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Abstract

We present a competitive model that describes the interaction between competing telecommunications
service providers (SPs), their subscribers, and a network owner. Competition takes place in pricing as
well as in terms of the quality of service (QoS) they offer. The subscribers’ demand depends not only
on the price and QoS of that SP but also upon those of its competitors. We establish conditions for
existence and uniqueness of the equilibria, compute them explicitly and characterize their properties.

1. INTRODUCTION

Competitive routing and equilibrium models for networks generally assume a single charac-
teristic through which an equilibrium is computed, such as delay [6], prices [7], or even loss
probabilities [2]. However, in order to take into account Quality of Service (QoS) on a network,
it is necessary to incorporate more than one parameter. An example is to include both prices
and some measure of QoS. We present a general model for computing a bi-criteria equilibrium
of several providers. We then examine particular functional forms, and the resulting properties,
when the two parameters of each providers are prices and a measure of QoS. For surveys on
competitive games in telecommunication, see [1,3].

The model can be considered an aggregate one; the network itself (sources and destinations
of requests) are not taken into account. We assume that the demand for the services of a given
service provider (SP) is a function of the vectors of prices and QoS of all service providers. Our
methodology is inspired by [4] who studied a dynamic competitive inventory control model that
includes both pricing as well as a quality parameter. The authors reduced the problem to a
static game of a form similar to that which we study.

In the next section, we provide the model setting and theorems for existence and uniqueness
of equilibria. Sec. 2.2 presents the demand model and establishes properties of the equilibrium
when the QoS are fixed and competition occurs through prices. The next two sections concern
characterizations of the equilibria and analyze competition both in prices and in QoS. Two
specific QoS measures are considered: delay (Sec. 3) and loss probabilities (Sec. 4). Sec. 4
includes several ways of modeling loss probabilities including packet loss versus session rejection
probability, and the influence of incorporating large-deviation scaling.

2. Model and general properties

2.1. Model setting

Let us consider a game in which there are N service providers, SP, denoted by Z = {1, 2, .., N }.
Each provider sets two service parameters: (p,f) € ]RiH'N. (We use bold face to denote a vector,
e.g. p; its ith component is p;.) Although the two parameters can be general, we shall regard
the first as prices (p; is the price that SP i charges his subscribers per unit demand) and the
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second as a QoS measure (delay, loss or rejection probability, etc). Then, SP i experiences a
demand for its service, D; : RY+tY — Ry which depends not only on its own parameters, p;
and f;, but also on the prices and QoS offered by its competitors; that is, D; depends upon the
entire price vector p = (p1,p2,..,pn) and the entire QoS vector f = (f1,.... fx). In this work,
we shall use a linear demand model, which will be defined 911b§equen‘rly

The uhhty functions of the service providers are given by U : ]R++ — R, . We suppose that
all service providers’ strategies are defined by the followmg; orthogonal constraints; then, the
strategy space, R;, of provider i is given by the subset of R”:

Ri = {(i, fi): 0<gi(fi) <pi <p™™; 0< fn < fi < fmoy (1)

where p™" = G;(f;). (The dependence of pm‘“ on f; through the function ¢; will allow us to
eliminate explicitly policies that will result in negative profits for a service pr0v1der) The fact
that there is an upper bound on price reflects the fact that beyond some price, demand will be
zero (what ever the prices and QoS levels of competitors are). In addition, ¢; is assumed convex
so that the strategy space of player i is convex, for all ; € Z. We further define:

Rpi(fi) = {pi: 0< gi(fi) <pi Sp™}, Rypp={fi: 0< fmn < f; < fmaxy, (2)
R=Ri xRy, Rp(f) =Rpi(f) x - Rpn(f), Rp=Rypx - Ryn. (3)

Along with the model of the service providers, we include a model of the (single) network
owner, who may charge each service provider, i, a cost per unit of bandwidth requested as
a function of the two criteria it requires, p; and f;. Then, the total price charged to the
service provider will be a function of that per-unit price and of the demand that the provider ¢
experiences. That is, given the aggregate demand d; = D;(p,f) of SP i, we associate with SP
i a cost function given by R;(p;, fi, d;), representing the fee that ¢ pays to the network owner.

