximation indicated by Eq. 32,
the uncontractable septuples are neglected. Egs. 33, 3%, and 35 then
represent a set of cougled equations whose simultaﬁeous solution will
yield w(p) and b;.

Suhl and Werthamer (10,11) solve the degenerate electron gas problem
by arbitrarily terminating the extended RPA procedure at the second order,
which is equivalent to solving Egs. 33 and 3%. They evaluate the triple
commutator, Eq. 3k, approximately by utilizing the fact that the Coulomb
potential is singular at the origin. Their results agree with the most
sophisticated of previous calculations. It will be shown that their

methods are equally successful when applied to the many-boson problem.

l. The density excitation operatcr

It was shown by Feynmen (8) that the elementary excitations in He IT

at low momenta are generated by the excitation operator

z a+ 2
Pk Pk p
b
which is just the Fourier transform of the density. Furthermore, it has
been argued by Lendau and Lifshitz (12, p. 199), and others, that any
quentum fluid which obeys boson statistics displays low momentum excita-
tions of this form. Therefore, we propose for consideration, an excita-

tion operator that represents the most general possible linear combination
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of the products a; +kap ,» and which also contains the density operator as a

special case, namely

+ o+
o = gc(p,k)ap+kap (36)

where c(p,k) are c-number coefficients to be determined. IF b;;, acting
on an energy eigenstate of the system, excites the system to an eigenstate
of higher momentum, then there exists an approximate solution to the

equation of motion such that
[Ebi]]0> = w(s)or|o>. (21)

The commutator for b;, as given by Eq. 36 is

+ +
[H,b 0> = g c(p,k)[H,aP ] o> (37)
where
+ + + +
(H, & +kap] = [ ook —‘I‘p]ap afp * 121 V(n)[pna.lJ Hen®p ~ Ppidp mPnl  (38)

and V(k) = V(-k). This result is considerably simplified if one mekes the
random phase approximation; "The motion of a pair with momentum k is
determined by keeping only the terms in the interaction associated with

the k® momentum transfer," (Pines 13, p. 47). Eq. 38 then reduces to

+ +
(Boopnepl = [T - Tlepudy + VOOIN, - Nyl (39)

where Np 1s the number of particles operator for momentum p. The substi-

~ tution of Eq. 39 into Eq. 37 gives

[H,b;]lo> = g [e(o )T, - Tp) + l(k)]a;+kap|0> (ko)
where
10 = T (VRN - 1] Ga)

q
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From Egs. 21, 36, and 40
4
- - - *
g [e(p,k)(o(k) + Ty = Do) 1(k)]ap+kgp;o> 0. (k2)
If the operator 1l(k) may be replaced by its ground state expectation
velue, then Eq. 42 is satisfied if and only if the quantity in the square

brackets vanishes. In this case c(p,k) is given by the integral equation,

(@B)N - N1 Ve yoby]

c(p,k) = V(k) = _ = -
N w(k) + Tp Tp+k. w(k) + ‘.’[’p Tp+k

(3)

where Nq is now the ground state expectation value for the number of
particles with momentum g, or simply the momentum distribution function.

By multiplying both sides of Eq. 43 by 1\Tp - N .. and summing over p, we

Pk
find thet
N -N (T ., -T)
1 = v(k) I wI(’k) +P;k — = 2v(k)z NP +k ) o e (4k)
P P Pk P 7w (k)-(T, T )

Tt is expected that NP will be large only for small values of p and so
the major contribution to the sum over p in Eq. 44 comes from small mo-
menta. Therefore, we approximate the square bracket in Eq. 44 by its low
momentum limit.

T T T

lim ptk ~ Tp - k . (45)

+k-Tp

Substituting this value into Eq. 44 yields the excitation energy

oPx) = 1.2+ 2m w(k). (46)

£
For this approximation to be valid, it is not necessary that I\Tp ~ 0
for all states with p>0, as is the case in the weak-coupling approximation,

but only that most of the particles lie in a narrow region |pl<| 6| of
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momentum space surrounding the origin. We require that § be small enough
to insure that the result given by Eq. 45 is a valid replacement for the
square bracket in Eq. 4k, Sihce the closely spaced, low-lying momentum
states are expected to be highly degenerate for systems with weak or mod-
erate interaction strengths, such a reguirement is not unreasonable.
Naturally, any precise estimate on the validity of this approximation
depends on the interaction and must be tested for each individual problenm,
However, an investigatlion reveals that the approximation is valid over a
fairly wide range of conditions. A rough calculation:indicates that NP
remeins quite local in momentum space even for interaction strengths as
large as those in He IT and it follows that Eq. 45 is a satisfactory re-
placement at all momenta, thus giving support to our discussion.

Eq. 46 is recognized to be of the form derived by Bogoliubov (2), and
others, for the excitation energy. Bogoliubov (2) arrives at his result
by assuming that an overwhelming portion of the partiéles are in the sin-
gle-particle zero-momentum state with a negligibly small number at higher
momenta. In our derivation, we are able to consider systems for which an
arbitrary number of low-lying states contain a large number of perticles,
subject only to the condition that the totality of states which contain
most of the particles is sufficiently localized. No undue attention is
paid to the zero-momentum state, nor is an artificial separation of this
state from other states of low momentum necessary. It is for this reason
that we consider Eq. 46 to be more general then had previously been indi-
cated, and possibly it is applicable to a wider class of problems.

From Eq. 36 it is seen that the excited state [k> is generated from

the ground state in the following way:
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> = b+!O> = g c(p,k)a;;kgp[0>. (47)

The plene-wave creation and annihilation operators may be transformed
according to the expression
-ip-x

a, = }Z;J.x!/(xi Je
i

i

where \'r(xi) is the usual Fock space field operator. It is assumed that
c(p,k) is Fourier transformable as a function of both variables. There-

fore, ]k> mey be written as

-ip- (xi-xj) ikex

> = 2 elm,xV (x)ulx;)e e Jo
DX, X, J
175
+ J‘.k'xs
= xZ . c(xi-xj,xj-xs)w (xj)tp(xi)e [o>. (48)
i7757"s
Define
- N - + :
h(xs) - x'?x.C(xi xj’xd xs)\'f (XJ)V(xi)' (}4‘9)
%3 -

The substitution of Eq. 49 into Eq. 48 gives
ik'x,s
> = zhix)e [o>. (50)
X
s
This wave function hes the same form as that of Feynman and Cohen (9),
although their coefficients h(x) are presumebly different from ours, having
been determined by a variational procedure.
The f-sum rule for the excitations generated by bl': can be found by

considering the ground state expectation value for the following com-

mutator;
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<o) (rH,0:3,07 ) o> = - Sk, O ®h e + (BT (F)_ 1. (51)

