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hr�oter and Javier EsparzaInstitut f�ur Informatik, Te
hnis
he Universit�at M�un
hen,email: fs
hroete,esparzag�informatik.tu-muen
hen.deAbstra
t. We study four solutions to the rea
hability problem for 1-safe Petri nets, all of them based on the unfolding te
hnique. We de�nethe problem as follows: given a set of pla
es of the net, determine if somerea
hable marking puts a token in all of them. Three of the solutions tothe problem are taken from the literature [M
M92,Mel98,Hel99℄, whilethe fourth one is �rst introdu
ed here. The new solution shows that theproblem 
an be solved in time O(nk), where n is the size of the pre�xof the unfolding 
ontaining all rea
hable states, and k is the number ofpla
es whi
h should hold a token. We 
ompare all four solutions on a setof examples, and extra
t a re
ommendation on whi
h algorithms shouldbe used and whi
h ones not.1 Introdu
tionRea
hability of states is one of the key problems in the area of automati
 veri�-
ation. Most safety properties of systems 
an be redu
ed to simple rea
habilityproperties; a typi
al example is the mutual ex
lusion property of mutual ex
lu-sion algorithms [Ray86℄. When systems are presented as automata 
ommuni
at-ing through rendez-vous or through bounded bu�ers, as syn
hronous produ
tsof transition systems, or as 1-safe Petri nets (all of them models with the sameexpressive power), the rea
hability problem is known to be PSPACE-
omplete.In this paper we 
onsider systems modelled by 1-safe Petri nets, and de�ne therea
hability problem as follows: given a set of pla
es of the net, de
ide if somerea
hable marking puts a token in ea
h of them. The problem remains PSPACE-
omplete if the set 
ontains only one pla
e.The unfolding te
hnique, originally introdu
ed by M
Millan in his seminalpaper [M
M92℄, has been very su

essfully applied to deadlo
k dete
tion. The1-safe Petri net is \unfolded" into an a
y
li
 net (in a way similar to the un-folding of a rooted graph into a tree) until a so 
alled (�nite) 
omplete pre�x isgenerated. This is a �nite a
y
li
 net having exa
tly the same rea
hable mark-ings as the original one. On
e the 
omplete pre�x has been generated, threedi�erent algorithms 
an be applied: a bran
h-and-bound algorithm by M
Mil-lan [M
M92℄, an algorithm based on linear programming by Melzer and R�omer[MR97℄, and an algorithm based on SAT solvers (with stable model semanti
s)by Heljanko [Hel99℄. These algorithms have been 
ompared (see [MR97,Hel99℄),? Supported by the Sonderfors
hungsberei
h SFB-342 A3 SAM



with the result that SAT algorithms have the edge in most 
ases. The goal ofthis paper is to perform the same kind of analysis for the rea
hability problem.First of all, we show that the rea
hability problem is NP-
omplete in thesize of the 
omplete pre�x. (This is also the 
omplexity of deadlo
k dete
tion[M
M92℄.) We then present four di�erent algorithms. M
Millan sket
hes an on-the-
y solution in [M
M92℄. In [Mel98℄, Melzer extends the linear programmingapproa
h of [MR97℄ for deadlo
k dete
tion to rea
hability, and so does Heljankoin [Hel99℄. Both algorithms have exponential 
omplexity in the size of the 
om-plete pre�x. The fourth algorithm was in a sense impli
it in [Mel98℄, and evenin former papers, but to the best of our knowledge it has not been expli
itelyformulated before. In parti
ular, we do not know of any implementation. It re-du
es the rea
hability problem to CLIQUE, and has a better 
omplexity thanthe former two: it solves the rea
hability problem in time O(nk), where n is thesize of the 
omplete pre�x, and k is the number of pla
es that should be simul-taneously marked. Sin
e n is usually mu
h larger than k, this is a signi�
antimprovement.In the last part of the paper we present a 
omparison of the four algorithmsbased on experiments 
ondu
ted on a number of examples. The results show that,even though it has a better theoreti
al 
omplexity, the redu
tion to CLIQUE
annot 
ompete with the other algorithms. In fa
t, the two best algorithms arethe on-the-
y algorithm and the algorithm based on SAT.The paper is stru
tured as follows: In se
tion 2 we give an introdu
tion toPetri nets and unfoldings following [ERV96,MR97,ER99℄. Thereby we restri
tourselves to 1-safe Petri nets. Se
tion 3 brie
y reviews the main ideas of themethods suggested by M
Millan, Melzer and Heljanko and introdu
es our newgraph theoreti
 method. In se
tion 4 we 
ompare the four algorithms and dis
usssome results. In se
tion 5 we �nish with some 
on
lusions.2 Basi
 Notations1-Safe Petri Nets A triple (P; T; F ) is a net if P and T are disjoint sets andF is a subset of (P � T ) [ (T � P ). The elements of P are 
alled pla
es and theelements of T transitions. Pla
es and transitions are generally 
alled nodes. Weidentify F with its 
hara
teristi
 fun
tion on the set (P � T ) [ (T � P ). Thepreset �x of a node x is the set fy 2 P [ T j F (y; x) = 1g. The postset x� of anode x is the set fy 2 P [ T j F (x; y) = 1g.A marking M of a net (P; T; F ) is a mapping M :P 7! f0; 1g. We identify amarking M with the set P 0 � P su
h that 8p 2 P : p 2 P 0 , M(p) = 1 holds.A partial marking Mpar of a net is a mapping Mpar: (P 1par [ P 0par) 7! f0; 1g,where P 1par; P 0par � P and 8p 2 P 1par:Mpar(p) = 1 and 8p 2 P 0par:Mpar(p) = 0and P 1par \ P 0par = ;. We identify a partial marking Mpar with the tuple P 0par =(P 1par ; P 0par).A four-tuple � = (P; T; F;M0) is a net system if (P; T; F ) is a net and M0is a marking of (P; T; F ). M0 is 
alled the initial marking of the net system �.A marking M enables a transition t if 8p 2 �t:M(p) = 1 holds. If t is enabled



