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Logi
al Constru
tion of Final CoalgebrasLuigi Santo
anale 1LaBRI, Universit�e Bordeaux 1santo
an�labri.frAbstra
tWe prove that every �nitary polynomial endofun
tor of a 
ategory C has a �nal
oalgebra, provided that C is lo
ally Cartesian 
losed, it has �nite 
oprodu
ts andis an extensive 
ategory, it has a natural number obje
t.1 Introdu
tionIn this note we prove that every polynomial endofun
torP (X) = Xi=1;:::;n
i �XAi (1)of a given 
ategory C has a �nal 
oalgebra, assuming that (1) C is lo
allyCartesian 
losed, (2) it has �nite 
oprodu
ts and is an extensive 
ategory, (3)it has a natural number obje
t. It readily follows that the fun
tor P generatesa 
ofree 
omonad and that it is 
ompletely iterative.Our proof is inspired by the many set theoreti
 representations { see [9℄{ of the �nal P -
oalgebra: for example, if A is a large enough alphabet, this�nal 
oalgebra 
an be represented as a set of pairs (I; t), I � A� being anonempty lower ideal w.r.t. the pre�x order of the free monoid, and t beinga labeling of words in I subje
t to typing 
onstraints. Ea
h su
h pair 
analso be identi�ed with a parti
ular 
omplete A-bran
hing tree over some setof labels, a tree being 
omplete if ea
h node has exa
tly one subtree in thedire
tion a, for a 2 A. We illustrate this idea with the next example.Example 1.1 The set of in�nite terms over the signature 
 = ff; gg { wheref is a unary fun
tion symbol and g is a binary fun
tion symbol { is the �nal
oalgebra of the fun
tor P (X) = ffg�X + fgg�X2. Let A be the dire
tionalphabet f(f; 1); (g; 1); (g; 2)g and let 
0 be the signature 
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Santo
analea new symbol ?. Then the in�nite terms over the signature 
 = ff; gg are inbije
tion with those 
omplete A-bran
hing trees labeled in 
0 satisfying thefollowing 
lauses:(i) If a node is labeled by f , then the son along the dire
tion (f; 1) is not la-beled by the symbol ? while all the subtrees in the dire
tions (g; 1); (g; 2)are 
onstantly labeled by ?.(ii) If a node is labeled by g, then the subtree along the dire
tion (f; 1)is 
onstantly labeled by the symbol ? and the sons in the dire
tions(g; 1); (g; 2) are not labeled by ?.(iii) The root of the tree is not labeled by the symbol ?.A 
omplete tree satisfying these 
onditions is represented in �gure 1.fg (f;1)����
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Fig. 1. Ideals as 
omplete treesThe �nal P -
oalgebra is therefore a subset of the obje
t XA� of 
ompleteA-bran
hing trees with labels in some set X; and the obje
t XA� is itself a �nal
oalgebra of some other fun
tor. We shall investigate the pro
ess by whi
h a�nal 
oalgebra of P is extra
ted from the �nal 
oalgebra of another fun
torby means of logi
al operations. We shall show that this pro
ess 
an be 
arriedwithin the weak logi
 
orresponding to the 
ategori
al properties (1)-(3). Thereader should remark from the beginning the stru
ture of the 
lauses (i)-(iii)of Example 1.1 and be aware that the use of 
lassi
al logi
 is restri
ted to the
onstru
tive Boolean logi
 of extensive 
ategories (see for example [7℄).Our interest in this problem stems from a general investigation [8,19℄ onthe relationships between indu
tion and 
oindu
tion, i.e. initial algebras and�nal 
oalgebras of fun
tors. In [8℄ we proved that, given an adjoint pair ofendofun
tors F a G, if a free F -algebra fun
tor bF exists and has a rightadjoint eG, then eG is a 
ofree G-
oalgebra fun
tor. For example, if A� is thefree monoid generated by A in a Cartesian 
losed 
ategory, then A��X is thefree A� (�)-algebra generated by X, and the fun
tion spa
e XA� turns out tobe the 
ofree (�)A-
oalgebra over X. Brie
y, some �nal 
oalgebras arise fromduality. A question suggested from the set theoreti
 example but left open in2



