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haftl. Re
hnen, Universit�at Heidelberg,Im Neuenheimer Feld 368, D-69120 Heidelberg, GermanyAbstra
t. The radiative transfer equation, a partial integro-di�erential equation,is of parti
ular interest for astronomers sin
e it links the spe
tral properties of thelight re
eived (e.g. on Earth) with the properties of the matter from the pla
e oforigin (e.g. a star) to the pla
e of the observer.One major diÆ
ulty in its solution is the strong variability of the extin
tion
oeÆ
ient entering the equation (e.g. often by more than 6 dex in a small frequen
yinterval). Furthermore, often 
ontributions from more than 108 narrow spe
trallines have to be in
luded. This has essentially inhibited up to now the a

urate
onsideration of photon 
uxes and pressures in radiation-hydrodynami
 modelling.In this 
ontribution two new algorithms developed in 
ollaboration with B.Bas
hek and W. v. Waldenfels are introdu
ed that allow the eÆ
ient 
al
ulation ofradiation �elds with many lines whenever the detailed spe
tral information is notrequired. In the �rst one the extin
tion 
oeÆ
ient is represented by a 'generalizedopa
ity distribution fun
tion'. In a se
ond method the line positions, strengths andpro�les are des
ribed by a Poisson point pro
ess.The resulting expressions whi
h are valid both in stati
 and di�erentially mov-ing media be
ome parti
ularly 
onvenient inside a very opti
ally thi
k medium("di�usion limit").1 Introdu
tionFor astronomers photons are by far the most important sour
e of informationabout the 
elestial obje
ts they are interested in. Therefore the analysis oflight is of paramount importan
e in astronomy. Fortunately, it is usuallysuÆ
ient to 
onsider the time independent spe
i�
 intensity I�(x;n; �), whi
his essentially a time average < EE� > of the ele
tri
 �eld ve
tor making upthe light. Usually, the spe
i�
 intensity is either introdu
ed heuristi
ally (
f.[13℄, [7℄) by dE = I�(x;n; �)d�d!dF 
os #dt (1)(dE radiant energy of a beam of solid angle d! in dire
tion nwith a frequen
yspread �::::� + d� passing per time interval dt through an area element dFat position x whose normal forms an angle # with the beam dire
tion) or bymeans of the photon distribution fun
tion �(x;n; �) (
f. [8℄)I�(x;n; �) = h4�3
2 �(x;n; �) (2)



2 Rainer Wehrse(h Plan
k's 
onstant, 
 speed of light).Due their huge distan
es from the Earth the obje
ts are usually not spa-tially resolved and therefore only their 
uxF�((x;n; �) = Z4� I�(x;n0; �)n � d!0 (3)
an be observed.Even in su
h a 
ase the spe
tral resolution may still be extremely high;as an example see Fig. 1 where the observed 
uxes F (�) of the 
ool dwarfstars GL1, GL887 and GL832 are displayed for a small wavelength range(about 0:6% of the range over whi
h the human eye is sensitive). It is seenthat the number of spe
tral lines, i.e. narrow depressions, is extremely high inthese obje
ts; higher resolution data (as e.g. shown in Fig. 2) even indi
atethat many features still 
ontain unresolved line 
ontributions. In fa
t, themodeling of this small range requires the in
lusion of about 105 spe
tral lines(see Fig. 3); for the whole range observable today it implies � 108 lines. Thepositions, strengths, and shapes of the lines make it possible to determine notonly the abundan
e of the various elements present but also the pressures,temperatures and velo
ity �elds of the outer layers of the star.If high-resolution data as those of Fig. 2 are to be modelled it seemsunavoidable to take ea
h line individually into a

