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Bicriterial Delay Management*

Csaba Megyeri
University of Konstanz
Department of Computer and Information Science

From the passanger’s point of view, one of the most important property
of an attractive public railway company is punctuality. Passangers, buying a
train ticket, expect that they maintain their connections and reach their des-
tination in time as scheduled. But unexpected occurences cause disturbances
even in the most carefully designed network. Boarding of passangers in peak
hours may cause 5-10 Minutes delay in the timetable schedule, while bad
weather conditions or technical problems may lead to 30-60 Minutes delay.
In case of international trains, delays of 60 Minutes or more are not rare.

As delays appear in the system, traffic controllers have to reschedule
trains in order to eliminate delays and to return to the original timetable
as soon as possible. For these purposes, local and global decisions has to
be made. Locally, from station to station one has to decide, which trains
have to wait for dalayed trains and which can depart on time. At this level,
connections of trains are examined and the objective is to maintain important
connections. On the other hand, a global planning is required where the
network structure is analyzed. The objective at the global level is that delays
should not spread out in the network. The local level decisions have to satisfy
the global requirements.

First the trains of our interest have to be selected that are affected by
delayed trains. Such a train can wait for a delayed train to maintain the
connection or depart in time to keep the timetable. In the first case the
delay can spread further, while in the second case passangers miss their
connection. Bicriterial Delay Management aims to find an optimal trade-off
between these objectives.

*This work was supported by the Human Potential Programme of the European Union
under contract no. HPRN-CT-1999-00104 (AMORE).



1 Introduction

Let us first define the basic notations used in this paper. Let V be a set of
train vehicles. A train v € V is usually given by a train line, i.e. a sequence

of stations si, S, ..., S,,. The train departs at sq, has the intermediate stops
S9,...,84,-1 and finally arrives at s,,. Every train v is associated with
a timetable t(v), a sequence tq(v,s1),t.(v, 82),t4(v, $2), ..., ta(v, Sp,), Where

ta(v, s;) is the arrival time of train v at station s; and t4(v, s;) is the departure
time of v at station s;. Let T' be the complete timetable, that is 7" = {t(v) :
v € V}. Finally, if trains v and w have a common station s, passangers
may have a connection from one train to the other, if the timetable makes it
possible. Let C' be the collection of all connections ¢ of the form (v, w, s).

It is an important question, what exactly we mean by connection. Theo-
retically, there is a connection from one train to another at a common station
if the departure time of the second train is later than the arrival time of the
first train incremented by the necessary changing time. However, this can
lead to a large set of connections, some of which would be irrational like
a connection to a train in the opposite direction or to trains several hours
later. Different train lines often have common subsegments other than just
a common station. In those cases, passangers may have several chances to
change trains. Being delayed at the first common station, passangers would
loose their connection but they could catch the train at the next station.
Such operations need high level organization and passangers must be well
informed about these possibilities. A difficult problem in the delay manage-
ment models is to decide which connections are realized and to determine
their importance. Here we suppose, that the set of connections C' is prede-
termined and part of the input.

The underlying structure can be represented by a directed graph G =
(E, A), the so called Event-Activity graph. Nodes of the graph correspond
to events while arcs correspond to activities. There are two types of events:
the arrival and the departure of a train at some station. On the other hand,
there are three types of activities: a driving arc corresponds to the activity
of a train from the departure at a station to the arrival at the next station,
a waiting arc corresponds to the activity of a train at a station between
the arrival and departure, and a connection arc corresponds to the activity
of passangers to change from one train to the other. Note that the Event-
Activity graph is acyclic. Figure 1 present a part of the timetable of two
trains and the corresponding Event-Activity graph.
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Figure 1: Part of a timetable and the corresponding Event-Activity graph.
Connections are denoted by dashed arcs.

The time duration of the activities can be computed from the timetable.
These activity times consist of a secure time and a slack time. The secure
time duration of driving, waiting and changing activities is the amount of
time needed to reach the next station, for passangers to leave and enter the
train and to go from one platform to the other, respectively. The slack time is
the extra time provided by the timetable, which can be saved if the train runs
at a maximum secure speed or if passangers board as quickly as possible. The
secure waiting time is usually 1 Minute in case of regional, regional express
and interregional trains while 2 Minutes in case of InterCity, EuroCity and
InterCity Express trains. The secure time of a connection is usually 3 Minutes
in case of neighboring platforms and 5-8 Minutes otherwise. Slack times
depend on the timetable design. Usually, slack times are minimized since the
timetable must be tight because of the high traffic on the tracks.