Santo
anale[8℄ is whether and under whi
h 
onditions the duality is the starting point for
onstru
ting other �nal 
oalgebras.Among the 
ategories satisfying 
onditions (1)-(3) are elementary toposeswith a natural number obje
t. For Grothendie
k toposes { whi
h as 
ategoriesare lo
ally presentable [3℄ { standard tools 
an be used to show that a poly-nomial endofun
tor has a �nal 
oalgebra: this fun
tor is a

essible and its�nal 
oalgebra 
an be 
onstru
ted as the inverse limit of the terminal 
hain(the 
hain of iterated fun
torial appli
ations that begins at the terminal ob-je
t [5,2,23℄). Many toposes of interest in 
omputer s
ien
e are not 
omplete;among them we list the e�e
tive topos [12℄ and the free topos generated by a
ountable language [17℄. Apparently the 
onstru
tion/representation of a �nal
oalgebra as an inverse limit is not available sin
e it depends on 
ompleteness.Nonetheless it is shown in [14℄ that these toposes admit �nal 
oalgebras ofpartial produ
t fun
tors, see [11℄; the polynomial fun
tors that we 
onsiderare indeed examples of partial produ
t fun
tors. These �nal 
oalgebras are
onstru
ted as internal limits of the terminal 
hain; the proof of their exis-ten
e depends on the development of internal 
ategory theory [16℄ and on thetheory of iterative data in an elementary topos [15℄ by whi
h it is shown thatsome external iterative pro
esses 
an be internalized.Our goal is to present and analyze a 
onstru
tion of the �nal P -
oalgebraalternative to the terminal 
hain 
onstru
tion. This 
onstru
tion depends onlyon a restri
ted (negative) fragment of the topos theoreti
 stru
ture: we do notneed a subobje
t 
lassi�er nor a fa
torization system 
orresponding to exis-tential quanti�
ation. This remark 
ould be exploited to further investigatepreservation of �nal 
oalgebras under morphisms of toposes. Moreover, weare interested in modeling the arithmeti
 of typed programming languages instru
tured 
ategories. To this goal the topos stru
ture is often 
onsidered toostrong and the weaker properties (1)-(3) are preferred, see for example [13℄and, more re
ently, [1℄.In the development we shall adopt the framework of [8℄ and prove a moregeneral result: given adjoint pairs Fi a Gi, i = 1; : : : ; n, an endofun
tor of theform P (X) = Xi=1;:::;n
i �Gi(X)has a �nal 
oalgebra under the assumption that C has the properties (1)-(2)and that both a free algebra fun
tor of Pi=1;:::;n Fi and a 
ofree 
oalgebrafun
tor ofQi=1;:::;nGi exist. We re
over the previous statement letting FiX =Ai�X, GiX = XAi, and re
alling that in a lo
ally Cartesian 
losed 
ategorywith a natural number obje
t N (i) a free monoid A� is 
omputed as the partialprodu
t of A with the arrow N � N +- N s- N , (ii) the fun
tor A��X isa free algebra fun
tor of A�X (and XA� is a 
ofree 
oalgebra fun
tor of XA).Using this general form, we 
an show that fun
torial systems of equations su
h3
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analeas (Xk = Xi=1;:::;n
i;k �XAi;kf(k))k=1;:::;mhave a greatest solution. For this we observe that 
onditions (1)-(2) are stableunder formation of produ
ts of 
ategories and use results from [13℄.This note is stru
tured as follows: in se
tion 2 we overview on the math-emati
al setting and introdu
e the notation. In se
tion 3 we �nd suÆ
ient
onditions for a subobje
t of the obje
t of 
omplete trees to be the �nal 
oal-gebra of the polynomial fun
tor P . In se
tion 4 we 
onstru
t a subobje
t andshow that the suÆ
ient 
onditions holds; in this way we prove the main 
laim.Finally, in se
tion 5, we argue that this 
onstru
tion of a �nal 
oalgebra 
an belifted to prove the existen
e of a fun
tor whi
h preserves the terminal obje
t,and argue for the need of extensiveness.2 PreliminariesIn this note we shall prove the following statement:Theorem 2.1 Let C be a lo
ally Cartesian 
losed 
ategory with �nite 
oprod-u
ts and assume C is an extensive 
ategory. Let Fi a Gi, i 2 I, be a �nite
olle
tion of adjoint endofun
tors of a 
ategory C and putF (X) =Xi2I Fi(X) ; G(X) =Yi2I Gi(X) :If a pair of adjoint endofun
tors bF a eG { where bF is a free F -algebra fun
toror equivalently eG is a 
ofree G-
oalgebra fun
tor { exists, then the fun
torP (X) =Xi2I 
i �Gi(X) (2)has a �nal 
oalgebra.We begin explaining the statement and the general setting in whi
h wework; we introdu
e a useful lemma about universal quanti�
ation at the endof this se
tion.A 
ategory C is lo
ally Cartesian 
losed if it has a terminal obje
t 1 andea
h sli
e 
ategory C=C is a Cartesian 
losed 
ategory [10,18,20℄. This impliesthat C is itself Cartesian 
losed, sin
e it is equivalent to the sli
e 
ategoryC=1. Moreover C is a distributive 
ategory, meaning that if we 
onstru
t the4
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analepullba
ks Pi
Bi Pi2I Bi