We next define the Nash equilibria that we are interested in computing. The first involves
each service provider setting a single parameter, as a function of those of all other providers,
and the second involves simultaneous setting of both parameters by all providers, as a function
of those of all other providers. As mentioned, our approach is inspired by [4] who studied a
dynamic competitive inventory control model 1nclud1ng both pricing and a quality parameter.

Definition 1

1- [Single-parameter Nash equilibrium] Let U;(p, f) be the net revenue® of SP i, when the vector
of prices set by all providers is p, and the vector of QoS parameters, £, of all providers is fized
at some point, f . Then, a single-parameter Nash equilibrium in p at f is the vector p* that
solves the for alli € I:

U?(p*vf) - maXA Ui(p;"'7p;<—17p7:7p;<+17"7p>.]<\]7f)' (4)
Pi€Rpi(f)

2- [Two-parameter Nash equilibrium] Let U;(p, f) be the net revenue of SP i, when both parameters
are set simultaneously by all providers: (p,f). A two-parameter Nash equilibrium in (p,f) is
the vector couple (p*,f*) that solves for all i € T:

U’t(p*v f*) = (pn]’”la)éR Ul(pT7 "'aprflﬂpiap:—l—l’ "ap*j\fv fikv ey f';;lﬂ f’iv fi*—l—lv ey f]*\(f) (5)

2.2. Demand model

We suppose that the average demand, D;(p,f), is linear in all prices and QoS levels. For
a particular SP i, the demand for its service, D; decreases in its price, p;, but increases in its
competiitors’ prices, p;, j # i. The analogous relationship holds in QoS, but then, D; is increases
in f; and decreases in f;, for j # i. We have:

Di(p.f) =ai —bipi+ Y cijpj+Bifi— Y Vil (6)
JEL, jFi JEL jFi

with b;, ¢;j, B, vij positive constants. We next make the following blanket assumptions:

2 j . . . . .
The net revenue can be expressed as the income minus the cost R;. Examples will be given in later sections.



Assumption 1 3 We assume that the demand function of each SP satisfies, for all i € T,
D;(p™* —pit 0_;,f) <0, Vf e Ry, where pi™™ = G;(fi), and 0_5 is the N — 1-dim 0-vector.

2

Assumption 2 The constants b and c satisfy : b; > Zj# cij, © € I.Moreover, assume that D;
18 non-negative over the strategy spa,(:e4

Assumption 2 is needed to ensure uniqueness of the resulting equilibrium. It is furthermore
a reasonable condition; it implies that the influence of an SP’s price is significantly greater on
its own demand than are the prices of its competitors. This condition represents the presence
of customer loyalties and/or imperfect knowledge of competitors’ prices.

2.3. General QoS model

Along with the model of the SPs, the (single) network owner charges each service provider, i,
a cost per unit of bandwidth requested. We assume that the amount of bandwidth u; requested
by SP i depends on its demand and on the QoS it wishes to offer (the higher the demand and
the better the QoS, the higher p; will be). For example, if the QoS is linear in the standard
Kleinrock delay function (obtained from an M/M/1 queuing model), i.e. f; = ¢ — 1/(p; — d;),
then p;(fi,di) = di +1/(c — fi).

Thus, given the aggregate demand d; = D;(p;, fi), the fee paid by SP i can be written as:
R; = vipi(fi. d;), where u;(fi,d;) € [0, B] is again the bandwidth required in order to guarantee
the QoS, f;, at a demand level of d; for SP ¢, and v; is the price to be paid per unit of bandwidth.

2.4. Utility model
The revenue of SP i is given by p; D;(p, f), whereas the profit (or net revenue) of SP i is the
difference between the revenue and the fee it pays to the network owner,

Ui(p,f) = piDi(p,f) — Ri(fi, d;). (7)

Later, we prove uniqueness of the Nash equilibrium for the price game (4) in which the capacity
w; required by user ¢ has the following form:

wi( fis di) = digi(fi) + hi(fi), (8)
where ¢g; and h; are positive functions. Hence, the profit function becomes
Ui(p, f) = Di(p, f)(pi — vigi(fi)) — vih(fi).

