
Combining Sets with IntegersCalogero G. ZarbaStanford University and University of CataniaAbstra
t. We present a de
ision pro
edure for a 
onstraint language
ombining strati�ed sets of ur-elements with integers in the presen
e ofa 
ardinality operator. Our de
ision pro
edure is an extension of theNelson-Oppen 
ombination method spe
i�
ally tailored to the 
ombina-tion domain of sets, integers, and ur-elements.1 Introdu
tionThe 
ardinality of a set is the number of its elements. Thus, in order to reasonabout set-theoreti
 formulae involving the 
ardinality operator, a set-theoreti
theorem prover needs the ability to reason about numbers. Su
h ability 
an bebasi
ally provided in two ways: either by representing numbers dire
tly as setsby means of the set-theoreti
 identities 0 = ; and n+1 = n[fng, or by employ-ing spe
ialized de
ision pro
edures for arithmeti
. We argue that, although theformer solution is very elegant, the latter is more pra
ti
al and more amenableto modularization.In this paper we introdu
e a 
onstraint language involving the 
ardinalityoperator and 
ombining:1. �nite sets of ur-elements;2. the integers;3. an arbitrary �rst order theory T of the ur-elements.We use a de
ision pro
edure for T and a de
ision pro
edure for integer lineararithmeti
 as bla
k boxes to provide in a modular fashion a de
ision pro
edurefor the satis�ability of 
onstraints in the 
ombined language.Our de
ision pro
edure 
an be seen as:{ an augmentation method whi
h takes a de
ision pro
edure for integer lineararithmeti
 and turns it into a de
ision pro
edure for a 
onservative extensionof integer linear arithmeti
 to a theory of sets with a 
ardinality operator;{ a 
ombination method for the union of an arbitrary theory T of the ur-elements with the theory of �nite sets with integers.Our de
ision pro
edure is an extension of the Nelson-Oppen 
ombinationmethod spe
i�
ally tailored to the 
ombination domain of sets, integers, andur-elements.



The Nelson-Oppen 
ombination method [5, 6℄ 
ombines satis�ability 
he
k-ers for stably in�nite1 �rst-order theories over disjoint signatures into a singlesatis�ability 
he
ker for the union theory by means of propagating equalities.It should be noted, however, that although the Nelson-Oppen 
ombinationmethod requires the stable in�niteness of the 
ombined theories, our de
isionpro
edure remains 
orre
t even if the underlying theory T of the ur-elements isnot stably in�nite.1.1 Related workSeveral de
idability results 
on
erning the 
ardinality operator have been ob-tained in 
omputable set theory. In their seminal paper, Ferro, Omodeo andS
hwartz [4℄ prove the de
idability of the fragment of set theory known as MLS(multi-level syllogisti
), whi
h 
ontains the basi
 set theoreti
 
onstru
ts of mem-bership, set equality, union, interse
tion, and set di�eren
e. They also prove thede
idability of the extension of MLS with the singleton operator and the �nite
ardinality operator together with arithmeti
 addition, subtra
tion and 
ompar-ison. Cantone and Cutello [1℄ prove the de
idability of the extension of MLSwith the singleton operator and rank and 
ardinality 
omparisons.It should be noted, however, that the above results deal with pure Zermelo-Fraenkel set theory and do not address the problem of 
ombining in a modularway sets with integers and ur-elements.The 
ombination of sets with integers and of sets with reals was addressed byCantone, Cutello and S
hwartz [2℄, who prove the de
idability of an unquanti�edtheory of sets of integers and of an unquanti�ed theory of sets of reals, butwithout the 
ardinality operator. The 
ombination of sets with ur-elements wasaddressed by Cantone and Zarba [3℄, who give a tableau 
al
ulus for 
ombiningset reasoning with �rst-order reasoning.The de
ision pro
edure presented in this paper is inspired by the satis�abil-ity pro
edure presented in [8℄, where we 
ombine 
at lists of ur-elements withintegers in the presen
e of a length fun
tion.1.2 Organization of the paperThe paper is organized as follows. In Se
tion 2 we de�ne the 
onstraint languageF2LSC (�nite two-level syllogisti
 with 
ardinality) for 
ombining �nite sets withintegers and ur-elements in the presen
e of a 
ardinality operator. In Se
tion 3we present our de
ision pro
edure, and in Se
tion 4 we prove its 
orre
tness.Finally, in Se
tion 5 we 
on
lude the paper by pointing at dire
tions for futureresear
h.1 A �rst-order theory T is stably in�nite if every unquanti�ed formula ' whi
h issatis�able in T is also satis�able in an in�nite model of T .