ount. However, often justthe total 
ux or some average value over a 
ertain not too small wavelengthinterval is required. In su
h a 
ase the distribution of lines in Fig. 3 suggestsa statisti
al treatment. For media without large-s
ale velo
ity �elds su
h amodeling has been possible for several de
ades by means of opa
ity distri-bution fun
tions and by means of opa
ity sampling methods. However, fordi�erentially moving media these des
riptions failed.In this paper we review {mainly from an astrophysi
al point of view{ are
ent attempt by B. Bas
hek, W. v. Waldenfels and the author [18℄,[3℄ toremove this problem by modelling the emergent line spe
tra and the radiative
uxes deep inside of media statisti
ally by means of a Poisson point pro
ess.The aspe
ts of probability theory that are involved are well established inmathemati
s for long time but {as far as we know{ have never been usedbefore in our 
ontext.In the next se
tion we introdu
e the radiative transfer equation and givesome simple solutions. Subsequently (Se
t. 3), we dis
uss the mean value ofthe spe
i�
 intensity. In Se
tion 4 a Poisson point pro
ess model is presentedand the 
orresponding 
hara
teristi
 fun
tion are 
al
ulated. The distribu-tion fun
tion is then derived by means of Levy's theorem, i.e. by means ofa Fourier transformation (Se
t. 5), and 
ompared with one obtained by sim-ulations. The following part (Se
t. 6) is devoted to the di�usion limit, i.e.to the 
ux and the momentum transfer from photons to matter ('radiativea

eleration') inside an opti
ally thi
k medium far from the surfa
e. We 
losewith a dis
ussion in whi
h we parti
ularly address presently open problems.
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Fig. 1. High resolution spe
trum for the 
ool dwarf stars GL1, GL887, andGL832 (from top to bottom) demonstrating the fast variation of the 
ux dueto many spe
tral lines (in this 
ase the stronger features are due to hydrogen,titanium, and 
al
ium whereas the weaker ones are predominantly due to ti-tanium oxide). Note that the wavelength range shown is in the red and 
oversonly 0:6% of the sensitivity range of the human eye, whi
h in turn is only atiny fra
tion of the range a

essible to astronomi
al instruments.2 The radiative transfer equation and its solutionThe spe
i�
 intensity as measured in a frame 
omoving with the matteris governed by the radiative transfer equation whi
h reads for unpolarizedradiation in/from slowly moving stationary media (
f. [15℄)n � rI + w�I�� = dIds + w�I�� = ��(I � S) with w = n � r(� � n) : (4)The r operator a
ts on the spatial variables only. The �rst term lhs. isthe transport term and the se
ond des
ribes the frequen
y shift due to theDoppler e�e
t. w = n�r(� �n) is the gradient of the velo
ity � (in units of thespeed of light 
) proje
ted on to the ray dire
tion. w is frequen
y independentsin
e we are using logarithmi
 frequen
ies � = � log � + 
onst. �(x; �) is theextin
tion 
oeÆ
ient so that the term ��I takes 
are of photons lost from abeam by absorption and s
attering. The term �S with S = S(x;n; �) beingthe sour
e fun
tion a

ounts for all photons added to the beam.
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Fig. 4. Generalized opa
ity distribution fun
tions ~p(�x; �;�) (right 
olumn) and thereal parts of their 
orresponding expe
tation values, Re�
exp(� �X(�;�) � ik)�� (left
olumn), for Poisson distributed lines at an arbitrary (logarithmi
) wavelength �.Shown are examples for three 
ombinations of the line density % and the averagingparameter �: (10,100), (100,100), and (1,0.1) (top to bottom), where k = ak0 witha = 64, 512, and 64 (top to bottom). For 
omparison, we have added (as dots) in thelower right panel values for the generalized opa
ity distribution fun
tion 
al
ulateda

ording to the pro
edure des
ribed in Se
t. 3. The lines have the same statisti
alproperties in both 
ases. Note that the small wiggles in the lower left panel resultfrom ina

ura
ies in the �̂-integration (
f. Eq. 22) as a 
onsequen
e of a highlyos
illatory behavior of the integrand. From [3℄.