The double commutator on the left-hand side of Eq. 51 wmay be evaluated
exactly but, to be consistent with the approximetions of this theory, it

will be considered only in the limit of the RPA. The result is

() of (i) 5Ty Bh )il = B (Ba)e (B, k) (T T ) (1 H_,)
3 z

+ X c(p,k)e (g, -k)v (k) (N, o) (N - (52)
b,q

This result can be further simplified if the momentum distribution func-
tion is sufficiently local so that the coefficients in Eg. 52 may be re-
placed by their mean value over the interval of integration. This, of
course, 1is identical to the procedure used earlier to derive the eXcita-
tion energy. More crudely, Nb may ba replaced by its value for a non-

interacting system. In either case, the result is,

2
+ _ Nk
2 o)l (flon (g * (® onti)e] = T c(0,k)e(k,k)
+ NV () e(0,k)-c (-, k)]l e (i, -k)-c (0,-K)).  (53)
For the special case where b; = b-k’ Eq. 53 may be further simplified.
One such case, which will be shown to occur under certain circumstances,

is for c(p,k) independent of p, that is c(p,k) = z(k). Then bE—reduces to

the density fluctuation, i.e.

b = §z<k)a afp = 2oy (54)
and Eg. 53 becomes
2
L (55)

2
z w(k)nolpk,no = Tn
n



20

vhich is identical to the result of Miller, Pines, and Nozieres (1k).

\

Since Feynman (8) has shown that |k> = pk[0> is an approximate energy
eigenstate for He IT at low momenta and since there is every reason to
believe that the same is true for any many-boson fluid, it is of consider-
able interest to investigate the consequences of such a proposition within
the framework of our calculation. Now in the limit of small k, the excited

state |k> =3 c(p,k)a;;kgplo> depends only on small values of p and c(p,k)
b

is independent of p. This follows from Eq. 43 providing im

k=0
for the only p dependence on the right hand side of Eq. 43 is the kinetic

N (k)>>T
()1,

energy term of the denominator, and the above inequality expresses the
condition that the kinetic energy excitation is a small part of the total
excitation energy. In this case the excitation operator b; is of the form
given by Eq. 54 and, since the following calculations are independent of
the c~-number coefficient z(k), it may be omitted without loss of gener-

ality. Thus, at low momenta
o+
and
[Hypy ] = w(klp,. (57)

We may now make use of the following well-known relations (15) in-

volving the density fluctuation Py

Nrolofo,j0> = S(x) (58)
-1k k2

N<o[pyHp, JO> = & (59)
lim -1 . 4.1 1

k%?b N <Dlpkﬁ pka> = 5 (60)

2me
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where S(k) is the structure factor and ¢ is the sound velocity. From Egs.

57, 58, and 59 it is seen that for small k,

- + -1 +
N<0[p\Hp, [0> = N<0lp,[Hp, 7|0> = w(k)S(k) (61)
where the zero of the excitation energy has been defined by H{0> = 0.

Therefore, from Eqs. 59 and 61, it is apparent that

2

ofk) = 'a"nssz?f (62)
which is the result originally derived by Feynman (8) using a varia;tional
caleulation. Thus, Egs. 57 and 59 reveal that, if the density fluctuation
is a non-interacting elementary excitation of the system, then Eq. 62 is
the correct expression for the excitation energy. This equation has been
experimentally verified to be correct for He II at low momenta.

The low momentum character of S(k) may be determined from Egs. 57 and

60. That is,

1 -1 .
lim N +. -1 . linN |+ 1 _ lim 8(k)
o Olol a0 = 1500 Olew 0> ohy = oo e® (63)

Therefore, using Eq. 60

lim S(k) _ 1 |

k+0 u(k) ~ 5 2 (64)
From Bq. 46

- %

M oK) = k[lwxgo) = ck (65)
where

2 - M0), o (66)

Substituting Eq. 65 into Bq. 64 gives

lim _ k .
ko0 SB) =z : (67)
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which shows that the liquid structure factor is linear in momentum at low
k. This result is also found to be in very good agreement with experiment
for He II. Eq. 67 may be derived directly from Eq. 62 by substituting in
the expression for w(k) as given by Eq. 46. That is,

Un gy . Lin k "

where ve have used Eq. 66. It can be concluded that if p |0> is an
excited eigenstate of the system, then S(k) is correctly given by Bq. 67.
For & weakly-interacting boson systém it was shown in Chapter II that

the quasi-particle excitation operator is of the form

by = u(k)ey *+ v(k)a_, (68)

where
wBx) = —25)%-15 lwlk) + T + W (k)] (69)
) = gy T + W) - w1 (70)

The excitation operator represented by Eq. 36 may also be given in the
weak-coupling limit by retaining only those terms in the sum over p that
contain atv least one plane-wave operator of zero momentum, which is then

replaced by the c-number

That is,

Lt

c(o,k)a;ao + c(-k,k)a:a_k

L L
Nac(o,k)a.; + Nzc(-k,k)a_k. (1)

The coefficients c(o,k) and c¢(-k,k) may be calculated from Eq. 43 and the
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normalization condition

2
%l = §° (0, 1), - W] = 1. (72)

These equations are evaluated in the weak-coupling limit by replacing the
momentunm distribution function by its value for a non-interacting systenm,

in which case Egs. 43 and T2 become,

Ne2(0,k) - ch(-k,k) = 1 (73)

(o) = FEER . ()

The simulteneous solution of Egs. 73 and Th yield
2 2
Ne“(0,k) = u (k) (15)

NP (-k,k) = vo(k). (76)
The substitution of these results into Eq. TL reveals that in the limit of
weak coupling, the excitation operator b;, as defined by Eq. 36, is com~-
pletely equivalent to the excitation operator of Bogoliubov (2). This,
along with the energy spectrum already derived, establishes that, when
taken to the appropriate limit, our method is entirely identical to the

weak-coupling calculation of Bogoliubov (2).

2. The opposite momentum correlated pairs

Earlier in this chapter it was shown that the most general linear-
ization of the equation of motion for the plane-wave operator a; is given
by Eq. 26, where one neglects the remaining non-linéar term. If the
fluctuation terms are also neglected, which are shown to be negligibly
small in Appendix A, the commutator [H,a;] acting on the ground state of

the system reduces to
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+ + . + +
[Ha ] = [Tp + K(p)]ap + 1)3 7(p-k)<a e o *(28)

For such an equation, one can construct an operator b; which is a linear
combination of a; and a_p and satisfies Eq. 21. That is, the operator
which excites the normal modes of the system is given by

by = a(e)e] + Bl (29)

where o(p) and g(p) are c-number coefficients.

The motivation for comsidering a linearization of the form given by
Eq. 28 comes primarily from arguments based on the weak-coupling theories,
where the operator products angk and a e, are known to have large expec-
tation values at low momenta. A similar treatment occurs in the theory of
superconductivity where these opposite momentum pairs a&e of paramount
importance. In fact, Valatin and Butler (7) have demonstrated that there
is a remarkable resemblence between the mathematical formulation of many-
boson theory and that of superconductivity. Actually, some of the pro-
cedures of this section may Be brought into formal equivalence with their
work. The more complete analysis nresented here will show the relation-
ship to the weak-coupling theories in an bbvious way and important gener-
alizations are provided in a simplified form. The following approach is
completely analogous to a method of Anderson and Schrieffer (16) where
they calculate the excitation spectrum and the ground state energy for a
superconducting system.

