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Abstract

This paper presents a theoretical analysis of the conveegeonditions for evolutionary algorithms. The necessarg a
sufficient conditions, necessary conditions, and sufftcoemditions for the convergence of evolutionary algorishta the global
optima are derived, which describe their limiting behasiofheir relationships are explored. Upper and lower bowfdthe
convergence rates of the evolutionary algorithms are given

I. INTRODUCTION

Evolutionary Algorithms (EAs in short) are a kind of algdwits that simulate biological evolution. These algorithms
have been applied to many optimization problems succégshich as function optimization, combinatorial optintina
and machine learning.

Convergence is an important issue in the theoretical stddigAs [1], [2]. In the past years, good results have been
obtained about the convergence of EAs in finite space andetieistime, including both time-homogeneous transitiond an
time-inhomogeneous transitions [3], [4], [5], [6], [7]. @onvergence theory of EAs beyond the finite space and thsinee
has also been discussed [7]. The modeling and analysis eélitist evolutionary algorithms in terms of super-magtte has
been suggested in [8]. Further research on convergence lmatebeen done [9], [7], [10]. A more detailed survey aboet th
convergence theory of EAs can be found in [1]. Most of exgstiesearches focus on the sufficient conditions for the agevee
of EAs, but little work has been done in dealing with necessanditions, and sufficient and necessary conditions. Riwen
completeness of theory, these conditions are also impoptatts of the convergence conditions for EAs.

The following questions will be addressed in this paper:

« Which conditions are sufficient and necessary for the cayarese of EAs?
« Which conditions are necessary conditions?
« Which conditions are sufficient conditions?

The discussion in this paper will be undertaken in the génaeasurable space whose operators and parameters could
be time-varying. In order to make the results more genenstéad of specific), we conduct our discussion from an atistra
viewpoint.

We use the Markov process as the analysis tool. In our previiaper [11], we have discussed the convergence rate of
genetic algorithms from the viewpoint of abstract framewdn the same way, we will undertake further investigatiamse
the sufficient conditions, necessary conditions, and seffficand necessary conditions for the convergence of EAG tlair
relationship. We also obtain some results about the coavergrate of EAs based on these conditions.

This paper is organized as follows. Section 2 introducesMagkov process model for EAs. Section 3 gives different
conditions about the convergence of EAs. Section 4 preseststs about the convergence rate of EAs. Section 5 coeslud
the paper.

II. EAS AND THEIR MARKOV CHAIN MODEL

Consider the optimization problem:
max{f(s); s € S} (1)

whereS C Q and(2 is assumed to be a measurable spg¢e) the objective function, or the fitness efwhere| f(s) |< +oc.
Denote the optimal solution set iy = {s* | f(s*) = max f(s),s € S}.

Let u(-) be a measure to spa€e Sometimeg.(S*) = 0, which meansS* is a set with measure. It is not convenient to
analyze such a set mathematically, so let's consider annedqehsetSy = {s | f(s*) — f(s) < §} whered is a small positive
value andS} will replace the sef5*. We can choose an appropridtand makeu(S5) > 0. In this sense, we always assumes
that .(S*) > 0 in this paper.

An EA for solving the above problem can be described briefly as

1) Initialization: generate an initial population, derobiey £(0), and lett < 0.

2) Crossover: generate a new population froft) by a crossover operator, denoted §y(t).
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3) Mutation: generate a new population frgn(¢) by a mutation operator, denoted By, (¢).

4) Selection: generate a new population frém(¢) (and&(¢)) by a selection operator, denoted &y(t).

5) Adaptation (or no adaptation): if there is an adaptattbe, act of adjusting the algorithm’s parameters (and opesht

only depends on the states &ft) and &, (¢).

6) if the EA satisfies the stopping criterion, then stop; déde (¢ + 1) = £, (¢) andt — t + 1, then return to Step 2.

