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Abstract

The technique of watching two literals per clause to deteemhen a clause becomes a unit clause was intro-
duced recently in the Chaff satisfiability program. Thatgyeom does not perform either equivalent-literal detection
or binary-clause detection. We describe a generalizatfotihe technique that handles the tracking necessary to
support equivalent-literal detection and binary-claustedtion. Both generalizations are designed to preseeve th
important property of the original method that unbindingaaiable is very efficient. We decribe a data-structure
technique called “lazy deletion” that permits several agiens to be performed in amortized constant time, where the
more straightforward implementation might require lindare per operation. The overall efficiency of generalized
technique is analyzed. Preliminary implementation resate reported.

1 Introduction

A new technique foboolean constraint propagationas reported recently, as part of the satisfiability sohened
Chaff2[MMZ T01]. The previously favored technique was published by Dald Etherington [DE92], and involved
maintaining an exact count of how many literals in each @dawusrenot currently contradicted. The new technique,
which may be calledvatching two literals only keeps track of whether at least two literals in the séaare not
currently contradicted. In the Chaff2 environment, thigmugh information because it only processes unit clauses.
This note investigates how to generalize the idea (effiigid environments where (a) binary clauses need to be
detected, and/or (b) equivalent-literal identificatiorbmsing carried out. The main problem is that in the Chaff2
environment (essentially a DPLL environment [DLL62]) aiadte v has three possible states: frémie, or false
whereas in the presence of equivalent-literal identiftcathere are2(n — 1) additional states: equivalent-tou,
whereu is any other variable in the formula.

A major point made by the authors of Chaff2 is that the bookk&gtechniques can make an order-of-magnitude
difference in the program’s speed. In particular, they pout that watching two literals requires “no” work when
a literal binding is retracted during backtracking. Anatpeint they make is that the cache is used very efficiently,
compared to earlier techniques. The generalizations wegs®try to preserve these properties. For that reason, we
would like to avoid straightforward methods such as replge&quivalent literals throughout the formula, or settitig a
literals in an equivalence class to true when one of themtitogeue.

First we review the basic method (filling in some details ¢edtfrom the Chaff2 paper), then we describe the
generalizations to accommodate equivalent-literal idieation. We note that equivalent-literal identificatioasbeen
found to be effective in earlier studies [Pre95, VGT96, i0M this note we do not studijow to detecequivalent
literals, but only how to utilize the information, once thane detected.
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Figure 1: Basic clause arrays for a formula with 3000 lite@hd clauses numbered 1-1000. Clause 1 contains three
literals (25, —14, 33) and one watched literal (25). Clauserains two literals (25, —33) and two watched literals.
Clause 3 has been deleted. Clause 4 contains four liter2fis €19, 15, —16) and two watched literals (=25, —19).

Nearly all complete satisfiability solvers are in the DPLImity (for Davis, Putnam, Loveland, and Logemann
[DLL62]). They search for a satisfying assignment by fixiragiables one by one and backtracking when an assign-
ment forces the formula to Halse The procedure is not very effective in its original form{lithas been enhanced
with various techniques to reduce the search space. Tasbsip choose the branch variable are a separate topic,
not treated here. Reasoning techniques can be broadlyfiddssspreorderandpostorder Preorder techniques are
applied as the search goes forward, and include unit-clarggEagation (also called boolean constraint propagation)
binary-clause reasoning, equivalent-literal identifmat and others [BS92, Pre95, VGT96, Li00].

Postorder techniques are applied when the search is abbatktrack, because a “conflict” has been discovered
[SS96, Zha97, BS97, MMZ01]. Postorder techniques are variously called non-cHaomical backtracking, conflict-
directed back-jumping, and learning. The “learning” lalsebased on the fact that new clauses can be added to the
formula; we call these clauspsstorder lemmasA postorder lemma consists of the negations of the litarelsmake
up a conflict set. In none of these works have preorder anamesttechniques been combined (except for unit-clause
propagation). A companion paper (also submitted to AMAJ-8@dresses this issue. For this note we do not study
how to derivepostorder lemmas, but we assume they will be derived andtrhiagre hundreds or thousands of literals
in one clause. Itis in such long clauses that watching ontylitgrals pays major dividends.