The most general solution to Eq. 21 for an excitation operator of the
form given by Eq. 29 is found b&.substituting Eq. 28 and its time reversed

hermitian conjugate into the following equation:

[Ea(p)ey + 8()a 110> = olp)alpley + 8(p)a_]]o>. (7)
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The result 1s given by a pailr of coupled equations

a(p) u(p) - () N(p) = olp) wlp) (78)
a(e) n(e) - 8(p) ulp) = 8(p) wlp) (79)
where
uip) = %+K@) : (80)
1(e) = EV(p-k)e;afk>. (81)

If o(p) and g(p) obey the added condition

2 2
o (p) - 8°(p) = 2, (82)
then the b's satisfy the usual boson commutaetion laws. The excitation
spectrum is given by
2 2 2
w () = p(p) - 1" (). (83)
The inverse of the transformation, defined by Eq. 29, and its hermitian

conjugate is

el [el®) -8\ (v o
opl  |B®) el (b

This equation together with the requirement that the ground state wave
function [0> be a vacuum state for the generation of quasi-particles, that
is

bp!0> = 0 . (85)
is sufficient to calculate the momentum distribution function in the cor-

rect ground state.

N, = <a;%5> = <Ia(p)b; - 8(2)_1e(p)e, - B(p)bfp][> = g2(p) (86)

From Eqs. 78, 79, and 82



o) = 3[e8) ]
we(P) = % [ﬁé%% + l}

(87)

(88)

The only remaining unknown quantity, 7(p), mey be calculated in the

fellowing way. From Egs. 78, 79, 85, and 86, it can be seen that the

ground state expectation value of b;bP is

+ _ + _
b b > = 2oz(p)s(1>)<apa_p> + 2 (W H) = 0

where it is assumed that Nb = N_P. Therefore,

+_+ a(p)
<aa > = - N .
P -p B(P; b
Substituting this result into Eq. 81 gives
- - (k)
() = EV(p N S

From Egqs. 78, T9, and 83, it can be seen that

(k) _ (k) - 1(k)
g(k) w(k) - pik) [ue(k) - '|'].e(k)]—zT - u(k)'

Substituting Eq. 92 into Eq. 91 gives
k_ 2 2, % )
b (k) - 17 (k)12 - (k)

Therefore, T(p) is defined by the above integral equation.

1(p)

(89)

(90)

(91)

(92)

(93)

For systems whose momentum distribution function N, is effectively

k

localized about the origin within a range §, it is sufficient to evaluate

a(k)/g(k) for smell momenta and to work directly with Eq. 91. From Egs.

82 and 86

(k) _ Nk'}'li
s - =37

R

(9%)
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It is clear that for all Xk such that

N, >> ; (95)
then
k) _ . .
%gﬂ = +1. (96)

Ineq. 95 does not necessarily refer to only those single-particle states
with a macroscopic particle occupation, but it also refers to all states
where Nk is more than an order of magnitude greater than unity.

If the momentum distribution function is sufficiently local so that
the totality of states that satisfy Ineq. 95 contain a large majority of
the particles, then the substitution of Eq. 96 into Eq. 91 is quite valid.
In any case, such a substitution is superior to the weak-coupling approxi-
metion since, for that result, the only term retained in Eq. 91 is the one
with k = 0. The sign of Eq. 96 is of no importance provided that it does
not change sign for different values of momentum in the interval lk| < 6.
In the weak-coupling approximation it can be seen that Eq. 90 reduces to
No and, therefore, the negative solution of Eq. 96 must be correct. If we
assume that for small momenta, a(k)/ ;3(1:) does not change discontinuously
from its weak-coupling velue of -1 to +1 then, wherever Eq. 96 is appréxi-
me.tely valid, we retain its negative solution. Under these conditions, it

cen be seen from Eqs. 27, 91, and 96 that

2 2
1 () = K(p). (97)
From Eqs. 80, 83, and 97 the excitation energy is determined to be
2 2
= 2 .
@) = 1P+ 2nx(e) (58)

It can be seen from Eq. 27 that Eq. 98 reduces to the weak-coupling result

(2) in the appropriate limit. However . & detailed discussion of this
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equation and all other results in this chapter will be deferred until
Chapter IV.
Naturally the validity of Eq. 96 must be tested for each individual

problem and the following formulation of g(k)/g(k) is convenient for
making this test. From Egs. 87 and 88 it can be seen that

o (x)

)

so BEq. 96 is correct for small momenta if

. . 2 1
lim wél}:) _ lim 7 - K™ (k) 2} < 1.

<6 u ko re, + K(k)]

2 k k
1*1%&@&&) (9)

Therefore, if T, << K(k) for all momente within the range of N,, then

Eg. 96 is velid and the expression for w(p) is correctly given by Eq. 98.
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At this point we consider the consequences of neélecting the triple
term in Eq. 26, upon which the results of this section depend. Consider
the truncated Hamiltonlan generated by neglecting all but the terms k = O,
q =‘Q-§, and g = -p in the interaction part of Eq. 1. This Hamiltonian,
called the "pair Hemiltonian" (5,6), has the advantage that it contains
the Bogoliubov (2) Hamiltonian as well as all other possible pair terms.

As previously mentioned, these opposite momentum pairs are expected to

give important contributions in the many-boson problem. H@air is given by
_ N(x-1)v(o) 1 ata
pair ) * § Tkakak T3 Z% V(e Sarlqre®y
Qsk
+
a .a aa . 100
gk k-q%"-q] (100)

The equation of motion for a;'with H is, after neglecting only

pair
the fluctuation terms,

-+

MHpipr®] = 1T +K(p)'la +2V(_'p-k)<aa >8 - *(101.)

-K

This result, which is identical to Eq. 28, contains no terms non-linear in
the plane-wave annihilation or creation operators. The point is that Eq.
28 results only after neglecting certain hon—linear terms in FH,a+1,
whereas in rHéal % ] they do not exist. One concludes that the terms
neglected by linearizing [H,ap] are just those neglected in the pair Hem-
iltonian and vice-versa.

The effective Hamiltonian which is necessary and sufflclent to yleld
the equation of motion given by Eq. 28 and, therefore, all of the results
presented here, is formed by replacing all different pairs of operators in

the intéraction part of Eq. 100 with their average values. This is done

without neglecting any terms in Hjair' The result is,
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_ N(m-1)v(0) o1 + +
Hoeg = 5 + E Teye *3 l’i K(k)la,a
aa  + 2ah (102)
By T eE

Thus, it is concluded that the most general linearization of the equation
of motion for an excitation operator such as given by Eq. 29 is determined

from the pair Hamiltonian alone.

