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Introduction

Motivations

Mesoscopic physics aims at investigating quantum phenomena that arise from
coherence properties of electron motion in conductors. Although samples usually
consist of a huge number of atoms (typically of the order of 1010), they are small
enough to permit the coherent propagation of electrons. These conductors are char-
acterized by a dephasing length lϕ longer than the geometrical size of the sample L
and smaller than or of the order of the inelastic scattering length lin,

L . lϕ 6 lin .

The dephasing length lϕ is defined as the distance an electron travels through the
conductor before suffering a random phase change of 2π. This dephasing length is
generally due to smooth or quasi-elastic interaction processes. In contrast, the inelas-
tic dephasing length lin is the distance an electron travels before loosing an energy
kBT , where kB is the Boltzmann constant and T is the temperature. These inelastic
processes are due to a coupling of the conductor with the environment and due to
electron-electron interactions and the corresponding dephasing processes are usually
irreversible.

The quantum-mechanical phase coherence of electrons in mesoscopic samples has
enabled the observation of interference effects such as persistent currents [Büttiker 83,
Lévy 90, Chandrasekhar 91, Bleszynski-Jayich 09], Aharonov-Bohm oscillations in
mesoscopic rings threaded by a magnetic flux [Aharonov 59, Büttiker 84, Gefen 84,
Webb 85] and the measurements of universal conductance fluctuations in diffusive
samples [Umbach 84, Altshuler 85, Lee 85, Beenakker 91, Baranger 94, Jalabert 94].
Diffusive samples are for instance disordered metals. They are characterized by an
elastic scattering length le which is smaller than the dephasing length lϕ. The elastic
scattering processes are due to presence of impurities in the sample and importantly,
they do not destroy phase coherence. In this thesis, we investigate the transport
properties in a different regime, namely the ballistic regime. It is characterized by
an elastic scattering length le of the order of or larger than the sample,

L . le . lϕ . lin .
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Ballistic samples are made of semiconductor nanostructures which contain a layer
where the motion is quantized in the direction perpendicular to the layer. Elec-
trons are then forced to move in the plane of the layer, this forms a two-dimensional
electron gas (2DEG). A 2DEG is characterized by a low electronic density inducing
a large Fermi wave-length compared to the inter-atomic distance (typically of the
order of 40 nm for GaAs). In the ballistic regime, scattering with impurities can
be neglected and the description of single and many-particle states necessitates a
quantum-mechanical treatment. Then, by varying the geometry of the sample with
voltage gates for instance, the transport properties of the electrons can be controlled
and the conductor can be seen as a wave guide with several modes or channels for the
electrons. The quantization of the conductance of a quantum point contact, which
is a short and narrow constriction in a 2DEG, belongs to the most famous quantum
transport properties [Van Wees 88, Wharam 88]; it depends on the integer number
of propagating modes through the constriction.

The observation of these phenomena is a remarkable signature of the coherence
properties of the mesoscopic conductors and of the particles emitted by mesoscopic
sources, which are set by the dephasing length lϕ and the inelastic scattering length
lin introduced above. Since the early days of mesoscopic physics, a huge technical
development has taken place which now enables a detailed exploration of quantum-
mechanical properties of mesoscopic conductors. Among impressive realizations dur-
ing the last decade, we can cite the fabrication of semiconductor nanowires (which
are promising candidates for the first experimental proof of the existence of the Ma-
jorana fermions) [Lutchyn 10, Oreg 10, Mourik 12], the coupling of quantum dots
with microwave resonators which combines the field of mesoscopic physics and circuit
quantum electrodynamics [Delbecq 11, Frey 12], the realization of on-demand single-
electron sources (SES) [Fève 07] and the realization of electronic Mach-Zehnder in-
terferometers (MZI) [Ji 03].

The two latter experiments stimulated most of the work described in this the-
sis. Indeed, the on-demand SES generates single-particle states at a controlled time,
which constitutes an analog of the single-atom or single-photon sources. The princi-
ple of this source consists in applying a periodic potential onto a cavity with quan-
tized energy levels in order to shift one energy level above and below the Fermi sea.
Under specific conditions which we will present in the introduction of the chapter
2, one single electron and one single hole are emitted on average per period at a
time controlled by the driving potential. In order to manipulate the single-electron
states emitted by the source for quantum information processes or for investigating
fundamental quantum phenomena like the anti-bunching of fermions, it is necessary
to characterize the coherence properties of these single-electron quantum states, and
in particular their first-order coherence length Λ. This length Λ is of fundamental
importance as it sets the distance over which a single-particle state is able to interfere
with itself at the output of an interferometer [Loudon].
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This length is accessible by measuring the first-order correlation function G(1)

with an interferometer. Such experiments have already been performed with single-
photon sources for example [Yamamoto 99, Santori 02, Flagg 10]. The decay of G(1)

as a function of the time delay between the arms of the interferometer gives access
to the coherence time of the single-particle states, usually referred to as the T2 time.
This coherence time is set by the linewidth of the pulse (generally called the lifetime
of the pulse or the relaxation time T1) and by the phase coherence length (Tϕ or T ∗2
in the literature). The coherence length Λ is related to the coherence time T2 by
the light velocity. With the realization of the on-demand SES in mesoscopic physics,
such a characterization of the first-order coherence properties of the single-electron
states is crucial. This is one of the main questions that we answer in this thesis by
using the electronic MZI.

The coherence properties of the electronic MZI make it an outstanding device to
investigate and to manipulate coherent quantum states. It will be used to determine
the coherence length of different existing sources in mesoscopic physics but also as a
parity detector to create entanglement between two charge qubits. In an electronic
MZI, electrons traveling in the arms conserve their coherence properties over a large
distance on a mesoscopic scale, of the order of 10 µm. This follows from the fact
that the MZI is built in the quantum Hall regime where a high magnetic field is
applied perpendicularly to the 2DEG. In this regime, electrons propagate along the
edges of the sample without being reflected, in edge states. Each edge state is char-
acterized by a particular velocity. The transport is unidirectional and the elastic and
inelastic scattering lengths exceed the size of the sample. The dephasing length lϕ
depends predominantly on the electronic temperature, on the applied bias, on the
size of the interferometer and on the interaction between carriers in nearby edge
states [Neder 06, Roulleau 08, Litvin 08, Bieri 09, Huynh 12]. It has been shown
to be sufficiently large to enable for instance the realization of an Hanbury-Brown
and Twiss experiment where two-particle Aharonov-Bohm interferences have been
observed [Neder 07].

The coherence properties of single and many-particle states are characterized by
transport features which are measured at the output of mesoscopic conductors. Due
to the indistinguishability and due to the large number of particles, the transport
in mesoscopic samples is in its essence a stochastic process. Since the beginnings of
mesoscopic physics, the measured quantities have been typically the average charge
or average current and the noise which are the first two moments of the distribu-
tion of the transferred charge. The noise stems from the charge fluctuations in the
mesoscopic conductor. At low temperature, charge fluctuations originate both from
the discreteness of the charge [Schottky 18] and from the probabilistic nature of the
quantum transport (quantum shot noise) [Khlus 87, Lesovik 89, Büttiker 90]. The
quantum shot noise arises from the quantum mechanical uncertainty when particles
are scattered by a potential : the particles are transmitted or reflected in a com-
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pletely random and unpredictable way. Therefore fluctuations in a non-equilibrium
transport experiment can be used to gain insight about the quantum statistical prop-
erties of the system. For example the observation of the anti-bunching of fermions
[Oberholzer 00] and the determination of the effective charge in the fractional quan-
tum Hall regime [Saminadayar 97, Picciotto 97] have been rendered possible through
noise measurements.

Importantly, however, the average current and the zero-frequency noise only pro-
vide partial information about the stochastic quantum transport process. A signif-
icant example in the context of this thesis is the case of a QPC characterized by
a transmission probability T , connected to two reservoirs via one-dimensional sin-
gle channels. The quantum shot noise measured in such a setup is proportional to
T (1 − T ) [Reznikov 95, Kumar 96]. As a consequence, when there is no scatterer,
T = 0 (all the electrons are reflected) or T = 1 (all the electrons are transmitted),
there is no quantum shot noise [Büttiker 90, Blanter 00]. To fully characterize the
quantum transport properties through a mesoscopic sample, the investigation of the
full probability distribution of the transferred charge and/or the investigation of other
statistical tools like the distribution of waiting times are necessary. By definition the
waiting time is the interval between the arrival times of two successive carriers. It
therefore provides information about the short-time physics properties.

Reconstructing the probability distribution function of the transferred charge
implies the determination of the higher-order moments of the distribution, known
as Full Counting Statistics (FCS) [Levitov 93, Levitov 96, Nazarov 03]. FCS inves-
tigates long-time physics as it considers the distribution of the transferred charge
through a mesoscopic conductor over a long time compared to all other time scales
of the system. It constitutes a very efficient statistical tool which enabled for in-
stance a more accurate description of the properties of a QPC used as a quantum
detector of a quantum state [Averin 05]. Much efforts have been put into experi-
ments in the last decade so that today, up to several cumulants (between 3 and 5)
of the transferred charge have been measured in different systems (tunneling process
though a quantum dot [Gustavsson 06, Ubbelohde 12] or avalanche-type transport
[Gabelli 09] for instance). However the average current in these experiments is so
small (of the order of few nA) that quantum effects are almost unperceivable.

Recently the distribution of waiting times (WTD) in mesoscopic conductors has
attracted much interest as it provides different informations on the stochastic quan-
tum transport process [Koch 05, Brandes 08, Welack 08, Welack 09, Albert 11]. It
probes short-time physics compared to the transferred charge over a long time in-
vestigated in FCS. Up to now, the WTD has been derived using a master equa-
tion approach which takes into account single-particle tunneling processes through
a mesoscopic conductor. Within this approach, various mesoscopic issues have been
investigated such as avalanche-type transport through molecules [Koch 05] or the on-
demand single-electron source to characterize the accuracy of the emission of single
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particles [Albert 11]. In this thesis, we have developed a full quantum approach of
the WTD. When considering for instance the transport experiment through a QPC
mentioned above, we have shown in particular that the WTD provides exciting infor-
mations about the statistics and the coherence properties of the many-body incoming
state, even for a fully open or nearly pinched-off QPC.

Organization of the thesis

In Chapter 1, we investigate the electronic MZI as a parity detector for two dou-
ble quantum dots playing the role of charge qubits. Together with single-particle
sources and single-qubit operations, parity measurements enable efficient quantum
information processing by generating entanglement between the qubits. A parity
meter projects the state of two qubits onto two subspaces with different parities, the
states in each parity class being indistinguishable, therefore producing entanglement
between the qubits. In this chapter, we give the conditions under which the MZI
operates as a parity detector and interestingly we show that its efficiency is maxi-
mal. This means that the quantum systems are dephased only as fast as the detector
acquires information. This property has remarkable consequences when considering
the probability to generate entangled states.

In Chapter 2, we characterize the coherence properties of single-electron states
emitted by a new type of electron sources in mesoscopic physics, the on-demand SES.
For this, we calculate the first-order coherence function G(1) from the current at the
output of the MZI. Importantly, we derive it in terms of the scattering matrix of
the source. As a function of the imbalance of the interferometer, G(1) decays with a
characteristic time which is, by definition, the coherence time T2. This is done for
single-particle states emitted by the source in the adiabatic and in the non-adiabatic
regimes, where these two regimes depend on the shape of the driving potential ap-
plied to the cavity. We show that, in both regimes, the source emits single-particle
states which are Fourier-transform limited, i.e their coherence time is only set by
their relaxation time. The on-demand SES is therefore promising for generating
single-electron states suitable, for instance, for manipulating quantum information.

In Chapter 3, we develop a quantum theory of electron waiting times between
charge carriers in mesoscopic conductors. The distribution of waiting times provides
a complementary view on charge transport compared to the more traditional inves-
tigations of the mean current and the fluctuations of the current. This statistical
approach yields information about the quantum statistics and therefore on the coher-
ence properties of the incoming many-particle state. We illustrate our methodology
by calculating the waiting time distribution for a biased QPC, where the incom-
ing many-particle state is described by a Slater determinant. Surprisingly, we find
a cross-over from Wigner–Dyson statistics at full transmission to Poisson statistics
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close to pinch-off. Even when the low-frequency transport is noiseless, the electrons
are not equally spaced in time due to their inherent wave nature. The WTD proves
to be a powerful tool to investigate the coherence properties of many-particle states.

Throughout this work, we have investigated the coherence properties of single and
many particle states using a scattering matrix approach. This formalism has been
proven to be very efficient to characterize the transport features in coherent meso-
scopic samples considering non-interacting particles. In Appendix 4.1, we therefore
briefly present the formalism by recalling the main properties of the scattering ma-
trix as well as the expression of the measurable observables like the current operator.

Every chapter is self-contained such that a reader interested in only a part of the
thesis may start right at the beginning of the corresponding chapter.
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8 1. The electronic Mach-Zehnder interferometer as parity detector

1.1 Introduction

Quantum information processing (QIP) relies on the ability to implement two-
qubit gates like the CNOT gate, which create entanglement. Combined with single-
qubit operations, they form a set of universal operations, sufficient for quantum
computing [Barenco 95]. Efficient QIP is achieved when the complexity of the re-
sources required for the implementation of quantum algorithms is polynomial.With
photon-based qubits, efficient two-qubit gates have been realized by making use of
interactions between the qubits produced with non-linear optical elements which
couple the optical modes together. However this is experimentally very demanding
[Turchette 95]. For solid-state qubits which are subject to the Coulomb interaction,
the implementation of efficient gates is also difficult as it requires a precise control
of the strength of this Coulomb interaction.

A decade ago, E. Knill, R. Laflamme and G. J. Milburn have shown that nearly
deterministic two-qubit gates can be efficiently implemented without any qubit-qubit
interactions but only with linear operations [Knill 01]; this opened the field of "lin-
ear optics quantum computation" (LOQC) [Kok 07, Kiraz 04]. Three years later,
the field of "free-electrons quantum computation" (FEQC) was opened by C. W.
Beenakker, D. P. Vincenzo, C. Emary and M. Kindermann [Beenakker 04]. These
proposals for QIP require single-particle sources, single-qubit operations and par-
ity measurements. LOCQ and FECQ are measurement-based proposals, i.e it is the
parity-measurement process that creates the entanglement resource necessary for the
implementation of quantum algorithms. A parity meter couples two qubits and al-
lows to measure whether the qubits are in the even subspace spanned by the even
states {|↑↑〉, |↓↓〉} or in the odd subspace spanned by the odd states {|↑↓〉, |↓↑〉}.
A particular basis for these two subspaces are the four Bell states, which are the
maximally entangled states for two qubits. As these Bell states are also eigenstates
of the parity operator for two qubits, a parity measurement drives the qubits into a
Bell state and constitutes a source of entanglement. This is shown in more details
in the next subsection.

In mesoscopic physics, several realizations of parity meters have been discussed,
considering a QPC as detector. In the different setups, the QPC is weakly coupled
to the quantum systems, which are either spin [Engel 05, Coish 06, Zilberberg 08]
or charge qubits [Trauzettel 06]. The purpose of our work is to investigate parity
detection of charge qubits with the help of a Mach-Zehnder interferometer (MZI).
Compared to the previous proposals with a QPC, the MZI coupled to qubits in its
arms has the advantage that the two qubits are on the mesoscopic scale far away from
each other. Therefore they are not subject to mutual Coulomb interaction. Another
advantage of this setup lies in the tunability of the MZI through a variation in the
applied magnetic field and through side-gate voltages which change the length of the
upper and lower arms of the MZI. We provide below more details on the experimental
realization of such an electronic MZI. In this work, we present the conditions under
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which a MZI can be operated as parity detector with maximal efficiency (ideal parity
detectors). This is of interest for QIP as such ideal detectors dephase the qubits only
as fast as they measure it when one looks at the time-averaged evolution of the
qubits. We also investigate the creation of entanglement between the qubits and
derive a class of initial states for which the MZI acts as a nearly deterministic source
of entanglement for mesoscopic qubits.

1.1.1 Entanglement generation through a parity measurement

Let us consider a two-level system characterized by an "up-state" |↑〉 and a "down-
state" |↓〉. The computational basis for two qubits is spanned by the states{
|↑↑〉, |↑↓〉, |↓↑〉, |↓↓〉

}
. By definition, the parity operator P̂ is [Messiah]:

P̂ = σ̂1
z ⊗ σ̂2

z , (1.1)

where σ̂iz are the ẑ-Pauli matrices for the first and second qubits, i = 1, 2:

σ̂iz =

(
1 0
0 −1

)
(1.2)

This parity operator has 2 eigenvalues which are twice degenerate, 1 and −1.

The eigenvalue 1 corresponds to the even parity class whose subspace is spanned
by the two Bell states

{
|ψ+
e 〉, |ψ−e 〉

}
. These even Bell states are a superposition of

the even states of the computational basis:

|ψ+
e 〉 =

1√
2

(|↑↑〉+|↓↓〉), |ψ−e 〉=
1√
2

(|↑↑〉−|↓↓〉) . (1.3)

The lower indices indicate the parity class and the upper indices (±) indicate whether
the sum or difference of the computational states is taken. In contrast, the eigenvalue
−1 corresponds to the odd parity class, whose subspace is spanned by the two odd
Bell states

{
|ψ+
o 〉, |ψ−o 〉

}
:

|ψ+
o 〉 =

1√
2

(|↑↓〉+|↓↑〉), |ψ−o 〉=
1√
2

(|↑↓〉−|↓↑〉). (1.4)

These Bell states are of fundamental importance as they share the property to be
the maximal entangled states for two qubits. This can be shown by looking at the
Shannon entropy S [Nielsen 00]:

S = −
∑
i

λi log2 λi ,

The λi’s are the coefficients in the Schmidt expansion of a state |Ψ12〉 made up of
two subsystems 1 and 2:

|Ψ12〉 =
∑
i

√
λi|i1〉 ⊗ |i2〉 ,
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where |i1〉 and |i2〉 are the eigenstates of the reduced density matrices of the subsys-
tems 1 and 2. A separable state |Ψs〉 = |Ψ1〉 ⊗ |Ψ2〉 is characterized by a Schmidt
expansion with coefficients λi = 1. Its Shannon entropy is minimal meaning that all
the information about the reduced density matrices ρ1 and ρ2 is available. To the
contrary, a Bell state, for instance |ψ+

e 〉, has a Schmidt decomposition which reads:

|ψ+
e 〉 =

1√
2
|↑〉1 ⊗ |↑〉2 +

1√
2
|↓〉1 ⊗ |↓〉2 .

The coefficients λi are equal to 1/2 and the Shannon entropy is equal to 1. The
disorder being maximum, there is no information left concerning the reduced density
matrices ρ1 and ρ2, these states are maximally entangled.

A parity measurement therefore projects the qubits onto the even and odd sub-
spaces, driving the qubits into a superposition of the even and odd Bell states re-
spectively. As we show in our work, when both qubits are initially in a superposition
state |Ψi〉 = 1/2(|↑〉 + |↓〉) ⊗ (|↑〉 + |↓〉), the MZI acts as a source of entanglement
for the odd subspace with maximal probability 1/2 by putting the qubits in the odd
Bell state |ψ+

o 〉.

1.1.2 Weak coupling regime

Our analysis of the parity detection is based on a formulation which takes into
account that the detector is weakly coupled to the system: the average current
measured at the output of the detector is assumed to be very large compared to the
difference in the current produced by the state of the qubits. As a consequence many
electrons have to pass through the detector before one can distinguish the two parity
subspaces in the case of a parity detector. In other words, the measurement takes a
finite time. Such a weakly responding detector is characterized by its measurement
rate Γm defined as the signal-to-noise ratio. Considering a parity meter which dis-
tinguishes only the even current Ie from the odd current Io, this measurement rate
is defined as [Korotkov 99]:

Γm =
(Io − Ie)2

4SII
,

where SII is the zero-frequency current fluctuation spectrum of the detector. Such
weakly coupled detectors are typical for on chip detectors in mesoscopic physics and
have led to a strong theoretical development in the last 15 years. A non-exhaustive
list includes the works of [Korotkov 99, Martin 00, Korotkov 01, Pilgram 02, Clerk 03,
Averin 05, Clerk 10]. The efficiency of these detectors is characterized by the ratio
of the measurement rate with the dephasing rate Γd of the qubits. In the section
1.3 and 1.4, we have derived these rates for the MZI operating as a parity meter
and show that it can be operarted in the ideal regime, where the detector acquires
information as fast as it dephases the qubits.
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1.1.3 The electronic Mach-Zehnder interferometer

The electronic Mach-Zehnder interferometer (MZI) and its extrinsic coherence
properties are at the heart of this project. It is an analog solid state device of
the optical Mach-Zehnder interferometer that allows for electron waves to interfere.
A scheme of an optical interferometer is shown in Fig. 1.1 a). The particles are
injected in the MZI via a source S connected to one of the inputs. At the left beam
splitter BS1, the wave-packets are split into the upper and lower arms. Depending
on the lengths of the two arms, the particles acquire a different phase which leads
to an interference pattern in the intensity measured in D1 or D2. In the electronic
version, the MZI is built in the quantum Hall regime in which a strong magnetic
field is applied. The phase difference between the two arms is the Aharonov-Bohm
phase which originates in the magnetic flux enclosed by the arms. Electrons on the
arm i acquires a phase θi which depends on the vector potential ~A [Aharonov 59]:

θi =
e

~

∫
Ci

~dl ~A , (1.5)

where Ci is the length of the upper or lower arm. When the wave-packets recombine
at the right QPC, the interference term exhibits oscillations which depend on the
phase difference between the upper and lower arms:

θu − θd =
e

~

∮
C

~dl ~A =
e

~

∫
S

~dS ~B = 2πΦ/Φ0 . (1.6)

Here C is the closed contour defined by the upper and lower arms and the Stokes
theorem converts the path integral into an integral over the area enclosed by the
arms S. The magnetic flux Φ is expressed in units of the flux quantum for a single
particle, Φ0 = h/e . This interference pattern is manifest for instance in the electrical
current measured at the outputs of the MZI.

The experimental realization of the electronic MZI is very challenging, a pioneer-
ing experiment was performed by Ji et al. [Ji 03]. A scanning microscope image is
shown in Fig. 1.1 b). It consists of a four-terminal conductor built in a quantum
Hall bar with two QPCs made of metallic gates. These two QPCs play the role of
beam splitters for the electrons, they are labelled QPC1 and QPC2 in Fig. 1.1 c).
Their transmission probabilities are controlled through gate voltages. In the quan-
tum Hall regime, the transport takes place along the edges of the sample. These edge
states act as wave-guides for the electrons. The transport is chiral due to suppressed
backscattering [Halperin 82, Büttiker 88]. The non-linear behavior of the MZI has
received much experimental [Neder 06, Roulleau 08, Litvin 08, Bieri 09] and theoret-
ical attention [Sukhorukov 07, Levkivskyi 08, Kovrizhin 09a, Kovrizhin 09b] in the
past years. Throughout this thesis, we assume that the applied voltages are small
and that the MZI is operated within its linear response regime.
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Figure 1.1: Experimental setup of the MZI taken from Ref. [Ji 03]. a) Optical version of
the MZI. The incident beam emitted by the source S is split onto the left beam splitter BS1
and recombined by the second beam splitter BS2. The lengths of the upper and lower arms
is controlled by changing the position of the mirrorsM1 andM2. The detectors D1 and D2
measure the intensity which exhibits an interference pattern. b) Electronic version of the
MZI. The sample is built in the quantum Hall regime. The motion of electrons takes place
along edge states which play the role of wave-guides for the carriers (thin black curves).
Quantum point contacts (QPC1 and QPC2) act as beam splitters for the electrons. The
current measured at the output D1 exhibits Aharonov-Bohm oscillations. By applying side
metallic gates (MG1 and MG2), they control the length of the upper and lower arms,
which define the enclosed area. c) Scanning electron micrograph of the sample.

At the output labelled D2 in Fig. 1.1 b), the conductance is measured and
exhibits AB oscillations as a function of the magnetic field and of a side-gate voltage
as shown in Fig. 1.2 a). These two tunable parameters control the magnetic flux
enclosed by the arms of the interferometer. Experimentally to vary the magnetic
field, they use the natural drift with respect to time of a magnetic field produced
by a current in a superconducting magnet. In the first experiment of [Ji 03], the
AB oscillations measured in the conductance exhibit a visibility of 60%, where the
visibility is defined as (Imax− Imin)/(Imax + Imin). The maximal and minimal current
are respectively Imax and Imin. More recent experiments with MZIs at filling factor
ν = 2 have been able to reach a visibility of 90% by reducing for instance the coupling
between the two edge states [Neder 07, Huynh 12]. Figure 1.2 b) shows that the
MZI exhibits a maximal visibility for half-transmitting QPCs. The transmission and



1.1 Introduction 13

Figure 1.2: Left: Aharonov-Bohm (AB) oscillations measured in the current at the output
of the electronic MZI. These oscillations are controlled through two tunable parameters,
the change in the magnetic field (blue empty dots) and the length of the arms which defines
the enclosed area (red full dots). Right: The visibility of the AB oscillations is measured
as a function of the transmission probabilities T of the two QPCs playing the role of
beam splitters for the electrons. It exhibits a maximum for a symmetric configuration,
T1 = T2 = 1/2. Figure taken from Ref. [Ji 03].

reflection probabilities are equal to 1/2 for the left and right QPCs (QPC1 and
QPC2 on the figure). In this thesis, we will therefore always consider the MZI with
symmetric QPCs to measure the maximal visibility of the AB oscillations.
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1.2 The electronic MZI as parity meter

1.2.1 Model

The electronic MZI is built in a quantum Hall bar by using two QPCs as beam
splitters. The qubits are coupled to each arm of the MZI as shown in Fig. 1.3. They
are spatially separated so that they do not interact directly with each other. The
interaction takes place between each qubit and the charges of the corresponding arm
and is described with the help of geometrical capacitance coefficients: C1 determines
the coupling of the charge on the DQD to the charge on the arm, Ci determines the
coupling between the dots, and C2 is the capacitance of the upper (lower) dot of
qubit 1 (qubit 2) to the ground. For simplicity, here, the capacitances are assumed
to be the same for each qubit. The regime of weak coupling between the detector
and the DQDs is defined by C1, C2 � Ci. Additionally, to control the system, we can
tune the Aharonov-Bohm flux through the length of the arms and the magnetic field,
and the transmission and reflection probabilities of the QPCs. The Hamiltonian of
this model is :

Ĥ = Ĥqb + Ĥint + Ĥdet , (1.7)

where Ĥqb is the Hamiltonian of the DQDs, Ĥint is the interaction Hamiltonian and
Ĥdet is the Hamiltonian of the MZI which acts as detector. A DQD characterized by
its tunneling ∆ and its energy bias ε plays the role of a charge qubit described by
the Hamiltonian (ε/2) σ̂z + (∆/2) σ̂x.

As mentioned in the introduction, we want to operate the MZI coupled to the two
qubits as ideal parity meter. To reach this regime, the Hamiltonians of the qubits and
of the interaction have to preserve the parity classes. This can be achieved if these
two Hamiltonians commute with the parity operator. They are then diagonalizable
in the same basis, i.e the σ̂z-basis. We assume therefore that there is no tunneling in
each DQD. In addition, for simplicity we assume that the two qubits have the same
energy bias ε :

Ĥqb =
ε

2
(σ̂1

z + σ̂2
z) . (1.8)

The Pauli matrices for the upper and lower qubits are σ̂1
z and σ̂2

z . With such an
Hamiltonian for the qubits, the commutation relation reads [Ĥqb, P̂ ] = 0. This
means that the free evolution of the qubits does not mix the parity subspaces. This
is an important assumption to operate the MZI as an ideal parity detector as we
show in more details below.

