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2 ANDREW J. SOMMESE AND CHARLES W. WAMPLEROur algorithms are probabilisti
|as are most of the fast numeri
al methods forsolving systems of n polynomials in n variables. They hold ex
ept for a probabilityzero \set" of 
hoi
es. This is a

eptable from the point of view of engineeringproblems where we are trying to �nd all solutions and are willing to give up 
ompletemathemati
al 
ertainty that we have found all of them.In x1 we dis
uss algebrai
 sets and their de
omposition into irredu
ible alge-brai
 sets. We dis
uss also general or generi
 points. This 
on
ept is modeledvery pre
isely by the 
on
ept of random points. It is through this modeling thatprobability enters into the numeri
al algorithms.In x2 we dis
uss what we 
an 
ompute using 
urrent numeri
al methods for�nding the smooth or isolated solutions of a system of polynomials. We start by
onsidering what we 
all square systems, i.e., systems with the same number ofequations as variables. These are the systems that most of the software and paperson 
ontinuation treat. We then turn to systems with more equations than variables.We dis
uss a probabilisti
 way of redu
ing the system to a square system, whi
hlets us 
ompute mu
h of the information 
ontained in the original system.The emphasis on the number of variables and equations is usual, but somewhatunnatural. Indeed a square system might have a number of equations that arefun
tions of the pre
eding equations. In this 
ase we will have no isolated solutions.Therefore we take a more intrinsi
 look in x3 at the algebrai
 set X de�ned bythe equations. From this point of view what we want to �nd are a �nite set ofzeroes of an arbitrary system that in
ludes at least one \general" point of ea
hirredu
ible 
omponent of X . Sin
e every isolated solution of the original systemis an irredu
ible 
omponent of X we see that the solution set we are sear
hing forin
ludes the 
lassi
al solution set found for square systems by 
ontinuation.In x3.1 we give a probabilisti
 algorithm to do this based on the standardalgorithms for solving N equations in N unknowns with probability 1. We use the
lassi
al te
hnique of sli
ing by linear spa
es. The sli
ing te
hnique is a 
ommontool in algebrai
 geometry, e.g., see [SS, BS℄.In x3.2 we use the results of x2 and x3.1 to give a probabilisti
 algorithm for�nding the dimension of an arbitrary algebrai
 set in CN .In x3.3 we use the results of x2 and x3.1 to give a probabilisti
 algorithm for�nding the maximum dimension of an irredu
ible 
omponent of a given algebrai
set X � CN at a point p 2 X .In x3.4 we give an algorithm for de
iding in
lusion of redu
ed algebrai
 sets.In x3.5 we dis
uss brie
y some of the problems from the theory of me
hanismsthat motivate our numeri
al study of positive dimensional algebrai
 sets.In x4 we dis
uss the methods and some of the questions that should be lookedat next.We would like to thank General Motors Resear
h and Development Centerfor making this work possible. The �rst author would also like to thank the theUniversity of Notre Dame.1. A brief review of algebrai
 setsFirst let us review the 
on
ept of irredu
ible 
omponents of an algebrai
 set.For simpli
ity we work only with aÆne algebrai
 sets, i.e., 
losed subsets of CN .This is suÆ
ient for the purposes of this paper, and for numeri
al analysis problemsthere is a simple devi
e we dis
uss in x4 to redu
e general algebrai
 sets to aÆne



NUMERICAL ALGEBRAIC GEOMETRY 3algebrai
 sets. For a more detailed introdu
tion to this material with referen
es werefer to the appendix of [MS℄.A redu
ed algebrai
 set is the subset of 
ommon zeroes in CN of a set of poly-nomials: 0B� f1(x1; : : : ; xN )...fn(x1; : : : ; xN ) 1CA = 0:(1)An algebrai
 set in CN is a redu
ed algebrai
 set with addition of a possibly nonre-du
ed stru
ture, a sheaf of germs of algebrai
 fun
tions, that is derived from thede�ning equations fi. This extra stru
ture is related to multipli
ities.By a Zariski open subset U of a redu
ed algebrai
 set X we mean a set of theform U = X � A where A is a 
losed subset of X whi
h is a redu
ed algebrai
set also. The set of smooth (i.e., manifold) points of a redu
ed algebrai
 set Xis denoted Xreg. Xreg is Zariski open in X and the 
losure of Xreg in the usualtopology inherited from Eu
lidean spa
e is X . We de�ne the dimension of a redu
edalgebrai
 set X to be dimXreg. Here we follow the 
onvention that the dimension ofa manifold is the maximum of the dimensions of the 
onne
ted 
omponents of themanifold. We de�ne the dimension of an arbitrary algebrai
 set to be the dimensionof the underlying redu
ed algebrai
 set.The next result is the analogue of the de
omposition of a manifold into its
onne
ted 
omponents.1. The set, Xreg, of smooth points of X is a union of �nitely many 
onne
ted
omponents, X 0i , i = 1; : : : ; r;2. ea
h X 0i is Zariski open in its 
losure, Xi, whi
h is a redu
ed algebrai
 set.3. X = [Xi.The Xi are 
alled the irredu
ible 
omponents of X , and if X 
onsists of one 
om-ponent then X is 
alled irredu
ible.In a
tual pra
ti
e, it is important to work not just with redu
ed algebrai
 sets,but with algebrai
 sets and keep tra
k of the extra stru
ture. In this 
ase, we stillhave the de
omposition of the underlying redu
ed algebrai
 set, but in additionthere will be multipli
ities for the 
omponents.To understand this extra stru
ture let us give a few typi
al examples.Let the system of polynomials be z = 0on C . In this 
ase, the algebrai
 set is the point 0 and the stru
ture is the set ofrelevant fun
tions on the point, i.e., the 
omplex numbers C . Usually we think ofthe algebrai
 set as the point 0, and forget about the fun
tions on the point. Wedon't lose anything by doing this.As a se
ond more 
ompli
ated example, let the system of polynomials bez2 = 0on C . In this 
ase the algebrai
 set is the point 0 and the stru
ture is the set ofrelevant \fun
tions on the point," i.e., C [z℄=(z2), the Taylor series, 
0+
1z, of order1 at 0. We say the point 0 has multipli
ity 2, and we think of the set as a fuzzypoint. In this 
ase we lose nothing by forgetting about the fun
tions and thinkingof the algebrai
 set as a point 
ounted twi
e.



