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t. The s
ale-spa
e approa
h to the di�erential stru
ture of 
olorimages was re
ently introdu
ed by Geusebroek et al. [1, 2℄, based on thepioneering work of Koenderink's Gaussian derivative 
olor model [5℄. Tomaster this theory faster, we present the theory as a pra
ti
al implemen-tation in the 
omputer algebra pa
kage Mathemati
a for the extra
tionof 
olor di�erential stru
ture. Many examples are given, the pra
ti
al
ode examples enable easy extensive experimentation. High level pro-gramming is now fast: all examples run with 5-15 se
onds on typi
alimages on a typi
al modern PC.1 Color Image Formation and Color InvariantsColor is an important extra dimension. Information extra
ted from 
olor is usefulfor almost any 
omputer vision task, like segmentation, surfa
e 
hara
terization,et
. The �eld of 
olor s
ien
e is huge [6℄, and many theories exist. It is far beyondthe s
ope of this paper to 
over even a fra
tion of the many di�erent approa
hes.We will fo
us on a single re
ent theory, based on s
ale-spa
e models for the
olor sensitive re
eptive �elds in the front-end visual system. We are espe
iallyinterested in the extra
tion of multi-s
ale di�erential stru
ture (derivatives) inthe spatial and the wavelength domain of 
olor images. What is 
olor invariantstru
ture? To understand that notion, we �rst have to study the pro
ess of 
olorimage formation.The light spe
trum falling onto the eye results from intera
tion between alight sour
e, the obje
t, and the observer. Color may be regarded as the mea-surement of spe
tral energy, and will be handled in the next se
tion. Here, weonly 
onsider the intera
tion between light sour
e and material. Before we seean obje
t as having a parti
ular 
olor, the obje
t needs to be illuminated. Afterall, in darkness obje
ts are simply bla
k. The emission spe
tra l(�) of 
ommonlight sour
es are 
lose to Plan
k's formula [6℄ (NB: � in nm):h = 6:626176 10�34; 
 = 2:99792458 108; k = 2:99792458108;l[� ; T ℄ = 8�h
(10�9�)�5



2 Bart M. ter Haar Romeny et al.where h is Plan
k's 
onstant, k Boltzmann's 
onstant, and 
 the velo
ity of lightin va
uum. The 
olor temperature of the emitted light is given by T , and typi
allyranges from 2500K (warm red light) to 10; 000K (
old blue light). Note that theterms \warm" and \
old" are given by artists, and refer to the sensation 
ausedby the light. Representative white light is, by 
onvention, 
hosen to be at atemperature of 6500K. However, in pra
ti
e, all light sour
es between 10; 000Kand 2500K 
an be found. Plan
k's equation is adequate for in
andes
ent lightand halogen. The spe
trum of daylight is slightly di�erent, and is representedby a 
orrelated 
olor temperature. Daylight is 
lose enough to the Plan
kianspe
trum to be 
hara
terized by a equivalent parameter.The part of the spe
trum re
e
ted by a surfa
e depends on the surfa
e spe
tralre
e
tion fun
tion. The spe
tral re
e
tan
e is a material property, 
hara
terizedby a fun
tion 
(�). For planar, matte surfa
es, the spe
trum re
e
ted by thematerial e(�) is simpli�ed as the multipli
ation between the spe
trum fallingonto the surfa
e l(�) and the surfa
e spe
tral re
e
tan
e fun
tion 
(�): e(�) =
(�)l(�).At this point it is meaningful to introdu
e spatial extent, hen
e to des
ribe thespatio-spe
tral energy distribution e(x; y; �) that falls onto the retina. Further,for three-dimensional obje
ts the amount of light falling onto the obje
t's surfa
edepends on the energy 
ux, thus on the lo
al geometry. Hen
e shading (andshadow) may be introdu
ed as being a wavelength independent multipli
ationfa
tor m(x; y) in the range [0; 1℄: e(x; y; �) = 
(x; y; �)l(�)m(x; y). Note thatthe illumination l(�) is independent of position. Hen
e the equation des
ribesspe
tral image formation of matte obje
ts, illuminated by a single light sour
e.For shiny surfa
es the image formation equation has to be extended with anadditive term des
ribing the Fresnel re
e
ted light, see [3℄ for more details.The stru
ture of the spatio-spe
tral energy distribution is due to the threefun
tions 
, l, and m. By making some general assumptions, these quantitiesmay be derived from the measured image. Estimation of the obje
t re
e
tan
efun
tion 
 boils down to deriving material properties, the \true" 
olor invari-ant whi
h does not depend on illumination 
onditions. Estimation of the lightsour
e l is well known as the 
olor 
onstan
y problem. Determining m is in fa
testimating the shadows and shading in the image, and is 
losely related to theshape-from-shading problem.For the extra
tion of 
olor invariant properties from the spatio-spe
tral en-ergy distribution we sear
h for algebrai
 or di�erential expressions of e, whi
hare independent of l and m. Hen
e the goal is to solve for di�erential expressionsof e whi
h results in a fun
tion of 
 only.To pro
eed, note that the geometri
al term m is only a fun
tion of spatialposition. Di�erentiation with respe
t to �, and normalization redu
es the prob-lem to only two fun
tions: e(x; �) = 
(x; �)l(�)m(x) ) 1e(x;�) �e(x;�)�� = l�l + 
�
(indi
es indi
ate di�erentiation). After additional di�erentiation to the spatial
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ture 3variable x or y, the �rst term vanishes, sin
e l only depends on �e[x ,� ℄ = 
[x, �℄ l[�℄ m[x℄;�x���e[x,�℄e[x,�℄ � ==shortnotation

