
Con
epts 
an't a�ord to stammerAnne Berry� Jean-Paul Bordaty Alain Sigayret�Abstra
t: Generating 
on
epts de�ned by a binary relation between a set P of properties and a set Oof obje
ts is one of the important 
urrent problems en
ountered in Data Mining.We present a new algorithmi
 pro
ess whi
h generates ea
h 
on
ept exa
tly on
e, using graph-theoreti
results. We present two asso
iated algorithms, both with a good worst-time 
omplexity analysis, whi
hmake them 
ompetitive with the best existing algorithms.Our algorithms 
an be used to 
ompute the edges of the latti
e as well as to generate only frequentsets.1 Introdu
tionIn the 
ontext of Data Base Management and Data Mining problems, data bases are often represented bya binary relation between a set P of properties and a set O of obje
ts. One of the tools for analyzing thedata 
ontained in the base is to 
ompute all possible 
ombinations of elements of the relation into maximalre
tangles. These re
tangles, 
alled 
on
epts, are organized into a hierar
hi
al stru
ture 
alled a Galoislatti
e or a 
on
ept latti
e. This theory, though studied by mathemati
ians as far ba
k as the NineteenthCentury (see [1℄, [7℄), was made popular and developed by Wille and his team ([7℄), and remains one ofthe important 
urrent trends of resear
h in Data Mining and Arti�
ial Intelligen
e: 
on
ept latti
es areused in �elds as varied as the dis
overy of asso
iation rules in Data Bases, the generation of frequent itemsets ([16℄), ma
hine learning ([10℄, [12℄) and the reorganization of obje
t hierar
hies ([9℄, [3℄).The main drawba
k to this approa
h is that a 
on
ept latti
e is, in general, of exponential size. As a
onsequen
e, it is of primary importan
e to be able to generate 
on
epts eÆ
iently.Con
ept generation has given rise to a steady 
ow of resear
h for the past thirty years. One of the �rstalgorithms to be published in this �eld is due to Malgrange ([11℄); this algorithm generates su

