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Abstract

Let S, be an n-dimensional Star graph. In this
paper, we show that S, — F' is Hamiltonian lace-
able where F is the set of f < (n — 4) pairs of
adjacent faulty vertices, S, — F is Hamiltonian
where F is the set of f < (n — 3) pairs of adja-
cent faulty vertices. We also show that S, — F' is
hyper-Hamiltonian laceable where F' is the set of
f < (n—4) pairs of adjacent faulty vertices. Ap-
plying these results, we also construct the fault-free
cycle with length n! — 2f' +2 in S, — F' where F’
is the faulty vertices set with at least a black vertex
and a white vertex for |F'| = f' <n—3.

1 Introduction and Definitions

The star graph [1] has been recognized as an
attractive alternative to hypercube. It possesses
many favorable topological properties such as re-
cursiveness, symmetry, maximal fault tolerance,
sub-logarithmic degree and diameter.

The vertices of the n-dimensional star graph
S, are all the permutations of {1,2,---,n}.
A vertex didg---d;—1d;d;iy1---dy, is adjacent to
didg -+ -d;i—1didiyq - - - dy for 2 <4 < n. The graph
Sy is illustrated in Figure 1. The degree and di-
ameter of S, are n—1 and [3(n—1)/2] [6], respec-
tively. The star graph S, is strongly hierarchical
and symmetric, that means S,, can be decomposed
into n components which are isomorphic to S, _1
by fixing the kth number of vertex for 2 < k < n.

A Hamiltonian cycle (path) is a cycle(path)
that visits every vertex exactly once. A bipar-
tite graph G = (V, U V4, E) is Hamiltonian if G
contains a Hamiltonian cycle. A bipartite graph
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Figure 1: Illustration of Sj.

G = (V, UV, E) is Hamiltonian laceable if there
exists a Hamiltonian path between every pair of
vertices s and t for s € V, and t € V,,,. A bipartite
graph G = (V,UV,,, E) is hyper-Hamiltonian lace-
able if for every v € V;, i = b or w, there exists a
Hamiltonian path of G — v between every pair of
vertices of V; for V; # V;. In [4], Li et al. showed
that S, is n — 3 edges Hamiltonian laceable and
n — 4 edges hyper-Hamiltonian laceable.

There is no literature about vertex fault toler-
ance Hamiltonian properties of star graph for the
number of faulty vertices more than one. Some
authors concerns embedding fault-free cycles and
paths for star graphs with faulty vertices. The up-
per bound of longest fault-free cycle of S,, — F' is
n! — 2f where f = max{|F N Vy|,|F NV} In
[2, 7], the authors showed that a fault-free cycle of
length at least n! — 2f, can be constructed with
fuv faulty vertices. This length is optimal when all
the faulty vertices have the same color. However,
there exist longer cycles when there are faulty ver-
tices with different color.

In [3], Hung et al. studied the adjacent
vertices fault tolerance Hamiltonian laceability
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of hypercube. Let F be the set of k pairs
of adjacent vertices. = We can denote F as
{al, bi,a9,ba, -+, ay, bk|a¢ € Vu,b; € V, and
(a;,b;) € E for 1 < i < k}. A bipartite graph
G = (V,UV,, E) is f-adjacency Hamiltonian if
G — F is Hamiltonian V[ pairs of adjacent vertices
set F' of G. A bipartite graph G = (V, UV, E)
is f-adjacency Hamiltonian laceable if G — F is
Hamiltonian laceable Vf pairs of adjacent vertices
set F' of G. A bipartite graph G = (V,UV,,, F) is
f-adjacency hyper-Hamiltonian laceable if G — F
is hyper-Hamiltonian laceable V f pairs of adjacent
vertices set F' of G. In this paper, we will show
that S, is f-adjacency Hamiltonian for f < n —3,
f-adjacency Hamiltonian laceable for f < n — 4,
and f-adjacency hyper-Hamiltonian laceable for
f < n—4. Applying these results, there exists a
fault-free cycle of length n! — 2|F,| + 2 in S,, — F,
where F), is the set of faulty vertices with at least
one black vertex and one white vertex.

The rest of this paper is organized as follows.
In Section 2, we will prove the adjacency fault tol-
erance for Hamiltonian laceability of star graphs.
The longest fault-free cycle will be constructed in
Section 3. Finally, we give some conclusions in
Section 4.

2 The Adjacency Hamiltonian
Laceablility of Star Graphs

Let S!_; be the subgraph of S,, induced by the
vertices whose last bit is i. Let F' denote the set of
adjacently faulty vertices of S,,, F* = FNV (S _,),
f? denote the number of pair of F?. Let N,, be
the set of {1,2,---,n}, and M, be any nonempty
subset of N,,. Let Si' be the subgraphs of S,
induced by U;enr, V(S%_1). And let k(u) be the
kth bit of a vertex u, and v/ € S)_; be adjacent
toue S | fori#j.

In [5], Lin et al. proved the following two lem-
mas.

Lemma 1 There are (n —2)! edges between St _,
and S} _, where i # j,1<i<nand1<j<n

Lemma 2 If z and y € S!_, which 1 < i < n,
and d(z,y) < 2, then n(x) # n(y).

We will prove the following lemmas.
Lemma 3 The Sy is I-adjacency Hamiltonian.

Proof: Since S, is edge symmetric, we only need
to consider vertices 1234 and 3214 are faulty. The

Hamiltonian cycle of Sy — {1234,3214} is (2134,
4132, 1432, 3412, 4312, 2314, 1324, 4321, 3421,
2431, 4231, 3241, 2341, 1342, 3142, 2143, 1243,
4213, 2413, 1423, 4123, 3124, 2134). Thus, S, is
1-adjacency Hamiltonian.

