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omponents in per
olationmodels: the 
ase of nonplanar latti
esOlle H�aggstr�om�ySeptember 26, 2002Abstra
tWe prove uniqueness of the in�nite rigid 
omponent for standard bond per
o-lation on periodi
 latti
es in d-dimensional Eu
lidean spa
e for arbitrary d, andmore generally when the latti
e is a quasi-transitive and amenable graph. Ourapproa
h to uniqueness of the in�nite rigid 
omponent improves earlier ones, thatwere 
on�ned to planar settings.1 Introdu
tionOne of the most 
elebrated results in per
olation theory is that for i.i.d. site or bondper
olation on the 
ubi
 latti
e Zd, there is a.s. at most one in�nite 
onne
ted 
ompo-nent; see Harris [11℄, Aizenman, Kesten and Newman [1℄, Burton and Keane [5℄ andGrimmett [7℄. As has been noted many times by various authors, the arguments ofBurton and Keane extend easily to other periodi
 latti
es in Eu
lidean spa
e, as wellas to amenable (quasi-)transitive graphs in general.There has in re
ent years been some interest in studying not only 
onne
ted 
ompo-nents, but also rigid 
omponents, in per
olation models. Ja
obs and Thorpe [15℄ reportnumeri
al �ndings, while rigorous mathemati
al treatments 
an be found in the papersby Holroyd [12, 13, 14℄ and H�aggstr�om [8℄. Here we will be interested in the rigidityanalogue of the uniqueness of in�nite 
onne
ted 
omponents. This was studied for the
ase of bond per
olation on the triangular latti
e in two dimensions in [12℄ and [8℄ (thereason for studying the triangular rather than the more usual square latti
e is that thelatter 
ontains no nontrivial rigid 
omponents). In [12℄, uniqueness of the in�nite rigid
omponent was shown to hold for all but at most 
ountably many values of the reten-tion parameter p. Then, in [8℄, this result was extended to all p. The te
hniques in [12℄and [8℄ both rely heavily on planarity. The purpose of the present paper is to developte
hniques for proving uniqueness of in�nite rigid 
omponents in nonplanar settings.Our main result is the following; see Se
tion 3 for 
areful de�nitions and (in Theorem3.4) a more general version of the result.Theorem 1.1 Let G be a rigid d-dimensional periodi
 latti
e with d � 2, and let pd(G)be the rigidity per
olation 
riti
al value for G. Then, for bond per
olation on G withretention parameter p > pd(G), we obtain a.s. a unique in�nite rigid 
omponent.�Resear
h supported by the Swedish Resear
h Coun
ilyMathemati
al Statisti
s, Chalmers University of Te
hnology, 412 96 G�oteborg, Sweden,olleh�math.
halmers.se, http://www.math.
halmers.se/~olleh/1



Some remarks:1. The de�nition of in�nite rigid 
omponents is not altogether straightforward. In[14℄, two natural (and non-equivalent) de�nitions are dis
ussed, 
orresponding tothe \free" and \wired" boundary 
onditions that are nowadays standard in modelssu
h as the random-
luster model [6℄ and uniform spanning forests [3℄. As in [12℄and [8℄, we shall employ the de�nition 
orresponding to free boudary. Underthe alternative de�nition, 
orresponding to wired boundary, uniqueness of in�niterigid 
omponents be
omes a trivial statement.2. Rigidity is, as we shall see in the next se
tion, a dimension-dependent 
on
ept.Mathemati
ally, there is nothing strange about studying d0-dimensionally rigid
omponents on a d-dimensional latti
e with d 6= d0, but physi
ally the interesting
ase is obviously d = d0. Theorem 3.4 below 
overs both 
ases, and in fa
t thepossibility d 6= d0 does not indu
e any extra 
ompli
ations for the proof.3. It is not known whether or not at the rigidity 
riti
al value pd(G) there is anin�nite rigid 
omponent. One short
oming of Theorem 1.1 (and of Theorem 3.4)is that it does not rule out the existen
e of more then one in�nite rigid 
omponentat 
riti
ality. In 
ontrast, the uniqueness result in [8℄ for the triangular latti
eshows that the number of in�nite rigid 
omponents at 
riti
ality must be 0 or 1.The rest of this paper is organized as follows. In Se
tion 2, we re
all the de�nitionsof rigidity and related 
on
epts. In Se
tion 3 we give some de�nitions pertaining toper
olation and the latti
e, and state the more general version of the main result. Se
tion4 deals with some general tools in per
olation theory that will be of use to us, and �nallySe
tions 5 and 6 are devoted to the proof of our main result. Similarly as in the paperby H�aggstr�om [9℄ on uniqueness in so-
alled entanglement per
olation, the proof splitsnaturally in two stages: the �rst stage (
arried out in Se
tion 5) is to obtain \uniquenessmonotoni
ity" results in the spirit of H�aggstr�om and Peres [10℄ and S
honmann [18℄,while the se
ond stage (
arried out in Se
tion 6) invloves the 
ombinatorial argumentfor uniqueness introdu
ed by Burton and Keane [5℄. We emphasize, however, that ourproof is far from being a straightforward adaptation of the te
hniques in [9℄, as our fo
uson rigidity (as opposed to 
onne
tivity or entanglement) for
es us to invoke several newideas.2 RigidityIn this se
tion, we re
all the notion of (generi
) d-dimensional rigidity of graphs. Weshall essentially follow the exposition in [12℄, where more ba
kground and detail 
an befound.Let G = (V;E) be a �nite graph, and let d be a positive integer. By a d-dimensionalembedding of G, we mean a map r : V ! Rd. The pair (G; r) is 
alled a framework.Let k � k denote Eu
lidean norm on Rd. A d-dimensionalmotion of a framework (G; r)is a di�erentiable family frt : t 2 [0; 1℄g of embeddings of G su
h that for ea
h edgee = hx; yi 2 E and all t 2 [0; 1℄ we havekrt(x)� rt(y)k = kr(x)� r(y)k (1)2