4 ANDREW J. SOMMESE AND CHARLES W. WAMPLERIn higher dimensions things get a bit more 
ompli
ated, and a single numberlike the multipli
ity, doesn't 
apture everything. A good example is the system ofpolynomials � z2 = 0w = 0: �on C 2 . Here the algebrai
 set is the point (0; 0) with the set of \fun
tions,"C [z; w℄=(z2 ; w), i.e., 
0 + 
1z. Again we have a point of multipli
ity 2, but thatsingle number doesn't uniquely spe
ify the algebrai
 set. Indeed 
onsider the sys-tem of polynomials � w2 = 0z = 0: �on C 2 . Here the algebrai
 set is still the point (0; 0) but this time with the set of\fun
tions," C [z; w℄=(w2 ; z), i.e., 
0 + 
1w. The di�erent multipli
ity 2 algebrai
set stru
tures on (0; 0) are parameterized by a P1 (for mu
h more on this type ofexample see [G℄).The irredu
ible de
omposition with the multipli
ity stru
ture 
an be lookedat as a generalization of the fa
torization of a polynomial p(z) on C . Indeed ifx1; : : : ; xr are distin
t points of C with p(z) = 
�ri=1(x � xi)ni for some 
 6= 0and with ni > 0 for all i, then the irredu
ible de
omposition of the algebrai
 setasso
iated with p(z) = 0 is the set x1; : : : ; xr with multipli
ities n1; : : : ; nr. Fora single polynomial on CN the 
orresponding pi
ture is the similar. A polyno-mial p(z1; : : : ; zN) 
annot be fa
tored into lower degree polynomials if and only ifthe algebrai
 set asso
iated with p(z1; : : : ; zN ) = 0 is irredu
ible with multipli
ity1. In general every polynomial p(z1; : : : ; zN ) has a fa
torization into polynomi-als p(z1; : : : ; zN ) = �ri=1pi(z1; : : : ; zN)ni with ni > 0 for all i, where for ea
h ithe polynomial pi 
annot be fa
tored into polynomials of lower degrees (the fa
-torization is unique up to multiplying the fa
tors by nonzero 
onstants). Theirredu
ible 
omponents of the algebrai
 set asso
iated to p(z1; : : : ; zN) = 0 are thesets pi(z1; : : : ; zN) = 0. The extra stru
ture is given by the multipli
ities of theirredu
ible 
omponents whi
h are just the numbers ni in the fa
torization.The irredu
ible 
omponents of the set of zeroes of a single non
onstant poly-nomial f(z1; : : : ; zn) ea
h have dimension N � 1. In general, if we have a systemof the form (1) giving rise to an algebrai
 set X , we 
an only say that if X is notempty, then dimX � N � n.When we talk about points on an algebrai
 set X � CN being near and don'tspe
ify otherwise, we are using the 
omplex topology, i.e., the topology indu
ed onthe 
losed set X from the usual topology on CN indu
ed by the Eu
lidean metri
.The notion of a general or a generi
 point is basi
 but also a bit slippery. Thedesire is for the 
on
ept to 
apture the idea of \a point of an algebrai
 set whi
h hasno spe
ial properties not possessed by the whole algebrai
 set." For example, wewould like to say that if a fun
tion vanishes at su
h a point, it vanishes everywhereon the algebrai
 set. As stated, this is nonsensi
al, but there are a number of waysto make the 
on
ept pre
ise.First it is a 
on
ept about irredu
ible algebrai
 sets. For an arbitrary algebrai
set we talk only about generi
 points of the irredu
ible 
omponents.In modern s
heme theory the problem is �nessed by de�ning the generi
 pointto be a non
losed point 
orresponding to the whole irredu
ible algebrai
 set. Su
h



