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Abstract

Let Sn be an n-dimensional Star graph. In this
paper, we show that Sn − F is Hamiltonian lace-
able where F is the set of f ≤ (n − 4) pairs of
adjacent faulty vertices, Sn − F is Hamiltonian
where F is the set of f ≤ (n − 3) pairs of adja-
cent faulty vertices. We also show that Sn − F is
hyper-Hamiltonian laceable where F is the set of
f ≤ (n − 4) pairs of adjacent faulty vertices. Ap-
plying these results, we also construct the fault-free
cycle with length n!− 2f ′ + 2 in Sn −F ′ where F ′

is the faulty vertices set with at least a black vertex
and a white vertex for |F ′| = f ′ ≤ n − 3.

1 Introduction and Definitions

The star graph [1] has been recognized as an
attractive alternative to hypercube. It possesses
many favorable topological properties such as re-
cursiveness, symmetry, maximal fault tolerance,
sub-logarithmic degree and diameter.

The vertices of the n-dimensional star graph
Sn are all the permutations of {1, 2, · · · , n}.
A vertex d1d2 · · · di−1didi+1 · · · dn is adjacent to
did2 · · · di−1d1di+1 · · · dn for 2 ≤ i ≤ n. The graph
S4 is illustrated in Figure 1. The degree and di-
ameter of Sn are n−1 and ⌊3(n−1)/2⌋ [6], respec-
tively. The star graph Sn is strongly hierarchical
and symmetric, that means Sn can be decomposed
into n components which are isomorphic to Sn−1

by fixing the kth number of vertex for 2 ≤ k ≤ n.

A Hamiltonian cycle (path) is a cycle(path)
that visits every vertex exactly once. A bipar-
tite graph G = (Vb ∪ Vw, E) is Hamiltonian if G

contains a Hamiltonian cycle. A bipartite graph
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Figure 1: Illustration of S4.

G = (Vb ∪ Vw, E) is Hamiltonian laceable if there
exists a Hamiltonian path between every pair of
vertices s and t for s ∈ Vb and t ∈ Vw. A bipartite
graph G = (Vb∪Vw, E) is hyper-Hamiltonian lace-
able if for every ν ∈ Vi, i = b or w, there exists a
Hamiltonian path of G − ν between every pair of
vertices of Vj for Vi 6= Vj . In [4], Li et al. showed
that Sn is n − 3 edges Hamiltonian laceable and
n − 4 edges hyper-Hamiltonian laceable.

There is no literature about vertex fault toler-
ance Hamiltonian properties of star graph for the
number of faulty vertices more than one. Some
authors concerns embedding fault-free cycles and
paths for star graphs with faulty vertices. The up-
per bound of longest fault-free cycle of Sn − F is
n! − 2f where f = max{|F ∩ Vw|, |F ∩ Vb|}. In
[2, 7], the authors showed that a fault-free cycle of
length at least n! − 2fv can be constructed with
fv faulty vertices. This length is optimal when all
the faulty vertices have the same color. However,
there exist longer cycles when there are faulty ver-
tices with different color.

In [3], Hung et al. studied the adjacent
vertices fault tolerance Hamiltonian laceability



of hypercube. Let F be the set of k pairs
of adjacent vertices. We can denote F as
{a1, b1, a2, b2, · · · , ak, bk|ai ∈ Vw, bi ∈ Vb and
(ai, bi) ∈ E for 1 ≤ i ≤ k}. A bipartite graph
G = (Vb ∪ Vw, E) is f-adjacency Hamiltonian if
G−F is Hamiltonian ∀f pairs of adjacent vertices
set F of G. A bipartite graph G = (Vb ∪ Vw, E)
is f-adjacency Hamiltonian laceable if G − F is
Hamiltonian laceable ∀f pairs of adjacent vertices
set F of G. A bipartite graph G = (Vb ∪ Vw, E) is
f-adjacency hyper-Hamiltonian laceable if G − F

is hyper-Hamiltonian laceable ∀f pairs of adjacent
vertices set F of G. In this paper, we will show
that Sn is f -adjacency Hamiltonian for f ≤ n− 3,
f -adjacency Hamiltonian laceable for f ≤ n − 4,
and f -adjacency hyper-Hamiltonian laceable for
f ≤ n − 4. Applying these results, there exists a
fault-free cycle of length n!− 2|Fv|+ 2 in Sn − Fv

where Fv is the set of faulty vertices with at least
one black vertex and one white vertex.

The rest of this paper is organized as follows.
In Section 2, we will prove the adjacency fault tol-
erance for Hamiltonian laceability of star graphs.
The longest fault-free cycle will be constructed in
Section 3. Finally, we give some conclusions in
Section 4.

2 The Adjacency Hamiltonian

Laceablility of Star Graphs

Let Si
n−1 be the subgraph of Sn induced by the

vertices whose last bit is i. Let F denote the set of
adjacently faulty vertices of Sn, F i = F∩V (Si

n−1),
f i denote the number of pair of F i. Let Nn be
the set of {1, 2, · · · , n}, and Mn be any nonempty
subset of Nn. Let SMn

n−1 be the subgraphs of Sn

induced by ∪i∈Mn
V (Si

n−1). And let k(u) be the
kth bit of a vertex u, and u′ ∈ Si

n−1 be adjacent

to u ∈ S
j
n−1 for i 6= j.

In [5], Lin et al. proved the following two lem-
mas.

Lemma 1 There are (n− 2)! edges between Si
n−1

and S
j
n−1 where i 6= j, 1 ≤ i ≤ n and 1 ≤ j ≤ n

Lemma 2 If x and y ∈ Si
n−1 which 1 ≤ i ≤ n,

and d(x, y) ≤ 2, then n(x) 6= n(y).

We will prove the following lemmas.

Lemma 3 The S4 is 1-adjacency Hamiltonian.

Proof: Since Sn is edge symmetric, we only need
to consider vertices 1234 and 3214 are faulty. The

Hamiltonian cycle of S4 − {1234, 3214} is 〈2134,
4132, 1432, 3412, 4312, 2314, 1324, 4321, 3421,
2431, 4231, 3241, 2341, 1342, 3142, 2143, 1243,
4213, 2413, 1423, 4123, 3124, 2134〉. Thus, S4 is
1-adjacency Hamiltonian.

Lemma 4 For n ≥ 5, given Mn, suppose |F i| ≤
(2n − 10), and Si

n−1 − F i is Hamiltonian laceable

for i ∈ Mn. For arbitrary s ∈ (Vw ∩ V (Si1
n−1))

and t ∈ (Vb ∩ V (Si2
n−1)), i1, i2 ∈ Mn and i1 6= i2,

there exists a Hamiltonian path between s and t in
SMn

n−1 − (∪i∈Mn
F i).

Proof: Let Mn = {i1, i2, · · · , ik}, for 2 ≤ k ≤ n

and 1 ≤ ij ≤ n for all 1 ≤ j ≤ k. Without
loss of generality, we can assume that s = si1 ∈
(Vw ∩ V (Si1

n−1)) and t = tik
∈ (Vb ∩ V (Sik

n−1)).

