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tWe present a 
ompetitive model that des
ribes the intera
tion between 
ompeting tele
ommuni
ationsservi
e providers (SPs), their subs
ribers, and a network owner. Competition takes pla
e in pri
ing aswell as in terms of the quality of servi
e (QoS) they o�er. The subs
ribers' demand depends not onlyon the pri
e and QoS of that SP but also upon those of its 
ompetitors. We establish 
onditions forexisten
e and uniqueness of the equilibria, 
ompute them expli
itly and 
hara
terize their properties.1. INTRODUCTIONCompetitive routing and equilibrium models for networks generally assume a single 
hara
-teristi
 through whi
h an equilibrium is 
omputed, su
h as delay [6℄, pri
es [7℄, or even lossprobabilities [2℄. However, in order to take into a

ount Quality of Servi
e (QoS) on a network,it is ne
essary to in
orporate more than one parameter. An example is to in
lude both pri
esand some measure of QoS. We present a general model for 
omputing a bi-
riteria equilibriumof several providers. We then examine parti
ular fun
tional forms, and the resulting properties,when the two parameters of ea
h providers are pri
es and a measure of QoS. For surveys on
ompetitive games in tele
ommuni
ation, see [1,3℄.The model 
an be 
onsidered an aggregate one; the network itself (sour
es and destinationsof requests) are not taken into a

ount. We assume that the demand for the servi
es of a givenservi
e provider (SP) is a fun
tion of the ve
tors of pri
es and QoS of all servi
e providers. Ourmethodology is inspired by [4℄ who studied a dynami
 
ompetitive inventory 
ontrol model thatin
ludes both pri
ing as well as a quality parameter. The authors redu
ed the problem to astati
 game of a form similar to that whi
h we study.In the next se
tion, we provide the model setting and theorems for existen
e and uniquenessof equilibria. Se
. 2.2 presents the demand model and establishes properties of the equilibriumwhen the QoS are �xed and 
ompetition o

urs through pri
es. The next two se
tions 
on
ern
hara
terizations of the equilibria and analyze 
ompetition both in pri
es and in QoS. Twospe
i�
 QoS measures are 
onsidered: delay (Se
. 3) and loss probabilities (Se
. 4). Se
. 4in
ludes several ways of modeling loss probabilities in
luding pa
ket loss versus session reje
tionprobability, and the in
uen
e of in
orporating large-deviation s
aling.2. Model and general properties2.1. Model settingLet us 
onsider a game in whi
h there areN servi
e providers, SP, denoted by I = f1; 2; ::; Ng.Ea
h provider sets two servi
e parameters: (p; f) 2 RN+N+ . (We use bold fa
e to denote a ve
tor,e.g. p; its ith 
omponent is pi.) Although the two parameters 
an be general, we shall regardthe �rst as pri
es (pi is the pri
e that SP i 
harges his subs
ribers per unit demand) and the�This work was supported by a resear
h 
ontra
t with Fran
e Tele
om R&D No. 001B001



se
ond as a QoS measure (delay, loss or reje
tion probability, et
). Then, SP i experien
es ademand for its servi
e, Di : RN+N+ 7! R+ whi
h depends not only on its own parameters, piand fi, but also on the pri
es and QoS o�ered by its 
ompetitors; that is, Di depends upon theentire pri
e ve
tor p = (p1; p2; ::; pN ) and the entire QoS ve
tor f = (f1; :::; fN ). In this work,we shall use a linear demand model, whi
h will be de�ned subsequently.The utility fun
tions of the servi
e providers are given by U : RN+N+ 7! R+ . We suppose thatall servi
e providers' strategies are de�ned by the following orthogonal 
onstraints; then, thestrategy spa
e, Ri, of provider i is given by the subset of R2 :Ri = f(pi; fi) : 0 � ĝi(fi) � pi � pmax; 0 � fmini � fi � fmaxi g; (1)where pmini = ĝi(fi). (The dependen
e of pmini on fi through the fun
tion ĝi will allow us toeliminate expli
itly poli
ies that will result in negative pro�ts for a servi
e provider). The fa
tthat there is an upper bound on pri
e re
e
ts the fa
t that beyond some pri
e, demand will bezero (what ever the pri
es and QoS levels of 
ompetitors are). In addition, ĝi is assumed 
onvexso that the strategy spa
e of player i is 
onvex, for all i 2 I. We further de�ne:Rpi(fi) = fpi : 0 � ĝi(fi) � pi � pmaxg; Rfi = ffi : 0 � fmini � fi � fmaxi g; (2)R = R1 � � � �RN ; Rp(f) = Rp1(f)� � � �RpN (f); Rf = Rf1 � � � �RfN : (3)Along with the model of the servi
e providers, we in
lude a model of the (single) networkowner, who may 
harge ea
h servi
e provider, i, a 
ost per unit of bandwidth requested asa fun
tion of the two 
riteria it requires, pi and fi. Then, the total pri
e 
harged to theservi
e provider will be a fun
tion of that per-unit pri
e and of the demand that the provider iexperien
es. That is, given the aggregate demand di = Di(p; f) of SP i, we asso
iate with SPi a 
ost fun
tion given by Ri(pi; fi; di), representing the fee that i pays to the network owner.We next de�ne the Nash equilibria that we are interested in 
omputing. The �rst involvesea
h servi
e provider setting a single parameter, as a fun
tion of those of all other providers,and the se
ond involves simultaneous setting of both parameters by all providers, as a fun
tionof those of all other providers. As mentioned, our approa
h is inspired by [4℄ who studied adynami
 
