
- -

And from this it follows that Theorem 4 .A  holds for (~~~:A  ~ R};  that is ,

t
2

I ~A
(t
2
_ T ,B(t

2
)_8(T tfl3(h) = F

A
( t

l
.t
2
.e(t

2
) )  , 0 < t

1 ~ t2 
; c R

t
l

By d i f f e r e ntiating this  equation n t imes wi th respect to A , and setting A = C , it

follows that Theorem 4.A holds for the function

~(t1
,t
2
,x) = a (t

1
,t
2

) H
0
(t

2~
t
1
,x) , 0 < t

1 
< t

2 
; x • R

U

Now we are in a position to present the

Proof of Theorem 4.A:

Let ~ satisfy (4.1) . Then , because of the completeness of the Ilensite polynomials ,

there exists a unique sequence {a (t
1
,t
2
):n = 0,1,... ; 0 t

1 
< t

2 
such that

+(t
1
,t
2
,x) = 

~ 
a
n

(t
i~
t
2

) H ( t
2
_t

1
,x) , 0 < t

1 
< t

2 
; x P

n=0

in the sense tha t 
- ________

N 2(t —t
u r n  / 14 (t ,t ,x)  — Y a (t ,t )1I (t —t ,x)1

2
e 2 1 

dx = 0 • 0 < t t1 2 n 1 2 n 2 1 — 1 — 2n 0

Furthermore , since

H ( t ,x ) = n H ( t,x) , n = 1,2 - t ‘. 0; x • R
~x n n-i —

it fo1lows tha t i f  -
~~

- 4i(t
1
,t
2
,x) satisfies (4.1)

then

-
~~

— c~~( t
1

,t
2

,x)  = 
n~~O 

a ( t
1
,t

2
)-~ — H(t

2
—t

1
,x) , 0 < t

1 
t
2 

; x R

in the same sense . Finally, s ince

— 

~ 2 n ~~~
’
~~ 

= - n(n-l)H 2
(t ,x) , t > 0; x ~ R

it likewi se follows that if (-~~— + ~~ 
-

~
-

~~)~~~( t
1

, t , ,x )  s a t i s f i e s  (4.1) then

—‘—---- —.——,
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- - - - - - ___________

+ ~~
- -
~—~ ) $ (t

1
,t~~,x) = 

n=O ~ 
+ 

~~ ~~~~~~~~~~~~~~~~~~~~~~

0 t
1

< t
2 

; x c R

in the same sense.

Now we define for n = 0 ,1,...

fn
(t
1
t
2) = a

n
(t
i.
t
2

) H
n

(t
2
_t

i
,8(t

2
)_ .B (t

1
) )  , 0 < t

1 
< t

2

Because of (4.2) and the continuity condition of Theorem 2.13 it follows that , for

0 ~ t
1 

< t
2
,

t
N 2

‘ / f
n
(Tt

2~~
8(1)

n=0 t

t2
tends to / f (T ,t 2

)dB(T)  in L
2 (ll ) for large N. Furthermore , if

t
l

t
2

F(t
1
,t2 ,x) = / a (i,t

2
) H (t

2
— -r, x—8 (-r))dB (-t)

t
l

n = 0 ,l . O~~~ t1
< t

2

then
N

F (t  ,t ,x)
n 1 2n=0

tends to F(t ,t ,x) in L
2
(c)), in the sense that

1 2  
2

- - x
N 2(t —t )

l im / E lP’(t1,t2,,~ — 
~ ~~~~~~~~~~~ 

2
0 

2 1 dx = 0 , 0 t
1-~~ n 0

2
x

N 2(t —t )
u r n  f U l~~ 

F(t
1
,t
2,
x) — 

n=0 
~~ 

F
n

(t
i~
t
2~~~ 1 2e 2 1 

dx = 0 , 0 t t
1 

< t
2

Since these conditions imply that
N

X F
n

(t
i~

t 2 •8 ( t 2
) )

0—0
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tends to F(t
1
,t
2
,8(t2)) in L

2 (c?) for large N, 0 s t
1 

< t
2
, and since , by Lensna II,

for n — 0, 1,...

t
2

1~ ~~~~~~~~~~~~~ = F ( t
1
,t
2
,8(t

2
) )  , 0 < t

1 
t
2 

,

1

the proof of Theorem 4.A is complete.