The adaptation (Step 5) is considered in the above algoyithinich is used to modify the values of strategy parameters
(and the genetic operators) during the run of the algorithtarkov chain is one of main mathematical analyzing tools in
modeling EAs [2]. In this paper we use the theory of Markovgess too. Now we give some definitions that will be used in
the subsequent discussion.

Definition 1: The spaceS is called anindividual spacewhere each statein S is called anindividual, the spaceX = SV
consisting of NV individuals is called gpopulation spacewhere elements inX are called apopulation denoted byr =
{z1,--- ,z,}, N is called thepopulation size The optimal solution sein the population space is denoted By = {a* |
Jz; € x:wy € S*}

Since the state of(¢ + 1) is only dependent on the state &ft), then {{(¢);t = 0,1,---} can be modeled by a non-
homogeneous Markov chain whose state spacg &snd the transition function is [11]:

P(t;z,dy) = P(§(t +1) = dy | £(t) = x)
= [ [ P.(t;z,du)P,, (t;u,dv)P,(t;v,dy) (2
ueX veX
There are different kinds of definitions of convergence ia harkov chain theory. The following definition of convergen
will be used in this paper.
Definition 2: Let {¢(¢);t =0,1,---} be the Markov chain given by (2), thel§(¢);¢ = 0,1, ---} converges to the optimal
solution setX*, if for any initial population£(0),
t—h-ﬂo we(X*) =1, ()
whereu,(X*) = u(€(t) € X*).
In the following, we will prove the convergence of EAs andiraste the convergence rate.

IIl. CONVERGENCECONDITIONS OFEAS

First let’s give sufficient and necessary conditions for ¢baevergence of EAs.
Theorem 1:Let {£(¢);t =0,1,---} be the Markov chain given by (2). Define

a(t) f*P Et+1) e X*|E(t) = x)ue(dr)
—fj P ) ¢ X7 €)= a)p(d) @
then{¢(¢);t =0,1,---} converges to the optimal solution s&t* if and only if a(t) satisfies the following condition:
204@) =1—po(X7) )
Proof: For any given time;, we have =
pea(X7) = [ P(E(+1) € X[ €(1) = )pu(d)
+¢fj CP(E( 1) € X | €(0) = mype(a)
=p(X) = P D) # X €0 = 2)pda)
+ [ PEE+1) € X () = 2)uilde)
zgX*
so we have
Hesn (X7) = p(X*) = alt)
and then .
fre41 (X)) = po(X7) = Za(k)
we get -

A 1 (X —1@2 ) =1—po(X™)



which proves the conclusion. ]
Now we give some explanation to the above conditions. Thenmgaof a(t) can be viewed as the difference between the
flow from the non-optimal solution set to the optimal solatiget and vice versa. So the condition (2) is a constraintéo th

“+o00
above flows. Usually the initial population is not optimdiat is 1o (X*) = 0, then the condition (2) becomg_ «(k) = 1.

k=0
From the definition of the convergendén; ., u:(X™*) = 1, we can get some other necessary and sufficient conditions,
such as:

lim Pt +1) € X* | £(t) = 2)e(da) = 1 @3)
t—+0o0 rzeX
or equivalently fromlim;_, o p:(X\X*) =0
lim P(E(t+1) ¢ X* | &(t) = 2)ue(dz) = 0 (@)
—+oo rzeX

The condition (3) can be rewritten as: there exists a sequéie);t = 0,1, - -} such thatd < 4(¢) < 1, which satisfies

[ Plete+ 1) e X €)= st = o0 (5)
xeX
and
i (1 5(1) =0 (6)