ompetitive inventory 
ontrol model in
luding both pri
ing and a quality parameter.De�nition 11- [Single-parameter Nash equilibrium℄ Let Ui(p; f) be the net revenue2 of SP i, when the ve
torof pri
es set by all providers is p, and the ve
tor of QoS parameters, f ; of all providers is �xedat some point, f̂ . Then, a single-parameter Nash equilibrium in p at f̂ is the ve
tor p� thatsolves the for all i 2 I:Ui(p�; f̂) = maxpi2Rpi(f̂)Ui(p�1; :::; p�i�1; pi; p�i+1; ::; p�N ; f̂): (4)2- [Two-parameter Nash equilibrium℄ Let Ui(p; f) be the net revenue of SP i, when both parametersare set simultaneously by all providers: (p; f). A two-parameter Nash equilibrium in (p; f) isthe ve
tor 
ouple (p�; f�) that solves for all i 2 I:Ui(p�; f�) = max(pi;fi)2Ri Ui(p�1; :::; p�i�1; pi; p�i+1; ::; p�N ; f�1 ; :::; f�i�1; fi; f�i+1; ::; f�N ): (5)2.2. Demand modelWe suppose that the average demand, Di(p; f), is linear in all pri
es and QoS levels. Fora parti
ular SP i, the demand for its servi
e, Di de
reases in its pri
e, pi, but in
reases in its
ompetiitors' pri
es, pj, j 6= i. The analogous relationship holds in QoS, but then, Di is in
reasesin fi and de
reases in fj, for j 6= i. We have:Di(p; f) = ai � bipi + Xj2I; j 6=i 
ijpj + �ifi � Xj2I; j 6=i 
ijfj; (6)with bi, 
ij , �i, 
ij positive 
onstants. We next make the following blanket assumptions:2The net revenue 
an be expressed as the in
ome minus the 
ost Ri. Examples will be given in later se
tions.