6 Rainer WehrseDepending on the situation the sour
e fun
tion 
an have various forms(
f. [8℄). An approximation often used is that of a two-level atom for whi
hS(x;n; �) = �(x; �)B(x; �)+1� �(x; �)4� Z4� Z 10 R(x; �; �0;n;n0)I(x;n0; �0)d�0d!0(5)(� de-ex
itation 
oeÆ
ient, B Plan
k fun
tion, R redistribution fun
tion,whi
h represents the 'memory' of the s
attering parti
le). By de�nition Iand S are positive quantities. In this paper we assume in addition � > 0 andtherefore ex
lude e.g. laser emission.As appropriate boundary 
onditions the intensities Ib
 impinging fromthe outside on to the medium are used. Note that other 
hoi
es usually leadto unstable systems.Although the transfer equation is usually derived by means of energy
onservation arguments it is in fa
t a linearized Boltzmann equation. It hassu

essfully been used in spe
tros
opy both of laboratory and 
elestial plas-mas. However, its range of proper appli
ation is still unknown [11℄, [6℄Sin
e in this 
ontribution we want to 
on
entrate on the 
onsequen
es ofextin
tion 
oeÆ
ients that are highly variable in the frequen
y domain, wenegle
t in the following the spatial dependen
ies of the extin
tion 
oeÆ
ientand of the velo
ity gradient. If a variation is to be taken into a

ount one
an use the formulae below for suÆ
iently short distan
es and then add the
ontributions [9℄. The sour
e fun
tion S is assumed to be given. Then thesolution of Eq. 4 along a ray in dire
tion n 
an be written for w 6= 0 [1℄, [2℄.I(s; �;w) = I0(w) (6)+ 1wZ ���wsexp � 1wZ �� �(�) d�!��(�)S�s� ���w ; ��d�= I0(w) + S(s; �)�S(0; � �ws) exp � 1wZ ���ws �(�)d�! (7)�Z ���wsexp � 1wZ �� �(�)d�! dS �s � ���w ; ��d� d�where I0(w) = I(0; � �ws;w)�exp � 1wZ ���ws�(�)d�! : (8)The se
ond form is derived from the �rst one by partial integration. Notethat the limit w ! 0 
an easily be performed and that it leads us ba
k tothe well known solution for stati
 media.



Radiative Transfer with Many Spe
tral Lines 73 The expe
tation value of the spe
i�
 intensityIf we assume that only the extin
tion 
oeÆ
ient varies sto
hasti
ally with �we 
an simply write for the expe
tation value of the spe
i�
 intensity a

ord-ing to Eqs. 6 to 8DI(s; �;w)E = DI0(w)E (9)+ 1wZ ���ws*exp � 1wZ �� �(�) d�!��(�)+S�s� ���w ; ��d�= DI0(w)E+ S(s; �)�S(0; � �ws)*exp � 1wZ ���ws �(�)d�!+ (10)�Z ���ws*exp � 1wZ �� �(�)d�!+ dS�s � ���w ; ��d� d�where DI0(w)E = *I(0; � � ws;w)�exp � 1wZ ���ws�(�)d�!+ : (11)Eq. 10 indi
ates that the expe
tation value of the emergent spe
i�
 intensity
an be 
al
ulated in a straightforward way if the 
hara
teristi
 fun
tion'(s) = *exp � is�Z ���� �(�)d�!+ (12)of the probability density fun
tion ~p for the extin
tion 
oeÆ
ient averagedover a �-interval � = ws is known. In the next se
tions we show how to
al
ulate ' and ~p by means of a Poisson point pro
ess.As an alternative one 
an use the ergodi
 hypothesis and 
al
ulate �Xi =R �i�i�� �(�)d�=� at many positions �i in a �-interval of suitable length. Thenormalized distribution of the �Xi should then be a good approximation to ~p.Note that this pro
edure in the limit w ! 0 leads ba
k to the way used byastrophysi
ists for de
ades in the stati
 
ase [12℄.In terms of the probability density the 
ru
ial term in Eq. 10 is thenevidently given byDe� �X(�;�)�zE = Z 10 e��x�z ~p(�x; �;�) d�x: (13)