Lemma 4 For n > 5, given M, suppose |F| <
(2n —10), and S _, — F* is Hamiltonian laceable
for i € M,. For arbitrary s € (Vy, N V(S )
and t € (VyNV(S2)), i1,iz € M,, and iy # ia,
there exists a Hamiltonian path between s and t in
Splmy = (Uien, FY).

Proof: Let M, = {iy,io, --,ix}, for 2 < k <n
and 1 < 4; < nforall l<j <k  Without
loss of generality, we can assume that s = s;, €
(VuNV(S;Ly) and t = t;, € WV, NV(SE)).
Since @ > 2n — 9, there exist fault-free edges
(ti;,si;,,) of S,Ilw_"l where t;, € (VbNV (S ) and
i € (VwNV(SH])) for 1 < j < k— 1. Since
S!_, — F' is Hamiltonian laceable, there exist a
Hamiltonian path P(s;,,t;;) between s;, and ¢;;
i . P(siq,ts
of $;7 | for 1 < j < k. Thus, (s = s; (Lfl)
P(si27ti2) P(Sik)tik)
Liy s iy = tiy, e Sy - ik

Hamiltonian path of SMr .

=1)is a

Lemma 5 For n > 5, if S,_1 is f-adjacency
Hamiltonian laceable for 0 < f < n —5 and f-
adjacency Hamiltonian for 0 < f < n—4, then S,
is f-adjacency Hamiltonian for 0 < f <n — 3.

Proof: Without loss of generality, we can assume
that f@ > fi*l for 1 < ¢ < n — 1, and every
pair of adjacently faulty vertices {a;, b;} is in some
substar S ;. We will construct the Hamiltonian
cycle of S;, — F' with the following cases.

Case 1: f! <n—4.
Since f! > f2 > ... > f fr4+ 24+ +
f"=n—-3andn >5, f1,f2 <n—4and
f37f4a"'7fn < n-—5. Thusa SrlL—liFl
and S%2_; — F? are Hamiltonian and S!_,
is Hamiltonian laceable for 3 < 7 < n. Let
(u,u') be a fault-free edge for v € (V, N
V(SL_})) and v/ € (V,, NV (52_,)). We can
denote the Hamiltonian cycle of S}_; and

P(u, P(yi,
S2 | as (u wg) x,u) and (u',y1 132)

ya,u'), respectively. Without loss of gener-
ality, we can assume that 2’ is in S2_;. Ap-
plying Lemma 2, we can obtain that n(y;) #
n(yz2). Thus, one of ¥} and ¥4 is not in S:tl_i’}
We can assume that y| € ij_?”} Apply-
ing Lemma 4, we can construct a Hamil-
tonian path P(z’,y]) between z and y] of
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S;{Li‘»_ﬁin} Therefore, (u P(u,z) o,z Py1) Without loss of generality, we can as-
. Pl Lo o sume that n(z1) = 2 and n(y:) =
Y1,y —  y2,u’,u) is a Hamiltonian cycle 3.  Let (u,u’) be a fault-free edge
of S, — F, as illustrated in Figure 2(a). where v € (S2_, NV, and o/ €

(S2_, N V). Let P(u,z}) and
P(yh,u') be Hamiltonian paths of S2_,
and S3_,, respectively. Applying
Lemma 4, we can obtain a Hamilto-

nian path P(y},z5) of CASRR B T

n—1
P(z1,y1) , P(yias) P(z2,y2)
(x1 — Yy — Th12 —
, P(yé,u’) , P(u,lll)lll , .
Y2,y —  u,u — ' xl,x1) is a

Hamiltonian cycle of S,, — F.

Case 2.2.2: (n(z1) = n(y1) and n(z2) #

n(yz)) or (n(r2) = n(y2) and n(z1) #
n(y1)).

Without loss of generality, we can as-
sume that n(z;) = n(y1) = 2 and
n(re) = 3 # n(yz). Since S2_; is
(n—4) edges Hamiltonian laceable, there

(a) Case 1 (b) Case 2.2.2 (c) Case 2.2.4

Figure 2: Illustration of Lemma 5 .

Py},
exists a Hamiltonian path (y} )
P(u,),

Case 2: fl =n—3. v, u S xh) of S2_, where v € V,
Since S, —1 is (n — 4)-adjacency Hamiltonian, and n(v) = 3 and n(u) # 1, n(u) #
there exists a Hamiltonian cycle C of S}_| — n(yz2). Let P(z5,v") be the Hamilto-
(F = {ay,b1}) for ay € Vi, by € Vi nian path of S}, — F®.  Applying

Lemma 4, we can obtain the Hamilto-
Case 2.1: (a1,b1) € C. nian path P(y5,u’) of 57547?"} Thus,
We can  denote the C  as P(x1,1) Py, v) P )
P(z,y) (ry =" y,yp =5 v, e
<y7a17b17x7 — y> P( ) L P(yhu') ’ P(u,z})
Suppose that z’ and 3 are in dif- ah, e =Ry b Rl T
ferent substar. Applying Lemma x}, 1) is a Hamiltonian cycle of S, — F,

4, we can construct a Hamiltonian as illustrated in Figure 2(b).

path P(y',z") of Sr{i‘rfn} Thus,

Case 2.2.3: (n(z1) = n(y2) and n(za) #

(@ 7Y PYTD 1 4 is 2 Hamilto- n(y1)) or (n(z2) = n(y) and n(w1) #
nian cycle of S, — F. n(yz)).

Suppose that =’ and 3 are in the same Without loss of generality, we can
substar. Without loss of generality, we assume that n(z1) = n(y) =
can assume that 2/,y/ € S2_,. Let 2. Let P(z9,y5) be the Hamil-
(y' P v,u,2') be the Hamiltonian fonian path of 5. Applying

Lemma 4, we can obtain the Hamil-

2 .
path of S7_,. Applying Lemma 4, we tonian path P(zh,yl) of S;Egﬁn}

can obtain a Hamiltonian path P(v’,u’)

of Sy{l?iiln} Thus, (x Flzy) v,y PW) Thus, F()l’l,v 33,/1 P(MZ)P Ya, Yo Pluage)
v, v P(vlf/) o' u,2’, x) is a Hamiltonian 1‘2,.1‘/.2 (%7@’]1) Y1, Y1 w10 ry) is a
cycle of S, — F. Hamiltonian cycle of S,, — F.