essivelayers of the latti
e, by de�ning possible 
andidates by 
ombinations of 
on
epts of the previous layer; ithas an exponential worst-time 
omplexity per generated 
on
ept.Bordat's algorithm ([5℄) was an improvement, as it runs in O(n3) per 
on
ept, where n = jPj, in aBreadth-First fashion; one of the interesting features of this algorithm is that it also 
omputes all theedges of the latti
e. This time 
omplexity was re
ently improved by Nourine and Raynaud ([13℄) to O(n2)per 
on
ept.All these algorithms require exponential spa
e and store the 
omputed 
on
epts.When the 
on
epts do not need to be stored, but only en
ountered at least on
e, the spa
e problembe
omes easier, though the existing worst-time 
omplexities per 
on
ept are higher: the best su
h algo-rithm, due to Ganter ([6℄), runs in O(n3) time per 
on
ept, using the interesting notion of le
ti
 order,whi
h avoids s
anning all the possible subsets of properties, without, however, avoiding re-
omputing thesame 
on
ept O(n) times.In this paper, we address the issue of eÆ
iently 
omputing all the 
on
epts, en
ountering ea
h exa
tlyon
e, using only polynomial spa
e.Our 
ontribution is a Depth-First type algorithm whi
h runs in O(m) time per 
on
ept, O(nm) timeper maximal 
hain whi
h is traversed { where m denotes the size of the 
omplement of the relation,with O(m) 2 O(n2), { and requires only small polynomial spa
e (O(n2)). Though the 
omplexities arediÆ
ult to 
ompare, this algorithm improves [13℄ regarding spa
e requirements, as it does not need expo-nential spa
e; it also signi�
antly improves Ganter's O(n3) time per 
on
ept. Furthermore, the numberof 
on
epts tends to be
ome exponential when the relation is dense; in this 
ase, m is of order n, and our
omplexity be
omes O(n2) per traversed maximal 
hain.�LIMOS, bat. ISIMA, 63173 Aubi�ere 
edex, Fran
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The algorithm we introdu
e here presents similarities with [5℄. It uses ea
h 
on
ept A�B to generatethe 
on
epts whi
h are just above A�B in the latti
e (
alled the 
over of A�B), working at ea
h stepon a subrelation.One of the new features whi
h we add here is that ea
h 
on
ept inherits information on the previouslypro
essed 
on
epts, in order to avoid generating the same 
on
ept more than on
e, a breakthrough in
on
ept generation.Another di�eren
e is that we use a re
ursive Depth-First Sear
h of the latti
e, whi
h enables to storeonly a polynomial number of bytes: a 
on
ept latti
e, though it may be exponentially large, is of smallheight (O(n)). Moreover, the fashion in whi
h we 
ompute the 
over of ea
h 
on
ept is di�erent.Our approa
h is based on our experien
e on graphs. In [5℄, Bordat used a dire
ted bipartite graph tohandle the relation. In [2℄, Berry and Sigayret proposed a di�erent en
oding into a undire
ted 
o-bipartitegraph denoted GR for whi
h they established a one-to-one 
orresponden
e between the 
on
epts of thelatti
e and the minimal separators of the graph. This is algorithmi
ally interesting be
ause, in the pastde
ade, mu
h resear
h has been done on minimal separators.[2℄ pointed out that, using the underlying 
o-bipartite graph and these re
ent results on the emergingtheory of minimal separation, the 
urrent best algorithms for generating 
on
epts 
ould easily be mat
hedboth in terms of time and spa
e. In this paper, we use graph properties to improve these. Though wewill not expli
itly use results on minimal separation, they underly our approa
h (the reader is referredto [2℄ and [15℄ for a full explanation on this relationship).In order to 
ompute the atoms of a 
on
ept latti
e, we use the graph notion of domination betweenverti
es: a vertex x is said to dominate another vertex y if the neighborhood of x in
ludes the neigh-borhood of y. We use a property from [2℄: if all the verti
es of a set A share the same neighborhood, anddo not together dominated another vertex of the en
oding graph GR, then A de�nes an atom A� B ofthe 
on
ept latti
e.Our main 
omplexity improvement follows from the remark that mu
h of the information ne
essary todetermine the domination relationships between verti
es 
an be inherited as one moves up into the latti
e,along a path from the bottom to the top (
alled a maximal 
hain). This enables us to avoid re
om-puting all the domination information ea
h time a new 
on
ept is en
ountered by the Depth-First pro
ess.We will in the next se
tion give some formal de�nitions and previous results. In Se
tion 3, we willexplain how to 
ompute the 
over of a 
on
ept, and how to avoid 
omputing a 
on
ept several times, andgive a �rst algorithm. In Se
tion 4, we present our data stru
ture, the domination table, give a se
ondalgorithm, and illustrate the pro
esses involved with a small example.2 Preliminaries2.1 Latti
esGiven a �nite set P of properties and a �nite set O of obje
ts, a binary relation R is de�ned as a subset ofthe Cartesian produ
t P�O. For X � P , Y � O, we will denote by R(X;Y ) the subrelation R\(X�Y ).We will use n to denote jPj, and m to denote the size of the 
omplement of R.A 
on
ept, also 
alled a maximal re
tangle or 
losed set of R, is a sub-produ
t A�B � R su
h that8x 2 O � B; 9y 2 A j (y; x) 62 R, and 8x 2 P � A; 9y 2 B j (x; y) 62 R. A is 
alled the intent of the
on
ept, B is 
alled the extent. The triple (P ;O; R) is 
alled a 
ontext.The 
on
epts, ordered by in
lusion on the intents, de�ne a latti
e, 
alled a 
on
ept latti
e or Galoislatti
e. In the rest of this work, we will sometimes denote a 
on
ept only by its intent. A latti
e isrepresented by its Hasse diagram: transitivity and re
exivity ar
s are omitted. In the rest of this work,when we refer to a path in the latti
e, we mean a path in the Hasse diagram of the latti
e. Con
eptsare often referred to as elements of this latti
e. Su
h a latti
e, has a smallest element, 
alled bottom,and a greatest element, 
alled element. A path from bottom to top is 
alled a maximal 
hain of thelatti
e.We will say that a 
on
ept A0 � B0 is a su

essor of 
on
ept A � B if A � A0 and there is nointermediate 
on
ept A00 � B00 su
h that A � A00 � A0. The set of su

essors of an element is 
alled the
over of this element. The su

essors of the bottom element are 
alled atoms. A 
on
ept A0 �B0 is andes
endant of 
on
ept A�B if A � A0. The notions of prede
essor and an
estor are de�ned dually.It is important to note that a 
on
ept A0 � B0 is a des
endant of 
on
ept A� B i� A � A0, and thatall the 
on
epts whose intent 
ontains A form a sublatti
e, the bottom element of whi
h is A � B; thissublatti
e is isomorphi
 to the 
on
ept latti
e of subrelation R(P �A;B).2