2 The 
onstraint language F2LSCIn this se
tion we introdu
e the 
onstraint language F2LSC (�nite two-levelsyllogisti
 with 
ardinality) for expressing 
onstraints over �nite sets, integers,and ur-elements.22.1 SyntaxThe language F2LSC is an unquanti�ed many-sorted language with three sortsur, int and set, plus the following symbols:{ the 
onstants:� 0 and 1, both of sort int (zero and one);� ;, of sort set (empty set);� arbitrarily many 
onstants of sort ur;{ the fun
tion symbols:� + and �, both of sort int� int ! int (addition and subtra
tion);� f�g, of sort ur ! set (singleton set);� [;\; n, of sort set� set ! set (union, interse
tion and set di�eren
e);� j � j, of sort set ! int (
ardinality);� arbitrarily many fun
tion symbols of sort ur� : : :� ur| {z }n ! ur, for ea
hn � 1;{ the predi
ate symbols:� <, of sort int� int (less-than);� 2, of sort ur � set (membership);� arbitrarily many predi
ate symbols of sort ur � : : :� ur| {z }n , for ea
h n � 1;{ an equality symbol =� , for ea
h � 2 fur; int; setg;3{ variables of sort � , for ea
h � 2 fur; int; setg.De�nition 1. F2LSC-terms (resp. F2LSC-formulae) are well sorted terms(resp. formulae) 
onstru
ted using the symbols of the language F2LSC.De�nition 2. A set-term4 is pure if all symbols in it are ur-variables or set-variables, or one of ;; f�g;[;\; n. Pure ur-terms and pure int-terms are de�nedsimilarly.A pure set-predi
ate is a predi
ate of the form u 2 t or s = t, where uis an ur-variable and s; t are pure set-terms. Similarly one 
an de�ne pure ur-predi
ates, pure int-predi
ates and, in general, pure �-formulae, for � 2 fur; int; setg.2 Ur-elements (also known as atoms or individuals) are obje
ts whi
h 
ontain no ele-ments but are distin
t from the empty set. \Ur" is a German pre�x meaning \prim-itive" or \original".3 We will write = in pla
e of =� when � is 
lear from the 
ontext.4 For a sort � , a � -term is a term of sort � .



2.2 Semanti
sDe�nition 3. An interpretation A of F2LSC is a many-sorted interpreta-tion of the sorts, variables and symbols in the language F2LSC satisfying thefollowing 
onditions:{ ea
h sort � 2 fur; int; setg is mapped to a non-empty set A� su
h that:� Aur is a non-empty set;� Aint is the set of all integers Z= f0;�1;�2; : : :g;� Aset = fa 2 2Aur : a is �niteg;{ for ea
h sort � , ea
h variable x of sort � is mapped to an element xA in A� ;{ the symbols 0, 1, ;, +, �, f�g, \, [, n, <, 2 are interpreted as in theirintuitive meaning;{ =� is interpreted as the identity in A� , for � 2 fur; int; setg.In the rest of the paper the 
alligraphi
 letters A, B, : : : will denote interpre-tations, and the 
orresponding Roman letters, properly subs
ripted, will denotethe domains of the interpretations.De�nition 4. A F2LSC-formula ' is{ valid, if it evaluates to true in all interpretations;{ satisfiable, if it evaluates to true in some interpretation;{ unsatisfiable, if it evaluates to false in all interpretations.2.3 TheoriesIn F2LSC the elements of sort ur 
an be modeled by means of ur-theories.De�nition 5. An ur-theory is any 
olle
tion of universally quanti�ed pure ur-formulae.Given an ur-theory T , a T -interpretation is an interpretation of F2LSC inwhi
h all formulae in T evaluate to true.De�nition 6. Given an ur-theory T , a F2LSC formula ' is{ T -valid, if it evaluates to true in all T -interpretations;{ T -satisfiable, if it evaluates to true in some T -interpretation;{ T -unsatisfiable, if it evaluates to false in all T -interpretations.2.4 Venn diagrams and pla
esVenn diagrams [7℄ are a visual representations of relationships among sets usingoverlapping ovals that divide the plane into regions. Some basi
 set-theoreti
identities like (x [ y) [ z = x [ (y [ z)