NUMERICAL ALGEBRAIC GEOMETRY 5a point has no 
oordinates and doesn't dire
tly translate into anything numeri
alabout the variety.Another approa
h whi
h is 
loser to our needs is to say that a generi
 (respe
-tively general) point on an irredu
ible algebrai
 set X is any point that is 
ontainedin the 
omplement U in X of a proper algebrai
 subset of X (respe
tively a 
ount-able union of proper algebrai
 subsets of X). This makes good sense. Also X � Uis very thin, i.e., real 
odimension 2 and of measure zero. Often this 
aptures whatwe want, but it still doesn't give us a good numeri
al interpretation of the point.The third and most 
lassi
al meaning of generi
 is very 
lose to numeri
alanalysis. Here every irredu
ible algebrai
 set X in CN is de�ned over a sub�eldof the 
omplex numbers. Indeed there are �nitely many equations de�ning the setand there are �nitely many 
oeÆ
ients for the equations and adding those to therationals generates a �eld mu
h smaller than C . We 
an further add all 
oeÆ
ientsof the equations de�ning ea
h of the �nite number of algebrai
 obje
ts entering thedis
ussion at hand to get a sub�eld F � C relevant to the given dis
ussion. Anypoint on the set X � CN with at least one 
oordinate a point in C not algebrai
over F is a generi
 point. This is the 
lassi
al approa
h taken to algebrai
 geometryby A. Weil in his very useful introdu
tory text [W℄. There is also a brief but helpfuldis
ussion of this in [Mu℄. From this point of view, a generi
 or general point ofX is modeled very ni
ely by a point in X with random 
oordinates. Moreover innumeri
al problems we often have equations with real 
oeÆ
ients and work withirredu
ible algebrai
 sets (su
h as CN ) in whi
h the real points are Zariski dense. Inthis 
ase we 
an model a generi
 point by a point inX with random real 
oordinates.Sin
e the points on a 
omputer are only �nite we have a possible problem, but it isa problem 
ommon to mu
h of s
ienti�
 
omputing. We dis
uss this further in x4.We use the term generi
 point throughout this paper. An obje
tion that mightbe raised to using generi
 points in numeri
al analysis is that we have no way ofknowing that a point is a generi
 point. Using generi
 points puts us in the same\state of sin" as users of random numbers [Kn, quote of Von Neumann on page1℄. What we 
an do is design \random number generators" whi
h output streamsof numbers satisfying properties random numbers would satisfy. This is of 
oursenontrivial but random numbers are too useful not to use [Kn℄. Based on algebrai
geometry our algorithms output \generi
 points" using random number generators.We 
onsidered using the term random points instead of generi
 points, but de
idedagainst it be
ause generi
 point is a useful 
lassi
al 
on
ept in algebrai
 geometrywith a 
lear 
onnotation to an algebrai
 geometer. Our 
on
ept of generi
 pointsis about as 
lose to the algebrai
 geometry notion as you 
an get using a system of�nite arithmeti
.2. Finding isolated solutions by 
ontinuationIn this se
tion we dis
uss the system (1) of n polynomials on CN . We �rstdeal with square systems, i.e., systems where n = N . These are the systems whi
hthe 
urrent software solves. Next we turn to overdetermined systems, i.e., n > N ,and show how to redu
e them to square systems|this is easy when working withprobabilisti
 methods. In x3 we turn to the study of algebrai
 sets, whi
h in
ludesthe study of underdetermined systems, i.e., systems with n < N .2.1. Finding isolated and smooth solutions of square systems. In thisse
tion we only deal with \square systems," i.e., systems of N polynomials in N



6 ANDREW J. SOMMESE AND CHARLES W. WAMPLERvariables: f(x) = 0B� f1(x1; : : : ; xN )...fN(x1; : : : ; xN ) 1CA = 0:Assuming that the system is not too \large" the 
urrent state of the art lets us �nda set solutions on CN whi
h in
lude all isolated and in parti
ular smooth solutionson CN . We refer to [WMS1℄ for a survey of the 
ontinuation methods we use. Ourbasi
 referen
e for 
ontinuation methods is [MS℄. One important point to note isthat when the 
ontinuation method leads to a solution that is isolated but singularthere are methods (\endgames") based on Cau
hy's integral and fra
tional powerseries for a

