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Abstra
tUn
ertainty representation is a major issue in pattern re
ognition. In many appli
a-tions, the outputs of a 
lassi�er do not lead dire
tly to a �nal de
ision, but are usedin 
ombination with other systems, or as input to an intera
tive de
ision pro
ess. Insu
h 
ontexts, it may be advantageous to resort to ri
h and 
exible formalisms for rep-resenting and manipulating un
ertain information. This paper addresses the issue ofun
ertainty representation in pattern 
lassi�
ation, in the framework of the Dempster-Shafer theory of eviden
e. It is shown that the quality and reliability of the outputsof a 
lassi�er may be improved using a variant of bagging, a resample-and-
ombineapproa
h introdu
ed by Breiman in a 
onventional statisti
al 
ontext. This te
hniqueis explained and studied experimentally on simulated data and on a 
hara
ter re
og-nition appli
ation. In parti
ular, results show that bagging improves 
lassi�
ationa

ura
y and limits the in
uen
e of outliers and ambiguous training patterns.Keywords: Supervised pattern re
ognition, K-Nearest Neighbor rule, De
ision fu-sion, Dempster-Shafer theory, Eviden
e theory, Bootstrap, Bagging, Chara
ter re
og-nition.



1 Introdu
tionSupervised pattern re
ognition, or 
lassi�
ation, is 
on
erned with the design of de-
ision rules whereby entities, des
ribed by feature ve
tors, are assigned to prede�ned
ategories. Whereas 
lassi�
ation systems are sometimes used dire
tly to trigger spe-
i�
 a
tions, it is often the 
ase that the outputs from a 
lassi�er are used in 
ombi-nation with other sour
es of information, or are presented to a human de
ision makervia an intera
tive de
ision-aid system. Su
h situations o

ur, for example, in medi
alor te
hni
al diagnosis, weather fore
asting, �nan
ial de
ision making, and even in 
er-tain 
hara
ter re
ognition appli
ations in whi
h ambiguous patterns are reje
ted forfurther intera
tive pro
essing. In su
h 
ontexts, it is parti
ularly important to providenot only an indi
ation of the most plausible 
lass, but also a faithful des
ription ofthe plausibility (taken here in a broad sense) of various hypotheses regarding the 
lassof the pattern under 
onsideration. Un
ertainty representation and management thusplay an important role in pattern re
ognition.In the last thirty years, the issue of un
ertainty representation has re
eived 
on-siderable attention in the 
omputer s
ien
e and ele
tri
al engineering 
ommunities.New theoreti
al frameworks su
h as possibility theory [27℄ and eviden
e theory [17℄have been proposed as alternatives to Bayesian probability theory to des
ribe, manip-ulate, and reason with partial knowledge and unreliable information. In parti
ular,the so-
alled Dempster-Shafer (D-S) theory of eviden
e, �rst proposed by Shafer [17℄and further elaborated by many authors (see, e.g., reviews in Refs. [18, 21, 23℄) hasbeen shown to 
onstitute a ri
h and 
exible framework, in whi
h the 
on
epts of aprobability and possibility measures are re
overed as spe
ial 
ases of the more general
on
ept of belief fun
tion. This theory has been su

essfully applied in many areassu
h as diagnosis [22℄, sensor fusion [2, 12℄ and pattern 
lassi�
ation [4, 8, 16, 26℄.When applying D-S theory to 
lassi�
ation tasks, the 
onstru
tion of belief fun
-1



tions from observation data is a 
ru
ial step. Typi
ally, a training set of patternsfxigNi=1 with known 
lassi�
ation is given, and one wishes to quantify one's beliefs
on
erning the 
ategory of a new pattern x submitted to the system. A method forinferring a belief fun
tion in this 
ontext is the evidential K-NN rule previously in-trodu
ed by one of the authors [4, 15, 28℄. In this method, ea
h training example xiis treated as an item of eviden
e regarding the unknown 
lass of the pattern x under
onsideration. The strength of this eviden
e is assumed to be a de
reasing fun
tionof the distan
e between x and xi. A belief fun
tion is 
onstru
ted by pooling theeviden
e from the K nearest neighbors of x in the training set.In this paper, it is proposed to improve this method using a variant of a te
hniqueproposed by Breiman [3℄ in a 
onventional statisti
al 
ontext to improve the stability of
lassi�
ation rules. In this te
hnique, known as \bagging", B \bootstrap" samples aregenerated by drawing instan
es with repla
ement from the original data set. Ea
h ofthese samples is then used separately as a training set, resulting in the 
onstru
tion ofB distin
t 
lassi�ers whi
h are then 
ombined using the majority rule. In the presentpaper, a modi�
ation of this te
hnique is proposed, in whi
h ea
h bootstrap sampleyields a belief fun
tion, and the B belief fun
tions are 
ombined in an appropriate waybefore a de
ision is made. This method is shown experimentally to provide a more\realisti
" des
ription of the un
ertainty pertaining to the 
lassi�
ation task, leadingto improved 
lassi�
ation performan
es.The paper is organized as follows. After an introdu
tion to the main 
on
eptsof eviden
e theory and their use in pattern re
ognition (Se
tion 2), the 
entral ideaof this paper, i.e., the adaption of the bagging approa
h to evidential 
lassi�ers, isexplained in Se
tion 3. The rest of the paper is then devoted to the presentationand dis
ussion of experimental results obtained in an arti�
ial learning task (Se
tions4-6) and in an opti
al 
hara
ter re
ognition appli
ation (Se
tion 7). In parti
ular, thelatter experiment investigates the e�e
t of bagging in an information fusion 
ontext,2