xy � 
x
y
2The spatial derivative of the normalized wavelength derivative, after applyingthe 
hain rule, D�D[e[x,y,�℄, �℄e[x,y,�℄ ; x� ==shortnotationeex� � ex e�e2is 
ompletely expressed in spatial and spe
tral derivatives of the observablespatio-spe
tral energy distribution.We develop the di�erential properties of the invariant 
olor-edge dete
torE = 1e �e�� , where the measured spe
tral intensity e = e(x; y; �). Spatial derivativesof E , like �E�
 , 
ontain derivatives to the spatial as well as to the wavelengthdimension due to the 
hain rule. In the next se
tion we will see that the zero-th,�rst and se
ond order derivative-to-� kernels are a
quired from the transformedRGB spa
e of the image dire
tly. The derivatives to the spatial 
oordinates area
quired in the 
onventional way, i.e. 
onvolution by a spatial Gaussian kernel.2 Koenderink's Gaussian Derivative Color ObservationModelSpatial stru
ture 
an be extra
ted from the data in the environment by measur-ing the N-jet of (s
aled) derivatives to some order. For the spatial domain thishas led to the family of Gaussian derivative kernels, sampling the spatial inten-sity distribution. These derivatives naturally o

ur in a lo
al Taylor expansionof the signal.Koenderink [5℄ proposed to take a similar approa
h to the sampling of the
olor dimension, i.e. the spe
tral information 
ontained in the 
olor. If we 
on-stru
t the Taylor expansion of the spatio-spe
tral energy distribution e(x; y; �) ofthe measured light to wavelength, in the �xed spatial point (x0; y0), and arounda 
entral wavelength �0 we get (to se
ond order):Series[ e[ x0, y0, �℄, f�, �0, 2g ℄e[x0, y0, �0℄+ e(0,0,1)[ x0, y0,�0℄(�� �0) +12e(0,0,2)[x0, y0, �0℄(�� �0)2 +O[�� �0℄3A physi
al measurement with an aperture is mathemati
ally des
ribed witha 
onvolution. So for a measurement of the luminan
e a with aperture fun
-tion G(x; �) in the (here in the example 1D) spatial domain we get: L(x;�) =