Example 2.1 Binary relation R; the asso
iated 
on
ept latti
e L(R) is shown in Figure 1.Set of properties:P = fa; b; 
; d; e; f; g; hg;Set of obje
ts:O = f1; 2; 3; 4; 5; 6g. R a b 
 d e f g h1 � � � �2 � � � � �3 � � � � �4 � �5 � �6 � �
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Figure 1: Con
ept latti
e L(R) of relation R; the 
on
epts are numbered in pre�x order following oursample re
ursive exe
ution des
ribed in Se
tion 4; the inherited sets of already pro
essed verti
es appearbetween bra
kets. The edges of the Depth-First tree are labeled by the non-dominating maxmod used to
ompute ea
h new 
on
ept.2.2 GraphsGiven a relation R, [2℄ de�ned an underlying en
oding graph GR as the graph with vertex set P [ O; Pand O are 
liques, and for a vertex x of P and a vertex y of O, there is an xy edge in GR i� (x; y) is notin R. For X � P[O, GR(X) denotes the subgraph of GR indu
ed by vertex set X . For a 
on
ept A�B,we will denote by GAR the subgraph GR((P�A) [ B) of GR asso
iated with subrelation R((P�A); B).We will use only external neighborhoods, whi
h we denote by N+: if x 2 P ; N+(x) = fy 2 Oj(x; y) 2Gg, and if x 2 O; N+(x) = fy 2 Pj(y; x) 2 Gg, where G is the 
urrent subgraph of GR.In our example, N+(a) = f1; 4; 5g, N+(b) = f4; 5; 6g, N+(
) = f3; 4; 6g, N+(d) = f2; 3; 6g, N+(e) =f2; 3; 5; 6g, N+(f) = f1; 2; 4; 5; 6g, N+(g) = f1; 4; 5; 6g, N+(h) = N+(a).In order to 
ompute the 
over of a 
on
ept, we need several graph notions.De�nition 2.2 A vertex x is said to dominate a vertex y i� N+(y) � N+(x); we will say that thisdomination is stri
t when x dominates y and N+(y) 6= N+(x).Another important notion for this paper is that of maximal 
lique modules.De�nition 2.3 A set X of properties is said to form a maximal 
lique module of GR if every vertex xof X dominates every other vertex of X, and X is a maximal su
h set; we will 
all X a maxmod.The maxmods of GR de�ne a partition of P ; essentially, a maxmod behaves as a single vertex, asall the verti
es of a maxmod X share the same external neighborhood, denoted by N+(X). We thusextend De�nition 2.2 to maxmods: we will say that a maxmod X dominates another maxmod Y ifN+(Y ) � N+(X), or, equivalently, if N+(y) � N+(x) for x 2 X and y 2 Y .Theorem 2.4 ([2℄) A 
on
ept (A+X)�B0 
overs a 
on
ept A�B i�, in GAR, X is a non-dominatingmaxmod. 3