The interaction Hamiltonian is derived by writing down the Coulomb energy of
the electronic circuit corresponding to the double quantum dot coupled to the charge
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Figure 1.3: Mach-Zehnder interferometer (MZI) coupled capacitively to two qubits. χ1(χ2)
is the phase accumulated by the electrons passing through the upper (lower) arm of the
MZI over a length L (red curve). These phases depend on the state of the qubits. C1, C2

and Ci are the capacitances characterizing the double quantum dots (DQDs).

in the arm of the interferometer. The interaction Hamiltonian between the arms of
the MZI and the corresponding DQDs reads [Pilgram 02, Aleiner 02] :

Ĥint =
Q̂upQ̂1

Ci
+
Q̂dQ̂2

Ci

= e

(
1− σ̂1

z

2

)
Û1 + e

(
1 + σ̂2

z

2

)
Û2 . (1.9)

The expressions Q̂up = e(1− σ̂1
z)/2 and Q̂d = e(1 + σ̂2

z)/2 are the charge operators of
the qubits which couple to the potential operators on the arms of the interferometer.
The Mach-Zehnder detector considered here is a linear detector in the sense that
qubits couple linearly to the charge in the arms of the MZI through the σ̂z operator.
The operators Û1,2 = Q̂1,2/Ci are the potential operators on the upper and lower arms
respectively. They depend on the bare charge and on the screening charge on the
arms due to the presence of the DQDs. They are derived self-consistently from the
density-of-states in the arms calculated from the Wigner-Smith time-delay matrix
[Büttiker 00a, Büttiker 00b]. This derivation is given in the Appendix 4.2.With this
interaction Hamiltonian, the electrons transiting in the arms of the MZI are sensitive
to the charge in the DQDs only if this charge is in the dot close to the arm. For
instance, if the charge of the qubit 1 is in the upper dot, the matrix elements of the
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operator (1− σ̂1
z)/2 are zero whereas if the charge in qubit 2 is in the lower dot, the

matrix elements of (1 + σ̂1
z)/2 are zero. The phase χi that electrons on arm i = 1, 2

acquire during their transfer is the sum of a dynamical phase, of a phase due to the
magnetic field and a phase due to the state of the DQDs:

χ1 = kF (d− L) + θup + ∆χ1
1− σ̂1

z

2
, (1.10)

χ2 = kF (d− L) + θd + ∆χ2
1 + σ̂2

z

2
. (1.11)

Here we consider both arms having the same length d and the electrons are sensitive
to the DQDs over a length L (see Fig. 1.3). The wave vector kF is evaluated at the
Fermi energy EF and the phases due to the magnetic field verify θup− θd = 2πΦ/Φ0,
where Φ is the magnetic flux and Φ0 is the flux quantum. The additional phases ∆χi
depend on the state of the DQDs through the charge operator of the DQDs in the
σ̂z-basis.

Equations (1.10) and (1.11) should be viewed only as abbreviations, since in real-
ity the phases and the transmission amplitude probability S31 to be given in the next
section are complex numbers depending on the state of the qubits. Thus instead of
writing operators in Eqs. (1.10) and (1.11) we should index these quantities with the
corresponding qubit states. Here we avoid such a heavy notation and keep operators.

Given that both the Hamiltonian of the qubits and the interaction Hamilto-
nian commute with the parity operator P̂ given in Eq.(1.1), there is no relax-
ation process for the DQDs due to the coupling with the detector. Here relax-
ation refers to the decay of the population terms in the density matrix. This
is important as it implies that, in this configuration, the Mach-Zehnder detec-
tor is a quantum non demolition detector (QND-detector) of the parity classes
[Caves 80, Braginsky 92, Haroche 06]. This is to say that repeated measurements
will find the qubits in the same parity class, the MZI detects only two stationary
currents. This is an important distinction between previous works on entanglement
generation [Ruskov 03, Mao 04, Ruskov 06, Trauzettel 06, Williams 08] and the in-
vestigation presented here. In the previous works, they use a qubit Hamiltonian
formulated in the σ̂x-basis which mixes the parity subspaces. With such a setup the
detector distinguishes three states [Trauzettel 06], two states which are detectable
in repeated measurements belonging to the two parity classes and a time-dependent
state which oscillates between the parity classes. Although this configuration creates
entanglement between the two qubits, the detector can not be operated as an ideal
parity meter.

In the next sections, we derive the conditions under which the MZI coupled to
DQDs allows their parity detection and operates as ideal detector in this regime. We
then investigate the creation of entanglement through the parity measurement.
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1.2.2 Parity meter

The observable we measure is the average current in lead 3 (see Fig. 1.3). Assum-
ing that the electrons are injected in lead 1, within a scattering-matrix approach,
the average current is given by :

I =
2e2V

h
T31 , (1.12)

where T31 is the transmission probability from lead 1 to lead 3,

T31 = |S31|2

=
(
TLRR + TRRL + 2

√
TRRLTLRR cos Φ̃

)
. (1.13)

It can be calculated with the help of the scattering matrix S of this model: T31 =
|S31|2, where S31 is one element of the S-matrix. It corresponds to the amplitude
probability of going from lead 1 to lead 3,

S31 =
√
RLTRe

iχ1 +
√
TLRRe

iχ2 . (1.14)

We introduce the phase Φ̃ = χ1 − χ2 where χ1 and χ2 are given in Eqs. (1.10) and
(1.11). Depending on the four possible states of the qubits {|↑↑〉, |↑↓〉, |↓↑〉, |↓↓〉}, Φ̃
can take four different values :

Φ̃↑↑ = 2πΦ/Φ0 −∆χ2, (1.15a)
Φ̃↑↓ = 2πΦ/Φ0, (1.15b)
Φ̃↓↑ = 2πΦ/Φ0 + ∆χ1 −∆χ2, (1.15c)
Φ̃↓↓ = 2πΦ/Φ0 + ∆χ1. (1.15d)

The MZI can detect the four different states in which the two qubits can be. The
principle of the parity meter relies on the choice to not measure all the information
which is available about the qubits’ states. This increases the Shannon entropy
and the qubits become entangled. Below we derive the conditions under which only
two currents are distinguishable, the currents corresponding to the even and odd
subspaces.

Conditions for a parity measurement

To operate the MZI as parity meter, only two currents have to be distinguishable,
corresponding to the two parity classes:

- Io corresponding to the odd states
{
|↑↓〉, |↓↑〉

}
.

- Ie corresponding to the even states
{
|↑↑〉, |↓↓〉

}
.
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Considering Eqs. (1.15b-1.15c), only one current Io for the odd states is measur-
able if the incremental phases ∆χi for electrons in upper and lower arms are the
same :

∆χ1 = ∆χ2 = ∆χ. (1.16)

This condition is fulfilled if the upper and lower DQDs are described by the same set
of capacitances. Then the internal potentials in the upper and lower arms are equal,
U1 = U2 ≡ U . The self-consistent derivation of U is in Appendix 4.2. If we assume
that the potential U is constant over the traversal time of the electrons in the region
L of the arm of the MZI, the phase ∆χ only depends on the capacitances :

∆χ =
e

~

∫ τ

0

dt′U(t′) =
e

~
U τ = 2π

Cµ
Ci

. (1.17)

The electrochemical capacitance Cµ is expressed as the sum in series of the geomet-
rical capacitances and of the quantum capacitance Cq = 1/(e2N) :

1

Cµ
=

1

C1

+
1

C2

+
1

Ci
+

1

e2N
. (1.18)

Here N is the density-of-states in the arm. Assuming Eq. (1.16) and measuring the
output current as a function of the magnetic flux, three currents will be in general
distinguishable: one for the odd states Io and two for the even states I↑↑ and I↓↓ as
shown on Fig. 1.4 a. Although this measurement is not a true parity measurement
in the sense that more than two currents are distinguishable, it already allows en-
tanglement between the qubits. Measuring the odd current would mean that the
qubits have been driven into the odd subspace and are therefore in a superposition
state of the two odd Bell states. However if I↑↑ or I↓↓ are measured, no entanglement
has been generated. In our work we want a true parity meter with advantages for
the entanglement probabilities in the even and odd subspaces as discussed in more
details in the next section.

Equations (1.15a) and (1.15d) and Fig. 1.4 b show that measuring only one current
Ie for the even states is possible if the magnetic flux is set to :

2πΦ/Φ0 = 0 modulo π, (1.19)

providing a maximum or minimal transmission. To be at the maximum of the trans-
mission we choose 2πΦ/Φ0 = 2π in the rest of the work.

Equations (1.16) and (1.19) are the two conditions required for the MZI to act as
parity meter. When expanding the transmission probability T31 around 2πΦ/Φ0 = 2π
up to second order in ∆χ, the transmission probability is expressed only in terms of
the parity operator introduced before, P̂ = σ̂1

z ⊗ σ̂2
z :

T31 = TLRR + TRRL + 2
√
TRRLTLRR cos

(
∆χ

(
1− σ̂1

z

2

)(
1 + σ̂2

z

2

))
= TLRR + TRRL + 2

√
TRRLTLRR

(
1− ∆χ2

4
(1+σ̂1

z⊗σ̂2
z)

)
. (1.20)
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Figure 1.4: Current measured at lead 3 as a function of the magnetic flux between the arms
of the MZI. a) At an arbitrary flux three currents Io, I↑↑ and I↓↓ are distinguishable even
if the incremental phases are identical: ∆χ1 =∆χ2 =∆χ. b) To measure only two currents
corresponding to the parity classes, Io and Ie, we set the flux to 2πΦ/Φ0 = 0 modulo π.
A maximum of the current is reached at 2πΦ/Φ0 = 2π.

The parity operator P̂ has two eigenvalues ±1 of degeneracy 2, corresponding
respectively to the even parity class and to the odd parity class. Its four eigenstates
are the Bell states defined above, |ψ+

e 〉, |ψ−e 〉, |ψ+
o 〉, |ψ−o 〉. A key property of the qubit

Hamiltonian Ĥqb considered in this work is that its dynamics conserves the parity of
the Bell states:

Ĥqb|ψ±e 〉 = ε|ψ∓e 〉 and Ĥqb|ψ±o 〉 = 0|ψ±o 〉 . (1.21)

This shows that the MZI can be operated as a true parity meter in the sense that
each measurement will project the states of the qubits in a parity subspace. It is the
parity measurement in the σ̂z-basis combined with the qubit Hamiltonian Ĥqb and
the coupling in this σ̂z-basis (no relaxation process) that allows the MZI to act as
parity meter for the DQDs during the entire measurement process. In this sense, this
weak measurement procedure is the analog of a QND measurement of parity classes.

Having demonstrated that the MZI can be operated as a parity detector during
the entire measurement process, we investigate its efficiency in the next section to
show that it acts as an ideal detector. The efficiency η is defined as the ratio of
the dephasing time over the measurement time, 0 < η ≤ 1. If η = 1, the quantum
detector is an ideal detector: it extracts information on the quantum system as fast
as it dephases it. In other words the measurement process is the only dephasing
source and this is crucial for efficient QIP: the ideality of the detector constitutes a
key property for the success of entanglement generation as shown in a next section.
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1.3 Efficiency
The quantum efficiency η is defined as :

η =
Γm

Γdeph

, (1.22)

where Γdeph is the dephasing (or decoherence) rate of the measured quantum system
and Γm is the measurement rate of the detector. The most efficient quantum detector
one can implement is a quantum-limited detector, η = 1. It acquires the informa-
tion about the measured system as fast as the quantum system loses its quantum
coherence. Γdeph is the inverse of the dephasing time T2 of the measured quantum
system. This rate can be extracted from the off-diagonal elements of the reduced
density-matrix of the qubits or from a charge fluctuations approach. In this work we
have considered both methods.

1.3.1 The measurement rate

The measurement rate Γm is defined as the inverse of the time needed by the
detector to distinguish the signal from the output noise [Korotkov 99] :

Γm =
(∆I)2

4SII
. (1.23)

SII is the zero-frequency noise spectrum [Büttiker 92a] and ∆I = Io − Ie is the
difference between the even and odd average currents measured in lead 3 (see Fig.
1.4 b). Given that we look at the linear response in the weak coupling regime this
current difference is much smaller than the even or odd currents, ∆I � Io, Ie. We
can therefore assume that the shot noise is independent of the qubits’ states :

SII =
Se + So

2
, (1.24)

where Se,o are the zero-frequency shot noise produced by the even and odd configu-
rations:

Se,o =
2e3V

h
T e,o31 (1− T e,o31 ) ,

T e31 = TLRR + TRRL + 2
√
TRRLTLRR

(
1− ∆χ2

2

)
,

T o31 = TLRR + TRRL + 2
√
TRRLTLRR .

Using Eq. (1.12), the current difference up to the second order in the small parameter
∆χ is :

∆I =
2e2V

h

√
RRTRRLTL ∆χ2

(1.25)
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The MZI has a maximum visibility for symmetric QPCs, so the maximum value of
Γm is reached for TL = TR = 1/2 :

Γm =
1

8

eV

h
∆χ2 =

π

4

eV

~

(
Cµ
Ci

)2

. (1.26)

Here the additional phase ∆χ is expressed as a function of the capacitances of the
system, ∆χ = 2πCµ/Ci. In the next section, we calculate the dephasing rates to
investigate the efficiency of the MZI as parity meter.

1.4 The dephasing rates
In general, for two qubits, there are six dephasing rates describing the coherence

between the states {|↑↑〉, |↑↓〉, |↓↑〉, |↓↓〉}. To calculate them, two approaches are pos-
sible: the entanglement approach or the charge fluctuations approach. The entan-
glement approach [Hackenbroich 00, Clerk 03, Averin 05, Khym 06] aims at writing
the reduced density matrix for the qubits; the dephasing terms are extracted from
the off-diagonal elements which are also called the coherence terms of the system.
The charge fluctuations approach [Büttiker 00a, Pilgram 02, Young 10] consists in
investigating the effect of the transit of many electrons through the arms. This trans-
port is stochastic and gives rise to fluctuating potentials in the arms also seen by
the DQDs through the coupling. As a consequence the DQDs exhibit a fluctuating
phase which leads to dephasing.

1.4.1 Entanglement approach

To extract the dephasing rates within this approach, we have to write the reduced
density matrix of the two DQDs at time t, after the transit of N electrons. For this,
we first consider the transit of one electron (one scattering event) in a time τ � t, τ
being the traversal time of one electron in the MZI. We assume that all consecutive
scattering events are independent. This is justified by doing a simple estimation
of this traversal time. By assuming that the electrons are sensitive to the qubits
over a region L ∼ 2µm and have a drift velocity ∼ 104 m/s, the traversal time is
of the order of 0.2 ns. The dc-bias V between the leads 1 and 3 of the MZI sets
the average rate at which electrons are emitted, eV/h. Considering a bias of the
order of 20µV, this rate is of the order of the traversal time. As a consequence the
entanglement generated by the measurement will be the product of the entanglement
generated by each independent electron that transfers through the MZI during the
measurement time, t = Nτ = Nh/eV . Initially the MZI and the two DQDs are
completely disentangled :

|Ψ0〉 = |Ψdet〉 ⊗ |Ψqb(0)〉
= |Ψdet〉 ⊗

(
α|↑〉+ β|↓〉

)
⊗
(
γ|↑〉+ δ|↓〉

)
, (1.27)
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where |Ψdet〉 is the state of the detector before the experiment starts. The complex
numbers α, β, γ, δ verify |α|2 + |β|2 = 1 = |γ|2 + |δ|2. When one electron transits
through the arms of the MZI, it interacts with the DQD and the state of the detector
and the state of the qubits become entangled. This interaction is used to acquire
information about the state of the DQDs. Assuming that the electron can go out in
lead 3 and 4 of the MZI, the entangled state of the MZI and the qubits at time τ
reads [Averin 05]:

|Ψ(τ)〉 = αγ e−iετ/~ (S↑↑41 |4〉+ S↑↑31 |3〉)⊗ |↑↑〉
+ βδ eiετ/~ (S↓↓41 |4〉+ S↓↓31 |3〉)⊗ |↓↓〉
+ αδ (S↑↓41 |4〉+ S↑↓31 |3〉)⊗ |↑↓〉
+ βγ (S↓↑41 |4〉+ S↓↑31 |3〉)⊗ |↓↑〉. (1.28)

The kets |3〉 and |4〉 are the output detector states and Sij are the amplitudes
of probabilities to go from input j to output i. These amplitudes depend on the
state of the DQDs through the phases χ1 and χ2 (see Eq. (1.14) for the expression
of S31 for instance). The phase factor depending on the qubit bias ε describes the
free evolution of the qubits during the time τ . The reduced density matrix for the
DQDs at time τ is given by :

ρqb(τ) = 〈3|Ψ(τ)〉〈Ψ(τ)|3〉+ 〈4|Ψ(τ)〉〈Ψ(τ)|4〉. (1.29)

The elements of this reduced density matrix can be expressed in the form
[Hackenbroich 00]:

ρqbij (τ) = ρqbij (0)e−iωijτAij. (1.30)

For simplicity the density matrix is written in the computational basis
{|↑↑〉, |↑↓〉, |↓↑〉, |↓↓〉} and ρqb(0) is given by |Ψqb(0)〉〈Ψqb(0)|. The factor Aij depends
on the state of the DQDs through ∆χ1 and ∆χ2 and on the reflection and trans-
mission probabilities of the left QPC, RL and TL. The frequency ωij depends on ε
and describes the free evolution corresponding to the matrix element ρij. Then at
time t, assuming that the N electrons are independent, the reduced density matrix’s
elements are given by:

ρqbij (t) = ρqbij (0)e−iωijtANij . (1.31)

By comparing this expression for the off-diagonal elements with the standard expres-
sion of the coherence terms, ρqbij (t) = ρqbij (0)e−iωijte−Γdeph,ijt, we deduce the expressions
of the dephasing rates:

Γdeph,ij = −1

t
log
∣∣∣Aij∣∣∣N . (1.32)

At this stage, we obtain 6 different rates as expected for a 4× 4 density matrix. As
shown below, the parity assumptions reduce the number of dephasing rates to 3, cor-
responding to the dephasing rates between the parity subspaces. Let us specify that
in the entanglement approach, two or more scattering matrices are used, depending
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on the number of qubits in the setup. In our case we deal with 4 scattering matrices
namely depending on the charge state σσ′ of the qubits, Sσσ′ . In contrast, in the
charge fluctuations approach presented below, the scattering properties are expressed
in terms of a reference scattering matrix S (scattering matrix in the absence of the
qubits) and in terms of functional derivatives with regards to potential variations.
The two approaches are connected by :

Sσσ
′
= S +

∂S

∂U
δUσσ′ + . . . , (1.33)

where δUσσ′ is calculated self-consistently [Büttiker 00a, Büttiker 00b, Pilgram 02].
This provides the capacitance fraction in the entanglement approach. In our case
the different scattering matrices differ only through phases, i.e ∆χ = 2πCµ/Ci.

Dephasing rates under the parity measurement assumptions

With the entanglement approach we obtain six different dephasing rates which
reduce to three rates when taking into account the parity assumptions, Eqs. (1.16)
and (1.19):

Γeo = πRLTL
eV

~

(
Cµ
Ci

)2

, (1.34a)

Γee = 4πRLTL
eV

~

(
Cµ
Ci

)2

, (1.34b)

Γoo = 0. (1.34c)

Γij is the dephasing rate between the parity classes i and j, where i and j are either
e for the even class or o for the odd class. These results reflect the perfect anticor-
relation between the events on the upper and lower arms of the MZI due to current
conservation in the system [Seelig 01].

Importantly, these rates show that the odd subspace is not subject to dephasing
during the parity measurement process. If the qubits are driven in an odd Bell state
during the measurement, this entangled state will not decohere within our model. To
the contrary, the parity measurement induces dephasing in the even subspace. This
can be understood when looking at Fig. 1.4b). Even if the two even states |↑↑〉 and
|↓↓〉 produce the same current Ie under the parity assumptions, the wave-functions
of these two states differ by a phase, namely 2∆χ. It is this phase difference which
leads to the non-zero dephasing rate in the even subspace Γee. As long as the wave-
functions are different, this dephasing process is unavoidable.

1.4.2 Charge fluctuations approach

This approach investigates the fluctuating potentials in the arms of the MZI and
in the DQDs, arising from the quantum statistical nature of electron transport. For
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clarity, we first present the method for the case of a single qubit coupled to a detector
before presenting the results for our setup which consists in two qubits coupled to
the detector.

Case of one qubit coupled to a detector

In the simple case of one two-level system coupled to a detector, the dephasing
rate is given by [Levinson 97, Büttiker 00a, Pilgram 02, Young 10] :

e−Γdepht = 〈eiδφ(t)〉U , (1.35)

where U is the fluctuating potential of the detector and δφ(t) is the fluctuating phase
acquired by the two-level system as a consequence of U . Assuming that the phase
δφ(t) is Gaussian distributed, the dephasing rate can be written as [Young 10]:

e−Γdepht = 〈eiδφ(t)〉U = e−
1
2
〈δφ(t)2〉U , (1.36)

with

〈δφ(t)2〉U =
( e
~

)2

SUU(0) t (1.37)

Here SUU(0) is the spectral density of the voltage fluctuations at zero frequency. This
spectral density can be expressed in terms of a non-equilibrium charge relaxation
resistance Rv [Büttiker 00a, Martin 00, Pilgram 02] :

SUU(0) =

(
Cµ
Ci

)2

Rv|eV | .

If spatial variations of the potential can be neglected, only a single potential U counts
and the non-equilibrium charge relaxation resistance is given by:

Rv =
h

e2

Tr[N12N ∗12]

N2
. (1.38)

N is the Wigner-Smith time delay matrix (a density-of-states matrix) from which
the density of states N can be calculated by taking the trace of N . This density-of-
states matrix is determined by the region inside the detector where the potential U
is non zero [Martin 00]:

Nαβ(E) =
−1

2πi

∑
ν

S†να(E,U)
∂Sνβ(E,U)

e∂U
. (1.39)

In Appendix 4.2, we show how to derive self-consistently the potential U from the
density-of-state matrix N of the upper arm of the MZI coupled to a charge. This
illustrates these definitions.
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Case of two qubits coupled to the detector

Adapting this method to the case of two DQDs coupled to the MZI, we assume
two fluctuating potentials induced by the transfer of the electrons, U1(t) on the upper
arm and U2(t) on the lower arm. Through the coupling capacitances C1, both DQDs
will acquire a fluctuating phase on top of their free evolution phase, δφ1(t) for the
upper DQD and δφ2(t) for the lower DQD, which will depend on the state of the
DQDs. As in the simple case presented above, the correlators 〈δφi(t)δφj(t)〉U are
proportional to the voltage fluctuations SUiUj(0) which are themselves proportional
to the non-equilibrium charge relaxation resistance R(ij)

v given by:

R(ij)
v =

h

e2

Tr[N (i)
12 N (j)∗

12 ]

N (i)N (j)
, N (i)

αβ =
1

2πi

∑
ν

S(i)†
να

dS
(i)
νβ

dχi

dχi
dEi

. (1.40)

The indices (i, j) = 1, 2 stand for the upper and lower arms. The phases χ1 and
χ2 are those defined by Eqs. (1.10) and (1.11) and the Wigner-Smith matrix can be
calculated from the scattering matrix given by Eq. (1.14).

We find the following expressions for the correlators:

〈δφ1(t)δφ2(t)〉U = −2πRLTL
eV t

~

(
Cµ
Ci

)2

, (1.41)

〈δφ1(t)2〉U = 〈δφ2(t)2〉U = 2πRLTL
eV t

~

(
Cµ
Ci

)2

. (1.42)

These correlators show that the events on the upper arm and lower arm are perfectly
anticorrelated as expected from the conservation of the current. Due to this perfect
anticorrelation, one finds by calculating the six dephasing rates that they reduce to
three when taking into account the parity assumptions, Eqs. (1.16) and (1.19) :

Γeo =
1

2t

〈
δφ1,2(t)2

〉
U

=πRLTL
eV

~

(
Cµ
Ci

)2

, (1.43)

Γee =
1

2t

〈(
δφ1(t)−δφ2(t)

)2
〉
U

=4πRLTL
eV

~

(
Cµ
Ci

)2

, (1.44)

Γoo =
1

2t

〈(
δφ1(t)+δφ2(t)

)2
〉
U

=0. (1.45)

It is interesting to notice that the assumption ∆χ1 = ∆χ2 = ∆χ to measure only one
current in the odd subspace is equivalent to assume a perfect anticorrelation between
δφ1(t) and δφ2(t), Γoo = 0. These dephasing rates are exactly those obtained with
the entanglement approach. By comparing them to the measurement rate, we can
now characterize the MZI as parity detector by its efficiency.

1.4.3 Efficiency of the MZI as parity detector

The ideality of a detector depends only on the information that this detector
is able to measure. Under the parity assumptions, the MZI operates as a parity
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detector during the entire measurement process and therefore the dephasing rate
that has to be taken into account for the efficiency η is Γeo, i.e the dephasing rate
between the even and odd classes. For half-transmitting QPCs (RL =RR = 1/2) for
which the measurement rate is maximal, the MZI is an ideal parity detector :

ηmax =
Γm(RL =RR =1/2)

Γeo(RL =1/2)
= 1 . (1.46)

For symmetric QPCs, the MZI acquires information on the parity of the qubits as
fast as it dephases them. The ideality of the MZI reduces the possible sources of
decoherence during the measurement process, enhancing thus the probabilities to
get entangled states. Importantly the dephasing rates in the two parity subspaces
differ and in particular the dephasing rate in the odd subspace is zero. We show
in the next section that this makes the MZI a deterministic source of entanglement
when the odd current is measured. By initializing both DQDs in a given state, they
end in a determined odd Bell state if the odd current is measured. The probability
of entanglement is 1/2 and this Bell state does not dephase. To the contrary, the
measurement of an even current at the output of the MZI puts the qubits in a super-
position of the even Bell states |Ψ+

e 〉 and |Ψ−e 〉 which dephases with the characteristic
rate Γee. The probabilities for the qubits to be in a given Bell states is extracted
from the density operator, calculated by solving a stochastic differential equation for
the evolution of the qubits.

1.5 Creation of entanglement
The entanglement of the DQDs through the measurement process is investigated

by solving the differential stochastic equation governing the evolution of the DQDs
[Korotkov 99, Korotkov 02, Jordan 06]:

ρ̇ij = − i
~

[Ĥqb, ρ]ij −
((Ii − Ij)2

4SII
+ γij

)
ρij

+ξ(t)
(
Ii + Ij − 2

4∑
k=1

ρkkIk

) ρij
SII

. (1.47)

In the weak coupling regime, the current is the sum of an average current Ī and
a noisy term ξ(t) which is the random white noise of the output characterized by
〈ξ(t)ξ(0)〉 = 2SIIδ(t). Here SII is the zero-frequency noise spectrum of the MZI (see
Eq. (1.24)). In the stochastic differential equation, the average current is expressed
in terms of the diagonal elements of the density matrix:

Ī =
∑
k

ρkkIk

where ρkk is the density matrix’s element associated with the state |ψk〉. The in-
dices k = 1, 2, 3, 4 correspond to the four Bell states {|ψ+

e 〉, |ψ−e 〉, |ψ+
o 〉, |ψ−o 〉} defined
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in Eqs. (1.3) and (1.4). Ii corresponds to the average current the state |ψi〉 would
produce. Given that the MZI acts as parity meter, I1 = I2 = Ie and I3 = I4 = Io,
where Ie and Io are the even and odd currents.