The motion is said to be rigid if (1) holds for all pairs of verti
es x; y 2 V (and notjust for those linked by an edge). The embedding r and the framework (G; r) are saidto be rigid if all their d-dimensional motions are rigid.Whether or not (G; r) is rigid turns out to depend in general not only on G but alsoon the embedding G. It is known, however, that for a given graph G, either almostall or almost no embedding of G in Rd are rigid; here \almost all" is with respe
t toRdjV j-dimensional Lebesgue measure. This makes the following de�nition natural.De�nition 2.1 A �nite graph G = (V;E) is said to be d-dimensionally rigid (orsimply d-rigid) if Lebesgue-almost all embeddings of G in Rd are rigid.To make sense of the main question studied in this paper, we need to de�ne rigidityalso for in�nite graphs:De�nition 2.2 An in�nite graph G = (V;E) is said to be d-rigid if every �nite subgraphof G is 
ontained in some d-rigid �nite subgraph of G.When 
onsidering in�nite graphs in this paper, we shall always assume that they arelo
ally �nite, and therefore 
ountable.We shall be interested in d-rigid 
omponents of a graph G, by whi
h we meanmaximal d-rigid subgraphs of G. Su
h 
omponents are not ne
essarily disjoint, but thefollowing weaker result holds. For two graphs G1 = (V1; E1) and G2 = (V2; E2), de�netheir union G1 [G2 as the graph with vertex set V1 [ V2 and edge set E1 [E2.Proposition 2.3 Let G1 = (V1; E1) and G2 = (V2; E2) be (�nite or in�nite) d-rigidgraphs. If jV1 \ V2j � d, then G1 [G2 is d-rigid.Note also that (d+1)-rigidity of a graph implies d-rigidity, and that 1-rigidity is equiv-alent to 
onne
tivity.For d = 2, it seems fairly 
lear that the notion of d-rigid 
omponents in a graph
apture the physi
ally relevant aspe
ts of d-rigidity; see Holroyd [13, Se
t. 4.8℄. Thesituation for d � 3 is, however, more 
ompli
ated: It is shown in [13℄ how to 
onstru
ta graph G = (V;E) with two verti
es x; y 2 V su
h that x and y are not in the same3-rigid 
omponent of G, while on the other hand Lebesgue-a.e. embedding r of G inR3 has the property that all 3-dimensional motions of (G; r) preserve the Eu
lideandistan
e between x and y. Be that as it may, our fo
us in this paper will be on d-rigid
omponents.3 Latti
es, per
olation and the main resultThe per
olation pro
esses that we 
onsider will be living on amenable quasi-transitivegraphs, so we need to re
all the notions of (quasi-)transitivity and amenability.An automorphism of a graph G = (V;E) is a bije
tive mapping 
 : V ! V su
hthat 
(x) and 
(y) share an edge in G if and only if x and y do. We write Aut(G) forthe group of automorphisms of G. For 
 2 Aut(G), we will sometimes write (with someabuse) 
 also for the indu
ed mapping from E to E.De�nition 3.1 A graph G = (V;E) is said to be transitive if for all x; y 2 V , thereexists a 
 2 Aut(G) su
h that 
(x) = y. More generally, a graph G = (V;E) is saidto be quasi-transitive if V 
an be partitioned into a �nite number of sets (orbits)V1; : : : ; Vk su
h that for any i 2 f1; : : : ; kg and any two verti
es x; y 2 Vi, there exists a
 2 Aut(G) su
h that 
(x) = y. 3



For a graph G = (V;E) and a subset W � V of its vertex set, de�ne the boundary �Wof W as �W = fx 2 V nW : 9y 2 V su
h that hx; yi 2 Eg :De�nition 3.2 An in�nite 
onne
ted graph G = (V;E) is said to be amenable if thereexists a sequen
e of �nite subsets W1;W2; : : : of V su
h thatlimn!1 j�WnjjWnj = 0 :Among the 
lass of quasi-transitive amenable graphs, perhaps the physi
ally most rele-vant are the periodi
 latti
es in Rd, de�ned as follows.De�nition 3.3 A graph G = (V;E) is said to be a periodi
 latti
e in Rd if there isa �nite set fv1; : : : ; vkg 2 Rd su
h thatV = fvi + z : i 2 f1; : : : ; kg; z 2 Zdg ;and another �nite set f(x1; y1); : : : ; (xn; yn)g � �Rd�2 su
h thatE = fhxi + z; yi + zi : i 2 f1; : : : ; ng; z 2 Zdg :Clearly, a periodi
 latti
e in Rd is quasi-transitive with orbits Vi = fvi + z : z 2 Zdg.It is also amenable, as 
an be seen by taking Wn = V \ [�n; n℄d in De�nition 3.2. Asan example of a d-rigid d-dimensional periodi
 latti
e, the reader may keep in mind the
ase G = (V;E) where V = Zd and E 
onsists of all pairs of verti
es at L1-distan
e 1from ea
h other. Note that already in the 
ase d = 2, this example falls outside of thes
ope of the approa
hes of [12℄ and [8℄, be
ause it fails to be planar.For later purposes we introdu
e some more graph notation. Given G = (V;E) andtwo verti
es x; y 2 V , we let dist(x; y) denote graph-theoreti
 distan
e between x and yin G. Given x 2 V and a positive integer n, we de�ne the ballB(x; n) = fy 2 V : dist(x; y) � ng :When more than one graph is dis
ussed, we may need to emphasize whi
h graph G thegraph-theoreti
 distan
e is with respe
t to, and will then write distG(x; y) for dist(x; y).We next introdu
e per
olation. In standard bond per
olation, ea
h edge of a graphG = (V;E) is independently assigned value 0 or 1 with probabilities 1� p and p, wherep 2 [0; 1℄ is the so-
alled retention parameter. We write  p for the indu
ed probabilitymeasure on f0; 1gE . The values 0 and 1 should be interpreted as \
losed" and \open",respe
tively, and we 
an then go on to study 
onne
tivity and rigidity properties ofthe random subgraph of G 
onsisting of all verti
es, together with those edges that areassigned value 1.By ergodi
ity of i.i.d. pro
esses, the number of in�nite d-rigid 
omponents in thisrandom subgraph is, for any d and p, an a.s. 
onstant K = K(G; d; p). It is obvious(if not, see the simultaneous 
onstru
tion in the next se
tion) that the probability ofhaving at least one in�nite rigid 
omponent is in
reasing in p. Hen
e, there exists a
riti
al value pd = pd(G) 2 [0; 1℄ su
h that p(9 some in�nite d-rigid 
omponent) = ( 0 if p < pd1 if p > pd :4