Assumption 1 3 We assume that the demand fun
tion of ea
h SP satis�es, for all i 2 I;Di(pmax � pmini ;0�i; f) � 0; 8f 2 Rf , where pmini = ĝi(fi), and 0�i is the N � 1-dim 0-ve
tor.Assumption 2 The 
onstants b and 
 satisfy : bi >Pj 6=i 
ij ; i 2 I:Moreover, assume that Diis non-negative over the strategy spa
e4Assumption 2 is needed to ensure uniqueness of the resulting equilibrium. It is furthermorea reasonable 
ondition; it implies that the in
uen
e of an SP's pri
e is signi�
antly greater onits own demand than are the pri
es of its 
ompetitors. This 
ondition represents the presen
eof 
ustomer loyalties and/or imperfe
t knowledge of 
ompetitors' pri
es.2.3. General QoS modelAlong with the model of the SPs, the (single) network owner 
harges ea
h servi
e provider, i,a 
ost per unit of bandwidth requested. We assume that the amount of bandwidth �i requestedby SP i depends on its demand and on the QoS it wishes to o�er (the higher the demand andthe better the QoS, the higher �i will be). For example, if the QoS is linear in the standardKleinro
k delay fun
tion (obtained from an M/M/1 queuing model), i.e. fi = 
 � 1=(�i � di),then �i(fi; di) = di + 1=(
� fi).Thus, given the aggregate demand di = Di(pi; fi), the fee paid by SP i 
an be written as:Ri = vi�i(fi; di), where �i(fi; di) 2 [0; B℄ is again the bandwidth required in order to guaranteethe QoS, fi; at a demand level of di for SP i, and vi is the pri
e to be paid per unit of bandwidth.2.4. Utility modelThe revenue of SP i is given by piDi(p; f), whereas the pro�t (or net revenue) of SP i is thedi�eren
e between the revenue and the fee it pays to the network owner,Ui(p; f) = piDi(p; f) �Ri(fi; di): (7)Later, we prove uniqueness of the Nash equilibrium for the pri
e game (4) in whi
h the 
apa
ity�i required by user i has the following form:�i(fi; di) = digi(fi) + hi(fi); (8)where gi and hi are positive fun
tions. Hen
e, the pro�t fun
tion be
omesUi(p; f) = Di(p; f)(pi � vigi(fi))� vih(fi):In the single-parameter Nash game, the strategy spa
e of ea
h SP i is given by (1) and inthe two-parameter game, the strategy spa
e is given by (2) where pmin = ĝi(fi) = vigi(fi). Notethat the sets Ri, and Rpi, i 2 I are 
onvex when gi is a 
onvex fun
tion.2.5. Properties of the general modelThe question is then, under general assumptions on the model fun
tions and data, when 
anwe ensure the existen
e and uniqueness of the resulting equilibrium a
ross servi
e providers. Tothis end, we assume the following of the utility fun
tions.Assumption 3 Without loss of generality, express the net revenue (or utility) of servi
e provideri as Ui = Ûi(p; f ; di) = Ui(p; f), i 2 I where, as before, di = Di(p; f). Assume that Ui is 
on-tinuous in (p; f) and 
on
ave in (pi; fi), for all i 2 I.Under Assumption 3, the existen
e of a Nash equilibrium follows from [8℄.We �rst 
onsider the single-parameter pri
e game (4) whi
h arises when the ve
tor of QoSlevels of all providers is �xed. Next, we 
onsider the two-parameter pri
e and QoS game.The following theorem is a generalization of [4, Thrm. 5℄ that established uniqueness of anequilibrium for a similar setting but when hi(:) are all zero and for some spe
i�
 fun
tions gi(:).By allowing for general gi and hi we shall be able to handle in the next se
tions a large numberof quality of servi
e fun
tions that are typi
al in networks.3The above assumption should be understood as imposing a relation between the parameters that de�ne the demandfun
tions. It 
ould seem unrealisti
, sin
e it allows demand to be negative. However, the nonpositivity of the demandfun
tion is required for pri
es outside the feasible strategie set Ri's. Therefore we are saying that if we extrapolated thedemand outside the feasible region, allowing other pri
es to be zero, we would get nonpositive demand.4SuÆ
ient 
ondition for Assumption 1: Let assumption 2 hold. In view of (6), if we 
hoose pmax large enough thenAssumption 1 will hold.



Theorem 1 [Uniqueness of Pri
e-based Nash equilibrium℄ Consider the pri
e game (4) whi
harises when the ve
tor of quality of servi
e levels f is �xed, and assume that Ri(f) are nonempty,i 2 I. De�ne Lii = 2bi, Lij = �
ij for i 6= j and qi = bivigi(fi) + ai + �ifi �Pj 6=i 
ijfj. Then1. The pri
e game has a unique equilibrium p�(f), with p�(f) = (I � T )�1��1q, where � =diag(2b1; :::; 2bN ), Tii = 0, Tij = 
ij2bj for i 6= j and qi = bivigi(fi) + ai + �ifi �Pj 6=i 
ijfj.2. The equilibrium pri
es p�i are in
reasing in ea
h of the unit pri
es vj.3. The equilibrium pri
es p�i are de
reasing in fj, j 2 I when g0j(fj) < Pl2I(L�1)il
jl�(L�1)ij�j(L�1)ijbjvjand in
reasing otherwise.Proof: Now we show the uniqueness of the equilibrium point. Sin
e p�(f) is a Nash equilibrium,it follows that p�i maximizes Ui(pi;p��i; f), where p�i = (p1; ::; pi�1; pi+1; ::; pN ). Moreover, wehavelimpi!vigi(fi) �Ui(pi; p��i; f)�pi = di(vigi(fi); p��i; f) � 0 (9)limpi!pmax �Ui(pi; p��i; f)�pi = �bipmax + bivigi(fi) +Di(pmax;p��i; f)= ai � 2bipmax +Xj 6=i 
ijp�j + bivigi(fi) + �ifi �Xj 6=i 
ijfj� ai � 2bipmax + pmaxXj 6=i 
ij + bigi(fi) + �ifi �Xj 6=i 
ijfj (10)< ai � bipmax + bivigi(fi) + �ifi �Xj 6=i 
ijfj (11)= di(pmax � vigi(fi);0�i; f) � 0 (12)where the transition (10)-(11) is from Assumption 2 and the last transition is from Assumption(1). Thus, p�i is the unique solution of the optimality 
onditions:0 = �Ui(p; f)�pi = �bi(pi � vigi(fi)) + di(p; f): (13)Then, p� is a solution to the following linear system : Lp = q, where Lii = 2bi, Lij = �
ij fori 6= j and qi = bivigi(fi) + ai + �ifi �Pj 6=i 
ijfj.To show the uniqueness of Nash equilibrium, it suÆ
es to show that the above linear systemadmits a unique solution. We observe that the matrix L 
an be written as: L = �(I � T )with � = diag(2b1; :::; 2bN ), and T = 0BBB� 0 ... 
1N2b1. . .
N12bN ... 0 1CCCA : The matrix T is substo
hasti
 sin
ePj 6=i 
ij2bi � bi2bi < 1. Thus L�1 exists and is equal to (I � T )�1��1 and p�(f) = L�1q = (I �T )�1��1q. Writing expli
itly one term from the equilibrium pri
e ve
tor, p�i (f), and rearrangingterms to identify dependen
ies on fi and fj independently, j 2 I, j 6= i, we have thatp�i (f) = (L�1)ii(ai + (bivigi(fi)) + fi((L�1)ii�i �Xj 6=i(L�1)ij
ji) +Xj 6=i(L�1)ij(aj + bjvjgj(fj) + �jfj)�Xj2IXl 6=i (L�1)ij
jlfl (14)Then, taking partial derivatives, we obtain: �p�i (f)�fj = (L�1)ijbjvjg0j(fj)+(L�1)ij�j�Pl2I(L�1)il
jl;,whi
h is negative when g0j(fj) < Pl2I(L�1)il
jl�(L�1)ij�j(L�1)ijbjvj :Next we make the following assumptions on the fun
tions gi and hi from De�nition (8) of�i. This will guarantee the uniqueness of the equilibrium (p�; f�) in the pri
e-QoS game (5).Several examples will be given in Se
tions 3 and 4.