or x n (y \ z) = (x n y) [ (x n z)
an be ni
ely shown on a bla
kboard using Venn diagrams. For more 
omplexidentities, however, writing on a bla
kboard is not anymore a feasible way topro
eed: we need the help of digital 
omputers. Indeed, using 
omputers we 
an
onveniently represent the Venn regions in a Venn diagram by means of pla
es.Pla
es are one of the most important and su

essful tool of 
omputable settheory. The following is a formal de�nition.De�nition 7. Let V be a 
olle
tion of set-variables. A pla
e of V is a map� : V ! f0; 1g su
h that �(x) = 1, for at least one variable x 2 V . Given aninterpretation M of F2LSC and a pla
e � of V , the notation vennM(�) standsfor the set T�(x)=1 xM nS�(y)=0 yM.It should be noted, however, that pla
es were not invented to represent justany Venn region. The real intuition is that pla
es are meant to represent thenon-empty Venn regions.In the 
omputable set theory literature, the idea of pla
es as synta
ti
 pla
eholders of non-empty Venn regions is permeated in all proofs whi
h use pla
esas a devi
e for proving de
idability results for extensions of MLS. In parti
ular,this idea is at the base of the de
ision pro
edure des
ribed in the next se
tion.3 A de
ision pro
edure for F2LSCLet T be an ur-theory for whi
h a de
ision pro
edure for unquanti�ed pure ur-formulae is available. We now des
ribe a de
ision pro
edure for 
he
king theT -satis�ability of any unquanti�ed F2LSC-formula '. Note that, by 
onverting' into a disjun
tive normal form, without loss of generality we may restri
tourselves to 
onsider only 
onjun
tions of F2LSC-literals.The de
ision pro
edure 
onsists of four phases, whi
h we systemati
ally de-s
ribe in the next four subse
tions.3.1 First phase: variable abstra
tionThe �rst phase of our de
ision pro
edure takes as input a 
onjun
tion ' of mixedF2LSC-literals, and 
onverts it into a 
onjun
tion of pure F2LSC-literals. Morespe
i�
ally, the output of the variable abstra
tion phase is a pair h'0; '00i of
onjun
tions of F2LSC-literals with the following properties:(a) '0 [ '00 is T -satis�able if and only if so is ';(b) ea
h literal in '0 is pure;(
) ea
h pure set-literal in '0 is of the form x = y; x 6= y; x = fug, x = y [ z,x = y\ z, or x = y n z, where x; y; z are set-variables and u is an ur-variable;(d) ea
h literal in '00 is of the form v = jxj, where v is an int-variable and x isa set-variable.



In order to ensure properties (a), (b) and (d), we �rst let '0 := ' and '00 := ;,and then we repeatedly apply the following transformations until nothing more
an be done:1. pi
k a literal of the form s 2 t (resp. s =2 t) in '0 where s is not an ur-variable,repla
e it with the literal us 2 t (resp. us =2 t), where us is a newly generatedur-variable, and add the literal us = s to '0;2. pi
k a term of the form ftg in '0 where t is not an ur-variable, repla
e it withfutg, where ut is a newly generated ur-variable, and add the literal ut = tto '0;3. pi
k a term of the form jtj in '0, and repla
e it with a newly generatedint-variable vt; in addition:{ if t is a set-variable, add the literal vt = jtj to '00;{ if t is not a set-variable, generate a new set-variable xt, and add theliterals xt = t and vt = jxtj to '0 and '00, respe
tively.It 
an be seen by standard ranking arguments that the above pro
ess eventu-ally terminates, and that at its end properties (a), (b) and (d) hold. In order toenfor
e also property (
), we then repeatedly apply to '0 the following additionaltransformations until nothing more 
an be done:1' repla
e ea
h literal of the form u 2 t (resp. u =2 t) with the literal t = t [ fug(resp. t 6= t [ fug);2' repla
e every o

urren
e of the symbol ; with a newly generated set-variablew, and add the literal w = w n w to '0;3' pi
k a term of the form fug, where u is an ur-variable, repla
e every o