3. Application of the extended RPA to the many-boson problem

It has been seen that the ordinary RPA for the excitation operator
a;, as given by Eq. 2k, is & poorer approximation than is Bogoliubov's (2)
method for calculating the excitation energy. But the first extension of
the RPA, as displayed by Eq. 30, not only includes all the terms retained
by the Bogoliuﬁov (2) approximation, but allows important generalizations.
By neglecting the fluctuation term in Eq. 23, the commutator [E,a;] may be

written es

[Eer] = [T, +K(p)]e) + SV(e)e] et *(103)

0k pkq+kq

The extended RPA amounts to calculating the contribution to the single
operator amplitude %; from the triple term in Eq. 103. This can be done
by evaluating the triple commitator, Eq. 34, which is then contracted by
replacing number operators with their expectation values in the correct
ground state, as outlined earlier in this chapter. The solution of the
contracted equation is still quite formidable, however. Suhl and Werthamer
(10) get around this difficulty for a degenerate electron gas by utilizing
the singular character of the Coulomb potential to extract an approximate
solution. For the many&boson problem, an approximate evaluation of the

triple commutator can be found by making use of the followihg ideas.
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It has been noted, (2,5,6) that the opposite momentum pairs, a;afk
and Y have an unusually large weight in many-boson.systems, as they do
in superconductivity. These products appear in the triple term of Eq. 103
when‘g‘= -p- Another indication of which terms are important in the sum
over the triple product comes from the resulﬁ of the ordinary RFA, which
is known to be a reasonable approximation at large momenta. From Eq. 24
it can be seen that only those momentum transfers within an interval § of
the momentum of the excitation contribute to the sum, where § is the
approximate range of the momentum distribution function. For small §, the
important contribution comes from momentum transfers k, in the vicinity of
momentum p. There is a clear implication from this discussion that the
sum over the triple product in Eq. 103 is highly weighted in the vicinity
of {S:E = 7?{3}' This conclusion is in accord with the Bogoliubov (2)
approximation since, in that case, the only values that contribute to the
sum over the triple product are q=-p and §,=‘£. The above considerations
suggest that the Bogoliubov (2) approximetion be generalized by extending
the region of summation to include all terms in the triple product of Eq.
103 for which

52l < 8
la+k| < 5. (10k)

The contribution to the equation of motion from the triple term in

Eq. 103 is calculated by use of Eq. 34, that is,

o> = w(p)™* ZV(k)[H,a;_ka;+kaq']]O>. (105)

s (k)a; a
a,k

a
a4,k -k gtk q

+  +
Therefore, the commtator [H,a?_kgq*kg

strictions imposed by Inegs. 104. The general result for Eg. 3% is

qj is evaluated subject to the re-
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+ + o

(e Pgudy] = ok e
=T 4T -T7a &t #(106
T Tpek gtk ~ Tq!p-KoqHk™q (106)
ot +  + + +  +  *

+ V(n + -

m?n ( )r - n P~ l\.'rﬂ. q-rk m q am-naq+k+nap-kamaq am—nap-kaa_'*'ka@'nam]

+

* E V(n) g+k=-n p-k+n q

By contracting Eq. 106 and ignoring terms of order N-l compared to those
that are kept, one gets |

+
[w(®) + Ty = T - T de) @eue. = Q

+z V(n)[N + N -x taf et

pin-k gtkin q-n p-kaq+kaq_ *(107)

Gt

+ % [V(gtk-p)N_ + V - V(gtk-
[V(ark-p )N, COMERACES DN - VN ey 2 L

n

+

+ k + - - - -
T [V( )1\1Cl V(n q)l\Tq v(k)lxrq+k V(q n)Nq+k'] n+1p-1%n

n

-+

+ -
= vk n)[Np_k + Nq +k]ap_naq ¥

n

+ (V)N N+ V(qtk-p)N ¥+ V(p-g-
(V0N g + V(qHe-p)N V(qu)Np_qu‘

gtk

+ V(NN - V(k)Np_qu+k]a;

where @ 1s the sum of the uncontractable quintuples. Under the conditions
imposed by Inegs. 10k, the @ terms can be shown to yield no contribution
to the equation of motion and, therefore, they are hereafter neglected.
As a result, Egs. 103 and 107 form a complete set of coupled equations

which contain only single and triple operator products, and whose simul-

taneous solution yields the excitation spectrum and the excitation
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operatqgi Thus, the approximation represented by Ineq. 104 may be looked
upon as fhe condition under which it is completely valid to terminate the
extended RPA at second order. This point will be discussed in detail in
Appendix B.

The solution of these coupled, infegral equations is greatly simpli-
fied if the momentum distribution of particles is well localized so that
§ is a small interval. In that case, the only term in the singlet ampli-

tude of Eq. 107 that is not negligibly small in the interval specified by

+
p-qu-f-kap :
Furthermore, since the triple operator products of Eq. 103 are contained

Ineq. 10k is -V(X)N All other single terms may be neglected.

in a2 double sum, also bounded in the momentum interval specified in Ineq.
10k, the simulteneous solution of Egs. 103 and 107 is expedited by mul-
tiplying Eq. 107 with V(k) and summing over the same interval. It has
already been argued that the triple term of Eq. 103 is highly weighted for
momentum transfers in the viecinity of the excitation; that is, the only
terms retained are those for which [8751 < §. Therefore, after suming
Eqg. 107 and retaining only those triple terms with momentum transfers with-

in § of the excitation, the result is

+
Vik +T -T -7 + +k- .8
q?kr (%) (w(p) q otk P“k) K(p)V(g p)]ap-kaqu .

= -E K(k)V(k)Np_ka; *#(108)

where it is understood that the summation is bounded in the interval spec-
ified by Ineq. 10k. For § sufficiently small, it is a good approximation
to replace the square bracket in Eq. 108 by its mean value over the inter-

val. That is
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V)W) + T - T - T L) + K(2)V(aHep)]

= V(&) w(p) + T, * K(p)7. (209)

The substitution of this result into Eq. 108 gives

'
<+

K(k)V(k)N 5 .
p K q+k q = iz w(p) + 'T‘p + K(p) (110)

T v‘(k
9,k

This equation, which relates the triple term appearing in the equation of
motion for a; to the singlet amplitude, may be further simplified for K(k)

that vary smoothly over any smaell momentum interval §. In this case

SRV, = K(B) VO, = K@) (111)

The substitution of Eq. 111 into Eg. 110 gives

2, \ +
5 V(k)al e X ey

= - . * 112
ok | PT Kgr®q T o(p) ¥ T, + K(p) (112)

By substituting this result into Eq. 103 and with Eq. 33, the excitation

energy is calculated to be

2 2
= T + 2T XK
w (p) o o (p)

which is identical to the result derived in Part 2 of this chapter.