4 Bart M. ter Haar Romeny et al.R1�1 L(x � y)G(y;�)dy where y is the dummy spatial shift parameter runningover all possible values. For the temporal domain we get L(t;�) = R1�1 L(t �s)G(s;�)ds where s is the dummy temporal shift parameter running over allpossible values in time. Based on this analogy, we might expe
t a measurementalong the 
olor dimension to look like: L(�;�) = R1�1 L(�� �)G(�;�)d� where� is the wavelength and � is the dummy wavelength shift parameter.In the s
ale-spa
e model for vision the front-end visual system has imple-mented the shifted spatial kernels with a grid on the retina with re
eptive �elds,so the shifting is implemented by the simultaneous measurement of all the neigh-boring re
eptive �elds. The temporal kernels are implemented as time-varyinglateral geni
ulate nu
leus (LGN) and 
orti
al re
eptive �elds. However, in orderto have a wide range of re
eptive �elds whi
h shift over the wavelength axis insensitivity, would require a lot of di�erent photo-sensitive dyes (rhodopsines) inthe re
eptors with these di�erent|shifted|
olor sensitivities. The visual systemhas opted for a 
heaper solution: The 
onvolution is 
al
ulated at just a singleposition on the wavelength axis, at around �0 = 520nm, with a standard devia-tion of the Gaussian kernel of about �� = 55 nm. The integration is done overthe range of wavelengths that is 
overed by the rhodopsines, i.e. from about 350nm (blue) to 700 nm (red). The values for �0 and �0 are determined from thebest �t of a Gaussian to the spe
tral sensitivity as measured phy
hophysi
allyin humans, i.e. the Heering model.So we get for the spe
tral intensitye(x; �0;�0) = Z �max�min e(x; �)G(�; �0 ;��)d�. This is a `stati
' 
onvolution operation (i.e. inner produ
t in fun
tion spa
e). Itis not a 
onvolution in the familiar sense, be
ause we don't shift over the wholewavelength axis. We just do a single measurement with a Gaussian aperture overthe wavelength axis at the position a. Similarly, the derivatives to �:�e(x; �0)�� = �� Z �max�min e(x; �)�2G(�; �0; ��)��2 d�and �2e(x; �0)��2 = �2� Z �max�min e(x; �)�2G(�; �0; ��)��2 d�des
ribe the �rst and se
ond order spe
tral derivative respe
tively. The fa
tors�� and �2� are in
luded for the normalization, i.e. to make the Gaussian spe
tralkernels dimensionless.In Fig. 1 the graphs of the 'stati
' normalized Gaussian spe
tral kernels tose
ond order as a fun
tion of wavelength are given.Color sensitive re
eptive �elds 
ome in the 
ombinations red-green and yellow-blue 
enter-surround re
eptive �elds. The subtra
tion of yellow and blue in thesere
eptive �elds is well modeled by the �rst order derivative to �, the subtra
tion
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ture 5gauss�[� ,� ℄ = D[gauss[�,�℄,�℄;gauss��[� ,� ℄ = D[gauss[�,�℄,f�,2g℄;�0 = 520; �0 = 55;
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Fig. 1. The zero-th, �rst and se
ond derivative of the Gaussian fun
tion with respe
tto wavelength as models for the 
olor re
eptive �eld's wavelengths sensitivity in human
olor vision. After [Koenderink 1998a℄. The 
entral wavelength is 520 nm, the standarddeviation 55 nm.of red and green minus the blue is well modeled by the se
ond order derivativeto �. Alternatively, one 
an say that the zero-th order re
eptive �eld measuresthe luminan
e, the �rst order the `blue-yellowness', and the se
ond order the`red-greenness'.Note: the wavelength axis is a half axis. It is known that for a half axis (su
has with positive-only values) a logarithmi
 parameterization is the natural wayto 'step along' the axis. E.g. the s
ale axis is logarithmi
ally sampled in s
ale-spa
e (remember the 'orders of magnitudes'), the intensity is logarithmi
allytransformed in the photore
eptors, and the time axis 
an only be measured
ausally when we sample it logarithmi
ally. We might 
onje
ture here a better�t to the Heering model with a logarithmi
 wavelength axis.The Gaussian 
olor model needs the �rst three 
omponents of the Taylorexpansion of the Gaussian weighted spe
tral energy distribution at �0 and s
ale�0. An RGB 
amera measures the red, green and blue 
omponent of the in
ominglight, but this is not what we need for the Gaussian 
olor model. We need amethod to extra
t the Taylor expansion terms from the RGB values.An RGB 
amera approximates the CIE 1964 XYZ basis for 
olorimetry bythe linear transformation matrix rgb2xyz, while Geusebroek et al. [2℄ give thebest linear transform from the XYZ values to the Gaussian 
olor model, i.e.matrix xyz2e:rgb2xyz = 0� 0:621 0:113 0:1940:297 0:563 0:049�0:009 0:027 1:1051A xyz2e = 0��0:019 0:048 0:0110:019 0:000 �0:0160:047 �0:052 0:000 1AThe resulting transform from the measured RGB input image to the sampling ' lahuman vision' is the produ
t of the above matri
es: 
olorRF = xyz2e . rgb2xyz.