Since (n−2)!
2 ≥ 2n − 9, there exist fault-free edges

(tij
, sij+1

) of SMn

n−1 where tij
∈ (Vb ∩V (S

ij

n−1)) and

sij+1
∈ (Vw ∩ V (S

ij+1

n−1)) for 1 ≤ j ≤ k − 1. Since
Si

n−1 − F i is Hamiltonian laceable, there exist a
Hamiltonian path P (sij

, tij
) between sij

and tij

of S
ij

n−1 for 1 ≤ j ≤ k. Thus, 〈s = si1

P (si1
,ti1

)
−→

ti1 , si2

P (si2
,ti2

)
−→ ti2 , · · · , sik

P (sik
,tik

)
−→ tik

= t〉 is a
Hamiltonian path of SMn

n−1.

Lemma 5 For n ≥ 5, if Sn−1 is f-adjacency
Hamiltonian laceable for 0 ≤ f ≤ n − 5 and f-
adjacency Hamiltonian for 0 ≤ f ≤ n−4, then Sn

is f-adjacency Hamiltonian for 0 ≤ f ≤ n − 3.

Proof: Without loss of generality, we can assume
that f i ≥ f i+1 for 1 ≤ i ≤ n − 1, and every
pair of adjacently faulty vertices {ai, bi} is in some
substar Si

n−1. We will construct the Hamiltonian
cycle of Sn − F with the following cases.

Case 1: f1 ≤ n − 4.
Since f1 ≥ f2 ≥ · · · ≥ fn, f1 + f2 + · · · +
fn = n − 3 and n ≥ 5, f1, f2 ≤ n − 4 and
f3, f4, · · · , fn ≤ n − 5. Thus, S1

n−1 − F 1

and S2
n−1 − F 2 are Hamiltonian and Si

n−1

is Hamiltonian laceable for 3 ≤ i ≤ n. Let
(u, u′) be a fault-free edge for u ∈ (Vb ∩
V (S1

n−1)) and u′ ∈ (Vw ∩ V (S2
n−1)). We can

denote the Hamiltonian cycle of S1
n−1 and

S2
n−1 as 〈u

P (u,x)
−→ x, u〉 and 〈u′, y1

P (y1,y2)
−→

y2, u
′〉, respectively. Without loss of gener-

ality, we can assume that x′ is in S3
n−1. Ap-

plying Lemma 2, we can obtain that n(y1) 6=

n(y2). Thus, one of y′
1 and y′

2 is not in S
{1,3}
n−1 .

We can assume that y′
1 ∈ S

{4,5,···,n}
n−1 . Apply-

ing Lemma 4, we can construct a Hamil-
tonian path P (x′, y′

1) between x and y′
1 of



S
{3,4,···,n}
n−1 . Therefore, 〈u

P (u,x)
−→ x, x′ P (x′,y′

1)−→

y′
1, y1

P (y1,y2)
−→ y2, u

′, u〉 is a Hamiltonian cycle
of Sn − F , as illustrated in Figure 2(a).

Figure 2: Illustration of Lemma 5 .

Case 2: f1 = n − 3.
Since Sn−1 is (n− 4)-adjacency Hamiltonian,
there exists a Hamiltonian cycle C of S1

n−1 −
(F − {a1, b1}) for a1 ∈ Vw, b1 ∈ Vb.

Case 2.1: (a1, b1) ∈ C.
We can denote the C as

〈y, a1, b1, x,
P (x,y)
−→ y〉.

Suppose that x′ and y′ are in dif-
ferent substar. Applying Lemma

4, we can construct a Hamiltonian

path P (y′, x′) of S
{2,3,···,n}
n−1 . Thus,

〈x
P (x,y)
−→ y, y′ P (y′,x′)

−→ x′, x〉 is a Hamilto-
nian cycle of Sn − F .
Suppose that x′ and y′ are in the same
substar. Without loss of generality, we
can assume that x′, y′ ∈ S2

n−1. Let

〈y′ P (y′,v)
−→ v, u, x′〉 be the Hamiltonian

path of S2
n−1. Applying Lemma 4, we

can obtain a Hamiltonian path P (v′, u′)

of S
{3,4,···,n}
n−1 . Thus, 〈x

P (x,y)
−→ y, y′ P (y′,v)

−→

v, v′
P (v′,u′)
−→ u′, u, x′, x〉 is a Hamiltonian

cycle of Sn − F .

Case 2.2: (a1, b1) /∈ C.
We can denote the Hamiltonian cycle C

as 〈y1, b1, y2
P (y2,x2)
−→ x2, a1, x1

P (x1,y1)
−→

y1〉.

Case 2.2.1: n(x1), n(x2), n(y1), n(y2) are
mutually different.

Without loss of generality, we can as-
sume that n(x1) = 2 and n(y2) =
3. Let (u, u′) be a fault-free edge
where u ∈ (S2

n−1 ∩ Vb) and u′ ∈
(S3

n−1 ∩ Vw). Let P (u, x′
1) and

P (y′
2, u

′) be Hamiltonian paths of S2
n−1

and S3
n−1, respectively. Applying

Lemma 4, we can obtain a Hamilto-

nian path P (y′
1, x

′
2) of S

{4,5,···,n}
n−1 . Thus,

〈x1
P (x1,y1)
−→ y1, y

′
1

P (y′

1,x′

2)−→ x′
2, x2

P (x2,y2)
−→

y2, y
′
2

P (y′

2,u′)
−→ u′, u

P (u,x′

1)x
′

1−→ x′
1, x1〉 is a

Hamiltonian cycle of Sn − F .

Case 2.2.2: (n(x1) = n(y1) and n(x2) 6=
n(y2)) or (n(x2) = n(y2) and n(x1) 6=
n(y1)).
Without loss of generality, we can as-
sume that n(x1) = n(y1) = 2 and
n(x2) = 3 6= n(y2). Since S2

n−1 is
(n−4) edges Hamiltonian laceable, there

exists a Hamiltonian path 〈y′
1

P (y′

1,v)
−→

v, u
P (u,x′

1)−→ x′
1〉 of S2

n−1 where v ∈ Vb

and n(v) = 3 and n(u) 6= 1, n(u) 6=
n(y2). Let P (x′

2, v
′) be the Hamilto-

nian path of S3
n−1 − F 3. Applying

Lemma 4, we can obtain the Hamilto-

nian path P (y′
2, u

′) of S
{4,5,···,n}
n−1 . Thus,

〈x1
P (x1,y1)
−→ y1, y

′
1

P (y′

1,v)
−→ v, v′

P (v′,x′

2)−→

x′
2, x2

P (x2,y2)
−→ y2, y

′
2

P (y′

2,u′)
−→ u′, u

P (u,x′

1)−→
x′

1, x1〉 is a Hamiltonian cycle of Sn −F ,
as illustrated in Figure 2(b).

Case 2.2.3: (n(x1) = n(y2) and n(x2) 6=
n(y1)) or (n(x2) = n(y1) and n(x1) 6=
n(y2)).
Without loss of generality, we can
assume that n(x1) = n(y2) =
2. Let P (x′

1, y
′
2) be the Hamil-

tonian path of S2
n−1. Applying

Lemma 4, we can obtain the Hamil-

tonian path P (x′
2, y

′
1) of S

{3,4,···,n}
n−1 .