Slack time is useful in case of delays. For example, because of a connection
one train may wait 5 Minutes longer than necessary, but this time can be
saved if the train arrives delayed. Similarly, passangers having 20 Minutes
to take another train can maintain the connection even if their train has



15 Minutes delay. In general, slack time of an activity can eliminate delay
of the previous event. On the other hand, slack times make the timetable
inefficient and extend the travel time. Hence, slack times of driving and
waiting activities are minimized during the timetable design.

Some connections might be more important than others, e.g. connections
of InterCity Express trains, night trains, or busy lines. Importance of connec-
tions can be described by a weight function w : C' — R*. This fuction may
be the result of decision policies or may be approximated by the expected
number of passangers.

Let S be a set of events in the Event-Activity graph and let dg : S — Z*
be the initial delay function. This function contains information about delays
in the present situation, measured in Minutes. S is usually the set of source
nodes of the Event-Activity graph, that is the earliest events of our interest.
The question in delay management is, in consideration of the present delays,
to generate a new feasible timetable. A timetable is feasible, if no train
departs earlier than the original schedule time incremented by the initial
delay (if any) and if the driving and waiting times are not shorter than the
corresponding secure times. There is no similar condition on changing times.
If the available time for a connection is less than the necessary secure time,
then the connection is missed. The problem of Bicriterial Delay Management
is, given V', T', C, w, dy and the secure times of activities, to find a feasible
timetable such that both the weighted number of missed connections and the
sum of delays of all arrival events are minimized.

For example, suppose that in case of the trains in Figure 1 the slack times
are b Minutes for driving activities, 1 Minute for waiting activities and there
is no slack time for changing. Suppose that ICE 676 departs from Gottingen
with 15 Minutes delay. Then both of the following timetables are feasible:

ICE 676 IC 2545

Gottingen 8:56 Minden (Westf) ...  8:50
Hannover Hbf  9:28 9:30 Hannover Hbf  9:18 9:21
Hamburg Hbf  10:53 ... Wolfsburg 9:53 ..
ICE 676 IC 2545

Gottingen 8:56 Minden (Westf) ...  8:50
Hannover Hbf  9:28 9:30 Hannover Hbf  9:18 9:31
Hamburg Hbf  10:53 ... Wolfsburg 9:58 ..



In the first case the connection from ICE 676 to IC 2545 is missed and
the sum of delays of arrival events is 14 Minutes, while in the second case
both connections are maintained but the delay is 19 Minutes.

2 The general problem

In this paper we usually present examples where each activity has zero slack
time. This assumption may seem to be unrealistic, but this is not a strong
restriction in a combinatorial sense, since the management of slack times in
an optimal solution is intuitively clear: if an activity starts with a delayed
event, save as much slack time as possible or necessary. The difficulty of the
problem lies in the structure of the network. We expect that the Bicriterial
Delay Management problem can be reduced to Bicriterial Delay Management
problem with zero slack times. Notice that if there is no slack time, the secure
time of an activity is an irrelevant information, since it can be calculated from
the timetable.

The Bicriterial Delay Management problem can be stated as a decision
problem, if we introduce the real parameter M and the integer parameter V:
given an instance as above, is there a feasible timetable such that both the
weighted number of missed connections is at most M and the sum of delays

of all arrival events is at most N7 This general form of delay management is
hard [3]:

Theorem 1. The Bicriterial Delay Management Problem is NP-hard, even
in case of integer connection weights.

Proof. We reduce the Set Partition Problem [2] to the delay management
problem. The question of the Set Partition Problem is, given a set A and a
size s(a) € Z* for each a € A, whether there exists a subset A" C A such
that >-,c 0 s(a) = ca_a s(a)?

For each a; € A let us define two simple trains v; and w; without any
intermediate stops (see Figure 2). Let the initial delay of v; be s(a;) and let
there be a connection from train v; to w; with weight s(a;). Suppose that
each activity has zero slack time. Let s(A) = ) _,s(a) be the total size
and let the parameters be M = s(A)/2 and N = 3s(A)/2.

Since every slack time is zero, every train v; arrives to the station with a
delay of s(a;). Moreover, train w; either departs in time and miss the connec-
tion, or wait for v; and get s(a;) delay. Let A’ be the subset corresponding to
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Figure 2: Event-Activity graph for a Set Partition instance.

the missed connections. Then the weighted number of missed connections is
Y wcar S(a) and the sum of delays of all arrival events is s(A)+ >, 44 s(a).
Hence, the answer to the delay management problem is yes, if both

s(4)
Z s(a) < 5

acA’
A
Z S(CL) < 5( )
2
acA—A'
holds, which is equivalent to >, s(a) =>4 4 s(a). O

Instead of a decision problem, bicriterial delay management can be stated
as to find all Pareto-optimal solutions. A solution of the problem is Pareto-
optimal, if there is no solution that is better in both objective functions.