The differential equation Eq. (1.47) can be decomposed into three terms. The
first term describes the standard Schrödinger evolution due to the qubit Hamiltonian
Ĥqb. The possible sources of decoherence for the qubits are considered in the second
term of this equation. They consist of the term (Ii − Ij)

2/(4SII) corresponding
to the measurement rate (compare to Eq. (1.23)) and a term γij which takes into
account additional sources of dephasing. The last term describes the backaction of
the measurement result on the qubits evolution through the noise ξ(t) of the current.
In this work, we are not interested in the entanglement genesis [Williams 08] so we
look at the time-average corresponding equation:

ρ̇ij = − i
~

[Ĥqb, ρ]ij −
((Ii − Ij)2

4SII
+ γij

)
ρij. (1.48)

For the different parity subspaces we have to take into account the following dephas-
ing terms:

- In the odd subspace, the measurement rate is zero, I3 = I4 = Io, and Γoo = 0
as shown in the previous section. The odd subspace does not experience any
dephasing processes.

- In the even subspace, I1 = I2 = Ie so that the measurement rate is also zero.
However Γee 6= 0 and has to be taken into account in the stochastic differential
equation.

- Between the odd and even subspaces, the only dephasing term that counts is
the measurement rate as the MZI acts as ideal parity detector, Γm = Γeo.

The linear differential equation Eq. (1.48) can be solved analytically to find the ele-
ments of the density operator ρ. By definition, the diagonal elements ρii(t) determine
the probabilities to be in the state |ψi〉 at time t: the probability Pi(t) to be in the
Bell state |ψi〉 is given by ρii(t). For the parity subspaces, the probability to be in
the even subspace is given by Pe(t) = ρ11(t) + ρ22(t) and the probability to be in
the odd subspace is given by Po(t) = ρ33(t) + ρ44(t). These probabilities depend in
general on the initial state of the two qubits given below by Eq. (1.49). In our setup,
considering a qubit Hamiltonian without tunneling, a classical initial state (a fully
mixed state) will remain classical. Therefore we consider an initial state in which
the individual qubits are in superposition states,

|Ψqb〉 = (α|↑〉+ β|↓〉)⊗ (γ|↑〉+ δ|↓〉) , (1.49)

where α, β, γ, δ are complex numbers such that |α|2 + |β|2 = |γ|2 + |δ|2 = 1.
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From Eq. (1.48), we find the probabilities to measure outcomes in the different
parity subspaces:

Pe = |α|2|γ|2 + |β|2|δ|2, (1.50)
Po = |α|2|δ|2 + |β|2|γ|2. (1.51)

As expected from a qubit Hamiltonian that does not mix the parity classes, Eqs.
(1.50) and (1.51) do not depend on time. The electronic MZI in this setup works as
perfect parity meter during the entire measurement process. Each time an electron
transits through the arms, the DQDs are weakly projected onto a subspace with a
definite parity. In our QND-limit (see Section III), we can approximate the weak
measurement with many projective measurements as the backaction does not take
place.

The probabilities for the qubits to be in one of the Bell states are given by:

P+
e (t) =

1

2

(
|α|2|γ|2 + |β|2|δ|2 + 2Re

{
αγβ∗δ∗e−i2εt/~

}
e−Γeet

)
(1.52)

P−e (t) =
1

2

(
|α|2|γ|2 + |β|2|δ|2 − 2Re

{
αγβ∗δ∗e−i2εt/~

}
e−Γeet

)
(1.53)

P+
o =

|αδ+βγ|2
2

, (1.54)

P−o =
|αδ−βγ|2

2
. (1.55)

In the odd subspace the probabilities to entangle the qubits depend only on the
initial state via the complex coefficients α, β, γ and δ. This result is again expected
from the qubits’ dynamics which induces no evolution in the odd subspace, the odd
Bell states being eigenstates of Ĥqb (see Eq. (1.21)). As a consequence, by choosing
specific complex coefficients for the initial state, one can know with probability one
in which odd Bell state the qubits are if the odd current is measured. Furthermore
there is no dephasing in this odd parity subspace. This shows that the MZI works
as a deterministic source of entanglement in the odd subspace.

In the even subspace, the evolution is more complex. Although the qubit Hamil-
tonian conserves parity, it induces an evolution between the two even Bell states due
to the bias ε:

Ĥqb|ψ+
e 〉 = ε|ψ−e 〉 (1.56)

Ĥqb|ψ−e 〉 = ε|ψ+
e 〉. (1.57)

If the measurement outcome is the even current, the qubits will remain in the even
parity subspace during the entire measurement process but they will undergo oscil-
lations between the even Bell states with a frequency 2ε/~, whatever the complex
coefficients α, β, γ, δ are. It is not possible to determine in which even Bell state the
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Figure 1.5: Probability to be in the even Bell state |ψ+
e 〉 as a function of time (blue curve)

(in units of ~π/ε). The qubits undergo oscillations with frequency 2ε/~ between the two
even Bell states. Due to the finite dephasing rate Γee, the amplitude of these oscillations
decay with time. As an illustration, we choose Γee = 0.08ε/~π. The envelope is the thin
black line. At long times, the probability tends to the value of 0.25 (thin dashed line). The
qubits are not entangled anymore, they are either in the upper state |↑↑〉 or in the down
state |↓↓〉.

DQDs are entangled, they will be in a superposition state of |ψ+
e 〉 and |ψ−e 〉. Due to

the dephasing term Γee, this superposition decays with time 1. To illustrate these
properties, we consider below the explicit case of two initial states and we compare
the probabilities of getting the different Bell states in the odd and even subspaces.

1.5.1 Illustration of the entanglement properties of the MZI

We consider two product states as initial states defined by α, β, γ, δ = ±1/
√

2
and we compare their probabilities. These states present the strong advantage to be
implementable with the experimental state-of-the-art of solid-state quantum dots by
applying external gate voltages to the DQDs [Hayashi 03]. The first state corresponds
to α = β = γ = δ = 1/

√
2 whereas the second one corresponds to α = β = γ =

−δ = 1/
√

2:

|Ψ1〉 =
1

2
(|↑〉+ |↓〉)⊗ (|↑〉+ |↓〉) , (1.58)

|Ψ2〉 =
1

2
(|↑〉+ |↓〉)⊗ (|↑〉 − |↓〉) (1.59)

It is straightforward to see that Pe = Po = 1/2 in both cases. As expected the even
probabilities exhibit an oscillating behavior between the two even Bell states which

1In Ref.[Haack 10], this decay is omitted.



30 1. The electronic Mach-Zehnder interferometer as parity detector

decays at the rate Γee. The probabilities for |Ψ1〉 are:

P+
e (t) =

1

4

(
1 + cos(2εt/~)e−Γeet

)
, (1.60)

P−e (t) =
1

4

(
1− cos(2εt/~)e−Γeet

)
. (1.61)

Figure 1.5 shows P+
e (t) as a function of time. The probabilities for |Ψ2〉 only differ by

a π/2-phase. In contrast the probabilities in the odd subspace are time independent
and allow to distinguish between the two odd Bell states. Starting with |Ψ1〉, one
finds:

P+
o = 1/2, P−o = 0, (1.62)

whereas starting with |Ψ2〉, one gets:

P+
o = 0, P−o = 1/2. (1.63)

This example clearly shows that the electronic MZI acting as parity meter entangles
the qubits with probability one (Pe + Po = 1) and allows to know exactly in which
odd Bell state the qubits are if the current Io is measured. In a more general way, if
one writes the initial coherent superposed state for both qubits as

|Ψin〉 =
1

2

(
|↑〉+ eiη1|↓〉

)
⊗
(
|↑〉+ eiη2|↓〉

)
, (1.64)

where η1 and η2 are phases specific to the upper and lower qubit respectively, then
the class of states that allows deterministic generation of odd Bell states is defined
by:

η2 − η1 = 0 modulo π. (1.65)

This property makes it a very interesting quantum detector and entangler for further
experiments.
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1.6 Conclusion
With this work, we have presented an investigation of the MZI as quantum detec-

tor of two DQDs characterized by a bias energy and no tunneling between the states.
Thanks to the control of the flux and of the transparency of the QPCs that can be
tuned to specific values, the MZI can be operated as an ideal parity detector. In this
regime, only two currents are distinguishable at the output of the interferometer, one
corresponding to the even parity class and the other one for the odd parity class.
Such a measurement is crucial to generate the source of entanglement required for
efficient quantum information processing.

Compared to previous works on parity detection, we have considered an Hamilto-
nian for the qubits which commutes with the parity operator. In this situation, the
free evolution of the qubits conserves the parity classes and the measurement is an
analog to a QND measurement of the parity classes. To characterize the efficiency of
such a detector, we have calculated its measurement rate and the dephasing rates in
the different parity subspaces using two distinct approaches. One approach follows
the qubit’s point of view by extracting the dephasing rates from the reduced density
matrix of the qubits. The other approach is from the detector’s point of view, we
investigated the charge fluctuations in the arms of the MZI which induce a fluctuat-
ing phase for the qubits. When looking at the time-average evolution of the qubits,
this fluctuating phase leads to dephasing. Importantly we have found that the odd
subspace does not undergo any dephasing processes. If the odd current is measured,
our MZI acts as a deterministic source of entanglement for the qubits.

In this work, we have focused on the time-average evolution of the qubits and
this set of results encourages the implementation of such a setup in mesoscopic
physics. The regime of weak coupling between the detector and the qubits that
we consider here motivates a further investigation. In particular, the stochastic
differential equation describing the evolution of the qubits in this regime allows to
take into account the measurement outcome in the evolution of the qubits: the noise
spectrum of the current is correlated with the fluctuating phase of the qubits. By
implementing feed-back loops to reconstruct this phase, it could therefore be possible
to avoid measurement-induced dephasing. Such proposals are of strong interest for
instance to generate steady entangled states.
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2.1 Introduction

Recently high-frequency on-demand single-electron sources have been realized
experimentally, a step that presumably constitutes one of the main achievements
in the field of mesoscopic physics, both theoretically and experimentally. These
sources can be operated in a regime in which they emit single charges at a controlled
time, heralding a new field in low temperature electron physics. Tunable multipar-
ticle exchange, two-particle interference effects and entanglement [Ol’khovskaya 08,
Splettstoesser 09] have already been proposed as promising avenues towards quantum
information processing [Bennett 00]. However, for further key advances in quantum
electronics, the characterization of the emitted single-electron quantum state by its
coherence properties is crucial. In particular, the coherence length of a single par-
ticle sets the distance over which this particle is able to interfere with itself at the
output of an interferometer: it is therefore at the origin of quantum single-particle
interferences. This coherence length is experimentally accessible by measuring the
first-order correlation function in an interferometry setup. It probes the correlation
between the amplitudes at two distinct points in time-space.

More generally, to characterize the coherence properties of a state, Glauber
introduced the correlations functions of order n, G(n) [Glauber 63a, Glauber 63b,
Glauber 63c]. The first-order correlation function G(1) is the one that character-
izes the spatial or temporal coherence of a field or a state (it does not distinguish
between a classical field and a quantum field), whereas the second-order correla-
tion function G(2) tests the quantum statistics of the particles, visible in the an-
tibunching of bosons or of fermions in an Hanbury-Brown and Twiss experiment
for instance. In quantum optics [Mandel 99] and atom optics, the coherence length
of single-photon sources [Lounis 05, Michler 00, Santori 02, Kiraz 04, Flagg 10] and
single-atoms sources [Cronin 09] has been experimentally measurable and control-
lable for a long time. When using the new on-demand single-electron source (SES)
of Fève et al. realized at the Laboratoire Pierre Aigrain in Paris [Fève 07], it becomes
now possible to address experimentally in mesoscopics this fundamental property of
a single-particle state, its coherence length.

To determine this length, we proposed to couple this on-demand SES to one of
the inputs of an electronic Mach-Zehnder interferometer (MZI). This interferometer
is built in the quantum Hall regime and the output current exhibits Aharonov-Bohm
(AB) oscillations as a function of the magnetic flux enclosed by the arms. The inter-
ference part of the current corresponds to the first-order correlation function G(1).
By measuring the decrease of the amplitude of these AB oscillations as a function
of the asymmetry of the interferometer, we extract the coherence time and equiva-
lently the coherence length of the emitted single electrons. Importantly we derive an
analytical expression of the temporal first-order correlation function of the emitted
particles in terms of the scattering matrix of the source.
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This chapter is organized as follows. Below, we review the different propos-
als for single-charge emitters and in particular the SES realized at the Laboratoire
Pierre Aigrain [Fève 07]. This source consists of a quantum capacitor driven by a
time-periodic voltage. To take into account this periodic driving, we make use of
a Floquet scattering matrix approach to describe the source. We therefore intro-
duce the Floquet theorem and then we define the correlation functions introduced
by Glauber to characterize the coherence properties of single particles. In the second
section, we present our results for the first-order correlation function G(1) in terms
of the scattering matrix of the source. From the G(1) function, we extract the ana-
lytical expression of the coherence length of the single particles emitted by the SES.
Importantly these analytical calculations have been done in the two regimes in which
the quantum capacitor can be operated as presented below, the adiabatic regime and
non-adiabatic regimes. The G(1) function and the coherence length are experimen-
tally accessible in a time-resolved measurement of the current at the output of the
MZI. Given that these sources work in the GHz frequency domain, we propose to
measure average quantities such as the charge and the mean of the squared current
to overcome experimental difficulties related to a measurement resolved in time.

2.1.1 Single-charge emitters

Thus far, most of the electronic sources in mesoscopic experiments have con-
sisted of metallic contacts or superconducting contacts [Imry 02, Nazarov 03]. These
sources allow the injection of a quasi-regular train of single particles on top of the
Fermi sea. When considering a dc-source biased by a voltage V , the particles are
emitted on average each h/eV . The energy window of the particles is given by the
energy bias eV which can be quite large depending on the potential V . Dc-sources
have enabled the investigation of fundamental quantum mechanical effects or princi-
ples such as the complementary principle in an AB interferometer [Chang 08]. To go
further in the quantum regime, a source that injects single particles at a controlled
time and within a finite energy range is required. Such sources work in the GHz
frequency domain and have been extensively investigated in the past years. In this
introduction, we review some of the existing experiments for which a quantized cur-
rent has been measured.

Quantum dots in the strong Coulomb blockade regime

The first proposals to inject on-demand single particles rely on a metallic island
in the strong Coulomb blockage regime [Averin 91, Pothier 92, Keller 96]. Such a
mesoscopic device is characterized by two energy scales : the level spacing ∆ origi-
nating from the quantization of the orbital motion inside the dot and the Coulomb
charging energy EC = e2/C, where C is the total geometrical capacitance of the dot,
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Figure 2.1: a) Quantized pumps for single electrons. Two gate voltages VG1 and VG2 allow
to trap a single electron and to release it at a given time by changing the height of the
potential VG1 to its higher and lower values VG1,H/L. The upper gate voltage VUG controls
the number of transferred charges. Figure taken from Ref [Fujiwara 08]. b) Quantum dot
in the strong Coulomb blockade regime driven by a time-dependent potential V (t). The
energy ∆∗ required to add or remove an electron is given by the electrochemical capacitance
Cµ which takes into account the Coulomb blockade energy EC = e2/C and the level spacing
energy ∆.

see Fig. 2.1b. This Coulomb charging energy reflects the Coulomb repulsion between
the electrons. To add one electron to the quantum dot, an energy ∆∗ = ∆ +EC has
to be provided. This energy ∆∗ can be written as:

∆∗ =
e2

Cµ
= ∆ +

e2

C
. (2.1)

The electrochemical capacitance Cµ results from the addition in series of the geo-
metrical capacitance C and the quantum capacitance Cq = e2/∆ :

1

Cµ
=

1

C
+

1

Cq
. (2.2)

In a metallic island, the level spacing ∆ is much smaller than the charging energy
so the quantum capacitance Cq tends to infinity and the energy that has to be sup-
plied to promote one level of the dot above the Fermi sea is equal to the charging
energy. This energy EC can be supplied for instance by applying a time-dependent
gate voltage V (t) on the quantum dot. At a given time several levels of the dot are
shifted above the Fermi sea with roughly the same energy EC . Consequently the
Pauli principle ensures that only one single particle tunnels outside the dot and a
quantized current has been measured experimentally as long as the temperature of
the system remains below the charging energy, kBT � EC . These metallic quantum
dots allow the emission of single electrons but in a large energy window correspond-
ing to EC . This statistical distribution in energy smears out the coherent properties
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of the single particles, making difficult a manipulation of single particle states for
quantum information.

Charge pumps

Other proposals consist in quantized charge pumps working at a GHz frequency
[Kouwenhoven 91, Blumenthal 07, Fujiwara 08, Maire 08]. Single electrons are trapped
and released by a time-dependent potential created by three gates applied directly
on a quantum wire, as shown in Fig. 2.1. The two outer gates (VG1 and VG2) define
a quantum dot whereas the middle gate (VUG) permits the control of the potential of
the dot. By increasing gradually the left and middle potentials, a populated quan-
tum dot is formed and pumping of single charges is achieved. Trapped electrons
are emitted to the right of the asymmetric potential. With such a charge pump, a
quantized current has been measured.

The "Lorentzian" source

Two different proposals allow the injection of single particles at a given time and
within a finite energy range which is narrow compared to the charging energy EC of
a quantum dot or compared to the energy window eV of a dc-source. One of them
consists in exciting the Fermi sea by applying a time-dependent potential V (t) which
fulfills an "area quantization condition":

e

~

∫
V dt = n ,

where n corresponds to the number of charges per pulse. This leads to the emis-
sion of single particles when n = 1 but also to the emission of additional neutral
particles, electron-hole (e-h) pairs, which randomize the number of emitted single
particles [Ivanov 93, Levitov 96, Keeling 06]. To avoid these additional excitations,
Keeling et al. have shown that choosing a Lorentzian shape for the potential does
not create the spurious excitations in absence of interactions [Keeling 06]. The first
experimental results confirm these predictions [Dubois 12]: different potentials have
been applied to the Fermi sea : a sinusoidal, a square and a Lorentzian potential.
It is only with the latter one that no e-h pairs are emitted when the average charge
per pulse is quantized. With these Lorentzian pulses, single particles are emitted
within a time range determined by the width of the Lorentzian pulse. This makes
this source an important candidate for single-electron sources for future experiments
in mesoscopic physics.
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Figure 2.2: Experimental setup of the single-electron source based on the mesoscopic capac-
itor. By applying a top gate, this semiconductor quantum dot has a charging energy much
smaller than the level spacing ∆. By applying a periodic potential Vexc which provides an
energy ∆, the energy levels are promoted periodically above and below the Fermi energy.
On average on electron and a hole are emitted per period of the potential. Figure taken
from Ref. [Fève 07].

The mesoscopic capacitor

A second proposal is based on a mesoscopic capacitor [Büttiker 94] driven by
a periodic potential which has been experimentally realized at the LPA in Paris
[Gabelli 06, Fève 07, Mahé 10]. The mesoscopic capacitor consists in a quantum dot
on which a top-gate is applied as shown in Fig. 2.2. This gate screens the charges,
making the charging energy EC of the dot comparable or smaller than the level
spacing ∆. By modulating this top-gate with a time-periodic potential, the energy
levels of the dot are shifted above and below the Fermi sea one by one. In this situ-
ation, the energy uncertainty of the emitted particle state corresponds to the energy
width of the promoted level and the single-particle state is closer to the Heisenberg
uncertainty equality. The single particles tunnel into an edge state through a quan-
tum point contact (QPC) characterized by its transmission probability TSES. This
source is operated in two regimes which depend on the shape of the potential. If
the potential changes smoothly in time compared to the dwell time of the particle
τD = h/(TSES∆), the potential is constant over the time spent by a particle inside
the cavity. This corresponds to the adiabatic regime and can be reached for instance
by applying a sinusoidal potential. To the contrary, when the potential varies much
faster than the time spent by a particle inside the cavity, the capacitor is operated
in the non-adiabatic regime. This is for example the case with a square potential.
Experimentally a quantized current has been measured in both regimes and current-
current correlations exhibit sub-poissonian statistics [Fève 07, Mahé 10, Albert 10].
An Hanbury-Brown and Twiss experiment was also realized very recently to better
characterize the resolution in energy of the emitted quantum state [Bocquillon 12].

One important difference between the Lorentzian source and the mesoscopic ca-
pacitor has to be pointed out when looking at the charges that are emitted: the
mesoscopic capacitor emits on average one electron and one hole per period of the
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potential whereas the Lorentzian potential can be considered as a pure single-electron
source. The mesoscopic capacitor is therefore a pure ac-source, the dc-component of
the average current is zero.

For further experiments like the orbital entanglement of two of these emitted
particles, an additional characterization of the emitted quantum state has to be
done through its coherence length. Investigating the temporal first-order correlation
function of these single particles emitted on demand has been the subject of the work
presented in this chapter done in collaboration with M. Moskalets, J. Splettstoesser
and M. Büttiker. We consider explicitly charges emitted by the mesoscopic capacitor
and by the Lorentzian potential.

2.1.2 The Floquet theorem

Currently the on-demand single electron sources are driven by a periodic potential
that shifts the levels of the cavity above and below the Fermi sea or that shakes
directly the Fermi sea. Analytical expressions of the current emitted by these sources
have been obtained by using a Floquet formalism, which allows to take into account
the time-periodic potential of the system. In this paragraph, we recall the Floquet
theorem which is the analog of the Bloch theorem, but for Hamiltonians which are
periodic in time. According to the Floquet theorem, the solution of the Schrödinger
equation with a time-periodic Hamiltonian H(t) = H(t + T ) can be written as a
plane wave which multiplies a function having the periodicity of the Hamiltonian :

Ψ(t) = e−iEt/~φ(t) with (2.3a)
φ(t) = φ(t+ T ) , (2.3b)

where T is the period of the Hamiltonian. The proof of the theorem is similar to the
proof of the Bloch theorem [Ashcroft] and we outline it here. Given the periodicity
in time of the Hamiltonian, we can define a translation operator in time θT such that
θTΨ(t) = Ψ(t + T ). This operator and the Hamiltonian commute, [H(t), θT ] = 0,
which implies that they are diagonalizable in the same basis :

H(t)Ψ(t) = i~∂tΨ(t)

θTΨ(t) = CTΨ(t) = Ψ(t+ T ) , (2.4)

The factor CT is a constant which depends on the period T . Furthermore if we apply
twice the translation operator to the solution Ψ, we get :

θT θT ′Ψ(t) = Ψ(t+ T + T ′) = θT +T ′Ψ(t)

which implies

CT CT ′ = CT +T ′ .
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The constant C is therefore an exponential factor. From the normalization condition
of the wave-function, we obtain CT = e−iET /~ where E has the dimension of an
energy. The Floquet theorem reads:

Ψ(t+ T ) = e−iET /~Ψ(t) . (2.5)

The states Ψ(t) can be expressed as Ψ(t) = e−iEt/~φ(t), where the functions φ(t) have
the periodicity T . The energy E, called the Floquet quasi-energy, is the eigenvalue
of the Floquet operator HF = H(t)− i~∂t :

H(t)Ψ(t) = H(t)e−iEt/~φ(t) = i~∂t
(
e−iEt/~φ(t)

)
⇔

(
H(t)− i~∂t

)
φ(t) = Eφ(t)

⇔ HFφ(t) = Eφ(t) .

Unlike energies which are uniquely determined, Floquet quasi-energies are defined
up to integer multiples of 2π/T . Given that the functions φ(t) are periodic, the
solutions of the time-dependent Schrödinger equation can be expanded in a Fourier
series :

Ψ(t) = e−iEt/~
∞∑

n=−∞

e−inΩtcn , (2.6)

with the frequency Ω = 2π/T and cn being the n-th Fourier component of the
function φ(t). When considering scattering through a time-periodic potential, the
Floquet scattering matrix relates the incoming and outgoing wave-functions, whose
general form is given by Eq. (2.6) [Li 99, Moskalets 11].The on-demand single source
presented in the previous section is driven by a periodic voltage. In the next section
we derive its Floquet scattering matrix. The goal is then to characterize the emitted
state by its temporal first-order correlation function. We therefore introduce below
the correlations functions G(n) defined by Glauber and in particular the first-order
correlation function G(1) which allows the determination of the coherence length of
the emitted single-particle state.

2.1.3 First-order correlation function

To describe quantitatively the coherence properties of a field, Glauber intro-
duced the correlation functions G(n)(x1 . . . xn, xn+1 . . . x2n) in a series of articles in
1963 [Glauber 63a, Glauber 63b, Glauber 63c]. The function G(n) characterizes the
n-th order correlations between the fluctuations of a field at separated positions and
times xi = (~ri, ti), i = 1, . . . , 2n. In particular the first-order correlation function
G(1)(x, x′) is a two-point correlation function. It probes the correlations between
the fluctuations of the field at the space-time positions (~r, t) and (~r′, t′). Integrated
over space, the G(1) function provides information about the time during which the
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Figure 2.3: A Michelson interferometer. A monochromatic field E(t) is emitted by the
source labelled S. It is split into two components E1(t) and E2(t) at a half-transmitting
beam splitter represented by an oblique thick line. After being reflected by the mirrors M1

and M2, the fields are recombined at the oblique mirror and are measured by the detector
D. Interferences fringes are observed in the mean intensity measured in D as a function of
the length difference between the arms 1 and 2 of the interferometer.

incoming field is able to interfere with itself at the output of the interferometer with
a time delay between its arms. By definition, this time is called the coherence time
T2 of the field, where the name T2 comes from earlier works on the relaxation times of
nuclear magnetic resonance spins [Abragam 85]. Experimentally, the coherence time
is the characteristic time over which the first-order correlation function decreases as
a function of the time delay of the interferometer.

