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Abstract

This paper introduces a compositional program logic forhkig
order polymorphic functions and standard data types. Thelo
enables us to reason about observable properties of pabjricor
programs starting from those of their constituents. Judypss
attached to programs offer information on their composghsio
as to guarantee basic safety of composite programs, foemafla
the proposed logic attached to programs offer informatiornheir
composability so as to guarantee fine-grained behaviouogplep-
ties of polymorphic programs. The central feature of thedag a
systematic usage of names and operations on them, whogeiserig
in the logics for typedtcalculi. The paper introduces the program
logic and its proof rules and illustrates their usage by tronal
reasoning examples, taking a prototypical call-by-valugctional
language with impredicative polymorphism and recursiyeetyas
a target language.

Categories and Subject Descriptors:F.3.1 [Specifying and Ver-
ifying and Reasoning about Programs]:Assertions, Logfqsro-
grams, Specification techniques

General Terms: Language, Theory, Verification

1. Introduction

Types and Assertions In modern functional programming lan-

Nobuko Yoshida
Department of Computing
Imperial College London

yoshida@doc.ic.ac.uk

Useful as they are, types have basic limitation as spedditst
in that they cannot describe (hence cannot guarantee) faieegl
behavioural properties of programs. A type can indicate efo
ample, a given program is a function from natural numbersate n
ural numbers: but there is no way to say it is a function which,
for example, transforms an even number to an odd numbemior, f
that matter, any number to its factorial (although refinetioms
of types such as those in intersection type disciplines2pekist,
they have limitations when seen as a general specificatithade
as we shall discuss later). A significant merit of treatingyanba-
sic safety property is that a verification of type conformauof a
given program is in many cases computationally feasiblet iBu
we wish to certify more general behavioural propertieses/alone
cannot serve the purpose.

The present work introduces a simple assertional method for
compositional specification of behavioural propertiesighler-order
programs and data types. Assertions are associated wittyped
interface points of a typed program, namely its environmeaamt
itself, strictly following type information. Just as typattached to
programs offer information on their composability so as tagn-
tee basic safety of composite programs, formulae attaahedot
grams offer, in the present framework, information on thegim-
posability so as to guarantee fine-grained behaviouralestigs of
polymorphic programs. The logical discipline is cleanlsasified
on the top of a type discipline, extending specifiable progeto
encompass essentially arbitrary observable propertipsogframs.
One of the central elements of the presented program logisys-

guages such as ML and Haskell [26, 16, 9], as well as in recent tematic usage of names and operations on them. This featoresc

object-oriented languages [22, 28], types are positiorsed key
element of abstraction in programming. Among others, tyipes
these languages offer a basic compositional specificatiothe
sense that a composite program can be assigned a type ifngnd o
if, its constituent programs can be assigned types and, ouere
the latter are mutually consistent with each other follayvncer-
tain rule (for example, if we wish to apply to M, we requireM has
typea=-pB andN o for somea andp). Once atype is assignable to
a program, we know, for example, it never runs into a consbruc
error, and that it would evaluate, if ever, to a value of tlypgt, stat-
ically guaranteeing the fundamental safety property ofmams.
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from a theory of logics for typed-calculi developed in [20], which
is essentially a typed variant of Hennessy-Milner logic][lahd
which indeed offers a general basis for a family of progragide
through embeddings of the latter in the former. The relaiop
between the program logics and the process logics is detaile
[21, 20].

Let us briefly illustrate the essence of the proposed assaiti
method using simple examples.

Basic Ideas Consider a simple program which computes a dou-

bling function,N d:Ef)\x.x+ x, with typeN =-N whereN is the type
for natural numbers. The type &f represents an abstract specifi-
cation of this program, saying that if we apply a valuéothen it
returns (if ever) a value of typH; but if we apply a value of other
types, it guarantees nothing. Thus a function can guarantgee
of the resulting value only relying on types of its arguments

We extend the same compositional reasoning to more general
behavioural properties, using Hoare-style assertionsI%B Take
the sameN above; we observe that, if we apply 5 & then it
returns 10; more generally if we apply any natural numbeM tat



always returns even. And in more detail, it returns the dewtblan
arbitrary argument whenever the latter is well-typed, ikas far
as it is a natural number. Thus this function can guarantestain
behaviour by relying on the property of the argument. We wish
represent these behavioural properties using logical ditaen To
do this, we do not mentioN itself in a formula, but rather describe
its properties byrxamingit as, say,f (any fresh name will do). Thus
we can write

fe5=10 1)
as a property oN (named ad). Similarly we can write
v Ever(f ex) (2)

whereEver(n) is the predicate saying is even (for example we

can seEver(x) d:Efﬂn.(x = 2xn)). The operatos is left associa-

tive and non-commutative, which is best understood as thkcap
tion in applicative structures. We can further refine therfola to
sayf computes the doubling function. Formulae may be combined
using arbitrary standard logical connectives and quargifjest as
in Hoare Logic.

Using these formulae (which we let range ovem,...), the
judgement of the logic has the following shape.

AFM:; B
which can be read as:

If M, named asf, can rely onA as the behaviour of
an environment, then the function combined with the
environment can guarant&

The namef is calledanchor, which can be any fresh name not oc-
curring inM. An anchor is used for representing the point of oper-
ation, hence of specification, bf. Intuitively the above judgement
corresponds to a Hoare tripléd}M{B} whereA is about the free
variables ofM andB is aboutf which is the name given t¥.
This idea — naming functions and programs — naturally comoes f
encodings of functions into thre-calculus [25, 27] where function
M is mapped into an agerjM]}s equipped with unique namé,

to be referred and shared by other agents. Reflecting iteepsac
theoretic origin, the specification method regards progras in-
teractive entities [25] whose specifications are givenmarrogat-
ing its behaviour one by one. As an example, we can write down
the specification foN as:

THN:¢ W .Ever(f ex) 3)

which says that the progral named asf, under the trivial as-
sumptionT on its free variables, satisfigs.Ever( f e x) (the triv-
iality of the assumption is because no free variables occhrithe
truth T in general indicates the weakest specification allowing any
well-typed behaviour).

Let us present further examples of assertions, starting feo
simple assertion for the identity function.

TEM X iy W uey=y. 4

The judgement says that the given program, when appliedyto an
argument of typ&N, will return that same argument as a result.
When this function is applied to the argumeus,y is peeled-off

and replaced by a new anchor name
TEMY X2 3 m=2 (5)

Let us take a brief look at how we can compositionally derike (
We first need the predicate for the argument.

F2,z=2 (6)

which simply says that “2” as a program satisfies, when namsed a
z, the predicate = 2. We then infer:

(4), (6), (W' (uey=y)AzZ=2)Duez=2
TFM X2 m m=2

In the above derivation (which follows the proof rule for &ipp-
tion, formally discussed in Section 4 later), the predicatéhe
conclusion, = 2", is obtained by substitutingn{’ for “u ez’

in the conclusion part of the entailment in the antecedentteN
this entailment is a simple instance of the standard axiontén
predicate logic with equalityfA(x,x) Ax =Y) D A(x,y) (cf. [24,
§2.8]). While validity of such entailment is in general ita#able,

it is calculable using simple axioms in this case as well as in many
practical examples. The nature of the above derivation neapime
clearer by contrasting it with the corresponding typingiwiion.