the 
lassi�er outputs being 
ombined with a rule expressing prior knowledge. Finally,Se
tion 8 
on
ludes the paper and presents dire
tions for further resear
h.2 Ba
kground2.1 Theory of Belief Fun
tionsOnly the main 
on
epts of the Dempster-Shafer theory of belief fun
tions will be re-
alled here. The reader is referred to Shafer's book [17℄ for a detailed exposition of themathemati
al ba
kground, and to more re
ent papers su
h as, e.g., Refs. [23, 24, 25℄for up-to-date presentations of the latest developments in both the theoreti
al aspe
tsand pra
ti
al appli
ations of belief fun
tions. Note that debates on the relevan
eof the Dempster-Shafer model, and parti
ularly on its relationship with probabilitytheory have sometimes been obs
ured by misunderstandings regarding the nature ofbelief fun
tions at the semanti
 level [20, 21℄. Although our approa
h is not tied to aparti
ular interpretation of belief fun
tions, we shall adopt the non-probabilisti
 viewof Smets' Transferable Belief Model (TBM), whi
h 
onstitutes a 
oherent and justi�edapproa
h [23, 25℄.In short, the main assumptions underlying the TBM are that (1) degrees of beliefare quanti�ed by numbers between 0 and 1; (2) there exists a two-level stru
ture
omposed of a 
redal level where beliefs are entertained, and a pignisti
 level wherede
isions are made; (3) beliefs at the 
redal level are quanti�ed by belief fun
tions,while de
isions at the pignisti
 level are based on probability fun
tions; (4) when ade
ision has to be made, beliefs are transformed into probabilities using the so-
alledpignisti
 transformation.
3



The 
redal levelLet 
 = f!1; : : : ; !Mg be a �nite possibility spa
e 
ontaining all the possible answersto a 
ertain question (the truth lies ne
essarily somewhere in 
). In the type ofappli
ations envisaged here, 
 is the set of possible 
lasses for an obje
t with unknown
lass membership. It is assumed that any item of eviden
e 
an be represented by abelief stru
ture, or basi
 belief assignment, de�ned as a fun
tionm from 2
 (the powerset of 
) to the [0,1℄ interval, verifyingXA�
m(A) = 1: (1)and m(;) = 0. The value of m(A) 
an be interpreted as the \mass" of belief that isgiven to A and that 
annot be given to any other subset without further information.In parti
ular, m(
) = 1 represents total ignoran
e (m is then 
alled the va
uous beliefstru
ture), and m(f!1; !2g) = 1 means 
omplete 
ertainty that either hypothesis 1 orhypothesis 2 is true (with no eviden
e in favor of any one of them individually).The information 
onveyed by a new sour
e of belief 
an be in
orporated to the
urrent belief stru
ture by use of the Dempster's rule of 
ombination [19℄. This 
an bedone only if the sour
es of belief are independent and non-totally 
ontradi
tory (thatis, two belief stru
tures m1 and m2 
an be 
ombined if there is A � 
 and B � 
with A \ B 6= ;, su
h that m1(A) > 0 and m2(B) > 0). This 
ombination 
reates anew belief stru
ture m on 
 that represents the new state of knowledge, de�ned, forea
h C � 2
 n ;, as: m(C) = 11� � XA\B=Cm1(A)m2(B) (2)� = XA\B=;m1(A)m2(B): (3)The normalizing fa
tor � is interpreted as a degree of 
on
i
t between the two sour
es:when � = 1, the 
on
i
t is total and the sour
es 
annot be 
ombined.4



The pignisti
 levelGiven a belief stru
ture, di�erent 
riteria 
an be used to 
hoose one hypothesis, su
has the maximum of plausibility [2℄, or the minimization of some given risk. We willuse here the pignisti
 risk minimization as de�ned and justi�ed by Smets [25℄ on anaxiomati
 basis.Let PBet be the so-
alled pignisti
 probability distribution, de�ned by uniformlydistributing the mass of belief given to ea
h subset of 
 among its elements:PBet(!) = XfA�
j!2Ag m(A)jAj 8! 2 
; (4)where jAj is the number of elements in A.In the TBM, the pignisti
 probability fun
tion is used for de
ision making a

ord-ing to the Bayes de
ision theory. Let A denote a set of a
tions, and �(�j!) the lossin
urred if a
tion � 2 A is sele
ted, ! 2 
 being the true state of nature. Then, theexpe
ted 
ost (or risk) when 
hoosing a
tion �, relative to the pignisti
 distribution,is: RBet(�) = X!2
 �(�j!) PBet(!) (5)= XA�
 m(A)jAj X!2A�(�j!): (6)The Bayes de
ision rule then re
ommends the a
tion � with the lowest expe
ted
ost RBet(�).2.2 Appli
ation to pattern 
lassi�
ationIn the �rst appli
ations of D-S theory to pattern re
ognition problem, the outputs from
onventional, probabilisti
 
lassi�ers were 
onverted into belief stru
tures for moree�e
tive 
ombination [13, 16℄. This was usually done through the use of 
lassi�
ation5



error rates [26℄, distan
es to 
lass 
enters [13℄, or 
lass-
onditional density estimates[2℄. More re
ently, Den�ux proposed an eviden
e-theoreti
 pattern re
ognition s
heme,named the evidential K-NN rule [4, 8℄, although it may be more a