8 Rainer Wehrse4 The Poisson point pro
essAlthough the Poisson point pro
ess (
f. [5℄,[4℄) is one of the most simplesto
hasti
 pro
esses it seems to represent very well spe
tral line distribu-tions that are known from the laboratory and/or from quantum-me
hani
al
al
ulations [18℄. In addition, the pro
ess is very 
exible to a

ount for thestrengths and shapes of the lines and it 
an easily be 
ombined with thesolution of the radiative transfer solution as shown below.In order to apply the 
on
ept of this pro
ess to our problem we have torealize that the extin
tion 
oeÆ
ient is 
omposed of a 
ontinuous 
ontribution�
 whi
h 
an be 
onsidered to be frequen
y independent and of 
ontributionsof individual lines whi
h we writeX(�) = LXl=1 �l(�) = LXl=1 �(�̂l; #l; � � �̂l) ; (14)Ea
h 
ontribution �(�̂l; #l; � � �̂l) 
an be assumed to be the produ
t of thestrength Al and the pro�le fun
tion � whi
h depends on the frequen
ies �, thewavelength of the line 
enter �̂, and on the type of the line (as eg. Lorentzianor Gaussian). #l is used to summarize the line parameters.�(�̂; #; �� �̂) = A � �(�̂; 
; � � �̂) : (15)We now assume that within a given �-interval � : : : � +�� the mean densityof lines with properties # (i.e. strengths, shape et
.) is given by �(�̂; #) andthat the a
tual number L is given by a Poisson distribution with mean hLi =�(�; #)���#, i.e. IPfL = ng = hLinn! e�hLi : (16)The 
enters of the lines �̂ are assumed to be a sequen
e of independent,identi
ally distributed random variables: the (�̂i; #i) (i = 1; 2; : : :) form aPoisson point pro
ess.The 
hara
teristi
 fun
tion 
an now be 
al
ulated in a straightforwardway. Sin
e we later need a slightly more 
ompli
ated expression we give ithere for h(�̂l; #l; � � �̂l) =� � �(�̂l; #l; � � �̂l) � 1w Z ���ws �(�̂l; #l; � � �̂l)d� : (17)Sin
e *exp LXl=1 h(�̂l; #l; � � �̂l)!+
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tral Lines 9= 1Xn=0 e�%(S)n! Z S: : :Z �%(�̂1; #1) : : : %(�̂n; #n)�� exp nXl=1 h(�̂l; #l; � � �̂l)! d�̂1d#1 : : : d�̂nd#n= e�%(S) 1Xn=0 1n! 24 ZS %(�̂; #)eh(�̂;#;���̂)d�̂d#35n= exp0�ZS %(�̂; #)neh(�̂;#;���̂) � 1od�̂d#1A (18)with S being the set of possible #-values, the 
hara
teristi
 fun
tion readsfor the moving 
ase'(k) = De� �X(�;�)�ikE (19)= exp�Z�Z 1�1 %(�̂; #)�e� ik U � 1	 d�̂ d#�with U � U (�̂; �;�; 
;A) = 1� Z ����A�(�̂; 
; � � �̂) d� : (20)and for stati
 media (w = 0)De�X(�)�ikE = 
(�; �; 0)= *exp � LXl=1 �(�̂l; #l; � � �̂l) � ik!+ (21)= exp �Z� Z 1�1 %(�̂; #)�e��(�̂;#;���̂)�ik � 1�d�̂d#� :5 The opa
ity distribution fun
tionUsing Levy's theorem (see e.g. [5℄) and setting � = 0 we 
an immediatelyderive the distribution fun
tion ~p of 1=� R ���� �(�)d� from Eq. 19~p(�x; �;�) = 12� Z 1�1 eik�x � De� �X(�;�)�ikE dk= 12� Z 1�1 exp" ik �x