The operator that generates the elementary excitations of the system
is given by Eg. 30. Over the limited interval of summation indicated by
Ineq. 10k, it is entirely sufficient for the purposes of this calculation

to represent this excitation operator with

+ oF
b = + ! 1Ll
) e, eonsy: (113)

With the aid of Egs. 21, 34, 103, and 110, the quantity g(p) is determined

by evaluating the commutator of b; with the Hamiltonian
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’ +
(D(p)ra + g(P)qsz(k)ap k q+k q.‘

it

+
[H,0,]

[Ha) * g<p>qu;v<k)m, Py #(114)

i

+

T, KNy ¢ BV e

9,k

i

(@[T, +K(p)] Z;V(k)ap kaq+k q - g(p)" (p)a .
%

By equating the coefficlents of either the single or the triple terms in

Eq. 11k, the result for g(p) is,

1
@) = SErFT T EE) (025)
The substitution of Eq. 115 into Eq. 113 gives
+
V(k)a a
+ -k +k a

b = a_ + 116
D D E w(p)+T +K(T (126)

This excitation operator may be approximated by applying the techniques
used in Part 2 of the present chapter. In Eq. 116, it is noted that the
sun over g is restricted to include only the narrow interval around‘g = -D.
By going to the limit of q = -p and then replacing a; kg; - with its aver-
age value <a ng k> bp reduces exactly to the excitation operator de-
fined by Eq. 29, except for a normalization coefficient which in no way
affects the generality of thé result. Thus, we have shown that there
exists a close relationship between the particle-conserving excitations

presented here and the particle non-conserving excitations generated in

Part 2.
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B. Extended Bogoliubov Approximation

The method developed in this section is a direct generalization of
Bogcliubov's (2) technique which, however, is applicable to systems where
an arbitrary number of low-lying states are occunied by a large number of
particles. The zero-momentum state 1s not comsidered separately but only
in conjunction with the other low-lying states. The results for the

ground state energy, the excitation spectrum, and the momentum distribution

function are in the form of coupled, integral equations. These equations
coincide with those derived in the previous sections.
Suppose that other low-lying, single-particle states besides the

zero-momentum state contain large numbers of particle:s. That is

N >>1 for lkl<s (117)
and
-1
N RN <. (118)
h o]

A plane-wave annihilation or creation oparator acting on a wave function
for a many-particle system with a precise number of particles in ezch

single-particle, plane-wave state gives

L
ak]-—-Nk--—> = (Nk)Z]---Nk—l,--->

+ 1
ak' "‘--Nk,"""‘> = (Nk+l)2 '---Nk+l,--'>

where Nk has been defined as the number of particles in the state of mo-
mentum k. If, for the correct momentum states of the interacting system,
the fluctuation of particle number in each single-particle state satisfy-

ing Ineg. 117 is small compared to its mean value, then two approximations
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are in order:

L L
a. Replace (Nk-*-l)2 by Nk2

b. Assume that the physical properties of the many-particle system
are not significantly altered by adding or removing a particle
from a state satisfying Ineq. 117.

and a+ commute with each other

k k
as well as with all operators of different momentum and, therefore, they

Under these circumstances, the operators a

may be repleced by their c-number expectation values in the correct ground
state of the many-particle system. These arguments are, of course, iden-
tical to those advenced by Bogoliubov (2) to justify the replacement of
zero-momentum operators with their average values in the interaction part
of the Hamiltonian. Here, in a completely analogous way, we extend the
Bogoliubov (2) approximation by allowing operators that act on states
which satisfy Ineq. 117 to be replaced by their ground state expectation
values.

Consider the interaction part of the Hamiltonian

L

£ V(k)al & (119)

H. = g .aa .
=k gtk
D,0,k P-X grk g P

I

For any approximatién involving the replacement of an operétor or a pro-
duct of operators in HI with their expectation values, only those processes
which conserve momentum’are considered, since HI is itself a momentgm con-
serving quantity. Suppose that one replaces all four operators in Eq. 119
by their ground state expectation values, then under certain circumstances,
the result might be expected to yield a reasonable estimate for the poten-

tial energy. However, all dynamical quantities such as the excitation

spectrum would not be calculable from such a procedure. As a next
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approximation one could replace all possible products of three operators
by their average values but then, providing that only momentum conserving
processes are retained, the only remaining operator would be of zero mo-
mentum, & cese which is also dynamically non-interesting. In fact, the
very lowest order non-triviel way to consider the dynamic charascteristics
of a system is to replace all possible pairs of operators by their average
values .

After making all possible pairwise replacements in HI, one gets

H = NN‘12V°)+% 5 V(k)l‘a. ef N +aa

1 ke -5 p-k
p, k4o PP D -PD
+ + N(N-2)v(0) , 1
a .a .N +aal = + o= Vik)i N
p-p-k'p ¥ *p%p bk 2 2p?k() pkkpp
+ae N 8 N +aal (120)

p-pp-k p—kpkp pppk]

1.
5 1>2 V(O)N ra a Zaka 7.

By changing the indices of summation in Eq. 120 and adding to it the

kinetic energy term, the total Hamiltonian is

_ + 0 N-V(0) L Lo opppyeatat -
H = 2 T 8,8, + 5 +5 1% K(k)r.ak_a_k taa, +2aa] (121)

whers K(k) has been previously defined,

K(s) = V(N . ~(27)
Y

For systems in which a large majority of the particles are in the
zero-momentum, single-particle state, K(k) may be evaluated by retaining
only the term p = k in the sum over p in Eq. 27, in which case Eq. 121
reduces to the model Hamiltonian originelly derived by Bogoliubov (2).

However, this a-priori assumption about the momentum distribution of
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particles is not required and, since K(k) contains the contribution from
particles in all momentum states, including the state of zero momentum,
important generalizations result if XK(k) is calculated without meking any
such weak-coupling epproximation. Therefore, we proceed by diagonalizing

Eq. 12 directly. The result is

: +
BE = E + E u)(k)bkbk (122)

where Eo i1s interpreted as the ground state energy and is given by

B = 1_\’_(1\7_%1‘_’_(_92 +1 z fw(E) - T, - K(k)1- (123)

(o)

The equations for the excitation spectrum p(k), the excitation operator
b;,‘and the momentum distribution function Nk, are found to be identical
to the results derived in Part 2 of Chapter III. Thus, Egs. 27, 86, 98,
and 123 form a set of coupled, non-linear, integral equeticas whose solu-
tion yields complete knowledge about the ground state properties of the
system. Finally, it can be shown that the approximate Hamiltonian, given

by Eq. 121, is derivable from the pair Hamiltonian alone. This same

connection was also discovered in the work of Part 2.
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IV. SUMMARY AND DISCUSSION

- The principal accomplishments+ of this paper are conteined in the new
results that have been derived for the excitation spectrum, the excitation
operator, the ground state energy, and the momentum distribution function.