U

As a corollary of Theorem 3.B we present the following result.

Theorem 4.8:

Let
t
2

n (t
1
,t
2
) = / ~ ( T , t

2
,8( t

2
) —

t
l

where
2 2

4~( t
1
,t
2
,x), -

~~

— $(t
1
,t~ ,x), (-

~
-—— + -~

- —~--~-)I~(t1,t2,x), 
(-
~~

—- + ~
- 1 3x 2 ~x

satisfy (4.1) and (4.2) . Then
t
2

~t2
n(t

i
t
2

) = [~~(t 2,t2,
0) + f -i-. •(- r ,t 2 ,8(t~ ) —

2
+ (-j- 4i(t

2
,t~~,0) + f (-a— + ~ -~—~ ) 4 ( - t ,t 2 ,8(t 2

) — B(t))dB(r)ldt
2 

, 0 < t
1 

< t
2 

.

Proof:

The result follows directly from Theorem 3.B once we observe that , by Ito s Formula,

— 8(t
1

) )

I
~~— I~~(t 1

,t
2

, B( t
2

) — 8(t
1
))dB(t

2
) + ~~ + ~~

- —j-)~~ (t
1~~

t
2
.8(t

2
) — )3(t

1
) ) d t

2
— 2 ~x

U
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~5. ITO-~~LTERRA EQUATION

In this section we study the behavior of the solution to the problem

t t
(I—V) ~(t) — 5 o(- r .t)~~(- r ) d8( r) — 5 b(~~,t)r,( r)d- r  — F ( t )

0 0

where a, b, F are functions. A more general class of equations is analyzed in Berger (2]

(3]i but to make this exposition self—contained , the existence—uniqueness results for (I-V)

are presented here.

Theorem 5.A:

Let 
~~
. b, F be functions satisfying

0 < t1
< t

2 < T t ° 1
,t
2

0 < t
1

< t 2 
< T 

(t
1
,t
2
) 1
2 lIbli T

SUP 
II FJJ T < 

~~

for each T > 0. Then there exists a solution ((t) of (I-V) on 10,T] for any T ~ 0

such that

(5.1) 
0 < t <  T ~ ~(t) 1

2 
<

Furthermore , if F (t) is another solution of (I—V ) satisfying (5.1), then 1~ is a version

of ~.
Proof I

To establish existence we construct the successive approximates to (I-V) . Thus let

— F(t) , t > 0

t t
(5.2) ~ Ct) — F ( t )  + f a(r,t)~ 1

(t)dB(’r) + 5 b(-r ,t )~ ( t~~~ 1.
n 0 0 

—1

n — 1, 2 , . . .  ; t > 0
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The f i rst proper ty of these itera tes we establ ish is

(5.3) 
0 ~

s
~
P

:_ T U 1~~n
(t) 

2 
n = 1,2 T > 0 .

This is shown by induction as follows.

0 < t ~~ T 
£ ~~ (t) 1

2 
3ll F~I

2 
+ 3N

T 0 < t < T 
U I~0 1 (t1 2 

• T > 0

where

N
T 

= 0 < t ~~ T~J~ 
lo (r,t) 1 2d1 + tf Ib (T, t) f

2th] , T > 0

The next property we establish is

n
(2M

( 5 . 4 )  
T ~ ~n+i

(t )  — 
~n

(t
~~ 

2 
< 2N

T
(l  + lI F ll ~

) n! T > 0

where

M
T 

= kIl T + T II b lI~,

This is shown by the following observation

U I~n+i
( t )  - 

~n
(t )I

2 
< 2N~f U 

~n
(T )  — 

~n_ l ( T ) 1 2dt n = 1,2 o < t < T

Thus , by (5.4), for each t E (0 ,T3 ,  the sequence 
~n
(t) converges in L

2
(l() to a random

variable ~ (t). The process ~ ( t) is ~~(0,t)-rneasuraiile and

0 T U kt 1
2 

<

Since

T ~~ ~n
(t )  — ~ ( t )  ~2 0

taking limits in ( 5 . 2 )  is valid , and ~ (t) is, therefore a solution of ( I — V ) .