urately 
omputing the solution [MSW1℄. When we are talking aboutlarge, we are talking about a priori bounds on the size of the Bezout number. Whatis too large is a fun
tion of time, dependent on the given te
hnology. Currently aBezout number bound by total degree or multihomogeneous degree of a few hundredthousand is on the boundary of what 
an be done. See [WMS2℄ for the solution ofa large problem by this te
hnology. The referen
es [AG, MSW2, VVC℄ give moreup to date information on what 
an be done. Sin
e the 
ontinuation algorithms weuse parallelize naturally, it is reasonable to expe
t in the near future an in
rease inthe maximum size of a system that 
an be handled by a few orders of magnitude.2.2. Overdetermined systems. In this se
tion we assume that the system(1) on CN satis�es n > N . There is a natural pro
edure for obtaining a squaresystem from the above system, f(x) = 0. Given a matrix of 
omplex numbers� = 0B� �1;1 � � � �1;n...�N;1 � � � �N;n 1CAwe 
an form a square system� � f = 0B� �1;1f1 + � � �+ �1;nfn...�N;1f1 + � � �+ �N;nfn 1CA = 0:This system is equivalent to the systemg � � � f = 0where g is an invertible N � N matrix. Thus the Grassmannian Gr(N;n) of Ndimensional ve
tor subspa
es of C n parameterizes a natural family of square systemsderived from our original system. Systems of the form0B� f1 + �1;N+1fN+1 + � � �+ �1;nfn...fN + �N;N+1fN+1 + � � �+ �N;nfn 1CA = 0:(2)with 0B� �1;N+1 � � � �1;n...�N;N+1 � � � �N;n 1CAa matrix of 
omplex (respe
tively real) numbers form a Zariski open dense (respe
-tively Zariski dense) set in the systems parameterized by Gr(N;n).



NUMERICAL ALGEBRAIC GEOMETRY 7What is the relation between the solutions of the original system (1) and thesquare systems (2) derived from it?The next result is a straightforward 
onsequen
e of the results in [MS℄.Proposition 2.2.1. There are nonempty Zariski open dense sets of parame-ters �i;j 2 CN(n�N) or �i;j 2 RN(n�N) su
h that every isolated (respe
tively non-singular) solution of f = 0B� f1(x1; : : : ; xN )...fn(x1; : : : ; xN ) 1CA = 0is an isolated (respe
tively nonsingular) solution ofg = 0B� f1(x1; : : : ; xN ) + Pnj=N+1 �1;jfj(x1; : : : ; xN )...fN(x1; : : : ; xN ) + Pnj=N+1 �N;jfj(x1; : : : ; xN ) 1CA = 0:Moreover for any k > 0, a variety V is an irredu
ible k dimensional 
omponent ofg = 0, if and only if it is a k dimensional 
omponent of f = 0. If V o

urs withmultipli
ity 1 as an irredu
ible k dimensional 
omponent of f = 0, then it o

urswith multipli
ity 1 as an irredu
ible k dimensional 
omponent of g = 0.We 
an 
hoose whi
h of our equations we want to play the role of f1; : : : ; fN .This 
hoi
e is di
tated by the form of the equations so as to a
hieve the lowestBezout number.The randomization introdu
ed by the parameters �i;j is ne
essary. For example
onsider the system: xy = 0x(x + y) = 0y(x+ y) = 0:Any two of the 3 equations have a 1 dimensional solution set, but all three togetherhave the origin (with multipli
ity 3) as the solution set.It is important to note that although an irredu
ible 
omponent of f = 0 is anirredu
ible 
omponent of the randomized square system, g = 0, it's multipli
ityas an irredu
ible 
omponent of g (if not 1) might be larger than as an irredu
ible
omponent of f = 0. The following system, whi
h is equivalent to the above system,illustrates this: xy = 0x2 = 0y2 = 0:The origin is an isolated solution of multipli
ity 3. The randomized square systemis: x(y + �1x) = 0y(x+ �2y) = 0:It has the origin as an isolated solution of multipli
ity 4.3. Probabilisti
 algorithms about algebrai
 sets3.1. An algorithm for �nding generi
 points. Let X � CN be the al-gebrai
 subset de�ned by the system of polynomials (1), and let X = [i2IXi bethe de
omposition of X into irredu
ible algebrai
 sets. We would like to give a