FMYx:N=N F2:N
W x)2:N

Here, instead of calculating validity of entailment, we plyrmatch
the firstN of the function’s typeN = N with the argument’s type
N, obtainingN. In correspondence with simpler specification, we
have only to use simpler, and essentially mechanical, énfee.

Next we consider an example which uses a non-trivial assump-
tion on a higher-order variable.

v Ever(f ex) - f3+1:, Odd(u) @

whereOdd(n) saysn is odd. Using the same environment, we can
further derive:

v Ever(f ex) - f3+ f(f5)+1:, Odd(u) (8)

By using namef, the term which contains multiplecan share the
single specification in the environment. The derivation®fdnd
(8) starts from the following instance of the axiom for a adie.

9)

The specification says that if we assuiné'.Ever(f e x) for the
entity which a variabld denotes, therfi as a program named as
satisfies precisely the same property (substitutirfgr f). Starting
from (9), we can easily reach (7) and (8), using the rule faliap-
tion as well as a similar rule for first-order operations (Hlivhich
are later presented in Section 4).

LetL %3+ f(f5)+1 and recalN 2" \x.x+ x before. We now

consider the following specification.

X Ever(f ex) - f :y VX'.Ever{meXx)

THlet f=N in L Odd(u) (10)

The “let” construct has the standard decomposition intdrabson
and application, but has a special status in the presergxdnthat
its derivation clearly describes how we can “plug” a speatfimn
of a part into a specification of a whole (just as in the cut e
sequent calculus). The derivation of (10) follows.

(3), (8), WX .Ever(fex)> VX' .Ever(fex)
Thk1let f =N in L:, Odd(u)

11)

Note the third condition in the antecedent is a triviallyigahutol-

ogy. In this tautology, the firstxXN.Ever( f ex) is the conclusion of

(3) while the second one is the assumption of (8): thus thpesty
which is guaranteed b is simply plugged into the assumption
for L. This derivation may be understood as being analogous to
a composition rule of Hoare Logic, where we infgk}P;; P{B}

from {A}P1{C1} and{C,}P»{B} such thaC; > C,. (11) may also



be contrasted with the type derivation for the same program.
FN:N=N f:N=NFL:N
Flet f=NinL:N

which has a shape isomorphic to (11). Further examples ef-ass
tions and derivations are found in later sections.

(12)

The reasoning methods for polymorphicalculi have been stud-
ied focusing on the principles of parametricity, eithemgsequa-
tional logics [33, 2] or using logical relations [1, 37, 3R]3The
presented method differs in that it offers behavioural gjmations
for interface of a program, rather than directly equatiatgting
programs. It should however be noted that, for calculatiagnity

As we already mentioned, the extensive use of names in theseof entailment, the present method does need to make resset to

specifications and their derivations comes from the undegly-
calculus logic. Cumbersome as they may look, their use allasv
to reason about programs and data structures of diverss kima@
uniform basis, of which the present paper will focus on pufehc-
tional ones. Among others we shall treat function typesdpats,
sumes, recursion (in terms and in types), and second-ordgr po
morphism (both universals and existentials). Here we ohtys

a simplest example, taking a specification of the univecsaitity,
AXAX* X VXX = X, leaving other examples to Sections 3 and 4.

(13)

The assertion says that the universal identity named aghen it
is applied to any type and any well-typed argumentof typea,
will return that argument itself as a result.

VXX (ue [X] @ X = X).

Summary of Contributions. Some of the possible contributions
of the present paper would be:

e Introduction of an assertional method for specifying prop-
erties of polymorphic higher-order programs and data types
taking a prototypical call-by-value higher-order polyrmbic
language as an example.

e Compositional proof rules for the proposed assertionahwe:t

ensuring total correctness. As far as we know, this is the firs
such system for higher-order polymorphic languages.

mantic arguments for polymorphic behaviours. This suggfesit-
ful interplay between the present logical method, on thelwarel,
and the reasoning principles as developed in, and exten@8g2,
37, 31, 32, 1], on the other.

Reynolds [34] develops a specification logic for Algol, exdiang
Hoare Logic with treatment of higher-order procedures.ddiion
to basic differences in the constructions of formulae adg@ment,
the use of the assumption on free variables in the preseiat/kafs
to compositional proof rules, unlike in [34].

Reynolds, O’Hearn, Bornat and their colleagues [35, 36,829,
10] study extensions of Hoare’s Logic with an aim to offer fee
tive reasoning method for low-level operations, includpainters,
memory allocation/deallocation, and garbage collectideentral
idea of their approach is to explicitly assume a dynamicallg-
cated region of memory cells in the universe of discoursd,raa-
son about them based on a conjunction which at the same time im
plies disjointness of such regions. The present framevexleanly
extensible to impure higher-order procedures as well aesldata
structures with destructive update [20]. It would be anreséing
subject of study to integrate the methods for low-level ogésg as
cultivated through their studies with the present framewor

Structure of the Paper. Section 2 reviews the syntax and opera-
tional semantics of the polymorphic PCF used in the paper; Se
tion 3 introduces the assertions and its semantics; Se¢tiwiines

o Discussions on how the presented method may be used forthe proof rules; Section 5 shows non-trivial reasoning exas)

reasoning about behaviours of programs in higher-order lan
guages and data types, with extensive examples.

It may be worth stressing that the assertional method disclim
the present paper cleanly extends to call-by-name evalaitin-
perative procedures as well as data structures with deisteup-
date. Such extensions are detailed in [20].

Related Work. The intersection type disciplines [5, 12] offer one
of the most general ways to specify behaviours of progranmeam
various type systems for functions (they are also appliedatio-
functional calculi recently, cf. [11, 23]). Apart from thadt that
they have mainly been studied for untyped calculi, theretame
main differences from the presented framework. First, jgee
tions in intersection types are based on conjunction andilent
ment of a specific kind, whereas the logical language in teeqnt
framework allows the full use of standard logical connestivSec-
ond, the properties expressible in intersection typesentaio closed
sets in the corresponding CPOs, whereas formulae in themexs
logic essentially encompass arbitrary observable pragsedf pro-
grams. This second point also applies to Abramsky’s donuagit|
[4], which has a close connection with intersection typeigimes,
even though the domain logic is richer in type structures.

Equational logics for th&-calculi have been studied since the
classical work by Curry and Church. LCF [13] augments the-sta
dard equational theory of the-calculus with Scott’s fixed point
induction. The program logics for higher-order functioresided
from process logics differ in that an assertion in the forrder
scribes behavioural properties of programs rather thaateguhem,
allowing specifications with arbitrary degrees of preaisias well
as smoothly extending to non-functional behaviour.

Section 6 concludes the paper with further topics. The esien
discussions on the general framework of the logics, inclgdhe
presentation of its imperative and other extensions, thedoess
proofs, detailed comparisons with related work, as well@mec-
tions to the corresponding process logics, are found in20921].

2. Call-by-Value Polymorphic PCF
2.1 Syntax and Typing

As a target language, we choose the call-by-value PCF with un
sums and products, extended with universal and existesggind-
order polymorphism as well as recursive types [30, 14, 3§jak
from the treatment of recursive types (which relies on iiptype
conformance for simplicity of associated proof rules) calhstructs
are standard. Our presentation essentially follows Prreeent
textbook [30] (many program examples are also from his book)

We first list the grammar of programs, assuming an infiniteget
term variables (sometimes calleame$ as well as an infinite set
of type variablesX, v, ...). Below leti range ovef1,2}.

