And from this it follows that Theorem 4.A holds for {¢A:A ¢ R}; that is,

5

[ o) (e,-1.8(e)-B(0)aB(n) = Palt oty BlE,)) . 0 <t <t 5 AeR

Lt

By differentiating this equation n times with respect to ), and setting X = 0, it

follows that Theorem 4.A holds for the function

Py t,x) = alt),t)H (t-t,,x) , 0 <t <t, ;xeR

1
Now we are in a position to present the
Proof of Theorem 4.A:

Let ¢ satisfy (4.1). Then, because of the completeness of the Hermite polynomials,

there exists a unique sequence {an(tl,tz):n = 0;lse:- 3 0% tl = t2 such that
o
= - < < - P
O] ) a (6t )H (€ ,%) , 0 <t <€, 1 xeR
n=0
: 2
in the sense that = X
Lo N 2=t 4
3 2 2
lim f l¢(t o XX} = Y a (t &8 (€ =t ,x)l e d =0 , 0 <g. <¢
o — — 2
b o S n=0 {q it e G D G O 1 2

Furthermore, since

3
-a—xﬂn(t,x) =n Hn_l(t,x) = 1,005 285 0; x ¢ R

it follows that if §§'¢(tl,t2,x) satisfies (4.1)

then
d b 3
a PlE ity x) = nzo a (b ty)an H (-t hx) , 0 <t <t) ;i xeR
in the same sense. Finally, since
('"‘—l—az—m(tx)—-n(n—l)n (t,%) , t > 0; R
ot T i fi=2= " 4 2
Ix
) 1 }2
it likewise follows that if (;L— %3 J—E)¢(tl,t2,x) satisfies (4.1) then
1 ax
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(ii— e j£~ (t .3 2.1 32
L 3x2)° jrEgest = nZO (atl = ;;5)an(‘1't2)“n(t2't1’X) X
0 < tl < t2 i XeR
in the same sense.
Now we define for n = 0,1,...
fn(tl,tz) = an(tl,tz)Hn(tz—tl,B(tz)-B(tl)) 0 O i_tl & t2

Because of (4.2) and the continuity condition of Theorem 2.B it follows that, for

C<E <t

1 2
¥ 3
[ R Gt (r)
n=0 t, " 2
2
t2 f
tends to f f(T,tz)dB(T) in L7(f) for large N. Furthermore, if
o
t2
Fo(t,t,,x) = £ a (T, t)H (t,-1, x-B(1))dB(1) ,
1
n=20,1,... ; 0 < tl = tz
then
N
DAL
n=0

tends to F(tl,tz,x) in LZ(Q), in the sense that

&
= et
o N D 2(t2-t1)
lim f E IF(tl,tz.x) ~ Z Fn(tl't2'X)| e dx =0, 0 < LSt
Now = n=0
2
&
Vel v oo S
lim [ E I3 Fley ot = [ oo F (e 6,00 | % dx=0,0<¢t <t,
N+w =~ n=0

Since these conditions imply that

N
I F () .t,8(t,))
n=0

«J=




tends to F(tl,tz,ﬁ(tz)) in L2(Q) for large N, O < t

1 & t2, and since, by Lemma II,

for n = 0Q,1,.

£

ft £(T.)dB(T) = F (t,t,,8(t,)) , 0 <t
1

<ty

1 2

the proof of Theorem 4.A is complete.

[}
As a corollary of Theorem 3.B we present the following result.
Theorem 4.B:
Let
b
n(tat,) = [ dlr,t,,8(t,) - B(x)AB(D)
t
L
where
2 2
208 9 1 i it X B
¢(t1,t2,x). % ¢(t1,t2,x), (at s 2)¢(t1,t2,x), (at + 3 2)¢.(tl,t2,x)
. 1 ox 2 ax
satisfy (4.1) and (4.2). Then
€
. 2
Btzn(tl,tz) = [¢(t2.t2,0) + { % ¢(r,t2,8(t2) = B(T))dﬁ(r)]dﬁ(tz)
1
3 o2 3 1 32
* o= 9(e,,t,,0) + ]t f, N MR BRURRCIGL, (B2 2 Yy
1

Proof:

The result follows directly from Theorem 3.B once we observe that, by Ito's Formula,
3t2¢(t1,t2,8(t2) = B(tl))

2
) ) L 3
~ % @(tlltz,B(tz) < B(tl))dB(tz) + (Sgg +3 Bx2)¢(t1,t2,8(t2) S B(tl))dt2

.

LS

e e e e




§5. ITO-VOLTERRA EQUATION

In this section we study the behavior of the solution to the problem

t t
(1-v) £(t) - [ o(t,t)E(T)AB(1) - [ by, t) f(Ddr = F(t)
(0] o]

where o, b, F are functions. A more general class of equations is analyzed in Berger (2],
(3]; but to make this exposition self-contained, the existence-uniqueness results for (I-V)

are presented here.