To establish uniqueness let ~ ( t )  and ~ (t) denote two solutions of (I—V) satisfy ing

(5. 1). Then

-29—
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U I~ t - ~~ t )  1
2 

< 2 Mf E IC (i) - ~ (i) t
2
dT

and thus

U k t  - 
~(t) 1

2 
= 0 , >

U

The successive approximates (5.2) are particularly interesting in view of the Correction

Formula. In fact the solution to (I-V) can be represented as an adapted stochastic integral .

This is the content of the following

Theorem 5.8 (Resolvent Formula) :

Let ci, b, F be as in Theorem 5.A , and also satisfy

(5.5) 
0 < t

1
< t ~ c T ~~~~ 

0(t
1
,t
2
) ~
2 
+ 

~~ 
b(t

1
,t
2
) 1

2 ] < = • T -, 0

(5.6) - 0 T I~ - P ( t) 1
2 

< ~~ , T > 0

Define the iterates a~~ bn as follows :

= ci (t
1
,t
2
) , b

1
(t
1
,t
2

) = b (t
1
,t
2
) , 0 < t

1 
< t

2

t
2 t

2

/ o (t
1
,T)ci(-r ,t

2
)dB (-r ) + 5 o ( t

1
,-r)b(1,t

2
)d1

t
i t

l

t
2 t

2
b

1
( t
1
,t
2
) = 5 b

n
(t

i~~
T ) O ( t

~~t 2
) dB ( ~t )  + f b ( t

1
, -r ) b ( -t , t

2
)d-r

tl 1

n = 1,2,... ; 0 < t
1 

t
2

Then the resolvents

- 

r (:
1
,t2) = 

n~ l 
O
n
(t
1
t
2
) • r

b
( t
l
,t 2

) = 
n~ 1 

b (t
1
,t
2
) , 0 < t~ < t

2

exist and are L
+ -adapted processes. Furthermore the solution to (I-v) is
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t

~ ( t )  = F(t) + 5 r ( t , t ) F ( r ) d B(- r )
0 0

(5.7)

+ f Lr~~(t, t) - ci (i,i)r (i,t))F(t)di , t 0

Proof:

This result is actually a corollary of Theorem 5.A. Indeed , by the Correction Formula ,

it follows that the successive approximates 
~ 

are given by

~~ ( t )  = F ( t )  + f I ~0 k=l

(5 8) t fl n—i
+ / [ 

~ b ( r ,t )  - 0(1,1) 
~

0 k=l k=i

n — 2 ,3... ; t > 0

Thus the convergence of the approximates implies the existence of r , r
h
. The condi tions

(5.5) and (5.6),. together with the continuity condition of Theorem 2 .13, allow us to take limi ts

in (5.8).

U

Actually , because of the restr i ct ive  r? assumptions on ci, b , the convergence of the

approximates 
~ 

is almost sure convergence. This is because there exists a function C ( t )

such that

U kn+i (t >  — 
~n

(t) 1
2 

-~~ ii! 
, >

This is actually the content of (5.4). And thus the series

n~ 1 
~ l~ +1

(t )  - 
~n

(t )  I > -
~~~~

converges for t > 0. So tha t by the Borel-Cantelli Lemma , ~~ (t) converges almost surely
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for each t ~ 0. Similarly the conditions (5.5) and (5.6) imply the almost -~ur,- e~J : v r o- r1 -~-

of the terms in (5.8). And thus the Resolvent Formula provides trajectory-type information .

For examples concerning the use of the Resolvent Formula, and for additional information

about the solution of (I—V) , and for the case where ci, b, F are processes themselves, the

reader is referred to Berger (2 ) ,  13) .

4
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