urately des
ribedas an evidential kernel 
lassi�er. It takes fully advantage of the extensive represen-tation of beliefs, without resorting to any intermediate probabilisti
 representation.The outline of this approa
h is summarized below.Let x be the sample to be 
lassi�ed, 
 = f!1; : : : ; !Mg the set of 
lasses, andL = f(xi; yi)gNi=1 the learning set of known patterns, where yi 2 
 is the 
lass ofpattern xi. Ea
h example xi is 
onsidered as an item of eviden
e about the 
lass of x.If yi = !q, this eviden
e indu
es a belief stru
ture mi with fo
al elements f!qg and 
:mi(A) = 8>>><>>>: � exp(�
qkxi � xk2) if A = f!qg1� � exp(�
qkxi � xk2) if A = 
0 otherwise (7)where kxi�xk is the Eu
lidean distan
e between xi and x, and � and 
q (q = 1; : : : ;M)are positive parameters.This basi
 belief assignment is thus de�ned by a radially symmetri
 fun
tion 
en-tered on xi. Ea
h parameter 
q 2 R+ adjusts the in
uen
e of the patterns of 
lass qa

ording to their distan
e to x, while the 
ertainty expressed by training patterns islimited by parameter � 2 [0; 1℄ setting the minimum belief mass given to 
. These
oeÆ
ients 
an be determined from data by a fully automati
 pro
edure [28℄.The belief indu
ed by the training examples far from x is almost va
uous (knowingthe label of examples far away from the query point is not informative). Hen
e, for
omputational reasons, only the belief stru
tures provided by the K-nearest neigh-bors of x are evaluated. As they are independent from ea
h other, these K beliefstru
tures are simply 
ombined into a single stru
ture by means of Dempster's rule6



(2-3). This stru
ture represents the available information about the 
lass of x. It isused to 
ompute pignisti
 probabilities PBet(!jjx), from whi
h 
lass assignment 
anbe performed, using the approa
h des
ribed in Se
tion 2.1 [5℄. In this 
ontext, the setof a
tions may be de�ned as A = f�0; �1; : : : ; �Mg, where �i for i = 1; : : : ;M is thede
ision to 
lassify x in 
lass !i, and �0 denotes reje
tion. In this paper, the loss isassumed to be 1 in 
ase of a wrong 
lassi�
ation and 0 for 
orre
t 
lassi�
ation. Thereje
tion loss is assumed to be 
onstant, and equal to some value �0 2 [0; 1℄. We thushave: �(�ij!j) = 1� Æij 8i; j 2 f1; : : : ;Mg (8)�(�0j!j) = �0 8j 2 f1; : : : ;Mg; (9)where Æij is the Krone
ker symbol (Æij = 1 if i = j, and 0 otherwise).With these 
osts, the risks are de�ned, for ea
h a
tion, as follows :RBet(�ijx) = 1� PBet(!ijx); i = 1; : : : ;M (10)RBet(�0jx) = �0: (11)Ea
h pattern is thus assigned to the 
lass with highest pignisti
 probability, providedthis probability is greater that 1 � �0. Otherwise, it is reje
ted. Consequently, pa-rameter �0 allows to 
ontrol the reje
tion rate of the 
lassi�er.3 Sampling, Learning and Un
ertainty3.1 ProblemThe basi
 belief assignment de�ned by Eq. (7) handles the un
ertainty that stems fromthe possibly novel 
hara
teristi
s of the query sample. However, additional 
auses ofun
ertainty exist. First, the known instan
es xi are usually not \prototypi
al" pat-terns, su
h as measurement ve
tors obtained from some 
areful experimental design.7



They are re
ords of past solved 
ases, whi
h are supposed to be representative offuture unsolved 
ases. In probabilisti
 terms, they may be 
onsidered as randomlysampled from the distribution of future 
ases. This random sampling is responsiblefor some un
ertainty in the global belief assignment. This \sampling" un
ertainty
annot be represented by a basi
 belief assignment 
onditioned on a single realizationof the training set.Additionally, when the parameters of the basi
 belief assignment are tuned byminimizing some performan
e 
riterion on the training set, the learned parametersare also random variables, whose variability is responsible for another part of un
er-tainty. This is why we propose here the use of bagging, introdu
ed in the probabilisti
framework by Breiman to limit the e�e
ts of sampling on a learned de
ision rule.3.2 Bagging De
ision RulesBagging is a pro
edure for improving a 
lassi�
ation pro
edure using a resample-and-
ombine te
hnique [3℄. Breiman argues that its main e�e
t is to de
rease thevarian
e of the estimator, and advo
ates its use for unstable 
lassi�
ation methods,i.e. methods whi
h are sensitive to perturbations of the training set.\Bagging" is an a
ronym for \bootstrap aggregating". From the original de
isionrule, the bagged estimator is produ
ed by aggregating, using a majority vote, severalrepli
ates of the rule, trained on bootstrap resamples of the learning set. A bootstrapsample [11℄ is 
reated by drawing with repla
ement N examples from the learning setL = f(xi; yi)gNi=1. It has thus the same size as the original sample but may 
ontainrepli
ates of some given examples, while other ones are not represented. The draw-ing with repla
ement in L simulates the original sampling from the distribution thatgenerated L. Several empiri
al evaluations showed that the method almost systemat-i
ally improves the original predi
tor [3, 9, 10℄. In situations with substantial noise,8



its performan
e is also 
omparable to other ensemble methods su
h as boosting orrandomization [9℄.3.3 Bagging in the TBMIn pattern 
lassi�
ation, bagging is usually applied to the de
isions. In this paper,however, we propose to use it upstream, at the 
redal level. The main goal is to bettertake into a