A
��

�i //

ini //

f
��then the diagram (�i : Pi - A)i2I is again a 
oprodu
t diagram. C is anextensive 
ategory if the 
onverse 
ondition holds: if (�i : Pi - A)i2I is a
oprodu
t diagram and the diagram above 
ommutes, then it is a pullba
k.Rephrased, the 
oprodu
t inje
tions are Cartesian natural transformations.By saying that a free F -algebra fun
tor exists, we mean that the forgetfulfun
tor UF : Alg(F ) - C has a left adjoint. Spelled out, for every obje
tX we 
an �nd an obje
t bFX and a diagramzX : X - bFX sX : F bFX - bFXwith the initial property w.r.t. similar diagrams: for every pair (a; f), wherea : X - A and f : FA - A, there exists a unique arrow fja; f jg :bFX - A su
h thatzX � fja; f jg = a ; sX � fja; f jg = Ffja; f jg � f :Similarly, by saying that a 
ofree G-
oalgebra fun
tor exists, we mean thatthe forgetful fun
tor UG : CoAlg(G) - C has a right adjoint. Spelled out,for every obje
t X we 
an �nd an obje
t eGX and a diagramhX : eGX - X tX : eGX - G eGXwith the the �nal property w.r.t. similar diagrams. Clearly, bF and eG arefun
tors, obtained by 
omposing the left adjoint with UF and the right adjointwith UG; z; s; h; t are natural transformations.If a free F -algebra fun
tor bF is given and we de�neiX = FzX � sX : FX - bFX ; mX = fjid bFX ; sX jg : bF bFX - bFX ;then the tuple h bF ; i; z; mi is the free monad generated by F [4,22℄. Dually, if a
ofree G-
oalgebra fun
tor eG is given, then we 
an de�ne pX : eGX - GXand dX : eGX - eG eGX so that h eG; p; h; di is the 
ofree 
omonad generatedby G.In [8℄ we proved the following fa
ts. If a pair ( bF; eG) is given, bF beinga free F -algebra fun
tor and eG being a 
ofree G-
oalgebra fun
tor, then bFis left adjoint to eG. Conversely, if a free F -algebra fun
tor bF is given andhas a right adjoint eG, then eG 
an be endowed with the stru
ture of a 
ofreeG-
oalgebra fun
tor. Dually, if a 
ofree G-
oalgebra fun
tor eG is given and5



Santo
analehas a left adjoint bF , then bF 
an be 
an be endowed with the stru
ture of afree F -algebra fun
tor.Consequently, the stru
tures of the free monad and the 
ofree 
omonadare related under transposition. The 
ounit hX of the 
ofree 
omonad isobtained by transposing zX : X - bFX while the 
omultipli
ation dX :eGX - eG eGX is obtained by transposing twi
e the arrowm eGX � evX : bF bF eGX - bF eGX - X ;where ev is the 
ounit of the adjun
tion. Transposing on
e this arrow, weobtain a natural a
tion a of bF over eG satisfying the usual 
onditions:eG bF eGz eG //

eGa��id eG
��?

??
??

??
??

??
??

??
??

bF bF eGm eGoo

bF eGbFa��aooIn the statement of Theorem 2.1 the fun
tor F is the sum Pi2I Fi; hen
ewe shall 
onsider several restri
tions of the multipli
ation m and of the a
tiona: mi = inFi bF � i bF � m ai = inFi eG � i eG � a= inFi bF � s bF : Fi bF - bF ; = inFi eG � s eG : Fi eG - eG :Thus for ea
h i in the �nite set I let 
i be a given obje
t of C and put
 = Pi2I 
i; 1 will be a 
hosen terminal obje
t of C. We are interested inthe obje
t eG(1 + 
) for whi
h we shall use the abbreviated notation eG. IfX is a subobje
t of eG, we shall use the notation �X to denote the intendedmoni
 arrow �X : X - eG. If X and Y are two subobje
ts of eG su
h that�X fa
tors through �Y , then we shall use �XY for the in
lusion of X into Y .In order to prove the theorem we shall use the following fa
t: given anendofun
tor F of a 
ategory C we 
an 
onstru
t a new fun
tor from the sli
e
ategory C=C to the sli
e 
ategory C=FC a

ording to the following rule: anobje
t over C (X; x) (where x : X - C) is sent to (FX; Fx) and a mapf : X - Y su
h that f � y = x is sent to Ff .Lemma 2.2 If F has a right adjoint G and C has pullba
ks then the fun
torF : C=C - C=FC has also a right adjoint 8F whi
h is 
omputed by pulling6
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analeba
k along the unit of the adjun
tion:8FQ
C GFC