Assumption 4 Let hi(:) = 0. Moreover, suppose that g(:) 2 C2 is 
onvex in
reasing, and itsderivative satis�es for all i 2 I: limfi!fmaxi g0i(fi) = +1:This is satis�ed in most queuing systems we study. Next we prove uniqueness of the equilibriumwhen pri
es and QoS levels are set by all players simultaneously.Theorem 2 [Uniqueness of Pri
e and QoS-based Nash equilibrium℄ Let Assumption 4 hold. Thepri
e-QoS problem (5) has a unique two-parameter Nash equilibrium (p�; f�), with f�i the uniquesolution to the following equations, for every i 2 I,g0i(f�i ) = �ivibi if �ivibi � g0i(fmini ) and f�i = 0 if �ivibi < g0i(fmini )Proof: Let ~Ui(p; f) = log[pi � vigi(fi)℄ + log[Di(p; f)℄. Note that (p�; f�) is an equilibrium inthe original utilities i� it is an equilibrium in their logarithms, i.e. of ~Ui. Sin
e gi is 
onvex byassumption, Ui is 
on
ave in (p; f). Under Assumption 4, we havelimfi!fmaxi � ~Ui(p; f)�fi = limfi!fmaxi �vig0(fi)pi � vigi(fi) + �iDi(p�; f) = �1: (15)This implies there is no Nash equilibrium at the 
onstraint boundary where fi = fmaxi , i 2 I.To show the uniqueness of the Nash solution, we must thus examine the interior of the feasibleregion with respe
t to the upper bound on the fi and show that there is pre
isely one point,(p�; f�), whi
h solves simultaneously the utility maximization problems of ea
h provider, i 2 I.Note from (15) that the lower limit, limfi!fmini � ~Ui(p; f)=�fi may be either positive or negative,and as su
h, the Nash equilibrium may arise at a point for whi
h f�i = fmini for some i 2 I.We do not need Lagrange multipliers for the 
onstraints on pi sin
e p�i is obtained at a pointwhere the partial derivative (13) is zero, possibly at the lower boundary, (9) and (12).Consider the following Kuhn-Tu
ker 
onditions. Lagrange multiplier, �i is on the lower bound
onstraint on fi for ea
h i. In other words, (p�; f�) is a Nash equilibrium if for every i 2 I, thereexist non-negative Lagrange multipliers �i s.t.0 = � ~Ui(p; f)�pi = 1(pi � vigi(fi)) + �biDi(p�; f) (16)��i = � ~Ui(p; f)�fi = �vig0i(fi)pi � vigi(fi) + �iDi(p�; f) (17)�i(fi � fmini ) = 0; �i � 0 (18)Multiplying (16) by 1=bi and (17) by 1=�i and substituting, we obtain �i�i = vig0i(fi)=�i�1=bipi�vigi(fi) ; and �i(fi�fmini ) = 0. It follows that g0i(f�i ) = �ivibi if �ivibi � g0i(fmini ) and f�i = fmini if �ivibi < g0i(fmini ). Fix-ing f = f�, we obtain p� through Theorem 1. Thus (p�; f�) is the unique Nash equilibrium.Next are two appli
ations of this framework, with two di�erent QoS measures.3. Case study I: expe
ted delay as QoSWe shall suppose in this se
tion that the measure de�ning the QoS, f; 
orresponds to somefun
tion of the expe
ted delay. We shall use the Kleinro
k delay fun
tion5 whi
h is a 
ommondelay fun
tion used in networking games [6℄. Instead of Minimizing delay, we 
onsider themaximization of the re
ipro
al of its square-root (in that way the QoS fi indeed in
reases as thedelays de
rease (this is similar to [7℄):fi = 1pDelay =p�i � di (19)5This fun
tion 
orresponds to a queuing delay in an M=M=1 queue with �rst-in-�rst-out dis
ipline or to the more generalM=G=1 queue under pro
essor sharing delay.