at M , then t 
an o

ur, and its o

urren
e leads to a new marking M 0 (denotedM t! M 0), de�ned by M 0(p) = M(p) � F (p; t) + F (t; p) for every pla
e p. Asequen
e of transitions � = t1t2 : : : tn is an o

urren
e sequen
e if there existmarkings M1;M2; : : : ;Mn su
h that M0 t1! M1 t2! : : :Mn�1 tn! Mn. Mn is themarking rea
hed by the o

urren
e of �, also denoted by M0 �! Mn. M is area
hable marking if there exists an o

urren
e sequen
e � su
h that M0 �!M .O

urren
e Nets Let (P; T; F ) be a net and x; y 2 P [ T . The nodes x andy are in 
on
i
t (denoted x#y) if there exist distin
t transitions t1; t2 2 T su
hthat �t1\ �t2 6= ; and (t1; x); (t2; y) belong to the re
exive and transitive 
losureof F . The node x 2 P [ T is in self-
on
i
t if x#x. An o

uren
e net is a netN = (B;E; F 0), su
h that:{ 8b 2 B: j�bj � 1,{ F 0 is a
y
li
, i.e. the transitive 
losure of F 0 is a partial order,{ N is �nitely pre
eded, i.e. for every x 2 B[E, the set of elements y 2 B[Esu
h that (y; x) belongs to the transitive 
losure of F 0 is �nite, and{ no element e 2 E is in self-
on
i
t.The elements of B and E are 
alled 
onditions and events, respe
tively.Min(N) denotes the initial marking of an o

urren
e net, in whi
h the mini-mal 
onditions 
arry exa
tly one token, and the other 
onditions no token. The(irre
exive) transitive 
losure of F 0 is 
alled the 
ausal relation (denoted by <).The re
exive and transitive 
losure of F 0 is denoted by �. A node x is 
ausallyrelated to y if there exists a path from x to y. The 
o-relation 
o � B � B isde�ned in the following way: (b1; b2) 2 
o , (b1 6< b2 ^ b2 6< b1 ^ :(b1#b2)),i.e. two 
onditions are 
alled 
on
urrent, if they are not 
ausally related and ifthey are not in 
on
i
t. A set B0 � B of an o

urren
e net is 
alled 
o-set if itselements are pairwise in 
o-relation.Bran
hing Pro
esses Bran
hing pro
esses of a net system � = (N;M0) arelabelled o

urren
e nets 
ontaining information about both 
on
urren
y and
on
i
ts. The 
onditions of these nets are labelled with pla
es of N and theirevents are labelled with transitions of N . A 
ondition is denoted by (p; e), wherep 2 P is a pla
e and e 2 E is its unique input event. The label of a 
ondition(p; e) is p. An event is denoted by (t;X), where t 2 T is a transition and X � Bis the set of its input 
onditions. The label of an event (t;X) is t. Minimal
onditions of the o