Theorem 5.A:

Let ¢. b, F be functions satisfying

sup 2 _
B T(o(tl,t2)[ = ||o([,r <@
P gt bl <o
oS SR S Uit - ' T

R LT L

for each T > 0. Then there exists a solution g(t) of (I-V) on [0,T] for any T > O

such that |

sup

(5.1) 0<t <

cElE® ] <o .

Furthermore, if E(t) is another solution of (I-V) satisfying (5.1), then E is a version
of ¢&.
Proof:

To establish existence we construct the successive approximates to (I-V). Thus let

Gty =F(t) , t20

3 t
(5.2) £,(6) = F(t) + foa(T,t)En_l(r)dB(r) + {)b(r,t){n_l(r)df.

B® ,8vc0e 3 € O
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The first property of these iterates we establish is

sup

2
Of_tiTE];“(t)‘ S SR A )

(5.3)

This is shown by induction as follows.

Sup 2 2 sup 2
O:_tszlgn(t)l _<_3”F|]T+3NTO:tiTE|gn_l(t)| 420
where
sup ) 2 t 2
Ny, = oith[{)IO(T’t)l d-r+t{) |b(r,t)|“at] , T > 0

The next property we establish is

o - , (amy”
(5.4) Oit:TE]ngl(t) - g, (0] < 2N (1 + |E|[D) = T @
where
2 2
MT = ”0”'1‘ % T”b“rr =

This is shown by the following observation

2 = 2

E g ,,(0) - £ (0] izmTJ:)E lgn(r) e tfaE e =10, oz

Thus, by (5.4), for each t ¢ [0,T], the sequence gn(t) converges in LZ(Q) to a random

variable ¢g(t). The process &(t) is &(0,t)-measurable and

sup 2
OitiTEIE(t)l Coi
Since
" sup ) 2 _
Ln o o Elg, 0 - s 0
n-o — —

taking limits in (5.2) is valid, and &(t) is, therefore a solution of (I-V).

To establish uniqueness let £(t) and E(t) denote two solutions of (I-V) satisfying

(5.1). Then
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t
E |£(t) - c(c)|2 < 2MTj E |g(0) - E(T)Izdr ]
0

and thus

E |g(t) - é(t)|2=o (S

The successive approximates (5.2) are particularly interesting in view of the Correction

Formula.
This is the content of the following

Theorem 5.B (Resolvent Formula):

Let o, b, F be as in Theorem 5.A, and also satisfy
sup a3 2 3 2 =
(5.5) T  a [3e- Pty t ) [T <, T >0
== = 4! 1
sup d 2
(5.6) 0<t<r P  <w, 230 .
Define the iterates o bn as follows:

alltl,tz) = a(tl,tz) v bl(tlltz) =

)

2
One1(tyety) = [ o (timolr,t a0
t
X
%
Dep (tyrty) = { bt D)o(r,t,)dB(x)
1

Then the resolvents

o
r (t .ty = nZ1 O, (8 /) , T (L, L) =

exist and are Li'l—adapted processes.

“30=

In fact the solution to (I-V) can be represented as an adapted stochastic integral.

Furthermore the solution to (I-V) is

bit),t)) , 0 <t <t
t2
+ f on(tl,r)b(r.tz)dr ' "
t
1
3
+[ b (e, 0b(r, t)dr
t
!
=12,... 30t <ty

=]




£
£(t) = F(t) + [ r (1,t)F(1)dB(1)
0 Q

This result is actually a corollary of Theorem 5.A.

£ n
En(8) = F(&) + [ [ ] o (1,6)]F(r)dB(x
0 k=1
t n
5.8
( ) + I [ Z bn(T.t) = glT,T)
0 k=1
n

Thus the convergence of the approximates implies the exi

in (5.8).

Actually, because of the restrictive TE assumptions on

such that

E |t (t) - gn(t)lz <

n+l

¥ p{lr,n“(t) - En(t)l
n=1
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(5.7)
t
+ [ Ir (1,8) - olr,0r (1,0)]F(DdAr , ¢t >0
0 g i
Proof:

Indeed, by the Correction Formula,

it follows that the successive approximates gn are given by

)

n=1
! o (x/0)IF(0)dr
k=1

o2y £ D

stence of td, rb. The conditions

(5.5) and (5.6), together with the continuity condition of Theorem 2.B, allow us to take limits

o, b, the convergence of the

approximates En is almost sure convergence. This is because there exists a function c(t)

This is actually the content of (5.4). And thus the series

l
> ~5)
n

converges for t > 0. So that by the Borel-Cantelli Lemma, £ (t) converges almost surely
= n




for each t > 0. Similarly the conditions (5.5) and (5.6) imply the almost sure convergence
of the terms in (5.8). And thus the Resolvent Formula provides trajectory-type information.
For examples concerning the use of the Resolvent Formula, and for additional information

about the solution of (I-V), and for the case where o, b, F are processes themselves, the ;

reader is referred to Berger [2], [3].
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