TheAcoupled equations for these quantities are

o(k) = [+ 2x()]? (124)
B = ME-Lv(0) , 1 : [w(k) - T, - K(k)] (125)
N, = mrgy Eele) + T + k()] (226)
where
(k) = ZV(p-k)W,. (127)

P
There are three important features of the theory that should be

emphasized. They are:

(a) In the weak~coupling limit the theory reduces identically to that
of Bogoliubov (2). This statement can be verified by evaluating
the quantity K(k) from Eq. 127, where only the term involving
particles in the zero-momentum state is retained. Then K(k) =
N V(k), and to the extent that the Bogoliubov (2) approximation
is known to be valid, K(k) = NV(k) , since N_ = N. By substituting '
this value for K(k) into Eqs. 124, 125, and 126, the well known

weak-coupling results are obtained. As an example, the excitation

e separate theory presented in Part 1 of Chapter III is self-
contained and will not be discussed here.



(b)

Lo

spectrum and the ground state energy become

L
2 2

w(k) = [Tk + 2TkNv(k)] (128)
p, = MA-1)v(0) , 1 2 fus) - 5, - W1, (229)

The weake~t¢oupling results are actually valid under more general
circumstances than had previously been considered. For instance,
it can be seen that if the Fourier transform of the interaction
potential is sufficiently smooth over the approximate width of
the momentum distribution function then, in the expression for
K(k), V(p-k) may be replaced by its mean value over the interval,
i.e.

K(k) = ZV(p-k)N_ =~ V(k) TN ~ Nv(x) (130)
D P p P

which is identical to the result obtained from the Bogoliubov (2)
approximation. Again, the substitution of Eg. 130 irto Egs. 12k,
125, and 126, yields the standard weak-coupling results for w(k),
Eo’ and Nk. However, in this case, K(k) is not sensitive to the
exact momentum distribution of particles. The more local the
momentun distribution function and the more regular the potential,
the more accurate is Eq. 130. For instance, if an pverwhelming
portion of the particles are in the zeré-momentum, single-particle
state as is the case in the weak-coupling limit, or if Nk is so
localized thaet it is almost a delta function, or if V(p-k) is
essentially constant and perhaps replaceable by its s-wave

scattering length, then Eg. 130 is an excellent approximation. It

is evident that the conditions required for the validity of Eq.
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130 are less severe then in the Bogoliubov (2) approximation even
though the results are identical. It is for this reason that we
consider the weak-coupling results to be valid under more general
circumstances than had previously been considered. This same
conclusion was reached by the theory presented in Part 1 of Chap-
ter III.

(¢c) There are conditions for which K(k) does not approximately equel
NV(k) and, as a result, the weak-coupling equations are invalid.
In that case, the coupled set, Eqs. 124, 125, 126, and 127 must
be solved. An example of such a system is the charged boson gas.
The Fourier transform of the potential changes very rapidly at
low momenta and becomes infinite at the origin. Such behavior
violates the conditions under which Eq. 130 can be derived and,
it will be shown in Chapter V, that K(k) is much different than
NV(k) at low momenta. As a result, we find an excitation spectrum
which differs mérkedly from that obtained by the weak-coupling
calculation 6f Folday (17).

An importent accomplishment of the general theory that has been
developed in this paper is that no a-priori assumption concerning the pop-
ulation of any single, low-lying momentum state is required. The equations
that govern the.behavior of the system are éxplicitly dependent on the
momentum distribution function which, in turn, is fully derivable from the
theory. Therefore, questions concerning the depletion of particles in the
zero-nomentum state are ﬁot relevant because the depletion is automatically
accounted for.

This conclusion is supported in & calculation recently made by
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Bassichis and Foldy (18), who solve a simple boson model exactly and then
compare the results with the Bogoliubov (2) solution. They found that for
& system containing a large number of particles, the Bogoliubov (2) re-
sults, ignoring depletion effects, are identical to the exact solution.
Based on our theory such should be the case if Eq. 130 and, therefore, Zgs.
128 and 129 are valid. The model does saﬁisfy the conditions of Eq. 130 and,
therefore, the results of Bassichis and Foldy (18) are quite reasonable.
Another case. where depletion effects seem to contradict otherwise
reasongble results is in He II. For instance, Brueckner and Sawada (3)
have derived an excitation spectrum for He II that is in fair agreement
with experiment, but the'calculation ignores depletion in the zero-momentum
state. When depletion is included, the agreement vanishes. However, as
will be shown in Appendix C, the results for He II are probably insensitive
to the precise momentum distribution of particles and, therefore, the
weak-coupling equations are valid only if depletion is completely ignored.
A common practice in previous many-boson calculations has been to
ignore the dynemic characteristics of the zero-momentum state by replacing
certain zero-momentum operators with c-numbers and then to work separately
with the particles in states of higher momentum. This procedure inevitably
leads to the appeasrance of the expectation vélue NO which, in most cases,
is then replaced in the calculation by N. However, if the depletion of
the zero-momentum state is too large to allow such a replacement, No mst
be retainéd. It is then argued that the weak-coupling equations may still
be valid because the high degree of momentum correlation in the system
Justifies a partial neglect of particles in states of higher momenta. This

is a common, and the most simple way to account for depletion. However,
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based on our theory, such an approach is not correct since the particles
contained in the non-zero lbw—lying momentum states give an important con-
tribution to the results, as can be seen by evaluating the exchange energy
K(k). We conclude therefore, that many attempts to generalize the weak-
coupling theories, by allowing for depletion effects, are suspsat and quite
possibly wrong.

Pinally, we draw some conclusions of great interest concerning the
nature of the low-lying excitations in a many-boson system. At very low
momenta the interaction is expected to be very important in determining
the nature of the excitations while, at high momenta, the kinetic energy
becomes large and tends ﬁo mask the effect of the interaction. From Eq.
98 it can be seen that the behavior of w(k) at small momenta depends
critically on K(k). Some of the properties of K(k) are,

K(0) = oo k() = I 5 V(KN = T V(RN (131)
ok Popho P
Thus, K(k) approaches s finité constant as the momentum approaches zero.
Furthermore, if K(k) is analytic over some non-zero interval surrounding
the origin, & property which is assured if the potential V(p-k) is every-

where analytic but not necessarily at the origin, then it is possible to

represent K(k) by a Taylor series expansion.