Thus �i(fi; di) = dig(fi) + hi(fi) where gi(fi) = 1 is indeed 
onvex and where hi(fi) = f2i . The
ost that SP i pays the network owner is vi[(f2i ) + di℄. Then, the net revenue of SP i isUi(p; f) = Di(p; f)(pi � vi)� vif2i : (20)We observe that this pro�t fun
tion is spe
ial 
ase of the one de�ned in (8), by taking gi(fi) = 1and hi(fi) = f2i . We shall make the following assumption:Assumption 5 6 The 
onstants b, v, and � satisfy: 2bivi > �2i ; i 2 IWe now pro
eed with the analysis of the pri
e-QoS game (5) (two-parameter) in whi
h pri
esand servi
es levels are set by all SPs simultaneously.Theorem 3 Let Assumption 5 hold. The pri
e-QoS game (5) with QoS, f given by (19) has aunique Nash equilibrium (p�; f�), with p�i in
reasing in ea
h vj, j 2 I.Proof: Assumption 3 is satis�ed by (5) with (19) and (20). Hen
e there is a Nash equilibrium.We next show that the Nash equilibrium is unique. We have seen, in the previous se
tion, thatthe partial derivatives of the pro�t fun
tions with respe
t to pri
e variables pi of ea
h providersi will be zero. In this se
tion, the upper and lower bounds on the quality of servi
e variables,fi may or may not be a
tive, and so we take a Lagrangian relaxation of those 
onstraints andexamine the Kuhn Tu
ker 
onditions of the resulting Lagrangian.To show the uniqueness of the Nash equilibrium solution, we show �rst that the pro�t fun
tionsUi are jointly stri
tly 
on
ave in (pi; fi) for all providers, i 2 I, so that the solution to systemde�ned by the Kuhn Tu
ker 
onditions is uniquely de�ned.To this end, note �rst that�Ui(p; f)�pi = �bi(pi � vi) +Di(p�; f) and �Ui(p; f)�fi = �i(pi � vi)� 2vifi�2Ui(p; f)�p2i = �2bi < 0; �2Ui(p; f)�pi�fi = �i; and �2Ui(p; f)�f2i = �2vi < 0:Sin
e �2Ui�f2i = �2vi < 0 and �2Ui�p2i = �2bi < 0, it suÆ
es to show that the determinant ofthe Hessian matrix H is positive, where H = 0B� �2Ui�p2i �2Ui�pi�fi�2Ui�fi�pi �2Ui�f2i 1CA. We have detH[Ui(p; f)℄ =�2Ui�f2i �2Ui�p2i � � �2Ui�pi�fi�2 = 4bivi � �2i > 0. The latter inequality follows from Assumption 5.We note that any solution to the following Kuhn-Tu
ker 
onditions is a Nash equilibrium: Forevery i 2 I, there exist non-negative Lagrange multipliers �i and �i su
h that0 = �Ui(p; f)�pi = �bi(pi � vi) +Di(p�; f) (21)�i � �i = �Ui(p; f)�fi = �i(pi � vi)� 2vifi (22)�i(fi � fmini ) = 0; �i(fmaxi � fi) = 0 (23)where �i and �i are the Lagrange multipliers 
orresponding to the min and max 
onstraints onthe values of fi. As before, we do not need Lagrange multipliers for the 
onstraints on pi sin
e p�iis obtained at a point where the partial derivative (21) is zero, possibly at the lower boundary,(9) and (12). It follows from (22) that if �i = 0 and �i = 0 we have f�i = �i2vi (pi � vi), if �i > 0we have f�i = fmini and if �i > 0 we have f�i = fmaxi . Hen
e, it follows that p� is solution of thefollowing linear system : Ap = r, where6Note that, for pri
e-sensitive demands, i, this assumption is likely to hold, sin
e in that 
ase, bi >> �i. For relativelypri
e-in-sensitive demands, who value above all QoS, Assumption 5 may still hold if the unit pri
e for 
apa
ity 
harged bythe network owner to SP i, vi is high.