urren
e net are denoted by (p;?), where p 
arries a tokeninitially, i.e. p 2 M0. In the following we write the labelling as a proje
tionh: (B [ E) 7! (P [ T ), su
h that h((x; y)) = x. Sin
e bran
hing pro
esses are
ompletely determined with this notation by their sets of 
onditions and events,we represent them as a pair (B;E).The set of �nite bran
hing pro
esses of a net system (N;M0) with M0 =fp1; : : : ; png is indu
tively de�ned as follows:{ (f(p1;?); : : : ; (pn;?)g; ;) is a bran
hing pro
ess of (N;M0).



{ If (B;E) is a bran
hing pro
ess, t is a transition, and X � B is a 
o-setlabelled by �t, then (B[f(p; e) j p 2 t�g; E[feg) is also a bran
hing pro
essof (N;M0), where e = (t;X). If e 62 E, then e is 
alled a possible extensionof (B;E).The set of all bran
hing pro
esses of (N;M0) is obtained by de
laring thatthe union of any �nite or in�nite set of bran
hing pro
esses is also a bran
hingpro
ess, where union of bran
hing pro
esses is de�ned 
omponentwise on 
on-ditions and events. Sin
e bran
hing pro
esses are 
losed under union, there is aunique maximal bran
hing pro
ess. We 
all it the unfolding of (N;M0).Con�gurations and Cuts A 
on�guration C of an o

urren
e net is a setof events satisfying the following two 
onditions: (i) C is 
ausally 
losed, i.e.e 2 C ) 8e0 � e: e0 2 C and (ii) C is 
on
i
t-free, i.e. 8e; e0 2 C::(e#e0).A maximal 
o-set B0 with respe
t to set in
lusion is 
alled a 
ut. Let C be a�nite 
on�guration and Cut(C) = (Min(N) [ C�) n �C. Then Cut(C) is a 
ut.In parti
ular, the set of pla
es h(Cut(C)) is a rea
hable marking denoted byMark (C).For an event e we de�ne the lo
al 
on�guration [e℄ by the set of all eventse0 su
h that e0 � e. Then we 
all e a 
ut-o� event of a bran
hing pro
ess � if �
ontains a lo
al 
on�guration [e0℄ � [e℄ su
h that the 
orresponding markings areequal, i.e. Mark ([e℄) =Mark ([e0℄). � denotes a total order on the 
on�gurationsof �. See [ERV96℄ for more details on total orders on 
on�gurations of pre�xes.A bran
hing pro
ess � of a net system � is 
alled 
omplete �nite pre�x ifand only if for every rea
hable marking M there exists a 
on�guration C in �without any 
ut-o� event su
h that (i) Mark (C) = M (i.e. M is representedin �) and (ii) for every transition t enabled by M there exists a 
on�gurationC [ feg su
h that e 62 C and e is labelled by t.Figure 1 shows a 1-safe net system and its 
omplete �nite pre�x, where e3,e5, e7, e8, e10 and e12 are 
ut-o� events.3 Di�erent methods for rea
hability 
he
kingAs mentioned in the introdu
tion we investigate the rea
hability problem of1-safe Petri nets using 
omplete �nite pre�xes. We will now de�ne our under-standing of the rea
hability problem more pre
isely.De�nition 1. Rea
hability problem for 1-safe Petri nets using pre�xesThe rea
hability problem is as follows: Given a net system (N;M0), and apartial marking P 0par = (P 1par ; P 0par), is there a marking M rea
hable fromM0 (i.e. 9� : M0 �! M) su
h that for every p 2 (P 1par [ P 0par):M(p) =Mpar(p) holds. 1



Theorem 1. NP-
ompleteness of the rea
hability problemThe rea
hability problem for 1-safe Petri nets using pre�xes is NP-
omplete.The proof is presented in Appendix A. In the following we brie
y reviewmethods based on linear programming [Mel98℄ and logi
 programs [Hel99℄, andintrodu
e a new method using a graph theoreti
 approa
h. Moreover, we presentan on-the-
y veri�
ation te
hnique as mentioned by M
Millan [M
M92℄.3.1 Using linear programming: Che
kLinMelzer [Mel98℄ has introdu
ed a method for 
he
king the rea
hability of a mark-ing based on linear programming. The basi
 