Case 2.2: (ay,by) ¢ C. Case 2.2.4: n(z1) = n(y1) and n(zz) =
We can denote the Hamiltonian cycle C n(y2).

P(ys,z2) P(z1,y1) Without loss of generality, we can as-
as (ybry2 =7 @ano sume that n(z1) = n(y1) = 2 and
Yi)- n(xs) = n(y2) = 3. Let (u, ') be a fault-

Case 2.2.1: n(xz1),n(x2),n(y1),n(yz) are free edge where u € (S2_,NV,) and v’ €
mutually different. (S3_,NV,). Since S,,_1 is (n —4) edges
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Hamiltonian laceable, there exist Hamil-
P ’ , P R ’

tonian paths (y} Waz2) 21,U Sl x})

P ’ , ’

of S2_, for n(z;) # 1 and (y} ()

u, 2o Plag2) xh) of S3_, for n(zq) # 1,

n(z1) # n(z2). Applying Lemma 4, we
can obtain a Hamiltonian path P(z1, z5)

{4,5,---,n} P(x1,y1)
of S} . Thus, (z1 —
, Plyiz) ) P(125) ,  P(z2,m5)
—_—

YLy —— FL,A T 22,22

/ P(x2,y2) / P(y;,u') /
y Lo, T2 Y2, Y2 3

x},x1) is a Hamiltonian cycle of S,, — F,
as illustrated in Figure 2(c).

Case 2.2.5: n(z1) = n(y2) and n(zz) =
n(y1).

P(u,z})
—

Without loss of generality, we can
assume that n(zz) = n(y)) = 2
and n(xr1) = n(ys) = 3. Since

Sp—1 is (n — 4) edges Hamiltonian
laceable, there exists a Hamiltonian

P(a4, P(v,y]
path (x} ) U, v C42) yh) for

n(u) # 1,2 and n(v) # 1,2. Ap-
plying Lemma 4. we can obtain the
Hamiltonian path P(u’,v") of 57‘54_?”}

P(x5,y1)
/ 2°J1 /
Thus7 <.’L'27.’172 Y1,Y1
, Pzu) , P ')
1,7y = wu =5 v v
P(y2,w2)
et N

P(y1,1)
Pl

P(v,yh)
—

Y2, Y2 x2) is a Hamiltonian cy-

cle of S,, — F.

(a) Case 2.1

(b) Case 2.3 (©) 2.4.2(n(u)#n(v))

Figure 3: Illustration of Lemma 6.

Lemma 6 For n > 5, if S,_1 is f-adjacency
Hamiltonian laceable for f < n—>5 and f-adjacency
Hamiltonian for f <n—4, then S, is f-adjacency
Hamiltonian laceable for f <n — 4.

Proof: Let F = {a;,b;| for 1 <i <n — 4} be the
set of adjacently faulty vertices. Without loss of
generality, we can assume that every pair of ad-
jacently faulty vertices {a;,b;} is in some substar
Si_1,and s € Vit € Vi, f1 > f2 >0 > [

We will construct the Hamiltonian path of S,, — F
between s and ¢,with the following cases.

Case 1: f! <n—>5.

Case 1.1: s€ S._,, te S/ | fori#j.
Applying Lemma 4, we can obtain the
Hamiltonian path P(s,t) of S,{lljn}

Case 1.2: s,t € 5271 for some 1 < i < n.
Without loss of generality, we can as-

sume that ¢ = 1. Let (s o) U,y v Flo)
t) be a Hamiltonian path of S} _; for
u',v" ¢ F. Applying Lemma 4, we can
obtain a Hamiltonian path P(u’,v’) of

S,{ii”m’n}. Thus, (s Plew) u, u’ P

P(v, . . .
v, v o) t) is a Hamiltonian path of

S, — I between s and t.

Case 2: fl =n—4. 4
Let s € Si_, and ¢t € S?_,. Since S,—1
is (n — 4)-adjacency Hamiltonian, there is a
Hamiltonian cycle C' in S} _;.

Case 2.1: i #j,and i # 1, j # 1.
Without loss of generality, we can as-

sume that ¢ = 2,7 = 3. We can denote
P
C as (u () v, u) where u € Vv € V,,

and n(u) = 2,n(v) # 3. Let P(s,u’) be
the Hamiltonian path of S2_;. Applying
Lemma 4, we can obtain the Hamilto-

nian path P(v',t) of S;E‘S_?n} Thus,
P(s,u') P(u,v) , P(v',t) .
(s =" vw,u —5 v = t)is a

Hamiltonian path of S,, — F, as illus-
trated in Figure 3(a).

Case 2.2:i=1,j#1ori#1,j =1
Without loss of generality, we can as-
sume that ¢ = 1 and 5 = 2. We can

denote C as (s Py u, s) for n(u) # 2.

Applying Lemma 4, we can obtain the
Hamiltonian path P(u/,t) of giBdseem}

n—1
Thus, (s Plsw) u, u’ Po) t) is a Hamil-

tonian path of S, — F.
Case 2.3: i =j # 1.
Without loss of generality, we can as-
sume that ¢ = j = 2. Let (s P(su)
P(z,t)

u,x —> t) be a Hamiltonian path of
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_y for u € Vy,n(u) = L,u/ ¢ F.