In the single-parameter Nash game, the strategy space of each SP i is given by (1) and in
the two-parameter game, the strategy space is given by (2) where p™" = §;(f;) = v;g:(fi). Note
that the sets R;, and R,;, i € Z are convex when g; is a convex function.

2.5. Properties of the general model

The question is then, under general assumptions on the model functions and data, when can
we ensure the existence and uniqueness of the resulting equilibrium across service providers. To
this end, we assume the following of the utility functions.

Assumption 3 Without loss of generality, express the net revenue (or utility) of service provider
i as U; = U;(p,f,d;) = Ui(p,f), i € T where, as before, d; = D;(p,f). Assume that U; is con-
tinwous in (p,f) and concave in (p;, fi), for all i € L.

Under Assumption 3, the existence of a Nash equilibrium follows from [8].

We first consider the single-parameter price game (4) which arises when the vector of QoS
levels of all providers is fixed. Next, we consider the two-parameter price and QoS game.

The following theorem is a generalization of [4, Thrm. 5| that established uniqueness of an
equilibrium for a similar setting but when h;(.) are all zero and for some specific functions g;(.).
By allowing for general ¢g; and h; we shall be able to handle in the next sections a large number
of quality of service functions that are typical in networks.

3The above assumption should be understood as imposing a relation between the parameters that define the demand
functions. It could seem unrealistic, since it allows demand to be negative. However, the nonpositivity of the demand
function is required for prices outside the feasible strategie set R;’s. Therefore we are saying that if we extrapolated the
demand outside the feasible region, allowing other prices to be zero, we would get nonpositive demand.

YSufficient condition for Assumption 1: Let assumption 2 hold. In view of (6), if we choose p™?®* large enough then
Assumption 1 will hold.



Theorem 1 [Uniqueness of Price-based Nash equilibrium] Consider the price game (4) which
arises when the vector of quality of service levels f is fized, and assume that R;(f) are nonempty,
i € L. Define L;; = 2b;, L;j = —c;j for i # j and q; = bivigi(fi) + a; + Bifi — i Yijfi- Then

1. The price game has a unique equilibrium p*(f), with p*(f) = (I — T)"'T'"'q, where T =
. Cij . A
diag(2by, ..., 20N ), Tii = 0, Tyj = - for i # j and qi = bivigi(fi) + ai + Bifi = 3252 %ij fi-
2. The equilibrium prices p; are increasing in each of the unit prices v;.

I\, ~ . (17— 1)..3.
3. The equilibrium prices p} are decreasing in f;, j € T when g;(f;) < Z’EI(L(LE’f;]_lb_ff )ii s

and increasing otherwise.

Proof: Now we show the uniqueness of the equilibrium point. Since p*(f) is a Nash equilibrium,
it follows that p! maximizes U;(p;, p*;.f), where p_; = (p1,..,pi—1,Pit1, .., PN ). Moreover, we
have

lim PP ) g (B pa ) > 0 9
pi—vigi(fi) Ip; Z( Zgl(fl) =i ) ( )
. 8U7(p77pt7 f) max max *
im =——————— = —bp"" +bwigi(fi) + Di(p™™, pL;. f)
pi—p™eE Op;
= 4 = 2p™ > ep) + bivigi(fi) + Bifi — Y Vit
J#i )
< g - 2™ PN i+ bigi(f) + Bifi - > Vil (10)
i i
< —bypmax+bvvg1 f? + Bifi — Z%]f] (11)
J#i
= di(p"™* —vigi(fi),0_4,f) <0 (12)

where the transition (10)-(11) is from Assumption 2 and the last transition is from Assumption
(1). Thus, pf is the unique solution of the optimality conditions:

oU; (p, f
_ Ui(p, f) = —bi(p; — vigi(fi)) + di(p. ). "
opi
Then, p* is a solution to the following linear system : Lp = ¢, where L;; = 2b;, L;j = —c;; for

i #j and ¢; *bv791(f7)+a7+51f7 277éz%jf]
To show the uniqueness of Nash equilibrium, it suffices to show that the above linear system

admits a unique solution. We observe that the matrix L can be written as: L = I'(I — T)
0 DR

with T' = diag(2by,...,2by ), and T = . The matrix T is substochastic since
e 0

Lizi® < b 1 Thus L' exists and is equal to (I —T)"'T" ! and p*(f) = L ¢ = (I —

2; > 2,
)’iF q. Writing explicitly one term from the equilibrium price vector, p; ¥(f), and rearranging
terms to identify dependencies on f; and f; independently, j € Z, j # 4, we have that

pi(f) = (L7 Yalai + (bivigi(f1)) + £i((L7)aBi =D (L7 1)ijvi) +

Jj#i
Z(Lil)w(” +bv;9;(f;5) + B f5) ZZ lﬂjlfl (14)
i jez 1%
. . . . . op*(f _ _ _
Then, taking partial derivatives, we obtairll: %-—fi)j (L 1)1‘]'[)]'7)]'.(]‘/7-(]6]')—“([/ 1)i.7ﬂ.7*ZleI(L ])il%‘ln
which is negative when ¢'.(f;) < Liez(k )ﬁ”’l (L7 )iiBs O
J (L7 1)ijbjv;

Next we make the following assumptions on the functions g; and h; from Definition (8) of
pi- This will guarantee the uniqueness of the equilibrium (p*,f*) in the price-QoS game (5).
Several examples will be given in Sections 3 and 4.



Assumption 4 Let h;(.) = 0. Moreover, suppose that g(.) € C? is convex increasing, and its
derivative satisfies for all i € I: limg, ., pmax g (fi) = +oo.

This is satisfied in most queuing systems we study. Next we prove uniqueness of the equilibrium
when prices and QoS levels are set by all players simultaneously.

Theorem 2 [Uniqueness of Price and QoS-based Nash equilibrium] Let Assumption 4 hold. The
price-QoS problem (5) has a unique two-parameter Nash equilibrium (p*,£*), with f* the unique
solution to the following equations, for every i € T,

Bi ., Bi ) Bi )

gi(f}) = —if = > gl and f =0 4f —- < gi(fi™")
v;b; v;b; v;b;

Proof: Let U;(p,f) = log[p; — vigi(f:)] + log[Di(p,f)]. Note that (p*,f*) is an equilibrium in
the original utilities iff it is an equilibrium in their logarithms, i.e. of U;. Since g¢; is convex by
assumption, U; is concave in (p,f). Under Assumption 4, we have

oUui(p.f) . —vig'(fi) B;
11m _— = m "
fimfm Of; fim e pi —vigi(fi) - Di(p*,f)

= —00. (15)

This implies there is no Nash equilibrium at the constraint boundary where f; = f/"%*, i € 7.
To show the uniqueness of the Nash solution, we must thus examine the interior of the feasible
region with respect to the upper bound on the f; and show that there is precisely one point,

(p*,f*), which solves simultaneously the utility maximization problems of each provider, 7 € Z.
Note from (15) that the lower limit, lim;,_ tmin OU;(p, f)/df; may be either positive or negative,

and as such, the Nash equilibrium may arise at a point for which f* = f/"'" for some ¢ € 7.
We do not need Lagrange multipliers for the constraints on p; since p; is obtained at a point
where the partial derivative (13) is zero, possibly at the lower boundary, (9) and (12).
Consider the following Kuhn-Tucker conditions. Lagrange multiplier, «; is on the lower bound
constraint on f; for each 7. In other words, (p*, f*) is a Nash equilibrium if for every i € 7, there
exist non-negative Lagrange multipliers a* s.t.