urren
eof it with a newly introdu
ed set-variable w; and add the literal w = fug to'0;4' pi
k a term of the form x [ y (resp. x \ y, x n y) where x; y are set-variables;repla
e every o

urren
e of it with a newly introdu
ed set-variable z; and addthe literal z = x [ y to '0 (resp. z = x \ y, z = x n y).Note however that, in order to ensure termination, transformations 3' and4' must be applied using the restri
tion that any given term 
annot be pi
kedmore than on
e.3.2 Se
ond phase: partitionIn the se
ond phase we partition '0['00 into four disjoint sets of literals 'ur; 'int,'set, and 'size where{ 'ur 
ontains all pure ur-literals in '0;{ 'int 
ontains all pure int-literals in '0;{ 'set 
ontains all pure set-literals in '0;{ 'size = '00.We 
all 'ur [ 'int [ 'set [ 'size a 
onjun
tion of F2LSC-literals in separateform. Moreover, in the rest of the paper we will denote with U' the 
olle
tionof ur-variables o

urring in both 'ur and 'set, and with V' the 
olle
tion ofset-variables o

urring in 'set [ 'size.



3.3 Third phase: de
ompositionLet ' = 'ur [ 'int [ 'set [ 'size be a 
onjun
tion of F2LSC-literals in separateform. In the third phase of our de
ision pro
edure we nondeterministi
ally guessan arrangement of '. Intuitively, an arrangement of ' spe
i�es:{ whi
h ur-variables in U' are to be modeled as equals and whi
h not;{ whi
h Venn regions in the Venn diagram relative to V' are empty and whi
hare not;{ for ea
h ur-variable u, whi
h Venn region should 
ontain u.More formally, we have the following de�nition.De�nition 8. Let ' = 'ur['int['set['size be a 
onjun
tion of F2LSC-literalsin separate form. An arrangement of ' is a triple hR;�; ati where:{ R � U' � U' is an equivalen
e relation;{ � is a (�nite) 
olle
tion of pla
es of V';{ at is a map from U' into �.Note that guessing an arrangement � = hR;�; ati of ' is equivalent to guessthat ' is satis�ed by a T -interpretation M of F2LSC su
h that:{ if uRv then uM = vM, and if not uRv then uM 6= vM;{ if � 2 � then vennM(�) 6= ;, and if � =2 � then vennM(�) = ;;{ if at(u) = � then u 2 vennM(�).For an arrangement � = hR;�; ati we de�ne the following 
olle
tion of liter-als: resur(�) = fu = v : u; v 2 U' and uRvg [fu 6= v : u; v 2 U' and not uRvgand res int(�) = f0 < v� : � 2 �g [fv� = 1 : � 2 range(at)g [fv = X�(x)=1 v� : the literal v = jxj is in 'sizegwhere, for ea
h pla
e � 2 � , v� is a newly generated variable whose intuitivemeaning is the 
ardinality of the Venn region T�(x)=1 x nS�(y)=0 y.In order to better understand the intuitive meaning of resur(�) and res int(�),assume that there exists a T -interpretationM of F2LSC satisfying ' and su
hthat:{ uM = vM i� uRv, for ea
h ur-variable u; v 2 U';{ vennM(�) 6= ;, for ea
h � 2 � ;{ if at(u) = � then uM 2 vennM(�), for ea
h u 2 U' and for ea
h � 2 � .



{ vM� = jvennM(�)j, for ea
h � 2 � .Then, the following must be true.{ uM = vM if and only if uRv.{ If � 2 � then vennM(�) 6= ; and therefore vM� > 0.{ If � 2 range(at) then there exists an ur-variable u su
h that at(u) = �. Butthen a literal of the form x = fug must o

ur in 'set. Sin
e uM 2 vennM(�),we have that vennM(�) \ xM 6= ;, and therefore vM� = 1.{ If the literal v = jxj is in Vsize then the 
ardinality of xM is the sum of the
ardinality of the Venn regions 
ontained in xM.Before des
ribing the fourth and last phase of our de
ision pro
edure, weneed to introdu
e the notation jurj � n, whi
h intuitively stands for standsfor a formula for
ing the domain of ur-elements to have 
ardinality at least n.Formally, we use the notation  [ fjurj � ng, for every 
onjun
tion  of pureur-literals and every n > 0, to denote a 
onjun
tion of literals obtained by usingthe following pro
ess:{ generate n new ur-variables u1; : : : ; un not o