M Oln|b|x|AM]|MN | WA M
| if MthenNgelseNy | op(M) | (Mg,My)
| (M) | ini(M) | case Mof {ini(x").Ni}ic(12)
|  AX.M|MB|pack(B,M)as3IX.a
| unpackMas(X,x)inN

V o= ()| n|b|x|MM]|pEPBrm
| (V1,Vo) | ini(V) | AX.V | pack(B,V)as3IX.a

M;,N,... denote general terms (sometimes called programs), while



V,W,... denote values. The grammar uses type$(...) which
are given later. Binding etc. are standaidM)/ftv(M) denotes a
set of free variables/type variables. Bound variables aretated
by types, though in examples we often omit them.stands for
non-negative numerals (1,2,...) abdor booleansft, f). () is unit.
We often usec for constants.op(Mo, ...,Mp—1) denotes am-ary
arithmetic and boolean operation. Among others we congluer
unary operationsucc(M) (the successor) andM (the negation)
and binary operation® +N, M —N, M x N, M = N (equality of
two numbers)M AN andM v N. We use the standard weak call-
by-value one-step reduction [14, 38], writtéh— M’. We only
list the main rules for universals and existentials.

(AXM)B — M[B/X]
unpack (pack (B,V)as3Xx.a)as (X,X) inN — N[B/X][V/X]

Types, ranged over by, 3,.. ., are generated from:

o = Unit |B|N|a=B|axB|a+B |

X | ¥x.o | Ix.a | px.a

Again binding is standardinit, B andN are calledatomic types
The typing judgements have the foff- M : a, wherel is abase
which is a finite map from variables to types. Well-typed terane
derived from the rules in Figure 1 (only part of constants apera-
tors are treated, which are easily extended to other caadbsiles
are standard: in the rules for polymorphism, the constsctiype
abstraction and pack) and the destructors (type concratidrun-
pack) compensate with each other. In the rule for recurgipe t
(based on the equi-recursive approach [38})denotes the tree
equivalence of two types, which in particular includes ttesndard
(unfolding, px.o = afux.a/x]. We often writeM™® to denote
a typable termM such that we havé - M : a. We shall call the
languagePolyPCFv.

2.2 Programming Examples

In the following we explore the expressivenes$olyPCFv using
simple programs, which are later used as running examplesa A
simple instance of the universal abstraction, we take thedstrd

universal identity.
F AX XX VXX =X, (14)

To use this identity, we instantiate it with a type and feedla® of
that type:

(AX A XN)2 — MWV x)2 — 2. (15)
The second example is Church’s Polymorphic Booleans.
tru = AXAXCAY X fls = AXAXEAYEY (16)

Each function takes two arguments and returns one of them. We

assign a common type teu andfls assuming two arguments have
the same type, but this type may be arbitrary sineeandfls do

not use their arguments except return one of them. Then we can

write boolean operations likeot by constructing a new boolean
that uses an existing one to decide which of its argumenettorr.

Let Bool £"vx .x = x = x below.

F Ab: Bool AX At* Af*.bx ft : Bool=Bool a7)
The third example is a type for a list of elements of typeusing
recursive types.

List(o) € py.(Unit + (a x Y)). (18)

The empty list is represented hy(()), while the list which con-
sists of a heat¥ (of typea) and a tailL (of typeList(a)) becomes

[Var] [Unit] —

rxakFx:a MF():Unit

Num -y [Bool r g

MEMq2:N

Era Rl Feay e v

[Sucg Ik succ(M): N

rx:ak-M:B

r’CEM:a=pf TEN:a
[Abg rx:akFATM:a= App)

FFMN:P

rx:a=BFAY M:a=p
M- Bay M:a=B

it FrEM:B TENpo:a
[If] -if MthenNjelseNy:a

[Red

r-M:ag

[lnl] r }7 M . az
M+ in]_(M) La1ta2

UL e (v ePEe

r=M:og+ap I,x:0i-Mi:B
I case Mof {ini(X).Mi}ic(12) : B

[Casé F

r'EMi:ai(i=1,2)
[l <M1,M2> .01 X002

; MEM:aqxan
Proll F M) e (= 1,2)

[Pair]

Fr’EM:a x ¢ ftv(lh)
' AX.M:¥X.a

[T—Ab$ [T—Apﬁ rr FM:VX.a

FMB:alB/x]

rM:alB/x
[T-Pack = pack (B,M) a[s H/X.]a J3x.a

FEM:3x.a T-x:akEN:B X ¢&ftv(lM)Ufv(B)
I FunpackMas (X,X)inN: 8

[T-Unpack

rN-M:a a=p

T-Re¢—F g

Figure 1: Typing Rules for PolyPCFv

iny((M, L)), which is of typeList(a) by Unit + o x List(Q) ~
List(a). A list can be infinite, e.guxiny((1,x)) is an infinite list
of 1 and has typeist(N). In our subsequent discussions we often
treat lists. For legibility we use the following notations.
def . def ,
] = ina((), ML) € ina((M, L))

As is well-known, it is often convenient to treat lists genally,
i.e. without depending on its types. In such situations, am use
the polymorphic list typevx.List(X). A simple example is the
generic cons function:

AX A NEESEOO [y )], (19)

A little more complex example is a program which calculates t
length of a list of an arbitrary type.

AX. quist(X):>N.)\|List(X).
case | of isNil = 0| isCons(x,1") = f(I')+1 (20)

Above we use &ase | of isNil = M | isCons(x,1") = N" which
stands for

case | of {iny(2).M|inz(y).((AXI'.N)TR(Y))TR(Y) } (2Y fresh)



Yet another example which uses a polymorphic list is a progra
which filters out elements of a list that satisfy a given pcatt.

FAX X filter(f) : WX, (x=B)=List(X)=List(X)
(1)
wherefilter( f) is the following expressions:

HOAl.case | of isNil=[g]
| isCons(x,y)=if f(x)then [x::g(y)] el se g(y).

We end our brief exploration with a simple use of existenilad
straction. Below we use records, which are in the preset sias-
ply a labelled version of products.

(N,{new:A().0, inc:AxX+1, get:AX.X})
IX.{new:Unit=X, inc:X=X, get:X=N}

pack

as (22)

whereA().M is a thunk which formally stands foox"®it.M with

x ¢ fv(M). The type represents an abstract data type for a counter,

which has three methodsnéw” exports an opaque integerisic”
increments it, andgeet” turns an opaque value to the correspond-
ing non-opaque value.

3. Assertions forPolyPCFv
3.1 Syntax

In this section we introduce formulae and judgement for @@Em
logic for PolyPCFv, illustrate them by examples, and present their
semantics. As in the standard Hoare logic, a specificatiorafo
program can be either about total correctness (where aaHas-
sertions always guarantee termination) or about partiakctness
(where divergence allows arbitrary specifications). Theseg to-
gether with a third one which subsumes both, are discussi=tail
in [20]. In the present paper we focus on the logics for totat ¢
rectness, which allows a most straightforward presematoth in
syntax and semantics. The presentation places a part&migha-
sis on the type-oriented nature of the logic.

