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ABSTRACT

We summarized and revised the present forward model-

ing methods for calculating the gravity- and magnetic-field

components and their partial derivatives of a 2D homoge-

neous source with a polygonal cross section. The responses

of interest include the gravity-field components and their

first- and second-order partial derivatives and the mag-

netic-field components and their first-order partial deriva-

tives. The revised formulas consist of several basic

quantities that are common in all the formulations. A sin-

gularity appears when the observation point coincides with

a polygon vertex. This singularity is removable for the

gravity formulas but not for the others. The compact forms

of the revised formulas make them easy to implement. We

compare the gravity- and magnetic-field components and

their partial derivatives produced by a 2D prism whose po-

lygonal cross section approximates a cylinder with the cor-

responding analytical fields and partial derivatives of the

cylinder. The perfect fittings presented by both data sets

confirm the reliability of the updated formulas.

INTRODUCTION

A linear geologic structure, when its strike extension is far

greater than its cross-section dimension (Grant and West, 1965)

and its physical properties (e.g., density, susceptibility, and re-

manent magnetization) do not vary distinctively, can be approxi-

mated by a 2D homogeneous body with infinite length and an

invariant cross-section shape. Hubbert (1948) first introduced

the line-integral forms of the vertical gravity-field component

produced by a 2D source. Talwani et al. (1959) started from

the line integrals of the gravity-field components to derive the

analytical formulas to calculate the gravity field generated by a

2D homogeneous source with a polygonal cross section. Several

years later, Talwani and Heirtzler (1964) proposed the magnetic

formulas for a 2D source. The original gravity formulas given

by Talwani et al. (1959) have seven special cases, which make

them very tedious. The gravity and magnetic formulas given by

Talwani and Heirtzler (1964) are not applicable if the polygon

border crosses over the discontinuity of the angular quantity as

explained later. These limitations make the algorithms inconven-

ient, especially for programming. Won and Bevis (1987) noticed

this problem and updated the gravity formulas; furthermore,

they used Poisson’s relation to derive the magnetic formulas.

However, these gravity and magnetic formulas can be further re-

vised to make them simpler and more compact because they

contain some redundant terms that can be eliminated; these

terms sum up to zero over a closed polygon. Because of its sim-

plicity and versatility, the polygonal prism became a standard of

2D forward modeling. In recent years, the magnetic gradiometry

has been an area of growing interest. Jia and Meng (2009) pro-

posed a set of formulas to compute the partial derivatives of the

magnetic-field components generated by a 2D homogeneous

source. For a comprehensive review of forward modeling meth-

ods, one could refer to the introductory part of the papers by

Nabighian et al. (2005a, 2005b). Our goal is to supply a “quick

reference” to interpreters or software developers to build interac-

tive computer programs by themselves. The idea to express

gravity and magnetic fields with common basic quantities is not

new. Holstein (2002a, 2002b) used the term “gravimagnetic sim-

ilarity” to describe the reappearance of a vector function associ-

ated with the facet edges of uniform polyhedra in the Newtonian

potential, gravity-field components (or magnetic potential), and

gravity-gradient components (or magnetic-field components)

produced by such a source. This is an effort in a 3D context to

obtain forward formulas with unified style and compact formula-

tion, whereas our paper focuses on 2D methods. To avoid con-

fusion, we use the term “magnetic field” to denote the magnetic

flux density, namely, the “B field,” and we follow a traditional
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treatment to assume that the magnetic source is uniformly mag-

netized and the anomalous field is much smaller than the ambi-

ent field.

PARTIAL DERIVATIVES OF THE

NEWTONIAN POTENTIAL

The Newtonian potential of a 2D homogeneous source,

namely, the logarithmic potential, is defined as (see Blakely,

1995, p. 58)

U x; zð Þ ¼ 2Gq
ðð

S

log
1

r
dxsdzs; (1a)

where

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xs � xð Þ2 þ zs � zð Þ2

q
(1b)

is the distance between the observation point (x, z) and the

source point (xs, zs), G is gravitational constant, q is the source

density, and S is the cross section of the source. Here we

assume that the strike of the 2D source is parallel to the y-axis;

hence, the integral of the right-hand side of equation 1a is inde-

pendent of y, namely,

oU

oy
¼ 0: (2)