2 Notation and Basic Data Structures

In CNF, the formula is a conjunction of clauses and each eleaua disjunction of literals; each literal is a propositibn
variablez or its negation-z. We denote a clause &g, ¢, - . ., ¢x] and a formula ag§C;,Cs, ..., C,,}. An empty
formula istrue and[], the empty clause, ifalse We also define theautologous clausé&’, which is true under any
assignment. The formula hasvariablesyn clauses, and. (occurrences of) literalsnp and L can vary if clauses are
added and deleted. We usdor the length of the formula.

The variables of the formula are represented by positivegiats,1, . . ., n; negative literals are negative integers.
Two arrays of integers record the clauses in the formulayggested in Figure 1. Thel Of f set s array permits
any clause to located in constant time, given its clause rumhich never changes. The clause contents are stored
in cl Li t s; if this array is compacted after some clauses are deleted f set s is updated simultaneously. Note
that the clause information is a sequence of integers irgerp as followsnWat ched, cl Length,lit[ 1], ...,

[it[clLength].The numberof watched literalsimtt ched. We assumel Lengt h > 1.

3 TheTwo-Watched-Literal strategy

The basic idea of thevatched-literal strategys that a watched literal is either free or boundniee. When a watched
literal becomes bound talse it ceases to be watched.



For thetwo-watched-literal strategyan array of lists, calledat chedl n, is maintained; it is indexed by literals
from —n ton. The list of integersvat chedl n[ q] (usually) specifies the numbers of the clauses in whichelitgr
is a watched literal. This is true as longg@bas not been bound false

For a “normal” clause, the first two literals are its watchierals, andh\Wat ched = 2. As variables are bound
during the search, this property is maintained, if possible

Using Figure 1 as an example, suppose variable 25 is beingdotmtrue. The listwat chedl n[ - 25] will
contain 4, as well as other clauses where —25 is watcheds€&3dn this list need to be updated, as —25 ceases to be a
watched literal. We search to the right for a literal thatasfalse We first find —19, so we swap —25 with —19. But this
just puts —25 in the second position, where it still shouldvagched, so we search to right again for a literal that is not
false Suppose 15 ifalsg but —16 is either free drue. We swap —25 with —16, restoring the watched-literal proper
for the the first two literals of the rearranged clause. To plate the bookkeeping, we delete clause 4 from the list for
literal =25, and insert clause 4 in the list for —16. The newfiguration (includinghWat ched andcl Lengt h) is
(2, 4,-19, -16, 15, -25).

Now we turn to the exception. Again suppose variable 25 iadgpbbund tarue. This time, assume that 15 and
—16 are botHalse We still swap —25 with —19. But the second search fails. tom this, we reducaVat ched to
1. This denotes that clause 4 is effectively a unit clausd,iimplies the binding —19 frue. The configuration is:

(1, 4,-19, -25,-16, 15).

It might seem logical now to delete clause 4 from the list fab-because it is no longer watched, but here is
the trick: By leaving this clausm the list, when we are finished updating clauses, thenigtchedl n[ - 25] will
contain precisely those clauses that became unit clausa®aslt of binding 25 ttrue. In all such clauses —25 appears
as the second literal. Therefore, if 25 is unbound by backira, the listwat chedl n[ - 25] contains exactly those
clauses that are no longer effectively unit clauses, ands-2bstantly” their second watched literal. This is the isas
for the claim by the Chaff2 authors that variable unbindiag be done in constant time.

However, as we have presented the procedure, when a vabialli@g (say 25 #rue) is retracted, to preserve the
semantics of the data structure, it is necessary to vidihaltlauses imat chedl n[ - 25] and add 1 ta\Wat ched.