ount the un
ertainty atta
hed to the �nite training set, in order to allowsteadier de
isions and, 
onsequently, to improve the result of further 
ombinationswhen new sour
es are available.Pra
ti
ally, B bootstrap learning sets Lb (b = 1; : : : ; B) are obtained by drawingwith repla
ement N examples from the original learning set L. Here, the bootstrap isbalan
ed, whi
h means that ea
h sample (xi; yi) is globally drawn B times over the Bresamples. Then, for a given unknown sample x, ea
h training set Lb produ
es a beliefstru
ture mb through a given evidential K-NN 
lassi�er. These are �nally aggregatedinto the average stru
ture mB, de�ned as:8A � 
; mB(A) = 1B BXb=1mb(A): (12)The usual bagging 
ombines votes by the majority rule on the B de
ision rules.Sin
e we are interested in un
ertainty representation, aggregation takes pla
e here atthe 
redal level, using the average operator. Note that the Dempster's rule of 
ombi-nation 
annot be used here, be
ause the belief sour
es are obviously not independent.Although other operators 
ould be used (this is a subje
t of on-going resear
h),averaging seems to be a good 
andidate as it is idempotent, 
ommutative and linear:�rst, getting B times the same stru
ture should lead to this same stru
ture afteraggregation (idempoten
y), se
ond, the resulting stru
ture should be independentfrom the aggregation order (
ommutativity), and third, the linear relationship between9




redal and probabilisti
 levels, introdu
ed by Smets [25℄ in the de
ision pro
ess, alsosupports linear aggregation (linearity).4 Experimental Settings4.1 The ProblemIn a �rst attempt to investigate the bene�ts of bagging, we will fo
us on an arti�
iallearning task. For easy problems, with well-separated 
lasses and large training sets,many di�erent algorithms usually yield similar results. A learning task of interestshould therefore involve overlapping 
lass distributions and a small learning set. Ad-ditionally, it should 
ontain outliers as these are frequently en
ountered in real datasets. Finally, we 
hose a bidimensional problem so as to easily represent and interpretthe results.In the experiments reported in the sequel, we 
onsidered three bidimensional Gaus-sian distributions with 
ommon 
ovarian
e matrix � = 2:25I and mean ve
tors (0; 0),(3; 0) and (0; 5). Ea
h training set L was 
onstru
ted by drawing 15 points fromea
h distribution. Additionally, to simulate the 
ontamination of the training setby outliers, 6 points with randomly sele
ted 
lass labels were drawn from a uniformdistribution on [�5; 9℄ � [�3; 8℄.To exhibit general trends, 15 training sets were generated from the same distribu-tion. Fig. 1 shows an example of su
h a generated set.4.2 EvaluationFor ea
h training set, the de
ision rule was evaluated on a single independent testset T generated from the same distribution as L with NT = 2000 � 3 + 800 items:2000 patterns in ea
h 
lass and 800 \outliers". The mean 
lassi�
ation 
ost C was10



estimated by the average of the 
lassi�
ation 
osts on the NT test points of T :C = 1NT X(x;y)2T �(D(x)jy) (13)whereD(x) 2 A = f�0; : : : ; �Mg denotes the de
ision made by the 
lassi�er for patternx. The 
osts were de�ned a

ording to Eqs (8) and (9): zero for 
orre
t 
lassi�
ation,one for wrong 
lassi�
ation and �0 for reje
tion.The 
lassi�
ation error rate E was estimated by the proportion of bad predi
tions(reje
tion is not an error) and the reje
tion rate R was de�ned as the proportion ofreje
ted items. We thus have the following relation between C, E and R:C = E+ �0R (14)The mean 
lassi�
ation 
ost was also 
omputed for the Bayes 
lassi�er, whoseoptimal solution provides a baseline to 
ompare results with and without bagging. Itsperforman
es also 
hara
terize the intrinsi
 diÆ
ulty of the task.4.3 ImplementationThe evidential K-NN rule des
ribed in Se
tion 2.2 requires the setting of M + 2parameters: K (number of neighbors), � and 
 = (
1; : : : ; 
M ). The bagged estimaterequires an additional parameter B for the number of bootstrap resamples of thelearning set.In the evidential K-NN rule, the in
uen
e of a neighboring ve
tor de
reases withits distan
e to the query point. Setting K = 8 was found to result in near-asymptoti
behavior while limiting the 
omputational expense. The in
uen
e of training patternsdepends on parameters � and 
 (see Eq. 7). As the in
uen
e of � on the 
lassi�
ationis low, it was set to the default 0:95 value [4℄. Regarding 
, we will pro
eed here intwo steps. First, all 
q are �xed (Se
tion 5); they are set to the same value (0.5) sin
e11



the three 
lasses have the same shape and the same number of items. Then, di�erentlearning strategies are tested in Se
tion 6.Finally, the average stru
ture mB estimates the expe
ted stru
ture over trainingsets. The expe
tation over training samples is ideally estimated by the expe
tationover bootstrap samples. Hen
e, the number B of bootstrap samples should tendtowards in�nity. In fa
t, the e�e
t of bagging is quite visible for values as low asB = 10. We used B = 50, as the small improvement a
hieved by higher values is notworth the 
omputation 
ost. Note that Breiman re
ommends values around 25.5 Results without LearningIn this se
tion, the results with and without bagging, for the problem des
ribed inSe
tion 4.1, will be 
ompared from three su

essive viewpoints: (1) the quality ofthe de
isions, (2) the 
loseness of the pignisti
 probabilities to the 
lass posteriorprobabilities, and (3) the ability of the output belief stru
tures to adequately representthe 
lassi�
ation un
ertainty.5.1 De
ision LevelFigure 2 shows mean 
lassi�
ation 
osts vs. reje
tion 
osts for the 15 experiments.The horizontal segments in boxplots represent the lower quartile, median, and up-per quartile over the 15 simulations. Minimal and maximal values are indi
ated bythe whiskers, and the plotted 
urve itself is the average over experiments. Bagging
learly improves 
lassi�
ation for low 
lassi�
ation 
osts, whi
h 
orrespond to higherreje
tion rates (the di�eren
e in the average mean 
lassi�
ation 
ost is signi�
ant tothe 5% level for 0 < �0 � 0:5 a

ording to the exa
t Wil
oxon signed ranks test format
hed samples). Its 
ost is half-way between the original algorithm and the Bayes
lassi�er. However, this bene�t vanishes for high values of �0 (low reje
tion rates).12