Thus, 〈x1, x
′
1

P (x′

1,y′

2)−→ y′
2, y2

P (y2,x2)
−→

x2, x
′
2

P (x′

2,y′

1)−→ y′
1, y1

P (y1,x1)
−→ x1〉 is a

Hamiltonian cycle of Sn − F .

Case 2.2.4: n(x1) = n(y1) and n(x2) =
n(y2).
Without loss of generality, we can as-
sume that n(x1) = n(y1) = 2 and
n(x2) = n(y2) = 3. Let (u, u′) be a fault-
free edge where u ∈ (S2

n−1∩Vb) and u′ ∈
(S3

n−1 ∩Vw). Since Sn−1 is (n−4) edges



Hamiltonian laceable, there exist Hamil-

tonian paths 〈y′
1

P (y′

1,z1)
−→ z1, u

P (u,x′

1)−→ x′
1〉

of S2
n−1 for n(z1) 6= 1 and 〈y′

2

P (y′

2,u′)
−→

u′, z2
P (z2,x′

2)−→ x′
2〉 of S3

n−1 for n(z2) 6= 1,
n(z1) 6= n(z2). Applying Lemma 4, we
can obtain a Hamiltonian path P (z′1, z

′
2)

of S
{4,5,···,n}
n−1 . Thus, 〈x1

P (x1,y1)
−→

y1, y
′
1

P (y′

1,z1)
−→ z1, z

′
1

P (z′

1,z′

2)−→ z′2, z2
P (z2,x′

2)−→

, x′
2, x2

P (x2,y2)
−→ y2, y

′
2

P (y′

2,u′)
−→ u′, u

P (u,x′

1)−→
x′

1, x1〉 is a Hamiltonian cycle of Sn −F ,
as illustrated in Figure 2(c).

Case 2.2.5: n(x1) = n(y2) and n(x2) =
n(y1).
Without loss of generality, we can
assume that n(x2) = n(y1) = 2
and n(x1) = n(y2) = 3. Since
Sn−1 is (n − 4) edges Hamiltonian
laceable, there exists a Hamiltonian

path 〈x′
1

P (x′

1,u)
−→ u, v

P (v,y′

2)−→ y′
2〉 for

n(u) 6= 1, 2 and n(v) 6= 1, 2. Ap-
plying Lemma 4. we can obtain the

Hamiltonian path P (u′, v′) of S
{4,5,···,n}
n−1 .

Thus, 〈x2, x
′
2

P (x′

2,y′

1)−→ y′
1, y1

P (y1,x1)
−→

x1, x
′
1

P (x′

1,u)
−→ u, u′ P (u′,v′)

−→ v′, v
P (v,y′

2)−→

y′
2, y2

P (y2,x2)
−→ x2〉 is a Hamiltonian cy-

cle of Sn − F .

Figure 3: Illustration of Lemma 6.

Lemma 6 For n ≥ 5, if Sn−1 is f-adjacency
Hamiltonian laceable for f ≤ n−5 and f-adjacency
Hamiltonian for f ≤ n− 4, then Sn is f-adjacency
Hamiltonian laceable for f ≤ n − 4.

Proof: Let F = {ai, bi| for 1 ≤ i ≤ n − 4} be the
set of adjacently faulty vertices. Without loss of
generality, we can assume that every pair of ad-
jacently faulty vertices {ai, bi} is in some substar
Si

n−1, and s ∈ Vb, t ∈ Vw, f1 ≥ f2 ≥ · · · ≥ fn.
We will construct the Hamiltonian path of Sn −F

between s and t,with the following cases.

Case 1: f1 ≤ n − 5.

Case 1.1: s ∈ Si
n−1, t ∈ S

j
n−1, for i 6= j.

Applying Lemma 4, we can obtain the

Hamiltonian path P (s, t) of S
{1,2,···,n}
n−1 .

Case 1.2: s, t ∈ Si
n−1 for some 1 ≤ i ≤ n.

Without loss of generality, we can as-

sume that i = 1. Let 〈s
P (s,u)
−→ u, v

P (v,t)
−→

t〉 be a Hamiltonian path of S1
n−1 for

u′, v′ /∈ F . Applying Lemma 4, we can
obtain a Hamiltonian path P (u′, v′) of

S
{2,3,···,n}
n−1 . Thus, 〈s

P (s,u)
−→ u, u′ P (u′,v′)

−→

v′, v
P (v,t)
−→ t〉 is a Hamiltonian path of

Sn − F between s and t.

Case 2: f1 = n − 4.
Let s ∈ Si

n−1 and t ∈ S
j
n−1. Since Sn−1

is (n − 4)-adjacency Hamiltonian, there is a
Hamiltonian cycle C in S1

n−1.

Case 2.1: i 6= j, and i 6= 1, j 6= 1.
Without loss of generality, we can as-
sume that i = 2, j = 3. We can denote

C as 〈u
P (u,v)
−→ v, u〉 where u ∈ Vb, v ∈ Vw

and n(u) = 2, n(v) 6= 3. Let P (s, u′) be
the Hamiltonian path of S2

n−1. Applying
Lemma 4, we can obtain the Hamilto-

nian path P (v′, t) of S
{3,4,···,n}
n−1 . Thus,

〈s
P (s,u′)
−→ u′, u

P (u,v)
−→ v, v′

P (v′,t)
−→ t〉 is a

Hamiltonian path of Sn − F , as illus-
trated in Figure 3(a).

Case 2.2: i = 1, j 6= 1 or i 6= 1, j = 1.
Without loss of generality, we can as-
sume that i = 1 and j = 2. We can

denote C as 〈s
P (s,u)
−→ u, s〉 for n(u) 6= 2.

Applying Lemma 4, we can obtain the

Hamiltonian path P (u′, t) of S
{3,4,···,n}
n−1 .

Thus, 〈s
P (s,u)
−→ u, u′ P (u′,t)

−→ t〉 is a Hamil-
tonian path of Sn − F .

Case 2.3: i = j 6= 1.
Without loss of generality, we can as-

sume that i = j = 2. Let 〈s
P (s,u)
−→

u, x
P (x,t)
−→ t〉 be a Hamiltonian path of



S2
n−1 for u ∈ Vb, n(u) = 1, u′ /∈ F .

We can denote C as 〈u′ P (u′,y)
−→ y, u′〉

for n(y) 6= n(x). Applying Lemma

4, we can obtain the Hamiltonian path

P (y′, x′) of S
{3,4,···,n}
n−1 . Thus, 〈s

P (s,u)
−→

u, u′ P (u′,y)
−→ y, y′ P (y′,x′)

−→ x′, x
P (x,t)
−→ t〉 is

a Hamiltonian path of Sn − F , as illus-
trated in Figure 3(b).

Case 2.4: i = j = 1.

Case 2.4.1: (s, t) ∈ C.