Aii = 2bi � Æf�i��i=0g �2i2vi ; Aij = �
ij + Æf�j��i=0g
ij �j2vj ;Ri = bivi + ai + Æf�i��i=0g�2i2 �Xj 6=i Æf�j��j=0g
ij �j2 + �i(Æf�i>0gfmaxi + Æf�i>0gfmini )�Xj 6=i 
ij(Æf�i>0gfmaxj + Æf�j>0gfmini ):To show the uniqueness of Nash equilibrium, it suÆ
es to show that the above linear systemadmits a unique solution. We observe that the matrix A 
an be written as: A = �1(I�T1) with�1 = diag(2b1 � Æf�i��i=0g b212v1 ; :::; 2bN � Æf�i��i=0g b2N2vN ), andT1 = 0BBBBBB� 0 ... 
1N�Æf�i��i=0g
1N �N2vN2b1�Æf�i��i=0g �212v1. . .
N1�Æf�i��i=0g
N1 �12v12bN�Æf�i��i=0g �2N2vN ... 0
1CCCCCCAWe observe that the matrix T is substo
hasti
 sin
ePj 6=i 
ij � Æf�i��i=0g
ij �j2vj2bi � Æf�i��i=0g �2i2vi � Pj 6=i 
ij2bi � �2i2vi � bi2bi � �2i2vi < bibi = 1:The third inequality follows from Assumption 5. Thus A�1 = (I � T1)�1��11 andp�i = Xj2I(A�1)ij(bjvj + aj + Æf�j��j=0g�2j2 �Xk 6=j Æf�k��k=0g
jk�k2+�j(Æf�j>0gfmaxj + Æf�j>0gfminj )�Xk 6=i 
jk(Æf�j>0gfmaxk + Æf�k>0gfminj )):We 
on
lude that (p�; f�) is the unique solution of Kuhn-Tu
ker 
onditions (21)-(22) and there-fore the unique Nash equilibrium to the pri
e-QoS game (5).4. Case study II: Loss or reje
tion probability as QoSIn this se
tion, QoS 
orresponds to the loss probability, either pa
ket loss probability (e.g. atsome 
ommon input queue) or reje
tion probability in a loss network (su
h as a 
ir
uit swit
hednetwork): fi = (1 � P iloss)1=s, where P iloss is the loss probability. i.e,. P iloss := G(�i), where�i = di=�i is the traÆ
 intensity, and s � 1 a s
aling 
oeÆ
ient that adjusts the relativeimportan
e of the QoS parameter with respe
t to pri
e. Note that when s = 1, QoS enterslinearly in the demand fun
tion, D, whereas for s > 1, the QoS in
reases as a 
on
ave fun
tionof its parameters; in other words, for s > 1, we allow for de
reasing rates of return on the QoSprovided.7We use the notation G0(�) to denote the derivative with respe
t to � and we assume that G0(�)is positive fun
tion over the interval (0;+1). Hen
e, the loss probability is stri
tly in
reasingin �, and the fun
tion G�1 exists. Consequently, for all i 2 I,gi(fi) = 1G�1(1� f si ) (24)Indeed, sin
e G�1 exists, then di=�i = �i = G�1(1� fi), it follows that �i = 1G�1(1�fi)di. Hen
efrom (8), the fun
tion gi is given by (24). Note that fmini = 0 and fmaxi = 1 for every i 2 I.We present spe
ial 
ases for whi
h the assumption A4 is veri�ed. In 4.1 and 4.3 we 
onsideronly the linear relationship between QoS and loss probability, that is s = 1, whereas in 4.2 wegive results for stri
tly 
on
ave f as well.7De
reasing rates of return means that the marginal bene�t of QoS de
reases with in
reasing QoS levels This phenomenonis observed often in pra
ti
e; the amount that a user is willing to pay, per unit of QoS, de
reases as the level in
reases.



4.1. Pa
ket loss probability: a basi
 M/M/1/K queuing modelhere, the quality of servi
e 
orresponds to the loss probability, or probability of a full bu�er,in the M/M/1/K queue. We note that this 
ould be a good approximation for loss probabilitiesif the SP o�ers a