The improvement due to bagging is thus linked to its higher 
apa
ity to reje
t trulyambiguous patterns. In fa
t, the 
lass with maximum pignisti
 probability PBet(!j jx)is generally not modi�ed by the bagging pro
edure, but the pignisti
 probabilitiesvalues may be signi�
antly modi�ed so that reje
tion is more frequent.In agreement with what intuition suggests, taking into a

ount the un
ertaintydue to the �nite size of the training sample hardly modi�es the rank of the highestpignisti
 probability. Its value is however properly lowered, whi
h is interpreted asa more un
ertain out
ome. Bagging is thus bene�
ial when the values atta
hed tobelief assignments are of interest. Besides reje
tion, all appli
ations where a measureof un
ertainty should be atta
hed to the de
ision are 
on
erned.Remark: In our method, ea
h bootstrap resample of the training set generates abelief stru
ture for ea
h x. These B stru
tures are �rst aggregated by averaging, andthe de
ision is then based on this average belief stru
ture. The faithful transpositionof the original proposition of Breiman would have been to perform a majority votebetween the de
isions provided by the B 
lassi�ers. Experimental results (not shownhere) show that this strategy is a poor 
hoi
e in the TBM framework. This suggeststhat the evidential K-NN pro
edure already provides stable de
ision rules, a �ndingin agreement with Breiman's results 
on
erning the standard K-NN [3℄.5.2 Pignisti
 LevelWhile it may be possible to display the e�e
t of bagging at the 
redal level, there is nosatisfa
tory 
riteria for measuring the relevan
e of a belief stru
ture. We thus resortto the study of pignisti
 probabilities whi
h give more information on beliefs than thede
isions themselves.The results regarding mean 
lassi�
ation 
ost suggest that, with bagging, thepignisti
 probabilities PBet(�jx) should be 
loser to the posterior probabilities p(�jx).13



The latter 
an be 
omputed exa
tly from the densitiesf(xj!j) = 1517fN (x;�j ;�) + 217fU (x) (15)where fN (�;�;�) is the Gaussian density of mean � and 
ovarian
e matrix � andfU (�) is the uniform distribution on [�5; 9℄ � [�3; 8℄ (see Se
tion 4.1). Knowing thatall priors p(!j) are equal to 1=3, the posterior probabilities are dire
tly obtained byBayes' rule.The overall mean quadrati
 error on posterior 
lass probabilities is 40% lower whenbagging is applied. As our two-dimensional example allows us to visualize probabilitysurfa
es, it is possible to 
hara
terize situations where bagging in
urs signi�
ant mod-i�
ations of probabilities. An example is given in Fig. 3, whi
h shows that baggingperforms a data-dependent smoothing, highly e�e
tive in regions where data is s
ar
e,and otherwise less marked. Hen
e, the main di�eren
es o

ur at 
lass boundaries andfor outliers (one is situated at the left-hand side of the graph).In terms of estimation errors, the result is bene�
ial, as displayed in Fig. 4.Bagging thus yields a better representation of un
ertainties, stemming either fromambiguity (where 
lasses overlap) or from la
k of information (in regions of low densityof training patterns).5.3 Credal LevelAt ea
h point x, the aggregated belief stru
ture is the average of 50 belief stru
tures.The distribution of these stru
tures indi
ates the relevan
e of the average operator foraggregating beliefs regarding un
ertainty representation.At the 
redal level, the e�e
t of bagging is again visible in the regions whereoutliers were present in the learning set or where 
lasses overlap. Fig. 5 shows themass distributions of the B stru
tures asso
iated to two test examples. These aregiven to ea
h of the four hypotheses !1, !2, !3 and to the referen
e set 
.14



In the low-probability density regions, the masses on the three hypotheses !jare small be
ause the neighbors are far from x. Mu
h of the mass then goes to 
,whi
h is always fully 
ompatible with any more pre
ise hypothesis; the remainingmass is usually given to the nearest neighbor 
lass. In the absen
e of 
on
i
t in theneighborhood, the average stru
ture is a good summary of the distribution, providinga good representation of un
ertainty.In ambiguous regions, some belief stru
tures that were produ
ed on bootstrappedtraining sets assigned most of the mass to one hypothesis or another (in our example!1 or !3) be
ause of high heterogeneity in the neighborhood. The resulting mass dis-tributions m(f!1g) and m(f!3g) are bimodal. Bagging through averaging distributesthe belief mass between the 
lasses in 
on
i
t, and provides a good 
ompromise atthe pignisti
 level. However, the average is not a faithful summary of multimodaldistributions. As a 
onsequen
e, no tra
e of the individual 
on
i
ts remains at theaggregated 
redal level. Possible answers to this problem will be mentioned in the
on
luding se
tion.6 Results with LearningIn the previous se
tion, the parameters � and 
 of the basi
 belief assignments wereset to arbitrary values. The e�e
t of bagging regarding un
ertainty due to the �nitesample size was thus isolated. This se
tion depi
ts the e�e
t of bagging regarding theun
ertainty pertaining to the learning of parameters. In the following simulations, �was �xed at 0.95 as it was shown to have only marginal in
uen
e on the 
lassi�
ationresults [4, 28℄.
15



