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SUMMARY

When the multiple correlation coefficient is used to measure how strongly a given variable can be linearly
associated with a set of covariates, it suffers from an upward bias that cannot be ignored in the presence of a
moderately high dimensional covariate. Under an independent component model, we derive an asymptotic
approximation to the distribution of the squared multiple correlation coefficient that depends on a simple
correction factor. We show that this approximation enables us to construct reliable confidence intervals on
the population coefficient even when the ratio of the dimension to the sample size is close to unity and the
variables are non-Gaussian.

Some key words: Independent component model; Multiple correlation; Testing.

1. INTRODUCTION

The multiple correlation coefficient is important in multivariate analysis and measures how strongly
a given variable can be correlated with a linear combination of other variables. In this article, we use p
for the population version of the multiple correlation between a one-dimensional random variable y and a
(p — 1)-dimensional random vector x, and R for the sample multiple correlation coefficient from a sample
of size n. In linear regression of y on x, the coefficient of determination R? is routinely used to measure
the strength of the linear relationship.

(© 2014 Biometrika Trust
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Multiple correlation has a long history and has been widely used. The distribution of R? was first inves-
tigated by Fisher (1928) under the assumption of multivariate normality. Various methods of deriving its
distribution can be found in Wilks (1932), Garding (1941), Moran (1950), Williams (1978), Gurland &
Asiribo (1991), Johnson et al. (1995), Nandi & Choudhury (2005), and Anderson (2003). It is well recog-
nized that R? is a biased estimate of p?, and an adjusted estimate of p?> can be found in Anderson (2003,
p- 153). Recent uses of multiple correlation can be found in Pena & Rodruguez (2002) for constructing a
portmanteau test of fit and in Dutilleul et al. (2008) for assessing correlation in spatial processes.

Although the exact density of R? under normality is known, it is given by an infinite series when
02 > 0 and thus is inconvenient to use. More importantly, the convergence of the series is slow, especially
when 7 is large. For non-Gaussian variables, the density of R? is unavailable. Efforts have been made
to allow inference on multiple correlation without normality. For example, Muirhead (1982) obtains the
exact null distribution of R? under spherical symmetry, Ali & Nagar (2002) give the null distribution
of multiple correlation for normal mixture models, and Ogasawara (2006) obtains approximations to the
R? distribution by using the Edgeworth expansion. Existing work, however, does not provide effective
inferences on multiple correlation when p is moderately large.

In this article, we provide an approximation for inference on multiple correlation coefficients under an
independent component model. Our approximation is shown to work well for a wide range of dimensions
p < n. The analysis of multiple correlation in high or ultra-high dimensions with p > n is not attempted.

2. A QUICK REVIEW OF MULTIPLE CORRELATION

Let Yi, ..., Y, be arandom sample from a p-dimensional population with covariance matrix ¥. Let ¥
and X be the usual sample mean and the sample covariance matrix. We consider the case 2 < p < n. The
covariance matrices are partitioned into

5= o011 U(Tl) 2_ o1 a(T])
o EIn)’ agy A )’

where o1 and 61 are scalars. We further assume that ,; and 4 are nonsingular. Then the squared multiple
correlation coefficients between the first component of Y and the other components, both for the population
and for the sample, are

T yv—I T 4-1
01\ 25, O(1 aA ag
pz (1) <22 9( )7 R? ) A ( )'
011 011

IfY; ~ N(u, ¥), then for the hypothesis testing problem
the rejection region at significance level « is

R> n—p
T—rp—1 e m®

where F,_i ,_,(1 —a) is the 1 — o quantile of the F distribution with degrees of freedom p — 1 and
n — p. Under the alternative hypothesis H,, the density g(¢; p?) of R? (Anderson, 2003) is

(l _ t)(n7p72)/2(1 _ pZ)(nfl)/Z +oo 102;1, t(pfl)/ZJruflI*Z{(n _ 1)/2 + M}

[ = p)/2}0{(n — 1)/2} n=0 wT{(p = D/2 + u}
(1 — p2)@=D/2 4p=3/2(] — 4)@=p)/2

Bi(n—p)/2.(p —1)/2}

g(t; p*) =

F{in=1)/2,(n = 1)/2,(p = 1/2,1p°} (1)
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where F(-, -, -, -) is the hypergeometric function, B(-, -) is the beta function and I"(-) is the Gamma func-
tion. So a confidence interval for p? at the level of (1 — ) 100% has lower and upper limits

L4 =minfa/2 < G(R*; p*) <1 —a/2),
P

Uy =maxfa/2 < G(R? p*) <1 —a/2), )
P

where G(x; p*) = [; g(t; p?) dr is the distribution function of R?. Even under the Gaussian model, R*
has an upward bias for p> when the true correlation is small.