GQ8F q
��

//

�C //

Gq
��Proof. The two diagramsFX

FCFx
��/

//
//

//
//

//
//

/ Qf //q
����
��
��
��
��
��
�

X
C GFC

GQx
��

f[ //

�C //

Gq
��
orrespond under transposition, so that one 
ommutes if and only if the otherdoes. 2Observe that if q is moni
 then Gq is also moni
, and therefore 8F q ismoni
.In the proof we have used the notation f [ for the transpose of f : FX - Y .We shall use the same notation in the rest of the paper, and the notation g#for the transpose of an arrow g : X - GY .3 Representation of the Category of P -CoalgebrasIn this se
tion we give an adequate form to the 
ategory of P -
oalgebras, Pbeing the fun
tor de�ned in (2). That is, we shall de�ne a 
ategory D andargue that this 
ategory is equivalent to CoAlg(P ). This is done to haveexpli
itly available the reasoning by 
ases arising from pulling ba
k against
oprodu
t inje
tions.� An obje
t of D is a tuple (�i : Ai - A; hi; si)i2I su
h that� (�i : Ai - A)i2I is a 
oprodu
t diagram in C,� for ea
h i 2 I, hi : Ai - 
i and si : FiAi - A.� An arrow f from (�i : Ai - A; hi; si)i2I to (�i : Bi - B; h0i; s0i)i2I is anarrow f : A - B in C su
h that� �i � f fa
tors through �i, say �i � f = fi � �i,� for ea
h i 2 I the following equations hold:hi = fi � h0i ; si � f = Fifi � s0i :7
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analeGiven an obje
t (�i : Ai - A; hi; si)i2I of D a 
oalgebra is 
onstru
ted onA as follows: Xi2I hhi; s[ii : A - Xi2I 
i �GiA :It is easily veri�ed that an arrow f in D is a 
oalgebra morphism as well,thus we have de�ned a fun
tor C : D - CoAlg(P ). Given a 
oalgebra� : B - Pi2I 
i �GiB, we 
onstru
t a 
oprodu
t diagram �i : Bi - Band arrows hhi; tii : Bi - 
i � GiB pulling ba
k along inje
tions ini :
i �GiB - Pi2I 
i �GiB; we obtain an obje
t of D by transposing theti. The obje
t (�i : Bi - B; hi; t#i ) has the universal property needed tode�ne a fun
tor right adjoint to C. Moreover, when the fun
tor C is appliedto it, we obtain ba
k (�;B). In order to 
on
lude that C is an equivalen
e, itis enough to argue that ea
h obje
t of D is isomorphi
 to an obje
t 
omingfrom CoAlg(P ): for this we use the fa
t that C is an extensive 
ategory.Re
all that the 
ategory of F -algebras is isomorphi
 to the 
ategory ofG-
oalgebras and that the F -algebra h eG; h; s eGi is 
ofreely generated by 1+
.There is an F -algebra stru
ture ! : F1 - 1 and we let ? : 1 - eG be theunique arrow su
h that ? � h = inl : 1 - 1 + 
F? � s eG = ! � ? : F1 - eG :Using this arrow we dis
over the following universal property:Proposition 3.1 For every obje
t (�i : Ai - A; hi; si)i2I of D there existsa unique arrow hj�ji su
h that the diagrams
(3)Ai