To illustrate this definition, let us consider the case of a Michelson interferometer
as shown in Fig. 2.3. The source S emits a monochromatic electromagnetic field
E(t) = A(t)ei(ωt+φ(t)) where A(t) is the complex amplitude, ω is the frequency of the
optical mode and φ(t) is a fluctuating phase. The path difference between the two
arms of the interferometer is characterized by the delay time ∆τ . The mean intensity
Iout in the detector D is given by :

Iout =
εc

4

〈
1

2
|E1(t)− iE2(t+ ∆τ)|2

〉
=

εc

8

( 〈
|A1(t)|2

〉
+
〈
|A2(t+ ∆τ)|2

〉
+2 Re

〈
A1(t)A∗2(t+ ∆τ)e−iω∆τei(φ1(t)−φ2(t+∆τ))

〉 )
, (2.7)

where E1,2(t) are the components of the field E(t) having travelled in the arms 1 and
2. The coefficients ε and c are respectively the electrical permittivity and the velocity
of light. The first two terms correspond to the mean intensity measured in arm 1 and
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in arm 2. The interference term 〈E∗1(t)E2(t + ∆τ)〉 corresponds to the correlation
of the component E1 in arm 1 with the component E2 in arm 2 with a time delay
∆τ . The brackets 〈. . .〉 stand for the average over time, where the integration time
is assumed to be much longer than 1/ω. It is generally set by the measurement
apparatus. In general, the temporal first-order correlation function G(1) depends on
time t and on the time delay ∆τ :

G
(1)
12 (t,∆τ) = 〈E1(t)E∗2(t+ ∆τ)〉 = 〈A1(t)A∗2(t+ ∆τ)e−iω∆τei(φ1(t)−φ2(t+∆τ))〉 . (2.8)

This equation shows that when there is no time delay between the arms of the in-
terferometer, the mean intensity is 2 times larger than the measured intensity in one
arm, whatever the coherence properties of the incoming field are. When the delay
tends to infinity, the first-order correlation function vanishes and the mean intensity
is equal to the sum of the intensities in arm 1 and arm 2. The coherence time T2 is
defined as the characteristic time of the decay of G(1). For a stationary process, it is
important to recall that the first-order correlation function only depends on the time
delay ∆τ . The dc-source is an example of stationary source in mesoscopic physics
whereas the on-demand SES driven by a periodic voltage is not stationary. When
we investigate the correlation functions of quantum fields, the brackets stand for the
quantum statistical average which differs when considering bosons or fermions. For
photons the average is made with respect to the vacuum described by a Fock state
with 0 particles whereas for fermions, this average is made with respect to the state
of the reservoir described by a Fermi distribution at a given energy.

The G(1) function decays in general as a function of the amplitude A(t) and due
to the loss of phase coherence. The decay of the amplitude is characterized by the
lifetime T1 (or relaxation time) defined as the characteristic time over which the corre-
lation between the amplitudes decreases to 0. The relaxation is due to the finite width
of the incoming pulse set by the source and by the inelastic processes that the pulse
undergoes when interacting with its environment while it travels through the inter-
ferometer. The loss of phase coherence is characterized by the time Tϕ or T ∗2 which is
the characteristic time over which the average relative phase 〈ei(φi(t)−φj(t+∆τ))〉 tends
to 0. At time Tϕ, the relative phase is not anymore determined and the two fields
are completely uncorrelated [Walls 94, Yamamoto 99].

In an experiment, when the temporal shape of the pulse can be measured inde-
pendently (this supposes to have detectors with a time resolution adapted to the
source), the phase coherence time Tϕ is extracted from the normalized first-order
temporal correlation function g(1)

12 (∆τ) :

g
(1)
12 (t,∆τ) =

〈E1(t)E∗2(t+ ∆τ)〉√
〈I1(t)〉 〈I2(t+ ∆τ)〉

(2.9)

The function g(1) gives access to the phase coherence of the field. Its decay as a
function of the imbalance of the interferometer does not depend anymore on the
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Figure 2.4: Single electron source (SES) coupled to a Mach-Zehnder interferometer (MZI)
through a quantum point contact (QPC) with transmission probability TSES. A periodic
voltage V (t) = V (t+ T ) drives the energy levels of the SES up and down the Fermi energy
µ. On average over one time period T , this leads to the injection into the input 1 of the
MZI of an electron pulse of half duration Γ. The MZI is made of two QPCs characterized
by their transmission probabilities TR and TL. The imbalance of the MZI is defined as
∆L = Lu − Ld, with Lu(d) being the length of the upper (lower) arm of the MZI.

temporal shape of the incoming pulse. From previous works on nuclear magnetic
resonance spins and on the optical Bloch equations, the three times are related via
[Abragam 85, Grynberg] :

1

T2

=
1

2T1

+
1

Tϕ
. (2.10)

When a field or a state is not subject to dephasing processes, Tϕ tends to infinity
and the coherence time T2 is only set by the lifetime of the pulse T1. In mesoscopic
physics, inelastic scattering processes set T1, whereas Tϕ can originate both in in-
elastic scattering processes and in dephasing processes ruled for instance by a finite
electronic temperature or by the weak interaction of the particle with its environ-
ment through charge fluctuations. Equation (2.10) is sometimes used in experiments
to characterize the dephasing processes taking place. By measuring the lifetime of
the pulse T1 and by measuring the G(1) function which gives access to the coherence
time T2 in an interferometry experiment, Tϕ can be determined. This is for instance
the case in Circuit QED or with single-photon sources [Devoret 04, Santori 02].

In our work, we determine the coherence time or equivalently the coherence length
of the single particles emitted by the on-demand single-electron source realized at
the Laboratoire Pierre Aigrain. For this we propose an experiment where the single-
particle states are injected into an electronic MZI as shown in Fig. 2.4. Due to
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the AB effect, the output current exhibits oscillations as a function of the magnetic
flux, which will decay as a function of the time delay between the two arms. The
coherence time is then given by the characteristic time of this decay. We apply this
protocol for the source in the adiabatic and in the non-adiabatic regime and with
this we characterize the first-order coherence properties of the emitted single-particle
quantum states.
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2.2 System and model

In this section, we present the analytical expression of the first-order correlation
function in terms of the scattering amplitude of the source SSES. Within a Floquet
scattering matrix approach, we derive the current at the output of the MZI in terms
of SSES. From the interference part, we define the first-order correlation function and
from the intensities in the upper and lower arms, we provide an analytical expression
of the current emitted by the source.

2.2.1 The mesoscopic capacitor as an on-demand SES

The source consists of a small cavity with a confined circular edge state, which
has a discrete level spectrum characterized by the level spacing ∆, see Fig. 2.5.
Screening due to a metallic top gate suppresses charging effects. By applying a time-
dependent potential V (t) homogeneously to the top gate, the energy levels are driven
forth and back through the Fermi energy and the energy E of the emitted particles
changes. Therefore the scattering matrix depends on two energies, the energy E of
the incoming particle and the energy Em of the outgoing particle, Em = E + m~Ω,
where Ω is the frequency of the applied potential V (t) [Moskalets 08]. It is sometimes
convenient to describe the scattering process with the energy E of the incoming
particle and the time t at which the particle has left the cavity. The corresponding
scattering matrix S(t, E) is the Fourier transform of the Floquet scattering matrix
S(Em, E) :

SSES(Em, E) =

∫ T
0

dt

T e
imΩtSSES(t, E) , (2.11)

where T is the period of the applied potential, T = 2π/Ω. The scattering amplitude
S(t, E) of the source is given by a Fabry-Pérot like expression [Moskalets 08]:

SSES(t, E) = rSES +
t2SES

rSES

∞∑
n=1

rnSES e
i
(
nkEL−Φn(t)

)
. (2.12)

The reflection (transmission) amplitude of the quantum point contact (QPC) cou-
pling the states of the mesoscopic capacitor to the edge state of the MZI is labelled
rSES (tSES). The accumulated phase during n revolutions in the cavity is composed
of a dynamical phase which depends on the momentum kE and on the circumference
of the cavity L and of a phase due to the time-dependent potential V (t):

Φn(t) =
e

~

∫ t

t−nτ
dt′V (t′) . (2.13)
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Figure 2.5: Mesoscopic capacitor with quantized energy levels characterized by the level
separation energy ∆. The Floquet scattering amplitude depends on two energies E and Em,
respectively the energy of the incoming particle and the energy of the outgoing particle.
Given the periodic potential V (t) of frequency Ω, the particle absorbs or emits quanta of
energy ~Ω. The energy of the outgoing is Em = E +m~Ω, m ∈ N.

We assume that the time τ spent for one revolution in the cavity is independent of
energy, it depends only on the size of the cavity L:

τ =

√
M

2µ
L =

L

vD
,

where µ is the Fermi energy,M is the mass of the electron and vD is the drift velocity
of the electrons. The dwell time of the particles τD = τ/TSES and the temporal shape
of the potential V (t) define the working regimes of the SES. Here TSES = |tSES|2 is
the transmission probability of the QPC.

- If the potential varies smoothly in time compared to τD, the electron sees a
frozen potential during the time it spends inside the cavity :

Φn(t) =
e

~

∫ t

t−nτ
dt′ V (t′) =

e

~
nτ V (t) . (2.14)

Such a smooth potential can be a sinusoidal potential V (t) = V cos(Ωt) veri-
fying ΩτD � 1. Even if the particles undergo many revolutions in the cavity
corresponding to a time nτ , this condition ensures that the potential does not
vary over this time scale when n ∼ 1/TSES. The scattering process is then de-
scribed by the so-called instantaneous or frozen scattering matrix. This regime
is the adiabatic regime [Moskalets 02, Moskalets 08, Ol’khovskaya 08].

- If the potential varies on a time faster than τD, the phase accumulated due to
the potential varies over the time the particle spends in the cavity. Φn(t) is
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given by Eq.(2.13) and the integral over time has to be done explicitly. This
regime corresponds to the non-adiabatic regime and can be reached with a
square potential for instance. It is important that this square potential also
verifies the condition ΩτD � 1. This ensures that the particle has been emitted
before the next excitation of the potential starts.

In this work we investigate the coherence properties of the single-particle states emit-
ted by the on-demand source in these two regimes. We repeat that the methodology
consists in coupling this source to an electronic MZI and to extract the coherence
length from the decay of the G(1) function.

2.2.2 The Mach-Zehnder interferometer

The MZI consists of two arms of length Lu and Ld and two QPCs (left and
right) at which the particles are scattered with transmission probabilities TL and TR

respectively, see Fig. 2.4. Its scattering matrix reads:

SMZI(E) =

(
SMZI,41(E) SMZI,42(E)
SMZI,31(E) SMZI,32(E)

)

=

(
−√RLRR e

iφu(E) +
√
TLTR e

iφd(E) i
√
TLRR e

iφu(E) + i
√
RLTR e

iφd(E)

i
√
TLRR e

iφd(E) + i
√
RLTR e

iφu(E) −√RLRR e
iφd(E) +

√
TLTR e

iφu(E)

)
.

Compared to the SES, the scattering matrix of the MZI depends on a single energy
E. Assuming that the left and right QPCs are described by energy-independent
transmission and reflection probabilities, the dependence on energy only appears in
the dynamical phase acquired by the electrons while traveling along the upper and
lower arms, φu(E) and φd(E) respectively. The phase difference between the upper
and lower arms reads:

φu(E)− φd(E) = 2π
Φ

Φ0

+ kµ
(
Lu − Ld

)
+
(
E − µ

)(τu − τd

)
~

,

= 2πφ+
(
E − µ

)(τu − τd

)
~

. (2.15)

where Φ0 = h/e is the flux quantum and τu,d are the traversal times for the upper
and lower arms of the MZI, τu,d = Lu,d/vD. The Fermi energy is µ. The energy-
independent part of the phase is given by:

2πφ = 2πΦ/Φ0 + kµ∆L . (2.16)

We can now derive the scattering matrix of the entire system, namely the source
coupled to the MZI.
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2.2.3 Scattering matrix of the SES coupled to the MZI

Given that the electrons propagate in chiral edge states, the transport is unidirec-
tional. Moreover, assuming that we measure the current at the output 4 of the MZI
and that the source is coupled to the input 1 with all the other contacts grounded, it
is only the scattering amplitude SMZI,41 that has to be taken into account. Therefore,
the scattering amplitude of the entire setup is the product of the scattering ampli-
tude SMZI,41 of the MZI with the Floquet scattering amplitude SSES of the source
:

S41(Em, E) = SMZI,41(Em)SSES(Em, E) . (2.17)

The Floquet scattering matrix for the source coupled to the MZI depends on two
energies, the energy E of the incoming particle and the energy Em of the particle
leaving the cavity and traveling through the MZI.

2.2.4 Current emitted by the source and first-order correla-
tion function G(1)

In a second quantized formulation, the current operator Î4 in the output 4 of the
MZI is given by [Büttiker 94]:

Î4 =
e

h

∫ ∞
0

dE

∫ ∞
0

dE ′ei(E−E
′)t/~

[
b̂†4(E)b̂4(E ′)− â†4(E)â4(E ′)

]
. (2.18)

The operators â4(â†4) and b̂4(b̂†4) are respectively the annihilation (creation) operators
for the incoming and outgoing states whose quantum statistical average over the
reservoir state is given by :

〈â†i (E)âj(E
′)〉 = δ(E − E ′) δijfi(E) .

The Fermi distribution fi(E) describes the reservoir i at energy E. The incoming
and outgoing operators are related by the Floquet scattering amplitudes S4α(E,Em)
where the index α = 1, . . . , 4 denotes the four contacts of the MZI:

b̂4(E ′) =
∑
α,n

S4α(E ′, E ′n)âα(E ′n)

b̂†4(E) =
∑
α,m

S∗4α(E,Em)â†α(Em) .

The Floquet scattering amplitudes verify the unitarity property which ensures the
conservation of the current :∑

n

∑
α

S∗αβ(En, Em)Sαγ(En, E) = δm0δβγ . (2.19)
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In our setup, we assume no dc-bias and the chemical potentials of all the contacts
are grounded to the Fermi energy µ so that :

f(E) ≡ f1(E) = f2(E) = f3(E) = f4(E) .

The SES being connected at the input 1 of the MZI, the current is determined by
the scattering matrix element S41(E,Em). From Eq.(2.18) and using the unitarity
property of the scattering matrix (Eq.(2.19)), the current can be written as a Fourier
series where

(
I41

)
l
are the Fourier coefficients :

I4(t,Φ) ≡ 〈Î4〉=
∑
l

e−ilΩt
(
I41

)
l

=
∑
l

e−ilΩt
e

h

∫ ∞
0

dE
∑
m

[f(E)− f(Em)] S∗41(Em, E)S41(El+m, E) ,

(2.20)

where Em = E + m~Ω and El+m = E + (l + m)~Ω. By inserting the expression of
the scattering amplitude given by Eq.(2.17) and by replacing the Floquet scattering
amplitudes by their Fourier transforms (Eq (2.11)), the average current reads :

I4(t,Φ) =
e

h

∫ ∞
0

dE
∑
m

[f(E)− f(Em)]

(
RLRR

∫
dt′

T e−imΩ(t′−t) S∗SES(t′ − τu, E)SSES(t− τu, E)

+TLTR

∫
dt′

T e−imΩ(t′−t) S∗SES(t′ − τd, E)SSES(t− τd, E)
)

− e

h

√
RLRRTLTR

∫ ∞
0

dE
∑
m

[f(E)− f(Em)]

(
ei2πφei(E−µ)(τu−τd)/~

∫
dt′

T e−imΩ(t′−t) S∗SES(t′ − τd, E)SSES(t− τu, E)

+e−i2πφei(E−µ)(τd−τu)/~
∫
dt′

T e−imΩ(t′−t) S∗SES(t′ − τu, E)SSES(t− τd, E)
)
.

(2.21)

The dependence on the magnetic flux Φ is taken into account in the phase 2πφ =
2πΦ/Φ0 + kµ∆L defined by Eq.(2.16). The two first terms on the r.h.s stand for the
separated contributions of the upper and lower arms to the output current which
we call respectively ISES(t − τu) and ISES(t − τd). From the interference part of the
current, we define the first-order correlation function G(1) in terms of the scattering
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matrix of the source :

ISES(t− τi) =
e

h

∫ ∞
0

dE
∑
m

[f(E)− f(Em)]∫
dt′

T e−imΩ(t′−t)S∗SES(t′ − τi, E)SSES(t− τi, E) . (2.22)

G
(1)
ij (t, τi, τj) =

e

h

∫ ∞
0

dE
∑
m

[f(E)− f(Em)] ei(E−µ)(τj−τi)/~

∫
dt′

T e−imΩ(t′−t) S∗SES(t′ − τi, E)SSES(t− τj, E) . (2.23)

The normalized first-order temporal correlation function g(1) is given by :

g(1)(t,∆τ) =
G

(1)
ud (t,∆τ)√

ISES(t− τu)
√
ISES(t− τd)

. (2.24)

With Eqs. (2.22) and (2.23), we write the current at the output of the MZI as :

I4(t,Φ) = RLRR ISES(t− τu) + TLTR ISES(t− τd)

− 2
√
RLRRTLTR Re

{
e−i2πφG

(1)
ud (t,∆τ)

}
. (2.25)

Equations (2.22) - (2.25) are the central results of this section. They express the
first-order correlation function in terms of the scattering matrix amplitude of the
source. From the decay of G(1) as a function of the time delay ∆τ = τu − τd, we
will determine the coherence time T2 of the single-particle states emitted by the SES
and by calculating the normalized first-order correlation function, we will show that
within our model, the single-particle states are Fourier-transform limited, i.e, their
phase coherence time Tϕ tends to infinity.

When comparing the first-order correlation function introduced by Glauber for
photons and the G(1) function defined by Eq. (2.23) for fermions, fundamental differ-
ences have to be pointed out. In particular, if we consider a fermionic field operator
Ψ̂, the analog of the intensity operator in quantum optics would be proportional
to Ψ̂†Ψ̂. But the second quantized expression of the current is proportional to
Ψ̂†∇Ψ̂ − (∇Ψ̂†)Ψ̂. Moreover, for photons the quantum statistical average of the
intensity operator is made with respect to the vacuum, namely a Fock state with
0 particles. In contrast, for fermions, the quantum statistical average is made with
respect to the state of the reservoir characterized by the Fermi distribution taken at
the energy of the reservoir.

In parallel to our work, C. Grenier et al. have also investigated the first-order
correlation function for fermions [Grenier 11]. To take into account the differences
between bosons and fermions mentioned above, they defined a fermionic field oper-
ator as a sum of one term describing the state of the Fermi sea and another term
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corresponding to carriers on top of this Fermi sea. With such a definition, they were
able to derive an expression of the first-order correlation function in terms of the
fermionic operators for particles on top of the Fermi sea.

In our work, we consider a different approach, namely we define G(1) from an
interferometry experiment. The interference term of the current which originates
from the coherence properties of the single-particle state traveling through the inter-
ferometer is a natural measure of the first-order correlation function. Given that we
calculate the current within a scattering-matrix approach, our definition of G(1) de-
pends explicitly on the scattering matrix of the source. Importantly both approaches
are equivalent. The main difference relies in the experimental determination of G(1).
The proposal of C. Grenier et al. consists in an Hanbury-Brown and Twiss ex-
periment, in which they measure the noise at the output. From this second-order
measurement, they extract the information about the first-order coherence length.
Our proposal is most probably more challenging with respect to the fabrication of
the sample but the measurement of the current or of average first-order quantities is
easier than noise measurements.

In the two next parts, we derive the analytical expressions of the scattering matrix
for the mesoscopic capacitor in the adiabatic and in the non-adiabatic regime. This
allows us to derive the explicit form of the first-order correlation functions in terms
of the experimental parameters in these two regimes. From these expressions we are
able to extract the coherence length of the single-particle states and to characterize
the first-order coherence properties of these single-electron states.
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2.3 The adiabatic regime
In this section, we take the source to be in the adiabatic regime, i.e when the

potential varies much slower than the time spent by the particle inside the cavity,
the dwell time. We first derive the scattering amplitude and the current emitted by
this source in the adiabatic regime. Then, we derive an analytical expression of G(1)

and g(1) as a function of time and of the time delay ∆τ of the interferometer. From
G(1) and g(1), we extract respectively the coherence time T2 and the phase coherence
time Tϕ of the single-particle states emitted by the source in the adiabatic regime.

2.3.1 Description of the source

The frozen Floquet scattering amplitude

In the adiabatic regime, the phase acquired by the electron due to the periodic
potential V (t) is constant over the time that the particle spends inside the cavity. The
phase Φn(t) in the Fabry-Pérot expression of the scattering amplitude, Eq. (2.12)
becomes:

Φn(t) =
e

~

∫ t

t−nτ
dt′ V (t′) =

e

~
nτV (t) , (2.26)

and the scattering matrix amplitude can be simplified to get the instantaneous or
frozen scattering matrix:

SSES(t, E) = rSES +
t2SES

rSES

∞∑
n=1

rnSESe
in(kEL−τeV (t)/~) . (2.27)

Close to the Fermi energy µ, we can expand the momentum to the first-order in
energy :

kE ∼ kµ +
E − µ
~vD

,

with kµ the momentum at the Fermi energy and vD the drift velocity of the electrons.
With rSES = |rSES|eiφr , φr being the phase of the reflection amplitude, we define the
following phase of the instantaneous scattering amplitude:

ϕV (t, E) = φr +
(
kµL−

τµ

~
)

+
τ

~
(
E − eV (t)

)
= ϕ(E)− eV (t)τ

~
. (2.28)

We have split the phase into two parts: one part takes into account the full depen-
dence on time and the other part ϕ(E) depends only on energy:

ϕ(E) = φr + kµL+ (E − µ)
τ

~
. (2.29)
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The label V of the phase ϕV (t, E) stands for the smooth potential V (t). The scat-
tering amplitude reads:

SSES(t, E) = rSES +
t2SES

rSES

∞∑
n=1

|rSES|n einϕV (t,E)

= eiφr
|rSES| − eiϕV (t,E)

1− |rSES|eiϕV (t,E)
, (2.30)

Experimentally it has been shown that the quantized emission of charges takes place
in the Breit-Wigner regime characterized by TSES � 1, namely when the coupling
between the states in the cavity and the edge state is weak. In this regime the
particles exit the cavity when the energy levels of the cavity are in resonance with
the Fermi energy of the edge state. This can happen thanks to the time-dependence
of the applied potential V (t). To find these resonance times which correspond to
the times of emission of the single particles, we apply the resonance condition to
the density of states. In terms of the scattering matrix amplitude and its energy
derivative, the density of states reads [Büttiker 94]:

νSES(t, E) =
1

2πi
S∗SES(E − eV (t))

∂SSES(E − eV (t))

∂E

=
1

∆

TSES

2− TSES − 2
√

1− TSES cos(ϕV (t, E))
,

with ∆ = h/τ the level spacing in the cavity. By setting the resonance condition
ϕV (t, E) = 2πk, the emission times of the particles are defined as shown below.

We consider a sinusoidal potential with an arbitrary phase δ, V (t) = V cos(Ωt+δ).
For the peak at k = 0 and expanding

√
1− TSES ∼ 1− TSES/2, we find:

ϕV (t, E) = ϕ(E)− 2πeV (t)

∆
≡ 0

⇔ ϕ(E)− 2πeV

∆
cos (Ωt+ δ) ≡ 0

⇔ Ωt± = −δ ± arccos

(
ϕ(E) ∆

2πeV

)
. (2.31)

The times t∓ correspond respectively to the emission of an electron and to its ab-
sorption (or the emission of a hole). Setting δ = 0, the phase close to the emission
times is:

ϕV (t, E) = ±(t− t±)2πΩ
eV

∆

√
1−

(
ϕ(E) ∆

2πeV

)2

. (2.32)
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Figure 2.6: Density of states νSES and current emitted by the source ISES in the adiabatic
regime evaluated at the Fermi energy µ (arbitrary units). Both quantities are calculated at
the Fermi energy µ. Assuming the Breit-Wigner regime characterized by a weak coupling
between the source and the edge state (TSES � 1), the resonance condition defines emission
times t− and t+. The time t− corresponds to the emission of an electron in the first half-
period of the potential [0, T /2] and the time t+ corresponds to the emission of a hole in
the second half-period [T /2, T ]. The density of states and the current consist in sharp
Lorentzian peaks of half width Γ centered on these emission times.

The density of states can be written in the Breit-Wigner form :

νSES(t, E) =
4

∆TSES

Γ(E)2

Γ(E)2 + (t− t±)2
, (2.33)

where the half width of the Lorentzian is given by Γ(E) :

Γ(E) =
TSES ∆

eV

1

4πΩ

1√
1−

(
ϕ(E)∆
2πeV

)2
. (2.34)

"Half width" means the half width of the full width at half-maximum. By integrating
the density-of-states over energy at a given time, we have checked that it verifies the
normalization condition. At zero temperature, in the adiabatic regime, the particles
are emitted close to the Fermi sea. Therefore ϕ(E) ∼ ϕ(µ) and we have:

Γ(E) ∼ Γ(µ) ≡ Γ .

The density of states evaluated at the Fermi energy µ is shown in Fig. 2.6. By
substituting the expression of the phase ϕV close to the emission times t∓ in Eq.
(2.30), this yields the expression of the frozen scattering amplitude in terms of t∓
and of the half width Γ :
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SSES(t, µ) = eiφr



t−t−+ iΓ
t−t−− iΓ , |t− t−| ∼ Γ

t−t+− iΓ
t−t++ iΓ

, |t− t+| ∼ Γ

1 , elsewhere .

(2.35)

This is the expression of the scattering amplitude of the source in the adiabatic
regime. Close to the emission times t∓, an electron and a hole are emitted. It is
important to recall that the source works in regimes where |t− − t+| � Γ so that
we assume that 2 single-particle states do not overlap at the output of the source.
Below we calculate the current emitted by the source in the adiabatic regime.

Current emitted by the source

We recall the expression of the current emitted by the source at time t (Eq.
(2.22)):

ISES(t) =
e

h

∑
m

∫ µ

µ−m~Ω

dE

∫
dt′

T e−imΩ(t′−t) S∗SES(t′, µ)SSES(t, µ) . (2.36)

By integrating by part, we obtain:

ISES(t) =
−ie
2π

S∗SES(t, µ)

∂t
SSES(t, µ) . (2.37)

We recover the familiar expression of the current in terms of the scattering matrix and
its time-derivative from quantum pumping where it provides the starting point for the
evaluation of the pumped current [Brouwer 98, Avron 00, Polianski 01, Büttiker 94].
By substituting the frozen scattering amplitude by its explicit expression given by
Eq.(2.35), we obtain the current emitted in the adiabatic regime:

ISES(t) =
e

π

1

Γ

[
1

1 + (t− t−/Γ)2 −
1

1 + (t− t+/Γ)2

]
. (2.38)

It consists of two Lorentzian pulses characterized by their half width Γ defined previ-
ously (see Fig. 2.6). The half width sets the relaxation time T1 of the single-particle
states emitted by the cavity. The Lorentzian pulses are centered on the times of
emission of an electron (t−) and the time of emission of a hole (t+). In the next part,
we derive the first-order correlation function to extract the coherence time T2.
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2.3.2 First-order correlation function in the adiabatic regime

In the adiabatic regime, we have shown that the scattering amplitude is evaluated
at the Fermi energy, SSES(t, E) = SSES(t, µ). As a consequence, at zero temperature,
the integral over energy in the expression of the G(1) function can be evaluated easily
given that the Fermi distributions are then given by the Heaviside-distribution :

G
(1)
ij (t, τi, τj) =

e

h

∑
m

∫ µ

µ−m~Ω

dEei(E−µ)(τj−τi)/~

∫
dt′

T e−imΩ(t′−t) S∗SES(t′ − τi, µ)SSES(t− τj, µ)

=
e

h

∑
m

1− e−imΩ(τj−τi)

i(τj − τi)/~

∫
dt′

T e−imΩ(t′−t) S∗SES(t′ − τi, µ)SSES(t− τj, µ) .

By using the identity relation:
∞∑

m=−∞

e−imΩt =
2π

Ω
δ(t) , (2.39)

we obtain a simple expression for the G(1) function in the adiabatic regime in terms
of the scattering amplitude of the source :

G
(1)
ud (t,∆τ) =

ie

2π∆τ

[
S∗SES(t, µ)SSES(t+ ∆τ, µ)− 1

]
. (2.40)

The time delay is defined as ∆τ = τu − τd. In our time-dependent problem, G(1)

depends on time t and on the time difference ∆τ . When ∆τ tends to zero, the
single-particle first-order correlation function converges to the current emitted by
the source, ISES, whereas when ∆τ increases, it decreases to zero. In this limit the
current pulses traveling through different arms have a vanishing overlap at the output
as shown in Fig. 2.4. Let us note that G(1)(t,∆τ) vanishes independently of ∆τ at
all times t far away from the emission time of an electron t− (or from its absorption
time t+, emission time of a hole). In other words the coherence G(1) vanishes far
away from the peaks of the current pulses |ISES(t±)| = Imax.