We can denote C as {(u’ Py y,u')

for n(y) # n(z). Applying Lemma
4, we can obtain the Hamiltonian path
P(y',z') of S’T{f’_%"} Thus, (s Plow)

/ / P(y/,w/) / P(z,t) .
U, U , == 2 x50 t) is

a Hamiltonian path of S, — F, as illus-
trated in Figure 3(b).

Case 2.4: i =75 =1.
Case 2.4.1: (s,t) € C.
P(su) P(v,t)

We can denote C as (s — u,v —>
t). Applying Lemma 4, we can ob-
tain the Hamiltonian path P(u’,v’) of

Siz_i’n} Thus, (s Plaw) w, u Py

P(v, . . .
v, o) t) is a Hamiltonian path of

S, — I between s and t.

Case 2.4.2: (s,t) ¢ C.
We can denote C' as (s Fles) v, t Pl
u, S).
Suppose n(u) = n(v). Without loss of
generality, we can assume that n(u) =

n(v) = 2. Let (v P’ p) Y, T Flen)

P(u,y)
-

b

u') be a Hamiltonian path of S2_; for
n(x) # 1,n(y) # 1. Applying Lemma
4, we can obtain the Hamiltonian path

Py, ') of S Thus, (s Y

/ P(’U',y) / P(y/,aj/) ’ P(Ifu/)
v,V - ’ - ’ I
;o Plut) . . .
w',u —>" t) is a Hamiltonian path of
Sp — F.
Suppose n(u) # n(v). Applying

Lemma 4, we can obtain the Hamilto-
nian path P(v',u’) of S;{f_i’n} Thus,

P(va) / P(U/vu/) / P(u,t) .
(s —5 v, =5 W u, =5 t) is a

Hamiltonian path of S,, — F, as illus-
trated in Figure 3(c).

Theorem 1 Forn >4, S, is f~adjacently Hamil-
tonian for f < n—3, and S, is f-adjacently Hamil-
tonian laceable for f <n — 4.

Proof: We prove this theorem by induction on n.
The induction base n = 4. Since S, is (n—3) edges
Hamiltonian laceable, this theorem is true for f =
0. Applying Lemma 3, we can obtain Sy is 1-
adjacency-Hamiltonian and Hamiltonian laceable.
Thus, this theorem is true for n = 4. Applying
Lemma 5 and Lemma 6, we prove the induction
step.

Theorem 2 Forn > 4, S, is f-adjacency hyper-
Hamiltonian laceable for 0 < f <n — 4.

Proof: We prove this theorem by induction on
n. Since S, is (n — 4) edges hyper-Hamiltonian
laceable, this theorem is true for n = 4 and f = 0.
By symmetry of star graphs, we can assume that
every pair of adjacently faulty vertices {a;,b;} is
in substar Si_;. Let s € S |, and t € SF_,
be two white vertices, o € V; be the other faulty
vertex. We will construct the Hamiltonian path of
Sp — F — {a} between s and ¢ with the following

cases.
Case1: fi<n—-5forl<i<nandacS}

n—1*
Case 1.1: j#k,j#1,k# 1.

Without loss of generality, we can as-
sume that j = 2,k = 3. Let (u,u)
be a fault-free edge for u € (V;, N S2_;)
and ' € (V, N S!_;) and (z,2) be
a fault-free edge for x € (V, N S:_;)
and ' € (V, N Siﬁl_“;’n}) Let P(s,u)
and P(u’,x) be Hamiltonian paths of
S2_, and S!_,, respectively. Applying
Lemma 4, we can construct a Hamil-

tonian path P(z',t) of Sji%n} Thus,

(5 P PO o PO

Hamiltonian path of S,, — F.

Case 1.2: j=1#kork=1#j.
Without loss of generality, we can as-
sume that j = 1,k = 2. Let (u,u’) be
fault-free edge for u € (V,, NSE_;) and
v e (VN Si‘i;ln}) Let P(s,u) be
a Hamiltonian path of S!_;. Applying
Lemma 4, we can construct a Hamil-
tonian path P(u',t). Thus, (s o)

P(ut . . .
u,u ) t) is a Hamiltonian path of

S, — F.
Case 1.3: j=k# 1.
Without loss of generality, we can as-
sume that j = k = 2. Let (u,u’) be
a fault-free edge for u € (V;,NS2_;) and
uw € (VNS |). Since S, is (n —4)
edges Hamiltonian laceable, there exists

P(t,z) P(s,u)
t — x,8 —

a Hamiltonian path (
u), for 2’ ¢ F.

Case 1.3.1: n(x) # 1.
We assume that n(z) = 3. Let (v,v')

be a fault-free edge for v € (V,, N SL_;)

and v € (V, N S;{f_?n}) Let P(u/,v)
be a Hamiltonian path of S} Ap-

n—1-
plying Lemma 4, we can obtain a
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Hamiltonian path P(v’,z") of 57{132411,--,71}. Hamiltonian path P(2',t) of S;E‘i?»'”v”}.
Thus, (s Pl u, U Ply) v, v P Thus, (s Pley) (Y Flo) u, u’ P2)
', x P t) is a Hamiltonian path of z,x’ PE') t) is a Hamiltonian path of
Sp — F. S, — F.

Case 1.3.2: n(z) = 1.
Let (v Pl'y) Y, 2 Pl z') be a Hamil-

tonian path of S} _, for n(y),n(z) # 2..

y', 2 ¢ F. Applying Lemma 4, we can
obtain a Hamiltonian path P(y’,z’) of

S,{L‘g_%n} Thus, (s Plow) oy FH)

b
, P(y',2") , P(z,x") , P(z,t)
=5 -

Y,y 2,2 — X,T
Hamiltonian path of S,, — F.

Case 1.4: j=k=1.