If we weaken the above conditions, we will get some necessamngitions; on the other hand, sufficient conditions can be
derived by strengthening the above conditions.
In the following, we consider the necessary conditions far tonvergence of EAs.
Theorem 2:Let {£(¢);t =0,1,---} be the Markov chain given by (2), if it converges to the optiswution setX*, then
for any £(0) ¢ X*, the following necessary conditions hold:
(1) for any given timet > 0,
lim [ P(E(E+1) ¢ X7 | E() = 2)ui(dr) =0 )

t——+o0
reX*

(2) there is a sequend@(t);t = 0,1,---} such thatd < §(¢) < 1, which satisfies

/ P(&(t+1) € X* | £(t) = 2)pa(d) > 5(t)pue(X\X) (®)
g X~
and
“+o00
[[a-6é@)=o0 @)

t=0
Proof: We first prove (1). Assume that (7) doesn’t hold, that is, ¢hexist some: € (0,1) and a subsequence of time
{tx; kK =0,1,---} such that

[ Pl 1) ¢ X060 = e o) > ¢ (10)
reX*
Since the chain converges to the optimal solution set, ferdiiene, there exists some moment> 0, such that fort > r,
we have
/Lt(X*) >1—c¢

that is
pe(X\X™) < e

Now let ¢ be large enough, > 7, then we have

€ > pu41(X\X7)

:mefX P&tk +1) ¢ X™ [ £(tr) = )pe(dir) (11)

> [ P&tk +1) ¢ X* [ &) = z)me(dz)
reX*
It can be seen that (10) contradicts (11), so the assumptiearct holds, and therefore condition (7) holds.
We now prove (2). The discussion will be divided into two case



Case 1: there is some timesuch that:u(X*) = 1. In this case, let's také(7) = 1 and otherd(t) = 0, then (8) and (9)
hold.
Case 2: for any time > 0, it holds: u;(X™*) < 1. In this case, since:

per(X7) = !X*P £t+1) € X* [ £(t) = x)pe(de)
+ g{(*P(&(H—l)E}(*li(): )i (dix) (12)
< (X)) + ng P(E(t+1) € X* | &(t) = z)pe(da)
g X*

define
[ PEE+1) € X* | &(t) = 2)p(de)

5(t) = 22X

1 — e (X™)

Sincefwx* PEt+1) e X* &) = x)p(de) < p(X\X*) =1 — i (X*), we have0 < §(¢) < 1, and then (8) holds.
Substitutingd(t) into (12) yields
6(t) > /lt+1(X*) - :ut(X*)

1 — pe(X™)
or equivalently
1 — pegr (X7)
1—-6(t) < ————_ 2
()< 1 — e (X*)
so we have .
1 — g1 (X™)
[T -6k) < ——E—=
o 1 — po(X*)
Since the chain converges to the optimal solution set, we hav
t
. 1 — pe1 (X7)
_ < e a0 Sl
tlg{)lo (1= 4(k)) tlggo 1 — po(X™) 0
k=0
so (9) holds. ]

The conditions in Theorem 2 can be explained as follows:

« Condition (7) means that: as the time step in EAs becomes kamgugh, once populatidt) enters the optimal seX*,
then its offspring has little possibility to escape from thygimal set, that is, seX* is attractive.

« Conditions (8) and (9) means that: if populatigft) is not in the optimal set, then after a period of evolutios affspring
has a high possibility to enter the optimal set, that is, sé&tis accessible. In the finite space, the conditions mean that
there exists a path from the initial state to the global optistate.

The following examples illustrate whether an EA satisfies (7

Example 1:For any EA with the elitist selection strategy (that is, thestoindividuals in the parent population will be kept
in the offspring population in the selection), it satisfi@3.

Example 2:For an EA with a non-elitist selection strategy, if its ewanary operators do not change in time, then it doesn’t
satisfy (7).

Example 3:For a simulated annealing like genetic algorithm [12], dgts; be the individual with the best fitness in
population{(t), if the possibility of zes; to be alive in the next generation populatigft + 1) will trend to 1 as timet
increases, then this genetic algorithm satisfies (7).

The following examples illustrate whether an EA satisfiesa8d (9).