ess to a network, and the bottlene
k in terms of losses is in some 
ommoninput bu�er to that network. Thus,G(�i) := 8<: (1� �i)�Kii =(1 � �Ki+1i ) if 0 � �i < 1; Ki = 1; 2; 3; ::;1=(Ki + 1) if �i = 1; Ki = 1; 2; 3; ::; (25)where Ki is the bu�er size. Clearly, the derivative G0(�) is positive, hen
e we 
an use the aboveframework. Let the 
on
avity 
oeÆ
ient satisfy s = 1; implying that QoS measure f and lossprobabilities are linearly related.The next lemma 
hara
terizes the fun
tion gi with respe
t to servi
e levels fi, i 2 I.Lemma 1 The fun
tion gi(:) 2 C2 is 
onvex, in
reasing, and its derivative satis�eslimfi!1 g0i(fi) = +1; and limfi!0 g0i(fi) = 1:Proof: See Appendix in the full version of the paper [5℄ .The above result implies that the fun
tion gi veri�es Assumption 4. Hen
e, from Theorem 2,we have the following result.Corollary 1 The pri
e-QoS game (5) has a unique two-parameter Nash equilibrium (p�; f�),with f�i the unique solution to the equationsg0i(f�i ) = �ivibi if �ivibi � 1 and f�i = 0 if �ivibi < 1and p� is then obtained through Theorem 1.4.2. Pa
ket loss probability: in
orporating large-deviation s
alingLet Ploss be, as above, the loss probability for a M/M/1/K queue with K the bu�er size atthe queue. Given the probability of loss from (25), where �i := di�i , and letting the arrival rate,
apa
ity and bu�er size be s
aled by n, as in many-sour
e large-deviation s
aling, we obtain,letting n!1, limn!1 (1��i)�nKi1��nK+1i = (di��i)+di ; with (�)+ = maxf0; �g.Note that even though the bu�er size goes to 1, the delay remains 
onstant, as the 
apa
ity,�i, also goes to 1. In a deterministi
 
uid model, this has the interpretation of fra
tion of 
uidlost when the arrival rate ex
eeds 
apa
ity. Using (25), the QoS is then given by:fi = �1� (di � �i)+di �1=s : (26)Note that (26) is not a di�erentiable fun
tion due to the max operation. However, sin
e theQoS measure remains 
onstant (fi = 1) when 
apa
ity ex
eeds the demand, it is suÆ
ient to
onsider that the largest 
apa
ity implemented would be �i = di. Hen
e, we negle
t the max in(26). The bandwidth required to guarantee QoS fi is given by: �i = gi(fi)di with gi(fi) = f siThe pro�t of SP i is then: Ui(p; f) = Di(p; f)(pi � vif si ), where the strategy spa
e is given bythe subset Ri with Ri = f(pi; fi) : pmini � pi � pmaxi ; 0 � fi � 1g:We require the following assumption, whi
h is likely to hold, sin
e none of the 
onstants �; vor b should be zero in this setting.Assumption 6 The 
onstants b, v, and � satisfy: �i � bivi 6= 0Theorem 4 The pri
e-QoS problem (5) with Quality of Servi
e f as in (26) has a unique twoparameter Nash equilibrium (p�; f�), with f�i is given by:



1. For 
on
ave QoS 
oeÆ
ient, s > 1, that is, under de
reasing rate of return on the QoS,f�i = ( � �isvibi ) 1s�1 if �isvibi < 1;0 if �isvibi � 1:2. For s = 1, that is, under 
onstant rate of return on the QoS level, �i 6= bivi, i 2 I, so thatf�i = � 1 if �i < vibi;0 if �i > vibi:Proof: For all s > 0, the fun
tion gi is 
onvex, this implies that the fun
tion Ui is 
on
ave.Hen
e, we need only show that the pro�t fun
tion of ea
h provider i is jointly log-
on
ave in(pi; fi) for s = 1. Re
all that ~Ui denotes logUi. Note that� ~Ui(p; f)�pi = 1(pi � vifi) � biDi(p�; f) and � ~Ui(p; f)�fi = � vi(pi � vifi) + �iDi(p�; f)�2 ~Ui(p; f)�p2i = �1(pi � vifi)2 � b2iD2i (p�; f) < 0; �2 ~Ui(p; f)�pi�fi = vi(pi � vifi)2 + bi�iD2i (p�; f)�2 ~Ui(p; f)�f2i = �v2i(pi � vifi)2 � �2iD2i (p�; f) < 0:Sin
e �2 ~Ui�f2i < 0 and �2 ~Ui�p2i < 0, it suÆ
es to show that the determinant of the Hessian matrix His positive, where H = 0BB� �2 ~Ui�p2i �2 ~Ui�pi�fi�2 ~Ui�fi�pi �2 ~Ui�f2i 1CCA. We havedetH[ ~Ui(p; f)℄ = �2 ~Ui�f2i �2 ~Ui�p2i � ( �2 ~Ui�pi�fi )2 = �Di(pi � vifi)��4�[D2i + b2i (pi � vifi)2℄[v2iD2i + �2i (pi � vifi)2℄� [viD2i + bi�i(pi � vifi)2℄2�= (�i � bivi)2D2i (pi � vifi)2 > 0The latter inequality follows from Assumption 6.Next, we shall establish the uniqueness of the equilibrium. Note �rst that any solution tothe following Kuhn-Tu
ker 
onditions is a Nash equilibrium: For every i 2 I, there exist non-negative Lagrange multipliers �i and �i su
h that0 = � ~Ui(p; f)�pi = 1(pi � vif si ) � biDi(p�; f) (27)�i � �i = � ~Ui(p; f)�fi = � svif s�1i(pi � vif si ) + �iDi(p�; f) (28)�ifi = 0; �i(1� fi) = 0; (29)where, as before, �i and �i are the Lagrange multipliers 
orresponding to the min and max
onstraints on the values of fi; note, also as before, that we do not need Lagrange multipliersfor the 
onstraints on pi sin
e p�i is obtained at a point where the partial derivative (21) is zero,possibly at the lower boundary, (9) and (12). By multiplying (27) by �i and (28) by bi, andsumming the resulting equations, we obtainbi(�i � �i) = �i � svibif s�1i(pi � vif si ) (30)Now, we are going to detemine the QoS for s > 1. We have use the fa
t that the partialderivative � ~Ui(p;f)�fi is positive. Hen
e we do not need the Langrage mulitiplier �i for the 
on-straint fi � fmini � 0. A