Let (s Flo) U, v Pl t) be a Hamilto-

nian path of S._; for v/,v' ¢ F. Ap-
plying Lemma 4, we can construct a
Hamiltonian path P(u’,v") of Sf_?n}

Thus, (s P(s,u) ! P(u_’ﬂ;') o v P(v.t) ) Figure 4: Illustration of Theorem 2.

is a Hamiltonian path of S,, — F'.

t) is a

(a) Case 2.1.1

(b) Case 2.2(n(u)=2) (c) Case 2.3

Case 2.2: j =1,k # m and k,m > 1 or
k=1,m# j and j,m > 1.
Without loss of generality, we can as-
sume that 7 = 1,m = 2,k = 3. We
denote C' as (s Fle) u, s) for n(u) # 3.

Case 2.1: j,k,m > 1 are mutually differ- Suppose n(u) = 2. Let (v,v) be a
ent. fault-free edge for v € (V,, N S2_;) and

n—1

Case 2: fl =n—4.
Let o € S]* ;. There is a Hamiltonian cycle
C of S} | — F'. The S¥_, is Hamiltonian
laceable for 2 < k < n.

Without loss of generality, we can as-
sume that 7 = 2,m = 3,k = 4. Let
(u,u) be a fault-free edge for u € (V,, N
S3_)and v € (V,NnSE_,), and (v/,x)
be a fault-free edge in C.

Case 2.1.1: n(z) =2 or n(x) = 4.

We assume that n(z) = 2. Let (y,y’) be
a fault-free edge for y € (V,,NS2_;) and

y e Wn S,{f_?n}) Let P(s,z') and
P(u,y) be Hamiltonian paths of S2_,
and S2_,. Applying Lemma 4, we can

obtain a Hamiltonian path P(y’,t) of
Sr{i?n} Thus, (s Pl) 2, x Pley)
u',u ' PP t) is a Hamilto-

nian path of S, — F, as illustrated in
Figure 4(a).

P(u,y)
0y

Case 2.1.2: n(x) # 2 and n(z) # 4.

Let (y,y") be a fault-free edge for y €
(Vo N Sh_q) and y' € (V, N Sh_y).
Let P(s,y’) and P(y,u) be Hamilto-
nian paths of S2_, and S?_;. Ap-

plying Lemma 4, we can construct a
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e (VN Sif_‘?n}) Let P(u',v) be
a Hamiltonian path of S2_;. Applying
Lemma 4, we can obtain a Hamilto-
nian path P(v',t) of S,Ei?n} Thus,

P(s,u) , P(u/,v) , P(v',t) .
(s == w,u/ =" w0 =" t) is a

Hamiltonian path of S,, — F, as illus-
trated Figure 4(b).

Suppose n(u) # 2. Let (v,v) be a
fault-free edge for v € (VN S2_,) and
v' € (VN S2_1). And let (z,2') be a
fault-free edge for x € (V,, N S%2_,) and
n(z) > 4, n(z) # n(u). Let P(x,v") and
P(v,t) be Hamiltonian paths of S2
and S?_,. Applying Lemma 4, we can
obtain a Hamiltonian path P(u’,2’) of

S2omE - Thus, (s P(s,u) u ! P’ a')
@' ) v, v oD t) be a Hamilto-

nian path of S,, — F.

Case 2.3: j=1,k=m>1or k=1,

j=m>1.
Without loss of generality, we can as-
sume that j = 1,k = m = 2. Let



(s,u) be a fault-free edge in C where
n(u) # 2, (v,v") be a fault-free edge
where v € (V,, N S%2_) and n(v) >
2,n(v) # n(u). Let P(v,t) be a Hamil-
tonian path of S2_,. Applying Lemma
4, we can obtain a Hamiltonian path

P(u',v") of Sii;ln} Thus, (s Plou)

P(u v P(v, . .
u, u’ ) v v ) t) is a Hamilto-
nian path of S, — F, as illustrated in

Figure 4(c).

Case 2.4: m=1and j #k # 1.

P(u,
We can denote C' as (o, u (w.0) v, Q)

Without loss of generality, we can as-
sume that j = 2,k = 3.

Case 2.4.1: n(u),n(v) > 4.

Without loss of generality, we can as-
sume that n(u) = n. Applying
Lemma 4, we can obtain two Hamilto-
nian paths P(s,u), P(v',¢) of S{%Tf} and

P(s,u') , P(u,v)

gi3dn—1} Thus, (s 5" u',u —>

n—1

v, v P t) is a Hamiltonian path of
S, — F, as illustrated in Figure 5(a).

Case 2.4.2: n(u) < 3,n(v) > 4 or n(u) >

4,n(u) < 3.

Without loss of generality, we can as-
sume that n(u) = 2,n(v) = 4. There
is a Hamiltonian path P(s,u’) of S2_;.
Applying Lemma 4, we can obtain a
Hamiltonian path P(v’,t) of S;nglln}

P(su/ P(u, P,
Thus, (s (S—u>)u/,u, i v, v D) t)

is a Hamiltonian path of S,, — F.

Case 2.4.3: n(u),n(v) < 3.

Without loss of generality, we can as-
sume n(u) = 2 and n(v) = 3. Let
P(s,u') be a Hamiltonian path of S2_;.

Let (v’ FLs) x,y Pl t) be a Hamil-

tonian path of S3_; for n(z),n(y) > 4.
Applying Lemma 4, we can obtain a
Hamiltonian path P(z’,y") of 57{,4_‘;)”}

P(s,u’) P(u,v) P(v',z)
Thus, (s — " u/,u v, T —5
/ P(x/’y/) / P(y,t)

x, ' =5y ,y —> t) is a Hamilto-

nian path of S,, — F.

Case 2.5: m=1and j =k # 1.

Without loss of generality, we can as-

sume that j = k = 2. We can denote
P(u,v)
C as (o,u —>" v,a).

Case 2.5.1: n(u) =2 or n(v) = 2.