In the following, we introduce the dimensionless coherence function CSES to sim-
plify the notation :

CSES(t,∆τ) ≡ G
(1)
ud (t,∆τ)

Imax

. (2.41)

The normalization factor Imax corresponds to the current emitted by the source at
the time of emission of an electron or a hole (it ensures that the coherence function
is equal to 1 at zero imbalance) :

Imax = |ISES(t±)| = e

πΓ
.
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Let us emphasize that, as CSES is obtained by dividing G(1) by a constant factor,
it provides exactly the same information as G(1). The coherence function CSES is
therefore fundamentally different from the g(1) function, where the normalization is
time-dependent (see below).

Given that the source emits one electron and one hole per period of the potential,
the coherence function has two contributions. In this work, we are interested in the
coherence properties of single-particle states, either the single-electron state or the
single-hole state. The expression of the coherence function for the single-electron
state C(e)

SES is obtained by inserting the expression of the frozen scattering amplitude
SSES at times close to t−, the time of emission of an electron :

C(e)
SES(t,∆τ) =

1

(1− it/Γ)(1 + i(t+ ∆τ)/Γ)
. (2.42)

The coherence function for the hole C(h)
SES is the complex conjugate of C(e)

SES. Let us re-
mark that, depending on time t, the coherence function behaves differently with ∆τ .
For such nontrivial time-dependent coherence functions, the coherence time is de-
fined from the time-average coherence function. This is consistent with experiments
where traditionally average quantities have been measured, either in quantum optics
or mesoscopic physics. Indeed, even with a huge technical development of experi-
mental facilities in both fields, it remains challenging to measure the intensity or the
current resolved in time. Let us notice that when the coherence function is an expo-
nential, its characteristic time T2 is the same at all times so that it does not make any
difference to look at the coherence function or at the time-average coherence function.

Given that the on-demand SES is driven by a potential whose period (and half-
period) is much longer than any other time scales, we integrate the coherence function
C(e)

SES (G(1) divided by ISES) over half a period during which one electron is emitted.
The decay of this function is quantified by looking at the modulus of this expression:

1

πΓ

∣∣∣∣∣
∫ T /2

0

dt C(e)
SES(t,∆τ)

∣∣∣∣∣ =

∣∣∣∣ 1

1 + i∆τ/(2Γ)

∣∣∣∣ =
1√

1 +
(
∆τ/2Γ

)2
. (2.43)

This expression reflects the shape of the wave-packet emitted by the source in the
adiabatic regime and shows that the pulse duration Γ = T1 sets the coherence time :

T2 = 2 Γ . (2.44)

The Floquet scattering matrix approach used to derive the current at the output
of the MZI enables us to derive in a consistent way the relaxation time T1 = Γ
and the coherence time T2 = 2T1 of the source in the adiabatic regime. We find
that the single-particle states are Fourier-transform limited meaning that there is no
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loss of phase coherence. We can check this by considering the normalized first-order
correlation function g(1). The calculation is straightforward and we find :

∣∣g(1)(t,∆τ)
∣∣ =

∣∣∣∣∣ G(1)(t,∆τ)√
I(t) I(t+ ∆τ)

∣∣∣∣∣ = 1 . (2.45)

This verifies that the phase coherence time is infinite, Tϕ =∞ and that the coherence
time is only set by the relaxation time, i.e by the finite temporal linewidth of the
pulse. The single-particle coherence length Λ for electrons emitted by the SES is
therefore :

Λ = 2 vD Γ . (2.46)

Here vD is the drift velocity of the electrons along the edge of the sample. This
velocity ranges from a lower value of 104 m/s [Van der Vaart 94] up to higher values
of the order of 105m/s [McClure 09]. Considering the lower limit of this range, we
find Λ ∼ 2.10−6m which is of the order of the typical size of a MZI and sufficiently
small compared to the actual dephasing length in an MZI which is of the order of
10µm [Roulleau 08, Bieri 09, Hashisaka 10]. Therefore, considering the SES as an
emitter of single electrons and the electronic MZI as an interferometer, it is possible
to detect the effect of the single-particle coherence length.

Experimental considerations

Experimentally it is important to emphasize that in our setup, we need to change
the asymmetry of the interferometer to extract the coherence length. To ensure that
the decrease of the AB oscillations is due to the finite coherence length and not due
to a change in the dephasing length, the total size of the MZI has to remain constant,
Lu + Ld = cst. Indeed it has been measured that the dephasing length scales with
the circumference of the MZI [Roulleau 08].

In a quantum transport experiment, the integral of the coherence function (Eq.
(2.43)) corresponds to nothing else but to the interference part of the mean charge
measured over half a period of the potential. Indeed, the time-dependent current
I4(t,Φ) at the output of the MZI can be written in terms of the coherence function :

I4(t,Φ) = RLRR ISES(t− τu) + TLTR ISES(t− τd)

−2
√
RRRLTRTLImax Re

{
e−i2πφCSES(t,∆τ)

}
,

with ISES(t− τu,d) given by Eq. (2.22). We recall that the interference part depends
explicitly on the magnetic flux Φ and on the imbalance of the MZI through the phase
2πφ = 2πΦ/Φ0 + kµ∆L, where ∆L = Lu − Ld is the length imbalance between the
upper and lower arms of the MZI.
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Figure 2.7: Charge visibility νQ as a function of the imbalance ∆τ . This visibility reflects
the shape of the incoming single-particle state. The decay as a function of the delay is
characterized by the coherence time T2 = 2Γ.

The charge Q is given by the integral over half a period of the current I4 (the
charge over a full period is zero because of the emission of an electron and a hole):

Q(∆τ) =

∫ T /2
0

dt

T I4(t,Φ) .

This quantity exhibits AB oscillations whose decay is characterized by a visibility νQ
defined as the ratio of the amplitudes of the AB oscillations at finite imbalance to
their maximum amplitude at ∆τ = 0 :

νQ =
1√

1 +
(
∆τ/2Γ

)2
. (2.47)

This expression is exactly the same as Eq. (2.43) and it is shown in Fig. 2.7.
Evaluating the half width Γ to be of the order 1 micron (see above), the visibility of
the charge decays over a distance of several microns. Importantly, with the actual
design of the samples of the electronic MZI, the maximal delay they can implement
without damaging the sample is of the order of 1 micron [Roche]. Therefore, it is
convenient for experimentalists to measure a quantity that decays faster with the
delay ∆τ than the charge. Such a quantity is for instance the mean squared current
as shown below.
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Figure 2.8: Mean squared current in units of I2
0 = e2Ω/(2π2Γ) as a function of the magnetic

flux Φ and the imbalance ∆τ . Here we have assumed symmetric QPCs, TR = TL = 0.5.
For clarity we show only 4 cuts of the function at ∆τ/(2Γ) = 0.0, 0.5, 1.0 and 1.5, allowing
to see the projection for different constant values of ∆τ/(2Γ).

Alternative to the measurement of the charge

The mean squared current is defined as :

〈
I2

4

〉
T =

∫ T
0

dt

T (I4(t,Φ))2 , (2.48)

where 〈. . .〉T is the average over a period of time T . Analytically, as this period is
much bigger than any other time scales in the problem, the integral ranges over the
real axis. Taking into account the expressions of the current derived previously, we
get :

〈
I2

4

〉
T =

e2Ω

2π2Γ

(
A−B cos(2πφ) + C cos(4πφ)

)
,

with

A = R2
RR

2
L + T 2

RT
2
L + 4RRRLTRTL

1

1 + (∆τ/2Γ)2
, (2.49a)

B = 4
√
RRRLTRTL

(
RRRL + TRTL

) 1(
1 + (∆τ/2Γ)2

)2 , (2.49b)

C = 2RRRLTRTL
1− 3(∆τ/2Γ)2(
1 + (∆τ/2Γ)2

)3 . (2.49c)

Here we recall that 2πφ = 2πΦ/Φ0 + kµ∆L. The time-average quantity 〈I2
4 〉T
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Figure 2.9: Visibilities of the first harmonic νΦ0 (red dashed curve), and of the second
harmonic, νΦ0/2 (green dotted curve) of the mean squared current as a function of the
imbalance ∆τ in units of the single-particle coherence length Λ = 2Γ. Compared to the
charge visibility, they decay faster. Given the actual samples of the MZI in which the
maximal implementable delay is of the order of Γ, the mean squared current is the relevant
average quantity to be measured experimentally to extract the coherence length.

exhibits AB oscillations as a function of the magnetic flux with two periods, Φ0 (first
harmonic) and Φ0/2 (second harmonic), as shown in Fig. 2.8. At large imbalance, the
function tends to a constant value (RRRL)2 + (TRTL)2 corresponding to the classical
contribution of the mean squared current. When ∆τ ∼ 2Γ, the second harmonic
starts contributing. To characterize the decay of the oscillations for the first and
second harmonics, we define a visibility for each harmonic, νΦ0 and νΦ0/2 in a similar
way as for the visibility of the oscillations in the interference part of the charge.
They are given by the ratio of the amplitude of the oscillations of the first or second
harmonics at finite imbalance and their maximal amplitude at ∆τ = 0 :

νΦ0 =

∣∣∣∣ B(∆τ)

B(∆τ = 0)

∣∣∣∣ =
1

(1 + (∆τ/2Γ)2)2 , (2.50a)

νΦ0/2 =

∣∣∣∣ C(∆τ)

C(∆τ = 0)

∣∣∣∣ =
|1− 3(∆τ/2Γ)2|
(1 + (∆τ/2Γ)2)3 , (2.50b)

where the coefficients B and C are defined in Eqs. (2.49b-2.49c). These visibilities
are much more sensitive functions of the MZI’s imbalance ∆τ than the charge visi-
bility. This could facilitate the measurement of the coherence length Λ = 2vDΓ. The
strong decay of the visibilities of the AB oscillations of the mean squared current
can be explained by the electron-hole asymmetry inherent to any mesoscopic circuit
with energy-dependent transmission. Consequently electron and hole contributions
partially cancel each other in the interference part, leading to the predicted strong
decay. We would like to emphasize that the modulus of the time-average coherence
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function, the charge and the mean squared current all provide the same information
on the coherence time of the emitted single-particle states. These quantities differ
only in their experimental measurement (time-resolved or average measurements).



2.3 The adiabatic regime 63

2.3.3 Validity of the approach for different kind of sources

Interestingly, Eq. (2.40) which expresses G(1) in terms of the scattering matrix
of the source in the adiabatic regime is also valid for a dc-source or the Lorentzian
source presented in the introduction. For convenience, we recall this expression :

G
(1)
ud (t,∆τ) =

ie

2π∆τ

[
S∗SES(t, µ)SSES(t+ ∆τ, µ)− 1

]
. (2.51)

The dc-source

For a metallic contact at a dc-voltage V (t) = V , the scattering amplitude cor-
responds to a plane wave at energy eV , Sdc(t, µ) = e−ieV t/~. The average current
emitted by such a source does not depend on time, Idc = e2V/h. This implies that
the relaxation time T1 of the emitted electrons tends to infinity. To the contrary, the
coherence function reads:

Cdc(∆τ) = eiπeV∆τ/h sin (πeV∆τ/h)

πeV∆τ/h
. (2.52)

This first-order coherence length does not depend on time as expected for a stationary
source. Remarkably it reflects the structure of a wave-packet incident in a single
quantum channel subject to a dc-bias. The decay of the coherence function with
the time delay originates from the destructive interferences from electrons arriving
at different energies. This induces an energy averaging characterized by the time
h/eV , where eV is the energy window in which the electrons are emitted. In the
situation where neither electron-electron interaction are considered, nor temperature
effects nor interaction with an environment, a dc-source is therefore characterized by
a coherence time T2 which is entirely set by h/eV , the relaxation time T1 tends to
infinity :

T2 =
h

eV
.

If carriers are injected through a tunnel contact with transmission probability T ,
the mean time between carriers transmitted through the MZI, h/(eV T ), increases.
However, as long as the energy dependence of the transmission T can be neglected,
the coherence function is independent of T : it is given by Eq. (2.52) as for the case
of a perfect quantum channel.

To emphasize the importance of the characterization of the particle states by
their coherence length, let us evaluate it for instance for the dc-source. Consider-
ing an applied voltage of 1µV and a drift velocity of 104 m/s in ballistic samples
[Van der Vaart 94, Roulleau 08, McClure 09], the coherence length corresponding to
the time h/eV can be estimated to be of the order of 40µm. Given that mesoscopic
interferometers are typically about 10µm or less [Ji 03, Roulleau 07], this length is
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sufficiently large to not constitute the limiting length scale for the observation of
single-particle quantum interferences. In contrast, dephasing processes have been
widely investigated and the corresponding dephasing length has been measured in
several samples [Roulleau 08, Bieri 09, Hashisaka 10]: it is of the order of 10µm in
an electronic MZI and depends on the electronic temperature of the sample, on the
interactions with the Fermi sea and/or on the interactions with a coupled environ-
ment.

The Lorentzian source

Equation (2.40) is also valid for the Lorentzian source. We recall that this source
consists in applying a periodic bias V (t) = V (t + T ), where V (t) is a Lorentzian
voltage pulse carrying one electron in one period T [Keeling 06] :

V (t) =
h

eπ

1

ΓL

1

1 + (t/ΓL)2
.

Here the Lorentzian is characterized by its half width ΓL. The label L stands for
"Lorentzian". Such a potential applied to the Fermi sea leads to the emission of
pulses with an integer number of charges without any spurious electron-hole pairs
[Ivanov 93, Levitov 96, Keeling 06]. This potential verifies the area quantization
condition :

h

e

∫
dt′V (t′) = 1 .

Compared to the SES based on the mesoscopic capacitor, the current emitted by this
source has a dc- and an ac-component. The dc-part of the potential V0 corresponds
to the 0-th Fourier component of V (t):

V0 =

∫ T
0

dt′

T V (t) =
~Ω

e
.

This on-demand single-particle source is described by the instantaneous scattering
amplitude SL:

SL(t, µ) = exp
(−ie

~

∫ t

0

dt′V (t′)
)

= eiΩt
t− t− + iΓL
t− t− − iΓL

,

Defining S̃L(t) ≡ e−ieV0t/~SL(t), the current emitted by this Lorentzian source is given
by:

IL(t) =
−ie
2π

S̃L(t)
∂S̃∗L(t)

∂t

=
e

π

1

ΓL

1

1 + (t/ΓL)2
, (2.53)
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This current corresponds to the emission of one electron per period of the potential
and the half width ΓL corresponds to the relaxation time T1 of the single-particle
state emitted by this Lorentzian source. Using Eq. (2.40), the coherence function at
time t = t− is given by :

CL(t−,∆τ) =
−iΓL
2∆τ

(
e−iΩ∆τ 1− i∆τ/Γ

1 + i∆τ/Γ
− 1

)
. (2.54)

The phase factor e−iΩ∆τ comes from the dc-part of the current. If this part would
vanish, we would recover the expression of the coherence function for the mesoscopic
capacitor in the adiabatic regime. As for the source in the adiabatic regime, the
coherence time is obtained by considering the decay of the modulus of the time-
average coherence function. The coherence length of the single electrons emitted by
the Lorentzian source is set by the half width of the Lorentzian pulses, T2 = 2 ΓL.
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2.3.4 Summary for the adiabatic regime

The adiabatic regime for the source is reached when the periodic potential which
drives the cavity varies slowly compared to the time spent by one particle in this
cavity. The current emitted by the source in this regime consists in two Lorentzians
per period of the driving potential characterized by their half width Γ. The current
pulses are centered on the times of emission of an electron and a hole. Given that
the scattering matrix is evaluated at the Fermi energy in the adiabatic regime (the
particles are emitted close to the Fermi sea), the first-order correlation G(1) function
takes a simple form:

G
(1)
ud (t,∆τ) =

ie

2π∆τ

[
S∗SES(t, µ)SSES(t+ ∆τ, µ)− 1

]
.

By inserting the expression of the scattering matrix in this expression and by consid-
ering only the contribution of the electron because we are interested in single-particle
interferences, we obtained the coherence function:

G
(1)
ud (t,∆τ) =

eΓ

π

1

(t+ iΓ)(t+ ∆τ − iΓ)
.

This function depends in a non-trivial way on the time delay ∆τ of the interferometer.
Therefore the coherence time T2 is extracted from the time-average expression of G(1)

or equivalently from the mean charge or from the mean squared current. For the
charge, the decay of the amplitude of the AB oscillations in the interference part of
the charge as a function of the time delay ∆τ is characterized by the visibility νQ :

νQ =
1√

1 +
(
∆τ/2Γ

)2
.

This function reflects the single-particle state emitted by the source in the adia-
batic regime and decays with the characteristic time T2 = 2Γ. The coherence time
is only set by the relaxation time of the source. With the explicit calculation of
the normalized first-order correlation function g(1) whose modulus is equal to unity,
|g(1)| = 1, we have shown that the pulses emitted by the source in the adiabatic
regime are Fourier-transform limited, i.e their coherence time is only set by their
temporal shape characterized by the relaxation time T1 = Γ. These analytical re-
sults motivate further investigation of the source in this regime, in particular the
investigation of the second-order correlation function.
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2.4 The non-adiabatic regime

The emission of single-particle states at controlled times by the on-demand SES is
achieved in two regimes, the adiabatic regime and the non-adiabatic one. In the pre-
vious part, we have investigated the first-order coherence properties of states emitted
in the adiabatic regime and show that their coherence time is set by their relaxation
time, i.e the emitted single-particle states are Fourier-transform limited. To complete
the characterization of the on-demand SES as single-particle emitter, we present in
this part the results we obtained for the first-order correlation function as well as for
the coherence time for single-particle states emitted in the non-adiabatic regime.

This regime is reached when the potential has an abrupt change compared to the
time spent by the particle in the cavity, the dwell time. We recall that the cavity
is characterized by the energy level spacing ∆ and that the states of the cavity are
coupled to an outer edge state through a QPC with a transmission probability TSES.
The dwell time is defined as τD = h/(∆TSES). A driving potential which varies much
faster than the dwell time is for example a periodic square potential U(t) = U(t+T ),
see Fig. 2.10 :

U(t) =


U0 , −T /2 < t < −T /4 ,
U1 , −T /4 < t < T /4 ,
U0 , +T /4 < t < T /2 .

(2.55)

The first step of the potential at −T /4 ≡ t− is at the origin of the emission of an
electron whereas the second step at T /4 ≡ t+ provokes the emission of a hole. In
this work, we focus on single-particle interferences so that we assume that the times
of emission of an electron and a hole are well separated, i.e |t− − t+| � τD.

In contrast to the adiabatic regime, the analytical derivation of the scattering
amplitude as well as the expression of the current emitted by the source in this
regime is a new result. Given the technicality of the calculations, we refer the reader
to the Appendix 4.3 for more details (Ref. [Haack 12]). Here, we only present the
main assumptions made to derive the expression of the Floquet scattering amplitude
in the non-adiabatic regime.

We have to start again from the Fabry-Pérot expression given by Eq.(2.12) with
now a phase Φn(t) which varies over the time the particle spends inside the mesoscopic
capacitor. For simplicity, we consider here the time interval [−T /2, 0] during which
an electron is emitted. The abrupt change of the potential occurs at t− = −T /4 :

S(e)
na (t, E) = rSES +

t2SES

rSES

∞∑
n=1

rnSES e
i
(
nkEL−Φn(t)

)
, (2.56)
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Figure 2.10: Periodic square potential to operate the source in the non-adiabatic regime,
shown in the time interval [−T /2, T /2]. The abrupt changes between the lower value U0

and the higher value U1 at times t∓ lead to the emission of an electron and of a hole.
One condition to operate the source in the optimal regime consists in setting the difference
U1 − U0 equal to the energy level spacing in the cavity ∆.

with

Φn(t) =
e

~

∫ t

t−nτ
dt′ U(t′)

=
e

~


nτU0 −T /2 < t < t−

nτU0 + δUt t− < t < t− + nτ

nτU1 t− + nτ < t < 0 .

(2.57)

The potential difference is δU = U1 − U0 and we recall that the sum over n is the
sum over the number of tours of the cavity that the particle makes before being
transmitted to the edge state. Important simplifications concerning the derivation
of the scattering amplitude can be made when assuming that the source is operated
in the optimal regime :

1) The potential difference δU corresponds exactly to one level spacing ∆ = h/τ
of the mesoscopic capacitor. This assumption is in agreement with the experi-
mental regime in which the emission of quantized charges is observed.

2) At t = 0, the Fermi energy µ lies exactly in the middle of two levels of the
cavity.

These two conditions ensure that only one electron and one hole are emitted in each
half-period of the potential U(t). Similarly to the adiabatic regime, the Floquet
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Figure 2.11: Current emitted by the on-demand SES in the non-adiabatic regime. The
experimental data are shown in black (courtesy of G. Fève). The fit (dotted blue curve)
is found from the analytical expression of the current derived with a scattering matrix
approach (see Eq. (2.59)). The characteristic time of the exponential (or relaxation time
T1) corresponds to the dwell time of the particle inside the cavity, τD = h/(∆TSES). Its
numerical value is deduced from the fit, τD = T1 = 0.9 ns.

scattering matrix Sna(Em, E) consists of two parts describing the emission of an
electron and the emission of a hole :

Sna(Em, E) =


S

(e)
na (Em, E) , |t− t−| ∼ τD

S
(h)
na (Em, E) , |t− t+| ∼ τD

∼ δm,0 , elsewhere .

(2.58)

The label "na" stands for non-adiabatic whereas (e, h) denote respectively the elec-
tron and hole part of the Floquet scattering amplitude. The exact expressions of
S

(e,h)
na can be found in the Appendix 4.3.

At zero temperature, the current Ina emitted by the source in the non-adiabatic
regime can be calculated analytically. We have shown that only one level of the
cavity contributes to the current and the current reads :

Ina(t) =
e

τD
e−(t−t−)/τDΘ(t− t−)− e

τD
e−(t−t+)/τDΘ(t− t+) . (2.59)

Here Θ is the Heaviside function. Again, the details of the calculations are provided
in Appendix 4.3. With this calculation, we have derived consistently the current
emitted by the source in this regime. It fits remarkably well with the experimen-
tal measurement as shown in Fig. 2.11. In previous works on the on-demand SES
[Fève 06, Mahé 10, Parmentier 12], the fit of the experimental data has been made
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by modeling the mesoscopic capacitor as a non-linear RC-circuit, where the non-
linearity was taken into account in the expression of the capacitance and of the
resistance which both depended on the high-frequency of the driving potential U(t).
This model is based on the first theoretical descriptions of the mesoscopic capacitor,
where a low-frequency drive was assumed [Büttiker 93a, Büttiker 93b, Prêtre 96].
With our work, we provide a consistent derivation of the current emitted in the non-
adiabatic regime at zero temperature from the Floquet scattering amplitude of the
source.

In the next section, we investigate the first-order correlation function to charac-
terize the first-order coherence properties of the single-particle states emitted in this
non-adiabatic regime.

2.4.1 First-order correlation function

We recall the definition of the first-order correlation function G(1)(t,∆τ) in terms
of the scattering amplitude of the source given by Eq.(2.23). The scattering ampli-
tude is now the one in the non-adiabatic regime, Sna :

G
(1)
ud (t,∆τ) =

e

h

∫ ∞
0

dE
∑
m

[f(E)− f(Em)] e−i(E−µ)∆τ/~

∫
dt′

T e−imΩ(t′−t) S∗na(t′, E)Sna(t+ ∆τ, E) .

In the non-adiabatic regime, the particles are emitted further from the Fermi sea than
in the adiabatic regime [Bocquillon 12]. As a consequence, the scattering matrix Sna

depends on energy (it can not be evaluated at the Fermi energy) and the expression of
the first-order correlation function can not be simplified more without doing explicitly
the different integrals. Due to the emission of one electron and one hole on average
during one period, the first-order correlation function is composed of two terms. As
in the adiabatic regime, we are interested in the single-particle coherence properties
so that we provide here only the explicit expression of the single-electron coherence
function in the non-adiabatic regime:

C(e)
na (t,∆τ) = e−(t−t−)/τDe−∆τ/2τDeiπ∆τ/τ Θ(t− t−) . (2.60)

Here Θ is the Heaviside function and we assume that ∆τ > 0. The coherence
function depends explicitly on the parameters of the experimental setup, namely the
asymmetry of the MZI and the dwell time of the cavity τD which is the relaxation
time T1 of the emitted single-particle state. As a function of the delay ∆τ , it decays
with the characteristic time 2τD :∣∣C(e)

na (t,∆τ)
∣∣ ∝ e−∆τ/2τD . (2.61)
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Figure 2.12: Comparison of the visibilities of the AB oscillations in the charge as a function
of the imbalance ∆τ for the source in the non-adiabatic regime (blue curve) and in the
adiabatic regime (orange curve).

Compared to the adiabatic regime, the characteristic time of the decay 2τD is the
same at all times t. Therefore, considering the decay of C(e)

na (t,∆τ) or of the time-
integrated coherence function gives access to the T2 coherence time :

T2 = 2 τD = 2T1 .

This relation implies that there are no dephasing processes which reduce the coher-
ence time in our model. The coherence length in the non-adiabatic regime is given
by:

Λna = 2vDτD , (2.62)

where we recall that τD = h/(TSES∆) is the characteristic time of the emitted quan-
tized exponential current pulse and vD is the drift velocity of the electrons through
the MZI. This expression is similar to the one derived in the adiabatic regime.

2.4.2 The coherence length

An advantage of our setup as explained above is that it allows to extract the co-
herence length from time-average measurements. The charge, defined as the integral
of the current I4,na(t) over half a period, is given by:

Qna(∆τ) = e
(
RLRR + TLTR − 2

√
RLRRTLTRe

−∆τ/2τD cos (2πφ− π∆τ/τ)
)
. (2.63)

We only take into account the contribution of the electron. The charge exhibits one
harmonic with frequency Φ0 (we repeat that 2πφ = 2πΦ/Φ0 + kµ∆L). Interestingly,
the AB oscillations are shifted by a term depending on the delay ∆τ and on the
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Figure 2.13: Envelopes of the visibilities in the non-adiabatic regime in a semi-log scale.
The visibilities of the first harmonic νna

Φ0
(dashed red line), and of the second harmonic,

νna
Φ0/2

(green dotted line) decay faster than the charge visibility νna
Q (blue line) as a function

of the time delay.

energy of the level contributing to the transport ∆/2, where ∆ = h/τ is the energy
level separation in the cavity. To compare the adiabatic and non-adiabatic regimes,
we calculate the visibility νna

Q of the AB oscillations in the charge using the same
definition, namely the ratio of the amplitude of the AB oscillations in the interference
part of the charge at a finite time delay with their maximal amplitude at ∆τ = 0 :

νna
Q = e−∆τ/2τD . (2.64)

The visibility of the AB oscillations in the charge decays with the coherence time
T2 = 2τD as shown in Fig. 2.12. From an experimental point of view, the visibility
in the non-adiabatic regime decays over several microns. As in the adiabatic regime,
it could be convenient to look at a quantity whose visibility decays faster in order
to avoid damaging the sample with high side gate voltages. We therefore investigate
the mean squared current, as we have done in the adiabatic regime.