6 Bart M. ter Haar Romeny et al.The Gaussian 
olor model is an approximation, but has the attra
tive prop-erty of �tting very well into Gaussian s
ale-spa
e theory. The notion of imagestru
ture is extended to the wavelength domain in a very natural and 
oherentway. The similarity with human di�erential-
olor re
eptive �elds is more than a
oin
iden
e.Now we have all the tools to 
ome to an a
tual implementation. The RGBvalues of the input image are transformed into Gaussian 
olor model spa
e, andplugged into the spatio-spe
tral formula for the 
olor invariant feature. Next tothe derivatives to wavelength we need spatial derivatives, whi
h are 
omputed inthe regular way with spatial Gaussian derivative operators. The full ma
hineryof e.g. gauge 
oordinates and invarian
e under spe
i�
 groups of transformationsis also appli
able here. The next se
tion details the implementation.3 ImplementationIn Mathemati
a a 
olor image is represented as a two dimensional array of
olor triplets. The RGB triples are 
onverted into measurements through the
olor re
eptive �elds in the retina with the transformation matrix 
olorRFde�ned in the previous se
tion. To transform every RGB triple we map thetransformation to our input image as a pure fun
tion at the se
ond list level:observedimage = Map[Dot[
olorRF,#℄&, im, 2℄;.
Fig. 2. The input image (left) and the observed images e, e� and e�� with the 
olordi�erential re
eptive �elds. Image resolution 228x179 pixels.The 
olor image data set 
an be smartly resli
ed by a reordering Transpose:obs = Transpose[observedimage, 2,3,1℄;:The resulting data set is a list of three s
alar images, allowing us to a

ess themeasurements e, e� and e�� individually as s
alar images (see Fig. 2).We now develop the di�erential properties of our invariant 
olor-edge dete
torE = 1e �e�� , where the spe
tral intensity e = e(x; y; �). The derivatives to thespatial and spe
tral 
oordinates are easily found with the 
hainrule. Here are



Color Di�erential Stru
ture 7the expli
it forms: E := D[e[x,y,�℄, �℄e[x,y,�℄ ;shortnotation[ �xE, �yE, ��E ℄�eex� � exe�e2 ; eey� � eye�e2 ; �e2� + ee��e2 �The gradient magnitude (dete
ting yellow-blue transitions) be
omes:G = Simplify[ p(�xE)2 + (�yE)2 ℄G // shortnotations (e ex� � ex e�)2 + (e ey� � ey e�)2e4The se
ond spe
tral order gradient (dete
ting purple-green transitions) be
omes:W = Simplify[ p(�x;�E)2 + (�y;�E)2 ℄Finally, the total edge strength N (for all 
olor edges) in the spatio-spe
traldomain be
omes:N = Simplify[ p(�xE)2 + (�yE)2 + (�x;�E)2 + (�y;�E)2 ℄;As an example, we implement this last expression for dis
rete images. First werepla
e ea
h o