_OUi(p.f) 1 —b;
CTon T we@) DG o
i 9Uip.f)  —vigi(f) B
“ - ofi  pi—vigi(fi) - D;(p*, f) 4o
a(fi— ™) = 0, a'>0 (18)

Multiplying (16) by 1/b; and (17) by 1//; and substituting, we obtain ‘5—: = %, and «;(fi—
fmm) = 0. Tt follows that g/(f;) = 2 if 2o > gl(f™") and f; = fmmif 2o < gl(f™"). Fix-

ing f = f*, we obtain p* through Theorem 1. Thus (p*, f*) is the unique Nash equilibrium.

O

Next are two applications of this framework, with two different QoS measures.

3. Case study I: expected delay as QoS

We shall suppose in this section that the measure defining the QoS, f, corresponds to some
function of the expected delay. We shall use the Kleinrock delay function® which is a common
delay function used in networking games [6]. Instead of Minimizing delay, we consider the
maximization of the reciprocal of its square-root (in that way the QoS f; indeed increases as the
delays decrease (this is similar to [7]):

1
fi Delay 2%} i ( )

5This function corresponds to a queuing delay in an M/M/1 queue with first-in-first-out discipline or to the more general
M/G/1 queue under processor sharing delay.




Thus p;(fi,di) = d;ig(fi) + hi(f;) where g;(f;) = 1 is indeed convex and where h;(f;) = f,?. The
cost that SP i pays the network owner is v;[(f2) + d;]. Then, the net revenue of SP i is

Ui(p,f) = Di(p.f)(pi — vi) — vif;. (20)

We observe that this profit function is special case of the one defined in (8), by taking ¢;(f;) =1
and h;(f;) = f?. We shall make the following assumption:

Assumption 5 5 The constants b, v, and ( satisfy: 2b;v; > ﬁ?, 1€1

We now proceed with the analysis of the price-QoS game (5) (two-parameter) in which prices
and services levels are set by all SPs simultaneously.

Theorem 3 Let Assumption 5 hold. The price-QoS game (5) with QoS, £ given by (19) has a
unique Nash equilibrium (p*,£*), with p} increasing in each v;, j € .

Proof: Assumption 3 is satisfied by (5) with (19) and (20). Hence there is a Nash equilibrium.

We next show that the Nash equilibrium is unique. We have seen, in the previous section, that
the partial derivatives of the profit functions with respect to price variables p; of each providers
¢ will be zero. In this section, the upper and lower bounds on the quality of service variables,
fi may or may not be active, and so we take a Lagrangian relaxation of those constraints and
examine the Kuhn Tucker conditions of the resulting Lagrangian.

To show the uniqueness of the Nash equilibrium solution, we show first that the profit functions
U, are jointly strictly concave in (p;, f;) for all providers, ¢ € Z, so that the solution to system
defined by the Kuhn Tucker conditions is uniquely defined.

To this end, note first that

oU;(p, £ . oU;(p, £
oilp.f) - _ =bi(pi — vi) + Di(p*, f) and (.f) _ Bi(pi — vi) — 2v; f;
Ipi ofi
82Ui(p f) 82Ui(p f) 82Ui(p f)
-t = 9 < ) —X 0 3 d—22"7 — 9. <0
op? <0 g, P T ves
Since ‘?;f[éi = —2v; < 0 and apz = —2b; < 0, it suffices to show that the determinant of
' ' 2u; 9%,
f)p? Op;0fi
the Hessian matrix H is positive, where H = . We have det H[U;(p,f)] =

92U; 9%U;
0 fi0p; of?

2
92U; 9*U; 22U;
arz op? (apﬁﬁ = 4bivi —

We note that any solution to the following Kuhn-Tucker condltlonq is a Nash equilibrium: For

every i € 7, there exist non-negative Lagrange multipliers o’ and A\’ such that

B2 > 0. The latter inequality follows from Assumption 5.