Example 4:For a genetic algorithm based on a binary state sgace}’, let its mutation operator be: each sitgin the
individual (s; - - - s;) become its complement with mutation ratg : 0 < p,,, < 0.5; let its crossover operator be the one-point
crossover; and the selection operator is an elitist seledirategy. Then the probability of individualbecoming the optimal
individual (s} - - - s7) is not less tharfp,,,)’. So let's choosé(t) = (p,,,)" < 1, then we havq—[zg’g(l —0(k)) = 0, that means
(9) holds. For the giverd(t), condition (8) holds too.

A natural and interesting question is that: if an EA satistimndition (7), (8) and (9), then will the EA converge to the
optimal setX*? The answer to the question is negative. Let's see the folpexample.

Example 5:Let the state space consist of only two elemefitsl }, where f(0) = 1, f(1) = 2, and the (1+1) EA is:

1) Initialization: £(0) = 0 where consists of only one individual, and tet 0.

2) Mutation: let mutation rate be™?, i.e. the probability for¢(¢) becoming its complement is~*, then form¢,, (¢).
3) Selection: select the offspring frogit) and¢,, (¢) according to the proportional selection, then fofpit).

4) lete(t+1) =&, (t) andt — t + 1, return to step 2 and repeat the loop.



In the above example, it is easy to see that if wesl@) = 1 andd(t) =0, t # 0, then
[ P+ € X7 160 = plaa) 2 S0 (XX

and we also havﬂzig(l — d(k)) = 0. So conditions (8) and (9) hold. Since the mutation fate;, ., .. e~* = 0, then
condition (7) holds too. But this EA is not convergent.

Last, let's consider some sufficient conditions for the @gence of EAs. There are already many good results on the
sufficient conditions [1]. The sufficient conditions giveerl are obtained by strengthening conditions (3) and (4).folowing
results can also be drawn from Theorem 6.7 in [7] directly.

Theorem 3:Let {£(t);t =0,1,---} be the Markov chain given by (2). If it satisfies the followingnditions:

(1) for anyt > 0 and anyz € X*,

PE(t+1) ¢ X" [&(t) =2) =0 (13)
(2) there exists a sequené(t);t = 0,1,---} such thatd < §(¢) < 1 and it satisfies:
[ Pl 1) € X7 €l0) = ha(da) = 8 (X\X7) (14)
¢ X*
and
“+o0
[Ta-sw)=o0 (15)
t=0
Then starting from any(0) ¢ X*, the chain converges to the optimal solution &et, and for any timet:
t—1
1—pu(X*) < JT (1= o(k)) (16)
Proof: Since =0
pe1 (X f £ +1) € X™[£(t) = x)pe(d)
ex*
f E(t+1) € X* | £(t) = w)pue(da)
ZXxX*
(X ) O () e (X\X™)
o)
1= pugr (X7) < (1= 0(0)) (1 — e (X7))
and then 1
1 pe(X7) < JT (1 = 60k))o(X7)
k=0
if
t—1
Jim JT(=a0k) =0
k=0
thenlim,; ., p:(X™*) = 1, which proves the convergence. [

Now we give some intuitive explanations for the above cdong.

« Condition (13) is stronger than Condition (7), that is, opopulationé(¢) enters the optimal set*, its offspring&(t+1)
has no possibility to escape from the optimal set.
« Conditions (14) and (15) are the same as Conditions (8) and (9
The following example shows the application of Theorem 3:
Example 6:If the selection operator in a genetic algorithm is given msEkample 1, and the mutation and crossover
operators are given as in Example 4, then from Theorem 3, we khat the genetic algorithm will converge to the optimal
set.



IV. CONVERGENCERATE

Based on conditions similar to the above conditions, wel giralsent some results on the convergence rate of EAs. The
convergence rate refers to how fast the population statergesd by EAs converges to the optimal 3&t. In this paper, the
convergence rate is measured by i (X*).