The mean squared current has a similar form compared to the adiabatic regime:

〈
I2

4,na

〉
T =

e2

2τDT
(
Ana −Bna cos(2πφ) + Cna cos(4πφ)

)
, (2.65)

with

Ana = R2
RR

2
L + T 2

RT
2
L + 4RRRLTRTL e

−∆τ/τD

Bna = 4
√
RRRLTRTLe

−∆τ/2τD
(
RRRL + TRTL e

−∆τ/τD
)

cos(π∆τ/τ)

Cna = 2RRRLTRTLe
−∆τ/τD cos(2π∆τ/τ)
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The oscillating term in Bna and Cna depends on the asymmetry ∆τ of the MZI and
on the energy level separation in the cavity τ = h/∆. Considering symmetric QPCs,
TL = TR = 1/2, the visibilities of the first and second harmonics of the mean squared
current are :

νna
Φ0

=

∣∣∣∣Bna(∆τ)

Bna(0)

∣∣∣∣ = e−∆τ/2τD(1 + e−∆τ/τD)| cos(π∆τ/τ)| , (2.66a)

νna
Φ0/2

=

∣∣∣∣Cna(∆τ)

Cna(0)

∣∣∣∣ = e−∆τ/τD | cos(2π∆τ/τ)| . (2.66b)

The visibilities of the harmonics of the mean squared current decay faster than the
visibility of the charge as shown in Fig. 2.13. Again, this can be explained by the
electron-hole asymmetry visible in the energy-dependent transmission amplitude of
the MZI. It leads to a partial cancellation of the signal, making the visibilities of
the harmonics of the mean squared current decaying faster than the visibility of the
interference part of the charge. In particular, the visibility of the second harmonics
is more sensitive to the time delay ∆τ and could make easier the experimental
determination of the coherence time T2 = 2τD as explained in the adiabatic regime.
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2.5 Conclusion

The realization of novel single electron sources demands a characterization of
their coherence properties. In this chapter, by coupling such a source to a MZI,
we have investigated the first-order correlation function G(1) which characterizes the
first-order coherence properties of the single-particle states emitted by the source.
Instead of expressing G(1) in terms of field operators as it is the case in quantum
optics, we have derived an expression in terms of the scattering matrix of the source.

In the adiabatic regime characterized by a periodic potential which varies slowly
compared to the dwell time of the particle inside the cavity, the expression of the
scattering amplitude for the source was known from previous works, it is the frozen
scattering matrix. The current emitted by the source consists in two Lorentzian
pulses characterized by their half width Γ. From the analytical expression of the
first-order correlation function, we have shown that this width determines the coher-
ence length of the single-particle states, Λ = 2vDΓ, where vD is the drift velocity of
the electrons.

In the non-adiabatic regime characterized by a potential which varies much faster
than the dwell time, we have derived an analytical expression for the scattering am-
plitude, which was not known before. This expression is one of the main results
of this chapter. From it, we calculated the current emitted by the source in this
regime. It consists of two exponentials curves characterized by the dwell time τD
and it agrees well with the experimental measurements. From the decay of the first-
order correlation function, we extracted the coherence length of the single-particle
states emitted in the non-adiabatic regime. This length is proportional to the dwell
time, Λna = 2vDτD. This expression is the analog to the one in the adiabatic regime.

In both regimes, the coherence time of the single-particle states is twice their
relaxation time. Within our model which does not include dephasing or relaxation
processes present in the MZI, the source emits Fourier-transform limited pulses whose
coherence time is only set by their relaxation time. Such single-electron states are
therefore promising for the future of electron quantum optics, i.e electron optics at the
single charge level. This work constitutes a first step towards the reconstruction of the
single-particle state, which is an essential concept for electronics and for applications
for quantum information processing.

From an experimental point of view, the coherence length of the single-particle
states can be determined from time-average measurements such as the mean charge
or the mean squared current. Thus a current measurement that is slow compared
to the evolution of the single-electron pulses opens a path to experimentally ex-
tract information on the quantum nature of the emitted states. This constitutes a
strong advantage of our work compared to other proposals based on noise measure-
ments. One of the perspectives to this work is the possibility to include relaxation



2.5 Conclusion 75

and dephasing processes in our model to be in a closer agreement with a possible
experimental realization of our proposal.
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3.1 Introduction

This chapter presents the results we obtained on the distributions of waiting times
in mesoscopic conductors. The distribution of waiting times between elementary
physical events is an important tool to characterize and investigate temporal cor-
relations and transport statistics of stochastic processes [Van Kampen 07]. Waiting
time distributions play a significant role in various branches of science, for instance
in quantum optics [Tannoudji 86, Zoller 87, Carmichael 89] and in single-molecule
chemistry [English 06]. Previous works on waiting times in mesoscopic physics have
been done within the formalism of Markovian rate equations [Schriefl 05, Koch 05,
Brandes 08, Welack 08, Welack 09, Albert 11]. This formalism allows to take into
account the coherent effects of the mesoscopic scatterer and therefore to extract in-
formation about the short-time physics taking place in these transport experiments.
To give an example, my collaborators Mathias Albert, Christian Flindt and Markus
Büttiker investigated the waiting times of the ac-driven single-electron source pre-
sented in the previous chapter [Fève 07]. The waiting times between the emission
of two electrons allowed them to better characterize the single-particle emission pro-
cess [Albert 11]. However this Markovian rate equations describe only single-particle
processes. The project presented in this chapter started with the following question:
Can we develop a full quantum description for the distribution of waiting times? As
the single-electron source is a rather complex system, we decided to consider first
one of the simplest systems in mesoscopic physics, namely a biased quantum point
contact (QPC).

The chapter is organized as follows. We first give a brief introduction to Full
Counting Statistics (FCS) and on waiting times distributions (WTDs) to emphasize
the importance of these statistical tools to investigate the transport properties of
a mesoscopic conductor. Sections 2 and 3 present our main results, which are the
quantum derivation of the WTDs that can be applied to any biased mesoscopic
conductor and the illustration of that formalism for a biased QPC. The quantum
formula of the WTDs can be expressed as a determinant formula, similar to the
one derived in FCS for the generating function by Levitov and Lesovik [Levitov 93,
Levitov 96]. Importantly, we did not assume any Markovian properties when deriving
this result, making it valid for numerous mesoscopic transport problems.

3.1.1 Full Counting statistics

The investigation of the fluctuations in a transport experiment through a meso-
scopic conductor is at the heart of mesoscopic physics. By looking at the transport
statistics, important informations are gained on short- and long-time correlations.
Repeating an experiment many times gives access to the measurement of the average
conductance proportional to the mean number 〈n〉 of transferred charges in a time
interval t or gives access for instance to the shot noise proportional to the variance



3.1 Introduction 79

-50 0 50 100 150 200 250
10-43

10-35

10-27

10-19

10-11

0.001

100 0 200 

10-3 

10-11 

10-19 

10-27 

10-35 

Pn

C2 (variance)

C1 (mean)

C4 (sharpness or kurtosis)

C3 (skewness)

Poisson
Gaussian

Figure 3.1: The Poisson and the normal distributions are plotted as a function of the number
of events n in a semi-log scale. The Poisson and normal distribution are plotted with the
same mean C1 = 100. Due to the central limit theorem, for large n, the distributions
differ only far away in the tales. The second cumulant C2 characterizes the variance of
the width of the distribution, whereas the skewness C3 characterizes the asymmetry of the
distribution with respect to the mean. The normal distribution is characterized by C3 = 0
whereas the Poisson distribution has a non-zero skweness. The 4-th cumulant (the kurtosis)
characterizes the sharpness of the distribution.

〈
(
n−〈n〉

)2〉. The measurement of these averaged quantities has been crucial in meso-
scopic physics. Striking examples are the quantization of the conductance through a
QPC or the importance of the charge quantization in the observation of shot noise.
However, to get a more complete characterization of the stochastic transport process
through a mesoscopic conductor, the determination of the full probability distribu-
tion Pn(t) is necessary, where Pn(t) is the probability to have n transferred charges in
a long time interval t. The distribution is characterized by its successive cumulants
Ck, see Fig. 3.1 for their interpretation:

C1 = 〈〈n〉〉 = 〈n〉 =
∑

n nPn(t) : mean
C2 = 〈〈n2〉〉 = 〈(n− 〈n〉)2〉 : variance
C3 = 〈〈n3〉〉 = 〈(n− 〈n〉)3〉 : skewness
C4 = 〈〈n4〉〉 = 〈(n− 〈n〉)4〉 − 3〈(n− 〈n〉)2〉2 : sharpness (kurtosis)

Single brackets denote averaging with respect to the probability distribution Pn(t).
The first cumulant is identical to the average of the distribution whereas the second
cumulant (the variance) and the third cumulant (the skewness) are identical to the
central moments. Higher cumulants differ in general from the central moments as
the fourth cumulant expression (sharpness) shows. The cumulants can be calculated
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Figure 3.2: Experiment in Full Counting Statistics (FCS). Inset A: The number of tunneling
events through a QD (dashed white circle) is counted by measuring the current in a nearby
QPC (white dashed lines). The tunneling rates of the QD are controlled with the side
voltage gates GS and GD, where the letters S and D indicate the source and the drain. An
additional gate voltage is applied to the QPC, GQ, to control its transmission probability.
Inset B shows the trace of the current measured through the QPC, from its source to its
drain. The jumps in the current trace indicate that one electron jumped in the QD from the
source (current goes down) or that one electron left the QD for the drain (current goes up).
Inset C: From the trace of the current, they can reconstruct the probability distribution
function of the number of transferred charges and deduce from it the tunneling rates of the
QD, τ−1

low and τ−1
high. Figure taken from Ref. [Flindt 09].

from the successive derivatives of the cumulant generating function (CGF), S(χ, t):

eS(χ,t) =
∑
n

Pn(t) eiχn , (3.1)

Ck =
∂k S(χ, t)

∂(iχ)k

∣∣∣
χ=0

, (3.2)

where χ is the counting field. Full Counting Statistics (FCS) aims at reconstructing
the CGF and at extracting the maximal amount of information about the trans-
port process from this probability distribution [Levitov 93, Levitov 96, Nazarov 03].
It is experimentally very challenging to reconstruct the CGF but there are now a
few experimental groups able to do it [Gustavsson 06, Gabelli 09, Flindt 09]. In one
setup, they count the number of tunneling processes through a quantum dot (QD)
by measuring the trace of the current in a nearby QPC as shown in Fig. 3.2 . By
operating the QD in the strong Coulomb blockade regime, they can reach a regime
where only few electrons tunnel through the QD in a time interval of 1 second. The
counting of events is therefore possible and they can deduce from it the CGF.
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To illustrate the above definitions let us consider two well-known distributions,
the Poisson and the binomial distributions. The Poisson process corresponds to a
binomial distribution with a small probability of success Γ compared to 1. It describes
rare and uncorrelated events. Its probability distribution Pn(t) and its CGF are:

Pn(t) =
(Γt)n

n!
e−Γt ,

S(χ, t) = ln
(∑

n

Pn(t) eiχn
)

= Γt
(
eiχ − 1

)
.

From the probability distribution, one can see that Γt corresponds to the mean
number of transferred charges in a time t. The cumulants are directly calculated
from Eq.(3.2):

C1 = C2 = C3 = C4 = . . . = Γt .

All cumulants are identical and they grow linearly in time, 〈〈nk〉〉(t) = Γt. For com-
parison a deterministic process has zero variance and zero skewness. By normalizing
the cumulants with respect to the first cumulant, we find 〈〈nk〉〉/〈〈n〉〉 = 1. This
property is often taken to be the hallmark of a Poissonian process.

A binomial process with success probability Γ ∈ [0, 1] is described by the following
probability distribution:

Pn(t) =

(
N
n

)
Γn (1− Γ)N−n ,

where N is the total number of attempts. The corresponding CGF and the three
first cumulants are:

S(χ, t) = t ln
[
1 + Γ(eiχ − 1)

]
,

C1 = Γt

C2 = Γt(1− Γ)

C3 = Γt(1− Γ)(1− 2Γ) .

We recognize the cumulants characteristic of a transport process through a QPC
with a transmission probability T [Levitov 93, Levitov 96]. At zero temperature,
when the QPC is connected through a single quantum channel to the reservoirs with
a dc-bias eV , the average current 〈I〉 and the zero-frequency noise S(ω = 0) are
given by [Khlus 87, Lesovik 89, Büttiker 90]:

〈I〉 =
e2V

h
T , (3.3)

S(ω = 0) =
e3V

h
T (1− T ) . (3.4)
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At zero temperature and finite bias, the fluctuations originate from the stochastic
nature of the transport through the QPC: the particle can either be reflected or
transmitted. For a perfect quantum channel characterized by a transmission T = 1
(no scatterer), the low-frequency transport is noiseless, in other words, the transport
is deterministic and regular at long times [Büttiker 90, Blanter 00]. At long times
there are no fluctuations in the transport statistical properties of a perfect quantum
channel.

What is important to emphasize for the work on waiting times which will be
presented below, is that the cumulants in FCS characterize the fluctuations of the
transferred charges in a long time interval compared to the time scales of the prob-
lem. FCS looks at the fluctuations of the integrated current over a long period of
time and investigates therefore correlations that arise at times much longer than
the characteristic time scale at which the particles are emitted by the source. For
instance in the experiment presented above [Flindt 09], the QD is operated in the
strong Coulomb blockade regime. Only single-particle events take place. When
electrons tunnel to the drain, they no longer contain information about the charac-
teristic time rate h/eV at which they have been emitted by a dc-source with bias eV .

A question that arises at this point is to know if the time scale characterizing the
source, h/eV for a dc-source, is accessible by looking at the distribution of events after
a scatterer. This requires us to look at the distribution of events at very short time
scales, or equivalently at high-frequencies. For instance, if the bias voltage V is of the
order of few µV, experiments will have to go up to frequencies of the order of GHz to
probe the source time scale. Even if there have been important technical progresses in
high-frequency measurements [Zakka-Bajjani 10], as seen also for instance with the
single-electron source [Gabelli 06, Fève 07, Mahé 10], this remains experimentally
very challenging. Looking at finite-frequency fluctuations is therefore not sufficient
for this purpose and important information may be lost if one investigates only
the probability distribution of the number of transferred charges. To look at the
physics of short-time scales, another statistical distribution is more convenient: the
distribution of waiting times.

3.1.2 Waiting time distributions

Considering a statistical process, we can define a measurement process whose
outcome can be represented as a sequence of random pulses as a function of a given
parameter. This pulses define the events of the distribution. For instance, we can
look at the energy spectrum of heavy atoms or at en electronic current represented as
a random sequence of peaks as a function of time. To characterize such a distribution
of events, one can look at the interval between two events. In spectral statistics this
would correspond to the level spacing between two energy levels [Metha 04, Haake 10]
whereas for a current, it would correspond to the time interval between two consec-
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utive events. This time interval is the waiting time.

The distribution of waiting times has attracted lots of interest in various fields like
single-molecule chemistry [English 06, Gopich 06] or quantum optics [Tannoudji 86,
Zoller 87, Carmichael 89, Vyas 99]. In quantum optics the waiting time is defined
as the time between two consecutive photodetection events. Of particular interest is
the discussion of the antibunching of photons in WTDs compared to the definition of
antibunching in terms of the normalized second order correlation function g2 between
two events occurring at times t and t′ [Carmichael 89, Vyas 99]. As the photon flux
is stationary, this correlation function only depends on the time difference τ = t′− t:

g2(τ) =
〈: Î(t+ τ)Î(t) :〉

〈Î〉2
, (3.5)

where Î(t) is the intensity operator at time t. The intensity 〈Î〉 is the number of pho-
tons detected per unit time and 〈: · · · :〉 denotes the average with the normal ordering
defining the detection process: as soon as one photon is detected, it is destroyed. For
statistically independent events g2(τ) = 1 whereas for perfect antibunched photons,
g2(0) = 0 [Glauber 63b, Walls 94, Mandel 99]. By definition the g2 function inves-
tigates correlations between events separated by an arbitrary time τ , that can be
much longer than the average time between two successive photodetections. From
a statistical point of view, the g2 function is a non-exclusive probability: the de-
tection of photons during the time interval τ between the two points at which the
correlation function is calculated, does not enter the probability. In contrast, the
distribution of waiting times, W(τ), is an exclusive probability: it investigates the
correlations between two successive detections of photons and the definition ensures
that no photons have been emitted in the time interval τ = t′ − t. It probes short-
time correlations, correlations between successive events. There is one case for which
exclusive and non-exclusive probabilities are the same: when the time interval τ is
very short compared to the average time between two events, the two probabilities
coincide as the probability to detect a photon during τ is vanishingly small. The g2

function and the distribution W are related by:

W(τ) = 〈Î〉 g2(τ) , τ � 〈Î〉−1 , (3.6)

where 〈Î〉 corresponds to the mean photodetection rate.

For time intervals longer than 〈Î〉−1, there is in general no simple relation be-
tween g2 and the WTD. This is also the case when considering mesoscopic conductors
without specifying any particular properties as presented in the next two sections.

However, quantum optics constitutes an exception as the photodetection process
is often Markovian. To be more precise, let us first recall the definition of a Markovian
process. We consider a distribution of n events which are defined as the state X of a
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given system at the times t1, . . . , tn−1, tn. This statistical process is Markovian if the
state at time tn, X(tn), only depends on the prior event, namely the state X(tn−1)
at time tn−1. In that case the conditional probability to detect the state X(tn) can
be written as :

P
(
X(tn)|X(tn−1), X(tn−2), . . . , X(t1)

)
= P

(
X(tn)|X(tn−1)

)
. (3.7)

This simplification of the conditional probability defines a Markovian process. In
quantum optics, the photoelectron counting statistics is often Markovian. For in-
stance, when considering a two-level system such as an atom with a ground and an
excited state, the atom will always return to its ground state as soon as it has emitted
one photon which will be detected. As a consequence the atom always evolves from
the ground state and the detection process only depends on the prior event, it knows
nothing about the whole history of the atom [Carmichael 89]. For a Markovian sys-
tem, the WTD is similar to a random walk, in which each step is independent of
the previous one and only depends on the last position. It is only in that specific
situation that a relation between the g2 function and the WTD can be derived at
any time. In the Laplace space, it reads:

W̃(s) =
〈Î〉g̃2(s)

1 + 〈Î〉g̃2(s)
, (3.8)

where W̃(s) and g̃2(s) are the Laplace transforms ofW(τ) and g2(τ) with respect to
τ . For more details, we refer the reader to the publications by Carmichael, Singh,
Vyas and Rice [Carmichael 89, Vyas 99].

We would like to emphasize again that it is only under a Markovian assumption,
which is justified in the case of a photodetection process, that the two-point corre-
lation function g2 can be expressed in terms of the distribution W at any time. In
contrast, for systems with a more complex dynamics that does not depend only on
the prior time, the WTD and the g2 function provide different informations on the
statistical distribution. In mesoscopic physics, investigations of WTDs have until
now mostly dealt with either classical systems or Markovian quantum systems as it
is presented below.

3.1.3 Waiting time distributions in mesoscopic physics

In mesoscopic physics, WTDs have been used to investigate charge transport
statistics through coherent scatterers such as a double quantum dot [Brandes 08],
molecules [Koch 05] or the single-electron source presented in the previous chapter
[Fève 07, Albert 11]. In these works, a weak coupling between the reservoirs and the
scatterer has been assumed. Formally such a system is well-described by Markovian
rate equations: single-particle tunneling processes through the mesoscopic conductor
take place and are described with an incoming rate ΓL from the left reservoir to the
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scatterer and an outgoing rate ΓR from the scatterer to the right reservoir. Under the
assumption of a weak coupling making the system Markovian, FCS is fully encoded
in WTDs and a relation between the distributionW and the noise spectrum S(ω) was
derived [Brandes 08, Albert 11]. The symmetrized noise spectrum S(ω) is defined
as:

S(ω) =
1

2

∫ ∞
−∞

dt e−iωt 〈Î(t)Î(0) + Î(0)Î(t)〉 , (3.9)

where Î(t) is the current operator [Blanter 00]. The noise spectrum is a non-exclusive
probability which investigates the correlations between two events at times t and
t = 0. In that sense, it plays a similar role as the second-order correlation function
for photons g2. For a Markovian mesoscopic conductor, a similar relation to Eq.(3.8)
was derived [Brandes 08, Albert 11] between the Laplace transform of the WTD
W̃(s = iω) and the noise spectrum S(ω):

S(ω) ∝ W̃(iω)

1− W̃(iω)
. (3.10)

However in general, the transport process through mesoscopic conductors does not
satisfy Markovian properties. It is for the simplest reason that electrons are fermions.
The fermionic statistics generates short- and long-time correlations between consecu-
tive electrons: due to the Pauli repulsion, two electrons with the same energy can not
be transmitted at the same time through a scatterer. As a consequence the dynamics
is then similar to a random walk with memory effects. When using Markovian rate
equations, the fermionic statistics is also taken into account, but only in the descrip-
tion of the reservoirs. The tunneling processes are single-particle tunnelings well
separated in time due to the weak coupling assumption. Within such a description,
the Pauli principle does not induce short-time correlations, except the fact that two
electrons with the same energy can not be emitted at the same time. When assuming
Markovian property, the noise spectrum and the WTD provide similar information
about the distribution of transferred charges as in the case of quantum optics men-
tioned above.

A derivation of the WTDs considering a many-electron incoming state has so far
been missing in mesoscopic physics. The goal of the work done with Mathias Albert,
Christian Flindt and Markus Büttiker was to fill this gap with a quantum derivation
of the WTD for mesoscopic conductors. This is the subject of the next two sections.
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3.2 Quantum derivation of waiting time distribu-
tions (WTDs)

In the following two sections we present our quantum derivation for the WTDs for
mesoscopic conductors and its illustration to a biased quantum point contact(QPC).
As a central result we formulate a determinant formula for the WTD in terms of the
transmission amplitudes in the scattering matrix S of the coherent scatterer. Im-
portantly this formula has been derived without making any Markovian assumption.
This is presented in the first part of this section. In the second part, we illustrate the
formalism by considering a QPC as scatterer and show that WTDs effectively probe
the coherent nature of the scatterer but also the quantum nature of the incoming
many-body state. These results have been the subject of a publication [Albert 12].

3.2.1 WTD in terms of the idle time probability

As seen in the previous section, there is no simple expression of the WTD in
terms of the noise spectrum when a mesoscopic conductor whose dynamics is not
Markovian is considered. The WTD has to be defined with an auxiliary probability
which we called in our work the idle time probabilty Π(τ). Given a random time
t0, the idle time probability Π(τ) is the probability that no electrons are detected in
the time interval [t0, t0 + τ ] with τ ≥ 0, see Fig. 3.3. By definition Π(0) = 1, the
probability to detect two electrons in the same quantum channel at the same time
is 0. At long times, Π(τ) decays to zero. For stationary processes, Π(τ) does not
depend on t0. The expression of W(τ) in terms of Π(τ) reads:

W(τ) = 〈τ〉 d
2

dτ 2
Π(τ). (3.11)

Here 〈τ〉 is the mean waiting time. Considering the definition of Π(τ), it ensures
the proper normalization

∫∞
0
dτW(τ) = 1. This important relation can be justified

considering again Fig. 3.3.
The idea is first to pick a random time t0 and to assume that the last prior detection
of an electron occurred at the earlier time te ≤ t0. Instead of computing the idle
time probability, we can first compute its complementary probability, the probability
to detect something in the time interval [t0, t0 + τ ]. As we have assumed that the
last detection has occurred at the time te, the probability to detect something in the
interval [t0, t0 + τ ] is identical to the probability to detect something in the interval
[te, t0 + τ ]. This probability is given by the integral:∫ t0+τ

te

dt′W(t′ − te) . (3.12)

The idle time probability is the complementary probability of the previous expression.
As it should not depend on the last detection time te, we integrate over all the
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Figure 3.3: Left: A distribution of events, for instance a current I(t) which consists of a
sequence of pulses. The waiting time τ is the time delay between two consecutive events.
Right: The idle time probability is the probability to detect no particles in a time interval
τ , namely between t0 and t0 + τ , where t0 is arbitrarily chosen. To express the idle time
probability in terms of the waiting time distribution, we assume that the last detection
occured at the time te.

possible times for the last electron to be detected, i.e. −∞ ≤ te ≤ t0. Considering
that detection events are uniformly distributed in time with weight 1/〈τ〉, we obtain
for the idle time probability:

Π(τ) =
1

〈τ〉

∫ t0

−∞
dte

(
1−

∫ t0+τ

te

dtW(t− te)
)
. (3.13)

With two changes of integration variables, one finally gets:

Π(τ) =

∫ ∞
τ

du

∫ ∞
u

dvW(v)/〈τ〉 , (3.14)

which explicitly shows that the idle time probability is independent of t0 and imme-
diately leads us to Eq. (3.11). Importantly, in deriving Eq. (3.11) we have made no
Markov assumption.

3.2.2 The idle time probability

The next task is to evaluate the idle time probability for a generic mesoscopic
conductor described by the scattering matrix S. To this end we make use of the first-
quantized many-body formalism developed by Hassler et al. [Hassler 08, Lesovik 11],
which allows us to define orthogonalized wave-packets. Our methodology applies to
arbitrary geometries of the electronic leads and the scatterer, but to keep the dis-
cussion simple we consider a one-dimensional problem with a single in-coming and
out-going quantum channel connected to the scatterer (see Fig. 3.4).
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S S EFEF + eV

| (N)
S (t)i

0 xS x

Figure 3.4: A scattering region described by the scattering matrix S is connected to two
contacts via a single quantum channel. Scattering states are defined outside of the scattering
region [0, xs]. A bias voltage eV is applied to the contacts so that a regular train of N
wave-packets is emitted in the energy window eV above the Fermi sea characterized by its
energy EF . We describe this many-body state within a first-quantized formulation by a
Slater-determinant state |Ψ(N)

S (t)〉 which takes into account the Fermionic statistics of the
incoming electrons.

The electrons are non-interacting and spinless and the temperature is zero. An
applied voltage bias V brings the system out of equilibrium such that in-coming
electrons on the left side of the scatterer occupy states in the energy window IV =
[EF , EF + eV ] above the Fermi level EF . The scattering states take the form

ϕk(x) = eikx + rke
−ikx , x < 0 , (3.15a)

ϕk(x) = tke
ikx , x > xs > 0 , (3.15b)

where rk and tk are the reflection and transmission amplitudes in S and k is the
momentum. We need not specify the scattering states in the scattering region [0, xs],
see Fig. 3.4. We work close to the Fermi level where the dispersion relation is linear
in k, Ek = ~vFk, and all wave components propagate with the Fermi velocity vF .