Holroyd [12℄ showed that if G is a 
onne
ted d0-rigid d-dimensional periodi
 latti
ewith d � 2, then pd0(G) 2 (0; 1), i.e., that the threshold is nontrivial. Using the generalsto
hasti
 domination result of Liggett, S
honmann and Sta
ey [16, Thm. 1.3℄, Holroyd'sapproa
h generalizes to prove that the threshold is nontrivial also in the more abstra
tsetting of amenable quasi-transitive d-rigid graphs 
onsidered here (and in fa
t not evenamenability is nedded for this). The aforementioned more general variant of our mainresult is the following.Theorem 3.4 Fix d 2 f1; 2; : : :g, and let G be an in�nite d-rigid amenable quasi-transitive graph satisfying pd(G) < 1. Then, for all p > pd(G), the  p-a.s. numberK(G; d; p) of in�nite rigid 
omponents satis�es K(G; d; p) = 1.Clearly, this result implies Theorem 1.1, where \rigid" 
an be read as \d0-rigid" witharbitrary d0.4 Some basi
 toolsIn this se
tion, we 
onsider some general tools in per
olation theory that we will needin the following se
tions for the proof of our main result.4.1 The simultaneous 
onstru
tionA standard 
onstru
tion useful for 
omparing per
olation pro
esses on G = (V;E) atdi�erent values of the retention parameter p, is the following. Assign, to the edges ofG, i.i.d. random variables fU(e)ge2E , ea
h being uniformly distributed on the interval[0; 1℄. Write 	 for the indu
ed probability measure on [0; 1℄E . For any p 2 [0; 1℄, de�nefXp(e)ge2E by setting Xp(e) = ( 1 if U(e) < p0 otherwise (2)for ea
h e 2 E. Clearly, fXp(e)ge2E has distribution  p. Furthermore, for all e 2 E,we have Xp(e) � Xp0(e) (3)whenever p � p0, and this makes the simultaneous 
onstru
tion a very useful 
ouplingof the measures  p for all p 2 [0; 1℄. It is immediate from (3) that a quantity su
h as p(the vertex x is in an in�nite d-rigid 
omponent)is in
reasing in p. More elaborate uses of the simultaneous 
onstru
tion 
an be found,e.g., in [4℄, [10℄, [18℄, [9℄ and in the following se
tions.4.2 Mass transportThe mass-transport method was developed by Benjamini, Lyons, Peres and S
hramm[2℄ in the setting of per
olation on nonamenable latti
es, where it repla
es more 
lassi
aldensity arguments that are 
on�ned to amenable latti
es. In amenable settings, su
has in the present paper, mass transport is less indispensable, but still a very 
onvenientdevi
e.Let G = (V;E) be in�nite and quasi-transitive. We identify Aut(G) with a measure-preserving transformation of the probability spa
e ([0; 1℄E ;	). Let m(x; y; !) be a5



nonnegative fun
tion of three variables: two verti
es x; y 2 V and a realization ! 2[0; 1℄E of the simultaneous 
onstru
tion. Intuitively, m(x; y; !) should be thought ofas the amount of mass sent from x to y given the out
ome ! of the simultaneous
onstru
tion. We assume that m(�; �; �) satis�es(i) m(x; y; !) = 0 whenever x and y are in di�erent orbits of Aut(G), and(ii) invarian
e under the diagonal a
tion of Aut(G), i.e.,m(x; y; !) = m(
(x); 
(y); 
(!))for all x; y 2 V , all ! 2 [0; 1℄E and all 
 2 Aut(G).The following is a spe
ial 
ase of the mass-transport prin
iple in [2℄.Theorem 4.1 Let G = (V;E) be quasi-transitive and amenable, letm(�; �; �) be as above,and de�ne M(x; y) = R[0;1℄E m(x; y; !)d	. Then, for any x 2 V , we haveXy2V M(x; y) = Xy2V M(y; x) :In other words, the expe
ted mass sent out from a vertex x equals the expe
ted massre
eived at x. (Interestingly, this symmetry fails for 
ertain graphs when the amenabilityassumption is dropped; see [2℄.)4.3 Lo
al modi�
ationArguments based on lo
al modi�
ations of realizations are very 
ommon in per
olationtheory today; some in
uential early uses 
an be found in the papers by Newman andS
hulman [17℄ and Burton and Keane [5℄. In Se
tions 5 and 6 we shall apply thiste
hnique several times in a rather involved manner, and for that reason we 
hoose toformalize it as an expli
it 
oupling argument, as follows.Write E for the set of all �nite subsets of the edge set E of the graph G = (V;E)that we are 
onsidering. Sin
e E is 
ountable, we have that E is 
ountable as well.We 
an therefore �nd a probability measure on E that assigns positive probability toea
h � 2 E ; let Q be any su
h probability measure. For p 2 [0; 1℄, 
onsider now the
oupling of two f0; 1gE -valued random obje
ts, both with distribution  p, obtained inthe following way.1. Pi
k F 2 E a

ording to Q.2. For ea
h edge e 2 E nF independently, set X(e) = X 0(e) = 0 or 1 with respe
tiveprobabilities 1� p and p.3. For ea
h edge e 2 F independently (and independently of the assignments in stage2), set X(e) = 0 or 1, and independently X 0(e) = 0 or 1, ea
h with probability pof taking value 1.We 
all this the lo
al modi�
ation 
oupling, or LM-
oupling for short. It is immediatethat fX(e)ge2E and fX 0(e)ge2E will, with probability 1, di�er in at most �nitely manyedges. Furthermore { and this is the key property { the 
oupling admits 
onditionalprobabilities su
h that for any two edge 
on�gurations �; �0 2 f0; 1gE that di�er only at�nitely many edges, we have P(X 0 = �0 jX = �) > 0 : (4)As a �rst illustration of how the LM-
oupling works, we shall use it to prove the followingweaker variant of our main result. 6



Proposition 4.2 Fix d and p, and let G = (V;E) be as in Theorem 3.4. Then the p-a.s. number K = K(G; d; p) of in�nite d-rigid 
omponents satis�es K 2 f0; 1;1g.The overall stru
ture of the proof will be quite 
lose to that of the 
orresponding resultfor 
onne
tivity (in pla
e of rigidity) in [17℄. The details of the lo
al modi�
ationare, however, more involved, due to the less \lo
al" 
hara
ter of rigidity 
omparedto 
onne
tivity. For instan
e, it is possible to add a single edge to an in�nite graph
onsisting only of �nite rigid 
omponents, and thereby 
reate a single in�nite rigid
omponent; an example of this 
an be obtained by as minor modi�
ation of the graph in[14, Fig. 1, p. 1071℄. Of 
ourse, no su
h monkey business 
an happen with 
onne
tivity.Proof of Proposition 4.2: Re
all thatK is an a.s. 
onstant. Assume for 
ontradi
tionthat K 2 f2; 3; : : :g. Fixing a vertex x, we 
an then �nd an n su
h that  p(An) > 0,where An is the event that ea
h of the K in�nite d-rigid 
omponents interse
t the ballB(x; n) in at least d verti
es. In the LM-
oupling, this means thatP(fX(e)ge2E 2 An) > 0 : (5)Now let ~B denote the edge set of some �nite rigid subgraph of G 
ontaining B(x; n);su
h a ~B 
an be found by the assumption that G is d-rigid. Also, let �d ~B denote theset of edges in E n ~B that sit within distan
e d from ~B.Now imagine taking an edge 
onsiguration � 2 An, and modifying it by �rst givingvalue 0 to all edges in �d ~B that are not in any of the K in�nite d-rigid 
omponents, andthen giving value 1 to all edges in ~B. We 
laim that the resulting modi�ed 
on�guration�0 has a unique in�nite rigid 
omponent. To see this, note �rst that none of the Koriginal in�nite d-rigid 
omponents are hurt by the removal of edges in �d ~B, and thatby Proposition 2.3, the insertion of edges in ~B 
auses them to merge into a singlein�nite d-rigid 
omponent. But we must 
he
k also that no additional in�nite d-rigid
omponents are 
reated through this insertion. If su
h a 
omponent is 
reated, it mustinterse
t ~B, and therefore (sin
e d-rigidity implies 
onne
tivity) it must interse
t �d ~Bin at least d edges. But then it must interse
t the union of the K original in�nite d-rigid
omponents in at least d edges (be
ause all other edges in �d ~B are removed), when
e(again using Proposition 2.3) it will merge with them.By 
onstru
tion of the LM-
oupling and (4), we therefore getP(fX 0(e)ge2E has exa
tly one in�nite d-rigid 
omponent j fX(e)ge2E 2 An) > 0so that, using (5),P(fX 0(e)ge2E has exa
tly one in�nite d-rigid 
omponent)� P(fX(e)ge2E 2 An; fX 0(e)ge2E has exa
tly one in�nite d-rigid 
omponent) > 0 :But sin
e fX 0(e)ge2E has distribution  p, we have the desired 
ontradi
tion to the p-a.s. 
onstan
e of the number of in�nite d-rigid 
omponents. 2The LM-
oupling 
an also be 
ombined with the simultaneous 
onstru
tion. We thenpi
k two [0; 1℄E -valued random obje
ts fU(e)ge2E and fU 0(e)ge2E , both with distribu-tion 	, analogously to how fX(e)ge2E and fX 0(e)ge2E were pi
ked above: �rst F � E is
hosen a