A lazy alternative is discussed later.

Also, depending on the implementatiar\\at ched might be reduced to 0 when a contradiction is discovered,
before conflict processing begins. Continuing with the fmes example, the binding 25true made clause 4 into the
(effectively) unit clause [-19]. It might also produce atusdause [19] elsewhere, and the processing of the binding 19
= true might subtract 1 again from\Wat ched in clause 4. Keeping clause 4 on the ligtt chedl n[ - 19] avoids
having to rebuild the list when the binding of 19 is retracted

4 ThreeWatched Literals

The generalization to three watched literals is straigiatésd. The value ohWat ched ranges from 0 to 3 instead
of 0 to 2. Now, when a binding, say = true, causes a failing search for a replacement literal in a elauisere
—q is watched anchWat ched = 3, the clause remains on the lisat chedl n[ - ¢] and 1 is subtracted from
nWat ched. This clause would be put on a list of effectively binary das. Similarly, ifnVWat ched < 3, we
know a replacement cannot be found, so we subtract 1 fridét ched, leave the clause on theg list, and queue
the clause for special processing according to its effediwmgth. The complications arise when equivalent-literal
identification is introduced.
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Figure 2: An in-tree without path compression to record egleince classes. 3 is the leader of 2; 10 is the leader of
-4, 8, and -9, etc.

5 Equivalent Literalsand Watched Literals

Equivalent-literal identification is a procedure that itdfes a set of literaldZ, that must have the same truth value or
else a conflict (empty clause) results. Let's assume thdtriesaset statements of the forgn= ¢, whereq and/ are
literals; ¢ called theleaderof the setF,. Of course, there is also a sBt , containing—g. We are not concerned with
the details of this procedure.

At any point in the computation, the literals of the formuta aartitioned into equivalence classes, sucltas
Some equivalence classes contain a single literal. As thelsgjoes forward, if the equatign= ¢ is discovered
(presumably from analysis of the effectively binary clasjdeut how does not matter), then the equivalence classes
of p and ¢ are merged. Upon backtracking, it becomes necessary toquate”p andq. That is, the present
equivalence class containing them both has to be dissohtedhe two former equivalence classes. Although very
efficient data structures for going forward are known (unither names union-find, dynamic equivalence relations,
path compression), we are not aware of corresponding sefrlbacking up. An apparently satisfactory method is
to simply record the previous state in the union-find datacstire (essentially an in-tree embedded in an array; see
Figure 2) every time a change to that structure is made gaingard. Then backing out the changes should not cost
more than installing them.

One possible way to incorporate the knowledge that ¢, where/ is the leader of)'s equivalence class is to
replace all occurrences gfby ¢ (and—q by —/) throughout the formula. This is not in keeping with the gpif the
watched literal strategy, and is likely to be expensive, sqwopose a different approach. Throughout this discussion
we assume that we are normally watching three literals;amis/adjustments should be made for watching a different
number.

To process the replacement,= ¢, we examine each clause in the kit chedl n[ ¢] . First, if none of the first
three literals is equivalent tg, this is a stale entry ig’s list and should be deleted; this is part of the lazy defetio
technique discussed later. Next, we try to find a literad the clause that is free or is boundttae; also the leader of
p must be different from the leader of any currently watchégtdil in the clause. If this succeeds, we swamdp;
we are done with this clause and delete it frgmlist. If no such replacement can be found, we simply adsi¢tduse
towat chedl n[ /] (leaving ong’s list also). Finally, since is not a leader, it is not considered for future branching.

Well, actually it is not that simple. The problem is that theuse might already be ofs list, either becausé
occurs in the clause or because some other literél,inccurs in the clause. Since we warwat ched to reflect the
number of watched literais different equivalence classeghen this situation occurs, we subtract 1 frokWt ched
for this clause.