THEOREM 1. Under the normality assumption, E(R") > p" for any r > 2, when (p — 1)/(n — 1) > p?
andn > p.

Motivated by Gaussian models, Anderson (2003) (p. 153) considered an adjusted multiple correlation.
By truncating the adjusted multiple correlation at zero, we use

L_l(l — RY), 0}

R*? = max {Rz -

as the adjusted multiple correlation in this paper. We shall show that R*? is consistent under a broader class
of distributions and even when p grows proportionally to n. More importantly, we shall obtain a limiting
distribution that enables us to construct approximate confidence intervals for p? for a wide range of p and
n withn > p.

3. A NEW APPROXIMATION FRAMEWORK

We now assume the following independent component model for Y, that is, there exists a representation

d
nz(i)m G=1,....m, 3)

where d; isa 1 x m row vector, D, isa (p — 1) x m matrix of rank p — 1 withm > p, and X; is a random
sample of m-random vectors with independently and identically distributed components.

Because the multiple correlation coefficient is invariant under location changes, any positive scale
change on the first component of ¥; and any nonsingular affine transformation on the rest of the com-
ponents, we assume without loss of generality that £(X;) =0, cov(X;) =1,, ||di| =1, D2D2T =1p_1,
and d, D] = (p, 0, ..., 0). We study the asymptotic properties of R? under the setting n — oo and g, =
p/n— q €[0, 1). To begin, let

2 =2{g + (1 =t =2{=20 =)’ + 40 =)t +2qHg + 1 =)t = 1/2}. (4
We now state our main results, followed by a discussion on the assumptions.

THEOREM 2. Under the independent component model (3), and if X; has finite fourth moment and the
Log-norm ||d ||eo = 0(1), then R*> — p? almost surely, and

n'P{R? — g, — (1 = g)p*} > N{0, 0 (p*)}
in distribution as n — oo and g, = p/n — q < 1. As a consequence, we have, if p*> > 0, then
2R = p?) — N{0.0%(0?)/(1 = )}, )
n'2(g(R™%) = g(p™)} = N (0. 1) (©)

in distribution, where g(x)= f(;c(l —q)/ot)dt for x>0. If p>=0, we have n'*(R> —gq,) —
N{0,2q(1 —q)}, and
(2n)'*{arccos(R) — arccos(g,/*)} — N (0, 1). (7)
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The variance o%(p?) in (5) can be estimated by (4) with r = R*2. Since g(x) is monotone and can
be computed numerically, Theorem 2 allows the construction of two asymptotic confidence intervals for
02, one based on (5) and the other based on the variance-stabilizing transformation (6). For example, an
(1 — &) 100% asymptotic confidence interval for p? based on (6) is (L, U), where

L =min {0 <x<1:g(x)>g(R™) — nfl/zza/z}

U = max {0 <x<1:g) <g(R*2) + n_l/zza/z}

where z,; is the upper «/2 quantile of the standard normal. For testing the null hypothesis that p? =0,
the asymptotic distribution of (7) may be used.

The independent component model generalizes the multivariate Gaussian model, but the representation
(3) is not required to be unique. The latent variable X; could be normal, but need not be. The assumption
that ||d ||oc = 0(1) in Theorem 2 requires that the first component of ¥; is not dominated by a small number
of components in X; as p increases, but this condition can be removed if each component of X; has fourth
moment equal to 3 as in the Gaussian case.

Our main result is obtained under the assumption that g, = p/n — g < 1. A natural question is why we
are interested in this limit, but not others, such as p o< n” for some positive 7. In a given application where
both n and p are fixed, we cannot distinguish one value of » from another. What matters is which limiting
distribution provides a good approximation. We find that the framework of p ocn has the advantage of an
asymptotic normal approximation that works well for a wide range of (n, p) values with n > p. Similar
observations have been made in Bai & Saranadasa (1996), Bai et al. (2009), Chen & Qin (2010), and Chen
et al. (2010), and we shall confirm this through simulation in § 4.