Terms and Formulae. A judgement in the present logic uses a
pair of first-order logical formulae to describe behavidymaper-
ties of typed functionals. Formulae are made up from eqoatom
terms and their combinations by standard logical connestiThe
grammar of a language for the total logic feslyPCFv follows.

e = X[ ()|n|b]|opew..en)| L] eee
| (eve) | Ti(e) | in"P(e) | ee[B] | (B,&)PXC
A = e=g|-AlAANA|AVA[ADA

| UXA|3xA|VXA|3IXA

The first set of expressiong,€,...) are calledterms while the
second onesA;B,C...) formulae Terms contain variables, which
we often callnames They also include constants such as it
natural numbers and booleanb. op indicates a first-order opera-
tion (usually carried over from the target programming laage).
19 denotes divergence with tyme which is seldom used in spec-
ifications but is needed for semantic completeness. We wijte
fore# 1. e; eey is an application ob; ande, wheree is left as-
sociative and non-commutative. Terms also includes thedsral
arithmetic operators. The first three terms in the second dire
paring, projection and injection, respectively. The lagb forms
of terms are a type application for polymorphic universgieyand
packing for existential type, respectively. Operatiopalé (3] cor-
responds tovif3, while (B, €) corresponds to a packed pair.

In formulae, logical connectives are used with their stadda
precedence/association: e.§.AB D> VYxCVvD D E is parsed as
(AAB) D (((vx.C)vD) D E). A= BdenotesA andB are logically
equivalent. As far as no confusion arises, we use these ctives
both syntactically (i.e. as connectives in formulae in paog log-
ics) and semantically (i.e. for discussing validity of wars kinds).
We also use the trutfi (definable as, for example,=1 1) and the
falsity F (which is—T). T andF also denote boolean values. The
quantifications induce binding, for which we assume thedsesh
bound name conventioifiv(A) /ftv(A) denotes the set of free vari-
ables/type variables iA.

Below we define the well-typed expressions and formulae.

Definition 3.1 (well-typedness in terms)

e (),n, b, x% and L* are well-typed with typesnit, N, B, a
anda, respectively.

e e e & is well-typed with typef if e » are well-typed with
typesa = anda, respectively.

e —eis well-typed with typeB, if e is well-typed with typeB.
e + & is well-typed with typeN if e, » are well-typed with
typeN. Similarly for succ, x, —, etc.

o (e1,e) is well-typed with typent; x a5 if e » are well-typed
with typesas ». m(e) is well-typed with typen if eis well-
typed with typea x B3, similarly for T (e).

o in{"P(e) is well-typed with typen + B if eis well-typed with
typea. Similarly for ing P(e).

e ee[f] is well-typed with typex[B/x] if eis well-typed with
type vx.a. (B,e)?*% is well-typed with typedx.a if e is

well-typed with typea [B/X].

Ais well-typedif whenever a variable/name occurs twice they own

the same type and each pair of equated terms have the same type

Hereafter we only consider well-typed terms and formulad@mit
type annotations if no ambiguity arises (or if ambiguity slo®t
matter).

Judgement There are two forms of the judgement, one for se-
mantic validity and another for syntactic derivability.

A=MT9 B, AFMTO: B

In both forms of sequents, we assufmie M : a andu ¢ fn(I"). The
primary names in Aare those irdlom(I"), while theprimary name
of Bisu. Other names occurring #ihandB areauxiliary. Then free
names inA (resp. inB) should be typed undér- © (resp.u: a - ©)

for acommor®, which is a map from the auxiliary names to types.
Each sequent can be read as:

for any closed values of typ€ssatisfying A, the result
of substituting them for variables in M leads to the be-
haviour satisfying B, under an arbitrary interpretation
of auxiliary names in A and B

Later we shall formalise this idea, first by defining semanfiar
validating the first form of sequent and, secondly, by intrcidg
proof rules for deriving the second form of sequent. The tasm
sertionis sometimes used for formulae used in a judgement, as well
as for a judgement itself.

3.2 Examples of Assertions
We first recall several examples from Introduction. First,

Ever(y) = 3. (W' =2 xx)



is the standard predicate which sapis even, while:
Doublg(u) = vnV. ("N en=2x n)

says that a function always returns double of the argument, which
is satisfied by, for examplé\x.x+x. The following entailment is
valid with respect to semantics of formulae given later.

Doubleg(u) > Wy .Ever(u= ey).
Next we recall another example from Introduction:
def

ID(u)

This is an assertion for the universal identityx.AxX .x, which means
that the given program, when it is applied to any tygpand any
well-typed argumeny of type a, will return that argument as a

result. In contrastiD™ (u) 2 v, (UN=N e x = x) is an assertion
satisfied by the monomorphic identikyx.x. These two assertions
are related in the following way:

Im.(u=me[N] A ID(m))

VXWXK UTXX=X o [x] e x =X

IDN (u)

As a simple example of sums and products, let us de{me) def
WYZ.(m= (in1(Y),Z) AEverly') AOdd(Z)). Then we have, for
exampleA((ini(y),2)) > Everfy).

Alist can be encoded into product and sums with recursivegsyp
Thus we can reason about a list usitig (()) andinp((M,L)) as
encodings of the nile] and the congM :: L], respectively. How-
ever having terms for the list as such in assertions, write(for
ing(())) and [e:: €] (for inp((e €))), is convenient, especially
when we reason about complex programs which process ligs. A
an example, using these notations, we can define a deriveéd pre
cate for the well-foundedness (i.e. finiteness) of a lisoélews.

wi(l) = 3nV.Len(,n).
Lenl,0) = I=[]
Lenl,n+1) =  3xII=[x:1]Ax# LaLen!l’,n).

Next, we recall the programntr in (22) in Section 2.

(N,{new:A().0, inc:AxX+1, get:Ax.X})
IX.{new:Unit =X, inc:X=-X, get:X=N}

pack

as

The following is a specification for this program before pagk
named asv (we use a labelled projectiar(e)).

3y, 2 .(y=new(w) e () A z= inc(W)ey A get(w)ez>1)
A more readable specification may use a notation that coralgine
application and a projection, writing1(¢') for (e.1) e (€¢).
I, Z° . (wnew() =y A Winc(y)=z A w.get(2)>1)
Now we consider the data hiding. Let:

C(u,x def

)
D(wy,2)
We write C((X,x),X) for C(u,X)[{X,x)/u]. Then:

e 3X.C(u,x) hides a concrete type of an ADT, giving a speci-
fication of the packed program above with anchor

Iy, 24 (u= (X, W) AD(W.y,2))
wnew()=y A W.inc(y)=z A w.get(z)>1

e In contrast,C({X,x),x) opens an ADT, under which, for
example\().x.get(x.inc(x.new())) with anchoru satisfies
ue () >1.

Using these predicates in intermediate steps, we shatl $ai@v
the following unpacked program, with anchgrsatisfiesie () > 1.

unpack cntr as (X,X) in A().X.get(X.inc(X.new()))

3.3 Semantics of Assertions

Below we define semantics of assertions taking a quickest, pat
using congruence classesmdlyPCFv (for further discussions on
models, including those based on typed processes, see [2@])
use the standard typed congruence. SuppadseMo : a. Then
I+ M1 =, My : a iff, for each closingC[M;] of type N, we have
C[M4] | iff C[M2] | whereM || meansiN.M —* N /—.