i 1 + 

eGhi

��

�i�hj�ji //

ini //

h
��

(4)FiAi
A eG

Fi eGsi
��

Fi(�i�hj�ji) //

hj�ji //

ai
��

(5)FjAi
1 eG

Fj eG!
��

Fj(�i�hj�ji) //

? //

aj
��

i 6= j

ommute. 8
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analeProof. Given an obje
t (�i : Ai - A; hi; si)i2I of D there is an F -algebrawhose 
arrier is the obje
t 1 + A and whose stru
ture is�! � inl; si;j	 : F (1 + A)�= F1 +Xi2I Fi(Xj2I Aj)�= F1 +Xi;j2I FiAj - 1 + Awhere ! � inl : F1 - 1 - 1 + A, and the si;j are de�ned as follows:si;j = 8<: si � inr: FiAi - A - 1 + A ; i = j ;! � inl: FjAi - 1 - 1 + A ; otherwise:The F -algebra we have 
onstru
ted is over 1+
 and the map �?; hj�ji	 is theunique arrow to the F -algebra 
ofreely generated by 1 + 
. 2Proposition 3.2 Suppose that we 
an �nd an obje
t (�DiD : Di - D; hi; si)i2Iof D whose 
anoni
al arrow hj�ji : D - eG is moni
 and su
h that, for everyobje
t (�i : Ai - A; hi; si)i2I of D, the 
anoni
al arrow hj�ji fa
tors throughD �brewise: that is, for ea
h i 2 I we 
an write �i � hj�ji = hh�iii � �DiD � hj�ji fora ne
essarily unique arrow hh�iii. Then this obje
t is a terminal obje
t in D.The arrow hh�iii is unique sin
e in a distributive 
ategory 
oprodu
t inje
-tions are moni
, see for example [6℄; it follows that the arrows �DiD � hj�ji aremoni
.Proof. Write �Di for �DiD � hj�ji, so that the equationshi � in = �Di � h (6)si � hj�ji = Fi�Di � ai (7)! � ? = Fj�Di � aj i 6= j (8)hold. Let (�i : Ai - A; hi; si)i2I be an obje
t of D, put hh�ii =Pi2Ihh�iii,and observe that hj�ji = hh�ii�hj�ji. In order to argue that si �hh�ii = Fihh�iii �siuse the fa
t that hj�ji is moni
 and argue that si � hh�ii � hj�ji = Fihh�iii � si � hj�ji:si � hh�ii � hj�ji = si � hj�ji= Fi(�i � hj�ji) � ai= Fihh�iii � Fi�Di � ai= Fi(hh�iii) � si � hj�ji by (7)Similarly, if f : A - D is another morphism in D, it is enough to showthat f � hj�ji has the properties that uniquely determine hj�ji, so that f � hj�ji =9
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analehj�ji = hh�ii � hj�ji implies f = hh�ii. This is easily a
hieved using equations (6),(7), and (8). 2A

ording to the proposition, in order to 
onstru
t a terminal obje
t in Dit is enough to �nd a subobje
t �D : D - eG with a stru
ture of an obje
t inD su
h that the arrows hj�ji fa
tor through D �brewise and equations (6), (7),and (8) hold, with hj�ji repla
ed by �D. We shall 
onstru
t su
h a subobje
tin the next se
tion. To end this se
tion, we present a useful 
hara
terizationof the maps hj�ji.Proposition 3.3 Given an obje
t (�i : Ai - A; hi; si)i2I of D, an arrowhj�ji makes diagrams (3), (4), and (5) 
ommutative if and only if the following
onditions hold:(i) We 
an �nd 
ommutative diagrams
(9)Ai

A bFA
Pi�i

��

 i //

zA //

� bFA
��

(10)Pi
bFA eG

Ai� bFA
��

�i //

bF hj�ji�a
//

�i�hj�ji
��

(3)Ai
eG 1 + 



i�i�hj�ji
��

hi //

h //

ini
��where the pasting of (10) and (3) is a pullba
k and  i � �i = idAi.(ii) The diagrams

(11)FiPi FiAiFi�i // Asi //

eGhj�ji��Fi bF eGFi(� bFA� bF hj�ji)
�� mi�a //

(12)FjPi FjAiFj�i // 1! //

eG?��Fj bF eGFj(� bFA� bF hj�ji)
�� mj �a //

i 6= j

ommute.Proof. We argue �rst that hj�ji has these properties. Let h = Pi2I hi andobserve that the F -algebra we have 
onstru
ted in the proof of Proposition3.1 is over 1+
 by means of the arrow 1+h : 1+A - 1+
. This algebrais also over 1+A, and as we have de�ned a map hj�ji : A - eG(1+
) we 
ande�ne a map hj�ji1+A : A - eG(1 + A) as well; the two maps are related byhj�ji = hj�ji1+A � eG(1 + h). In the diagram below the square (13) is a pullba
k,sin
e we are working in an extensive 
ategory; the other two squares in thetop row are pullba
ks by 
onstru
tion. Thus every 
omposite square in the10
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analetop row is also a pullba
k.Ai
A�i�� bFAzA //

Pi i // Ai�i // 
ihi //

1 + 
ini��bFA� bFA
��

bF eGbF hj�ji
�� eGa //

h ??�����������������

1 + AbF hj�ji1+A�ev
//�?;hj�ji	

��

�i�inr
�� 1+h //

(13)
(14)