ording to Q, and then fU(e)ge2E and fU 0(e)ge2E are taken to be independenton F and identi
al on E n F . 7



Note that if we pi
k (fU(e)ge2E ; fU 0(e)ge2E) a

ording to this simultaneous LM-
oupling, and then obtain fXp(e)ge2E from fU(e)ge2E as in (2), and fX 0p(e)ge2E fromfU 0(e)ge2E in the analogous way, then the pair (fXp(e)ge2E ; fX 0p(e)ge2E) has exa
tlythe same joint distribution as in the ordinary LM-
oupling.See (12) for a useful extension of the key property (4) to the setting of simultaneousLM-
ouplings.5 Uniqueness monotoni
ityThis se
tion is devoted to the �rst stage of the proof of our main result, whi
h is toobtain rigidity analogues of the uniqueness monotoni
ity results obtained in [10℄ and[18℄ for 
onne
ted 
omponents in per
olation on nonamenable latti
es. Our �rst su
hresult is the following.Proposition 5.1 Let d and G = (V;E) be as in Theorem 3.4, and �x p1 and p2 su
hthat pd(G) < p1 < p2 < 1. If the  p-a.s. number of in�nite d-rigid 
omponents satis�esK(G; d; p1) = 1, then K(G; d; p2) = 1 holds as well.The proof will use the following (non-probabilisti
) fa
t about rigidity.Lemma 5.2 Let d and r be positive integers, and let G = (V;E) be a (possibly in�nite)graph where ea
h vertex has degree at most r. Then there exists a 
onstant A = A(d; r)su
h that the number of d-rigid 
omponents of G 
ontaining any given vertex x, is atmost A.Proof: Call a d-rigid 
omponent of G 
ontaining x small if all its verti
es are withindistan
e d from x, and 
all it large otherwise. We shall bound the number of small andlarge su
h 
omponents separately. Note that the number of verti
es at pre
isely a givendistan
e l from x is at most rl, so that the total number of verti
es within distan
e dfrom x is at mostPdl=0 rl = rd+1�1r�1 . The number of small d-rigid 
omponents 
ontainingx is therefore 
ertainly at most 2(rd+1�1)=(r�1).To bound the number of large d-rigid 
omponents 
ontaining x, suppose for 
ontra-di
tion that there are at least rPdi=1 i + 1 = rd(d+1)=2 + 1su
h 
omponents. Sin
e d-rigidity implies 
onne
tivity, ea
h su
h 
omponent must, forea
h l, 
ontain at least one vertex at distan
e exa
tly l from x. By the pigeonholeprin
iple, at least two of these 
omponents must therefore interse
t in at least d verti
es(one at ea
h of the distan
es 1; : : : ; d from x), and will therefore (due to Proposition 2.3)merge. Hen
e, an upper bound for the number of large d-rigid 
omponents 
ontainingx is rd(d+1)=2. This 
ompletes the proof, with A = 2(rd+1�1)=(r�1) + rd(d+1)=2 (althoughour bound for A is obviously very 
rude). 2Proof of Proposition 5.1: We shall 
onsider the 
oupling of two f0; 1gE -valued ran-dom obje
ts fXp1(e)ge2E and fXp2(e)ge2E with respe
tive distributions  1 and  2,provided by the simultaneous 
onstru
tion in Se
tion 4.1. By the assumption of theproposition, fXp1(e)ge2E has, with probability 1, a unique in�nite d-rigid 
omponent.We write Cp1 for that 
omponent. Let us assume, for the purpose of deriving a 
on-tradi
tion, that fXp2(e)ge2E has more than one in�nite d-rigid 
omponent (in whi
h8




ase it has, in view of Proposition 4.2, in�nitely many). Clearly, exa
tly one of these
omponents will 
ontain Cp1 , so that there will also be in�nite d-rigid 
omponents infXp2(e)ge2E that do not 
ontain Cp1 . We 
all these latter 
omponents nasty. Clearly,we are done if we 
an rule out the existen
e of nasty 
omponents.We now 
laim thatnasty 
omponents will not even interse
t Cp1 : (6)As a �srt step towards establishing (6), note that ea
h nasty 
omponent will interse
t Cp1in at most d� 1 verti
es, be
ause otherwise it would merge with Cp1 due to Proposition2.3.Next, 
onsider the following mass transport. Ea
h vertex x 2 V looks around to seewhether it sits in a nasty 
omponent interse
ting Cp1 . If no, then no mass is sent fromx, while if yes, then unit mass is sent from x and distributed equally among all verti
esin the same orbit of x that(i) are in the same nasty 
omponent C as x, and(ii) minimizes, among all su
h verti
es, the (graph-theoreti
) distan
e from the set ofverti
es that are both in C and in Cp1 .(Clearly, any nasty 
omponent C interse
ting Cp1 in at most d � 1 verti
es, has only�nitely many su
h minimizeres.) If x happens to sit in several nasty 
omponentsC1; : : : ; Ck, then it sends mass 1 as above separately for ea
h su
h 
omponent.Sin
e G is quasi-transitive and thus of bounded degree, we have from Lemma 5.2that the number of nasty 
omponents interse
ting a vertex x 2 V is bounded. Therefore,the expe
ted mass sent from ea
h vertex is �nite. On the other hand, if there are nasty
omponents interse
ting Cp1 , then, 
learly, some verti
es will re
eive in�nite mass. Hen
ethe expe
ted mass re
eived at some verti
es will be in�nite, and we have a 
ontradi
tionto the mass-transport prin
iple (Theorem 4.1), so that (6) is established.Given a nasty 
omponent C, de�ne its distan
e to Cp1 asdmin(C) = minfdist(x; y) : x; y 2 V; x is in C and y is in Cp1g ; (7)and let ndmin(C) denote the number of su
h distan
e-minimizing verti
es in C, i.e.,ndmin(C) is the 
ardinality of the setfx 2 V : x is in C, and 9y 2 Cp1 su
h that dist(x; y) = dmin(C)g : (8)By (6), ea
h nasty 
omponent C must have dmin(C) � 1. Furthermore, it must satisfyndmin(C) = 1, be
ause the event of having a �nite value of ndmin(C) for some nasty
omponent C is ruled out by a minor modi�
ation of the mass-transport argument usedin establishing (6). We will now go on to show that for ea
h k 2 f1; 2; : : :g, we havethat 	(9 a nasty 
omponent C with dmin(C) = k and ndmin(C) =1) = 0 : (9)On
e we have shown this, we have ruled out the existen
e of nasty 
omponents alto-gether, thereby 
ompleting the proof of the proposition.Fix k, and 
onsider the following sequential way of revealing the pair of edge 
on-�gurations (fXp1(e)ge2E ; fXp2(e)ge2E).1. Reveal fXp1(e)ge2E . 9