urring in  ;{ let jurj � n be the 
onjun
tion Vi<j ui 6= uj .3.4 Fourth phase: 
he
kLet ' = 'ur [ 'int [ 'set [ 'size be a 
onjun
tion of F2LSC-literals in separateform, and let � = hR;�; ati be an arrangement of '.The fourth phase of our de
ision pro
edure 
onsists of three steps.Step 1: Che
k that � satis�es the following 
onditions:(C1) at(u) = at(v) if and only if uRv, for ea
h two ur-variables u; v 2 U';(C2) if x = y is in 'set then �(x) = �(y), for ea
h pla
e � 2 � ;(C3) if x 6= y is in 'set then �(x) 6= �(y), for some pla
e � 2 � ;(C4) if x = fug is in 'set then �(x) = 1 if and only if at(u) = �, for ea
h pla
e� 2 � ;(C5) if x = y [ z is in 'set then �(x) = 1 if and only if �(y) = 1 or �(z) = 1,for ea
h pla
e � 2 � ;(C6) if x = y \ z is in 'set then �(x) = 1 if and only if �(y) = 1 and �(z) = 1,for ea
h pla
e � 2 � ;(C7) if x = y n z is in 'set then �(x) = 1 if and only if �(y) = 1 and �(z) = 0,for ea
h pla
e � 2 � .If the arrangement � does not satisfy 
onditions (C1){(C7) output fail,otherwise pro
eed to step 2.Step 2: If 'int[res int(�) is unsatis�able (in Z) output fail; otherwise 
omputethe minimal value of P�2� v� in a solution of 'int [ res int(�). Note thatthis 
an be e�e
tively done in a na��ve way by opportunely iterating overall possible assignments over the variables in 'int [ res int(�). Denote withminsol('; �) this value, and pro
eed to step 3.



Step 3: If 'ur [ resur(�) [ fjurj � minsol('; �)g is T -unsatis�able output fail;otherwise output su

eed.Note that all the above steps 
an be e�e
tively exe
uted. In parti
ular, Step 2
an be performed by using any de
ision pro
edure for integer linear arithmeti
(sin
e integer linear arithmeti
 is a de
idable and 
omplete theory), whereasStep 3 
an be performed by using the available de
ision pro
edure for T .3.5 An exampleAs an example of how our de
ision pro
edure works, let us 
onsider the followingT -valid F2LSC-formula, where T is the empty ur-theory:x = fug [ x ! jx [ fugj < jxj+ jfugj : (1)Clearly, in order to prove that (1) is T -valid, it suÆ
es to prove that thefollowing 
onjun
tion ' = �x = fug [ x ;: (jx [ fugj < jxj+ jfugj)�is T -unsatis�able. After applying the variable abstra
tion phase we obtain thefollowing 
onjun
tion '0 [ '00:'0 = 8>><>>:x = y [ x ;y = fug ;z = x [ y ;:(v1 < v2 + v3)9>>=>>; ; '00 = 8<:v1 = jzj ;v2 = jxj ;v3 = jyj 9=; ;whi
h is partitioned in:'ur = ; ; 'int = f:(v1 < v2 + v3)g ;'set =8<:x = y [ x ;y = fug ;z = x [ y 9=; ; 'size = 8<:v1 = jzj ;v2 = jxj ;v3 = jyj 9=; :We now need to guess an arrangement � = hR;�; ati. Sin
e U' = ;, the onlypossible 
hoi
e for R is R = ;. On the other hand, sin
e V' = fx; y; zg, thereare 223�1 possible 
hoi
es for � , and for ea
h of them there are many 
hoi
esfor at . Nevertheless, there are only two arrangements, depi
ted in Figures 1 and2, whi
h satisfy all properties (C1){(C7).Let us 
onsider the arrangement � = hR;�; ati depi
ted in Figure 1 andformally de�ned by:R = ; ; �1(x) = �1(y) = �1(z) = 1 ;� = f�1; �2g ; �2(x) = �2(z) = 1 ;at(u) = �1 ; �2(y) = 0 :