on
ept of this method is the so-
alled marking equation that 
an be used as an algebrai
 representation of theset of rea
hable markings of an a
y
li
 net. Given a marking M rea
hable fromthe initial marking M0 and a pla
e p, the number of tokens of p in M 
an be
al
ulated as the number of tokens p 
arries in M0 plus the di�eren
e of to-kens added by the input pla
es and removed by the output pla
es. This leadsto the following equation: M(p) = M0(p) + �t2�p#t � �t2p�#t, where #t de-notes the number of o

urren
es of t in �. Usually this equation is written inthe form M = M0 +N� !� , where !�= t(#t1; : : : ;#tn) is 
alled the Parikh ve
-tor of � and N denotes the in
iden
e matrix of N , a P � T matrix given byN(p; t) = F (t; p) � F (p; t). Additionally we formulate a set of restri
tions: forea
h pla
e pi 2 P 1par we add the restri
tion M(pi) � 1, and for ea
h pi 2 P 0parwe add the restri
tion M(pi) � 0. Usually the restri
tion for all pla
es of themarking is given in the matrix form A �M � b. With the knowledge that every1-safe Petri net 
an be unfolded into an a
y
li
 net and that the marking equa-tion yields a suÆ
ient 
ondition for rea
hability in a
y
li
 nets, the rea
habilityof a marking 
an be 
he
ked using the following result.Theorem 2. Test s
hema on pre�xes [Mel98℄Let (N;M0) be a 1-safe net, A �M � b a restri
tion and � the pre�x of(N;M0). The restri
tion holds for a marking rea
hable from M0 i� the fol-lowing system of linear inequalities has a solution for M 0 and X:Variables: M 0, X binaryM 0 =Min(�) +N0 �Xh(A) �M 0 � bWe des
ribe this method by means of an example. Consider the net in Fig-ure 1 and the partial marking P 0par = (fp2; p4; p6g; ;). To 
he
k if P 0par is area
hable marking, we formulate a 
orresponding restri
tion, i.e. M(p2) � 1 andM(p4) � 1 and M(p6) � 1. Using the proje
tion h this restri
tion 
an be trans-ferred to markings M 0 of the pre�x. Knowing that h(b7) = p2, h(b5) = h(b10) =p4 and h(b4) = h(b9) = h(b12) = p6 we get the restri
tion M 0(b7) � 1 andM 0(b5) +M 0(b10) � 1 and M 0(b4) +M 0(b9) +M 0(b12) � 1.The system of linear inequalities looks like this:



M 0(b1) = 1 �X(e4)M 0(b2) = 1 �X(e2)M 0(b3) = 1 �X(e1)M 0(b4) = X(e1)�X(e2)�X(e3)M 0(b5) = X(e2)�X(e4)�X(e5)M 0(b6) = X(e2)�X(e6)M 0(b7) = X(e4)�X(e7)M 0(b8) = X(e4)�X(e9)M 0(b9) = X(e6)�X(e8)�X(e9)M 0(b10) = X(e9)�X(e10)M 0(b11) = X(e9)�X(e11)M 0(b12) = X(e11) �X(e12)
M 0(b7) � 1M 0(b5) +M 0(b10) � 1M 0(b4) +M 0(b9) +M 0(b12) � 1X(e3) = 0X(e5) = 0X(e7) = 0X(e8) = 0X(e10) = 0X(e12) = 0On the left side the marking equation of the pre�x is shown, and on theright side �rst the three inequalities of the restri
tion and below it the equalitiesfor the elimination of the 
ut-o� events are shown. The 
ut-o� events 
an beeliminated be
ause all rea
hable markings are rea
hable without �ring 
ut-o�events. The elimination of 
ut-o� events redu
es the number of binary variablesand simpli�es the inequality system. Therefore the 
omplexity of this method isexponential in the number of non-
ut-o� events.It 
an easily be seen thatM 0 = fb7; b10; b12gwithX = t(1; 1; 0; 1; 0; 1; 0; 0; 1; 0;1; 0) yields the desired solution.3.2 Using logi
 programming: M
smodelsHeljanko [Hel99℄ presented a method for rea
hability 
he
king of 
omplete �nitepre�xes using logi
 programs with stable model semanti
s. The main idea of thisapproa
h is to translate the problem into a rule based logi
 program and to 
he
kif there exists a stable model. This method redu
es the rea
hability problem toSAT. The algorithm uses the Smodels tool whi
h is an implementation of a
onstraint based logi
 programming framework developed to �nd stable modelsof a logi
 program. We show an example to give an idea of the redu
tion to SAT,but due to spa
e limitations we refer the reader to [Hel99℄ for more details.Consider the net in Figure 1 and the partial marking P 0par = (fp2; p4; p6g; ;).We show, how we 
an redu
e the rea
hability problem to SAT for this example.First de�ne a variable for ea
h 
ondition and for every non-
ut-o� event of thepre�x, e.g. b1; : : : ; b12 and e1; : : : ; e11. The 
ut-o� events e3, e5, e7, e8, e10 ande12 
an be omitted be
ause ea
h rea
hable marking 
an be rea
hed without �ring
ut-o� events. bi means that the 
orresponding 
ondition holds a token, otherwisewe write :bi. ei means that the 
orresponding event has �red, otherwise we write:ei. For ea
h 
ondition there is a rule stating when it holds a token. For example,b4 holds a token i� e1 has �red and e2 has not �red. Then we need rules des
ribingthe 
ausal relation. Finally we need one rule for ea
h pla
e in P 0par, i.e. one rulefor p2, p4 and p6. For example, the rule for p6 is b4 _ b9 _ b12, be
ause p6 holdsa token whenever one of these 
onditions holds a token. Altogether, the partialmarking P 0par is rea
hable i� the rules are satis�able.b1 $ :e4 b4 $ e1 ^ :e2 b7 $ e4 b10 $ e9 e2 ! e1 e9 ! e4 ^ e6 b7b2 $ :e2 b5 $ e2 ^ :e4 b8 $ e4 ^ :e9 b11 $ e9 ^ :e11 e4 ! e2 e11 ! e9 b5 _ b10b3 $ :e1 b6 $ e2 ^ :e6 b9 $ e6 ^ :e9 b12 $ e11 e6 ! e2 b4 _ b9 _ b12