10 Rainer Wehrse+ Z A2A1 Z 1�1 %(�̂; A)�e� ikAU � 1	 d�̂ dA# dk (22)= 1�Z 10 exp"Z A2A1 Z 1�1%(�̂; A) f
os (k AU )� 1g d�̂ dA#� 
os(k�x�Z A2A1 Z 1�1 %(�̂; A) sin (k AU ) d�̂ dA) dk : (23)Three examples for the real part of the 
hara
teristi
 fun
tion and theresulting distribution fun
tion are shown in Fig. 4.6 The di�usion limitIn 
elestial obje
ts one often has to 
al
ulate the radiative 
ux very deepinside a medium where the extin
tion 
oeÆ
ient does not vary mu
h over aphoton free mean path 1=�
 and the Plan
k fun
tion 
an be approximated bya linear fun
tion. Then the radiation �eld is essentially lo
al and one refersto the di�usion limit. Whereas for stati
 media already in 1924 Rosselandhas derived very 
onvenient expressions for both the mono
hromati
 andthe frequen
y integrated 
ase, no 
orresponding formulae have been availableuntil very re
ently [15℄,[16℄,[17℄ for the di�erentially moving 
ase.In order to derive these expressions we introdu
e the spe
tral thi
kness (�) = Z ��1 �(�)d�: (24)Sin
e for the 
onditions stated the boundary 
onditions do not 
ontribute we�nd from Eq. 7 for the 
ux F(s0; �;w) = I(s0;n; �)�I(s0;�n; �) in dire
tionn at position s0 and at (logarithmi
) frequen
y � in a medium extending froms = 0 to s = ~s and expanding/
ollapsing with velo
ity gradient wF(s0; �;w) =�p(s0; �)� q(s0; �;n)�exp�� (�) +  (� � ws0)w ��p(s0; �) exp�� (�) +  (� � w(~s� s0))w �+q(s0; �;n) Z ~ss0 exp�� (�) +  (� + w(s0 � `))w � d`+q(s0; �;n) Z s00 exp�� (�) +  (� �w(s0 � `))w �d` : (25)
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tral Lines 11Here p(s; �) and q(s; �) are values of the Plan
k fun
tion (at s and �) and ofits gradient in dire
tion n, resp.. For a �xed value of � we then obtain in thelimit s0, (~s � s0) !1F(s0; �;w)= 2q(s0; �;n)Z 10 exp�� (�) �  (� �w`)w �d` (26)= 2q(s0; �;n)Z 10 exp � 1w Z ���w` �(�)d�!d` :Equation 26 is basi
 expression for the 
ux in the di�usion approximation.Sin
e in most a
tual situations the velo
ity gradients are small and inorder to get some more insight into the 
onsequen
es of spe
tral lines, edgeset
. we expand the exponential term around w = 0 up to se
ond orderexp�� (�) �  (� � ws)w �' e� 0(�)�s �1 + 12s2 00(�)w+�18s4 00(�)2 � 16s3 000(�)�w2�+O(w3): (27)Then we 
an perform the depth integration analyti
ally and obtain for the"w 
orre
tion fa
tor" � to se
ond order in w�(s0; �;w) =1 +  00(�) 0(�)2 w + 1 0(�)3�3 00(�)2 0(�) �  000(�)�w2 (28)Repla
ing  0(�) by �(�) et
., the 
ux in the di�usion limit be
omesF(s0; �;w)= F(s0; �) � �1� ��� 1�(�) �w + 12 �2��2 1�(�)2 �w2� : (29)Sin
e in most 
ases only the total 
ux is needed we integrate over frequen
yto obtain Ftot(s0;w) = Ftot(s0) � �1 + �1(s0) �w + �2(s0) �w2� ; (30)with �1(s0) = ���R(s0) Z 1�1 1�(�) ���� 1�(�)�G(s0; �) d�= �12 ��R(s0) Z 1�1 ���� 1�(�)�2G(s0; �) d� ; (31)