” 2 .
K(k) = X(0) +k'(0)k + = é? LS (132)
where
(n)/ay (n)
k) = oV
© = 3

From Eq. 131 and with Eq. 98 for w(p), two important facts may be
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established. First, it can be seen that the condition necessary for the
thermodynamic stability of the quasi-particle system is

§OV(p)Np 20 (233)
b

otherwise the excitation spectrum would become imaginary at sufficiently

low momenta. Second, the excitation spectrum becomes zero at vanishing

momentum, independent of the nature of the interaction potential. That is

lim (k) = oO. - (134)
k 0 |

Also, since Eq. 132 converges for sufficiently small momenta, there exists
& non-zero A such that, for |k| < A, K(k) becomes arbitrarily close to
K(0). Therefore, provided that K(0) # O,

lim

ks A k) = ck (135)

where ¢ is a constant. Thus the lowest lying excitation energies are

linear in momentun.
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V. APPLICATIONS

Consider a negatively charged boson gas, where the only interaction
is via a Coulomb potential. The gas is assumed to be in a uniform back-
ground of positive charge so that the entire system is electrically neu-

tral. The Fourier transform of the potential i1s

2
v(p) = 2 p£0
P
= 0 p=0- (136)

Foldy (17) has calculated the excitation spectrum for this gas using the

weak-coupling equation for w(p), as given by Eq. 128. The result is

2 2
W = [T%+0Q 1
(p) R (137)
where Qp is the plasma frequency.
2
2 ke
Q= I3 (138)

This result clearly contradicts the conclusions reached in the last chapter
vhich are specified by Egs. 134 and 135. The excitation energy given by
Eq. 137 becomes a constant of magnitude Qp as the momentum goes to zero.
That is

1

im -
p-)Ow(P) = 0 .

»

The contradiction arises because the Bogoliubov (2) result for w(p) is not
sufficiently accurate at low momenta for a system interacting through a
Coulomb potential. It has been shown that the weak-coupling equations are
valid only if Eg. 130 is valid. This validity depends on the supposition

that the Fourier transform of the potential'does not vary strongly over

the approximate width of the momentum distribution function, a condition
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which is definitely not satisfied for a Coulomb potential at small momenta.
A more careful calculation of w(p), based on Eq. 124 is necessary.

The large number of particles in single-particle states of small but
not zero momentum tend to screen the Coulomb potential at low momenta, as
can be seen by solving for K(p) exactly. However, the coupled equations
are formidable so we approximate Np by

3 /2

~ ol
I\T:p = (d6) Ne OF (139)_

where § is an adjustable parameter.

For the Coulomb potential

3
2 / - 2
SV, o~ 3 T (w) 2 et E)

X(k)
p#o pfo 3

, Bk e =2
Se%\f(n—é-)ﬁ _e_T{__ Io g—g— e™P  sinh 28 pk . (1k0)

By expanding the sinh and integrating term by term

-2 2\n
K(k) = Brege Sk y ¥ (6x")

n=0 (Cn+l)nt

_ 2
= x(0)1 - @;— + emc] (1)

For sufficiently small k, Eq. 124 for w(k) then reads
i S
() = w0z o (%) : (142)

which is linear in k. This contradicts Foldy's (17) result but is in
accord with our general conclusions as given by Egs. 13k and 135.
For large values of k, K(k) is always equal to NV(k) because of the

limited range of I\Ip. This same result is also obtained by solving Eq. 140
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for K(k) at large momenta using Laplace's method.

Fig. 1 compares Foldy's (17) result with our calculation. At low
momenta our prediction is given by the solid line, which coincides with
Foldy's (17) result, as given by the dotted line, only at large momenta.
Tte slope of an execitation curve represents the velocity with which a
suitable excitatlon would propagate through the material and we would
predict a finite velocity (26)2 Qp in the limit of 1ong wavelengths, as
contrasted to Foldy's (17) zero result.

A potential such as the one given by Fig. 2 is of the form of most
molecular interaction potentials including liquid He II. Its Fourier
transform can be excellently described by the function -

V(k) = Ae'aka - Be'bke (143)
where A, B, a, and b are appropriate constants. For this type of potential,

with Eq. 139, K(k) is found to be

3 2 ¥ 2
K(k) = N ZaeTAeK /2 pooubk (244)
where
e
5+a
u o= :E—- (145)
5+b

If the width of the momentum distribution function is smell compared to the
width of the Gaussians in Eq. 143, then
3 >> a,b

and

RTINS | | : (146)
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Therefore, if Eq. 146 is satisfied, it can be seen from Egs. 143 and 1k
that K(k) ~ NV(k). The conditions specified by Eq. 146 represent the
criteria for the system to be relatively insensitive to the precise form

of the momentum distribution function.



Fig. 1. Figure 1 represents the excitation spectrum for a charged boson

gas. The dashed line represents the result of Foldy and the
solid line represents our prediction at low momenta. For large
mowenta, our prediction agrees with that of Foldy.
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Fig. 2. Typical potential for molecular interactions
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VI. CONCLUSIONS

An important step toward understanding the approximate procedures
connected with both the equation of motion method of Part 2 in Chapter III
and the extended Bogoliubov scheme is revealed by shoﬁing that all proc- -
esses which contribute to the interaction are generated by the pair Hamil-
tonian alone, as is the case in superconductivity. Thus we know precisely
which terms in the interaction part of the Hamiltonian are ﬁeglected as a
result of the approximations involved. Of equal importance is that these
approximations represent the most simple, non-trivial way the dynamig
properties of the system may be considered. This is also true for super-
conductivity since analogous arguments may be constructed in that caée.
Perhaps it is not surprising‘that a very simple dynamical model i1s success-
ful for both a collection of degenerate bosons and for superconductors
since they are extremely correlated systems. This means that the internal
degrees of freedom available to the bare particles are considerably reduced
and, therefore, the dynamic behavior must be greatly simplified as compared
to a normal, relatively uncorrelated system.

Lastly, it is of interest to consider the method for determining the
form of the quasi-particle excitation operators. Using the method of Suhl
and Werthamer (10) we proceeded by introducing as a first approximation,
the correct operator in the limit of vanishing interaction, nameiy a;.
Then the equation of motion for this operator was studied which, in turn,.
suggested the next order of approximation. This formalism has the advan-
tage in that it conserves particle number. Furthermore, it provides a

consistent method for developing a better approximated excitation operator.
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Other schemes for determining the quasi-particle excitation operator rely

more on physical insight, which often provides for a considerable simpli-

fication of the formalism. .However, these schemes usually lack the con-

tinuity desired in any complete theoretical development.
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IX. APPENDIX A

This appendix demonstrates that the fluctuation terms previously
neglec-ad in evaluating the equation of motion ere indeed small. The
fluctuation terms arise because certain operators are replaced by their
average values. Following Suhl and Werthamer (10), in their treatment of
the electron gas, the contribution to the equation of motion from the
fluctuation of the number operator is included by adding to b; a term pro-

+
rti t k)N -
portional to 12{7‘0’( X bk ™ Spipe

) a; , Just as the triple operator product
is added to a; in forming Eq. 30. A solution of Eq. 21 for this operator
~1s, to second order in the extended KPA, equivalent to finding & simul-

taneous solution for Egs. 33, 34, and
(H, (Np-k - a;_kap_k)a;] [o> = w(P)(Np-k - a;_kap_k)a;[w (1%7)
With Eq. 147, the fluctuation term contained in Eq. 23 may be evaluated,
from which its relative contribution to the equation of motion is deter-
mined.
By expanding the commutator, Eq. 147 becomes
+