urren
e of a derivative to � with the respe
tive plane in theobserved image rf (by the 
olor re
eptive �elds). Note that we use rf[[n�+1℄℄be
ause the zero-th list element is the Head of the list.We will look for derivative patterns in the Mathemati
a expression for Nand repla
e them with another pattern. We do this pattern mat
hing with the
ommand /. (Repla
eAll). We 
all the observed image at this stage rf, withoutany assignment to data, so we 
an do all 
al
ulations symboli
ally �rst:Clear[rf0, rf1, rf2, �℄; rf = frf0, rf1, rf2g;N = N /. f Derivative[nx , ny , n� ℄[e℄[x, y, �℄:! Derivative[nx, ny℄[rf[[n�+1℄℄[x,y℄, e[x,y,�℄℄:! rf[[1℄℄ g // Simplify;Note that we do a delayed rule assignment here ( :! instead of !) be
ause wewant to evaluate the right hand side only after the rule is applied. We �nallyrepla
e the spatial derivatives with the spatial Gaussian derivative 
onvolutiongD at s
ale �:N = N /. f Derivative[nx ,ny ℄[rf ℄[x, y℄:! gD[rf,nx,ny,�℄, rf1[x, y℄ :! rf1; rf2[x, y℄ :! rf2gThe resulting expression for the total edge strength 
an now safely be 
al
ulatedon the dis
rete data (see Fig. 3). Equivalent expressions 
an be formulated forthe yellow-blue edges G and the red-green edgesW , the results of these dete
torsare given in Fig. 4.
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Fig. 3. The 
olor-invariantN 
al
ulated for our input image at spatial s
ale � = 1 pixel.Primarily the red-green 
olor edges are found, as expe
ted, with little edge dete
tionat intensity edges. Image resolution 228x179 pixels.
Fig. 4. Left: original 
olor image. Middle: The yellow-blue edge dete
tor E 
al
ulatedat a spatial s
ale � = 1 pixel. Note that there is hardly any red-green edge dete
tion.Right: output of the red-green edge dete
tor W. Image resolution 249x269.4 Combination with Spatial ConstraintsInteresting 
ombinations 
an be made when we 
ombine the 
olor di�erentialoperators with the spatial di�erential operators. E.g. when we want to dete
tspe
i�
 blobs with a spe
i�
 size and 
olor, we 
an apply feature dete
tors thatare best mat
hing the shape to be found. We end the paper with one examples:lo
ating PAS stained material in a histologi
al preparation. This examples il-lustrates the possible use of 
olor di�erential operators and spatial di�erentialoperators in mi
ros
opy.Blobs are dete
ted by 
al
ulating those lo
ations (pixels) where the Gaus-sian 
urvature lg
 = LxxLyy � L2xy on the bla
k-and-white version (imbw) ofthe image is greater then zero. This indi
ates a 
onvex 'hilltop'. Pixels on theboundaries of the 'hilltop' are dete
ted by requiring the se
ond order dire
tionalderivative in the dire
tion of the gradient (L2xLxx+2LxLxy+L2yLyy)=(L2x+L2y)to be positive. Interestingly, by using these invariant shape dete
tors we arelargely independent of image intensity. For the 
olor s
heme we rely on E andits �rst and se
ond order derivative to �.In Fig. 5 we dete
t stained 
arbohydrate deposits in a histologi
al appli
ationusing this 
ombined 
olor and spatial stru
ture dete
tion me
hanism.The Mathemati
a fun
tions not des
ribed in the text and the images areavailable from the �rst author.



Color Di�erential Stru
ture 9

Fig. 5. Dete
tion of 
arbohydrate sta
king in the mu
us in intestinal 
ells, that arespe
i�
ally stained for 
arbohydrates with periodi
 a
id S
hi� (P.A.S.). The 
arbo-hydrate deposits are in magenta, 
ell nu
lei in blue. The blob-like areas are dete
tedwith positive Gaussian 
urvature and positive se
ond order dire
tional derivative in thegradient dire
tion of the image intensity, the magenta with a boolean 
ombination ofthe 
olor invariant E and its derivatives to �. S
ale = 4 pixels. Example due to P. VanOsta. Image taken from http://www.bris.a
.uk/Depts/PathAndMi
ro/CPL/pas.html.Referen
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