Next, we split the energy window IV into N intervals of size eV/N , where N
is the number of incoming particles. We first consider a finite N . To simulate a
stationary process, we will then consider the limit N → ∞. The energy splitting
defines intervals in the momentum space of width κ:

κ =
eV

N~vF
. (3.16)

To the m’th energy interval, we associate the corresponding time-dependent wave-
packet:

φm(x, t) = 〈x|φm(t)〉 =

∫ ∞
−∞

dk

2π
e−ivF ktϕk(x)fm(k) . (3.17)

The phase factor e−ivF kt gives the time evolution, with vF being the Fermi velocity
of the electrons. For a biased source the amplitude fm(k) of the m-th’s wave-packet
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in the momentum space is given by:

fm(k) =


√

2π/κ if kF + κ(m− 1) ≤ k ≤ kF + κm

0 otherwise

The width of the momentum interval is κ = eV/(N~vF ). In a first-quantization
formulation, the m-th wave-packet is therefore given by:

φm(x, t) =

∫
Im

dk

2π
e−ivF ktϕk(x)

√
2π

κ
. (3.18)

The integration interval Im = [kF +κ(m−1), kF +κm] is of width κ and ϕk(x) is the
scattering state in the region x > xs. This defines orthonormalized wave-packets:

〈φm|φn〉 =

∫ ∞
−∞

dx

∫
Im

dk′

2π

∫
In

dk

2π
ei(k−k

′)x2π

κ

' κ

2π

∫ ∞
−∞

dx eiκx(n−m)

= δ(n−m) , (3.19)

For simplicity, here we have considered κ→ 0. If the number of particles N tends to
infinity, the wave-packet is completely localized in the momentum space and com-
pletely delocalized in the position space as it should be for a scattering state.

To build the many-body incoming state, we assume that all the m-th momentum
intervals are filled, m = 1, . . . , N with particles so that the N -particle incoming state
can be written as a Slater determinant |Ψ(N)

S (t)〉 of the states |φm(t)〉:

|Ψ(N)
S (t)〉 =

1√
N !

det
(
|φm(t)〉

)
, m = 1, . . . , N . (3.20)

Measurement process

At this point of the derivation of the idle time probability, we have to define the
measurement process for the electrons in the region after the scatterer at x > xs.
In this work, we have considered explicitly a projective measurement. Starting from
the single-particle projector in the position space Q =

∫∞
−∞ dx |x〉〈x|, we have defined

the single-particle counting projective operator Qτ at the right of the scatterer at
x0 > xs as:

Qτ =

∫ x0+vF τ

x0

dx|x〉〈x| . (3.21)

Given the single-particle state φ(x, t) = 〈x|φ(t)〉, the expectation value of Qτ with
respect to φ(x, t) gives the probability to detect this single particle in the space inter-
val [x0, x0 + vF τ ]. This single-particle projective operator over a finite space interval
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is not a projector anymore but describes a projective measurement of the quantum
state over a finite space interval.

The idle time probability gives the probability to detect no particles in a time
interval. Let us recall that in this work, we assume a sufficiently small bias eV of
the source so that the dispersion relation is linear, EF = ~vFkF . As a consequence,
this system is invariant under Galilean transformations. The idle time probability
in a finite time interval [t0, t0 + τ ] is equivalent to the idle time probability in the
corresponding finite space interval [x0, x0 + vF τ ]. We can therefore make use of the
single-particle projective operator Qτ to define the idle time probability. Considering
the single-particle state φ(x, t),

〈φ(x, t)|1−Qτ |φ(x, t)〉 (3.22)

is the probability to not detect this single particle in the time interval τ or equiva-
lently in the space interval vF τ . The generalization to a N -particle incoming state
is direct as the electrons are non-interacting. The N -particle projective operator is
the N -tensor product of the single-particle projective operator Qτ and its expecta-
tion value has to be made with respect to the Slater determinant. The idle time
probability reads:

Π(τ) = 〈Ψ(N)
S (t)|

N⊗
i=1

(1−Qτ )|Ψ(N)
S (t)〉 (3.23)

The idle time probability Π(τ) can itself be cast in a determinant formula. Indeed
the expectation value of a tensor product of single-particle operators with respect to
a determinant can be written as the expectation value of the single-particle operator
with respect to the single-particle states:

〈Ψ(N)
S |

N⊗
i=1

(1−Qτ )|Ψ(N)
S 〉 =

1

N !

∑
π,π′∈SN

sgn(π ◦ π′)
N∏
m=1

〈φπ(m)|1−Qτ |φπ′(m)〉

=
1

N !

∑
π,π′′∈SN

sgn(π′′)
N∏
m=1

〈φm|1−Qτ |φπ′′(m)〉

≡ det(11−Qτ ) . (3.24)

Here π and π′ denote elements of the permutation group SN . This mathematical
property is at the origin of most of the determinant formulae in FCS. The single-
particle matrix elements are:

[Qτ ]mn ≡ 〈φm(τ)|Qτ |φn(τ)〉 =

∫
Im

∫
In

dk′ dk t∗k′ tk
Kτ (k − k′)

2πκ
, (3.25)
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where the kernel Kτ (q) takes into account the time evolution of the wave-packet:

Kτ (q) =

∫ x0+vF τ

x0

dx eiq(x−vF τ)

= 2e−iq(x0−vF τ/2) sin(qvF τ/2)

q
. (3.26)

Finally, to obtain a stationary process we take the limit N → ∞ for which κ → 0.
In this limit we consider that the transmission amplitude tk is constant over κm so
that tk = tκm. We then have:

[Qτ ]m,n = tκnt
∗
κme

i(n−m)κ(x0−vF τ/2) sin(κvF τ(n−m)/2)

π(n−m)
for m,n = 1, . . . , N .(3.27)

With the definition of the single-particle matrix elements [Qτ ]m,n, the idle time
probability can be written as a determinant formula in a compact way:

Π(τ) = det(11−Qτ ) . (3.28)

Equations (3.11) and (3.28) are the central results of this section as they allow
us to calculate the WTD for an arbitrary voltage-biased scatterer. It is important to
emphasize that they were derived without invoking Markovian properties. The first-
quantized approach followed here allows to consider a many-body incoming state tak-
ing into account the fermionic statistics of the electrons through the incoming Slater
determinant state |Ψ(N)

S 〉. We recall that this is different to the Markovian rate equa-
tions formalism developed until now [Schriefl 05, Koch 05, Brandes 08, Welack 08,
Welack 09], where only single-particle tunneling processes from the left reservoir can
be described. The coherence of the scatterer is fully encoded in the scattering matrix
S. The determinant formula for Π(τ), Eq.(3.28), enables the probe of the scatterer,
but also of the incoming many-body state and this, at short time scales. It is also
important to mention that we considered here incoming fermions described by the
Slater determinant but this approach is generalizable to incoming bosonic, classical
particles or entangles states, as long as there are no interactions.

In the following we illustrate the formalism by considering a quantum point con-
tact as scatterer. This will clearly show that the WTD gives access to the fluctuations
due to the scatterer but also to the fluctuations due to fermionic statistics in the case
of a fully open QPC, a perfect quantum channel.
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EF+eV

EF

T

QPC

τ̄ τ

Figure 3.5: Quantum point contact (QPC) connected to voltage-biased contacts. The QPC
transmission is denoted as T , the Fermi energy is EF , and V is the voltage applied to the
source electrode. The average time separation of the in-coming electrons is τ̄ = h/eV .
The distribution of waiting times τ between transmitted electrons is determined by the
many-body state of the in-coming electrons as well as the QPC which may cause electrons
to reflect back. Reflected (missing) electrons are indicated by dashed lines. After Ref.
[Albert 12].

3.3 WTDs for a biased quantum point contact

3.3.1 Results

We illustrate our method by calculating the WTD for a QPC with energy inde-
pendent transmission |t(k)|2 = T as shown in Fig. 3.5. Wave-packets are emitted
by the biased source with an average waiting time τ̄ = h/eV . We calculated the
WTDs after the scatterer for different values of the transmission probability T using
Eqs. (3.11-3.28). It is not possible to calculate the above determinant analytically
so results are numerical. To simulate a stationary process of incoming particles, a
sufficiently large number N of incoming particles has to be chosen. We have checked
thatN = 50 is sufficient to ensure stable results for the calculations. This value of
N may change if the amplitude transmission depends on the momentum k: a big-
ger value might be necessary to ensure the convergence of the numerical calculations.

Figure 3.6 displays the WTDs calculated for different transmission probabilities
T . For a fully open QPC, T = 1, the WTD reflects only the fermionic statistics and
correlations in the many-body state. In particular, W(0) = 0, since two electrons
cannot occupy the same state due to the Pauli principle. This suppression is similar
to the Fermi-hole in the density-density correlation function of a free electron gas
[Landau 59, Büttiker 92]. The fermionic correlations also force the WTD to decay
strongly beyond a few mean waiting times, where it essentially vanishes. The mean
waiting time is :

〈τ〉 =
1

Tr(Q̇τ=0)
, (3.29)
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Figure 3.6: Numerical calculations for the electron waiting time distributions (WTDs) for
different transmission probabilities T of the quantum point contact(QPC). The waiting
time τ is given in units of τ̄ = h/eV or 〈τ〉 = τ̄ /T for the inset. For a fully open QPC,
T = 1 (green curve), the WTD is well approximated by a Wigner–Dyson distribution, Eq.
(3.31) (dashed black curve). Close to pinch-off, T ' 0 (red curve), the WTD approaches
Poisson statistics given by the exponential distributionW(τ) ' e−τ/〈τ〉/〈τ〉 (dotted-dashed
curve). Inset: The WTDs are renormalized by the transmission probability T of the QPC
to clearly show the crossover from the Poissonian distribution (in red) to the Wigner-Dyson
distribution (in green) when the QPC is gradually opened. After Ref. [Albert 12].

with Q̇τ ≡ ∂τQτ . It easily follows that:

Tr(Q̇τ=0) = Tr(Q̇τ ) =
eV

Nh

N∑
m=1

|tκm|2 =
〈I〉
e

(3.30)

is the average (particle) current. For the QPC, we find 〈τ〉 = τ̄ /T with τ̄ = h/eV .
This is in line with the common wave-packet picture that electrons emitted from
a constant-voltage source into a quantum channel on average are separated by the
fundamental time scale h/eV [Landauer 87, Martin 92]. However, the electrons are
not equally spaced in time due to their inherent wave nature which introduces fluc-
tuations in the waiting time. Interestingly, for T = 1 the WTD is well approximated
by the Wigner–Dyson surmise of the Gaussian Unitary Ensemble (GUE) in random
matrix theory [Metha 04, Haake 10]. We find :

WWD(τ) =
32τ 2

π2τ̄ 3
e−4τ2/πτ̄2 , τ̄ =

h

eV
. (3.31)

This can be understood using analogies with level spacing statistics and random ma-
trix theory as we discuss below.
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Figure 3.7: Numerical calculations for the WTD in the low-transmission regime, T ' 0.1
(red curve) in units of τ̄ = h/eV . The WTD exhibits oscillations peaked on h/eV , 2h/eV
and 3h/eV showed by arrows. These oscillations are a consequence of the Pauli principle
between consecutive wave-packets. The short-time behavior given by Eq. (3.32) is indicated
with a dashed line. Thin lines show expansions of the WTD to first, second, and third order
in T . After Ref. [Albert 12].

As the transmission T is reduced below unity, the WTD widens as electrons may
now reflect back on the QPC, allowing for longer waiting times between transmitted
charges, Fig. 3.6. Close to pinch-off, T ' 0, the mean waiting time becomes much
longer than τ̄ and the WTD approaches an exponential distribution corresponding
to Poisson statistics involving rare and uncorrelated tunneling events. In this regime,
the WTD is mainly determined by the scatterer, although the complete suppression
at τ = 0 persists. In fact, for arbitrary transmission, we can expand the WTD to
lowest order in τ as:

W(τ) ' π2

3

T

τ̄

(τ
τ̄

)2

, τ � τ̄ . (3.32)

The Pauli exclusion principle manifests itself in a τ 2-dependence of the WTD for
short waiting times and a complete suppression at τ = 0. Equation (3.32) is indi-
cated in Fig. 3.7 and is in good agreement with the WTD for arbitrary transmissions
T as we have checked.

The WTD exhibits a cross-over from Wigner–Dyson statistics to Poisson statis-
tics with decreasing transmission. The intermediate regime displays small oscillations
with period τ̄ due to the quasi-regular train of incoming electrons superimposed on
an exponential decay, Fig. 3.7. Physically, the wave packets have a large overlap
leading to small-amplitude oscillations. This situation resembles the density-density
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correlations of a liquid whose particles have a large degree of freedom and where
the structure of the many-body state decays fast with the inter-particle distance. In
contrast, for a solid-like system, whose constituents are placed in a nearly perfect
“crystal”, long-range correlations lead to well-isolated periodic peaks in the WTD.
This behavior occurs in periodically driven classical systems [Albert 11] and is also
expected for nearly non-overlapping quantum states produced by coherent single-
electron sources (SES) [Fève 07, Moskalets 08, Keeling 08].

To further understand the low transmission regime of the QPC, we expand the
idle time probability in T . To this end we rewrite it as:

Π(τ) = det(1−Qτ ) = exp [Tr(log{1−Qτ})] . (3.33)

Since Qτ is proportional to T , we can expand the idle time probability:

Π(τ) = 1− Tr(Qτ ) +
[Tr(Qτ )

2 − Tr(Q2
τ )]

2
+O(T 3) (3.34)

The second derivative with respect to time is readily performed, allowing us to express
the WTD as a series in T . Figure 3.7 illustrates how the series improves as more
terms are included. In particular, to fully account for the long-time behavior of the
WTD high-order terms must be included. To lowest order in T we find:

W(τ) =
〈I〉g(2)(τ)

e
+O(T 2) , (3.35)

where g(2)(τ) = 1−sin2(πτ/τ̄)/(πτ/τ̄)2 is the two-point correlation function which is
independent of T [Metha 04, Haake 10]. This is consistent with Markovian properties
and renewal theory [Carmichael 89, Brandes 08]. Indeed a distribution of discrete
events is a renewal process if all the intervals defined by two consecutive events
are independent from each other and equally distributed [Cox 62]. At low trans-
mission probabilities, events are well-separated in time and short-time correlations
vanish. As a consequence the WTD corresponds to a Poissonian process which veri-
fies the renewal properties and the first-quantized formulation is in agreement with
the Markovian rate equation formalism. It is then possible to express the WTD in
terms of the two-point correlation function as presented in the introduction of this
chapter. High-order terms in the transmission, however, cannot be obtained from
renewal theory. The break-down of renewal theory becomes evident by considering
the cumulants of the WTD, which is the topic of the next paragraph.

3.3.2 Moments and cumulants: breakdown of renewal theory

The first three cumulants of the WTD are the mean, the variance and the skew-
ness:

〈〈τ〉〉 = 〈τ〉 (3.36)
〈〈τ 2〉〉 = 〈(τ − 〈τ〉)2〉 (3.37)
〈〈τ 3〉〉 = 〈(τ − 〈τ〉)3〉 . (3.38)
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Figure 3.8: Fano factors as functions of QPC transmission T . The exact results F2 = 1−T
and F3 = (1 − T )(1 − 2T ) are shown together with predictions based on renewal theory
F r2 = 〈〈τ2〉〉/〈〈τ〉〉2 and F r3 = 3〈〈τ2〉〉2/〈〈τ〉〉4 − 〈〈τ3〉〉/〈〈τ〉〉3, where 〈〈τm〉〉 are the cumulants
of the waiting time τ . Renewal theory only holds in the low-transmission regime (shaded
area), where Fm ' F rm. After Ref. [Albert 12].

We recall that the cumulants of the FCS are similarly denoted as 〈〈nk〉〉, k =
1, 2, 3, . . ., where n is the number of transferred charges. The corresponding Fano
factors are:

Fk ≡
〈〈nk〉〉
〈〈n〉〉 , (3.39)

which for a QPC are well-known and read [Levitov 93, Levitov 96, Nazarov 03]:

F2 = 1− T , (3.40)
F3 = (1− T )(1− 2T ) . (3.41)

Importantly, for systems where renewal theory applies, the FCS can be directly
related to the WTD and the Fano factors in terms of the waiting time τ [Albert 11,
Budini 11] read:

F r
2 =

〈〈τ 2〉〉
〈〈τ〉〉2 (3.42)

F r
3 =

3〈〈τ 2〉〉2
〈〈τ〉〉4 −

〈〈τ 3〉〉
〈〈τ〉〉3 (3.43)

For a fully open QPC, the second Fano factor is zero, corresponding to regular trans-
port without zero-frequency fluctuations. However, the width (or variance) of the
WTD is finite. In Fig. 3.8 we examine the validity of renewal theory as a function of
the QPC transmission. Only close to pinch-off (T ' 0), where the transport is Pois-
sonian, we find Fm ∼ F r

m in agreement with renewal theory. When the transmission
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increases, the second and third cumulants differ from the corresponding Fano factors.
Due to the fermionic statistics of the in-coming electrons, the waiting times are not
independent from each other anymore and the renewal property of the WTD breaks
down. We expect that renewal theory for mesoscopic conductors is only valid in the
low-transmission regime where tunneling events are rare and nearly uncorrelated.

3.3.3 Analogy with Random Matrix Theory

There are several analogies between WTDs and level spacing distributions in spec-
tral statistics [Metha 04, Haake 10]. The latter are useful to discriminate complex
systems according to their symmetry class or underlying classical dynamics and they
may carry signatures of quantum chaos according to the Bohigas–Giannoni–Schmit
conjecture [Bohigas 84]. Let us first recall some basic concepts of random matrix
theory (RMT).

A short introduction to Random Matrix Theory (RMT)

This small introduction is mainly based on the first chapter of the review of C.
W. J. Beenakker on "Random-matrix theory of quantum transport" [Beenakker 97],
on the thesis of P. W. Brouwer [Brouwer 97] and on lecture notes given by V. E.
Kravtsov in Trieste in 2009 [Kravtsov 09].

Random matrix theory investigates the statistical properties of large matrices
with random values. Physical properties of the system are encoded through the
symmetry of the matrix. Invariant random matrix ensembles are characterized by a
probability distribution function which is invariant under the rotation of the entry
N ×N matrix H, H → T HT −1:

P (H) ∝ exp
(
− TrV (H)

)
, (3.44)

where V is an arbitrary function of H and analytic for H = 0. The invariance prop-
erty is ensured by the trace. One ensemble is of particular importance, namely the
Gaussian random matrix ensemble of Wigner and Dyson with the following proper-
ties:

i) H is an Hermitian matrix ,H = H† (3.45)
ii) V (H) = H2 . (3.46)

To relate H to the Hamiltonian of a physical system, the limit N → ∞ has to be
taken. To investigate the distribution of the eigenvalues {En} and eigenvectors of
H, we have to multiply the probability distribution function P (H) by the Jacobian
J which relates an infinitesimal volume element dµ(H) of the space of the Hermitian
matrices H to the infinitesimal volume element dEn of the space of the eigenvalues
and eigenvectors. It is only for invariant random matrix ensembles that the Jacobian
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is independent of the ensemble of eigenvectors; it depends only on the ensemble of
eigenvalues {En}:

J = |∆|β =
∏
n<m

|En − Em|β , (3.47)

where ∆ is called the Vandermond determinant. The index β stands for the sym-
metry of the matrix T which leaves P (H) invariant under H → T HT −1: T can be
orthogonal (β = 1), unitary (β = 2) or symplectic (β = 4). Each group implies some
symmetry for the physical system under consideration: β = 2 characterizes a sys-
tem in which time reversal symmetry (TRS) is broken, β = 1, 4 conserves the TRS
but β = 4 stays for a system with broken spin-rotation symmetry whereas β = 1
conserves the spin. The probability distribution function then reads:

P ({En}) =
∏
n<m

|En − Em|β exp
(
− TrV (H)

)
=

∏
n<m

|En − Em|β
∏
i

e−βV (Ei) . (3.48)

To interpret it in RMT, it has been shown to be very useful to compare Eq.(3.48)
with the Gibbs distribution in statistical mechanics:

P ({En}) = exp

[
−β
(∑
n<m

u(En, Em) +
∑
n

V (En)

)]
, (3.49)

(3.50)
u(En, Em) = − ln |En − Em| . (3.51)

Here the index β plays the inverse role of temperature. The potential V is a parabolic
potential (as V (H) = H2) and u is a logarithmic repulsive potential. If one considers
N classical particles in 1D with energies E1, . . . , EN in such potentials, this system is
a Coulomb gas due to the logarithmic Coulomb repulsion. The Jacobian in Eq.(3.47)
expresses the level repulsion in RMT: energy levels can not be degenerate.

Analogy with the perfect quantum channel

For a fully open QPC the analogy is due to the equivalence between the ground
state of one-dimensional fermions and the joint probability distribution of eigenvalues
of random matrices [Lenard 64, Calogero 69, Sutherland 70, Metha 04, Haake 10].
This can be seen by looking at the Jacobian which is expressed in terms of the
Vandermond determinant, Eq.(3.47). By definition of the Vandermond determinant,
we have the following properties: it changes sign under the permutation of two
energies En and Em and

N∑
n=1

∂2∆

∂E2
n

= 0 . (3.52)
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These two properties enable us to interpret the Vandermond determinant as the
wave-function Ψ({En}) of the ground state of N free fermions in 1D with only a ki-
netic Hamiltonian. For the Gaussian unitary ensemble (GUE, β = 2), the Jacobian
J = |∆|2 corresponds to the density probability of the 1D free fermions. Electrons
on top of the Fermi sea in a perfect quantum channel are described in a similar way
than free fermions in 1D.

The fact that the analogy is for free fermions in 1D can also be seen from the
Calogero-Sutherland Hamiltonian which maps the canonical ensemble of random
matrices labeled by their symmetry parameter β onto a model of interacting one-
dimensional fermions with coupling constant proportional to β − 2 [Calogero 69,
Sutherland 70]:

HCal = −1

2

N∑
n=1

∂2

∂E2
n

+
β

2

(
β

2
− 1

) N∑
n>m

1

(En − Em)2
. (3.53)

For β = 2, the system is non-interacting, there is only a kinetic term. The entire
repulsion is due to the fermionic statistics. When starting this project, we did not
expect such an analogy between transport properties through one of the simplest
mesoscopic conductor, a biased QPC, and the Wigner-Dyson surmise in RMT. One
related question is whether we would be able to simulate the distributions for the
other symmetry groups, β = 1 and β = 4, which describe 1D fermions with interac-
tions.
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3.4 Conclusion
In this chapter, we have presented a quantum theory of electron waiting time dis-

tributions (WTDs) in mesoscopic conductors expressed by a determinant formula.
This was derived without any Markovian assumption and is valid for any biased
mesoscopic scatterer. To illustrate the formalism, we have considered a QPC. Inter-
estingly, it exhibits a cross-over from Wigner–Dyson statistics for a fully open QPC
to Poisson statistics close to pinch-off. These two extreme regimes probe respectively
the fluctuations due to the source (the fermionic statistics) and the fluctuations due
to the scatterer (shot noise). In contrast to previous works on WTDs in quantum
transport, we explicitly demonstrated the break-down of renewal theory for meso-
scopic conductors: in general FCS is not fully encoded in the WTD. Both statistical
tools provide different, yet complementary informations about the system. In par-
ticular, WTDs investigate short-time physics and allows for instance the probe of
correlations at times of the order of h/eV , the characteristic time of a dc-source. Re-
markably, the crossover from a Poissonian distribution to the Wigner–Dyson surmise
leads us to discuss analogies between WTDs and level spacing distributions in spec-
tral statistics. WTDs for a perfect quantum channel (fully open QPC) corresponds
to the level spacing statistics of the GUE in RMT. A mapping can be done between
this ensemble and the ground state of free fermions in 1D.

The results for the QPC look very promising for the WTD to be an efficient statis-
tical tool to investigate fluctuations and coherence effects of mesoscopic conductors.
As we did not make restrictive assumptions for the derivation of the determinant
formula which allows the calculation of the WTD, this work motivates further in-
vestigation of the validity of this formalism applied to different scatterers and to
different kind of many- or single-particle states.



Perspectives

The main goal of this thesis was to address the coherence of single and many-
particle states in mesoscopic systems, emitted either by dc-sources or by the recent
on-demand single-electron source realized at the Laboratoire Pierre Aigrain. Both
sources emit coherent electrons. The on-demand single-electron source provides a
control on their time of emission, heralding an emerging field in low-temperature
electron physics which is promising for manipulating quantum information on a sin-
gle charge level.

In Chapter 1 we have made use of the coherence properties of electrons emitted
by dc-sources to create entanglement between two charge qubits. In Chapter 2 we
have investigated the first-order coherence properties of single-particle states emitted
by the on-demand single-electron source. For the latter, we have proposed a general
framework by deriving analytically the expression of the current at the output of an
interferometry experiment. We have been able to distinguish the coherence time T2,
the relaxation time T1 and the dephasing time Tϕ by considering the single-particle
state sent onto the Mach-Zehnder interferometer as a time-dependent orbital qubit.
We have treated the non-interacting case which will serve as an important reference
for future treatments which include dephasing and relaxation processes. This would
lead to a theory which is closer to experimental reality.

To complete the characterization of the coherence properties of many-particle
states, it is essential to also consider the second-order coherence properties. Start-
ing from the results of Chapter 2, the second-order correlation function g(2) could
be derived within the same framework as the first-order correlation functions. In
particular, the determination of second-order coherence properties provides com-
plementary informations to the waiting times distribution. In Chapter 3, we have
addressed the quantum-mechanical derivation of the waiting times distribution for
stationary sources. It would be of interest to find it for dynamical quantum problems
like quantum pumps.



102 Perspectives



Chapter 4

Appendices

4.1 The scattering-matrix approach
The scattering matrix relates asymptotically free incoming states on a scattering

region to the free outgoing states. In quantum transport, it has been proven to be a
very efficient tool to describe phase-coherent systems. One of the most famous results
is the expression of the conductance as the sum over the transmission probabilities
of the quantum channels of a quasi-one-dimensional mesoscopic conductor :

G =
2e2

h

∑
n,m

Tnm , (4.1)

where G0 = 2e2/h is the conductance quantum and Tnm are the transmission proba-
bilities to go from channelm to the channel n. For details about the results presented
below, we refer the reader to the articles by M. Büttiker [Büttiker 92] and G.B Leso-
vik and I.A. Sadovskyy [Lesovik 11].

A quasi-one-dimensional mesoscopic conductor is generally modeled as a three-
dimensional waveguide with high potentials in the transverse direction (ŷ, ẑ) so that
the motion only takes place in the x̂-direction as shown in Fig. 4.1. Assuming
asymptotic translation invariance along the x̂-axis, the plane waves that propagate
in such a conductor are obtained by solving the Scrödinger equation for the wave-
function ψ of a single-electron :[

− h2

2m
∆ + V (y, z)

]
ψ(x, y, z) = Eψ(x, y, z) , (4.2)

with the ansatz ψ(x, y, z) = χ(y, z)eikx. After separating the variables, the quantized
energies En of the transverse modes χn(y, z) are solutions of :[

− h2

2m
(∂2
y + ∂2

z ) + V (y, z)

]
χn(y, z) = Enχn(y, z) .
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x̂

ŷ

ẑ

Figure 4.1: Schematic view of a quasi-one-dimensional conductor modeled as a wave-guide.
A potential in the directions ŷ and ẑ defines quantized modes in these transverse directions
which can propagate along the x̂-direction.

The transverse modes χn(y, z) form a complete and orthonormal set :∑
n

χn(y, z)χ∗n(y′, z′) = δ(y − y′)δ(z − z′) ,∫
dy dz χn(y, z)χ∗m(y, z) = δmn .