0 i 3 *
0 - iggﬁzwmm+Dmuﬂ (21)
al =\t = LUB(?’f) = Bi(pi — vi) — 2v; f; (22)
(f1 mln) = 0, )\z( max f1) =0 (23)

where o’ and A’ are the Lagrange multipliers corresponding to the min and max constraints on
the values of f;. As before, we do not need Lagrange multipliers for the constraints on p; since p;
is obtained at a point where the partial derivative (21) is zero, possibly at the lower boundary,
(9) and (12). Tt follows from (22) that if A’ = 0 and o’ = 0 we have f} = (pl v;), if o’ >0

we have f* = fm‘“ and if A’ > 0 we have [ = f"*. Hence, it follows tha‘r y* is solution of the
following ilnear system : Ap = r, where

5Note that, for price-sensitive demands, 7, this assumption is likely to hold, since in that case, b; >> 3;. For relatively
price-in-sensitive demands, who value above all QoS, Assumption 5 may still hold if the unit price for capacity charged by
the network owner to SP ¢, v; is high.



A = Db — S 572 A = i L 8evi s 53
(Y T {)\17(11:0}%; 17 _07,] + {)\]—alzo}’yl]%7
Ri = bivit+ait+opiaizoy7 — > bxi—ai=0ij 5 + BilBrisoy "™ + b(aisoy fi ")
JFi
- Z Yii (Bnisoy 1M + baisor S,
i

To show the uniqueness of Nash equilibrium, it suffices to show that the above linear system
admits a unique solution. We observe that the matrlx A can be written as: A =1'1(I —Ty) with

2
Fl = dZ(Lg(?bl — (S{)\z,(yz 0} 207 2v ,..., (S{Al i=0} QUAV)a and
0 ClN*(S{)\i,Mr:(]}’YlN 2,,];:[
2b1 -6 o

{AT—pi=0} 2vq

B1

CN1=0r5i 0} TN,
5%,
{A—pi=0} To

2by —6

We observe that the matrix T is substochastic since

o B
> j4iCij — Opxi—ui=0} Vij 305 < >z Cij < bi < bi 1
32 - B2 = 2 b,
2b;, — (5{)\1‘7 i:[]}?—lji 2b; — li ?

The third inequality follows from Assumptlon 5. Thus A~' = (I —Ty)" IFfl and
pi o= > (AN + aj + b —ai—oy 5 25{Auak:n}m7

JeT k#j

85 (6 a1 F + Oaisop M) = D k(O =0y &+ Sgaksoy £)).

ki

We conclude that (p*, f*) is the unique solution of Kuhn-Tucker conditions (21)-(22) and there-
fore the unique Nash equilibrium to the price-QoS game (5). ad

4. Case study II: Loss or rejection probability as QoS

In this section, QoS corresponds to the loss probability, either packet loss probability (e.g. at
some common input queue) or rejection probability in a loss network (such as a circuit switched

ne‘rwork) fi=(1- P,’mg)]/q, where P/ __ is the loss probability. ie, P._ := G(p;), where
pi = d;/u; is the traffic intensity, and s >1a scaling coefficient ‘rhat adjusts the relative
importance of the QoS parameter with respect to price. Note that when s = 1, QoS enters
linearly in the demand function, D, whereas for s > 1, the QoS increases as a concave function
of its parameterq in other Wordq for s > 1, we allow for decreasing rates of return on the QoS
provided.”

We use the notation G'(p) to denote the derivative with respect to p and we assume that G’(p)
is positive function over the interval (0,+o0c). Hence, the loss probability is strictly increasing

in p, and the fimction G~ exists. Consequently, for all i € 7,
9i(fi) = R

Indeed, since G~ ! exists, then d;/p; = p; = G~ (1 — fi), it follows that y; = %d Hence

from (8), the function g; is given by (24). Note that f™" = 0 and f™* = 1 for every i € T.

We present special cases for which the assumption A4 is verified. Tn 4.1 and 4.3 we consider
only the linear relationship between QoS and loss probability, that is s = 1, whereas in 4.2 we
give results for strictly concave f as well.

(24)

7Decreasing rates of return means that the marginal benefit of QoS decreases with increasing QoS levels This phenomenon
is observed often in practice; the amount that a user is willing to pay, per unit of QoS, decreases as the level increases.