Model. Letk,k’,...range overthe,-congruence classes of typed
closed terms, which we cdliehaviours We writek? if K is of type

a. Then for each type, there is a unique congruent class of the
diverging terms, which we write.® or simply L. If kK # L, we say

K is atotal behaviour A modelg is a well-typed finite map from
names to total behaviours. Giv&iﬂéB andk, K1 e K> is given as
the congruence class includibgN for M € k1 andN € k2. Sim-
ilarly, given k"*-% andp, k e [B] is given as the congruence class
includingMp for M € k. Then giverk®®/X andp, (B,«) is given
as the congruence class includipack (N,M) as 3x.a for M € k.
Arithmetic operations etc. are similarly defined.

Satisfaction Fix auxiliary names and type variables /% An
interpretation I maps auxiliary names to both total and non-total
behaviours, as well as type variables to closed types (tiraeio
should be consistent with the latter). Given a mdgdahd an inter-
pretation/, the map[e] ; ¢ is defined by induction oe as follows:

o [clre=c [L]re=Land [x];s=(UE)(X).

o [ee€]g=[elree[€]re

o [e+€] ;= [€le + [€] &, similarly for others.

o [(ee)]re=(lelre [€]re) [m(e)] 1 =m([e] ) and
[ini(e)]r.¢ = ini([€].¢)-

o [eeBlll;.g =[elr.e Bl and[(B,€)];.c = (B, [€] .¢)

The satisfaction ofA by a modeE under an interpretatiof, written
& =1 A, is given by induction on the structure Af We start from:

e =e (€] g = [e2] 1

Logical connectives are given the standard (classicad)pmétation
(below connectives on the right-hand side are about vg)idit

EETANA = EFETA) A EETAY)
EET-A = -EE'A
EEIWA = VeeT. EE'XcA
EEIVEA = vkela] EE"KA,
EEIYXA = VYo EE'OA

where, in the second last linfa]] denotes the set of all behaviours
of typea. The rest is de Morgan duality. We then writd=} A
(read:k with anchor u satisfies A undé) whenu: k =7 A(u: K is

a mode which mapsto k). Finally with M closed M =/ A stands
for 3k. (M € K AK =4 A). We also writex : V (=7 Afor X: K =1 A
with V; € kj. We can now define:

Definition 3.2 (semantics of assertions)= M%Bia :u B iff, under
each well-typed and for eachVP such thatx:V =/ A, we have
MV /x| =1 B.

Note that, by definition, if we hav& =M :Bfor Asuch thalA#F,
it always holdsM |}. Also note the validity ofA is far from being



effectively calculable since the logic properly extends standard
number theory (thus, for example, true formulae in the preegic
are not recursively enumerable). This does not, howeveclpde
the construction and use of compositional proof rules ferltyic,
where the calculation of validity is often reduced to mecdbain
inferences. The compositional proof system for valid &8ses is
not only important for verifications: it offers a fundamelritesight
on the nature of each construct of the language. This is gm@¢h
of the next section.

4. Proof Rules forPolyPCFv

This section introduces proofs rules fBolyPCFv including de-
rived rules. The shape of each rule naturally follows thathef
corresponding typing rule (except structural rules whickyana-
nipulate formulae), making the reasoning principle conitpmsal.
We recall, from Section 3.1, that the main sequent for proigb
has the form:

A-MTY B
wherel' - M : a and names irA and B should be well-typed (as
specified in Section 3.1). The well-typedness demands, goibn
ers,u never occurs irA, and free variables ifi never occur irB.
We often callA andB therely formulaand theguarantee formula
respectively. Variables which occur ihare theprimary names in
A, uis theprimary name in Bvhile names which occur iA andB
but not indom(I") U {u} areauxiliary namesThese notions play a
key role in the consistency of the proof rules.

The proof rules are listed in Figure 2n each rule, we assume
all assertions are well-typed and a primary name and aurjlia
names are never mixed in sequents in the anteced8ymbols
i,j,...exclusively range over auxiliary names. In the following we
illustrate each proof rule one by one.

First-Order Rules. We start from the basic rulesvgr] says that,

if something can be said about whatlenotes in the environment,

then the same thing can be said aboas a term, named as Sim-

ilarly for [Const and [Sucgd. For arithmetical/boolean operations,

we have, for example:

AFM:yB; AFN:By (BiAB2) D Bv+w/U
AFM+N} B

Similarly for the equality operator:

AFMY: By AFNY:, By (BiABp) DBlvi=Va/b|

AFM=N:B
From these rules one can guess the general form of the prtof ru

[Add]

[Eq]

for ann-ary operator (of which constants and unary/binary opera-

tors are special cases), given/@p] in Figure 2. The rule assumes
op also appears as a term constructor in the logical language.

Next we move to the proof rule for the conditional, which says
that, unded, if a boolean ternM (named a®) satisfiesd’, andB
holds for (1)N; under the assumptioX holds and (2N, under the
assumptiord’ does not hold, then, again und&y surelyB holds
for if MthenNj else Ny.

AFM A AAA[T/bFNp B AAA[F/bl Ny B
AF if MthenNjelseNy B

Note the rule keeps clean symmetry, as in the correspondiieg r
in Hoare logic. Observe alsb ¢ fv(A) by the well-formedness
of A M :p A'. Another observation is tha - M :, A’ indicates
(as far asA is non-trivial) M terminates. Thus, in a closed term,
the conditional branch can surely be evaluated, reachiegbN;,
which in turn is guaranteed to terminate and satidBies

]

[Var] Al

m [Const Al

A/ FCuA
SU & e B
AFMi:m Bi (1<i<n) (AiBi) D Blop(my,..,my)/u]

[Op) AFop(Myg,..,Mp) .y B

AFM:p A AAA[T/blENp:uB  AAA[F/bJF Ny iy B

AF if MthenNjelseNy: B

[If]

AT AREMim Ay WXL (Ag D Agluex/m]) O B

[ADS AFAXM: B

AFM:mB; AFN:ixBy BiABp D B[mex/ul Amex]

AFMN:; B

[App

A Ay.M :; B(0) AAB()[x/ul = Ay.M 1y B(i +1)
AF pxAy.M :y Vi.B(i)

[Red

ADA) Ag-M: By BpDB
[Consequendé AFEM B

-u

AF M; :m B By ABz D B[(my, mp) /Ul
Ak <|V|]_,|V|2> wB

[Pair]

AFM Bl (m)/u
AFm(M):yB

AE M i Bi[ini(m)/u]
AFiny(M) y B

[Proj,] (Ing]

AFM :mE A*AE[ini(%)/m N :y B
AF case Mof {inj(x).Ni} :uB

[Casé

A*EM:nB
[T-ADS R A% M oy ¥ Blus [X]/]

AE M :m VX.B[me[x]/u]
AFMB:u B[B/X]

[T-Apd

AFEM :m B[ {x,m)/u][B/X]
F pack (B,M)as3x.0 :y IX.B

[T-Pack «

AFM:m3xX.E A AE[(X,X)/m Ny B

[T-Unpack Al unpackMas (X,X)inN :y B

AN-MmB A~A B~B
[T-Re¢ AFMmB

Figure 2: Proof Rules for PolyPCFv

Proof Rules for Higher-Order Functions. We now move to three
of the key rules forPolyPCFv-logic, abstraction, application and
recursion. Below recal®¥ indicates the onlyprimaryname inA is

X, T means a (possibly empty) vector of names, whité says no
names fromxi occur inA.