Therefore, Laplace’s equation reduces to

r2U ¼ o2U

ox2
þ o2U

oz2
¼ 0; (3)

and Poisson’s relation (see Blakely, 1995, p. 92) between the

scalar magnetic potential V and the Newtonian potential U of a

2D homogeneous source,

V ¼ � l0

4pGq
M � rU; (4)

reduces to

V ¼ � l0

4pGq
Mx

oU

ox
þMz

oU

oz

� �
; (5)

where l0 in equations 4 and 5 represents vacuum permeability

and the vector M in equation 4 and the scalars Mx and Mz in

equation 5 represent the magnetization vector and its x- and z-

components, respectively. Beginning with equations 1a, 2, 3,

and 5, we can express the quantities of interest in this paper by

the first- to third-order partial derivatives of the logarithmic

potential as follows.

The gravity-field components are

gx ¼
oU

ox
(6a)

gz ¼
oU

oz
: (6b)

The gravity-gradient components are

ogx

ox
¼ � ogz

oz
¼ o2U

ox2
(7a)

ogx

oz
¼ ogz

ox
¼ o2U

oxoz
: (7b)

The second-order partial derivatives of the gravity-field compo-

nents are

o2gx

ox2
¼ � o2gx

oz2
¼ � o2gz

oxoz
¼ o3U

ox3
(8a)

o2gx

oxoz
¼ o2gz

ox2
¼ � o2gz

oz2
¼ o3U

ox2oz
: (8b)

The magnetic-field components are

Bx ¼
l0

4pGq
Mx

o2U

ox2
þMz

o2U

oxoz

� �
(9a)

Bz ¼
l0

4pGq
Mx

o2U

oxoz
�Mz

o2U

ox2

� �
: (9b)

The magnetic-gradient components are

oBx

ox
¼ � oBz

oz
¼ l0

4pGq
Mx

o3U

ox3
þMz

o3U

ox2oz

� �
(10a)

oBx

oz
¼ oBz

ox
¼ l0

4pGq
Mx

o3U

ox2oz
�Mz

o3U

ox3

� �
: (10b)

When the magnitude of the anomalous field is small enough

compared to the magnitude of the ambient geomagnetic field,

the scalar total field magnetic anomaly could be expressed as

DT ¼ Bx cos I sin A� Dð Þ þ Bz sin I; A 2 0; 2p½ Þ: (11)

Here D and I are the declination and inclination of the geomag-

netic field, respectively, and A is the azimuth of the positive y,

which is parallel to the strike of the source (Figure 1). As a cor-

rection to equation 20 in the paper by Jia and Meng (2009),

Equation 11 is applicable for the whole x-y-plane, with a redefi-

nition of the angle A, whereas Jia and Meng’s equation 20 fails

when the positive y-axis lies on the east half plane. Substituting

the x- and z-components of the magnetic field, equations 9a and

9b, into equation 11, the expression of the scalar total field mag-

netic anomaly becomes

DT ¼ C1

o2U

ox2
þ C2

o2U

oxoz
; (12a)

where

C1 ¼
l0

4pGq
Mx cos I sin A� Dð Þ �Mz sin I½ � (12b)

C2 ¼
l0

4pGq
Mx sin I þMz cos I sin A� Dð Þ½ �: (12c)

Differentiating equation 12a with respect to x and z and applying

Laplace’s equation (equation 3), we obtain the partial derivatives

oDT

ox
¼ C1

o3U

ox3
þ C2

o3U

ox2oz
(13a)

oDT

oz
¼ C1

o3U

ox2oz
� C2

o3U

ox3
: (13b)

It is quite clear by examining equations 6a–10b, 12a, 13a, and

13b that the gravity- and magnetic-field components and their

partial derivatives are expressed in terms of the first- to third-
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order partial derivatives of the logarithmic potential, which

make up the set

oU

ox
;
oU

oz
;
o2U

ox2
;
o2U

oxoz
;
o3U

ox3
;

o3U

ox2oz

� �
: (14)

FORMULAS FOR CALCULATING THE FIELDS

AND THEIR PARTIAL DERIVATIVES

For a cross section of arbitrary shape, the partial derivatives

in set 14 are very hard to evaluate. The traditional treatment

approximates the arbitrary shape with a polygon because the

integrations with respect to such a shape are very easy to evalu-

ate. We give an outline of this process below.