8 ANDREW J. SOMMESE AND CHARLES W. WAMPLERpres
ription to 
hoose at least one general point from ea
h of the Xi. Noether'snormalization theorem 
ombined with Bertini's theorem shows that if Y is an ir-redu
ible k-dimensional 
losed algebrai
 subset of CN , then a general aÆne linearsubspa
e Cm of CN meets Y only if m + k � N and in this 
ase Cm meets Yin a set of dimension m + k � N . Moreover, Cm is transverse to Y in the sensethat, if letting Sing(Z) denote the singular set of an algebrai
 set Z, we stratify Yusing Y � Sing(Y ) � Sing(Sing(Y )) : : : , then Cm is transverse to Y � Sing(Y ), toSing(Y )� Sing(Sing(Y )),: : :Assume we are looking for generi
 points of the A-dimensional irredu
ible 
om-ponents of X . Assume we have a generi
 aÆne linear CN�A . This will meet X ingeneri
 points of the A-dimensional irredu
ible 
omponents of X . To �nd one ofthese points it suÆ
es by the above to �nd the isolated solutions of the system (1)restri
ted to a generi
 aÆne linear CN�A . We refer to this as \solving the systemrestri
ted to CN�A ." But what does this mean in numeri
al terms?The answer is straightforward. A generi
 CN�A is de�ned by�1;1x1 + � � �+ �1;NxN = �1...�A;1x1 + � � �+ �A;NxN = �AAs earlier we 
an assume that the de�ning equations are of the form we would haveusing Gaussian eliminationx1 + �1;A+1xA+1 + � � �+ �1;NxN = �1...xA + �A;A+1xA+1 + � � �+ �A;NxN = �A(3)with all the �'s random numbers. By the above we must �nd the isolated solutionsof: 0BBBBBBBB� f1(x1; : : : ; xN ) = 0...fn(x1; : : : ; xN ) = 0x1 + �1;A+1xA+1 + � � �+ �1;NxN = �1...xA + �A;A+1xA+1 + � � �+ �A;NxN = �A
1CCCCCCCCA :We 
an �rst use the linear equations to redu
e the system to the the system ofthe equations fi = 0 restri
ted to the CN�A de�ned by (3). This is a system of nequations in N � A unknowns. We 
an use Proposition 2.2.1 to pass to a squaresystem.We give pseudo
ode below for this algorithm. We work from irredu
ible 
om-ponents of X of highest dimension down to lowest dimension.Algorithm to �nd a �nite set of points on an algebrai
 set in
luding at least onegeneri
 point of ea
h irredu
ible 
omponent of the algebrai
 setGiven polynomials f1; : : : ; fn on CN de�ning an algebrai
 set X .1. If 0 < n < N , then use N�n random linear equations to redu
e to a systemof n polynomials in n unknowns. Set N := n.



NUMERICAL ALGEBRAIC GEOMETRY 92. If n > N > 0, then using a generi
 (�j;i) 2 CN(n�N) repla
e the systemwith a new system (after possibly reordering to lower the Bezout number)0B� f1(x1; : : : ; xN ) +Pni=N+1 �1;ifi(x1; : : : ; xN )...fN(x1; : : : ; xN ) +Pni=N+1 �N;ifi(x1; : : : ; xN ) 1CA = 0:of N equations in N unknowns. Rename these equations f1; : : : ; fN .3. If N = n > 0, then set A = N and do the following pro
edure. While A � 0:a) \Solve" 0B� f1(x1; : : : ; xN )...fN (x1; : : : ; xN ) 1CA = 0 restri
ted to a general aÆne linearCN�A .b) Store those points from a) that give a solution to the original system.
) Set A := A� 1.3.2. An algorithm for the dimension of an algebrai
 set. Let X � CNbe an d-dimensional algebrai
 subset of CN .How do we �nd X 's dimension numeri
ally? To do this we simply need astripped down version of the algorithm of x3.1 to �nd generi
 points.Geometri
ally we know that a generi
 CN�A meets X if and only if d � A.Thus we 
an su

essively interse
t X with CN�A 's with A = N;N � 1; : : : ; 0 untila solution is found or A = 0 and no solution is found. Note that this means that3.2.1. for the largest A with CN�A \ X 6= ; for a generi
 CN�A we have a�nite interse
tion.This is important be
ause our solution pro
edure �nds all isolated solutions ofa square system.Numeri
ally assume we have a system of the form (1) 
onsisting of n polynomialequations in N unknowns.If n < N and there are any solutions, then they will form a set of dimensionat least N � n. Thus, 
utting with a generi
 CN�n we will have solutions if andonly if the original system had a solution. Thus we 
an assume without loss ofgenerality that n � N . Starting with A = N and de
rementing down to A = 0it follows from 3.2.1 that for the �rst A where solutions appear, the solutions areisolated. If n = N , we have solution pro
edures guaranteed to �nd at least theisolated solutions. Thus we 
an run these pro
edures to 
he
k if there is a solution.Algorithm to �nd the dimension of an algebrai
 setGiven polynomials f1; : : : ; fn on CN de�ning an algebrai
 set X .1. Set d := 02. If 0 < n < N , then use N�n random linear equations to redu
e to a systemof n polynomial equations in n unknowns. Set d := N � n and then setN := n.3. If n > N > 0, then using a generi
 (�j;i) 2 CN(n�N) repla
e the systemwith a new system (after possibly reordering to lower the Bezout number)0B� f1(x1; : : : ; xN ) +Pni=N+1 �1;ifi(x1; : : : ; xN )...fN(x1; : : : ; xN ) +Pni=N+1 �N;ifi(x1; : : : ; xN ) 1CA = 0:



10 ANDREW J. SOMMESE AND CHARLES W. WAMPLERof N equations in N unknowns. Rename these equations f1; : : : ; fN .4. Set A = N and do the following pro
edure. While A � 0:a) Repla
ing A of the variables using random linear equations, \solve"0B� f1(x1; : : : ; xN )...fN (x1; : : : ; xN ) 1CA = 0:b) If there is at least one of these points from a) that gives a solution tothe original system, thenstop: the algebrai
 set X has dimension d+A.
) Set A := A� 1.5. X is empty.3.3. An algorithm for the dimension of an algebrai
 set at a point.Let X be an algebrai
 subset of CN de�ned by a system of polynomial equationsf = 0. Let p 2 X , i.e., p 2 CN and f(p) = 0. In this se
tion we give an algorithm to
ompute the dimension of X at p, i.e., if X = [ri=1Xi is the de
omposition of X intoirredu
ible 
omponents, then the dimension of X at p 2 X is maxfijp2Xig dimXi.In parti
ular:1. if p is a generi
 point of an irredu
ible 
omponent Xi of X , then this algo-rithm 
omputes dimXi;2. this algorithm lets us de
ide whether a solution p of a system f = 0 isisolated.To 
he
k if p is a smooth solution, a simple 
he
k of whether the Ja
obian matrixof f at p is of rank N suÆ
es, but to our knowledge the algorithm below givesthe �rst numeri
al algorithm in the literature to 
he
k whether a possibly singularsolution is isolated.The algorithm pro
eeds as follows. If Xi is an irredu
ible 
omponent of X
ontaining p, then aÆne CN�dimXi 's near a generi
 aÆne CN�dimXi 
ontaining pmeetsXi in at least one point near p. Moreover if dimXi is the maximum dimensionof any irredu
ible 
omponent of X 
ontaining p, then for A > dimXi aÆne CN�A 'snear a generi
 aÆne CN�A 
ontaining p don't meet X in any points near p. AnaÆne C A 
ontaining p := (p1; : : : ; pN) is spe
i�ed byx1 +PNj=A+1 �1;jxj = p1 +PNj=A+1 �1;jpj...xA +PNj=A+1 �A;jxj = pA +PNj=A+1 �A;jpj :(4)To get a generi
 aÆne CN�A we 
an 
hoose a matrix0B� �1;A+1 � � � �1;N...�A;A+1 � � � �A;N 1CAwith random 
omplex entries (or real entries).At the moment 
he
king nearness and 
hoosing nearby aÆne CN�A 's requiresjudgement based on the given problem. This is not satisfa
tory: see Problem 4.1.Algorithm to �nd the dimension of an algebrai
 set at a pointGiven polynomials f1; : : : ; fn on CN de�ning an algebrai
 set X and a point p 2 X .1. Set d := 0



NUMERICAL ALGEBRAIC GEOMETRY 112. If 0 < n < N , then use N � n random linear equations vanishing on p toredu
e to a system of n polynomials in n unknowns. Set d := N � n andthen set N := n.3. If n > N > 0, then using a generi
 (�j;i) 2 CN(n�N) repla
e the systemwith a new system (after possibly reordering to lower the Bezout number)0B� f1(x1; : : : ; xN ) +Pni=N+1 �1;ifi(x1; : : : ; xN )...fN(x1; : : : ; xN ) +Pni=N+1 �N;ifi(x1; : : : ; xN ) 1CA = 0:of N equations in N unknowns. Rename these equations f1; : : : ; fN .4. Set A = N and do the following pro
edure. While A � 1:a) Using a system of random linear equations near a system of randomlinear equations vanishing at p to repla
e A of the variables, \solve"0B� f1(x1; : : : ; xN )...fN (x1; : : : ; xN ) 1CA = 0:b) If there is at least one of these points from a) that gives a solution tothe original system and is \near" to p thenstop: the dimension of the algebrai
 set X at p has dimension d+A.
) Set A := A� 1.5. the dimension of the algebrai
 set X at p has dimension d.3.4. An algorithm for de
iding in
lusion and equality of redu
ed alge-brai
 sets. Let X be an algebrai
 subset of CN de�ned by a system of polynomialequations f = 0. Let Y be a se
ond algebrai
 subset of CN de�ned by a system ofpolynomial equations g = 0. Using the algorithm of x3.1Algorithm for de
iding if every solution of f = 0 is a solution of g = 01. Find a �nite set F of points 
ontaining generi
 points of ea
h irredu
ible
omponent of the algebrai
 set de�ned by f = 0.2. Every solution of f = 0 is a solution of g = 0 if and only if g(x) = 0 for ea
hx 2 F .To 
he
k if f = 0 and g = 0 have the same set of solutions (not 
ountingmultipli
ities) it suÆ
es to use the above algorithm twi
e, �rst to de
ide if everysolution of f = 0 is a solution of g = 0, and if this is true then to de
ide if everysolution of g = 0 is a solution of f = 0.We have not dealt with multipli
ities in this algorithm. Thus this algorithmgives a way of de
iding if the redu
ed algebrai
 set de�ned by f = 0 is an algebrai
subset of the redu
ed algebrai
 set de�ned by g = 0.3.5. Some illustrative appli
ations. As motivation for the algorithms dis-
ussed above, we brie
y outline some questions in kinemati
s where the methods
ould prove useful. First, 
onsider the singularity problem for a serial-link robot arm
onsisting of a 
hain of n moving links 
onne
ted by rotational joints. The �rst linkin the 
hain is additionally 
onne
ted to an immobile base link by a rotational joint.By rotating the joints, the �nal \hand" link is moved around in spa
e. Let � 2 Tn(the n-dimensional torus) be the joint angles and let x 2 SE(3) = R3 � SO(3)be the position and orientation of the hand. The forward kinemati
 fun
tionf : Tn ! SE(3) 
an be readily written down in terms of trigonometri
 fun
tions
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 formulations. It is of 
onsiderable importan
e in the 
on-trol of su
h a robot to identify points in the joint spa
e where the Ja
obian matrixf� be
omes rank de�
ient, be
ause at su
h points the robot 
annot produ
e end-e�e
tor velo
ities in arbitrary dire
tions in the tangent spa
e. In the 
ommon 
asethat n = 6, f� 2 R6�6 is square and the singularity 
ondition is det f� = 0. This
ondition is trigonometri
, but it 
an be 
onverted to an algebrai
 