ording to this, (30) be
omes bi�i = �i�svibifs�1i(pi�vifsi ) . We dedu
e that



f�i = ( � �isvibi ) 1s�1 if �isvibi � 1;1 if �isvibi > 1: .Letting now s = 1. It follows, then, from (30) with s = 0 that f�i = � 0 if �i < vibi1 if �i � vibi .Fixing f = f�, we obtain that p� is the unique solution of the linear system given by theorem 1.Thus (p�; f�) is 
onsequently is the unique Nash equilibrium.4.3. Session reje
tion probability: the Erlang loss formulaConsider now a model handling blo
ked 
alls in whi
h there are K servers available, and ea
hnewly arriving 
ustomer is given his own server; if a 
ustomer arrives when all servers are o

u-pied, that 
ustomer's request is lost. This system is of parti
ular interest in telephone networks,and is known as Erlang's loss formula. In terms of our notation, we have:P iloss = Gi(�i) = (�i)Ki=Ki!PKij=0(�i)j=j!We take the �rst derivatives of Gi(:) with respe
t to �. We obtainG0i(�i) = PKi�1j=0 (Ki�j)�Ki+j�1i =Ki!j![PKij=0(�i)j=j!℄2 > 0Hen
e the fun
tion G�1i exists.Let the 
on
avity 
oeÆ
ient, s = 1, i.e., QoS measure f and loss probabilities are linearlyrelated. Next we 
hara
terize the fun
tion gi with respe
t to fi.Lemma 2 The fun
tion gi(:) 2 C2 is 
onvex, in
reasing, and its derivative satis�eslimfi!1 g0i(fi) = +1; and limfi!0 g0i(fi) = 1KiProof: See Appendix in the full version of the paper [5℄.Combining the last lemma with Theorem 2 we obtain the following result.Corollary 2 The two-parameter pri
e-QoS game (5) has a unique Nash equilibrium (p�; f�),with f�i the unique solution to the equations ( g0i(f�i ) = �ivibi if Ki � vibi�if�i = 0 if Ki < vibi�i and p� is obtainedthrough Theorem 1.REFERENCES1. E. Altman, T. Boulogne, R. El Azouzi, T. Jimenez, and L. Wynter "A survey on networkinggames in tele
ommuni
ations" to appear in Tele
ommuni
ations Systems. Available at http://www-sop.inria.fr/mistral/personnel/Eitan.Altman/ntkgame.html2. E. Altman, R. El Azouzi and V. Abramov, \Non-
ooperative routing in loss networks",Performan
eEvaluation, Vol 49, Issue 1-4, pp43-55, 2002.3. E. Altman and L. Wynter, "Equilibrium, games, and pri
ing in transportation and tele
om-muni
ations networks" submitted to the spe
ial issue of "Networks and Spa
ial E
onomi
s",on "Crossovers between Transportation Planning and Tele
ommuni
ations", 2002 Available athttp://www-sop.inria.fr/mistral/personnel/Eitan.Altman/ntkgame.html4. F. Bernstein and A. Federgruen, \A general equilibrium model for de
entralized supply 
hains withpri
e- and servi
e-
ompetition", Available athttp://fa
ulty.fuqua.duke.edu/~fernando/bio/5. R. El Azouzi, E. Altman and L. Wynter, \Tele
ommuni
ations Network Equilib-rium with Pri
e and Quality-of-Servi
e Chara
teristi
s", 2003 Available at http://www-sop.inria.fr/mistral/personnel/Ra
hid.Elazouzi/moi.html.6. A. Orda, R. Rom and N. Shimkin, \Competitive routing in multi-user environments," IEEE/ACMTrans. on Netw., 510-521, 1993.7. S. H. Rhee and T. Konstantopoulos, \Optimal 
ow 
ontrol and 
apa
ity allo
ation in multi-servi
enetworks," 37th IEEE Conf. De
ision and Control, Tampa, Florida, De
ember 1998.8. J. Rosen, \Existen
e and uniqueness of equilibrium points for 
on
ave n-person games", E
onomet-ri
a, vol. 33, pp. 520-534, 1965.