2. De�ne (based on what we saw in stage 1) the edge setE� = fhx; yi 2 E : for all verti
es z in Cp1 we have dist(x; z) � k and dist(y; z) � kg ;(10)and then reveal fXp2(e)ge2E� .3. Finally, reveal fXp2(e)ge2EnE� .De�ne the f0; 1gE -valued random 
on�guration f ~Xp1;p2(e)ge2E by setting~Xp1;p2(e) = ( Xp2(e) if e 2 E�Xp1(e) if e 2 E nE� : (11)Another way to say this is that ~Xp1;p2(e) = 1 exa
tly for those edges e 2 E for whi
hwe know that Xp2(e) = 1 already after the se
ond stage of the three-stage revelationpro
edure above.A 
ru
ial observation now is that any nasty 
omponent C in fXp2(e)ge2E su
h thatdmin(C) = k, is an in�nite d-rigid 
omponent already in f ~Xp1;p2(e)ge2E . This is be
ausethe only di�eren
e between fXp2(e)ge2E and f ~Xp1;p2(e)ge2E is that some of the edgesin E nE� are open in fXp2(e)ge2E but 
losed in f ~Xp1;p2(e)ge2E , while su
h a C does not(by the de�nition of dmin(C)) 
ontain any edges in E n E�. We 
all an in�nite d-rigid
omponent of f ~Xp1;p2(e)ge2E potentially nasty, if it has dmin(C) = k and 
ontainsin�nitely many verti
es at distan
e k from Cp1 . Sin
e the possibility ndmin(C) < 1has been ruled out, we have that any nasty 
omponent seen in fXp2(e)ge2E must beidenti
al to a potentially nasty 
omponent seen in f ~Xp1;p2(e)ge2E .The idea now is that after the se
ond stage of the revelation pro
edure, ea
h po-tentially nasty 
omponent 
omes 
lose to Cp1 in so many pla
es (in�nitely many!) thatwith probability one there must be some pla
e where the third stage will open up suf-�
iently many new edges to make the potentially nasty 
omponent merge with Cp1 . Ifwe had been dealing with 
onne
tivity rather than d-rigidity, then things would havebeen easy from here, following arguments of H�aggstr�om and Peres [10℄. However, dueto the more 
ompli
ated nature of d-rigidity, we are fore
ed to go through a few morete
hni
al arguments.Fix x 2 V , and 
onsider the set B(x; k + d) of verti
es in G within distan
e k + dfrom x. By the assumption that G is d-rigid, we 
an �nd a �nite rigid subgraph ofG 
ontaining B(x; k + d), and then an integer m < 1 su
h that B(x;m) 
ontains allverti
es of that �nite rigid subgraph. The value of m needed to make this work dependson the 
hoi
e of x 2 V , but sin
e G is quasi-transitive we 
an �nd an m that works forany x; let us �x su
h an m.Call a vertex x in a potentially nasty 
omponent C of f ~Xp1;p2(e)ge2E pivotal if(i) it has distan
e k to Cp1 , and(ii) all edges e 2 E� that have both endpoints in B(x;m) satisfy ~Xp1;p2(e) = 1.If a vertex x is pivotal, and stage 3 of the revelation pro
ess 
auses all edges in E nE�within distan
e m from x to be
ome open in fXp2(e)ge2E , then in fa
t all edges withindistan
e m from x will be open in fXp2(e)ge2E , and by the 
hoi
e of m this 
reates ad-rigid 
omponent that interse
ts C and Cp1 in at least d verti
es ea
h, thus (by repeateduse of Proposition 2.3) merging them into a single d-rigid 
omponent.10



From the 
onstru
tion of the pair (fXp1(e)ge2E ; fXp2(e)ge2E), we see that in stage 3of the revelation pro
edure, ea
h edge e 2 EnE� that is 
losed in f ~Xp1;p2(e)ge2E be
omesopen in fXp2(e)ge2E independently with probability p2�p11�p1 . Hen
e we 
an �nd an " > 0su
h that ea
h pivotal vertex x in C has probability at least " of sitting in the middle ofa \stage 3 merger" of C and Cp1 as des
ribed above. If now C has in�nitely many pivotalverti
es, then we 
an �nd an in�nite subset A of the set of pivotal verti
es in C, su
hthat no two verti
es in A are within distan
e 2m from ea
h other. For di�erent verti
esin A, the events that they sit in the middle of su
h \stage 3 mergers" are independent,and by the se
ond Borel{Cantelli lemma we therefore have with probability 1 that atleast one su
h merger will happen.Hen
e, if we 
an show that with probability 1 ea
h potentially nasty 
omponent hasin�nitely many pivotal verti
es, then (9) is established and the proof will be 
omplete.So we need to rule out having a potentially nasty 
omponent C with at most �nitelymany pivotal verti
es. There are two 
ases to take 
are of:Case 1. C has a �nite nonzero number of pivotal verti
es.Case 2. C has no pivotal verti
es.A mass-transport argument takes 
are of Case 1: Imagine the mass transport whereea
h vertex x sitting in a potentially nasty 
omponent with a �nite nonzero number ofpivotal verti
es sends unit mass, and distributes it equally among those pivotal verti
es(or { if they are in the wrong orbit { the verti
es in the Aut(G)-orbit of x that are
losest to the pivotal verti
es); all other verti
es send no mass at all. If the s
enario inCase 1 happens with positive probability, then the expe
ted mass re
eived is in�nite(be
ause some verti
es will re
eive in�nite mass), while the expe
ted mass sent from avertex is �nite, 
ontradi
ting the mass-transport prin
iple (Theorem 4.1).In order to take 
are of Case 2, we will invoke an argument based on lo
al modi�-
ation. To this end, we have to insist that the [0; 1℄E-valued random obje
t fU(e)ge2Eunderlying the 
onstru
tion of fXp1(e)ge2E and fXp2(e)ge2E , is jointly 
onstru
ted withanother [0; 1℄E -valued random obje
t fU 0(e)ge2E as in the simultaneous LM-
ouplingintrodu
ed in the last two paragraphs of Se
tion 4.3. Then we obtain fX 0p1(e)ge2E andfX 0p2(e)ge2E from fU 0(e)ge2E in the same way that fXp1(e)ge2E and fXp2(e)ge2E wereobtained from fU(e)ge2E . Finally, f ~X 0p1;p2ge2E is 
onstru
ted from fX 0p1(e)ge2E andfX 0p2(e)ge2E a