A natural way to find Pareto-optimal solutions is to use the Critical Path
Method. CPM is used for finding the minimum completion time of a project,
given by an acyclic directed graph G = (V, A) and the necessary time du-
ration [(u,v) of the activities (u,v) € A. Let t(v) be the earliest possible
starting time of an event v € V. Then, ¢(v) = 0 if v is a source vertex and

t(v) = max{t(u) + l(u,v) : (u,v) € A}

otherwise.



Note that finding a feasible timetable is equivalent to finding a feasible
delay function. A delay function d : E — Z7 is feasible, if it is consistent
to the initial delays and the secure times of activities: d(e) > dy(e) for every
ee€ Sandd(e) —d(e) < s(e,e) for every (¢',e) € A.

A feasible delay function d(e) can be computed like the earliest starting
times in project planning: the smallest possible delay of an event e is d(e) =
do(e), the initial delay, if e € S, and

d(e) = max{(d(¢') — s(€¢',e)); : (¢/,e) € A}

otherwise. Here, s(€’, e) denotes the slack time of the activity (¢/,e) and x, =
max(x,0). This is the delay function if we maintain every connection, and
this gives us the Pareto-optimal solution with 0 in the first objective function.
Similarly, we can get all Pareto-optimal solutions: let us take a subset C' of
the connection activities C' and use the Critical Path Method to determine
the sum of delays of all arrival events if the connections of C" are missed. We
simply have to delete these arcs from the Event-Activity graph and evaluate
the delays by the above iterative formula. Repeat this for every subset C’ C
C. These results are candidates for Pareto-optimal solution. Finally, sort the
solutions lexicographically and eliminate dominated solutions. The running
time of the algorithm is O((n 4+ m)2/°!) where n and m denotes the number
of vertices and arcs in the Event-Activity graph.

This algorithm seems to be rather inefficient. Unfortunately, in general
this cannot be improved: the following lemma shows that the number of
Pareto-optimal solutions can be exponentially large.

Lemma 1. The number of Pareto-optimal solutions of a delay management
problem can be an exponential function of the number of connections.

Proof. Consider the example of Figure 2. Let s(a;) = 2¢, which is both the
delay of train v; and the weight of the connection between v; and w;. Again,
let all slack times be zero. Now, if we miss a set of connections I, then the
weighted number of missed connections is ), ;2" and the sum of delays of
all arrival events is 2" — 143", 2°. Note that these solutions are pairwise
incomparable and hence all of the 2/°! solutions are Pareto-optimal. O

Instead of the sum of arrival delays another objective function can be
the sum of both arrival and departure delays, that is the total delay in the
network. If there can be positive slack times, this problem is not equivalent



to the original one, the set of Pareto-optimal solutions can be different. On
the other hand, if driving activities have no slack time, then these problems
are equivalent: in this case the delay of an arriving train is the same as the
delay of the departure from the previous station. Since driving edges form
a matching in the Event-Activity graph, this means that the total delay is
the double of the sum of arrival delays and hence, these objective functions
differ in a scalar factor only.

3 The unweighted problem

We have seen that the general delay management problem is NP-hard, and
the set of Pareto-optimal solutions can be large. Now let us consider the
unweighted case of delay management, where connections are treated equally.
This is the natural model for delay management if we have no information
about the passangers’ behavior or trains are equally important, for example,
if V' consists of ICE trains only. Now, given V', T', C, dy and the secure time
of activities, the problem is to find a feasible timetable such that both the
number of missed connections and the sum of delays of all arrival events are
minimized.

In this case, neither the NP-hardness proof nor the example of Lemma 1
work. Is the problem still NP-hard? What is the maximum number of
Pareto-optimal solutions? These are still open questions.

In the weighted case, even a simple structure, a set of independent con-
nections was too difficult to solve. In case of uniform weights, the difficulty
of the problem comes from the structure of the Event-Activity graph. Now,
earlier connections are more important than later ones: by missing an earlier
other than a later connection, the delay cannot spread over but the number
of missing connections remains the same. For example, consider three trains,
v1, V9 and v3. Let there be a connection from v; to vy and from vy to vs.
If the weights of both connections are the same, the case of maintaining the
first connection but missing the second is dominated by missing the first and
then maintaining the second one. This example suggests that in the un-
weighted case the set of Pareto-optimal solutions can be smaller. We expect
that for a large set of instances the number of Pareto-optimal solutions is a
polynomial function of the number of connection activities. This would give
a polynomial-time algorithm using the Critical Path Method.