ondition withthe 
hange of variables 
os �i = (1� t2i )=(1+ t2i ), sin �i = 2ti=(1+ t2i ) (i = 1; : : : ; 6).This is an example where the algebrai
 set under study is given by one equation insix unknowns.To be more spe
i�
, we 
onsider the spe
ial 
ase of a two-link planar robot armhaving link lengths r1; r2 and joint angles �1; �2. The �rst joint is at the origin andthe forward kinemati
 fun
tion gives the endpoint of the arm asf(�) = (r1 
os �1 + r2 
os �2; r1 sin �1 + r2 sin �2):The Ja
obian matrix is f� = � �r1 sin �1 �r2 sin �2r1 
os �1 r2 
os �2 �and the singularity 
ondition isdet f� = �r1r2(sin �1 
os �2 � 
os �1 sin �2) = 0:(5)This problem is easily treated by hand sin
e by a trigonometri
 identity Eq.(5)be
omes sin(�1 � �2) = 0;whi
h implies �1 = �2 or �1 = �2+�. These des
ribe the two irredu
ible 
omponentsof the singularity set.To illustrate our algorithms, we treat the example numeri
ally as follows. First,
onvert Eq.(5) to a polynomial expression using the 
hange of variables given aboveto get �2r1r2 t1(1� t22)� (1� t21)t2(1 + t21)(1 + t22) = 0:(6)Now, we use algorithms 3.1 and 3.2 to �nd generi
 points on the algebrai
 setde�ned by this equation and to determine its dimension. We begin with n = 1 andN = 2. Step 1 is to add one random linear equation to make the system square::2338t1 + :8374t2 + :4721 = 0:In our a