We 
laim that  i ��i = idAi: observe that zA � bF hj�ji1+A �ev = inr and that the
ommutative diagram 
orresponding to the relation �i � inr = idAi � (�i � inr)is a pullba
k sin
e inr and �i are moni
 arrows.We need to show that diagram (14) 
ommutes. For this, re
all that the
ategory of F -algebras is isomorphi
 to the 
ategory of Eilenberg-Moore 
oal-gebras for the 
omonad eG, see [8℄; the map �?; hj�ji1+A	 : 1+A - eG(1+A)is therefore an Eilenberg-Moore 
oalgebra for the 
omonad eG sin
e, under thisisomorphism, it 
orresponds to the algebra 
onstru
ted in Proposition 3.1.Therefore:hj�ji1+A � eG�?; hj�ji	 = hj�ji1+A � eG�?; hj�ji1+A	 � eG eG(1 + h)= hj�ji1+A � d1+A � eG eG(1 + h)= hj�ji1+A � eG(1 + h) � d1+
 = hj�ji � d1+
 :Transposing this relation we dedu
e that diagram (14) 
ommutes.The proof that hj�ji satis�es the other two relations is now straightforward:Fi(� bFA � bF hj�ji) � mi � a = Fi(� bFA � bF hj�ji) � Fia � ai= Fi(�i � �i � hj�ji) � ai by (10)= Fi�i � si � hj�ji : by (4)The other relation is proved similarly.Conversely, if hj�ji satis�es the 
onditions of the Proposition, then alsodiagrams (4) and (5) 
ommute. For example:si � hj�ji = Fi i � Fi�i � si � hj�ji = Fi i � Fi(� bFA � bF hj�ji) � mi � a by (11)= Fi(�i � zA � bF hj�ji) � mi � a by (9)= Fi(�i � hj�ji) � Fiz eG � mi � a = Fi(�i � hj�ji) � ai : 211
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analeIn parti
ular we see that the diagram
(15)FiPi FiAiFi�i // 
si�h //

1 + 
inr��Fi bF eGFi(� bFA� bF hj�ji)
�� mi�ev //
ommutes. For this it is enough to past the 
ommutative diagram 
orrespond-ing to the relation hj�ji � h = h � inr on the right of diagram (12).

4 The Constru
tionIn this se
tion we 
onstru
t a subobje
t of eG satisfying the 
onstraints givenin Proposition 3.2. The strategy is as follows: we shall 
onstru
t a subobje
t�C : C - eG with some properties; we leave for the moment unspe
i�edthese properties, we just think of C as being a modi�
ation of eG. Thenwe shall de�ne the subobje
t �D : D - eG and the 
oprodu
t diagram(�DiD : Di - D)i2I by means of the following pullba
ks:Di

i 


Dhi
��

�DiD //

ini //
��

D

 1 + 


Ch
��

�DC //

inr //

�C �h
��To understand the de�nition of D, 
onsider the 
ase when C is the 
ategoryof sets and fun
tions, A = Pi2I Ai, Fi(X) = Ai � X, bF (X) = A� � X, andeG(X) = XA�. Then D is the set of all trees t 2 (1+
)A� , having the propertyC, su
h that the root of the tree is not labeled by ?, i.e. t(") 2 
. In thisway we are mimi
king 
lause (iii) from Example 1.1.Next we need to put a stru
ture of an obje
t of D on the top of the
oprodu
t diagram (�DiD : Di - D)i2I. Observe that the hi : Di - 
i
ome with the de�nition of the 
oprodu
t; thus we only need to 
onstru
t12



Santo
analesi : FiDi - D. The re
ipe is des
ribed by means of the following diagram:FiDi FiCFi�DiC // Fi eGFi�C //

eGai��

1 + 
h��
Dsi
�� C�DC // �C //



�


�� 1 + 
inr //

aCi
��h

��

�C �h
��

(16)
We need the subobje
t C of eG to be 
losed under the a
tion of Fi (Lemma 4.1)and the arrow bF�Di � ai � h to fa
tor through inr (Lemma 4.2). Having theseproperties we 
an de�ne si as the 
anoni
al arrow from FiDi to the pullba
kD. We de�ne now the obje
t C. Proposition 3.3 suggests what are its build-ing blo
ks: these are subobje
ts Qi of bF eG and Qi;j of Fj bF eG de�ned as thefollowing pullba
ks: Qi