In our example, in GR, the partition of P into maxmods is: fa; hg, fbg, f
g , fdg, feg, ffg, fgg, fhg.feg dominates fdg , ffg dominates fgg, fgg dominates fa; hg and fbg; f
g is neither dominated nordominating. The non-dominating maxmods of GR are: fa; hg, fbg, f
g and fdg.Theorem 2.4 
an be used to re
ursively 
al
ulate the 
over of an element in a depth-�rst fashion, startingwith the bottom element, by 
omputing, for ea
h 
on
ept as it is being pro
essed, the 
orresponding setof non-dominating maxmods. This pro
ess, implemented in a straightforward fashion, will generate ea
h
on
ept exa
tly as many times as the number of prede
essors it has. In this se
tion and in Se
tion 4, wewill present two algorithms whi
h use this depth-�rst re
ursive approa
h, but with various improvements.3 A General Algorithmi
 Pro
essWe will see in Subse
tion 3.1 that, for a given 
on
ept A, we 
an generate ea
h non-dominating maxmodof the 
orresponding subgraph GAR in O(m0) time, where m0 is the number of edges of GAR.We will then go on to explain in Subse
tion 3.2 how we 
an store useful information on the alreadypro
essed 
on
epts in order to generate ea
h 
on
ept only on
e, and give both a 
orresponding generalalgorithmi
 pro
ess and a spe
i�
 algorithm whi
h runs in O(km0) per generated 
on
ept using the resultsfrom Subse
tion 3.1., where k is at most equal to the number of prede
essors of the 
on
ept in the latti
e.3.1 Using partition re�nement to 
ompute non-dominating maxmodsIn this subse
tion, we explain how to generate the non-dominating maxmods of a graph G with m edgesusing a partition re�nement te
hnique, based on the famous algorithm by Rose, Tarjan and Lueker,known as Lex BFS [14℄, and on the related work by Hsu and Ma ([8℄), whi
h allows us to 
ompute thepartition of G into maxmods in O(m) time.[8℄ uses partition re�nement to 
ompute the partition into maxmods of any 
hordal graph. The graphswe use are 
o-bipartite, and in general non-
hordal. This re�nement pro
ess, as well as the asso
iatedproperties we des
ribe in this subse
tion, 
an be extended to an arbitrary graph, while retaining thesame O(m) worst time; however, we will des
ribe the pro
ess on the 
o-bipartite graphs we need in ouralgorithms.Algorithm OPMInput: A graph GR asso
iated with a 
ontext (P ;O; R).Output: An ordered partition (K1; :::;Kp) of P into maxmods of GR.Part (P);for y 2 O dofor ea
h 
lass K of Part su
h that jKj > 1 doK 0  K �N+(y);K 00  K \N+(y);if K 0 6= ; and K 00 6= ; thenIn Part, repla
e K by K 0 followed by K 00;return Part.This pro
ess has several properties.Property 3.1 Algorithm OPM 
omputes the partition into maxmods of GR.For an arbitrary graph, the partition re�nement pro
ess 
orresponding to OPM also 
omputes the par-tition into maxmods of the input graph; this is well-known but to our knowledge unpublished.Property 3.2 Let S be the set of verti
es of P whi
h are simpli
ial in GR, S 6= ;; then in the output ofAlgorithm OPM, K1 = S.Note that, given a 
on
ept A� B di�erent from bottom, the set of verti
es of P whi
h are simpli
ial inGAR is empty.Theorem 3.3 Algorithm OPM outputs a partition into maxmods as an ordered sequen
e, whi
h is alinear extension of the partial order on the maxmods: if a maxmod Y dominates a maxmod X, then Y isafter X in this sequen
e, whi
h we will 
all an ordered partition into maxmods.4



A

ording to Theorem 3.3, the �rst element of the ordered partition is thus a non-dominating maxmod.For a given maxmod X , the set of maxmods whi
h dominate X 
an be 
omputed in O(m) time; this isdone by sear
hing for universal verti
es in the subgraph de�ned by the neighborhood N+(X) of X ; thisset of universal verti
es is the union of all maxmods whi
h dominate X .The set of non-dominating maxmods 
an thus be obtained by repeating the following step:� Choose the �rst maxmod X of the ordered partition and remove it;� Compute the maxmods whi
h dominate X and remove them from the ordered partition.This leads us to propose a se
ond algorithm, NDMM, whi
h extra
ts from this partition the non-dominating maxmods in O(m) time ea
h.Algorithm NDMMInput: A graph GR, asso
iated with 
ontext (P ;O; R), and an ordered partition Part=(K1; :::;Kp) ofP into maxmods of GR.Output: Partition Part only 
ontains the non dominating maxmods of GR.Marked ;;for i from 1 to p do:Choose x in Ki;if x 2Markedthen Delete Ki from Partelse D  Set of properties from maxmods whi
h dominate Ki in GR;Marked Marked[D;return Part.Algorithm OPM will be used both in Subse
tion 3.2 and in Se
tion 4; NDMM will be the basis of thealgorithm proposed in Se
tion 3.2.3.2 Generating ea
h 
on
ept only on
eOur stated goal is to generate ea
h 
on
ept exa
tly on
e. Be
ause the ordering on the 
on
epts isde�ned by in
lusion, any 
on
ept A0 � B0 whi
h is a des
endant of A � B veri�es A � A0. Sin
eour algorithms work up in a depth-�rst fashion, when a maxmod X is used to generate a 
on
ept(A+X)� (B�N+(X)), then all 
on
epts 
ontaining X in their intent will be generated by the re
ursive
all upon (A+X)� (B�N+(X)). If a 
on
ept whi
h is pro
essed later uses a maxmod 
ontaining somevertex x of X , we know that this 
on
ept has been generated previously. If we are 
areful to store infor-mation on the maxmods whi
h have already been used by the re
ursive pro
ess, we 
an avoid 
omputingthe same 
on
ept more than on
e, using the following step:General algorithmi
 pro
ess on 
on
ept A�B:Compute set ND of non-dominating maxmods of GAR;// Ea
h maxmod X of ND de�nes a 
on
ept 
overing A�B.Compute set New of maxmods of ND 
ontaining no already pro
essed vertex;// Ea
h maxmod X of New de�nes a new 
on
ept 
overing A�B.For ea
h maxmod X in New:Re
ursively apply pro
ess to new 
on
ept with intent A+X;ADD all verti
es of X to set of already pro
essed verti
es.Note that when adding all verti
es of X to set of already pro
essed verti
es, one 
ould, at no extra
ost, also add the set of verti
es 
ontained in the maxmods whi
h dominate X , whi
h would improve therunning time.The bottlene
k 
omplexity for the above pro
ess is 
omputing the set of non-dominating maxmods,and the resulting worst-time analysis will depend on how this is a
hieved.Using the pro
ess des
ribed in Subse
tion 3.1, whi
h 
omputes ea
h non-dominating maxmod of the
urrent subgraphGAR in O(m0) time, wherem0 is the number of edges of this graph, we obtain a 
omplexityof O(�m0), where � is the number of dire
t prede
essors of A in the latti
e.The 
orresponding algorithm, presented below, is initially 
alled on the bottom element (U � O) byCONCEPTS-1((U �O) ,U) on a Marked set initialized with U , where U is set K1 from the partitionoutput by an exe
ution of Algorithm OPM on GR. 5