ording to the obvious analogue of (11).Similarly to (4), it is easy to see that this simultaneous LM-
oupling admits 
on-ditional probabilities with the following property: for any four edge 
on�gurations�p1 ; �p2 ; �0p1 ; �0p2 2 f0; 1gE satisfying(i) �p1(e) � �p2(e) for all e 2 E,(ii) �0p1(e) � �0p2(e) for all e 2 E, and(iii) (�p1(e); �p2(e)) = (�0p1(e); �0p2(e)) for all but at most �nitely many e,we have P(X 0p1 = �0p1 ;X 0p2 = �0p2 jXp1 = �p1 ;Xp2 = �p2) > 0 : (12)Now imagine a realization Xp1 = �p1 and Xp2 = �p2 where a vertex x 2 V sits atdistan
e k from Cp1 , in a potentially nasty 
omponent C that has no pivotal verti
es.(This is the s
enario of Case 2.) De�ne E� as in (10), and 
onstru
t the 
on�gurations�0p1 ; �0p2 2 f0; 1gE as follows. 11



� For all edges e 2 E that have at least one endpoint in V n B(x;m + d), set�0p1(e) = �p1(e) and �0p2(e) = �p2(e).� For all edges e 2 E that have both endpoints in B(x;m+ d), set�0p1(e) = ( 1 if e is a part of Cp10 otherwise,and �0p2(e) = 8><>: 1 if e is a part of Cp1 or of Cor if e 2 E� and has both endpoints in B(x;m)0 otherwise.Suppose that X 0p1 = �0p1 and X 0p2 = �0p2 . Some thought reveals that the in�nite d-rigid 
omponent C0p1 of fX 0p1(e)ge2E is identi
al to Cp1 , that there is a potentially nasty
omponent C0 in fX 0p2(e)ge2E that di�ers from C only by possibly having some extraedges and verti
es within distan
e m from x, and that x is a pivotal vertex in C0. Noextra pivotal verti
es in C0 
an be 
reated, ex
ept possibly some in the �nite regionB(x;m). Hen
e, C0 will have a �nite nonzero number of pivotal verti
es. This, using(12), shows that if the s
enario in Case 2 has positive probability, then so does thes
enario in Case 1. But Case 1 has already been ruled out, so Case 2 is ruled out aswell. Hen
e, any potentially nasty 
omponent must (with probability 1) have in�nitelymany pivotal verti
es, and this is what we needed to establish (9), so the proof is
omplete. 2In the uniqueness monotoni
ity results in [10℄ and [18℄, some information in the 
aseof having multiple in�nite 
omponents at level p1 was obtained at no extra 
harge:by letting the union of in�nite 
onne
ted 
omponents at level p1 play the role of Cp1above, it was shown that every in�nite p2-
omponent had to 
ontain some in�nite p1-
omponent. One might think that the analogous fa
t 
ould be extra
ted from our proofof Proposition 5.1. It seems, however, that (6) is more diÆ
ult to establish when Cp1is the union of in�nitely many in�nite d-rigid 
omponents. The following result is aweaker variant of the desired \nesting" result.Lemma 5.3 Let d and G = (V;E) be as in Theorem 3.4, and suppose that p1 2(pd(G); 1) is su
h that K(G; d; p1) = 1. Let 	 be as in Se
tion 4.1. Then, for allp2 2 (p1; 1) ex
ept possibly for a 
ountable set of ex
eptional values, we have 	-a.s. thatevery in�nite d-rigid 
omponent of fXp2(e)ge2E 
ontains some in�nite d-rigid 
ompo-nent of fXp1(e)ge2E .Before the reader starts to think too hard about how to strengthen this result by remov-ing the quali�
ation \ex
ept possibly for a 
ountable set of ex
eptional values", we notethat on
e our main result (Theorem 3.4) is established, we will know that the desiredstrengthening holds va
uously.Proof of Lemma 5.3: Let p1 be as in the lemma, and pi
k p2 and p3 in su
h a waythat p1 < p2 < p3 < 1. Suppose that p2 is su
h that it is not the 
ase that 	-a.s. allinfninte d-rigid 
omponents in fXp2(e)ge2E 
ontains some in�nite d-rigid 
omponent offXp1(e)ge2E . Mimi
king the notation and terminology of the proof of Proposition 5.1,we write Cp1 for the union of in�nite d-rigid 
omponents in fXp1(e)ge2E , and we 
all an12



in�nite d-rigid 
omponent C in fXp2(e)ge2E nasty if it does not 
ontain an in�nite d-rigid 
omponent of fXp1(e)ge2E . For a nasty 
omponent C, de�ne dmin(C) and ndmin(C)as in (7) and (8).We now 
laim that with probability 1,all nasty 
omponents C satisfy ndmin(C) =1. (13)To see this, 
onsider the following mass transport. Every vertex in a nasty 
omponentC with ndmin(C) < 1 sends away unit mass, whi
h is distributed equally among thedist(x; C1)-minimizers of C (with the usual modi�
ation if these sit in the wrong Aut(G)-orbit). If, with positive probability, there exists a nasty 
omponent C with ndmin(C) <1, then the expe
ted mass re
eived at a vertex is in�nite, while the expe
ted mass sentis �nite, giving the usual 
ontradi
tion to Theorem 4.1. Hen
e (13) is established.Fix a nonnegative integer k; we shall now rule out the possibility of having a nasty
omponent C with ndmin(C) = k.Consider �rst the 
onditional distribution of fXp3(e)ge2E given fXp2(e)ge2E , whi
his simply as follows: all edges that are open in fXp2(e)ge2E are open in fXp3(e)ge2E aswell, while those that are 
losed in fXp2(e)ge2E be
ome open in fXp3(e)ge2E indepen-dently, ea
h with probability p3�p21�p2 . Letting m be as in the proof of Proposition 5.1, we
an therefore �nd an " > 0 su
h that for any x 2 V , the 
onditional probability of Dxgiven fXp2(e)ge2E is always at least "; here Dx is de�ned as the event that all edgeswithin distan
e m from x are open in fXp3(e)ge2E . Furthermore, if dist(x; y) � 2m,then the events Dx and Dy are 
onditionally independent given fXp2(e)ge2E .If we now see a nasty 
omponent C in fXp2(e)ge2E , then we 
an, due to (13), �nd anin�nite set AC of verti
es in C that are all at distan
e k from Cp1 , and with the propertythat dist(x; y) � 2m for all x; y 2 AC . By applying the se
ond Borel{Cantelli lemmato the events fDx : x 2 ACg, we see that a.s. at least one of them will happen. Dueto our 
hoi
e of m, this implies that C will a.s. merge with one of the in�nite d-rigid
omponents of fXp1(e)ge2E . This holds for any nasty 
omponent C with dmin(C) = k,but sin
e k was arbitrary we have it for all nasty 
omponents.Note that this 
an be applied to all rational p2; p3 2 (p1; 1) su
h that p2 < p3, andthe 
on
lusion will hold for all su
h p2; p3 simultaneously. Consequently, if we viewthe 
on�gurations fXp(e)ge2E for all p 2 (p1; 1) as a sto
hasti
 pro
ess where p playsthe role of time, then no in�nite d-rigid 
omponent will avoid being absorbed by Cp1for any nontrivial interval of \time". That is, any vertex x 2 V will sit in an in�nited-rigid 
omponent not 
ontaining one of the in�nite d-rigid 
omponents of Cp1 , for atmost one \timepoint" p. But sin
e V is 
ountable, this means that the existen
e ofnasty 
omponents in fXp(e)ge2E has positive probability for at most 
ountably manyp 2 (p1; 1), and the proof is 
omplete. 26 En
ounter pointsIn this se
tion, we shall 
ombine the results of the previous se
tion with an en
ounterpoint argument �a la Burton and Keane [5℄, in order to �nally prove Theorem 3.4. Theen
ounter point argument will be applied not to the original per
olation pro
ess on G,but to a derived pro
ess on a modi�ed graph G�A;N whi
h is de�ned as follows.De�nition 6.1 Given a graph G = (V;E) together with two positive integers A and N ,13