Without loss of generality, we can as-
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(a) Case 2.4.1
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(b) Case 2.5.2
(n(s)<4)

(c) Case 2.6.1

Figure 5: Illustration of Theorem 2.

sume that n(u) = 2,n(v) = 3. Since
Sp—1 is (n — 4) edges Hamiltonian lace-
able, there exists a Hamiltonian path

(t Pes) x, s Plex) u’) for n(x) # 1.
Suppose n(x) # n(v). Applying
Lemma 4, we can obtain a Hamilto-

nian path P(v',z") of ST{L:E”} Thus,

P(su') P(u,v) , PQ'a’)
(s —" diu — o —
P(a,t , o
' x o) t) is a Hamiltonian path of

S, —F.

Suppose n(x) = n(v). There is a

Hamiltonian path (v’ Pl g) Y, Plea)
2’y of S3_, for n(y),n(z) > 4. Ap-
plying Lemma 4, we can obtain a
Hamiltonian path P(y’, 2’) of Si‘*f{n}

P(su') P(u,v) P(v'.y)
Thus, (s — v ,u — v,v/ —=

/ P(y/,z/) / P(Z:wl) / P(x,t) .
v,y — 'z =S 2z —'t)isa

Hamiltonian path of S,, — F.

Case 2.5.2: n(u),n(v) # 2.

Without loss of generality, we can as-
sume that n(u) = 3,n(v) = 4.

Suppose n(s) > 5. Let y € (V, NS2_,)
for n(y) = 5. When n(s) < 4. Let
y € S2_, be a neighbor of s for n(y) = 5.
Since Sp—1 is (n — 4) edges Hamilto-
nian laceable, there exists a Hamiltonian

path (¢ Flig) x,s Pl y) for n(z) =3
or 4. We can assume n(x) = 3. Let

P(u,2") be a Hamiltonian path of S3_;.
Applying Lemma 4, we can obtain a
Hamiltonian path P(y’,v") of Sji‘r{"}

Thus, (s "% g,y P82 vy PO



P ) Pi) . .
u,u/ T =5 2,z =5 t) is a Hamilto-

nian path of S, — F, as illustrated in
Figure 5(b).

Case 2.6: j=k=1and m # 1.

Without loss of generality, we can as-

sume that m = 2. We can denote the
P(s,y) P(t,x)

cycle C as (s ="y, t —=" x,s).

Case 2.6.1: n(x) # n(y) and n(z),n(y) > 3.

Without loss of generality, we can as-
sume that n(z) = 3 and n(y) = 4.
Let (v,v') be a fault-free edge which
ve(WnNS3_))and v € (V,, NS2_)).

n—1 n—1
There is a Hamiltonian path P(u,v’) of
S2_, foru € (Vi NS2_,) and n(u) > 5.

n

Applying Lemma 4, we can obtain a
Hamiltonian path P(y’,u’) of 57{147?71}

P . P ’ ! P !

Thus, (s ) v,y W) uu s
P(v,z’ P

v, v &) x,x @) t) is a Hamilto-

nian path of S, — F.

Case 2.6.2: n(x) = n(y) # 2.

Without loss of generality, we can as-
sume that n(z) = n(y) = 3. Since
Sn—1 is (n — 4) edges Hamiltonian lace-
able, there is a Hamiltonian P(y’,u) =

(y' Fy) v, @’ Pl ) u) for n(u) = 2 and

n(v) > 4 of S2_;. We can assume that
n(v) = 4. Let P(v/, z) be a Hamiltonian
path of S2_, for z € V,, and n(z) > 5.
Applying Lemma 4, we can obtain a
Hamiltonian path P(z’,v") of Sfi?"}

P(s, Py, P,z
Thus, (s o) Y,y W) v, v @2

/ P(z,u/) / P(u,z/) 1 P(Ivt) .
2z S uwiu =52 S t)isa

Hamiltonian path of S,, — F.

Case 2.6.3: n(x) =2 # n(y).

Without loss of generality, we can as-
sume that n(y) = 3. Let (u,u’) be fault
free edge which u € (V,, N S2_;) and
u' € (VNS ") - Applying Lemma
4, we can obtain a Hamiltonian path
P(u',y') of ST{LS_%”} Thus, (s Plog)

/ P(ylvu/) / P(uvm,) 2 P(m’t) i
v,y == wu =5 e =5 t) s

a Hamiltonian path of S,, — F'.

Case 2.6.4: n(x) =n(y) = 2.

There is a Hamiltonian path (y’ Py u)

u,v Plog) 2"y of S2_, for n(u),n(v) > 3.

Applying Lemma 4, we can obtain a
Hamiltonian path P(u/,v") of Sji‘in}

Thus, (s Fly) Y,y Pl u, u Ply)

~286~
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P ! P(x, . .
v, v &) ', x o) t) is a Hamilto-

nian path of S, — F.

Case 2.7: j=m=1,k#1lork=m=1,

j# 1
Without loss of generality, we can as-
sume that k£ = 2.

Case 2.7.1: s is adjacent to a and (s, a) € C.

We denote C' as (s Pl u, @, S).

Suppose n(u) # 2. Applying Lemma

4, we can obtain a Hamiltonian path

P/, t) of §iz3mt - g (s Pla)
) n—1 ’

' P(u',t)
u,u — t
Sp — F.
Suppose n(u) = 2. There is a Hamilto-
nian path (v’ Pl x,y P ty of S2_,
for n(x),n(y) > 3. Applying Lemma
4, we can obtain a Hamiltonian path
P, y) of S m Thus, (s Ple)

/ P(u',z) / P(m’,y/) / P(y»t) .
u,u’ =" ' T =Sy y =5 t) s

Hamiltonian path of S,, — F.

) is a Hamiltonian path of

Case 2.7.2: (s,«) is not an edge of C.

We can denote C as (s Pﬂf)

Uy QU U Flog) x, s) for n(xz) > 3.

Case 2.7.2.1: n(u),n(v),n(z) are mutually

different, n(u),n(v) > 3.