Algorithm CONCEPTS-1Input: A 
on
ept A� B, a set Marked of verti
es of P .Output: The not yet en
ountered des
endants of A�B.G GAR;//1a. Compute the partition into maxmods.Part OPM(G);//1b. Sele
t the non dominating maxmods.ND NDMM(GAR,Part)// If desirable, generate the 
over of A�B. //2. Remove the already pro
essed maxmods.New ND;for X in New doIf X\Marked6= ; thenRemove the elements of X from New;//3. Generate the unpro
essed des
endants of A�B.for X in New do//When generating frequent sets, test size of B � N+(X); if too small, take next X in New.G GA+XR ;CONCEPTS-1(G , (A+X)� (B �N+(X)) , Marked);Marked Marked[X ;Experimentally, this algorithm, implemented as explained above, runs rapidly, be
ause of the extrainformation on the already pro
essed verti
es, espe
ially if at ea
h step where a maxmod X is added tothe set of already pro
essed verti
es, the maxmods whi
h dominate X are also added.As we will see in the next se
tion, however, the worst-time analysis 
an still be improved on, usinginheritan
e me
hanisms between 
on
epts.4 Using inherited domination informationIn this se
tion, we present a new data stru
ture whi
h enables us to eÆ
iently store information on thedomination relation, and avoids re
omputing all su
h information as the depth-�rst 
on
ept generatingpro
ess moves up along a 
hain of the latti
e. We then give the 
orresponding algorithm.4.1 Data stru
ture: the domination tableIn order to improve the worse-time behavior of the algorithmi
 pro
ess des
ribed above, we propose a moresophisti
ated approa
h to 
omputing the non-dominated maxmods, whi
h uses the fa
t that dominationis inherited when moving up in the latti
e:Property 4.1 Let A�B and A0 �B0 be 
on
epts, with A � A0 (i.e. A0�B0 is a des
endant of A�B).Then if x dominates y in GAR and x; y 2 GA0R , then x dominates y in GA0R .To eÆ
iently answer requests on the set of non-dominating maxmods, we use a domination table 
on-taining information on the 
urrent graph. As this information 
an be inherited along a maximal 
hain,maintaining this table in the 
ourse of the Depth-First traversal along a maximal 
hain avoids re
omput-ing the entire domination information at ea
h step of the algorithm.The inheritan
e me
hanism involved is the following: when moving up into the latti
e, say from a
on
ept A � B represented by the underlying graph GAR to a se
ond 
on
ept (A +X) � (B �N+(X)),
overing the �rst, and represented by the underlying graph GA+XR , two things happen:1. Set X of properties disappear from the graph.2. Set N+(X) of obje
ts disappear from the graph.In our example, when moving up from the bottom element ;�O to element ah�236, the new subgraph willbe de�ned on (P�fa; hg)[f2; 3; 6g, so that properties a and h will disappear, as well as obje
ts 1, 4 and 5.A vertex x is de�ned as dominating another vertex y in graph GR if when there is an yi edge, therealso is an xi edge; equivalently, if (y; i) 62 R, then (x; i) 62 R. Our idea, used to maintain Galois sub-hierar
hies in [3℄, is to list into a table L, for ea
h pair of properties (x; y), the obje
ts whi
h prevent xfrom dominating y: 6