bF eG 1 + 


i

��

//

ev //

ini
��

(17)Qi;i
Fi bF eG 1 + 




��

//

mi�ev //

inr
��

(18)Qi;j
Fj bF eG eG

1
��

//

mj �a //

?
��

i 6= j :
The Qi and the Qi;j are indeed subobje
ts of bF eG and Fj bF eG, respe
tively:the reason is that 
oprodu
t inje
tions are moni
 in a distributive 
ategory;moreover, the relation ?�h = inl exhibits ? as a moni
. In a Cartesian 
losed
ategory produ
t and exponentiation give the 
olle
tion of subobje
ts of theterminal obje
t the stru
ture of a Brouwerian semilatti
e. Considering thisstru
ture in the sli
e 
ategories C= bF eG and C= eG we de�ne:Ci = 8 bF (Qi ! ĵ2I 8FjQi;j ) ; C = î2I Ci :13
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analeThe meaning of the universal quanti�
ation 8F is explained in Lemma 2.2.The reader 
an also �nd there the reason for whi
h all the Ci are indeedsubobje
ts of eG.In order to understand the de�nition of the Ci, 
onsider again the settheoreti
 example. Here Qi;i is the set of triples (a; w; t) in Ai�A�� (1+
)A�su
h that t(wa) 2 
; Qi;j is the set of triples (a; w; t) in Aj�A��(1+
)A� su
hthat the subtree of t rooted at wa (i.e. the fun
tion �x:t(wax)) is 
onstantlylabeled by ?. Therefore Ci is the 
olle
tion of trees t 2 (1 + 
)A� with thefollowing property: for all w 2 A� su
h that t(w) 2 
i, for all j 2 I anda 2 Aj, if i = j then t(wa) is in 
, and otherwise, if i 6= j, then the subtreeof t rooted at wa is 
onstantly labeled by ?. That is, the de�nition of the Cimimi
s 
lauses (i)-(ii) of Example 1.1.Lemma 4.1 The obje
t C is 
losed under the a
tion of bF and therefore underthe a
tions of F and of ea
h Fi.Proof. The se
ond statement follows from the �rst sin
e we 
an write ai =�i � a, where the �i : FiX - bFX are natural in X.Thus we shall show that the arrow bF�Ci � a fa
tors through Ci; this willbe enough sin
e it is easily veri�ed that the interse
tion of subobje
ts 
losedunder the a
tion of bF is again 
losed under this a
tion. By the de�nition ofCi, this is equivalent to the pullba
k of Qi along bF ( bF�Ci �a) to fa
tor through8FjQi;j, for all j 2 I. To this end, observe �rst that in the following diagramwe 
an fa
tor the pullba
k P through 8FjQi;j:P
bF bFCi bFCi

bFCi�bF eGQi
��

//

mCi //
��

bFCi�bF eGQi
bFCi bF eG

Qi
��

//

bF�Ci //
��

8FjQi;j 
''

��		
		

		
		

		
		

		

Here the arrow  
orresponds under the adjun
tions to the identity of Ci. Theresult follows sin
e the relationsmCi � bF�Ci � ev = bF bF�Ci � m eG � a � h= bF bF�Ci � bFa � a � h = bF ( bF�Ci � a) � evshow that P is indeed the pullba
k of Qi along bF ( bF�Ci � a). 2Lemma 4.2 There is a fa
torization of the formFi�Di � ai � h = �
 � inr ;14
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analefor some ne
essarily unique �
; moreoverFj�Di � aj = ! � ? : (19)Proof. The diagram
bFCi�bF eGQi
bFCi bF eG

Qi
��

//

bF�Ci //
��

Qi
bF eG 1 + 



i
��

//

ev //
��

Di 
i//

C
�DiC
�� zC � bF�CCi //

��?
??

??
??

??
??

??

eG�C ��?
??

??
?? z eGjjjjjjjjj

44jjjjjjjj

8FjQi;j 
''

����
��
��
��
��
��
��
�

h 22eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeshows that the arrow �Di �z eG 
an be fa
tored through 8FjQi;j over bF eG. Trans-posing this relation, we obtain that Fj(�Di � z eG) 
an be fa
tored through Qi;jover Fj bF eG. Considering the de�nition of the Qi;j as pullba
ks, we obtainthat Fi(�Di � z eG) � mi � ev 
an be fa
tored through inr : 
 - 1 + 
 andFj(�Di � z eG) � mj � a is 
onstant:Fi(�Di � z eG) � mi � ev = �
 � inr ; Fj(�Di � z eG) � mj � a = ! � ? :Finally, it is enough to observe that Fiz eG �mi �ev = ai �h and Fjz eG �mj �a = aj.2With the proofs of the two lemmas we have 
ompleted the de�nition ofthe obje
t (�DiD : Di - D; hi; si)i2I in D. We observe:Proposition 4.3 Equations (6), (7), and (8) holds.Proof. Equation (6) follows from the de�nition of Di. Equation (7) is thetop row of squares in diagram (16). Equation (8) is the relation (19). 2In order to use Proposition 3.2 and 
on
lude that this is a terminal obje
tof D, we still need to prove:Proposition 4.4 If (�i : Ai - A; hi; si)i2I is an obje
t of D, then the
anoni
al arrow hj�ji fa
tors through D �brewise.Proof. We start showing that hj�ji fa
tors through C, that is, that hj�ji fa
torsthrough ea
h Ci. Unraveling the de�nition of Ci, we need to show that bF hj�jifa
tors through Qi ! Vj2I 8FjQi;j, or equivalently that the pullba
k Pi ofbF hj�ji � ev along the inje
tion 
i - 1 + 
 fa
tors through ea
h 8FjQi;j over15
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analebF eG. Transposing we need to show that Fj(� bFA � bF hj�ji) fa
tors through ea
hQi;j over Fj bF eG. Considering the de�nition of the Qi;j as pullba
ks (17) and(18), the statement follows from the 
ommuting diagrams (15) and (12).Finally we must show that hj�ji fa
tors through D �brewise. It is enoughto re
all that �i � hj�ji � h = hi � ini, whi
h implies that �i � hj�ji fa
tors throughDi. 2Hen
e we 
an state:Theorem 4.5 The obje
t (�DiD : Di - D; hi; si)i2I is a terminal obje
t inthe 
ategory D and therefore the polynomial fun
tor P (X) has a �nal 
oalge-bra.5 Further Observations5.1 Rational Re
onstru
tionLet us denote by Alg(F )1+
 the 
ategory of F -algebras over 1 + 
, i.e. the
ategory whose obje
ts are pairs formed by an F -algebra and a map from the
arrier to 1 + 
, with the evident de�nition of morphisms. In Lemma 4.1 wehave observed that C is sub-F -algebra of the �nal F -algebra over 1+
; we shallabuse of notation and write C for the obje
t in Alg(F )1+
 whose F -algebra isthe restri
tion of a to C, and whose map to 1+
 is �C � h. In Proposition 3.1we have de�ned a fun
torial 
orresponden
e K : CoAlg(P ) - Alg(F )1+
;however, in the proof of Proposition 4.4, it is 
ontained the statement that we
an fa
tor K asCoAlg(P ) K- Alg(F )1+
=C U- Alg(F )1+
where Alg(F )1+
=C is the usual sli
e 
ategory. The forgetful fun
tor U hasa right adjoint RU , whi
h asso
iates to an F -algebra over 1 + 
 ((D; Æ); h) a
anoni
al F -algebra stru
ture on the pullba
k D �1+
C.The 
onstru
tion presented in se
tion 4 gives rise to a fun
tor LK leftadjoint to K. Indeed, if ((E; aE); u) is an F -algebra over 1 + 
, then we 
an
onstru
t the 
oprodu
t diagram (�i : Ei - E
)i2I by pulling ba
k alongthe inje
tions:
Ei