ASARSEM Ay N (A1 D Ag[uex/m]) O B
AFAXM:y B

The rule says that, whenevit named asn satisfiesA, relying
on A (which is not abouk) andA; (which is aboutx), thenAx.M
namedu has the behaviour such that, whenewés givenx satis-
fying Ay, it returns the resultu(e X) which satisfiedA, for m. This

[Abg



rule can be decomposed into:
AFM 4B, i fresh
[AbS-SU T AXM  Bme /4]

AABEMPY:, C v(B)Nfv(M) =0
AEMIe: BSC
However we prefefAbg because of their convenience in reasoning.

The provability does not differ in the presence[of and [Aux~]
(which is given later). Next we look at the rule for applicati

[AqAI—M:mBl AFEN: Bz BiABy D B[mex/ulAmexdy
P AFMN: B

The rule says that, i, named asn, satisfiesB1, andN, named
asx, satisfiesB,, andB; andB, say thatm applies tox converges
(recallme x|} stands fomex # L, cf.§ 3.1), therMN named as
satisfiedB wheneveB is a consequence &; andB; where, in the
latter, the returned valueis replaced byne x.

Related to the above two proof rules, it is instructive torekee
the rule for the et construct.

AEM A AAAEN B
AFletx=MinN:;yB °

The rule can be derived frofdbg and[App via the standard trans-

lation,let Xx=M in N d:e'((}\x.N)M. Notex cannot occur i\ since

X is an anchor.

o]

Leg

Proof Rules for Recursion Belownis a fresh variable diN-type.
AXEAYM 1y B(0)  AAB(N)[x/u] - Ay.M :y B(n+1)

A pPxAy.M :y Vn.B(n)
Under A, the term satisfies, without assuming anything abqut
alreadyB(0) (whereB( - ) is a formula with a hole). The term also
satisfies, if we assun(n) for x in addition toA, B(n+1). So we
expect it satisfieB(n) for eachn. It is also notable that theet r ec

construct, with the standard operational semantics [1a4,&hclean
proof rule. Below lel have an arrow type.

AFV[y/x x E(0)
ANE(M)y/X FVIy/X i E(n+1)
AAVNE(N)FM: B
AF letrecx=V inM ;B

[Red

[Letred

Structural Rules. We list the consequence rule and the two asso-
ciated rules for auxiliary names (there are other naturalcsural
rules which we omit).
ADA A-M: B B >5B

AFM,B

[Conseq

A'FM: B A-FM B
AFM,Vi.B J.AFM B

To put the consequence rule to real use (as well as all othes ru
which use validity of formulae), we may as well use inferendes
for the underlying semantic structure, in addition to thenstard
rules for predicate calculus with equality and number thie®hree
basic rules are given as follows:

[Aux¥ | [Auxd]

(ext) Vyeey=eey DO € =€
(L-o) lee=1 eel =1
(J—-op) op(ela"7La"7a1) :J‘

All are easily justifiable from the underlying model given8§r8.3
(for further account of such axioms see [20, § 10]).

Sum and Products The rules for sum and products in Figure 2
should be understood adpp] and [If]. Note how the introduction of
constructors and destructors in programs is directly readaising
the corresponding constructs (terms) in assertions.

Products and sums are naturally extended to their labebed v
sions, records and variants. For example, records add timede
the form{l; : & } andell, interpreted as (labelled) products and their
projection. The proof rules become:

AEMi:m Bi  ABi DB[{li:m}/y
A {li:Mi} B

[Record

AEM :mBiml/uy

Sell = ArmiwB

Polymorphism and Recursive Types Finally we explain the rules
for the second order polymorphisni-Abg and [T-Apd in Figure
2 are similarly explained a®\bg and [Appl, respectively. Here we
focus on the packing and unpacking rulesfor

A M :m Bl(x,m) /ul[B/X]
F pack (B,M)as3x.a :y IX.B

The rule says that, M1%®/X], named as, satisfie®[(B, m®[F/X]) /u],
thenpack (B,M) as 3X.a namedu satisfiesdx.B (we remind that
(B,e%[B/X]) means a packed expression whose typ#xis(). Note
that we create a packing of B by replacing a pack of its anchor
namem andx by fresh anchor name (note the essentially same
technique is used in the rule for parin@dir]).

[T-Unpack is defined symmetrically as follows.

AFM m3X.E A AE[(X,%)/m - N:yB
AF unpackMas (X,X)inN:y B

The rule says that, iM named asn satisfies3x.E andN named
asn satisfiesB with m packed agx,x), then the resulting term
satisfiesB. Unpacking is simply handled by an instantiation of a
pack ofx andx. Intuitively here hiding is ensured by linking one
name in a pack by another name in another pack. In the rule for
recursive types,T-Red, A~ A’ denotes, as before, two formulae
are identical except for substituting occurrences-afklated types.

We can also use the extensionality of operatorei®, ee [a], and

(e, €) and the entailmentx.A D Ala /x| andAja/x] D 3x.A.

[T-Pack &

[T-Unpack

Soundnesswe conclude this section with the key property of
these proof rules, their soundness with respect to the s@rean
of assertions. This can be established via embedding irtarth
calculus, following three steps:

e We first translat®olyPCFv-terms into the second-order poly-
morphicTecalculus preserving types. Then we preagua-
tional full abstractionup to the contextual coungruences, us-
ing the method in [6, 7].

e Secondly, we translateolyPCFv-assertions into those of the
second-order polymorphio-calculus. Then we prove the
logical full abstractionof the translation (i.e. @olyPCFv-
formula is valid iff the translation is valid in the correspb
ing process logic. [20].

e Finally, since the process logic satisfies the soundnegs [19

we can prove, for eackiP such thatx:V =/ A, we have
MV /x| |=} B via the translation of terms and formulae [20].

Since the logic for that-calculus is with much fewer constructs,
this gives a transparent proof. The details are found in120J,

Theorem 4.1 (soundnessh+ M :, B implies A=M :;B.



5. Reasoning Examples

This section illustrates the use of proof rules introdugethi pre-
vious section by a few non-trivial reasoning examples. Vé® al
introduce a couple of derived rules which can directly reasigh-
level data structures.

Universal Identity. We first infer the property of theniversal
identity. This is a simplest example to demonstrate how weusz
an algebra of names and type variable and compose speoifisati
For legibility, we often reuse the anchor name. Recall (14):

FAXAXE X VXX = X.

for which we infer:

1 TAx=lFxX:;mm=I (Var)
2. TEAX Xy WXL (x=1D>Uu*ex=1) (Abs)
3. TEAXXy WX (U*FX e x=X) (Conseq)
4. TEAXIM Xy VXX ((UXTX e [X]) ex=X) (T-Abs)

The resulting assertion says thiat.Ax*.x is a polymorphic func-
tion named asl which takes two arguments, arbitrary tygeand

value with typex, and just returns the value as it is. Recall (15).

From the above inference we can infer:

5 TF(AXM XN 1y WXV (=N e x = x)
6. TF((AXAM*X)N)3:;yu=3

(T-App)
(App, Conseq)

Next we infer an assertion with a non-trivial assumption. $téat
from Line 4 in the preceding inference, and infer as follows.

5. TEAXAX XN iy v (uV=N e x = x) (T-App)
6. Ever(y)Fy+1:mOddm) (Var,0Op,Conseq)
7. Ever(y) F (AXAX* X)N)(y+1) 1w Odd(w) (App,Conseq)

Line 7 is derived from the following inference.