Property 4.2 An obje
t i will appear in the list L[x; y℄ i� (x; i) 2 R and (y; i) 62 R.The 
orresponding lists in our example are given in table L below:L a b 
 d e f g ha ; f1g f1; 5g f1; 4; 5g f1; 4g ; ; ;b f6g ; f5g f4; 5g f4g ; ; f6g
 f3; 6g f3g ; f4g f4g f3g f3g f3; 6gd f2; 3; 6g f2; 3g f2g ; ; f3g f2; 3g f2; 3; 6ge f2; 3; 6g f2; 3g f2; 5g f5g ; f3g f2; 3g f2; 3; 6gf f2; 6g f1; 2g f1; 2; 5g f1; 4; 5g f1; 4g ; f2g f2; 6gg f6g f1g f1; 5g f1; 4; 5g f1; 4g ; ; f6gh ; f1g f1; 5g f1; 4; 5g f1; 4g ; ; ;From this table L, we 
an see that 
 will dominate a when obje
ts 1 and 5 have disappeared as L[
; a℄ =f1; 5g (read 
olumn 
 and row a). a1 and a5 are edges of GR, 
1 and 
5 are not.Table L 
ontains at most nm bits, sin
e for ea
h slot L[x; y℄, the elements of the list it 
ontains 
orrespondto distin
t neighbors of y in GR, and ea
h row y 
ontains n su
h lists.When moving up from one 
on
ept to one of its su

essors in our re
ursive algorithmi
 pro
ess, updatingtable L means for ea
h (x; y)-pair in P2, removing from list L[x; y℄ the obje
ts whi
h disappear from thegraph.A
tually, we are only 
on
erned with the number of verti
es whi
h a vertex x dominates in a givengraph, so that 
ardinalities are suÆ
ient for our data stru
ture: a maxmod X will be non-dominatingwhen, for any x 2 X , the number of verti
es whi
h x dominates is exa
tly jX j. We will thus use L asan underlying abstra
t data type, and implement it with a 
ardinality table T , whi
h 
ontains numbersbetween 0 and jOj, T [x; y℄ representing the size of list L[x; y℄. Vertex x dominates vertex y i� T [x; y℄ = 0.In order to have rapid a

ess to this information, we also keep a table D, s
anning P , where D[x℄ givesthe number of verti
es y su
h that T [x; y℄ = 0, i.e. the number of verti
es whi
h x dominates. A maxmodX will thus be non-dominating if and only if for an arbitrary x 2 X , D[x℄ = jX j, and the query: 'Whi
hare the non-dominating maxmods?' 
an be answered in very eÆ
ient O(n) time using table D.In our example, tables T and D would be:T a b 
 d e f g ha 0 1 2 3 2 0 0 0b 1 0 1 2 1 0 0 1
 2 1 0 1 1 1 1 2d 3 2 1 0 0 1 2 3e 3 2 2 1 0 1 2 3f 2 2 3 3 2 0 1 2g 1 1 2 3 2 0 0 1h 0 1 2 3 2 0 0 0
D: a b 
 d e f g h2 1 1 1 2 5 4 2We have: T [a; e℄ = 3 (read 
olumn a and row e)and T [e; a℄ = 2,D[a℄ = 2 as T [a; a℄ = T [a; h℄ = 0.

The pro
ess for 
onstru
ting the initial domination table T from a table T initialized to 
ontaining zerovalues is the following:For ea
h x in P doD[x℄ n;For ea
h y in P doFor ea
h z in O doIf (x; z) 2 R and (y; z) =2 R thenIf T [x; y℄ = 0 then D[x℄ D[x℄ � 1;T [x; y℄ T [x; y℄ + 1;4.2 Algorithmi
 use of the domination tableWe will use the data stru
tures des
ribed in the previous subse
tion to implement the UPDATE primitivein the algorithm we now present: CONCEPTS-2.The algorithm is initially 
alled on the bottom element (U �O) by CONCEPTS-2((U �O) , U) on aMarked set initialized with U , where U is set K1 from the partition output by an exe
ution of Algorithm7