We can denote C as 〈s
P (s,u)
−→ u, v

P (v,t)
−→

t〉. Applying Lemma 4, we can ob-
tain the Hamiltonian path P (u′, v′) of

S
{2,3,···,n}
n−1 . Thus, 〈s

P (s,u)
−→ u, u′ P (u′,v′)

−→

v′, v
P (v,t)
−→ t〉 is a Hamiltonian path of

Sn − F between s and t.

Case 2.4.2: (s, t) /∈ C.

We can denote C as 〈s
P (s,v)
−→ v, t

P (t,u)
−→

u, s〉.
Suppose n(u) = n(v). Without loss of
generality, we can assume that n(u) =

n(v) = 2. Let 〈v′ P (v′,y)
−→ y, x

P (x,u′)
−→

u′〉 be a Hamiltonian path of S2
n−1 for

n(x) 6= 1, n(y) 6= 1. Applying Lemma

4, we can obtain the Hamiltonian path

P (y′, x′) of S
{3,4,···,n}
n−1 . Thus, 〈s

P (s,v)
−→

v, v′
P (v′,y)
−→ y, y′ P (y′,x′)

−→ x′, x
P (x,u′)
−→

u′, u
P (u,t)
−→ t〉 is a Hamiltonian path of

Sn − F .
Suppose n(u) 6= n(v). Applying
Lemma 4, we can obtain the Hamilto-

nian path P (v′, u′) of S
{2,3,···,n}
n−1 . Thus,

〈s
P (s,v)
−→ v, v′

P (v′,u′)
−→ u′, u,

P (u,t)
−→ t〉 is a

Hamiltonian path of Sn − F , as illus-
trated in Figure 3(c).

Theorem 1 For n ≥ 4, Sn is f-adjacently Hamil-
tonian for f ≤ n−3, and Sn is f-adjacently Hamil-
tonian laceable for f ≤ n − 4.

Proof: We prove this theorem by induction on n.
The induction base n = 4. Since Sn is (n−3) edges
Hamiltonian laceable, this theorem is true for f =
0. Applying Lemma 3, we can obtain S4 is 1-
adjacency-Hamiltonian and Hamiltonian laceable.
Thus, this theorem is true for n = 4. Applying
Lemma 5 and Lemma 6, we prove the induction
step.

Theorem 2 For n ≥ 4, Sn is f-adjacency hyper-
Hamiltonian laceable for 0 ≤ f ≤ n − 4.

Proof: We prove this theorem by induction on
n. Since Sn is (n − 4) edges hyper-Hamiltonian
laceable, this theorem is true for n = 4 and f = 0.
By symmetry of star graphs, we can assume that
every pair of adjacently faulty vertices {ai, bi} is
in substar Si

n−1. Let s ∈ S
j
n−1 and t ∈ Sk

n−1

be two white vertices, α ∈ Vb be the other faulty
vertex. We will construct the Hamiltonian path of
Sn − F − {α} between s and t with the following
cases.

Case 1: f i ≤ n− 5 for 1 ≤ i ≤ n and α ∈ S1
n−1.

Case 1.1: j 6= k, j 6= 1, k 6= 1.
Without loss of generality, we can as-
sume that j = 2, k = 3. Let (u, u′)
be a fault-free edge for u ∈ (Vb ∩ S2

n−1)
and u′ ∈ (Vw ∩ S1

n−1) and (x, x′) be
a fault-free edge for x ∈ (Vw ∩ S1

n−1)

and x′ ∈ (Vb ∩ S
{4,5,···,n}
n−1 ). Let P (s, u)

and P (u′, x) be Hamiltonian paths of
S2

n−1 and S1
n−1, respectively. Applying

Lemma 4, we can construct a Hamil-

tonian path P (x′, t) of S
{3,4,···,n}
n−1 . Thus,

〈s
P (s,u)
−→ u, u′ P (u′,x)

−→ x, x′ P (x′,t)
−→ t〉 is a

Hamiltonian path of Sn − F .

Case 1.2: j = 1 6= k or k = 1 6= j.
Without loss of generality, we can as-
sume that j = 1, k = 2. Let (u, u′) be
fault-free edge for u ∈ (Vw ∩ S1

n−1) and

u′ ∈ (Vb ∩ S
{3,4,···,n}
n−1 ). Let P (s, u) be

a Hamiltonian path of S1
n−1. Applying

Lemma 4, we can construct a Hamil-

tonian path P (u′, t). Thus, 〈s
P (s,u)
−→

u, u′ P (u′,t)
−→ t〉 is a Hamiltonian path of

Sn − F .

Case 1.3: j = k 6= 1.
Without loss of generality, we can as-
sume that j = k = 2. Let (u, u′) be
a fault-free edge for u ∈ (Vb ∩S2

n−1) and
u′ ∈ (Vw ∩ S1

n−1). Since Sn−1 is (n − 4)
edges Hamiltonian laceable, there exists

a Hamiltonian path 〈t
P (t,x)
−→ x, s

P (s,u)
−→

u〉, for x′ /∈ F .

Case 1.3.1: n(x) 6= 1.
We assume that n(x) = 3. Let (v, v′)
be a fault-free edge for v ∈ (Vw ∩ S1

n−1)

and v′ ∈ (Vb ∩ S
{4,5,···,n}
n−1 ). Let P (u′, v)

be a Hamiltonian path of S1
n−1. Ap-

plying Lemma 4, we can obtain a



Hamiltonian path P (v′, x′) of S
{3,4,···,n}
n−1 .

Thus, 〈s
P (s,u)
−→ u, u′ P (u′,v)

−→ v, v′
P (v′,x′)
−→

x′, x
P (x,t)
−→ t〉 is a Hamiltonian path of

Sn − F .

Case 1.3.2: n(x) = 1.

Let 〈u′ P (u′,y)
−→ y, z

P (z,x′)
−→ x′〉 be a Hamil-

tonian path of S1
n−1 for n(y), n(z) 6= 2..

y′, z′ /∈ F . Applying Lemma 4, we can
obtain a Hamiltonian path P (y′, z′) of

S
{3,4,···,n}
n−1 . Thus, 〈s

P (s,u)
−→ u, u′ P (u′,y)

−→

y, y′ P (y′,z′)
−→ z′, z

P (z,x′)
−→ x′, x

P (x,t)
−→ t〉 is a

Hamiltonian path of Sn − F .

Case 1.4: j = k = 1.

Let 〈s
P (s,u)
−→ u, v

P (v,t)
−→ t〉 be a Hamilto-

nian path of S1
n−1 for u′, v′ /∈ F . Ap-

plying Lemma 4, we can construct a

Hamiltonian path P (u′, v′) of S
{2,3,···,n}
n−1 .

Thus, 〈s
P (s,u)
−→ u, u′ P (u′,v′)

−→ v′, v
P (v,t)
−→ t〉

is a Hamiltonian path of Sn − F .

Case 2: f1 = n − 4.
Let α ∈ Sm

n−1. There is a Hamiltonian cycle
C of S1

n−1 − F 1. The Sk
n−1 is Hamiltonian

laceable for 2 ≤ k ≤ n.