4. EMPIRICAL EVIDENCE

In this section, we evaluate the performance of the asymptotic confidence intervals for p? based on
(5) and (6), and compare them to confidence intervals based on the Edgeworth expansion method of
Ogasawara (2006), the classical method of Anderson (2003) in (2), and ABC bootstrap confidence inter-
vals as described in Davison & Hinkley (1997 § 5).

Bootstrap methods are ill-suited for datasets with p/n close to unity, because many bootstrap sam-
ples will not have enough distinct observations, and when the number of distinct observations is p or
less, the value of R? cannot be computed. For example, if (n, p) = (25, 20), only 1 out of 100 boot-
strapped samples is expected to have more than p distinct observations. In this paper, we adopt the strategy
of adding a small random perturbation to each observation in the bootstrapped samples before the R*?
are calculated.

The data are generated under the independent component model (3), with the following specifications,
with £k = p(1 + p)/2 for the given values of p and p considered in our study. In our study, £ is an integer
between 2 and p — 1.

(i) The vector d; has all its elements equal to p~'/2.

(i) The first row of D, has its first k elements equal to p~'/? and the rest equal to —p
(iii) For I =2, ..., k, the Ith row of D, has the first / — 1 elements equal to /~'/2(/ — 1)~'/2, the Ith
element equal to —/~'/2(I — 1)!/? and the rest equal to 0.

-1/2.

(iv) Forl=k+1,..., p,the/throw of D, has the first k£ elements equal to 0, the next/ — k — 1 elements
equalto (I — k 4+ 1)71/2(I — k)~'/2, the Ith element equal to —(/ — k + 1)~"/2(/ — k)!/?, and the rest
equal to 0.

We consider two scenarios of ¢, = p/n = 0-2 and 0-8, three values of p =0-2, 0-6, 0-8, and three val-
ues of moderate to high dimensions p = 20, 30, 60 at ¢ = 0-2 and p =20, 60, 200 at ¢ = 0-8. With the
above construction of d; and D,, the desired p values are achieved. Table 1 reports the average coverage
probability for nominal 95% intervals and interval length of p? obtained from 10 000 Monte Carlo samples
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Table 1. Coverage (%) and average length (in parentheses) of 95% confidence
intervals for p*> when the X; ; are uniformly distributed

q=02
p p=02 p =06 p=0-8
20 Ml 95-9 (0-19) 94.9 (0-33) 94.9 (0-26)
M2 98-7 (0-21) 95-3 (0-34) 96-6 (0-25)
M3 71-6 (0-39) 90-9 (0-39) 93.7 (0-24)
Al 90-5 (0-06) 0-0 (0-07) 0-0 (0-07)
Bl 43-6 (0-05) 67-8 (0-30) 76-9 (0-24)
30 Ml 95-2 (0-17) 947 (0-27) 95-2 (0-21)
M2 98-6 (0-18) 95-1 (0-28) 96-3 (0-20)
M3 47-7 (0-34) 85-1(0-34) 89-0 (0-22)
Al 69-5 (0-04) 0-0 (0-05) 0-0 (0-05)
B1 28-1(0-02) 58-5(0-26) 67-7 (0-20)
60 Ml 95-4 (0-13) 95-3 (0-20) 95-0 (0-15)
M2 98-4 (0-13) 94-8 (0-20) 95-1 (0-14)
M3 5:6 (0-26) 62-8 (0-27) 78-4 (0-18)
Al 0-0 (0-02) 0-0 (0-02) 0-0 (0-02)
B1 7-4 (0-01) 32-8(0-19) 45-6 (0-15)
q=0-8
p p =02 p =06 p=0-8
20 Ml 93.2 (0-52) 92-4 (0-68) 93.7 (0-83)
M2 95-2 (0-76) 94-3 (0-78) 94-4 (0-75)
M3 0-7 (0-62) 3-1(0-44) 4.5 (0-26)
Al 95-6 (0-20) 0-0 (0-23) 0-0 (0-25)
B1 25-6 (0-12) 26-2 (0-18) 26-6 (0-20)
60 Ml 95-1 (0-47) 946 (0-60) 94-6 (0-69)
M2 95-7 (0-56) 95-7 (0-63) 94-4 (0-55)
M3 0-0 (0-45) 0-0 (0-32) 0-0 (0-18)
Al 90-5 (0-07) 0-0 (0-09) 0-0 (0-09)
B1 9-7 (0-02) 10-9 (0-07) 13-2(0-10)
200 M1 95-0 (0-29) 95-0 (0-46) 94-6 (0-33)
M2 96-5 (0-37) 95-0 (0-46) 94.5 (0-30)
M3 0-0 (0-30) 0-0 (0-22) 0-0 (0-13)
Al 0-0 (0-03) 0-0 (0-03) 0-0 (0-03)
B1 1-4 (0-01) 1.0 (0-02) 1-5(0-04)