12 Rainer Wehrse�2(s0) = +12 ��R(s0) Z 1�1 1�(�) �2��2� 1�(�)�2G(s0; �) d� : (32)Here G(s0; �) is the weighting fun
tionG(s0; �) = �B(T; �)�T =�B(T )�T (33)with B(T ) = Z 1�1B(T; �)e�d�: (34)The 'Rosseland mean opa
ity' ��R(s0) de�ned by��R(s0) = Z 1�1 1�(s0; �)G(s0; �)d� (35)and the 
uxFtot(s0) = 2n � rT Z 1�1 �B(T; �)�T 1�(s0; �)e�d� = 2n � rT��R(s0) �B(T )�T (36)refer to the stati
 
ase.Equally, we 
an de�ne an e�e
tive opa
ity1���(s0;w) = 1��R(s0) � �1 + �1(s0) �w + �2(s0) �w2� ; (37)whi
h is of interest sin
e up to now in all radiation-hydrodynami
al mod-els pre
al
ulated values of ��R are used without any 
orre
tion terms andthis expression gives the opportunity to in
lude the e�e
ts of motion with aminimum of 
ode 
hanges.In a similar way we �nd for the radiative a

elerationarad;tot(s0;w) = 1
 Z 1�1 �(s0; �)F(s0; �;w) exp(�)d�= arad;tot(s0) � �1 + ~�1(s0) �w + ~�2(s0) �w2� (38)with arad;tot(s0) = 2
 �B�T n � rT (39)being the stati
 value and~�1(s0) = � Z 1�1 ���� 1�(�)�G(s0; �) d� ; (40)~�2(s0) = 12 Z 1�1 �2��2� 1�(�)�2G(s0; �) d� : (41)
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Fig. 5. Variation of the 
ux inside an opti
ally very thi
k medium with velo
-ity gradient w. a

ording to Eq. 42 with 2g = 1 (full 
urves) and a

ording tothe approximation Eq. 50 (broken 
urves). The upper 
urves refer to lines ofLorentzian shape with parameters strength A = 1, halfwidth 
 = 10�3, density� = 1 on a 
ontinuum �
 = 0:1. The lower 
urves have identi
al parametersex
ept for 
 = 10�2. From [17℄Sin
e the 
ux in the deep interior of a medium 
an hardly be measured, itis here even more advantageous than for the intensity at the surfa
e to haveexpressions for the expe
tation value. We �ndDF (s0; �;w)E= 2g(s0; �) Z 10 e��
(�)�s
(�; � �ws;w) ds (42)with 
(�; � �ws;w) = exp�Z� Z 1�1 %(�̂; #)�(exp � 1w Z ���ws �(�̂; #; � � �̂)d�!� 1) d�̂d#! : (43)Fig. 5 shows the dependen
e of the expe
tation value of the 
ux for thedi�usion approximation on the velo
ity gradient w. It is seen that the 
ux isa de
reasing fun
tion of w, i.e. that lines get in
reasingly more important forlarger velo
ity gradient. This implies e.g. that in order to transport a given
ux the temperature gradient has to be larger in a moving medium than ina stati
 one.