Case 2.1: j, k,m > 1 are mutually differ-
ent.
Without loss of generality, we can as-
sume that j = 2,m = 3, k = 4. Let
(u, u′) be a fault-free edge for u ∈ (Vw ∩
S3

n−1) and u′ ∈ (Vb ∩ S1
n−1), and (u′, x)

be a fault-free edge in C.

Case 2.1.1: n(x) = 2 or n(x) = 4.
We assume that n(x) = 2. Let (y, y′) be
a fault-free edge for y ∈ (Vw ∩S3

n−1) and

y′ ∈ (Vb ∩ S
{5,6,···,n}
n−1 ). Let P (s, x′) and

P (u, y) be Hamiltonian paths of S2
n−1

and S3
n−1. Applying Lemma 4, we can

obtain a Hamiltonian path P (y′, t) of

S
{4,5,···,n}
n−1 . Thus, 〈s

P (s,x′)
−→ x′, x

P (x,u′)
−→

u′, u
P (u,y)
−→ y, y′ P (y′,t)

−→ t〉 is a Hamilto-
nian path of Sn − F , as illustrated in
Figure 4(a).

Case 2.1.2: n(x) 6= 2 and n(x) 6= 4.
Let (y, y′) be a fault-free edge for y ∈
(Vw ∩ S3

n−1) and y′ ∈ (Vb ∩ S2
n−1).

Let P (s, y′) and P (y, u) be Hamilto-
nian paths of S2

n−1 and S3
n−1. Ap-

plying Lemma 4, we can construct a

Hamiltonian path P (x′, t) of S
{4,5,···,n}
n−1 .

Thus, 〈s
P (s,y′)
−→ y′, y

P (y,u)
−→ u, u′ P (u′,x)

−→

x, x′ P (x′,t)
−→ t〉 is a Hamiltonian path of

Sn − F .

Figure 4: Illustration of Theorem 2.

Case 2.2: j = 1, k 6= m and k,m > 1 or
k = 1,m 6= j and j,m > 1.
Without loss of generality, we can as-
sume that j = 1,m = 2, k = 3. We

denote C as 〈s
P (s,u)
−→ u, s〉 for n(u) 6= 3.

Suppose n(u) = 2. Let (v, v′) be a
fault-free edge for v ∈ (Vw ∩ S2

n−1) and

v′ ∈ (Vb ∩ S
{4,5,···,n}
n−1 ). Let P (u′, v) be

a Hamiltonian path of S2
n−1. Applying

Lemma 4, we can obtain a Hamilto-

nian path P (v′, t) of S
{3,4,···,n}
n−1 . Thus,

〈s
P (s,u)
−→ u, u′ P (u′,v)

−→ v, v′
P (v′,t)
−→ t〉 is a

Hamiltonian path of Sn − F , as illus-
trated Figure 4(b).
Suppose n(u) 6= 2. Let (v, v′) be a
fault-free edge for v ∈ (Vb ∩ S3

n−1) and
v′ ∈ (Vw ∩ S2

n−1). And let (x, x′) be a
fault-free edge for x ∈ (Vw ∩ S2

n−1) and
n(x) ≥ 4, n(x) 6= n(u). Let P (x, v′) and
P (v, t) be Hamiltonian paths of S2

n−1

and S3
n−1. Applying Lemma 4, we can

obtain a Hamiltonian path P (u′, x′) of

S
{4,5,···,n}
n−1 . Thus, 〈s

P (s,u)
−→ u, u′ P (u′,x′)

−→

x′, x
P (x,v′)
−→ v′, v

P (v,t)
−→ t〉 be a Hamilto-

nian path of Sn − F .

Case 2.3: j = 1, k = m > 1 or k = 1,
j = m > 1.
Without loss of generality, we can as-
sume that j = 1, k = m = 2. Let



(s, u) be a fault-free edge in C where
n(u) 6= 2, (v, v′) be a fault-free edge
where v ∈ (Vw ∩ S2

n−1) and n(v) >

2, n(v) 6= n(u). Let P (v, t) be a Hamil-
tonian path of S2

n−1. Applying Lemma

4, we can obtain a Hamiltonian path

P (u′, v′) of S
{3,4,···,n}
n−1 . Thus, 〈s

P (s,u)
−→

u, u′ P (u′,v′)
−→ v′, v

P (v,t)
−→ t〉 is a Hamilto-

nian path of Sn − F , as illustrated in
Figure 4(c).

Case 2.4: m = 1 and j 6= k 6= 1.

We can denote C as 〈α, u
P (u,v)
−→ v, α〉

Without loss of generality, we can as-
sume that j = 2, k = 3.

Case 2.4.1: n(u), n(v) ≥ 4.
Without loss of generality, we can as-
sume that n(u) = n. Applying
Lemma 4, we can obtain two Hamilto-

nian paths P (s, u′), P (v′, t) of S
{2,n}
n−1 and

S
{3,4,···,n−1}
n−1 . Thus, 〈s

P (s,u′)
−→ u′, u

P (u,v)
−→

v, v′
P (v′,t)
−→ t〉 is a Hamiltonian path of

Sn − F , as illustrated in Figure 5(a).

Case 2.4.2: n(u) ≤ 3, n(v) ≥ 4 or n(u) ≥
4, n(u) ≤ 3.
Without loss of generality, we can as-
sume that n(u) = 2, n(v) = 4. There
is a Hamiltonian path P (s, u′) of S2

n−1.
Applying Lemma 4, we can obtain a

Hamiltonian path P (v′, t) of S
{3,4,···,n}
n−1 .

Thus, 〈s
P (s,u′)
−→ u′, u,

P (u,v)
−→ v, v′

P (v′,t)
−→ t〉

is a Hamiltonian path of Sn − F .

Case 2.4.3: n(u), n(v) ≤ 3.
Without loss of generality, we can as-
sume n(u) = 2 and n(v) = 3. Let
P (s, u′) be a Hamiltonian path of S2

n−1.

Let 〈v′ P (v′,x)
−→ x, y

P (y,t)
−→ t〉 be a Hamil-

tonian path of S3
n−1 for n(x), n(y) ≥ 4.

Applying Lemma 4, we can obtain a

Hamiltonian path P (x′, y′) of S
{4,5,···,n}
n−1 .

Thus, 〈s
P (s,u′)
−→ u′, u

P (u,v)
−→ v, v′

P (v′,x)
−→

x, x′ P (x′,y′)
−→ y′, y

P (y,t)
−→ t〉 is a Hamilto-

nian path of Sn − F .

Case 2.5: m = 1 and j = k 6= 1.
Without loss of generality, we can as-
sume that j = k = 2. We can denote

C as 〈α, u
P (u,v)
−→ v, α〉.

Case 2.5.1: n(u) = 2 or n(v) = 2.
Without loss of generality, we can as-

Figure 5: Illustration of Theorem 2.

sume that n(u) = 2, n(v) = 3. Since
Sn−1 is (n − 4) edges Hamiltonian lace-
able, there exists a Hamiltonian path

〈t
P (t,x)
−→ x, s

P (s,u′)
−→ u′〉 for n(x) 6= 1.