(Vxuex=x A Oddm)) > (uem=m A Oddm))
= (w=mA Odd(m))[uem/w]

Since(w=m A Odd(m)) D Odd(w), this satisfies the side condi-
tion of (App), (B1 A B2) D Blue m/w], hence we reach Lin€ 7

Convention 5.1 In the following inferences we allow free vari-
ables of a program to occur in the guarantee formula in a segue
with the same semantics as Definition 3.2 excepiVMK [ B”

in the definition is replaced by “W /X] =%V B”. The proof rules
stay precisely the same.

While the strict usage of names as we have been obeying sodar d
not lose generality, the new convention above is useful faking
the reasoning shorter, especially in complex examples.

Church’s Polymorphic Booleans Next recall Church Polymor-
phic Booleans whose type Bool = ¥X.X = X = X and thenot
function.

tru = AXAXXAY X fls = AXAXXAYEY
FAb: Bool AX At* AfX.bx ft : Bool= Bool

We first infer the property ofru as follows.

L TEX:mm=x (Var)
2. TEAY X WU X ey =X (Abs)
3. TEAXCAYE XX i O WYX UXT X=X e xey = X (Abs)

4. THFACAYS XS i VXYXEVYX .uB o [X] e xey =X (T-Abs)

The specification exactly represents the polymorphic tri&mi-
larly we can specifyls by swapping« andy. Let us denote boolean
specification as:

BTru(u) =
BFIs(u)

Now we infer the property ofiot. We define:
BNot(u) = Vb.((BTru(b) D BFIs(ueb)) A (BFIs(b) D BTru(ueb)))

which means if it gets the truth, then it returns the false #irid
gets the false, then it returns the truth.

VXXX 7YX uBo°l o [x] e xey = X
VX.YX.WyX .uBool o X e xey =y

1. BTru(b) - b:m BTru(m) (Var)
2. BTru(b) - bx :; Vy*.Vx*. meyex =y (T-App)
3. BTrub) - bXy:mVx*.mex=y (App)
4. BTru(b) Fbxyx:mm=y (App)
5. BTru(b) - Ay.bxyx:mVymey=y (Abs)
6. BTru(b) - AX.Ay.bXyx:mVx.Vy.mexey=y (Abs)
7. BTru(b) - AX.AXAy.bxyx:m BFIs(m) (T-Abs)
8. TF not:yVh.(BTru(b) D BFIs(ueb)) (Abs)
9. TFnot:yBTru(b) D BFIs(ueb) (Conseq)

Symmetrically we can infer:
T+ not :y BFIs(b) D BTru(ueb)
Now we apply the following derived proof rule to 9 and the abov
AEM B (i=1,2)
A
ANd = M B: A Bs

Noting b is an auxiliary variable, an application oAfix~V] gives
us the following desired proof.

T F not :y BNot(u)

Polymorphic Recursive Function and Lists Recall the program
filter(f) which filters a list using a functiorf : X =- B, given in
(21). The following program takes off all occurrences of 6nfra
list of natural numbers usinfiter(f).

elimZero %" (AX AFZE filter(f))N) (A x £ 0).

We can easily see this program does not terminate if an amgtisie
an infinite list. Thus, to prove total correctness, we shaylecify
that a given list is well-founded and finite, and that eacimelet
terminates. We define this and other related notions as etériv
predicates.

wi(l) = 3nV.Len(l,n).
Len(l,0) = =gl
Lenl,n+1) = 3. I=x:1"TAx# LALen(l’,n).

One of the natural specifications faimZero is given as:

Elimzerqu) 2 vikist M) (wf(1) > A1) AB(u,l))  (23)



where we set: . _
N AR AT T A

AuD  E =g Suel=[g. (Cong AFMimB1 A" L1 By BBy o Bl[m: 1]
B(u,l) def =[xy AX# LD (X#0Duel=[x::uey)A AFIMELB
(x=0Duel=uey). AFM:mE  AAE[[g]/m Ny B
. . . ANE[[x:: FN2:yB
The predicat&limZerqu) (onu of typeList(N)=-List(N)) says LIS A case MoF eNT = Nl[ﬁsciﬁ?(]x ) z:>uN2 B
that, assuming an integer list is well-founded, applyirgltst tou '
would result in another integer list which is the same as tigiral
one except that each 0 in the list is eliminated one by one.a®dur Figure 3: Proof Rules for Lists and Case
is to prove:
T+ elimZero :y ElimZerqu). (24)
To derive (24), the key step is to infer the following genexsser- The base case follows.
tion for the progranfilter(f).
] 1L I=[grlyl =] (Var)
T +filter(f) :y V1. Filter(u,l, f) (25) -
, . . 2. [e]=[e]F[e] :imm=[g] (Nil)
whereFilter(u,l, f) saysuel is the result of filterind by f: - -
3. FEif f(x)then[x::g(y)] el seg(y):mm=][g] (falsity)
) def
Filter(u,l,f) = W) > Aul)ACu,l, f)  (26) 4 I—[g|F M imFil(,f,m0) (L.2.3.List)
whereC(u,l, f) is defined as follows: 5. THALM:mE(0)(m) (Abs)

I=[x:y| AX#LD(fex=TDuel=[x::uey])A

(fex=F S uel=uey). In Lines 2 and 4, the derived proof rules for lists in Figurer8 a

used where we assurfe and[e:: €] are included among the terms

Once we have (25), we can reach (24) as follows. in the logic (which formally stand fotn;(()) andiny({e,€)), re-
) . ) ) spectively).

1. T filter(f) -y ¥. Filter(u,1, ) (Assumption) We move to the induction step. Below we use the following
2. THMffilter(f):y Vil Filter(ue f,1, f) (Abs) abbreviations:

3. TEAXAMf filter(f) 1y VX.VT,I. Filte x]ef,l, f T-Ab

eer(f) tu |- Filter(ue[x]s 7,1, T)  (FAbs) C(Ixyn) def I =[x:y] ALen(y,n).
4. TF (AXAffilter(f))N:y VT I Filter(ue f 1, f) (T-App) def ]
5 TEA 0 NonZerat . G(fxl'yn) = (fex=T > Iy .(I'=[x:y]AFil(y,f,y,n)) A
. X.(x# 0) :f NonZerd f) (Var, Num, Eq, Abs) (fex=F > Fil(y,f,I",n))
6. Tk ((AX.Af filter(f))N)(Ax.x# 0) :y ElimZerqu) (4, 5, App) def

A(lxyngT) = E(n)(g)AC(Ixyn)Afex=T

In Line 5,NonZerd f) stands for: def
A(llxyngF) = E(n)(g) AC(Ixyn) A fex=F

VX ((x=0D> fex=F)A(x=n>1D fex=T).