i 


E
hi
��

�i //

ini //
��

E


 1 + 


Eh
��

�E //

inr //

u
��

FiEi E
si
'' E�E //


�� 1 + 
inr //

�

��4

44
44

44
44

44
44

44
44

44
44

44 Fi(�i��E)�aEi
&&h

��

u
��16



Santo
analeUsing the fa
t that (E; aE) 
omes with a map to (C; aC) the argument ofLemma 4.2 is adapted to show that Fi(�i � �E) � aEi � u fa
tors through inr;hen
e we 
an 
onstru
t the si as we have done for D. This 
onstru
tion is
learly fun
torial, and the 
orresponden
eE - 1 + AE
 - Aestablishes the adjun
tion LK a K. The fun
tor K is full and faithful andtherefore the left adjoint LK preserves limits of diagrams taking values inCoAlg(P ); the terminal obje
t is one of these limits.To summarize, we have argued about the existen
e of a fun
torAlg(F )1+
 - CoAlg(P ) ;obtained by 
omposing the fun
tors RU and LK; this fun
tor preserves theterminal obje
t.5.2 Extensiveness is Ne
essarySin
e the 
onstru
tion presented in se
tion 4 
an be 
arried in an arbitrarydistributive 
ategory, it might be asked whether the resulting obje
t has thedesired universal property in distributive 
ategories that are not extensive.For example, does this 
onstru
tion de�ne a greatest �xed point in an ar-bitrary Heyting algebra? The answer is negative. Observe, however, thatif C is a poset then a top element in D is preserved by the left adjointC : D - CoAlg(P ) whose 
ounit is an isomorphism; it does not matterthat the 
ategory D is equivalent to CoAlg(P ). Thus we need the assumptionof extensiveness only to prove that diagrams (15) and (12) 
ommute. Theargument relied on the fa
t that we found an arrow �i : Pi - Ai, for whi
hwe needed diagram (13) to be a pullba
k.Easy 
omputations of Heyting algebras lead to ask whether the relation�X :(_i2I ( 
i ^GiX ) ) = 
 ^ î2I eG(
i ! Gi
) (20)holds { we are using here standard notation for �xed points. While theunary version (i.e. when I is a singleton) of this equation holds and is in-deed Segerberg's equation axiomatizing PDL [21℄, the binary version is false.This is shown by 
onsidering the transition system� �1 //


1;
217
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analeover whi
h we interpret two modal operators h1i; h2i and the two propositional
onstants 
1;
2 in the usual way. If we put hf1; 2g�iY = �X :(Y _h1iX_h2iX),then we observe that the relation(
1 ^ 
2) _ hf1; 2g�i(:
1 ^ h1i(
1 ^ 
2) )_ hf1; 2g�i(:
2 ^ h2i(
1 ^ 
2) )� �X :( (
1 _ h1iX) ^ (
2 _ h2iX) )does not hold in the transition system. This relation is the dual of equation(20).A
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