Suppose n(x) 6= n(v). Applying
Lemma 4, we can obtain a Hamilto-

nian path P (v′, x′) of S
{3,4,···,n}
n−1 . Thus,

〈s
P (s,u′)
−→ u′, u

P (u,v)
−→ v, v′

P (v′,x′)
−→

x′, x
P (x,t)
−→ t〉 is a Hamiltonian path of

Sn − F .
Suppose n(x) = n(v). There is a

Hamiltonian path 〈v′ P (v′,y)
−→ y, z

P (z,x′)
−→

x′〉 of S3
n−1 for n(y), n(z) ≥ 4. Ap-

plying Lemma 4, we can obtain a

Hamiltonian path P (y′, z′) of S
{4,5,···,n}
n−1 .

Thus, 〈s
P (s,u′)
−→ u′, u

P (u,v)
−→ v, v′

P (v′,y)
−→

y, y′ P (y′,z′)
−→ z′, z

P (z,x′)
−→ x′, x

P (x,t)
−→ t〉 is a

Hamiltonian path of Sn − F .

Case 2.5.2: n(u), n(v) 6= 2.
Without loss of generality, we can as-
sume that n(u) = 3, n(v) = 4.
Suppose n(s) ≥ 5. Let y ∈ (Vb ∩ S2

n−1)
for n(y) = 5. When n(s) ≤ 4. Let
y ∈ S2

n−1 be a neighbor of s for n(y) = 5.
Since Sn−1 is (n − 4) edges Hamilto-
nian laceable, there exists a Hamiltonian

path 〈t
P (t,x)
−→ x, s

P (s,y)
−→ y〉 for n(x) = 3

or 4. We can assume n(x) = 3. Let
P (u′, x′) be a Hamiltonian path of S3

n−1.
Applying Lemma 4, we can obtain a

Hamiltonian path P (y′, v′) of S
{4,5,···,n}
n−1 .

Thus, 〈s
P (s,y)
−→ y, y′ P (y′,v′)

−→ v′, v
P (v,u)
−→



u, u′ P (u′,x′)
−→ x′, x

P (x,t)
−→ t〉 is a Hamilto-

nian path of Sn − F , as illustrated in
Figure 5(b).

Case 2.6: j = k = 1 and m 6= 1.
Without loss of generality, we can as-
sume that m = 2. We can denote the

cycle C as 〈s
P (s,y)
−→ y, t

P (t,x)
−→ x, s〉.

Case 2.6.1: n(x) 6= n(y) and n(x), n(y) ≥ 3.
Without loss of generality, we can as-
sume that n(x) = 3 and n(y) = 4.
Let (v, v′) be a fault-free edge which
v ∈ (Vb ∩ S3

n−1) and v′ ∈ (Vw ∩ S2
n−1).

There is a Hamiltonian path P (u, v′) of
S2

n−1 for u ∈ (Vw ∩ S2
n−1) and n(u) ≥ 5.

Applying Lemma 4, we can obtain a

Hamiltonian path P (y′, u′) of S
{4,5,···,n}
n−1 .

Thus, 〈s
P (s,y)
−→ y, y′ P (y′,u′)

−→ u′, u
P (u,v′)
−→

v′, v
P (v,x′)
−→ x′, x

P (x,t)
−→ t〉 is a Hamilto-

nian path of Sn − F .

Case 2.6.2: n(x) = n(y) 6= 2.
Without loss of generality, we can as-
sume that n(x) = n(y) = 3. Since
Sn−1 is (n − 4) edges Hamiltonian lace-
able, there is a Hamiltonian P (y′, u) =

〈y′ P (y′v)
−→ v, x′ P (x′,u)

−→ u〉 for n(u) = 2 and
n(v) ≥ 4 of S3

n−1. We can assume that
n(v) = 4. Let P (u′, z) be a Hamiltonian
path of S2

n−1 for z ∈ Vw and n(z) ≥ 5.
Applying Lemma 4, we can obtain a

Hamiltonian path P (z′, v′) of S
{4,5,···,n}
n−1 .

Thus, 〈s
P (s,y)
−→ y, y′ P (y′,v)

−→ v, v′
P (v′,z′)
−→

z′, z
P (z,u′)
−→ u′, u

P (u,x′)
−→ x′, x

P (x,t)
−→ t〉 is a

Hamiltonian path of Sn − F .

Case 2.6.3: n(x) = 2 6= n(y).
Without loss of generality, we can as-
sume that n(y) = 3. Let (u, u′) be fault
free edge which u ∈ (Vw ∩ S2

n−1) and

u′ ∈ (Vb∩S
{4,5,···,n}
n−1 ). Applying Lemma

4, we can obtain a Hamiltonian path

P (u′, y′) of S
{3,4,···,n}
n−1 . Thus, 〈s

P (s,y)
−→

y, y′ P (y′,u′)
−→ u′, u

P (u,x′)
−→ x′, x

P (x,t)
−→ t〉 is

a Hamiltonian path of Sn − F .

Case 2.6.4: n(x) = n(y) = 2.

There is a Hamiltonian path 〈y′ P (y′,u)
−→

u, v
P (v,x′)
−→ x′〉 of S2

n−1 for n(u), n(v) ≥ 3.
Applying Lemma 4, we can obtain a

Hamiltonian path P (u′, v′) of S
{3,4,···,n}
n−1 .

Thus, 〈s
P (s,y)
−→ y, y′ P (y′,u)

−→ u, u′ P (u′,v′)
−→

v′, v
P (v,x′)
−→ x′, x

P (x,t)
−→ t〉 is a Hamilto-

nian path of Sn − F .

Case 2.7: j = m = 1, k 6= 1 or k = m = 1,
j 6= 1.
Without loss of generality, we can as-
sume that k = 2.

Case 2.7.1: s is adjacent to α and (s, α) ∈ C.

We denote C as 〈s
P (s,u)
−→ u, α, s〉.

Suppose n(u) 6= 2. Applying Lemma

4, we can obtain a Hamiltonian path

P (u′, t) of S
{2,3,···,n}
n−1 . Thus, 〈s

P (s,u)
−→

u, u′ P (u′,t)
−→ t〉 is a Hamiltonian path of

Sn − F .
Suppose n(u) = 2. There is a Hamilto-

nian path 〈u′ P (u′,x)
−→ x, y

P (y,t)
−→ t〉 of S2

n−1

for n(x), n(y) ≥ 3. Applying Lemma

4, we can obtain a Hamiltonian path

P (x′, y′) of S
{3,4,···,n}
n−1 . Thus, 〈s

P (s,u)
−→

u, u′ P (u′,x)
−→ x, x′ P (x′,y′)

−→ y′, y
P (y,t)
−→ t〉 is

Hamiltonian path of Sn − F .

Case 2.7.2: (s, α) is not an edge of C.

We can denote C as 〈s
P (s,u)
−→

u, α, v
P (v,x)
−→ x, s〉 for n(x) ≥ 3.