First-order partial derivatives

The first-order partial derivatives of the logarithmic potential

are exactly the gravity-field components, and following Hubbert

(1948) and Talwani et al. (1959), they can be expressed as line

integrals,

oU

ox
¼ 2Gq

þ
L

r cos hdh (15a)

oU

oz
¼ 2Gq

þ
L

r sin hdh; (15b)

where h is the clockwise angle from positive x-axis direction to

the source point (xs, zs) and the clockwise integration path L is

the boundary of the integration area S (Figure 2). For a 2D

source with a polygonal cross section, we can express the line

integrals in equations 15a and 15b asþ
L

r cos hdh ¼
X

i

ð
Li

r cos hdh (16a)

þ
L

r sin hdh ¼
X

i

ð
Li

r sin hdh: (16b)

Here Li denotes the ith segment of the polygon boundary L
(Figure 2). The results of the integrations areð

Li

r coshdh¼ ri sin hi�uið Þ �cosui log
riþ1

ri
� sinuiDhi

� �

(17a)

ð
Li

r sinhdh¼ ri sin hi�uið Þ � sinui log
riþ1

ri
þ cosuiDhi

� �
;

(17b)

where

Dhi ¼
hiþ1 � hi þ 2p hiþ1 � hi < �pð Þ;
hiþ1 � hi �p � hiþ1 � hi � pð Þ
hiþ1 � hi � 2p hiþ1 � hi > pð Þ:

8<
: ; (17c)

Here (ri, hi) and (riþ1, hiþ1) are polar coordinates corresponding

to the ith and (iþ1)th vertices of the polygonal cross section S,

respectively, and ui is the slope angle of the segment Li (Figure 2).

Equation 17c is equivalent to, but much simpler than, case 1

of Won and Bevis (1987). The jumps of Dhi are attributed to

integration over the 0/2p discontinuity of angle h (see appendix for

detailed comments). A singularity occurs when ri¼ 0 or riþ1¼ 0,

which represents a juxtaposition of the observation point with the

polygon vertices. However, it is very easy to prove by applying

Figure 1. Schematic plan view of a 2D structure with its strike
parallel to the y-axis. The measurement profile is along the x-axis.
A is the azimuth of the positive y-axis, and D is the geomagnetic
declination.

Figure 2. Cross section of a 2D horizontal polygonal source on
the x-z-plane. Each edge of the polygon corresponds to an imagi-
nary horizontal semi-infinite plate. The rotation arrow inside the
polygon indicates a clockwise integration path.
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L’Hôpital’s rule that the integrals on the left-hand side of equations

17a and 17b become zero when this happens.

Second- and third-order partial derivatives

The derivation process of the second- and third-order partial

derivatives of the logarithmic potential follows the same strat-

egy that Talwani and Heirtzler (1964) used to derive the mag-

netic formulas. The integrations over the cross-section area S
can be evaluated indirectly as summations:

o2U

ox2
¼ �2Gq

X
i

ðziþ1

zi

dzs

ð1
xie

o2

ox2
log

1

r

� �
dxs; (18a)

o2U

oxz
¼ �2Gq

X
i

ðziþ1

zi

dzs

ð1
xie

o2

oxoz
log

1

r

� �
dxs; (18b)

o3U

ox3
¼ �2Gq

X
i

ðziþ1

zi

dzs

ð1
xie

o3

ox3
log

1

r

� �
dxs; (18c)

o3U

ox2oz
¼ �2Gq

X
i

ðziþ1

zi

dzs

ð1
xie

o3

ox2oz
log

1

r

� �
dxs: (18d)

Here xie (the subscript e indicates edge) is the abscissa of an arbi-

trary point on the polygon border Li. Every integral on the right-

hand sides of equations 18a–18d corresponds to a semi-infinite

horizontal plate denoted by the symbol Si (Figure 2). The effect of

the imaginary source outside the real source will cancel out in a

clockwise summation process. The minus sign is necessary to get

correct results. The results of the integrations areðziþ1

zi

dzs

ð1
xie

o2

ox2
log

1

r

� �
dxs

¼ sin ui cos ui log
riþ1

ri
þ sin uiDhi

� �
; (19a)

ðziþ1

zi

dzs

ð1
xie

o2

oxoz
log

1

r

� �
dxs

¼ sin ui sin ui log
riþ1

ri
� cos uiDhi

� �
; (19b)