6.1 In
uen
e of 
As explained in Se
tion 2.2, the in
uen
e regions of training patterns are 
ontrolledby 
 (Eq. (7)). Fig. 6 shows the mean 
lassi�
ation 
ost as a fun
tion of 
 for theoriginal 
lassi�er and its bagged version. Note that these 
urves, 
omputed on thetest set, 
ould not have been drawn in a real problem. Our goal here is to understandwhy bagging works, not to propose a method for 
hoosing 
.The bagged K-NN mean 
lassi�
ation 
ost is always lower than that of the originalalgorithm, for all values of 
 and all reje
tion 
osts. Thus, the results presented inthe previous se
tions are representative of what would be obtained for any value of 
.The 
omparison of the two plots in Fig. 6 also shows that the di�eren
es between thetwo methods are larger for small reje
tion 
osts, regardless of 
.Looking now at both plots in Fig. 6, we see that bagging is more e�e
tive inimproving the original method for small values of 
, i.e., when all neighbors havealmost the same in
uen
e, regardless of their distan
e to the query sample. In this
ase, the resulting belief is too 
on�dent, and bagging neatly 
orre
ts it.In 
omparing the two graphs, it may be noted that, for the bagged algorithm, theoptimal 
 value is identi
al for both reje
tion 
osts, while it depends on �0 for thestandard algorithm. Indeed, these two values should ideally not intera
t, as beliefsshould not be a�e
ted by the 
onsequen
es of a
tions. These 
onsequen
es shouldonly be taken into a

ount in the de
ision pro
ess.Finally, the lower variability of C provides a steadier optimal 
 value and a lowersensitivity to errors in 
, in terms of mis
lassi�
ation 
ost. This stability results in animprovement of 
 estimation methods, as shown in the sequel.
16



6.2 Estimation of 
Although the �ne tuning of 
 is less important with bagging, we need a pra
ti
alway of estimating a relevant value. Here, we use the learning s
heme of Zouhal andDen�ux [28℄, whi
h minimizes the leave-one-out 
ross-validation estimate of the meanquadrati
 error on posterior probabilities.Fig. 7 shows the mean 
lassi�
ation 
ost as a fun
tion of the reje
tion 
ost forthe 15 experiments. As in the �xed-
 
ase, bagging is bene�
ial mostly for low 
las-si�
ation 
osts (the di�eren
e in the average mean 
lassi�
ation 
ost is signi�
ant tothe 5% level for 0 < �0 � 0:35 a

ording to the exa
t Wil
oxon signed ranks testfor mat
hed samples). The improvement is higher, whi
h means that the out
omeof bagging regarding learning is also bene�
ial, and that it does not 
ountera
t thee�e
t regarding sampling. The 
omparison of box sizes here and in Fig. 2 also illus-trates that the learning of 
 indu
es an additional variability of performan
es whi
his lowered, and even almost suppressed with bagging.The mean quadrati
 di�eren
e between pignisti
 probabilities and true posteriorprobabilities 
on�rms the bene�t of bagging at this level. Bagging signi�
antly redu
esthe average error from 0.61 to 0.30. The variability with respe
t to the learning setsis also lowered (the standard deviation drops from 0.22 to 0.09).7 Combination of Beliefs: an Appli
ationWe now turn to real data in order to illustrate and study the bene�ts of bagging,from the point of view of 
ombination with external sour
es of beliefs. Indeed, theredoes not seem to be any dire
t way to measure how well a belief stru
ture representsthe available information (for example, pignisti
 probabilities do not allow the rep-resentation of ignoran
e, whi
h 
an be 
oded in a belief stru
ture). We thus ta
klethe problem by 
ombining both the bagged and non-bagged K-NN stru
tures with17



the same simple rule, de
ide, and only then 
ompare the results to assess the e�e
t ofbagging at the 
redal level.7.1 The problemAlpaydin and Kaynak [1℄ proposed a multistage re
ognition method, whi
h was appliedto a handwritten digit re
ognition problem. Their database 
onsists of s
anned digits(0 to 9) represented as 32 � 32 normalized bla
k-and-white bitmap images [14℄. Agroup of 30 subje
ts 
ontributed to the 3823 images of the training set and anothergroup of 13 subje
ts was used to generate the 1797 test images. The images wereredu
ed to 8�8 gray s
ale bitmaps using a low-pass �lter. A standard 1-NN 
lassi�erbased on a simple distan
e between images then leads to 98% 
orre
t 
lassi�
ation1.With su
h a large training set, there is no room for signi�
ant improvement usingmore sophisti
ated pro
edures su
h as the evidential K-NN rule. To assess the useful-ness of bagging when 
ombining with external sour
es of beliefs, the original trainingset was therefore subsampled to 10 items by 
lass, resulting in a total of 100 items(Fig. 8). The test set was left un
hanged. Given the small number of items per 
lass,we 
hose K = 4. Here again, the experiments were repeated 15 times, resulting in 15di�erent learning sets.7.2 Combination with a ruleThe eviden
e-theoreti
 framework allows the 
ombination of di�erent sour
es of infor-mation as long as they are represented by belief stru
tures. This example is intendedto illustrate that information stemming from pattern re
ognition systems and 
om-plementary sour
es of belief su
h as rules 
an easily be 
ombined by Dempster's rule.The bene�ts of bagging at the 
redal level in the pattern re
ognition system are then1More elaborate distan
es are usually proposed, but this is not the point in this paper.18