The following lemma gives the lower bound bf— 1, (X*).

Lemma 1:Let {£(¢);t = 0,1,---} be the Markov chain given (2), if it converges and there exissequencéf(t);t =
0,1,---} such thatd < 8(¢t) < 1 and it satisfies:

[ PEE+1)e X*|(t) = x)ue(dr) < Bt)u(X\X*) (1)
g X*

then starting from any(0) ¢ X*, it holds for any timet:

t—1

L (X% > [T - 50) 2
Proof: The proof is similar to the proof of Theorem 3. i ]

From Lemma 1 and Theorem 3, we can get the following theorem.
Theorem 4:Let {£(¢);t =0,1,---} be the Markov chain given by (2), if the following conditiohsld:
(1) for anyt > 0 and anyz € X*,

PE(t+1)¢ X" [{(t)=2)=0 3)
(2) there exists a sequené¢é(t);t = 0,1,---} such thatd < §(¢) <1 and it satisfies:
[ P(E(t+1) € X7 | £(t) = o)ue(da) > 5(t)ue(X\X) 4
g X*
and
“+o0
[[a-6é@)=o0 5)
t=0
(3) there exists a sequen¢g(t);t =0,1,---} such thatd < 8(¢t) < 1 and it satisfies:
| PE(t+1) € X7 | €(t) = 2)pldz) < Bt} (X\X*) ©)
cgX*

then starting from ang(0) ¢ X™*, the chain converges to the optimal solution &t and the convergence rate is bounded by

ﬁ(l—ﬁ())<1—m ﬁ @)

Theorem 4 shows that the convergence rate of an EA can benedtby estimating(¢) and 5(t). However, in some sense,
the result only indicates the existence of convergence rateer how to choose compute the convergence rate.
In the following we will give some further investigation the estimation of(¢) and 5(t). Let's consider the following
EA which takes an elitist selection strategy:
1) Initialization: generate an initial population, dersb&s£(0), ¢t = 0.
2) Crossover: generate a new populatforit) from £(t) by crossover, and assume that all the individual(s) withlxbst
fitness in the parent population are still kept in the popaoief,, (¢).
3) Mutation: generate a new populatiép (t) from & (¢) by mutation, and assume that all the individual(s) with tlestb
fitness in populatiorg,, (¢) are still kept in the populatio§,, (¢).
4) Selection: generate a new populat@it) from &,, (¢t) by selection, and assume that all the individual(s) with libst
fitness in populatior,, (¢) are still kept in the populatiog, (¢).
5) Adaptation: adjust the algorithm’s parameters basedtatess (t) and ¢, (¢).
6) letg(t+1) =&, (¢), andt — t + 1.
7) if the EA satisfies the stopping criterion, then stopse etturn to Step 2.
Now we analyze the bound of its convergence rate.
Definition 3: Let setD,, be the set of population®,, (t) = {z € X; P.({c(t) € X* | £(t) = x) > 0}.
Corollary 1: Let {£(¢);¢ =0,1,---} be the Markov chain given by (2), if it satisfies the followingnditions:
(1) there exitsd < §,(¢t) <1 and0 < 3, (¢t) <1 such that

05 (1) < pu(D (1) < B, (1) (8)
(2) there exit9) < o (t) <1 and0 < g, (t) < 1, for eachz € D, such that

O (t) < P& (t) € X7 [ £(t) = x) < B (1) 9)



(3) there exited < §,,(t) <1 and0 < 3,,(t) < 1, for anyz ¢ X* such that
6M( ) < (§M( ) € X" | gc(t) = ,T) < Bu (t) (10)
then we have
O(t) e (X\XT) < g(* PE(t+1) € X*[£(t) = o) (da) < B{E)(X\XT) (12)
where
O(t) = 0, (1)dc () + 0, (£) = 05, ()0 (£)3, (2) (12)
B(t) = By (£)Be (8) + B () = 81, () Be ()8, (¢) (13)