Without loss of generality, we can as-
sume that n(u) = 4, n(x) = 5 and
n(v) = 3. Let (y,y’) is fault-free edge
which y € (V,, N1 S3_;) and ' € (Vu N
S2 ). Let P(v',y) and P(y’,t) be
Hamiltonian paths of S3_; and S2_;, re-
spectively. Applying Lemma 4, we can
obtain a Hamiltonian path P(u/,z’) of

4,5, P(s,u) P(u'a")
ST{L_1 "} Thus, (s =" u,u’ = —5
,  Pw) , P('y)
r,r — Vv » Yy

Hamiltonian path of S,, — F.

P ’
1 P t) is a

Case 2.7.2.2: n(u) = n(z) # n(v) > 3.

Without loss of generality, we can as-
sume that n(u) = n(z) = n and
n(v) = 3. Let P(u/,2’) be a Hamilto-
nian path of S7_;. Applying Lemma
4, we can obtain a Hamiltonian path

P, t) of §123 1 Thus, (s 2

, P/ 2') ,  P(zv) , PO
u,/ T == e =5 w0 T " t) is a
Hamiltonian path of S,, — F between s

and t.

Case 2.7.2.3: n(u) = n(z) # n(v) = 2.

Without loss of generality, we can as-



The 23rd Workshop on Combinatorial Mathematics and Computation Theory

sume that n(u) = n(z) = 3. There is a

P(u’ Pz’
Hamiltonian path (v’ (U—By) Y, 2 (z_@})

2’y of S3_,. Let P(v/,t) be a Hamil-
tonian path of S2_; for n(y),n(z) > 4.
Applying Lemma 4, we can obtain a
Hamiltonian path P(y’, z’) of S;Ef?’m’n}.
Thus, (s P u,u’ Py Y,y Ply2)

/ P(Z1x,) / P(a:,’u) / P('Ulwt) .
A A A T s M B EE:)

Hamiltonian path of S,, — F.

Case 2.7.2.4: n(z) = n(v) # n(u) > 3.
Without loss of generality, we can as-
sume that n(z) = n(v) = 3, n(u) = 4.
Since S;,—1 is (n —4) edges Hamiltonian
laceable, there exists a Hamiltonian path

P’ v") = (o P, y Pl v') for

’ (a) Case 2.7.2.5 (a) Case 2.8.2.5

z € Vy,n(z) = 2 and n(y) > 5. Let

P(2',t) be a Hamiltonian path of S2_;.

Applynlg Lemma 4’ we can obtain a Figure 6: Illustration of Theorem 2.

Hamiltonian path P(u’,y") of S;{ii”m’n}.

Thus, (s Py u,u PLLy) v,y Pl Hamiltonian path P(s,t) of S}_; — (F —

o P(v,) v P’ 2) o P(' 1) £ s a {a1,01}) — {a}.

Hamiltonian path of S, — F. Case 2.8.1: (a1,b1) € P(s,t).

P(s,x

Case 2.7.2.5: n(z) = n(v) # n(u) = 2. We can denote P(s,t) as (s o7)

Without loss of generality, we can as-
sume that n(x) = n(v) = 3. Let
(y,y") be a fault-free edge for y €
Vw N Si_1), v € (BN Syy) and
d(y’,u') > 1. Since S,_1 is (n —

P
xvalablay ﬂ) t>

Suppose n(x) # n(y). Applying
Lemma 4, we can obtain a Hamilto-
nian path P(z’,y’) of S,{ifn} Thus,

. . P(s,r) / P(I/vyl) ’ P(y,t) .
4) edges Hamiltonian laceable, there (s ="z’ =5y y —> t)is a
exists a Hamiltonian path (z’ Pl Hamiltonian path of Sy, — F.
Pz \ Suppose n(x) = n(y), We can assume
Y,z —  v') of S5y for n(z) > 4. that n(z) = n(y) = 2. There is a

Since S,_1 is (n — 4) edges Hamilto-
nian laceable, there exists a Hamilto-

Pz, P(w,y’
Hamiltonian path (2’ @2 Z,w (g’

y') of S2_; for n(z),n(w) > 2. Ap-

. / P(u/7w1) / P(w27t) . .
n1an2path (' == wy, Y we T == t) plying Lemma 4, we can obtain a
of S,y for n(wi),n(wz) > 4. Since Hamiltonian path P(z’,p’) of S;{L?ﬁ"}
n(wl) 7£ n(w2)7 we call assuime TL(’LUl) 7& P(s,z) , P(z',2) , Pz w')
n(z). Applying Lemma 4, we can ob- Thus, (s P L
tain a Hamiltonian path P(w],z’) of W', w Pw.y’) v,y Ply:t) t) is a Hamilto-
Sr{iin} Thus, (s Pls,u) w, ! P! w1) nian path of S, — F.

— P(w_’l,f/) ooz P(z) v, v P(v.z) Case 2.8.2: (a1,b1) is not an edge of ]—Z(s,t)i

’ $,T1
' P(a'yy) Y.y, ws P(wz,t) ) is a Hamil- We can denote P(s,t) as (s ~——
. . . P(z2,y1) P(y2,t)
tonian path of S,, — F, as illustrated in ry,a1, v —  y,bi,ys —t).
Figure 6(a). Case 2.8.2.1: n(xy1),n(x2),n(y1),n(y2) are
Case 2.8: j=k=m=1. mutually different.

Let a4 € V, and by € V, be one Without loss of generality, we can
pair of adjacently faulty vertices of F. assume that n(x;) = 2,n(x) =
Since S, —1 is (n — 5)-adjacency hyper- 4,n(y1) = 3,n(y) = 5. Ap-
Hamiltonian laceable, there exists a plying Lemma 4, we can obtain a
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Hamiltonian path P(a},y}) of Siii}
and P(zh,v5) of 5{4’5"”’“. Thus,

P(s,x1) / (zlﬂyl) / P(y1,x2)
(s L1, Ty yl Y1 ?