highlighted by the performan
es at the de
ision level of the 
ombined 
lassi�er.Let 
 = f0; : : : ; 9g be the hypothesis spa
e and H = f0; 6; 8; 9g the set of digitswhose handwritten representation has usually at least one hole. Let R be the simplerule: If the bitmap image x of a digit has at least one hole, then it is highlyprobable that it represents a digit of H, y 2 H, and y =2 H otherwise.We wish to use R as an additional sour
e of belief 
on
erning the 
lass of bitmapimages. The presen
e of a hole in the bitmap representation 
an easily be 
omputedby applying mathemati
al morphology operators to the original 32�32 binary images.In the TBM, y 2 H translates to m(H) = 1 and m(H) = 0, and y 62 H translatesto m(H) = 0 andm(H) = 1. However, R 
annot be 
ompletely trusted, as some digitsmay have both holed and non-holed representations (e.g. some people write digit 4like it is typeset, with a hole). Let Phole and Phole be respe
tively the proportion ofbitmap images with and without hole. The rule error rate E 
an be de
omposed intwo parts E = PholeEhole + PholeEhole, where Ehole is the 
lassi�
ation error rate forbitmaps with a hole, and Ehole is the error rate for bitmaps without holes.In this regard, Ehole and Ehole 
an be 
onsidered as measures of distrust in R.For example, Ehole = 0:5 means that R is 
ompletely useless in predi
ting digits forbitmaps with holes (as random guess a
hieves the same error rate). This should berepresented by the va
uous belief stru
ture mR(
) = 1. On the other hand, Ehole = 0means that R is fully reliable 
on
erning bitmaps without holes, and should then leadto the belief stru
ture mR(H) = 1. Consequently, we de�ne the belief stru
ture mRasso
iated to R as shown in Table 1. Note that a similar method for de�ning beliefsettings based on error rates was proposed by Xu [26℄. The values of Ehole and Ehole
an dire
tly be 
omputed with the unused items of the training set.The belief stru
ture mR is a distin
t sour
e of belief: it 
an therefore be 
ombined19



with the belief stru
tures produ
ed by the evidentialK-NN rule and its bagged version.7.3 Combination resultsThe error rates 
omputed from unused samples in the original training set are Ehole =5:6% and Ehole = 1:7%. Note that these low error rates should not be 
ompared tothe ones obtained by evidential K-NN te
hnique, sin
e only two subsets of 
lasses aredis
riminated by the rule. The belief stru
ture produ
ed by the evidential K-NN ruleis 
ombined with mR, by use of the Dempster's rule of 
ombination (Eqs. 2-3).Table 2 gives the mean 
lassi�
ation error rates averaged over 15 di�erent learn-ing sets. These are given with and without bagging, with and without the use ofrule R. The multipli
ative 
oeÆ
ients asso
iated to the horizontal arrows give theimprovement rate when rule R is taken into a

ount. The fa
tors 
orresponding toverti
al arrows are the improvement linked to the use of bagging (all di�eren
es inmean error rates are signi�
ant, with p-values smaller than 0.05% a

ording to theexa
t M
Nemar test for mat
hed samples).7.4 Dis
ussionLooking at horizontal arrows in Table 2, we see that both the bagged and unbaggedK-NN rules are improved when 
ombining with R. The redu
tion of the mean errorrate by a fa
tor of 2/3 illustrates the usefulness of su
h a simple 
lassi�
ation rule inthis 
ontext. The improvement related to bagging is shown by fa
tors asso
iated toverti
al arrows. Bagging also leads to signi�
ant improvements.The observation of verti
al arrows on a single parti
ular dataset 
an also be inter-esting, as depi
ted in Table 3. In this example, the improvement due to bagging beforeapplying the rule is not signi�
ant (at the 5% level). However, it be
omes important(signi�
ant up to the 0.2% level) when the rule is used.20



As the rule is the same with and without bagging, this 
an only be explained bybetter belief representation before 
ombination. The bagged method yields roughlythe same ranking of pignisti
 probabilities (as shown by the similar error rates before
ombination), but its belief stru
ture is less 
on�dent and, 
onsequently, it may behighly improved by additional information.This appli
ation demonstrates that the 
ombination of a pattern re
ognition te
h-nique with an external sour
e of belief is more pro�table when un
ertainty is faithfullyrepresented. On the one hand, when a query example is very similar to a known proto-type, the output of the 
ase-based 
lassi�er should be able to 
ontradi
t the imperfe
trule-based 
lassi�er. Hen
e, digit 4 may be re
ognized as being a 4 with or withouta hole. On the other hand, when the query point is far from all prototypes, the �nalde
ision pro
ess should be more trustful in the rule 
lassi�er. On
e the 
lassi�ers are
onstru
ted, Dempster's rule of 
ombination entails the weighting between more orless 
on�dent opinions. We have presented empiri
al eviden
e that resampling and
ombination te
hniques provide a fully automati
, yet very eÆ
ient means to 
orre
tover
on�dent beliefs, thus improving the performan
es of eviden
e-based multi-sour
e
lassi�
ation s
hemes.8 Con
lusionIn the framework of pattern re
ognition, belief stru
tures allow to represent un
er-tainty stemming from la
k of information (small sample size) or from doubtful itemsof information (unvalidated data). As for probabilisti
 