4.1. Packet loss probability: a basic M/M/1/K queuing model

here, the quality of service corresponds to the loss probability, or probability of a full buffer,
in the M/ 41/K queue. We note that this could be a good approximation for loss probabilities
if the SP offers access to a network, and the bottleneck in terms of losses is in some common
input buffer to that network. Thus,

(1 p)plij —pFithy if 0<pi<1, K;=1,2,3,..,
G(pi) = (25)
1/(Kyl+1) if pi=1 K;=1,2,3,..,
where K; is the buffer size. Clearly, the derivative G'(p) is positive, hence we can use the above
framework. Let the concavity coefficient satisfy s = 1, implying that QoS measure f and loss

probabilities are linearly related.
The next lemma characterizes the function g; with respect to service levels f;, ¢ € Z.

Lemma 1 The function g;(.) € C? is conver, increasing, and its derivative satisfies

lim g1(£;) = +o0. and Jim gi(f) =1

Proof: See Appendix in the full version of the paper [5] . 0

The above result implies that the function g; verifies Assumption 4. Hence, from Theorem 2,
we have the following result.

Corollary 1 The price-QoS game (5) has a unique two-parameter Nash equilibrium (p*, %),
with f the unique solution to the equations

qn =L i Loy i =0 i

<1
V; bl V; bl V;04

and p* is then obtained through Theorem 1.

4.2. Packet loss probability: incorporating large-deviation scaling
Let Py,ss be, as above, the loss probability for a M/M/1/K queue with K the buffer size at

the queue. Given the probability of loss from (25), where p; := Z—, and letting the arrival rate,
capacity and buffer size be scaled by n, as in many-source large-deviation scaling, we obtain,

—n:)p™ )t .
letting n — oo, lim, .~ (llipiL — (d d’_") , with (-)* = max{0, -}.

Note that even though the buffer size goes to 0o, the delay remains constant, as the capacity,
i, also goes to co. In a deterministic fluid model, this has the interpretation of fraction of fluid
lost when the arrival rate exceeds capacity. Using (25), the QoS is then given by:

oo i o] -

Note that (26) is not a differentiable function due to the max operation. However, since the
QoS measure remains constant (f; = 1) when capacity exceeds the demand, it is sufficient to
consider that the largest capacity implemented would be p; = d;. Hence, we neglect the max in
(26). The bandwidth required to guarantee QoS f; is given by: u; = ¢;(fi)d; with ¢;(f;) = ff
The profit of SP i is then: U;(p.f) = D;(p,f)(pi — vif), where the strategy space is given by
the subset R; with R; = {(ps, fi) : p™" < p; < pi“ax 0< fi <1}

We require the followmg a@@ump‘rlon which is likely to hold, since none of the constants 3, v
or b should be zero in this setting.

Assumption 6 The constants b, v, and 3 satisfy: B; — b;v; # 0

Theorem 4 The price-QoS problem (5) with Quality of Service £ as in (26) has a unique two
parameter Nash equilibrium (p*,f*), with f* is given by:
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1. For concave QO;IS coefficient, s > 1, that is, under decreasing rate of return on the QoS,
)i oy <l
f'* — sv;b; sv;b;
1

0 if  L>1.

sv;b; =

2. For s =1, that is, under constant rate of return on the QoS level, 5; # bjv;, 1 € L, so that
o L oaf B <wib,
¢ 0 Zf ﬁ, > v;b;.
Proof: For all s > 0, the function g; is convex, this implies that the function U; is concave.