Case 2.7.2.1: n(u), n(v), n(x) are mutually
different, n(u), n(v) ≥ 3.
Without loss of generality, we can as-
sume that n(u) = 4, n(x) = 5 and
n(v) = 3. Let (y, y′) is fault-free edge
which y ∈ (Vw ∩ S3

n−1) and y′ ∈ (Vb ∩
S2

n−1). Let P (v′, y) and P (y′, t) be
Hamiltonian paths of S3

n−1 and S2
n−1, re-

spectively. Applying Lemma 4, we can
obtain a Hamiltonian path P (u′, x′) of

S
{4,5,···,n}
n−1 . Thus, 〈s

P (s,u)
−→ u, u′ P (u′,x′)

−→

x′, x
P (x,v)
−→ v, v′

P (v′,y)
−→ y, y′ P (y′,t)

−→ t〉 is a
Hamiltonian path of Sn − F .

Case 2.7.2.2: n(u) = n(x) 6= n(v) ≥ 3.
Without loss of generality, we can as-
sume that n(u) = n(x) = n and
n(v) = 3. Let P (u′, x′) be a Hamilto-
nian path of Sn

n−1. Applying Lemma

4, we can obtain a Hamiltonian path

P (v′, t) of S
{2,3,···,n−1}
n−1 . Thus, 〈s

P (s,u)
−→

u, u′ P (u′,x′)
−→ x′, x

P (x,v)
−→ v, v′

P (v′,t)
−→ t〉 is a

Hamiltonian path of Sn − F between s

and t.

Case 2.7.2.3: n(u) = n(x) 6= n(v) = 2.
Without loss of generality, we can as-



sume that n(u) = n(x) = 3. There is a

Hamiltonian path 〈u′ P (u′,y)
−→ y, z

P (z,x′)
−→

x′〉 of S3
n−1. Let P (v′, t) be a Hamil-

tonian path of S2
n−1 for n(y), n(z) ≥ 4.

Applying Lemma 4, we can obtain a

Hamiltonian path P (y′, z′) of S
{4,5,···,n}
n−1 .

Thus, 〈s
P (s,u)
−→ u, u′ P (u′,y)

−→ y, y′ P (y′,z′)
−→

z′, z
P (z,x′)
−→ x′, x

P (x,v)
−→ v, v′

P (v′,t)
−→ t〉 is a

Hamiltonian path of Sn − F .

Case 2.7.2.4: n(x) = n(v) 6= n(u) ≥ 3.
Without loss of generality, we can as-
sume that n(x) = n(v) = 3, n(u) = 4.
Since Sn−1 is (n− 4) edges Hamiltonian
laceable, there exists a Hamiltonian path

P (x′, v′) = 〈x′ P (x′,z)
−→ z, y

P (y,v′)
−→ v′〉 for

z ∈ Vw, n(z) = 2 and n(y) ≥ 5. Let
P (z′, t) be a Hamiltonian path of S2

n−1.
Applying Lemma 4, we can obtain a

Hamiltonian path P (u′, y′) of S
{4,5,···,n}
n−1 .

Thus, 〈s
P (s,u)
−→ u, u′ P (u′,y′)

−→ y′, y
P (y,v′)
−→

v′, v
P (v,x)
−→ x, x′ P (x′,z)

−→ z, z′
P (z′,t)
−→ t〉 is a

Hamiltonian path of Sn − F .

Case 2.7.2.5: n(x) = n(v) 6= n(u) = 2.
Without loss of generality, we can as-
sume that n(x) = n(v) = 3. Let
(y, y′) be a fault-free edge for y ∈
(Vw ∩ S3

n−1), y′ ∈ (Vb ∩ S2
n−1) and

d(y′, u′) > 1. Since Sn−1 is (n −
4) edges Hamiltonian laceable, there

exists a Hamiltonian path 〈x′ P (x′,y)
−→

y, z
P (z,v′)
−→ v′〉 of S3

n−1 for n(z) ≥ 4.
Since Sn−1 is (n − 4) edges Hamilto-
nian laceable, there exists a Hamilto-

nian path 〈u′ P (u′,w1)
−→ w1, y

′, w2
P (w2,t)
−→ t〉

of S2
n−1 for n(w1), n(w2) ≥ 4. Since

n(w1) 6= n(w2), we can assume n(w1) 6=
n(z). Applying Lemma 4, we can ob-
tain a Hamiltonian path P (w′

1, z
′) of

S
{4,5,···,n}
n−1 . Thus, 〈s

P (s,u)
−→ u, u′ P (u′,w1)

−→

w1, w
′
1

P (w′

1,z′)
−→ z′, z

P (z,v′)
−→ v′, v

P (v,x)
−→

x, x′ P (x′,y)
−→ y, y′, w2

P (w2,t)
−→ t〉 is a Hamil-

tonian path of Sn − F , as illustrated in
Figure 6(a).

Case 2.8: j = k = m = 1.
Let a1 ∈ Vw and b1 ∈ Vb be one
pair of adjacently faulty vertices of F .
Since Sn−1 is (n − 5)-adjacency hyper-
Hamiltonian laceable, there exists a

Figure 6: Illustration of Theorem 2.

Hamiltonian path P (s, t) of S1
n−1− (F −

{a1, b1}) − {α}.

Case 2.8.1: (a1, b1) ∈ P (s, t).

We can denote P (s, t) as 〈s
P (s,x)
−→

x, a1, b1, y
P (y,t)
−→ t〉.

Suppose n(x) 6= n(y). Applying
Lemma 4, we can obtain a Hamilto-

nian path P (x′, y′) of S
{2,3,···,n}
n−1 . Thus,

〈s
P (s,x)
−→ x, x′ P (x′,y′)

−→ y′, y
P (y,t)
−→ t〉 is a

Hamiltonian path of Sn − F .
Suppose n(x) = n(y), We can assume
that n(x) = n(y) = 2. There is a

Hamiltonian path 〈x′ P (x′,z)
−→ z, w

P (w,y′)
−→

y′〉 of S2
n−1 for n(z), n(w) > 2. Ap-

plying Lemma 4, we can obtain a

Hamiltonian path P (z′, p′) of S
{3,4,···,n}
n−1 .

Thus, 〈s
P (s,x)
−→ x, x′ P (x′,z)

−→ z, z′
P (z′,w′)
−→

w′, w
P (w,y′)
−→ y′, y

P (y,t)
−→ t〉 is a Hamilto-

nian path of Sn − F .

Case 2.8.2: (a1, b1) is not an edge of P (s, t).

We can denote P (s, t) as 〈s
P (s,x1)
−→

x1, a1, x2
P (x2,y1)
−→ y1, b1, y2

P (y2,t)
−→ t〉.

Case 2.8.2.1: n(x1), n(x2), n(y1), n(y2) are
mutually different.
Without loss of generality, we can
assume that n(x1) = 2, n(x2) =
4, n(y1) = 3, n(y2) = 5. Ap-
plying Lemma 4, we can obtain a



Hamiltonian path P (x′
1, y

′
1) of S

{2,3}
n−1

and P (x′
2, y

′
2) of S

{4,5,···,n}
n−1 . Thus,

〈s
P (s,x1)
−→ x1, x

′
1

P (x′

1,y′

1)−→ y′
1, y1

P (y1,x2)
−→

x2, x
′
2

P (x′

2,y′

2)−→ y′
2, y2

P (y2,t)
−→ t〉 is a Hamil-

tonian path of Sn − F .