lassi�ers, evidential 
lassi�erspredi
t the plausibility of ea
h out
ome. Besides, their ability to provide impre
isepredi
tions 
an be used as a reliability index by the �nal de
ision pro
ess. This featureis extremely attra
tive in information fusion.Bagging 
ombines B belief stru
tures given by the evidential 
lassi�er applied to21



bootstrap samples. This modi�
ation of the belief stru
ture 
onstru
tion pro
ess aimsat improving un
ertainty representation when the sample size is small.The method was tested on 
ontrolled arti�
ial datasets. Classi�
ation error wasshown to be signi�
antly redu
ed when reje
tion was allowed. The improvementswere even higher when the belief assignment parameters were estimated, due to thestabilization of the estimation pro
ess. The in
uen
e of bagging was also visible whenlooking at pignisti
 probabilities, whi
h estimate posterior probabilities. Among allquantities whi
h 
an be 
omputed and evaluated obje
tively in the TBM, pignisti
probabilities are the 
losest we 
an get to belief stru
ture. There is thus eviden
e thatthe belief stru
tures provided by bagging are more relevant.Another 
lue supporting this 
onje
ture was provided by an appli
ation to hand-written 
hara
ter re
ognition, where the pattern re
ognition 
lassi�er was 
ombinedwith another sour
e of belief expressed as a rule. After 
ombination of the two in-formation sour
es, error rates were redu
ed, even when bagging had no per
eptiblee�e
t before 
ombination. Bagging thus turns out to be bene�
ial at the 
redal level,sin
e the relevan
e of a belief stru
ture 
an be de�ned by its 
apa
ity to be spe
i�edby additional trustful pie
es of eviden
e.Beyond the evidential K-NN, this paper illustrates the ne
essity to build generi
tools for inferring a

urate beliefs. It provides, up to our knowledge, one of the�rst attempts to take into a

ount the un
ertainty due to the presen
e or absen
eof an information sour
e upon whi
h beliefs are 
onstru
ted. In the 
lassi
al patternre
ognition paradigm, in whi
h information sour
es are data points assumed to besampled from some �xed distribution, resample and 
ombine te
hniques provide a fullyautomati
 means to 
orre
t undue 
ertainty in inferred beliefs. In our experiments,this 
orre
tion was shown to have more important out
omes for 
lassi�ers makinga more intensive use of data (with learned parameters). The improvements shouldthus be more e�e
tive with more sophisti
ated inferen
e methods su
h as the neural-22



network based evidential 
lassi�er des
ribed in [8℄. This should be 
on�rmed in afurther experimental study.Another extension of this work 
on
erns the investigation of other operators to
ombine the belief stru
tures in the bagging pro
edure. More general mathemati
alobje
ts su
h as interval-valued or fuzzy belief stru
tures [6, 7℄ 
ould even be usedto keep tra
k of the dis
ord within the B stru
tures. This 
ould further improve thequality of belief representation at the 
redal level, whi
h was shown to be an importantissue in an information fusion 
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Tables Table 1: Belief de�ned by R for a digit d.Case mR(H) mR(H) mR(
)hole 1� 2Ehole 0 2Eholeno hole 0 1� 2Ehole 2EholeTable 2: Averaged mis
lassi�
ation rate (%) over 15 di�erent training sets, K = 4.All di�eren
es in mis
lassi�
ation rates are all signi�
ant up to the 0.05% level.K-NN bare with ROriginal 12.9 �0:67����! 8.6#�0.88 #�0.83Bagged 11.3 �0:64����! 7.2Table 3: Example of mis
lassi�
ation rate 
hanges (%) for one training set, K = 4.The improvement due to bagging before applying the rule is not signi�
ant at the 5%level; after the rule is applied the di�eren
e is signi�
ant up to the 0.2% level.K-NN bare with ROriginal 11.3 �0:70����! 8.0#�0.95 #�0.68Bagged 10.7 �0:51����! 5.4
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Figure 1: Example of a generated learning set. The interse
tions of dottedlines indi
ate the 
lass means.
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h symbol represents a training example of 
lass 1 (�), 
lass 2 (Æ) or
lass 3 (2).
30



0 0.5 1
0

25

50

N
um

be
r 

of
 it

em
s

ω
1

0 0.5 1
0

25

50

ω
2

0 0.5 1
0

25

50

ω
3

0 0.5 1
0

25

50

Ω

0 0.5 1
0

25

50

N
um

be
r 

of
 it

em
s

ω
1

0 0.5 1
0

25

50

ω
2

0 0.5 1
0

25

50

ω
3

0 0.5 1
0

25

50

ΩFigure 5: Histograms of the 50 belief stru
tures obtained before averaging:for an outlier (top) and a point in ambiguous !1{!3 region (bottom). Theverti
al dotted line indi
ates the value of the average (
ombined stru
ture).
31



0 0.5 1 1.5 2
0.1

0.15

0.2

0.25

0.3

γ

C

0 0.5 1 1.5 2
0.1

0.15

0.2

0.25

0.3

γ

C

Figure 6: Mean 
lassi�
ation 
ost C as a fun
tion of 
 for �0 = 0:15(top) and �0 = 0:3 (bottom) for original (thin line) and bagged (bold line)methods. The dotted line represents Bayes' 
lassi�
ation 
ost.
32



0 0.1 0.2 0.3 0.4 0.5 0.6
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

λ
0

C

Figure 7: Mean 
lassi�
ation 
ost C as a fun
tion of reje
tion 
ost �0for original (thin line) and bagged (bold line) methods (
 learned). Thedotted line represents the minimum 
ost.

33



Figure 8: Example of a learning set of size N = 100.
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