14 Rainer WehrseFor the radiative a

eleration the identityhU � V i � ��� 
e�U � V ������=0 ; (44)whi
h holds for any two fun
tions U and V , and Eq. 18 have to be used sothat Darad(s0; �;w)E = 1
D�(s0; �) � F (s0; �;w)E= 1
 h�
(�) � DF (s0; �;w)E+* LXl=1 �(�̂l; #l; � � �̂l) � F (s0; �;w)+#= 2g(s0; �)
 Z 10 e��
(�)�s
rad(�; � � ws;w) ds (45)where 
rad(�; � � ws;w) = 
(�; � �ws;w)� ��
(�) + Z� Z 1�1 %(�̂; #)�(�̂; #; � � �̂)� exp � 1w Z ���ws �(�̂; #; � � �̂)d�! d�̂d#! : (46)An approximate expression for the 
ux in the di�usion approximation atsmall w requires the expansion of 
 around w = 0 up to se
ond order
(�; � � ws;w) = 
(�; �; 0) � �1 + !1 �w + 12 !2 �w2� (47)with 
(�; �; 0) given by Eq. (21) and!1 = 1
(�; �; 0) � �
(�; � � ws;w)�w �����(�;�;0)= s22 Z� Z 1�1 %(�̂; #)�0(�̂; #; � � �̂) e��(�̂;#;���̂)sd�̂d# ; (48)!2 = 1
(�; �; 0) � �2
(�; � � ws;w)�w2 �����(�;�;0)
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tral Lines 15= Z� Z 1�1 %(�̂; #) �s44 [�0(�̂; #; �� �̂)℄2�s33 �00(�̂; #; � � �̂)� e��(�̂;#;���̂)sd�̂d#+s44 �Z� Z 1�1 %(�̂; #)�0(�̂; #; � � �̂)� e��(�̂;#;���̂)sd�̂d#�2 : (49)Here �0 and �00 denote the �rst and se
ond derivative of �(�̂; #; � � �̂) withrespe
t to �̂. We stress that 
(�; �; 0) as well as !1 and !2 depend not onlyon � but also on s and hen
e 
annot be taken out of the respe
tive integralsin the expression for the mono
hromati
 
ux so thatDF (s0; �;w)E = 2g(s0; �)Z 10 e��
(�)s �
(�; �; 0) � �1 + !1 �w + 12 !2 �w2� ds (50)
annot be simpli�ed further. In a 
ompletely analogous way one �nds for theradiative a

elerationDarad(s0; �;w)E = 2g(s0; �)
 Z 10 e��
(�)�s �
rad(�; �; 0) � �1 + ~!1 �w + 12 ~!2 �w2� ds ; (51)where 
rad(�; �; 0) = 
(�; �; 0) ���
(�) +Z� Z 1�1 %(�̂; #)�(�̂; #; � � �̂) � e��(�̂;#;���̂)�sd�̂d#� ; (52)~!1 = !1 + 
(�; �; 0)
rad(�; �; 0) � !̂1 ; (53)and ~!2 = !2 + 
(�; �; 0)
rad(�; �; 0) � (2!1!̂1 + !̂2) (54)with !̂1 = s22 Z� Z 1�1 %(�̂; #) ��(�̂; #; �� �̂)�0(�̂; #; � � �̂) e��(�̂;#;���̂)sd�̂d# (55)



16 Rainer Wehrseand !̂2 = Z� Z 1�1 %(�̂; #)�(�̂; #; � � �̂)� �s44 [�0(�̂; #; � � �̂)℄2 � s33 �00(�̂; #; � � �̂)�� e��(�̂;#;���̂)sd�̂d# : (56)Analogously to the expression for the 
ux, also the quantities 
rad, ~!1 and~!2 in the mono
hromati
 a

eleration, depend on � and on s.7 Dis
ussionIn this paper we have reviewed the statisti
al treatment of radiation �eldswith many spe
tral lines by means of a generalized opa
ity distribution fun
-tion and by means of a Poisson point pro
ess with spe
ial emphasis on thedi�usion limit. The expressions derived have all been based on an analyti
alsolution of the transfer equation that has been found re
ently. The densitydistribution (and therefore the geometry) has been assumed to be smoothand simple. In addition, we have assumed that the sour
e fun
tion is given,i.e. we have essentially negle
ted s
attering.In spite of these simpli�
ations our expressions are suitable for manyappli
ations (as e.g. for Mira stars, novae and a

retion disks in astrophysi
s)and 
an redu
e by orders of magnitude the 
omputation times and memoryrequirements of radiation-hydrodynami
al modeling; in fa
t, they make forthe �rst time a modeling of su
h obje
ts possible with realisti
 radiation�elds.In view of the progress in observational a

ura
y and sensitivity it isevident from this review that it also is highly desirable to develop in additionalgorithms that allow to take spatial inhomogeneities and varying s
atteringfra
tions � (see Se
t. 2) statisti
ally into a

ount. It would in parti
ular beadvantageous if a di�erential equation for the mean values of the radiation�eld 
ould be derived.A
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