P(Ilzwa) !

25

T, Th > is a Hamil-

tonian path of S

Case 2.8.2.2: n(z1) = ( 1) and n(xzg) #
n(yz2)-
Without loss of generality, we can as-
sume that n(z;) = n(y1) = 2 and
n(z2) = 3,n(y2) = 4. There is a Hamil-
tonian path P(z/,y}) of S2_,. Applying
Lemma 4, we can obtain a Hamilto-
nian path P(z}, ) of 5{3’4"“’71}. Thus,

P(s,x1) / P(mplll) / P(y1,x2)
(s — =,z — oy —
( L yz) 7 P(yZ»t)

To,xh 57 yh Yo t) is a Hamil-

tonian path of S,, — F.
Case 2.8.2.3: n(z1) = n(y1) and n(ze) =

n(y2)-

Without loss of generality, we can
assume that n(z1) = n(y)) = 2
and n(ra) = n(y2) = 3. Let
P(z},y;) be a Hamiltonian path of
S2_,.  Let (af Yoy PO

y5) be a Hamiltonian path of S3_,
for n(u),n(v) > 3. Applying
Lemma 4, we can obtain a Hamilto-
nian path P(v/,v") of 5{4 Dt Thus,

P(s,21) P(zy.y1) P(y1,72)
<S I T1, 27 I Y1, I
, P(;c'z,u) ’ P(u' ') , P(U,yé)
T2,y — U, U — Vv —
Ys, Yo Flazg) t) is a Hamiltonian path of
Sp — F.
Case 2.8.2.4: n(zy) = n(y2) and
n(xz) # n(y1).
Without loss of generality, we can
assume that n(z1) = n(ys) =
2,n(ze) = 3,n(y1) = 4. Since

Spn—1 is (n — 4) edges Hamiltonian

laceable, there exists a Hamiltonian
P(xh, P(va,y)
path (o " vy vn TP )

of S2 | for u € Vy,n(u) = 3 and
n(vy),n(vy) > 4. Since n(vy) # n(vs),
we can assume that n(ve) # n(y1).
Let P(u,2,) be a Hamiltonian
path of S ; Applying Lemma
4, we can construct a Hamiltonian
path P(y},v}) of S5 ™ Thug,

P(s,z1) ’ P(z},v1) , P(u',x})
<S T1,Ty U1, U, U
, P(x2,y1) ’ P(yy,v3)
Lo, T2 > Y1, Y1

P(v2 7'9&) /

/ P(y2,t) .
vh,va == yhyya = t) is a
Hamiltonian path of S,, — F.

Case 2.8.2.5: n(z1) = n(y2) and

n(zz2) = n(y1).
Without loss of generality, we can
assume that n(z1) = n(y2) = 2,n(z2) =

P(v,y4
nlyn) = 3. Tet (of " 0 "0 4

be a Hamlltonlan path of S2_;
for n(u) = 3,nk) > A4 Let
(xh P(Iifu) w,u, 2 P(z—’yf) yh) be

a Hamiltonian path of S3_, for
n(w),n(z) > 4. Since n(w) # n(z), we
can assume that n(w) # n(u). Applying
Lemma 4, we can construct a Hamilto-
nian path P(w’,v") of Sy{i?n} Thus,
P(Saxl) / P(xlhu) / P(zvyi)
(s = x,2f — wu,z —
/ P(y1,x2) / P($l2,w)
ylv Y1 — x2, $2 —
, P(w',v") , P(v,yé) ,
w, w — v, v — y27 Y2
is a Hamiltonian path of S,

illustrated in Figure 6(b).

P%t) t>

— F, as

3 Ring Embedding in Star Graphs
with Faulty Vertices

In this section, we will construct the fault-free
cycle of S, with some faulty vertices.

Theorem 3 There exists a fault-free cycle of
length at least n! — 2|F,| + 2 in S, — F, where
F, is the set of faulty vertices for |F, N V| > 1,
|, NVl > 1, |Fy| < (n—3) and n > 5.

Proof: Let x € V,, and y € V,, be two faulty ver-
tices of F,. By symmetry of Star graph, we can
arrange vertices x and y in different S,_; sub-
graphs. Without loss of generality, we can assume
that z € SL_, and y € S2_,. Let F, — {z,y} =
{a1,a9,---,a5_2} and F) = {b;|(b;, a1) be an edge
for a; € F, — {z,y}, b; and a; are in the same
subgraph}. Let s,t be white vertices of S}_;
where s,t, s’ t’gé(F UE)), n(s) = 2,n(t) > 3.
Let 2 be a black vertex of S2_, where 2,2’ ¢
(Fy, UF)), n(z) > 3,n(z) # n(t). Since S,_;
is (n — 5)-adjacency hyper-Hamiltonian laceable,
St (S2_,) — F, — F/ is hyper-Hamiltonian lace-
able. There exist two Hamiltonian path P(s,t)
and P(z,s") of S}_; and S2_,, respectively. Ap-
plying Lemma 4, we can obtain a Hamiltonian

path P(t',z') of S{3’4""’”}. Therefore, (s Ple)

Ptz P
t,t &5 2,z =) g s',s) is a Hamiltonian cy-
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cle of S, — F, — F. The length of this cycle is
nl —2|F,| + 2.

4 Conclusion

We have showed that the n-dimensional star
graph is (n — 4)-adjacency Hamiltonian lace-
able, (n — 3)-adjacency Hamiltonian and (n — 4)-
adjacency hyper-Hamiltonian laceable. Applying
these results, we construct a fault-free cycle with
length n! — 2|F,| + 2 where F, at least contains a
black vertex and a white vertex for |F,| < n — 3.
We will investigate the longest path with faulty
vertices of star graphs.
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