Case 2.8.2.2: n(x1) = n(y1) and n(x2) 6=
n(y2).
Without loss of generality, we can as-
sume that n(x1) = n(y1) = 2 and
n(x2) = 3, n(y2) = 4. There is a Hamil-
tonian path P (x′

1, y
′
1) of S2

n−1. Applying
Lemma 4, we can obtain a Hamilto-

nian path P (x′
2, y

′
2) of S

{3,4,···,n}
n−1 . Thus,

〈s
P (s,x1)
−→ x1, x

′
1

P (x′

1,y′

1)−→ y′
1, y1

P (y1,x2)
−→

x2, x
′
2

P (x′

2,y′

2)−→ y′
2, y2

P (y2,t)
−→ t〉 is a Hamil-

tonian path of Sn − F .

Case 2.8.2.3: n(x1) = n(y1) and n(x2) =
n(y2).
Without loss of generality, we can
assume that n(x1) = n(y1) = 2
and n(x2) = n(y2) = 3. Let
P (x′

1, y
′
1) be a Hamiltonian path of

S2
n−1. Let 〈x′

2

P (x′

2,u)
−→ u, v

P (v,y′

2)−→
y′
2〉 be a Hamiltonian path of S3

n−1

for n(u), n(v) ≥ 3. Applying
Lemma 4, we can obtain a Hamilto-

nian path P (u′, v′) of S
{4,5,···,n}
n−1 . Thus,

〈s
P (s,x1)
−→ x1, x

′
1

P (x′

1,y′

1)−→ y′
1, y1

P (y1,x2)
−→

x2, x
′
2

P (x′

2,u)
−→ u, u′ P (u′,v′)

−→ v′, v
P (v,y′

2)−→

y′
2, y2

P (y2,t)
−→ t〉 is a Hamiltonian path of

Sn − F .

Case 2.8.2.4: n(x1) = n(y2) and
n(x2) 6= n(y1).
Without loss of generality, we can
assume that n(x1) = n(y2) =
2, n(x2) = 3, n(y1) = 4. Since
Sn−1 is (n − 4) edges Hamiltonian
laceable, there exists a Hamiltonian

path 〈x′
1

P (x′

1,v1)
−→ v1, v, v2

P (v2,y′

2)−→ y′
2〉

of S2
n−1 for u ∈ Vw, n(u) = 3 and

n(v1), n(v2) ≥ 4. Since n(v1) 6= n(v2),
we can assume that n(v2) 6= n(y1).
Let P (u′, x′

2) be a Hamiltonian
path of S3

n−1. Applying Lemma

4, we can construct a Hamiltonian

path P (y′
1, v

′
2) of S

{4,5,···,n}
n−1 . Thus,

〈s
P (s,x1)
−→ x1, x

′
1

P (x′

1,v1)
−→ v1, u, u′ P (u′,x′

2)−→

x′
2, x2

P (x2,y1)
−→ y1, y

′
1

P (y′

1,v′

2)−→

v′
2, v2

P (v2,y′

2)−→ y′
2, y2

P (y2,t)
−→ t〉 is a

Hamiltonian path of Sn − F .

Case 2.8.2.5: n(x1) = n(y2) and
n(x2) = n(y1).
Without loss of generality, we can
assume that n(x1) = n(y2) = 2, n(x2) =

n(y1) = 3. Let 〈x′
1

P (x′

1,u)
−→ u, v

P (v,y′

2)−→ y′
2〉

be a Hamiltonian path of S2
n−1

for n(u) = 3, n(v) ≥ 4. Let

〈x′
2

P (x′

2,w)
−→ w, u′, z

P (z,y′

1)−→ y′
1〉 be

a Hamiltonian path of S3
n−1 for

n(w), n(z) ≥ 4. Since n(w) 6= n(z), we
can assume that n(w) 6= n(u). Applying
Lemma 4, we can construct a Hamilto-

nian path P (w′, v′) of S
{4,5,···,n}
n−1 . Thus,

〈s
P (s,x1)
−→ x1, x

′
1

P (x′

1,u)
−→ u, u′, z

P (z,y′

1)−→

y′
1, y1

P (y1,x2)
−→ x2, x

′
2

P (x′

2,w)
−→

w,w′ P (w′,v′)
−→ v′, v

P (v,y′

2)−→ y′
2, y2

P (y2,t)
−→ t〉

is a Hamiltonian path of Sn − F , as
illustrated in Figure 6(b).

3 Ring Embedding in Star Graphs

with Faulty Vertices

In this section, we will construct the fault-free
cycle of Sn with some faulty vertices.

Theorem 3 There exists a fault-free cycle of
length at least n! − 2|Fv| + 2 in Sn − Fv where
Fv is the set of faulty vertices for |Fv ∩ Vb| ≥ 1,
|Fv ∩ Vw| ≥ 1, |Fv| ≤ (n − 3) and n ≥ 5.

Proof: Let x ∈ Vb and y ∈ Vw be two faulty ver-
tices of Fv. By symmetry of Star graph, we can
arrange vertices x and y in different Sn−1 sub-
graphs. Without loss of generality, we can assume
that x ∈ S1

n−1 and y ∈ S2
n−1. Let Fv − {x, y} =

{a1, a2, · · · , af−2} and F ′
v = {bi|(bi, a1) be an edge

for ai ∈ Fv − {x, y}, bi and ai are in the same
subgraph}. Let s, t be white vertices of S1

n−1

where s, t, s′, t′ /∈ (Fv ∪ F ′
v), n(s) = 2, n(t) ≥ 3.

Let z be a black vertex of S2
n−1 where z, z′ /∈

(Fv ∪ F ′
v), n(z) ≥ 3, n(z) 6= n(t). Since Sn−1

is (n − 5)-adjacency hyper-Hamiltonian laceable,
S1

n−1(S
2
n−1) − Fv − F ′

v is hyper-Hamiltonian lace-
able. There exist two Hamiltonian path P (s, t)
and P (z, s′) of S1

n−1 and S2
n−1, respectively. Ap-

plying Lemma 4, we can obtain a Hamiltonian

path P (t′, z′) of S
{3,4,···,n}
n−1 . Therefore, 〈s

P (s,t)
−→

t, t′
P (t′,z′)
−→ z′, z

P (z,s′)
−→ s′, s〉 is a Hamiltonian cy-



cle of Sn − Fv − F ′
v. The length of this cycle is

n! − 2|Fv| + 2.

4 Conclusion

We have showed that the n-dimensional star
graph is (n − 4)-adjacency Hamiltonian lace-
able, (n − 3)-adjacency Hamiltonian and (n − 4)-
adjacency hyper-Hamiltonian laceable. Applying
these results, we construct a fault-free cycle with
length n! − 2|Fv| + 2 where Fv at least contains a
black vertex and a white vertex for |Fv| ≤ n − 3.
We will investigate the longest path with faulty
vertices of star graphs.
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