+ + _*
[w(p) - Tp][Np-k - a_p-kap-k]ap = yiV(h )[ap-kay-hayap-k-}\

+  _+ + + +
h ay—kap-k+hayap-k]ap + f (v )ap-kﬂap-hap-k

+

B p-kTprFp-k-A *(148)

- V(\)al - V(a0 -k

Following Suhl and Werthamer (10), Eq. 148 is approximated by replacing
number operators with their ground state expectation values in only the

interaction part of the equation. Such a replacement essentially reduces
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the demonstration of this appendix to a self-consistency argument. After
making all replacements in Eq. 148, the result is

+ + ot

I - - =
Fw(p) Tp]pr_k ap_kap_k]ap f NPFV(A) P- K3 P=A p-k-k
+ 3
+ V(‘c)ap X A+k8’l V(’\)a‘ 28 p-k+\ P"k1 #(149)

By operating from the left with ¥ V(k), Eq. 149 can be put into the form of
.

the fluctuation term which appears in Eq. 23. That is
+ +

Vik)LN -a_ .8 a

E G p-k ~ Pp-p-id%p

-V
;)VL) (p- q)] o ;k . #(150)

g,k

The substitution of this result into Eq. 23 gives

[B,a)] = [T, +K(p)lay

q,k olp) - T, p Kqq”

By comparing Eq. 151 with Eg. 103, which is the equation of motion con-

sidered in deducing the results of Part 3 in Chapter III, it appears that

-

if

. rv@-k-%)xbv(k) = V{p-a)y <1

over the interval specified by Ineqs. 104, then the fluctuation term is of
negligible importance. Over this interval, the above inequality is approx-

imated by

N .
(N‘—P) __(_)______gvép)_ TP <1 . (152)
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. Since NV(p) is on the order of the potential energy per particle, the

; quantity NV(p)w(p) - ?p]'l is on the order of unity except for momenta
very near the origin, and since NP/N is certainly igfinitesmal for all
momenta on the order of or greater than § and probably for all momenta
other than zero, Ineq. 152 is setlsfled everywhere except possibly very
near the origin. In fact, by substituting Eq. 86 for Nb into Ineq. 152,
the inequality is shown to be satisfied to order N'l for all p # 0. Thus,
the neglect of the fluctuation term appears to be justified for the many-
boson problem studied in this paper. A similar argument may be constructed

for the fluctuation of the operator products a;afp.
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X. APPENDIX B

The extended RPA is an infinite sequence of approximations designed
to yield the best linearized equation of motion for the operator that
generates the elementary excitations of the system. The usual procedure
is to terminate this sequence after & desired number of operations and
then to neglect the remaining non-lineaf terms. The non-linear terms that
remain after the second order of approximetion in the many-boson problem
are designated by Q in Eq. 107. In this appendix it will be shown that
‘these terms actually give no contribution to the equation of motion within
the bounds of the approximations that have been used and, therefore, their
neglect is completely Jjustified.

To calculate the contribution to the equation of motion from the
triple term in Eq. 103, Eq. 34 was evaluated in an approximate way. This

result yielded singles, triples, and the uncontractaeble quintuples Q.

= . + _+ +
Q = mZnV(n) [am-nap+n-kaq+kamaq
7
8.+ a‘*‘ + a+ L L + a ] (153)

n-n"grkin p-komog T Sm-n®p-kPgtk g-nm
where the bar over the sum indicates that no subscript of any a+ coincides
with the subscript of any a in each term. That is, all possible number
operators have been extracted from Q. These Q terms can be included in
the equation of motion by evaluating Eg. 35 in conjunction with Egs. 33
and 34%. The quintuple commtator in Eq. 35 yields, upon contraction,
triple, quintuplé, and uncontractable septuple terms. It is the triples
extracted from the quintuple commutator that couple the Q terms to the

triples in Eq. 103. It has already been argued that the triple product in

N
‘
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Eq. 103 contributes to the equation of motion only in the momentum inter-
val bounded by Ineqs. 104 and, as a résul“c ,» &ll other triple terms have
been discarded. Therefore, in evaluating the contribution from Q, to the
same order of approximation, only triple terms that contribute in this |
intervel need be retained. No such terms exist. Since the @ commutator
couples the quintuple terms to the triple terms and since all higher order
commutators must couple with Egs. 33 and 34 through Q, all higher order
terms may also be neglected. Thus, Egs. 33 and 34 represent & complete

set of coupled equations for determining the excitation spectrum. Math-
ematically, the Q terms may be carried through the formalism, in which case

Eg. 110 becomes

o+
o V(k) o+ I\(h)V(k)N %

0,k pkq-i-‘{q w(p)+TP+K(i))

z v(x)Q
e W)+ Tp + K(p)

-+
5 KV o 1 5o V(&)[H,Q] | *(154)

o TTRG) * ) 5 () + T FKGE)

The second sum on the right hand side of Eq. 154 contains no triple terms
in the momentum region specified by Inegs. 1O4. Therefore, it has no

effect on the linearization of Eq. 103 and may be discarded.
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XI. APPENDIX C

In this appendix a test of some of the approximations made earlier in
the text is performed on He II. This is accomplished by taking advantage
of the experimentally known excitation spectrum for liquid helium. To
evaluate K(k), the Fourier transform of the potential is approximated by
an equivalent hard sphere potential of radius a. This approximation while

not completely satisfactory, is expected to be an adequate representation

for V(p) at small momenta.

K(k) = ZV(_p-k)Np ~ Z%—T—T%NP ~ l”;ag (155)

D p

where Q is the volume of the system
a ~ 2.5%x 1073 en

o = _r%\% ~ -1 gm/cm3

n o~ 6.7x 10—2h gms

These values yield
K(k) ~ T5°K

Tk = 6k~ °x

vhere k is given in inverse angstroms A'l. From Egs. 86 and 87, NP is

T + X(p)
‘N = (P - 1]
D 2 w(p) -
The result for N_ is given on Fig. 3, from which the effective width

of the momentum distribution is estimated to be less than .1 A-l.

§ <.1At | (156)

Earlier in the text it was shown that a necessary and sufficient condition

That is



ok

for I%T(,f—{{-))-l ~ 1, for |k| < § was that

w(k)
MO 1 for 5| < 5.
Using the above calculated values for He II
wlk) s .026
wlk ‘
1

for all [k| < .1 A™". We therefore conclude that even for coupling as
strong as in He II, the approximate result derived for 7(p) in Part 2 of
Chapter IIT is valid.

In Appendix A it was shown that the neglect of fluctuation terms is
permissible if

2y e

¥’ w(p) - TP :

By substituting Eq. 86 for Np into this inequality, it becomes

1 -Ww(p),L 1 '

7l (TP " ey <
From the substitution of values appropriate to He II, into this expression,
it is evident that the inequality holds for all momenta different from
zero. The conclusion is that, even for He II, the momentum distribution

function is sufficiently local so that all approximations which depend on

this locality are valid.



Fig. 3. The momentum distribution furction for He II
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