we de�ne its (A;N)-boosted graph G�A;N = (V �A;N ; E�A;N ) as follows. We setV �A;N = V � f0; 1; : : : ; Agand E�A;N = E1 [E2where E1 = fh(x; i); (y; j)i : i; j 2 f1; 2; : : : ; Ag; x; y 2 V; hx; yi 2 Egand E2 = fh(x; 0); (y; j)i : i 2 f1; 2; : : : ; Ag; x; y 2 V; distG(x; y) � Ng :It is easy to see that if G is quasi-transitive, then so is G�A;N . Another graph propertythat plays a key role when applying en
ounter point arguments is amenability, andtherefore the following lemma is important.Lemma 6.2 Let A and N be positive integers, let G = (V;E) be an amenable graph ofbounded degree, and let G�A;N be its (A;N)-boosted graph. Then G�A;N is amenable.Proof: Fix " > 0, and let W be a �nite subset of V su
h that j�W jjW j < "; the existen
eof su
h a subset is immediate from amenability of G. De�ne the 
orresponding subsetW � of V �A;N as W � = f(x; i) : x 2W; i 2 f0; : : : ; Agg :We have jW �j = (A + 1)jW j, and our next job is to estimate j�W �j. From the 
on-stru
tion of G�A;N , we see that if (x; i) 2 �W �, then distG(x;W ) � N . Let r denote themaximum degree in G. Clearly, for any n, there are at most rn�1j�W j verti
es x 2 Vsu
h that distG(x;W ) = n. The number of verti
es x 2 V with distG(x;W ) � N istherefore at most j�W j NXn=1 rN�1 = j�W j(rN � 1)r � 1 :Hen
e j�W �j � (A+1)j�W j(rN�1)r�1 , so thatj�W �jjW �j � j�W j(rN � 1)jW j(r � 1)� "(rN � 1)r � 1 :Sin
e " > 0 was arbitrary, this 
an be made arbitrarily small, so G�A;N is amenable. 2Let us next re
all the notion of en
ounter points. Given a graph G = (V;E) and a
on�guration � 2 f0; 1gE of open and 
losed edges in G, we say that the vertex x 2 Vis an en
ounter point for the 
on�guration � if(i) � has three (but not four) edge-disjoint in�nite open paths starting at x, and(ii) � is su
h that if it is modi�ed by setting �(e) = 0 for all edges e in
ident to x, thenthe three edge-disjoint paths (minus their respe
tive �rst edges) in (i) end up indi�erent 
onne
ted 
omponents of the modi�ed 
on�guration.The following result is easily extra
ted from the arguments of Burton and Keane [5℄.14



Proposition 6.3 Let G = (V;E) be quasi-transitive and amenable, and suppose thatthe random edge 
on�guration X 2 f0; 1gE is pi
ked a

ording to an Aut(G)-invariantprobability measure. Then, with probability 1, there are no en
ounter points for X.Equipped with this result, we are now, �nally, in a position to give the proof of ourmain theorem (Theorem 3.4).Let G be as in the theorem. The overall stru
ture of the proof will be as follows:First we assume, for 
ontradi
tion, that there exists a p > pd su
h that the a.s. numberK(G; d; p) of in�nite d-rigid 
omponents in fXp(e)ge2E satis�es K(G; d; p) > 1. Fromthat, we show (for a suitable 
hoi
e of A and N) how to 
onstru
t an Aut(G�A;N )-invariant probability measure on f0; 1gE�A;N with the property that it yields en
ounterpoints with positive probability (this will build on the 
on
lusions of Proposition 5.1 andLemma 5.3). Sin
e G�A;N is quasi-transitive and amenable, this 
ontradi
ts Proposition6.3, when
e we must have K(G; d; p) = 1 for all p > pd, 
ompleting the proof.The substantial part of the proof is of 
ourse how to 
onstru
t the probability mea-sure on f0; 1gE�A;N that has the desired properties. Let us go ahead with the details.Proof of Theorem 3.4: Suppose that K(G; d; p) > 1 for some p > pd. Then, byProposition 5.1, we have K(G; d; p1) > 1 for all p1 2 (pd; p). Proposition 4.2 thenensures that K(G; d; p1) = 1 for all su
h p1. Fix p1 2 (pd; p). Due to Lemma 5.3, wenow have in the simultaneous 
oupling that for all but at most 
ountably p2 2 (p1; p),	(ea
h of the in�nitely many in�nite d-rigid 
omponents of fXp2(e)ge2E 
ontainsan in�nite d-rigid 
omponent of fXp1(e)ge2E) = 1; (14)so let us �x a p2 2 (p1; p) su
h that this holds.We shall now go on to 
onstru
t a dependent per
olation pro
ess fX�(e)ge2E�A;N forthe graph G�A;N ; here A is the maximal number of d-rigid 
omponents of fXp1(e)ge2Ethat 
an 
ontain the same vertex in G (Lemma 5.2 guarantees that A is �nite) while Nis spe
i�ed as follows. Due to our 
hoi
e of p2, we 
an a.s. �nd in�nitely many in�nited-rigid 
omponents in fXp1(e)ge2E that are all 
ontained in distin
t d-rigid 
omponentsof fXp2(e)ge2E . For a given vertex x 2 V , we 
an therefore �nd an N < 1 su
h thatwith positive probability, at least three su
h in�nite d-rigid 
omponents of fXp1(e)ge2Einterse
t the ball B(x;N). Furthermore, sin
e G is quasi-transitive, we 
an (and do)
hoose N in su
h a way that this holds uniformly for all x.For later purposes, let M be large enough so that B(x;M) 
ontains a the vertex setof a d-rigid subgraph of G 
ontaining B(x;N + d); su
h an M 
an be found due to theassumption that G is d-rigid. Furthermore, we 
an (again due to quasi-transitivity ofG) take M to be su
h that this holds uniformly in x 2 V . Let us �x su
h an M .Fix a vertex x 2 V . For ea
h d-rigid 
omponent C of fXp1(e)ge2E 
ontainingx, we pi
k a number Ix;C 2 f1; : : : ; Ag at random, uniformly. This is done withoutrepla
ement, so that for no two d-rigid 
omponents C; C0 
ontaining x we have Ix;C 6=Ix;C0 . We then go on to do this sort of assignment for all verti
es x 2 V (independentlyfor di�erent verti
es).
15