For an event e let R. be the set of events that can be reached from



e on a directed path in the Event-Activity graph. Now suppose that only
source events have initial delay and the corresponding subgraphs R, for every
event e with initial delay are pairwise disjoint. This means that events are
affected by at most one initial delay. In [3], this property was called the
never meet property. If this never meet property holds, then in an optimal
solution only the earliest connections can be missed, and thus the number of
Pareto-optimal solutions is linear and the problem is solvable in linear time.

The idea to look for Pareto-optimal solutions where only earliest connec-
tions are taken into consideration seems to be reasonable and may lead to
an efficient approximation algorithm.

Finally note that it is enough to deal with connected Event-Activity
graphs. Indeed, let us consider an Event-Activity graph of p components
with ¢; connections in the ¢th component. Suppose that we can solve the
problem componentwise and let a; ; denote the minimal delay in component
i by missing at most j connections (1 < i < p, 0 < j < ¢;). Then the solution
can be obtained by the help of dynamic programming. Let s(m, k) be the
minimal delay in the first m component by missing at most k& connections.
Then we have

8(17 k) = al’k
s(m, k) = OrSrljlélk{S(m - Lk—j)+ am,j}'

The minimal delay by missing at most M connections in the whole graph
is s(p, M). To obtain this we have to compute s(m,k) for 1 < m < p,
1 <k < M, which needs p(]\j ) comparison.

4 A graph model for delay management

The general problem of delay management has a lot of variables and is rather
difficult to handle — for an integer programming aproach we refer to [3]. Here
we want to eliminate some variables to get a simplified problem, which can
be described by graph theory.

Now let us consider the special case where trains have no intermediate
stops but just a start and an end station, and both driving and changing
activities have zero slack time. Then, the problem simplifies to the following
graph theory problem, which we will call the Delay Planning Problem.

Let G = (V, A) be an acyclic directed graph. The nodes represent trains
while the directed edges represent connections. For a set of trains § C V

9



Figure 3: An example for the Delay Planning Problem

(usually the source nodes of GG) we are given the initial delay function d :
S — Z% representing delays at the current situation. The zero function
corresponds to the original timetable, where trains have no delays. The aim
is to find a feasible delay function d : V' — Z%, that is an extension of dy to
V. If for an arc (i,j) € A, d(i) > d(j) then the train j does not wait long
enough for the train ¢ and we miss the connection. The problem of Delay
Planning is to find a delay function d : V' — R™ which is an extension of dj
such that the total delay
> d(v)

veV
and the number of missed connections

{(,7) : (1,7) € A, d(i) > d(j)}]
is minimized.
As an example, let us consider the graph of Figure 3 and suppose that

the train 1,2, 3 and 4 is delayed by 1, 3,2 and 2 Minutes, respectively. Then
we have the following Pareto optimal solutions:

Number of missed Total delay Missed connections
connections

0 26
22 (
19 (
17 (
13 (
11 (
8 (

S Ui W N =



Note that this problem captures the main difficulties of the Delay Man-
agement and the analysis of this problem would be fruitful to solve the general
problem. If the delay of trains are binary variables (delayed or not), then the
problem simplifies to the question whether in an acyclic directed graph M
arcs can be deleted such that there are at most N vertices in the remaining
graph that can be reached on directed path from the source vertices. In this
case even a certificate for the non-existence would be useful.

5 Conclusion

This paper focuses on the Bicriterial Delay Management problem. First
we introduced the general problem of delay management. We saw that the
weighted form of the problem is NP-complete and we showed that the number
of Pareto-optimal solutions can be exponential to the number of connections.
Next we considered the unweighted case where the complexity of the problem
is still undetermined. However, the intuiton that earlier connections are
more important than later ones, may be used to develope an approximation
algorithm. Finally, a special case of the problem was introduced which leads
to a graph theory problem. The determination of the complexity of this
problem may help to solve the general problem of delay management.
Finally we try to summarize the interesting questions appeared here.

e What is the complexity of the unweighted Bicriterial Delay Manage-
ment problem?

e What is the maximum number of Pareto-optimal solutions in the un-
weighted Bicriterial Delay Management problem?

e [s it true that the Bicriterial Delay Management problem is equivalent
to the Bicriterial Delay Management problem with zero slack times?

e What is the complexity of the Delay Planning problem?

e Given an acyclic directed graph, is it possible to delete M arcs such
that at most N vertices in the remaining graph can be reached from
the source vertices.
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