ðziþ1

zi

dzs

ð1
xie

o3

ox3
log

1

r

� �
dxs

¼ sin hiþ1

ri
� sin hi

riþ1

� �
cos hi þ hiþ1ð Þ; (19c)

ðziþ1

zi

dzs

ð1
xie

o3

ox2oz
log

1

r

� �
dxs

¼ sin hiþ1

ri
� sin hi

riþ1

� �
sin hi þ hiþ1ð Þ: (19d)

Here the quantity Dhi (equations 19a and 19b) is the same one

defined in Equation 17c. A singularity occurs when ri¼ 0 or

riþ1¼ 0, but this time it is an infinite singularity. Equations 19a

and 19b are much simpler compared with the results given by

Won and Bevis (1987), and equations 19c and 19d have the same

singularity as the formulas shown by Jia and Meng (2009).

Finally, according to equations 16a–19d, we get the equations

of the first- to third-order partial derivatives of the logarithmic

potential as

oU

ox
¼ 2Gq

X
i

ri sin hi�uið Þ �cosui log
riþ1

ri
� sinuiDhi

� �
;

(20a)

oU

oz
¼ 2Gq

X
i

ri sin hi�uið Þ �sinui log
riþ1

ri
þ cosuiDhi

� �
;

(20b)

o2U

ox2
¼ 2Gq

X
i

sin ui � cos ui log
riþ1

ri
� sin uiDhi

� �
;

(20c)

o2U

oxz
¼ 2Gq

X
i

sin ui � sin ui log
riþ1

ri
þ cos uiDhi

� �
;

(20d)

o3U

ox3
¼ 2Gq

X
i

sin hi

riþ1

� sin hiþ1

ri

� �
cos hi þ hiþ1ð Þ; (20e)

o3U

ox2oz
¼ 2Gq

X
i

sinhi

riþ1

� sinhiþ1

ri

� �
sin hiþ hiþ1ð Þ: (20f)

We can find by comparing equation 20a with 20c and 20b with

20d that common parts (the terms inside the last parentheses of

each equation) recover after a differentiation operation. This

phenomenon is consistent with the gravimagnetic similarity

described by Holstein (2002a, 2002b). Substituting the first- to

third-order partial derivatives of the logarithmic potential, equa-

tions 20a–20f, into equations 6a–10b, 12a, 13a and 13b, respec-

tively, we can get the analytic formulas to calculate the potential

fields and their partial derivatives generated by a 2D homoge-

nous polygonal source. The algorithms for calculating the first-

order partial derivatives of the magnetic-field components are

virtually the same as those given by Jia and Meng (2009),

except that we made a modification to the suffixes and use polar

instead of the Cartesian coordinates.

SYNTHETIC EXAMPLE

To test the reliability of the revised formulas, we compared

the gravity- and magnetic-field components and their partial

derivatives generated analytically by a 2D horizontal cylinder

with the corresponding responses computed using the formulas

presented in this paper and produced by a regular polygonal

prism inscribing the cylinder. The Newtonian potential of a uni-

form horizontal cylinder with a radius a of its cross section is

given by (Blakely, 1995, p. 57)

U ¼ 2pa2Gq log
1

r
: (21)

Substituting the form Equation 21 of the Newtonian potential

into equations 6a–10b, 12a, 13a and 13b, we can deduce the
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formulas for the gravity- and magnetic-field components and

their partial derivatives. In this way, we approximate the cylin-

drical cross section, whose radius is 2 km and whose center is

at x¼ 5 km and z¼ 3 km, by a polygonal cross section with 500

vertices. The density and susceptibility of the source are 1000

kg/m3(1 g/cm3) and 0.001, respectively. The azimuth of the pos-

itive y-axis (parallel to the source strike) A¼ 220�. The ambient

magnetic intensity is 50,000 nT, and the declination D and the

inclination I of the geomagnetic field are �6� and 53�, respec-

tively. We set the horizontal and vertical components of the re-

manent magnetization to be �0.01 and 0.02 A/m, respectively.

The gravity and magnetic data are computed on the plane z¼ 0

km along a profile length of 10 km where the data points are

sampled in a regular interval of 0.2 km. Figure 3 shows the

gravity- and magnetic-field components and their partial deriva-

tives generated by the prism (dots) and the cylinder (solid lines).