Proof: Since the algorithm adopts the elitist selection strategyfor anyx ¢ X*, it holds:
PE(t+1) € X&) =) = P(E, (1) € X™ [ £(t) = z)
First let's considers(t). For anyxz ¢ X*, we have

| PE(+1) € X7 €(t) = o)puelda)
¢ X*

= f f P&, (1) € X7 [ & (1) = y)P (& (t) = dy | £(t) = x)pe (de)
& ¢f P&, (t) € X™ [ & (t) = y)P (& (1) = dy | £(t) = ) (dax)
yeX* xg X*
+ [ ] P () € X&) =y)P(E(t) = dy | £(t) = z)pe(dx)
ygEX* zgX*
For the first term in (14), since the all individuals with thesb fithess will be kept in the mutation, we have
I P& () € X[ & (t) =y)P(& () = dy | £(t) = z)pu(dx)
yeX* xg X * (15)
= J P& (t) € X [ &(t) = x)pe(de)
g X*
For the second term in (14), from (10) we have
I P& (#) € X[ & (t) =y)P(& () = dy | £(t) = z)u(d)
yEX* z¢X*
< ﬁ]\[ Qf P gc ¢ X | 5( ) = .’L‘),u,t(d.%') (16)
= 6M (t)ﬂt(X\X ) BIW f P gc € X" | f(t) = x),ut (dx)

g X*
And from (15) and (16), we get

[ PE(E+1) € X* | £(t) = 2w (dz)

g X*

S Bum(XN\X") + (1= 8y) [ PE(t) € X* | &(t) = z)m(dr)
ZxX*

< (ﬁZ\/f + (1 - ﬁMﬁC):u't( )) ( \ )
< (ﬁoﬁc +ﬁ]\/f - ﬁMﬁC ):u' ( \ *)
=By (t)ﬂt(X\X*)
Note that in the derivation of the above last two inequalitithe conditions (8) and (9) are used. So we have finished the
estimation of3(t).
The estimation ob(¢) is similar to the above estimation @f(¢), here we ignore the detail. [ |
Corollary 1 demonstrates that bounds do exist, but no fudikeéail on practical estimation of the convergent rate i&gi
Accurate estimation will be dependent on the optimizatiamction and the algorithm, that is, it is problem specific.
The following simple example shows an application of Cangll1.
Example 7:Let the state space t8 = {0, 1}!, assumef(0---0) has the maximum value. The (1+1) EA for this problem
is:
1) Initialization: assum&(0) # (0---0), and lett = 0.
2) Mutation: let mutation rate be < p,, < 0.5, that is, the probability fo€(¢) becoming its complement js,,, then form
£ (D).
3) Selection: select the better individual frafft) and¢,, (¢) as the next generation population, then fofntt).
4) lete(t =1) =&, (¢) andt — t+ 1, return to step 2 and repeat the loop.
In this algorithm, there is no crossover, and we see fromaagy(0---0):

(pm)' < P&, (1) € X* [ €6(1) = 2) < (1= pm)" Vi
whered(t) = (p,)! and3(t) = (1 — pm) V.



V. CONCLUSIONS

This paper has presented some theoretical results abogbtivergence of EAs in general measurable space and discrete
time. By using the theory of Markov process, sufficient andassary conditions, necessary conditions and sufficienditons
for the convergence of EAs have been obtained. These conslitlescribe the limiting behaviors of EAs. Different frohet
existing results, our results show the relationship betwtbese conditions. Starting from the sufficient and necgssnditions
(3) and (4), we can get the necessary conditions by weaken, thed the sufficient conditions by strengthening them. Base
on some similar conditions, we also get some upper and loaandis of the convergence rate of EAs with the elitist sedacti
strategy.

Note that the conditions given in this paper are theoretibal practical estimation is yet to be developed. Theiriappllity
in practice problems will be further studied.
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