x y
z

; ; ;�2 �1 ;; R = ;� = f�1; �2gat(u) = �1Fig. 1: An arrangement.x y
z

; ; ;; �1 ;; R = ;� = f�1gat(u) = �1Fig. 2: An arrangement.We have res int(�) = 8>>>><>>>>:v�1 = 1 ;0 < v�2 ;v1 = v�1 + v�2 ;v2 = v�1 ;v3 = v�1 + v�2 9>>>>=>>>>; ;and therefore Step 2 of the 
he
k phase fails, sin
e 'int [ res int(�) is unsatis�able(in Z).Similarly, it 
an be veri�ed that Step 2 of the 
he
k phase also fails with thearrangement depi
ted in Figure 2. Thus, the 
he
k phase fails with all possiblearrangements, and therefore we 
on
lude that ' is T -unsatis�able, and 
onse-quently that (1) is T -valid.



4 Soundness, 
ompleteness and de
idabilityIn this se
tion we prove that our de
ision pro
edure is sound and 
omplete for theT -satis�ability of 
onjun
tions of F2LSC-literals. Let us start with soundness.Theorem 1 (soundness). Let ' = 'ur [ 'int [ 'set [ 'size be a 
onjun
tion ofF2LSC-literals in separate form, and let T be an ur-theory. Assume that thereexists an arrangement � = hR;�; ati of ' su
h that:(i) � satis�es 
onditions (C1){(C7) of page 8;(ii) 'int [ res int(�) is satis�able (in Z);(iii) 'ur [ resur(�) [ fjurj � minsol('; �)g is T -satis�able.Then ' is T -satis�able.Proof. Let A be a T -interpretation satisfying 'ur [ resur('), and let B be asolution of 'int [ res int(') su
h that P�2� vB� = minsol('; �).We now start to de�ne an interpretation M. First, we spe
ify the domainsby putting Mur = Aur, Mint = Z, and Mset = fa 2 2Aur : a is �niteg. Then, weput uM = uA, for every ur-variable u, and vM = uB, for every int-variable v.In order to de�ne M over the set-variables, we �rst de�neM over the pla
esin � by means of the following 
onstru
tion:{ If � 2 range(at) then there exists an ur-variable u 2 U' su
h that at(u) = �,and we put �M = fuMg. Note that this de�nition is sound. In fa
t, if thereare two ur-variables u; v 2 U' su
h that at(u) = � and at(v) = � then, byproperty (C1), uRv follows, and therefore the literal u = v is in resur(�),whi
h implies that uM = vM.{ If instead � =2 range(at) then we pi
k vB� elements in Aur and we put �M tobe the set of su
h pi
ked elements.It is important that the above 
onstru
tion satisfy the property that the sets�M's be pairwise disjoint, that is, �M0 \ �M1 = ;, for every two distin
t pla
es�0; �1 2 � . This property 
an 
ertainly be for
ed, provided that Aur 
ontains atleast P�2� vB� elements. Indeed, P�2� vB� = minsol('; �) and Aur has at leastminsol('; �) elements.We 
an now de�ne M over the set-variables, by putting xM = S�(x)=1 �M,for every set-variable x.We 
laim that M is a T -interpretation satisfying '. Clearly, M satis�esT [ 'ur [ 'int. Moreover, it is easy to verify that, in virtue of properties (C2){(C7),M also satis�es all the literals in 'set. Finally, 
onsider a literal of the formv = jxj in 'size. We have jxMj = ���S�(x)=1 �M��� =P�(x)=1 j�Mj =P�(x)=1 vB� ,and sin
e the literal P�(x)=1 v� = v is in res int(�), we infer that jxMj = vB =vM. This 
on
ludes the proof. utOur de
ision pro
edure is also 
omplete, as proved by the following theorem.