The good agreement between the two sets of data is obvious.

CONCLUSIONS AND SUGGESTIONS

We have summarized and revised the current 2D forward

methods of potential fields and their partial derivatives in this

paper. To achieve this aim, we reduced the derivation process to

the formulations of the first- to third-order partial derivatives of

the logarithmic potential. The updated formulas consist of sev-

eral common basic quantities, which make them compact and

easy to implement by a computer programmer. A singularity,

which is removable for the gravity field formulas but not for the

others, occurs when the observation point coincides with the

polygon vertices. A 2D model cannot approximate a linear geo-

logic body very well when the strike extension of the geologic

body is not far greater than its cross-section dimension. Under

such circumstances, the end effects of the body cannot be

ignored; therefore, a 2.5D model is a better alternative. Histori-

cally, several algorithms have been proposed for this kind of

model. A review and even new developments, such as mag-

netic-gradient formulas, for which we have not found detailed

and specialized descriptions in the literature, of these algorithms

will supply further convenience for building profile-based for-

ward modeling software.
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APPENDIX A

DETAILED EXPLANATION OF EQUATION 17C

We take as an example the integrals on the right-hand side of

equation 16a. For the convenience of the following discussion, we

define

Ii ¼
ð

Li

r cos hdh: (A-1)

When segment Li with polygon vertices Pi and Piþ1 as endpoints

(Figure A-1) does not cross over the 0/2p discontinuity of angle h
(Figure 2), the integration in equation A-1 becomes

Ii ¼
ðhiþ1

hi

r hð Þ cos hdh; (A-2)

and such a circumstance corresponds to the inequality

� p � hiþ1 � hi � p: (A-3)

The integration result is

Ii ¼ ri sin hi � uið Þ

� cos ui log
sin hiþ1 � uið Þ
sin hi � uið Þ

����
����� sin ui hiþ1 � hið Þ

� 	
;

(A-4)

which, by applying sine theorem, reduces to

Ii ¼ ri sin hi � uið Þ � cos ui log
riþ1

ri
� sin ui hiþ1 � hið Þ

� 	
:

(A-5)

Figure 3. Comparison of two data sets. One of the data sets (solid
lines) is generated analytically by a 2D horizontal cylinder, and
the other one (dots), computed by our formulas, is generated by a
2D prism with a polygonal cross section that approximately
describe the cylindrical cross section. Gray and black represent
components or partial differentiation along x- and z-axes, respec-
tively. (a) The gravity-field components and the (b) first-order and
(c) second-order partial derivatives of its vertical component gz

and (d) the magnetic scalar total field anomaly DT and (e) its first-
order partial derivatives and (f) the cross section of the cylindrical
source on the x-z-plane.
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When segment Li crosses over the 0/2p discontinuity with the

integration variable h jumping from 0 to 2p (Figure A-1a), the

integration in equation A-1 becomes

Ii ¼
ð0

hi

r hð Þ cos hdhþ
ðhiþ1

2p
r hð Þ cos hdh; (A-6)

and such a circumstance corresponds to the inequality

hiþ1 � hi > p: (A-7)

The integration result is

Ii ¼ ri sin hi � uið Þ

� � cos ui log
riþ1

ri
� sin ui hiþ1 � hi � 2pð Þ

� 	
: (A-8)

If we interchange the position of Pi and Piþ1 (Figure A-1b) with

the angle h jumping from 2p to 0 at the discontinuity, the integra-

tion in equation A-1 becomes

Ii ¼
ð2p

hi

r hð Þ cos hdhþ
ðhiþ1

0

r hð Þ cos hdh; (A-9)

and such a circumstance corresponds to the inequality

hiþ1 � hi < �p: (A-10)

The integration result is

Ii ¼ ri sin hi � uið Þ

� � cos ui log
riþ1

ri
� sin ui hiþ1 � hi þ 2pð Þ

� 	
: (A-11)

Finally, equations A-1 A-3 A-5 A-7 A-8 A-9 and A-10 together

validate the correctness of Equation 17c. During the discussion

above we assume that 0 � h< 2p, but we must point out that

Equation 17c is valid regardless of where the cut in the angle do-

main is made. It is very easy to prove, following similar deriva-

tion processes, that equation 17c holds for the integrals in

equations 16b, 18a, and 18b.
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