The solution of the Schrödinger equation (4.2) reads :

ψ(x, y, z) =
∑
n

cnχn(y, z)eiknx , (4.3)

with kn being the wave-vector of the n-th quantum channel, kn =
√

2m(E − En)/~.
Here m is the mass of the electron and cn are constants. To formulate a scattering
problem, we assume an additional scattering potential. The incident wave function
has the asymptotic form derived above, it corresponds to ψ(x, y, z) in Eq. (4.3). The
wave functions to the left and to the right of the scattering region are given by :

ψLn(x, y, z) =
∑

m χm(y, z)
(
δmn e

ikmx +
√

vLn
vLm

SLL,mn e
−ikmx

)
,

ψRn(x, y, z) =
∑

m χm(y, z)
√

vLn
vRm

SRL,mn e
ikmx .

(4.4)

These are the scattering states of the system. The indices L,R stand for the left
and right leads respectively whereas the indices m,n label the modes in each lead.
The scattering matrix element SLR,mn corresponds to the amplitude of probability
to go from the channel n in lead R to the channel m in lead L. The transmission
and reflection amplitudes which relate the incoming to the outgoing wave-functions
form the scattering matrix S of the system :

S =

(
SLL SLR
SRL SRR

)
. (4.5)
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fL fR

S

âR

b̂R

âL

b̂L

Figure 4.2: The transport properties of a conductor connected to two reservoirs charac-
terized by their Fermi energies fL and fR are described by the scattering matrix S. The
indices L,R label the left and right reservoirs or leads. The scattering matrix relates the
incoming amplitudes to the outgoing amplitudes. The corresponding field operators are
expressed in terms of the incoming annihilation operators âL,R and of the outgoing annihi-
lation operators b̂L,R. The three arrows stand for the finite number of channels in the left
and right leads.

The block Sαβ has the dimension Nα×Nβ with α, β = L,R and NL,R is the number
of channels in the left and right leads respectively. If there is only one channel in each
lead, each block of the scattering matrix consists in only one amplitude of probability.
The conservation of the current implies that the scattering matrix is unitary :

SS† = S†S = 11 . (4.6)

If the system is time reversal symmetric, the scattering matrix is orthogonal. In
general, the scattering matrix depends on energy. One well-known example is the
scattering matrix of a double tunnel barrier. The corresponding transmission prob-
ability is maximum at the resonant energy even if the transmission probabilities of
each of the barriers taken separately are not maximum.

To express the current in the contact α in terms of the scattering matrix elements,
we fist introduce the creation and annihilation operators for incoming particles, b̂†(E)
and b̂(E), and outgoing particles â†(E) and â(E) at energy E in terminal α, see Fig.
4.2. These operators are related by the scattering-matrix elements:

b̂αn =
∑
β,m

Sαβ,nm âβm . (4.7)

The operator b̂αn annihilates a particle in the incoming channel n in lead α whereas
the operator âβm annihilates a particle in the outgoing channel m of the lead β.
The total current Îα entering the reservoir α in terms of the second quantization
expression of the current density operator ĵα(~r, t) is given by :

Îα(t) =

∫∫
A
dy dz ĵα(~r, t) =

~
2mi

∫∫
A
dy dz

[
Ψ̂†α∇Ψ̂α − (∇Ψ̂†α)Ψ̂α

]
. (4.8)



106 4. Appendices

The integral is over an arbitrary cross section of the reservoir. In the scattering-
matrix approach, it is assumed that, deep in the reservoirs, the current operator
does not depend on the position of the cross section along the x̂-axis. This explains
why the only argument in the current is the time. The Fermi field operator Ψ̂α is a
superposition of the incoming and outgoing states in reservoir α:

Ψ̂α(~r, t) =
∑
n

∫
dEαn√
hvαn

eikαnx e−iωαntχαn(y, z) × âαn

+
∑
n

∫
dEαn√
hvαn

e−ikαnx eiωαntχαn(y, z) × b̂αn . (4.9)

Inserting this expression in Eq. (4.8) and within certain limits, some algebra gives :

Îα(t) =
e

h

∑
n

∫∫
dE dE ′ ei(E−E

′)t/~
[
â†αn(E)âαn(E ′)− b̂†αn(E)b̂αn(E ′)

]
. (4.10)

This expression is exact in the zero-frequency limit and is a good approximation for
for a large range of small frequencies. For a detailed discussion of the validity of this
expression, we refer to the Ref. [Büttiker 92] where the derivation can be found in
its entirety. Equation (4.10) will be used all along this thesis to calculate the average
current at the output of the MZI.

Now, making use of Eq. (4.7), the current operator in reservoir α can be written
in terms of the scattering matrix amplitudes and the operators â only :

Îα(t) =
e

h

∫∫
dE dE ′

∑
βγ,mn

â†βm(E)
(
Aβγ(α,E,E

′)
)
mn
âγn(E ′) . (4.11)

where the matrix A is the current matrix :

Aβγ(α,E,E
′) = 11αδαβ δαγ − S†αβ(E)Sαγ(E

′) . (4.12)

The average current can be easily calculated, since the quantum statistical average
of combinations of â†â are proportional to by Fermi functions f :

〈â†α(E)âβ(E ′)〉 = δαβ δ(E − E ′) fα(E) .

The reservoir α is characterized by its Fermi distribution fα(E). To linear response,
the average current is expressed in terms of a conductance matrix Gαβ :

〈Îα〉 =
∑
β

Gαβ Vβ with

Gαβ =
e2

h

∫
dE

(
−∂f(E)

∂E

)(
δαβ − S†αβ(E)Sαβ(E)

)
. (4.13)

Here Vβ is the voltage applied to the contact β and f(E) is the equilibrium Fermi
distribution at energy E. At zero temperature, this reduces to Eq. (4.1).
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4.2 Self-consistent determination of the fluctuating
potential U

In this appendix, we present the self-consistent derivation of the potential in the
upper and lower arms due to the presence of the charge qubits. For more details,
we refer the reader to the following references: [Büttiker 93a, Martin 00, Pilgram 02,
Pilgram 04]. As shown in this work, one condition to operate the MZI as parity
meter is to assume that the acquired phase ∆χ by the electrons is the same on the
upper and lower arms. As a consequence the potentials in the upper and lower arm
have to be also the same, U1 = U2 = U . In this section, we derive this potential U
considering only the upper arm (the derivation for the lower arm is similar). Given
that the two arms of the MZI are not subject to the Coulomb interaction, we consider
the setup shown in Fig. 4.3 which depicts the coupling between one charge qubit
and one arm of the MZI in the region Ω. Assuming that the potential is constant in
the region Ω of the coupling, the fluctuating phase acquired by the electrons in the
arm is given by:

e

~

∫ τ

0

dt′ U(t′) =
e

~
U τ , (4.14)

where τ is the traversal time of the electrons to travel over the region of interaction
Ω. The corresponding scattering matrix is given by:

Su =

(
i
√
TRRLe

iφueieUt/~
√
TRTLe

iφueieUt/~

−√RLRRe
iφueieUt/~ i

√
RRTLe

iφueieUt/~

)
The phase φu is the sum of a dynamical phase kµL and a phase acquired due to the
magnetic field.

From the interaction term of the Coulomb Hamiltonian (Eq. (1.9)), the coupling
capacitance is Ci. The charge Q̂ in the region Ω can be expressed in two ways: first
with the help of the potential operator in this region, Q̂ = Ci Û and second as the
sum of the bare charge in this region eN̂ and the induced charges generated by the
fluctuating potential in this same region, −e2NÛ :

Q̂ = CiÛ = eN̂ − e2NÛ (4.15)

From these equations, we can express the potential operator Û self-consistently:

Û =
eN̂

Ci + e2N
=

eN̂
e2N

Cµ
Ci

. (4.16)

Here Cµ is the electrochemical capacitance defined as the sum in series of the geomet-
rical capacitances and the quantum capacitance Cq = e2N . The density-of-states in
the arm is N . These capacitances have been defined in the main text in Eqs.(1.18).
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4

32

1

⌦

CiÛ

Figure 4.3: Self-consistent determination of the fluctuating potential Û in the upper arm
of the MZI. A charge is coupled to this upper arm by a capacitance Ci. The potential is
determined by considering the charge in the upper arm in the region Ω. This charge is the
sum of the bare charge and the charges induced by the fluctuating potential Û in the arm.

The bare charge and the induced charge are calculated from the Wigner-Smith time-
delay matrix (or density-of-states matrix) Nαβ [Martin 00]:

Nαβ(E) =
−1

2πi

∑
ν

S†να(E,U)
∂Sνβ(E,U)

e∂U
. (4.17)

The indices α, β = 1, 2 label the leads that connect the region Ω to the reservoirs.
The diagonal elements of this matrix are widely used to describe quantum pumping
[Brouwer 98]. The charge operator eN̂ in the region Ω is defined as:

eN̂ = e
∑
α,β

∫
dE a†α(E)Nαβ(E) aβ(E) . (4.18)

In the above equation a†α(E) creates an incoming electron in lead α. The density of
states N is given as the sum of the elements of the local Wigner-Smith time-delay
matrix:

N =
∑
γ

Nγγ(E) . (4.19)

With the scattering matrix of the upper arm, we have that:

S†uSu =

(
RL −i√RLTL

i
√
RLTL TL

)
.

With these different definitions and expressions, the potential operator Û in the
region Ω is calculated. We recover the expression of the additional phase ∆χ acquired
by the electrons due to the presence of the DQDs, Eq. (1.17):

∆χ =
e

~
Uτ = 2π

Cµ
Ci

. (4.20)
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4.3 Description of the source in the non-adiabatic
regime

In this appendix, we provide the details on the derivations of the scattering matrix
amplitude and of the current emitted by the source in the non-adiabatic regime.

4.3.1 The scattering amplitude

In the non-adiabatic regime, the emissions of a single electron and a single hole
per period are triggered by an applied periodic potential. Compared to the adiabatic
case, the non-adiabatic regime is reached when the potential has an abrupt change
compared to the time spent by the particle in the cavity. This is for instance the
case with a periodic square potential U(t) = U(t+ T ) as shown in Fig. 4.4 :

U(t) =


U0 , −T /2 < t < −T /4 ,
U1 , −T /4 < t < T /4 ,
U0 , +T /4 < t < T /2 .

(4.21)

The first step of the potential at −T /4 ≡ t− is at the origin of the emission of an
electron whereas the second step at T /4 ≡ t+ provokes the emission of a hole. In
this work, we focus on single-particle interferences so that we assume that the times
of emission of an electron and a hole are well separated, i.e |t− − t+| � τD.

To derive the scattering amplitude in the time interval [−T /2, 0], we have to start
again from the Fabry-Pérot expression given by Eq.(2.12) with now a phase Φn(t)
which varies over the time the particle spends inside the mesoscopic capacitor :

S(e)
na (t, E) = rSES +

t2SES

rSES

∞∑
n=1

rnSES e
i
(
nkEL−Φn(t)

)
, (4.22)

with

Φn(t) =
e

~

∫ t

t−nτ
dt′ U(t′)

=
e

~


nτU0 −T /2 < t < t−

nτU0 + δUt t− < t < t− + nτ

nτU1 t− + nτ < t < 0 .

(4.23)

The potential difference is δU = U1 − U0.

Defining N = [t/τ ] as the integer part of t/τ , the sum over n in the Fabry-Pérot
expression is splitted into 3 parts corresponding to the 3 expressions of the phase
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t�T /4 ⌘ t� T /4 ⌘ t+

T /2�T /2

0

U1

U0

U(t)

Figure 4.4: Periodic square potential to operate the source in the non-adiabatic regime,
shown in the time interval [−T /2, T /2]. The abrupt changes between the lower value U0

and the higher value U1 at the times t± lead to the emission of an electron and of a hole.
One condition to operate the source in the optimal regime consists in setting the difference
U1 − U0 equal to the energy level spacing in the cavity ∆.

Φn(t):

- If t < t−, the potential is constant and is given by its value U0. The scatter-
ing matrix amplitude will be given by the frozen scattering matrix amplitude
(Eq.(2.30)) with V = U0:

S(U0[t], E) = eiφr
|rSES| − eiϕU0

(t,E)

1− |rSES|eiϕU0
(t,E)

. (4.24)

- If t− < t < 0, and n > N , the scattering amplitude depends on the potential
step δU .

- If t− < t < 0, and n < N , the potential recovers a constant value, namely U1.

The scattering matrix in the non adiabatic regime Sna(t, E) can therefore be written
as the sum of a frozen scattering amplitude for t < t− before the step in the potential
and a more complicated term depending on N for t > t−:

S(e)
na (t, E) = S(U0[t− t−], E) Θ(−(t− t−)) + δS(t− t−, E) Θ(t− t−) , (4.25)

with

S(U0[t], E) = eiφr
|rSES| − eiϕU0

(t,E)

1− |rSES|eiϕU0
(t,E)

, (4.26a)

δS(t, E) = eiφrTSESR
N/2
SES

(
ei(N+1)ϕU1

(t,E)

1−√RSESe
iϕU1

(t,E)
− ei(N+1)ϕU0

(t,E)e−i2πeδUt/h

1−√RSESe
iϕU0

(t,E)

)
.

(4.26b)
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The optimal regime

Important simplifications can be made when assuming that the source is operated
in the optimal regime which consists in the two following assumptions:

1) The potential difference δU corresponds exactly to one level spacing ∆ = h/τ
of the mesoscopic capacitor. This corresponds to the experimental regime in
which the emission of quantized charges is observed. It ensures that only one
charge is emitted in each half-period of the potential U(t):

eδU = ±∆ . (4.27)

The sign + corresponds to the emission of an electron whereas the sign − cor-
responds to the emission of a hole.

2) At t = 0, the Fermi energy µ lies exactly in the middle of two levels of the
cavity. As a consequence U0 and U1 play the same role, U1 = −U0 ≡ U and the
phase ϕU does not depend on time anymore, as shown below. This condition
requires that ϕU(µ) ≡ π:

ϕU(µ) = φr + kµL−
eUτ

~
≡ π , (4.28)

where we recall that φr is the phase of the reflection amplitude, rSES = |rSES|eiφr .
With these two assumptions, the expression of the phase ϕU(E) is greatly sim-
plified :

ϕU(E) = φr + kµL+ (E − µ)
τ

~
− eUτ

~

= π + 2π
E − µ

∆
, (4.29)

Then the resonance condition reads:

ϕ(E) = 2πk , k = 0, 1, 2, . . .

⇔ Ek − µ = ∆(k − 1

2
) , k = 0, 1, 2, . . . (4.30)

These assumptions simplify the analytical calculations but are fully justified by the
experiment which works in this optimal regime. The scattering matrix corresponding
to the emission of an electron reads:

S(e)
na (t, E) = S(E) + δS(t− t−, E) Θ(t− t−) , (4.31)
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with

S(E) = eiφr
|rSES| − eiϕ(E)

1− |rSES|eiϕ(E)
, (4.32a)

δS(t− t−, E) = eiφrTSESR
N/2
SES

ei(N+1)ϕ(E)

1−√RSESeiϕ(E)

(
1− e−i2π(t−t−)/τ

)
,

(4.32b)

where we have redefined N = [(t − t−)/τ ]. The scattering amplitude satisfies the
conservation of the current :∫ T

0

dt

T S
(e)
na (t, E)S(e)∗

na (t, E) = 1 . (4.33)

For the time interval [0, T /2] corresponding to the emission of a hole, the derivation
of the scattering amplitude S(h)

na (t, E) is similar, with eδU = −∆ andN = [(t−t+)/τ ]:

S(h)
na (t, E) = S(E) + δS(t− t+, E) Θ(t− t+) , (4.34)

with

S(E) = eiφr
|rSES| − eiϕ(E)

1− |rSES|eiϕ(E)
, (4.35a)

δS(t− t+, E) = eiφrTSESR
N/2
SES

ei(N+1)ϕ(E)

1−√RSESeiϕ(E)

(
1− ei2π(t−t+)/τ

)
.

(4.35b)

Floquet scattering amplitudes

The Floquet scattering amplitude Sna(Em, E) is the Fourier transform of the
scattering amplitude Sna(t, E):

Sna(Em, E) =

∫ T
0

dt

T e
imΩtSna(t, E) ,

We recall that Em = E + m~Ω and we obtain for the electron and for the hole
contribution :

S(e)
na (Em, E) =

1

m(mΩτ − 2π)

ieimΩt−eiθrTeiφ

1−
√
Reiφ

eimΩτ − 1

1−
√
Rei(φ+mΩτ)

, (4.36a)

S(h)
na (Em, E) =

1

m(mΩτ + 2π)

−ieimΩt+eiθrTeiφ

1−
√
Reiφ

eimΩτ − 1

1−
√
Rei(φ+mΩτ)

. (4.36b)
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The Floquet scattering amplitude in the non-adiabatic regime is therefore :

Sna(Em, E) = S(e)
na (Em, E) + S(h)

na (Em, E) , (4.37)

we derive the current emitted by the source in this non-adiabatic regime as well as
the current at the output of the MZI from which we extract the first-order correlation
function and the coherence length.

4.3.2 Current emitted by the source

The current Ina emitted by the source at time t− τi in the non-adiabatic regime
in terms of the Floquet scattering amplitude of the source Sna is given by Eq. (2.22)
which we repeat here :

Ina(t− τi) =
∑
l

e−ilΩ(t−τi) e

h

∫ ∞
0

dE
∑
m

[f(E)− f(Em)] S∗na(Em, E)Sna(El+m, E) .

Here Em = E + m~Ω and El+m = E + (m + l)~Ω and Sna(Em, E) is given by Eq.
(4.37).

The product of the scattering amplitudes S∗na(Em, E)Sna(El+m, E)

Importantly we repeat that the emissions of an electron and a hole are separated
by a long time compared to the dwell time τD of the single particles in the cavity :

|t− − t+| � τD .

The product of the Floquet scattering amplitudes S∗na(Em, E)Sna(El+m, E) consists
therefore in two terms, one contribution from the electron and one contribution from
the hole; the cross product vanishes. To simplify the presentation, we outline below
the derivation for the current produced by the emission of electrons, i.e we consider
only S

(e)
na . The time period T is assumed to be much longer than any other time

scale, in particular T � τ , so that we can go to the continuous limit for the sums
over m and l :

lΩ ≡ ω′ so that
∑
l

→
∫
dω′

Ω
,

mΩ ≡ ω so that
∑
m

→
∫
dω

Ω
.

We get :

I(e)
na (t) =

e

h

∫
dE

∫
dω

Ω
[f(E)− f(E + ~ω)]∫

dω′

Ω
e−iω

′tS(e)∗
na (E + ~ω,E)S(e)

na (E + ~(ω + ω′), E) . (4.38)
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Defining ε ≡ E − µ, we can express the product of the two scattering matrices as:

1

Ω2
S(e)∗

na (E + ~ω,E)S(e)
na (E + ~(ω + ω′), E) = T 2

SESj(ε, ω, ω
′)ζ(e)(ω, ω′) , (4.39)

with TSES the transmission probability of the QPC coupling the source to the edge
state and

j(ε, ω, ω′) =
1

|1−√RSESeiϕ(ε)|2
1(

1−√RSESe−i(ϕ(ε)+ωτ)
)(

1−√RSESei(ϕ(ε)+(ω+ω′)τ)
) ,

ζ(e)(ω, ω′) =

(
e−iωτ − 1

)(
ei(ω+ω′)τ − 1

)
ω(ω + ω′)(ωτ − 2π)

(
(ω + ω′)τ − 2π

) .
The phase ϕ(ε) is the phase defined above in Eq.(4.29) with ε = E − µ.

The current emitted by the source in the non-adiabatic regime

To calculate this current, we make use of the Residue theorem. For this, we
expand the denominators of the functions j and ζ using the Breit-Wigner assumption
TSES � 1. With the expression of the energies εk ≡ Ek − µ given by Eq.(4.30), we
get:

1

|1−√RSESeiϕ(ε)|2 =
∑
k

∆2/4π2(
ε−∆(k − 1

2
)
)2

+ γ2

=
∆2

4πγ

∑
k

δ
(
ε−∆(k − 1

2
)
)
,

1

1−√RSESe−i(ϕ(ε)+ωτ)
=

∑
l

−i∆/2π[
ε−∆(l − 1

2
)
]

+ ~ω − iγ ,

1

1−√RSESei(ϕ(ε)+(ω+ω′)τ)
=

∑
m

i∆/2π[
ε−∆(m− 1

2
)
]

+ ~(ω + ω′) + iγ

Here we have introduced the coefficient γ :

γ ≡ ∆TSES

4π
, (4.40)

verifying limTSES→0 γ = 0. The integrals over ω, ω′ and ε are done with the Residue
theorem and we get the expression of the current I(e)

na (t− t−) emitted by the source
in the non-adiabatic regime in the time interval [−T /2, 0]:

I(e)
na (t) = α(e) e

−(t−t−)/τD

τD
Θ(t− t−) ,
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with :

τD =
h

TSES ∆
being the dwell time of the particle inside the cavity and

α(e) =
∑
k

(
f
(
∆(k − 1

2
)
)
− f

(
∆(k +

1

2
)
))

.

The coefficient α(e) is important as it implies that several levels of the mesoscopic
capacitor may contribute to the transport at non-zero temperature. In the non-
adiabatic regime (as in adiabatic regime), we assume zero temperature and for the
electron emission, only the term corresponding to k = 0 does not vanish. Therefore,
at zero temperature, only one level of the cavity contributes to the transport and
α = 1. The current I(e)

na (t) in the first period of the potential, t ∈ [−T /2, 0], is then
given by:

I(e)
na (t) =

e

τD
e−(t−t−)/τD Θ(t− t−) for − T /2 < t < 0 , (4.41)

where Θ is the Heaviside function. Following exactly the same procedure for the step
of the potential at time t+ in the interval [0, T /2] during which a hole is emitted we
get the current produced by the emission of holes I(h)

na (t):

I(h)
na (t) = α(h) e

−(t−t+)/τD

τD
Θ(t− t+) ,

with :

α(h) =
∑
k

(
f
(
∆(k − 1

2
)
)
− f

(
∆(k − 3

2
)
))

.

By shifting k by 1, we obtain that α(h) = −α(e) at any temperature. In the particular
case of zero temperature, the only level which contributes to this current is the term
corresponding to k = 1. The total current emitted by the cavity is the sum of the
current produced by the electrons and the holes:

Ina(t) =
e

τD
e−(t−t−)/τDΘ(t− t−)− e

τD
e−(t−t+)/τDΘ(t− t+) . (4.42)

The expression of the current in the non-adiabatic regime is in agreement with the
experimental measurements as shown in Fig. 2.11 in the main text. The current ex-
hibits an exponential behavior with a characteristic time corresponding to the dwell
time of the particle inside the cavity, τD = h/(TSES∆).
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Résumé

Cette thèse est consacrée à l’étude des propriétés de cohérence d’états à électron
unique ou à plusieurs électrons dans des systèmes mesoscopiques. Bien que ces sys-
tèmes comportent généralement un grand nombre d’atomes, ils sont suffisamment
petits pour permettre une propagation cohérente des électrons. La cohérence de
phase des électrons a permis d’observer divers effets quantiques comme par exemple
les courants persistants ou la mesure de fluctuations universelles de la conductance.
Depuis le début de la physique mésoscopique, d’énormes progrès expérimentaux ont
été faits, ce qui permet aujourd’hui d’étudier de manière beaucoup plus précise les
propriétés quantiques de conducteurs mésoscopiques. Dans cette thèse, nous avons
considéré en particulier l’interféromètre de Mach-Zehnder électronique qui a été réal-
isé pour la première fois en 2003 au Weizmann Institute en Israël ainsi qu’une source
qui permet d’injecter des électrons uniques, un par un, tout en contreôlant le temps
d’émission de ces états à une particule. Cette source a été réalisée dans le Labora-
toire Pierre Aigrain à Paris en 2007 pour la première fois. Elle constitue une avancée
majeure pour la physique mesoscopique car elle permet de contrôler l’information
quantique contenue dans chaque électron, de manière individuelle.

Dans le premier chapitre de cette thèse, nous avons considéré l’interferomètre de
Mach-Zehnder comme détecteur de parité pour deux qubits (bits quantiques) couplés
aux bras de l’interféromètre. La mesure de parité est une source d’intrication, in-
dispensable pour le traitement de l’information quantique. Nous avons tout d’abord
donné les conditions sous lesquelles cet interéromètre peut être utilisé comme dé-
tecteur de parité et, en utilisant les propriétés de cohérence des électrons dans ce dis-
positif, nous avons montré que le Mach-Zehnder fonctionne comme détecteur idéal,
dans le sens où celui-ci ne va pas déphaser les qubits plus vite que le temps néces-
saire à l’acquisition de l’information concernant leur parité. Cette propriété permet
d’augmenter de manière significative la probabilité de générer des états intriqués à
deux qubits, par exemple les fameux états de Bell.

Dans le chapitre 2, nous avons caractérisé les propriétés de cohérence des élec-
trons émis par la source à électrons uniques à l’aide de leur longueur de cohérence.
Celle-ci est fondamentale car elle définit la distance sur laquelle une particule unique
peut interférer avec elle-même à la sortie d’un interferomètre. Pour la déterminer,
nous avons donc naturellement considérer une expérience d’interférométrie faisant
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intervenir le Mach-Zehnder. A partir de l’expression du courant à la sortie de
l’interféromètre calculée à l’aide de la matrice de diffusion du système, nous avons
extrait la fonction de corrélation au premier ordre G(1) des électrons uniques émis
par la source. La décroissance de G(1) en fonction de la différence de marche de
l’interféromètre est caractérisée par la longueur de cohérence. Dans notre modèle
où des sources additionnelles de déphasage ne sont pas prises en compte (par exem-
ple des effets de température finie ou des interactions des électrons avec la mer de
Fermi), nous avons montré que cette source émet des états à particule unique dont
la longueur de cohérence est entièrement déterminée par la longueur de relaxation
de la source. Cette propriété est prometteuse pour manipuler de manière cohérente
des états quantiques à une particule.

Finalement, dans le chapitre 3, nous avons développé une théorie quantique de
la distribution des temps d’attente entre deux électrons consécutifs dans un con-
ducteur mésoscopique. La distribution des temps d’attente fournit des informations
complémentaires sur le transport de charges par rapport au courant moyen et à ses
fluctuations mesurées généralement dans les expériences de transport électronique.
En effet, cet outil statistique permet d’obtenir des informations sur la statistique
quantique des électrons se propageant dans le conducteur, et par là, permet de car-
actériser les propriétés de cohérence de l’état incident à plusieurs électrons. Nous
avons illustré ce formalisme en calculant la distribution de temps d’attente pour des
électrons émis par une source dc et qui sont diffusés par un point contact quantique.
L’état incident est décrit par un déterminant de Slater. De manière remarquable,
nous avons trouvé que cette distribution correspond à la distribution de Wigner-
Dyson pour une transmission parfaite à travers le point contact quantique, alors que
la distribution est poissonnienne pour un point contact quantique presque totalement
fermé. Cela a permis de mettre en évidence, entre autres, le fait que les électrons
ne sont pas séparés en temps de manière uniforme (il existe des fluctuations) du fait
des interactions à courte distance induites par le principe de Pauli. La distribution
des temps d’attente, dérivée en tenant compte des propriétés quantiques des élec-
trons, constitue donc un outil riche et efficace pour caractériser la cohérence d’états
à plusieurs particules, comme ceux émis par une source dc par exemple.