Theorem 2 (
ompleteness). Let ' = 'ur ['int ['set ['size be a T -satis�able
onjun
tion of F2LSC-literals in separate form.Then there exists an arrangement � = hR;�; ati of ' su
h that:(a) � satis�es 
onditions (C1){(C7) of page 8;(b) 'int [ res int(�) is satis�able (in Z);(
) 'ur [ resur(�) [ fjurj � minsol ('; �)g is T -satis�able.Proof. Let M be a T -interpretation satisfying '. Let us de�ne an arrangement� = hR;�; ati of ' as follows:{ for ea
h two variables u; v 2 U', we let uRv if and only if uM = vM;{ � = f� : vennM(�) 6= ;g;{ for ea
h u 2 U', we let at(u) be the unique pla
e � su
h that vennM(�) =fug.5Note that, by 
onstru
tion, we have that(i) �(x) = 1 if and only if vennM(�) � xM, for ea
h � 2 � and x 2 V';(ii) xM = S�(x)=1 vennM(�).We 
an now verify that � satis�es 
onditions (C1){(C7) of page 8.(C1) By 
onstru
tion.(C2) Let the literal x = y be in 'set and assume, for a 
ontradi
tion, that�(x) 6= �(y), for some pla
e � 2 � . Without loss of generality, let �(x) = 1and �(y) = 0. Sin
e xM = yM, we have that vennM(�) � xM andvennM(�) 6� yM = xM, a 
ontradi
tion.(C3) Let the literal x 6= y be in 'set. Then xM 6= yM. If it were �(x) = �(y),for ea
h pla
e � 2 � , then by (ii) above we would have xM = yM, a
ontradi
tion.(C4) Let the literal x = fug be in 'set. Then at(u) = � i� vennM(�) = fuMgi� vennM(�) � fuMg i� vennM � xM i� �(x) = 1.(C5) Let the literal x = y [ z be in 'set. Then �(x) = 1 i� vennM(�) � xMi� vennM(�) � yM [ zM i� vennM(�) � yM _ vennM(�) � zM i��(y) = 1 _ �(z) = 1.(C6) Analogously to 
ondition (C5).(C7) Analogously to 
ondition (C5).Next, in order to verify property (b), noti
e that by assumption M satis�es'int. In addition, sin
e the variables v�'s do not o

ur in ', we 
an safely extendM by letting vM� = jvennM(�)j, for ea
h pla
e � 2 � . We 
laim that now Malso satis�es res int(�). In fa
t:{ Let the literal v� > 0 be in res int(�). Sin
e vennM(�) 6= ; it follows thatvM� > 0.5 Su
h pla
e exists be
ause for ea
h u 2 U' there must be a literal of the form x = fugin 'set.



{ Let the literal v� = 1 be in res int(�), for some � 2 range(at). Then at(u) = x,for some variable u 2 U'. It follows that vennM(�) = fuMg whi
h impliesvM� = 1.{ Let the literal v = P�(x)=1 v� be in res int(�). Then the literal v = jxj isin 'size, and therefore vM = jxMj. By property (ii) we have vM = jxMj =P�(x)=1 jvennM(�)j =P�(x)=1 vM� .It remains to verify that property (
) also holds. To do this, note that byassumption M satis�es 'ur, and that by 
onstru
tion M satis�es resur(�). Inaddition, we 
laim that Mur has at least minsol ('; �) elements. In fa
t Mur as atleast P�2� vM� elements and P�2� vM� � minsol('; �). Therefore M satis�esjurj � n, whi
h 
ompletes the proof. utCombining Theorems 1 and 2 with the observation that there is only a �nitenumber of arrangements of any 
olle
tion ' of F2LSC-literals in separate form,we obtain the following de
idability result.Theorem 3 (de
idability). Let T be an ur-theory for whi
h a de
ision pro-
edure for unquanti�ed pure ur-formulae is available. Then the T -satis�abilityproblem of unquanti�ed formulae in the language F2LSC is de
idable.5 Con
lusionWe de�ned the 
onstraint language F2LSC for 
ombining �nite sets with inte-gers and ur-elements in the presen
e of a 
ardinality operator. We then presenteda de
ision pro
edure for F2LSC and we proved its 
orre
tness. In parti
ular,our de
ision pro
edure remains 
orre
t even if the underlying theory T of theur-elements is not stably in�nite.Although not shown in this paper, it is easy to verify that our de
ision pro-
edure 
an be easily adapted to the 
ase of sets of integers, thus allowing theexpression of 
onstraints of the form jxj 2 x, whi
h are forbidden by the syntaxof F2LSC.Regarding future resear
h, we plan to develop smart heuristi
s for exploringthe spa
e of all possible arrangements. We also plan to extend the results of thispaper to the general 
ase in whi
h sets may be in�nite.A
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