For ea
h edge e = h(x; i); (y; j)i 2 E�A;N , we setX�(e) = 8>>>>><>>>>>: 1 if there exists a d-rigid 
omponent C of fXp1(e)ge2E su
h that(a) C 
ontains the edge hx; yi(b) Ix;C = i, and(
) Iy;C = j.0 otherwise.It is obvious that the distribution of fX�(e)ge2E�A;N is Aut(G�A;N )-invariant. Further-more, note that if we forget about isolated verti
es in fXp1(e)ge2E and fX�(e)ge2E�A;N ,then there is a natural one-to-one 
orresponden
e between on one hand d-rigid 
ompo-nents in fXp1(e)ge2E , and on the other hand 
onne
ted 
omponents in fX�(e)ge2E�A;N .So far, no edge e = h(x; 0); (y; j)i 2 E�A;N take value 1 in fX�(e)ge2E�A;N , but nowwe shall go on to de�ne a modi�ed edge 
on�guration f ~X�(e)ge2E�A;N where some ofthese edges are turned on.Fix x 2 V , and let �p1 and �p2 be two f0; 1gE -valued 
on�gurations su
h that(i) �p1(e) � �p2(e) for all e 2 E, and(ii) B(x;N) is interse
ted by (at least) three in�nite d-rigid 
omponents C1; C2; C3 of�p1 , that are 
ontained in three distin
t d-rigid 
omponents of �p2 .Then obtain �0p1 from �p1 by setting�0p1(e) = 8><>: 0 if both endopints of e are within distan
e N + d from x,and e is not part of any of C1, C2 or C3,�p1(e) otherwise,and set �0p2(e) = �p2(e) for all e 2 E. By applying the simultaneous LM-
oupling and(12) to this 
hoi
e of (�p1 ; �p2 ; �0p1 ; �0p2), and by our 
hoi
e of N , we 
an dedu
e that	(Dx) > 0 (15)where the event Dx is de�ned asDx = fB(x;N) is interse
ted by exa
tly three in�nite d-rigid 
omponents in fXp1(e)ge2E ,and these are all in di�erent d-rigid 
omponents of fXp2(e)ge2Eg :Call x 2 V a trifur
ator if(a) B(x;N) is interse
ted by exa
tly three in�nite d-rigid 
omponents in fXp1(e)ge2E ,and(b) Xp2(e) = 1 for all edges e that have both endpoints within distan
e M from x.Next enlarge the probability spa
e ([0; 1℄E ;	) by in
luding an independent fair 
oin tossfor ea
h x 2 V . Call x 2 V a lu
ky trifur
ator if it is a trifur
ator whose 
oin toss
omes up heads. Finally, 
all x 2 V an ex
lusive lu
ky trifur
ator if it is the onlylu
ky trifur
ator in B(x; 2M).We now obtain f ~X�(e)ge2E�A;N from fX�(e)ge2E�A;N by turning on edges of the formh(x; 0); (y; j)i 2 E�A;N as follows. If x 2 V is an ex
lusive lu
ky trifur
ator, we writeC1; C2; C3 for its three de�ning in�nite d-rigid 
omponents of fXp1(e)ge2E . For ea
h16



i 2 f1; 2; 3g, a vertex yi in Ci is 
hosen at random (uniformly) among those that minimizethe distan
e to x, and we set ~X�(h(x; 0); (yi; Iyi;Ci)i) = 1 :For all other edges e 2 E�A;N , we set ~X�(e) = X�(e).Now assume, for a given vertex x 2 V , that fXp1(e)ge2E and fXp2(e)ge2E are su
hthat the event Dx happens, and write C1; C2; C3 for the three in�nite d-rigid 
omponentsof fXp1(e)ge2E interse
ting B(x;N). We noted above that ea
h rigid 
omponent infXp1(e)ge2E forms a distin
t rigid 
omponent in fX�(e)ge2E�A;N , and we now make thestronger 
laim regarding C1; C2; C3 thatC1; C2; C3 are in three distin
t 
onne
ted 
omponents of f ~X�(e)ge2E�A;N : (16)To see this, note �rst that if an ex
lusive lu
ky trifur
ator 
onne
ts up two 
onne
ted
omponents C and C0 of fX�(e)ge2E�A;N , then the 
orresponding d-rigid 
omponents infXp1(e)ge2E will merge in fXp2(e)ge2E ; this follows from the de�nition of trifur
atorsin 
onjun
tion with our 
hoi
e of M . So if, for some fi; jg � f1; 2; 3g, we have that Ciand Cj are in the same 
onne
ted 
omponent of f ~X�(e)ge2E�A;N , then the alternating
hain of ex
lusive lu
ky trifur
ators and 
onne
ted 
omponents of fX�(e)ge2E�A;N that
onne
t Ci and Cj in f ~X�(e)ge2E�A;N , will 
ause the d-rigid 
omponents Ci and Cj tomerge in fXp2(e)ge2E . But this would 
ontradi
t the assumption that the event Dxhappens, so we have established the 
laim that Dx implies (16).Now imagine again that fXp1(e)ge2E and fXp2(e)ge2E are su
h that the event Dxhappens (so that in parti
ular (16) holds), but then modify fXp2(e)ge2E by turning onall edges within distan
e M from x. If furthermore the 
oin tosses introdu
ed in thede�nition of a lu
ky trifur
ator yield \heads" at x but \tails" at all other verti
es inB(x; 2M) (an event of positive 
onditional probability given everything else), then x isan ex
lusive lu
ky trifur
ator, and furthermore the only di�eren
e that this modi�
ationmakes to f ~X�(e)ge2E�A;N is the in
lusion of the three edges in
ident to (x; 0) 2 V �A;N that
onne
t up C1, C2 and C3. This 
auses (x; 0) to be an en
ounter point for f ~X�(e)ge2E�A;N .Hen
e, using (15) and the property (12) of the simultaneous LM-
oupling, we get that(x; 0) has positive probability of being su
h an en
ounter point. This 
ontradi
ts Propo-sition 6.3, and the proof is 
omplete. 2A
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