ounting we now set d = 1 and N = 1. The linear equation is used toeliminate one variable to obtain a 
ubi
 in the remaining variable. Next, we setA = 1 and test a random point in C 0 . Sin
e the 
ubi
 is not trivially zero, thereare no solutions and the singularity set is not 2-dimensional. Hen
e, we de
rementA to 0 and solve the 
ubi
 equation to get three solutions (rounded to 12 de
imalpla
es): (t1; t2) = 0� �3:154625658213; :316994822316�:440720672006; �:4407206720061:135378430734; �:880763605271 1A :From this result, we 
on
lude that the singularity set is of dimension d+A = 1 andthat the three solution points are 
lose approximations to at least one point on ea
hirredu
ible 
omponent of the singularity set. An astute analyst might easily guessfrom the se
ond solution that one 
omponent is t1 = t2 and upon 
onverting the
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k to angles might also guess the se
ond 
omponent as�1 = �2+�. (The latter 
ase 
orresponds to the 
omponent t1t2 = �1.) Algorithm3.4 
an be used to test this hypothesis. Repeating the solution for a di�erentrandom linear equation (to ensure independen
e from our hypothesis) we will �ndthat the solutions do indeed fall on the hypothesized sets. This shows that thesingularity set is in
luded in the union of t1 = t2 and t1t2 = �1. To test theopposite in
lusion, we 
he
k random points from these two sets against Eq.(6). Itwill be zero to high pre
ision, thus indi
ating equality of the singularity set to thetwo 
omponent sets. As always, these numeri
al 
on
lusions do not 
arry the samelevel of 
ertitude as the analyti
al proof, but at a minimum, one may say that theyprovide strong insight to the truth.Another question in kinemati
s 
on
erns the study of over
onstrained me
ha-nisms. Consider again a serial 
hain of links, but this time additionally 
onne
t the�nal link rigidly to the base link. The 
losure equation for the 
losed-loop linkageis f(�; p) = id, where id is the identity element in SE(3), and where p representsthe geometri
 parameters of the links, su
h as link lengths, twists, and o�sets. Allsingle-loop me
hanisms with n � 7 joints will have internal motion, i.e., a positivedimensional solution set in � with p held �xed. For n � 6, the 
losure equationgives at least as many algebrai
 equations as there are joint variables, so the devi
emay or may not have internal motion depending on whether the link parametersp are espe
ially fortuitous. If the devi
e has a 1-dimensional joint motion, it is
alled an over
onstrained linkage. It turns out that for n � 3 there are no over
on-strained linkages of any interest. Delassus [D℄ showed that the three known familiesof over
onstrained linkages for n = 4 are exhaustive, and the 
lassi�
ation has beengeneralized to in
lude other types of joints by Waldron [W2℄. For n = 5; 6, manyexamples have been found, but it is not known yet if the 
lassi�
ation is 
omplete[W1, MR1, MR2℄. In su
h studies, it is useful to be able to verify a 
andidateme
hanism given by a set of parameters, say p�. If the dimension of f(�; p�) = idas 
omputed by Algorithm 3.2 is 1, then the devi
e is a valid over
onstrained link-age. If the dimension is greater than 1, the devi
e might still have a 1-dimensionalirredu
ible 
omponent. This 
an be 
he
ked by applying Algorithm 3.3 to ea
h ofthe generi
 points found by Algorithm 3.1.4. Closing remarks and open problemsOne question is how to deal with general algebrai
 sets (in this paper we dealtwith aÆne sets, i.e., algebrai
 sets whose underlying set of points embeds as a 
losedsubset of CN ). This is straightforward. For example, here is a simple approa
h that
overs most questions that 
ome up in pra
ti
e. Let X be an arbitrary proje
tivealgebrai
 set, i.e., a not ne
essarily redu
ed or irredu
ible algebrai
 subset X of
omplex proje
tive spa
e PN . If we 
hoose any linear hyperplane H of PN , thenPN �H , the 
omplement of H in PN , is identi�ed with CN . If H is 
hosen to begeneral, then all isolated points of X belong to PN �H , and in fa
t no irredu
ible
omponent of X lies in H . Thus every irredu
ible 
omponent of H \ X has real
odimension 2 in some irredu
ible 
omponent of X . Thus the aÆne algebrai
 setX�H \X is|for numeri
al analysis questions about isolated points or irredu
ible
omponents|almost identi
al to X . This is in fa
t a standard and useful devi
e,e.g., see Morgan's proje
tive transformation [Mo℄. A variant of this pro
edureworks for a quasi-proje
tive algebrai
 set X , i.e., X is a proje
tive algebrai
 set
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losed algebrai
 subset Z. There is some degree d su
h that the idealsheaf of Z is generated by degree d homogeneous polynomials. Choose a generalpolynomial p of that degree whi
h vanishes on Z and note that Y � p�1(0) isan algebrai
 set whi
h 
an be embedded as a 
losed subset of a Eu
lidean spa
e,Y � p�1(0) � X , and Y � p�1(0) 
ontains all isolated points of X . Moreoverno irredu
ible 
omponent of X lies in p�1(0). Thus repla
ing X by Y � p�1(0)redu
es us for most numeri
al analysis purposes to the types of sets we have been
onsidering.Problem 4.1. How do we de
ide in our algorithms that some quantity is\zero," or that some point is \near" another point.This problem, whi
h is analogous to de
iding when a matrix is \singular,"has no easy answer. Large problems often require individual inspe
tion of un
lear
ases based on the spe
ial properties of a given problem. This is not an a

eptablesolution of the problem.Problem 4.2. How se
ure are we using probabilisti
 algorithms of the sort wedes
ribe?Our experien
e with solving systems of polynomials using probabilisti
 algo-rithms has been very good. Nevertheless a generi
 point might be 
lose enoughto a point that we want to avoid that numeri
al analysis diÆ
ulties ensue. Thispoints out the need for some more quantitative measures of the size of numeri
allybad sets. Though su
h bounds will likely not be so useful in pra
ti
e, they will beuseful theoreti
ally.Problem 4.3. Enumerate the irredu
ible 
omponents of an algebrai
 set de-�ned by the system (1) of n polynomials on CN .We know by Algorithm 3.1 how to �nd generi
 points of irredu
ible 
omponents,and by Algorithm 3.3 how to �nd the dimension of the irredu
ible 
omponent thata generi
 point belongs to. What we don't know how to do is to de
ide when twogeneri
 points are on the same irredu
ible 
omponent.Problem 4.4. Let p 2 X be a generi
 point of an irredu
ible 
omponent Z ofthe algebrai
 set X de�ned by the polynomial system (1) on CN . Give a numeri
alalgorithm to 
ompute the multipli
ity of Z in X.It suÆ
es to do this for isolated points. To see this note that Algorithm 3.3�nds the dimension A of Z. Restri
ting f = 0 to a generi
 CN�A 
ontaining pwe obtain a system with p an isolated solution. The multipli
ity of p for this newsystem is equal to the multipli
ity of Z for the original system. For square systemsthe 
omputation of the multipli
ity is a byprodu
t of �nding all isolated solutions.The problem 4.4 thus redu
es to the following problem.Problem 4.5. Let p 2 CN be an isolated solution of the system (1) of n poly-nomials on CN with n > N . Give a probabilisti
 numeri
al algorithm to 
omputethe multipli
ity of p.Using 
ontinuation and an asso
iated randomized square system 
omputes anupper bound for the multipli
ity, but as the example system at the end of x2.2shows this upper bound 
an be stri
tly larger.
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