M1 and M2, asymptotic confidence intervals based on Theorem 2; M3, Edgeworth expansion
method of Ogasawara (2006); A1, the classical method of Anderson (2003) in (2); B1, ABC
bootstrap method.

when each component of X; is uniformly distributed. A similar table is given in the Supplementary Mate-
rial when X; is normally distributed. It is clear from the tables that our proposed methods attain decent
coverage probabilities in all cases. The competing methods fail badly for different reasons. More specifi-
cally, the method based on Edgeworth expansion of Ogasawara (2006) uses R? as the estimate of p> with
an upward bias approximately ¢ (1 — p?). At ¢ = 0-9 and p?> = 0-1, the bias is more than 0.8, which leads
to nearly zero coverage. The ABC method is biased because the bootstrap distribution of R*? is unduly
skewed towards the value 1 as we explained earlier, leading very low coverage probabilities.

In the Supplementary Material, we include the power curve for testing the null hypothesis that p? =0
versus p” > 0 based on the distribution (7) at p = 60 and ¢, = 0-2, 0-6 and 0-8. The significance levels
of the tests are close to the nominal level of 0-05, but the power of the test decreases quickly with g,,,
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reflecting the challenges of statistical inference in high dimensions. In the Supplementary Material, we
also provide additional simulation results for two other models with different choices of d; and D,.

Finally, we demonstrate the merit of the proposed method on the diffuse large-B-cell lymphoma microar-
ray data of Rosenwald et al. (2002). The dataset contains the gene expression measurements of over 7399
genes as well as the survival times of 240 patients. We first select 120 genes that have the highest marginal
correlation with the survival time, and then estimate the multiple correlation between survival time and
the expressions of those genes. In this case, we have g, ~ 0-5, and the 95% confidence intervals are (0-15,
0-46) and (0-16, 0-47) from our proposed methods. The ABC bootstrap method would yield a confidence
interval (0-12, 0-16), which appears narrow but biased. When we performed the same analysis by taking
120 randomly selected genes, the 95% confidence interval based on our proposed method (5) was [0,
0-29), with R =0-57 and R*?* = 0-14. The bootstrap distribution of R*? has nearly all of its probability
mass above 0-40, indicating again the problem of the bootstrap in analysing data of high dimensions. Our
proposed method is able to produce a trustworthy confidence interval with minimal computational cost.

When the dimension of variables p is moderately large relative to the sample size n, classical methods
of inference on the multiple correlation coefficients fail. In this paper, we propose a simple framework for
approximating the distribution of the sample multiple correlation. The asymptotic approximation is easy
to use but remains effective for a wide range of scenarios in terms of (n, p) as long as p/n is bounded
away from 1. The problem of even higher dimensions, p > n, is not considered in this paper.
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SUPPLEMENTARY MATERIAL

Supplementary material available at Biometrika online includes the proof of Theorem 2 and additional
simulation results, including the distributions of the p-values from various tests on p2.

APPENDIX
Proof of Theorem 1

Our first step is to show

E(R*) > p?. (A1)
Following (1), we have

(1—pH D2 oo p™T{(n—1)/2+pu}p—1+2u
T{(n — 1)/2} “=u=0 ! n—1+2u

E(R*) =

Moreover, we can write

s (= p)0 D2 o oD = 1)/2+ )
T T{(n — 1)/2} L= ! P

If (p—1)/(n—1)>p? then (Al) is obviously true because (p —1+2u)/(n —14+2n) > (p —
/(n—-1) 2= ,02 for all 4 > 1. By Jensen’s inequality we then have E(R") > p” for any r > 2.
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