Only variables that are leaders are eligible to be boundimor false Sayq is being bound tdalse either because
it was derived as a unit clause or it is being branched upohut&onsider the updating procedure for the watched
literals. Each clause imat chedl n[ ¢] is visited. First, if none of the first three literals is eqalent tog, this is a
stale entry ing’s list and should be deleted,; this is part of the lazy defetechnique discussed later. Now suppose
that one or more of the first three literadsequivalent ta;. As usual, ifnWat ched = 3, we try to find a new literal to
watch and if we succeed we can delete this clause frarist. Suppose this effort fails, artWat ched < 3 and we
know it must fail. Then we subtract 1 fromMat ched and leave the clause ifs list.

One of the themes of the literal-watching strategy is thattkpensive operations are efficient in their cache usage



[MMZ +01]. Our proposal tries to continue with this theme. Notisatta potentially expensive part of the update
operations just described consists of searching througltlduse literals for replacements, when the clause is very
long, as is typical for postorder lemmas. However, becahisesearching uses contiguous memory, a high cache hit
rate may be expected. Simultaneously, the search needet ehtries in the equivalence data structure, which is
something like Figure 2. Here the cache usage is probaldyfdéemrable, but the entire structurerigntegers, a fair
portion of which might live in the cache. We do not presentlyéitools to measure cache usage.

We now turn to the requirements for retracting a binding. Beybindingg = falseis being retracted. We know
that all clauses on the listat chedl n[ g] havenWat ched < 3. For simplicity and safety we visit each and add 1
to nWat ched. The list resumes its usual function of identifying thoseusles in whicly, or something equivalent to
q, is being watched.

Say the equivalence binding:= / is being retracted. Possibly the clausesvat chedl n[ ¢] should no longer
be inwat chedl n[ /] . Howeverwat chedl n[ /] can contain many clauses other than those that were added whe
q := ¢ was processed going forward. It would be quite inefficierdaarch for those that need to be deleted.

Instead we adoptlazy deletiortechnique. We leave the incorrect clausesdrt chedl n[ £] for the time being,
and we wait until the next time we traverse the list to find treemd delete them. Such incorrect entries in the list are
calledstale Sincef must be free and a leader at the tije= £ was bound going forward, the same is true at the time
it is being retracted. Thus the next time the listt chedl| n[ /] is traversed, it will be for some kind of binding fo
going forward (eithe¢ = falseor ¢ := some other leader). During this traversal stale listieatcan be detected and
deleted.

To summarize, the watched literal strategy in the presefdiéecal equivalences requires finding the leader of
a literal in many situations. Roughly speaking, the costspsrations are multiplied by the cost of finding leaders,
compared to an environment without literal equivalencédss €ost can be held to a near constant per “find” by using
the path compression strategy and in-trees, but the cdrfatzor is substantial, possibly 5 to 50. For this to pay off,
literal equivalences have to bring about large reductiaribé search space. There is some evidence for this [VGT96,
Li0Q], but it has to be re-evaluated in the context of postofdmmas.

6 Conclusion

The procedures described have been implemented using l&énad-watching policy and equivalent literal processing
However, the clauses supervised under this policy are drdge derived as postorder lemmas (i.e., as the result of
conflicts). The original formula is handled by older methods

The implementation is grafted onto an existing prograoi, VER which is described in greater detail in a com-
panion paper also submitted to AMAI-02. The situation inethivatching only two literals pays greatest dividends is
when very long clauses are present. Postorder lemmas tdredldmg clauses.

The most important statement we can make at this time is tieatiethod works correctly in hundreds of tests.
The performance is satisfactory in terms of time, but thereathing with which to make a direct comparison. The
bottlenecks for the program are elsewhere: the memory usmikigh due to keeping too many postorder lemmas,
and the time is too great due to inefficiencies in binary agu®cessing.

One of the purposes of preparing this report is to assistogisearchers to incorporate the literal-watching styateg
in environments that perform equivalent-literal proceggie.g., [Li0Q]), hopefully starting from a better basettive
did.
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