/ i : / iot i
Then in Line 6, we calculate the assertions as: Note G(fxlI'ny) is the part ofFil (I, f,1’,n+1) when the list is non-

empty.
vl. Filter(ue f,I, f) ANonZerd ) D ElimZerque f).
o .
We now derive (25). The derivation is, as usual, divided it L Cllxyn) F1 1" =[xz y] Alen(y,n) (Var)
base case and the induction. For reasoning, we first noteothe f 2. F+ [¢] :m E(n+1)(m) (falsity)
lowing inductive definition of the filter predicate. 3T fex—b (Var, Var, App)
. _ N .
Filter(u,1, f) o vnt. (Len(l,n) S Fil(l, f,uel,n)) 4. A(IxyngT) F g(y) :m f ex=TAFil(y, f,m,n) (Var, Var, App)
Fil(,f,1’,00 = 1=V
Ao , 5 AlboyngT) - (x:0(y)] m
Fil(L £, n+1) = E::[F}:)']:[i)/\ f exA Y .(m=[x:y] AFil(y, f,y,n)) (Cons)
= XIYAX#LD
(fex=T> 6. A(IxyngT) = [x::g(y)] :m G(fxmyn (Conseq)
fﬂx/.(l’F:[XiilﬂAle,il(y,f,x/.,n)))A 7. A(IXyngF) - g(y) :m f ex=FAFil(I,f,mn)  (Var, Var, App)
x=F D Fil(y, f,I’,n
(fe \ ) 8. A(IxyngF) F g(y) :m G(fxmyn (Conseq)
The equivalence with (26) is immediate by induction on thregta
of a list. We also let: 9. E(n)(9)AC(Ixyn) = N:mG(fxmyn) (3.68,If)
M 9% case | of isNil = ig] | isCons(x,y) = N 10. E(n)(g) AC(Ixyn) - M :m G(fxmyn (1,2,9,List)
N %€fi ¢ f(x) t hen [x:: g(y)] el se g(y) 11 E(n)(g) = AL.M :y VIxy. (C(Ixyn) D G(fxmyn) (10, Abs)
def 12 E(n)(g) - AL.M:E(n+1)(m) (Conseq)
Notefilter(f) = pgAl.M. We also use the following abbreviations
for brevity. In the final line, we observexixy. (C(Ixyn) D G(fxmyn) O

E(n)(u) = VI.(Len(l,n) D Fil(l, f,uel,n)) vl. (Len(l,n+1) D FiI(I7f,mo|,n+1))d:efE(n+ 1)(m). We can



AVIAEY EM i Bl (Viel)
A Ji-(Ei ABi[uli(i)/m]) O B

[Object AF{li(¥i) : Mi}ic| .u B
AFM:mB AFN iy B
inv] AiB;i D Blu.l (%i)/m]

AFM.I(N):yB

Figure 4: Proof Rules for Objects and Invocations

now combine the two conclusions, reaching (25).

1. TEAM:mE0)(m)
2. E(N)(g)FALM i E(n+21)(m)
3. TFPGALM :nVN.E(n)(m) (Rec)

We have now arrived at the assertion (25).

Abstract Data Type. The final example is a short inference for
packing and unpacking, using the counter ADT in (22). We con-
sider programs written in a more convenient, object-likéation.
cntr is defined bypack (N, M) as3x.a andM is given as:

def

M (N,{new() : 0, inc(x):x+1, get(x):x})

def
a =

{new:e€=X, inc:X=X, get:X=N}.

(note the empty vectar has replaced what w&g of Unit-type
before). The target program is given as follows, writieg; (¢/)
for (e1;) e (€):

N % unpack cntr as (X,X) in A().X.get(X.inc(X.new()))
Observe- N : Unit = N. The assertion we wish to prove is:

THEN:yue()>1.

@7)

We can reason for the above program using the rules for rearzatd
field selection in Section 4, Page . However the reasoningrbes
much simpler if we use the proof rules which directly cormesgp
to the above notatioh. The proof rules for objects and object in-
vocations are given in Figure 4. In (Object), we assume nu=stho
are indexed by € |, where each method in an object would take a
distinct vector of typed arguments. Note the rule is a simphéant
of the abstraction rule (and, dually, (Inv) the applicatiate).

For the derivation of (27), we use the following abbreviato

Clux) &

D(w,y,2)

I yX 78 (u= (X, w) AD(W,Y,2))
Wnew() =y A W.inc(y)=z A w.get(z)>1

g |

def

Also letC((x,X), X) d:EfC(u,x)[(x,x)/u]. The derivation follows.

1in general, using the proof rules which precisely correshtm
the granularity of a given programming language is esskftia
tractable reasoning. See [20, §8] for the correspondiniyatéwn
for the same assertion using the rules for record and fieetteh.

1. TEM:m mnew()=0 A minc(0)=1 A mget(1)=1
(Num, Var, Add, Var, Object)

2. TFM:m WA (N, m) = (N,m) A D(my,z)) (Conseq)
3. Tt pack(N,M)as3x.a :;m IX.C(m,X) (T-Pack)
4. C((X,X),X)F xnew() :m Xnew() =m (Inv)
5. C({X,X),X) F X.inc(Xnew()) :m
3y. (Xnew() =y A X.inc(y) = m) (Var, 4, Inv)
C((X,x),X) Fx.get(X.inc(X.new())) :\m m>1 (Var,5, Inv)

7. C((X,X),X) FA().x.get(X.inc(Xx.new())) :y ue() >1 (Abs)
TEN: ue()>1

(3,7, T-Unpack)

From Line 2 to Line 3, we apply the following logical equivate
as the condition forT-Pach.

C(m,x)[(x,X) /Ul [N/x] = .2 ((N,m) = (N,m) A D(my.2))

6. Conclusion

In this paper we proposed an assertional method for spagifyi
and reasoning about polymorphic higher-order functiord data
types, together with associated compositional proof raed demon-
strated their usage using non-trivial reasoning exammepdly-
morphic programs. A compositional program logic has a funda
mental status in many fields of software engineering, ranfiiom

the traditional specification and verification, to modeldking, to
program testing, to static and dynamic analyses of programd

to certification of mobile code. While being extensivelydiad for
imperative programs, a clean treatment of higher-orderpta
tion in the compositional program logics, either for fuctal pro-
gramming languages or procedural/object-oriented oney, mot
have been known so far. We believe the presented framework is
one of the promising directions towards this goal.

Although not discussed in this paper for the space sake,rte p
sented method is extensible to diverse forms of typed behasj
including behaviours with global and local state, callsiame eval-
uation, user-defined data types and stateful objects, aasvel dif-
ferent notions of correctness including partial corresmd-urther,
in the total logics, valid logical judgements for a given gram
precisely characterise its semantics up to the canonicgjroence.
These results are discussed in [20]. The use of typed precass
the underlying semantic domain also enables a uniformnreat
of proof rules and calculation of validity.

The studies on compositional logics for higher-order cotapu
tion along the line of the present study have however justibeg
and many significant challenges remain before we can reagima c
prehensive theory of logical articulation of complex saftey be-
haviours, on the one hand, and a general and effective esrijige
framework, on the other. Some of the notable challengesdee:
velopment of compositional logics for a fully fledged furetal
programming language, such as ML [26] and Haskell [16], d we
as those for object-oriented languages (this would invdteat-
ment of input/output, exceptions and concurrency); dgualent of
practical notations for assertions as well as for proofs)-trivial
applications of the developed logics, including their usenite-
grated development environments, certified mobile codd,fan
mally founded version control; and the applications of teewkd
program logics beyond standard verification/specificati@ihod-
ologies. More theoretically, a significant challenge is bdain an
in-depth understanding of the models of the presented kgidts



ramifications, which may also lead to tractable methods étee
lating validity in the logic besides that of number-thearéacts.
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