OPM on GR. Tables T and D are initialized from GR as des
ribed in the previous subse
tion.Algorithm CONCEPTS-2Input: A 
on
ept A� B, a set Marked of verti
es of P .Output: The not yet en
ountered des
endants of A�B.Initialization:G GAR;Compute, using OPM, the partition of P �A in G into maxmods;// The maxmod whi
h a vertex x 2 P belongs to is denoted by M(x).For x in Marked do Marked Marked[M(x);//1. Compute the set ND of non-dominating maxmods of G.ND ;;for x in P �A doif D[x℄ = jM(x)j then ND ND[fM(x)g;//2. If desirable, generate the 
over of A�B.//3. Generate the unpro
essed des
endants of A�B.for X in ND su
h that X\Marked= ; doA0  A+X ; B0  O �N+(X);PRINT(A0 �B0);//When generating frequent sets, test size of B0; if too small, take next X in ND{Marked.UPDATE(A , X , GAR , pre);CONCEPTS-2(A0 �B0, Marked);UPDATE(A , X , GAR , post);Marked Marked[X ;Algorithm UPDATEInput: Con
ept A, a non dominating maxmod X of GAR,and a variable V set to pre for pre-updating or to post for post-updating.// Tables T and D are global variables.Output: Tables T and D are modi�ed using X and A.Choose a representative x in X ;//1. Update table D.for y in (P �A)�X doif T [y; x℄ = 0 thenif V = pre then D[y℄ D[y℄� jX j;else D[y℄ D[y℄ + jX j;//2. Update tables T and D.for j in N+(x) doZ  N+(j)�X ;U  (P �A)� Z �X ;for (u; z) in U � Z doif V = pre thenT [u; z℄ T [u; z℄� 1;if T [u; z℄ = 0 then D[u℄ D[u℄ + 1;else // V=postT [u; z℄ T [u; z℄ + 1;if T [u; z℄ = 1 then D[u℄ D[u℄� 1;4.3 Complexity AnalysisWe will �rst evaluate the worst-time 
omplexity required by the main algorithm, and then examine thetime required by the updating pro
ess.� Ea
h step of Algorithm CONCEPTS-2 requires 
omputing the subgraph G = GAR and its maxmods,whi
h 
an be done with Algorithm OPM in O(m0), where m0 is the number of edges of G, as seenin Subse
tion 3.1. Using table D, �nding the set of non-dominating maxmods requires O(n0) time,where n0 = jP �Aj. Comparing these with Marked 
osts O(n0) time, thus a 
on
ept is pro
essedin global O(m0) time. 8



� Tables T and D are pre-updated at ea
h step to des
ribe the domination relationships in the newgraph before a re
ursive 
all, and then post-updated ba
k to their original form. Clearly, the 
ostsof the pre-updating and post-updating pro
esses are exa
tly the same.We will now dis
uss the 
ost of the pre-updating pro
ess when moving from 
on
ept A � B to itssu

essor A0 �B0 = (A+X)� (B �N+(X)), obtained from non-dominating maxmod X of GAR.We need to evaluate the number of unit de
rementations on T at ea
h step. This 
orresponds tothe number of obje
t removals from lists in L. Pre-updating means removing from L all obje
ts isu
h that i fails to be in the su

essor, i.e. i 2 (B �N+(X)).By Property 4.2, an obje
t i will appear in the list L[x; y℄ i� (x; i) 2 R and (y; i) 62 R, whi
h 
anbe translated as: (x; i) 62 GAR and (y; i) 2 GAR.Sin
e we are generating subgraph GA0R , we do not need the elements of A0; thus, the e�ort requiredis:jP �A)j:�i2(B�N+(X)jN+(i)j,where N+(X) is the neighborhood in subgraph GAR.Note that (B �N+(X)) < jOj, jP �Aj is of order n, and jN+(i)j < n.Let � be the spanning tree of the latti
e indu
ed by the re
ursive 
alls of CONCEPTS-2; the globaltime required for pre-updating T along a root-to-leaf traversal of � is bounded by O(nm).Sin
e a 
on
ept A � B obviously has only one father in � , 
omputing A� B requires generating justone edge of the latti
e as des
ribed above. The time required for pro
essing 
on
ept A � B is thus inO(m0 + jP � A)j:�i2(B�N+(X)jN+(i)j, whi
h is of order m0 plus n0 times the number of obje
ts whi
hhave disappeared when moving up in � from A�B's father.Sin
e, along a path from root to leaf in � , no obje
t 
an disappear twi
e, the global time 
omplexity ofthe algorithm is bounded by O(m) per 
on
ept plus O(nm) per traversed maximal 
hain of the latti
e,though this is very rough 
ompared to the 
omplexity analysis detailed above.We will end with the spa
e 
omplexity: the re
ursive queue 
ontains at most O(n) 
on
epts of size O(n)ea
h, Marked is of size O(n); T 
ontains O(nm) bits; the global spa
e 
omplexity is thus in O(nm).Example 4.3 Let us exe
ute Algorithm CONCEPTS-2 on relation R of Example 2.1, asso
iated with
on
ept latti
e of Figure 1 (page 3).Step 1: The exe
ution starts with the bottom element ; � 123456. In G = GR, the non-dominatingmaxmods are fa; hg, fbg, f
g and fdg. The 
over of ; � 123456 is: ah� 236, b� 123, 
� 125, d � 145.The set Marked of already pro
essed verti
es is empty. ah� 236 is 
hosen to be pro
essed next.Step 2: Con
ept ah � 236 is 
hosen to be pro
essed next; the table is a