Hence, we need only show that the profit function of each provider ¢ is jointly log-concave in
(pi, fi) for s = 1. Recall that U; denotes log U;. Note that

oUy(p, f) _ 1 b4 Uy (p, f) i n Bi
Opi (pi —vifi)  Di(p*,f) ofi (pi —vifi)  Di(p*,f)
’Ui(p.f) -1 b; < O’Ui(p.f) v; N b; 3;
op? (pi —vifi)?  DX(p*.f) T Opidf (pi —vifi)?  DX(p*.f)
82Ui(pa f) _ 71)722 572 <0
of} (pi —vifi)*  Di(p*.f)
Since (ri,;;zl < 0 and f’;p[} < 0, it suffices to show that the determinant of the Hessian matrix H
B AR LIP3
ap? pi0f;
is positive, where H = . We have
9%U; 9%U;
Dfop )2
det HIT(p. )] 0°U; 9°U; ( 92U 2 (D ( f))*‘i
et , — _ — (D — vi s
ilP, 8f72 8]9? 9p:07; i\Di iJi

([D? + 07 (pi — vi fi) 1[0} D} + B (pi — vifi)*] — [viD} + biBi(pi — Uz’fi)2]2)
b )2
_ (Qﬂz ) z) ; >0
Di(pi — vifi)
The latter inequality follows from Assumption 6.
Next, we shall establish the uniqueness of the equilibrium. Note first that any solution to
the following Kuhn-Tucker conditions is a Nash equilibrium: For every ¢ € 7, there exist non-
negative Lagrange multipliers o and A\' such that

_ OUip,f) _ 1 b
B opi  (pi—vif?)  Di(p~.f) (27)
N oU;(p,£) B svifi! Bi
Moo= ofi  (pi—wviff) - D;(p*,f) (28)
ofi = 0, N(1-f)=0, (29)

where, as before, o' and A" are the Lagrange multipliers corresponding to the min and max
constraints on the values of f;; note, also as before, that we do not need Lagrange multipliers
for the constraints on p; since p} is obtained at a point where the partial derivative (21) is zero,
possibly at the lower boundary, (9) and (12). By multiplying (27) by (; and (28) by b;, and
summing the resulting equations, we obtain

Bi — svibi fi
(pi — viff)

Now, we are going to detemine the QoS for s > 1. We have use the fact that the partial
U;(p.f)
afi

derivative is positive. Hence we do not need the Langrage mulitiplier o’ for the con-

. . L p.ops—1
straint f; — f™" > 0. According to this, (30) becomes b;\" = % We deduce that



1 if B>

sv;b;

Bi y* : Bi
f*_{ (“ibi) roit 50;b; <1 )

0 if B <wvb;
Fixing f = f*, we obtain that p* is the unique solution of the linear system given by theorem 1.
Thus (p*, f*) is consequently is the unique Nash equilibrium. a

Letting now s = 1. It follows, then, from (30) with s = 0 that f* = {

4.3. Session rejection probability: the Erlang loss formula

Consider now a model handling blocked calls in which there are K servers available, and each
newly arriving customer is given his own server; if a customer arrives when all servers are occu-
pied, that customer’s request is lost. This system is of particular interest in telephone networks,
and is known as Erlang’s loss formula. In terms of our notation, we have:

i LY (!
Ijlloss - G7(p7) = ZE‘I;;’) (p/,)lj/|7'l
i—=o\Pi J
We take the first derivatives of G;(.) with respect to p. We obtain

Ki=1 70 Kiti—1 0.
G;(p7) _ Z]‘:O (K;(j)p1 - /[(1,-j-
) [Zj:lo(/’i)] /3Y?
Hence the function G;l exists.
Let the concavity coefficient, s = 1, i.e., QoS measure f and loss probabilities are linearly
related. Next we characterize the function g; with respect to f;.

Lemma 2 The function g;(.) € C? is conver, increasing, and its derivative satisfies

1

]}iiinl gi(fi) = +o0, and }iiino gi(fi) = e

Proof: See Appendix in the full version of the paper [5]. d

Combining the last lemma with Theorem 2 we obtain the following result.

Corollary 2 The two-parameter price-QoS game (5) ha,s[gl, unique Na,sl;; equilibrium (p*, £*),
Wfy) = Lo of K> %
with ¥ the unique solution to the equations 97 vibi fRiz P and p* is obtained
. froo= 0 if K< Ul
Ja - ’. 1 ﬂ7

through Theorem 1.
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