ordingly pre-updated: sin
eobje
ts 1, 4 and 5 disappear, pairs from the Cartesian produ
ts fb; 
; d; eg � ff; gg, fd; eg � fb; 
; f; ggand f
; dg�fb; e; f; gg should 
ause the 
orresponding numbers from T do be de
remented by 1, sin
e inthe 
urrent subgraph, (P � fa; hg) = fb; 
; d; e; f; gg, N+(1) = ff; gg, N+(4) = fb; 
; f; gg and N+(5) =fb; e; f; gg.New tables T and D obtained:T b 
 d e f gb 0 0 0 0 0 0
 1 0 0 0 1 1d 2 1 0 0 1 2e 2 1 0 0 1 2f 1 1 0 0 0 1g 0 0 0 0 0 0 D: b 
 d e f g2 3 6 6 3 2(for T [x; y℄, read 
olumn x and row y)Graph G be
omes GR(fb; 
; d; e; f; g; 2; 3; 6g). Maxmods of G: fb; gg, f
g, fd; eg, ffg ; non-dominatingmaxmod: fb; gg. Con
ept abgh� 23 is generated.Step 3: abgh � 23 is pro
essed. Non-dominating maxmods: f
g and ffg. Con
epts ab
gh � 2 andabfgh� 3 are generated; abfgh� 3 is 
hosen to be pro
essed next.Step 4: abfgh�3 is pro
essed. Non-dominating maxmod: f
; d; eg; top element ab
defgh�; is generated.Step 5: ab
defgh� ; is pro
essed; the graph G obtained is empty; no new 
on
ept 
an be generated.Step 6: step 3 re
ursively 
alls ab
gh � 2, with Marked=ffg. Non-dominating maxmod: fd; e; fg;sin
e f is in Marked, no new 
on
ept is generated.Step 7: step 1 re
ursively 
alls 
� 125 with Marked=fa; hg. Non-dominating maxmods: fbg and fdg.Con
epts b
� 12 and 
d� 15 are generated. b
� 12 is 
hosen to be pro
essed next.9



Step 8: b
 � 12 is pro
essed, with Marked=fa; hg. Non-dominating maxmods: fd; eg and fa; g; hg;sin
e a and h are in Marked, only fd; eg will be used to generate a new 
on
ept: b
de� 1.Step 9: b
de� 1 is pro
essed, with Marked=fa; hg. Non-dominating maxmod: fa; f; g; hg; sin
e a andh are in Marked, no new 
on
ept is generated.Step 10: step 7 re
ursively 
alls 
d � 15, with Marked=fa; b; hg; fa; hg is inherited from 
on
eptah� 236, a brother of father 
� 125, and fbg is inherited from brother 
on
ept b
� 12. Non-dominatingmaxmod: fb; eg. Sin
e b is in Marked, no new 
on
ept is generated.Step 11: step 1 re
ursively 
alls b� 123 with Marked=fa; 
; hg. Non-dominating maxmods: fa; g; hgand f
g. Sin
e a, 
 and h are in Marked, no new 
on
ept is generated.Step 12: step 1 re
ursively 
alls d� 145 with Marked=fa; b; 
; hg. Non-dominating maxmods: f
g andfeg. Sin
e 
 is in Marked, only 
on
ept de� 14 is generated.Step 13: de � 14 is pro
essed, with Marked=fa; b; 
; hg. Non-dominating maxmod: fb; 
g. Sin
e band 
 are in Marked, no new 
on
ept is generated. The re
ursive queue is empty and the algorithmterminates.5 Con
lusionIn this paper, we use a graph-theoreti
 approa
h whi
h translates the 
on
epts on a maximal 
hain of alatti
e into a sandwi
h family of graphs, where domination is inherited. This enables us to propose newalgorithmi
 pro
esses, whi
h are 
apable generating ea
h 
on
ept exa
tly on
e. Our 
omplexity analysisinvolves traversed maximal 
hains of the latti
e, so that our 
omplexity is diÆ
ult to 
ompare with that ofthe other existing algorithms, whi
h are evaluated only regarding 
on
epts. However, even with a roughanalysis, our 
omplexity is 
ompetitive. As a �nal 
on
luding remark, we believe that our 
omplexityanalysis 
ould be simpli�ed and streamlined or even amortized.A
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