p1 p3 p5p2 p4 p6t1 t2 t3 t4 t5 t6tnew
e12t5 b12p6 e11t6 b11p5e9t4b10p4 e10t3

b9p6e8t5 b8p3 e4t2 b7p2 e7t1
b5p4e5t3 e2t4b6p5e6t6

b4p6e3t5 e1t6 b3p5 b2p3 b1p1

Fig. 1. A net system and its 
omplete �nite pre�x3.3 A new graph theoreti
 algorithm: Che
kCoBasi
ally, our algorithm uses the 
o-relation, whi
h is de�ned on the set of 
on-ditions of a pre�x. Generally, two 
onditions are in 
o-relation i� they are not
ausally related and not in 
on
i
t. In the implementation of R�omer [R�om00℄the 
o-relation is 
al
ulated while generating the pre�x and 
an dire
tly be usedas input for our algorithm. Proposition 1 states that 
o-sets are rea
hable.Proposition 1. Rea
hability of 
o-sets [BF88℄Let � = (B;E) be a pre�x and B0 � B (B0par = (B1par; ;)) be a marking(partial marking). B0 (B0par) is rea
hable from Min(�) i� B0 (B1par) is a
o-set.In [Mel98℄ it is shown that the result of Proposition 1 together with the fa
tthat all rea
hable markings of a 1-safe net are 
oded in its pre�x 
an be 
ombinedto derive the following theorem.Theorem 3. Rea
hability of partial markings [Mel98℄Let (N;M0) be a 1-safe net, � its pre�x, and P 0par = (P 1par ; ;) a partialmarking. P 0par is rea
hable i� there exists a 
o-set B0 � B su
h that forevery p 2 P 1par there exists a b 2 B0 with h(b) = p.By means of the previous example we show, how we 
an use the 
o-relationto de
ide the rea
hability of partial markings. Consider the net system and itspre�x depi
ted in Figure 1.In this 
ase the 
o-relation of the pre�x is the symmetri
al 
losure of the setf(b1; b2); (b1; b3); (b1; b4); (b1; b5); (b1; b6); (b1; b9); (b2; b3); (b2; b4); (b5; b6);(b5; b9); (b6; b7); (b6; b8); (b7; b8); (b7; b9); (b7; b10); (b7; b11); (b7; b12); (b8; b9);



b7 b4b9b12 b5b10Fig. 2. 3-partite graph G3(b10; b11); (b10; b12)gSuppose we want to know if the partial marking (fp2; p4; p6g; ;) is rea
hable. A
-
ording to Theorem 3 the marking is rea
hable if there exist 
onditions mappedonto p2, p4 and p6 by the proje
tion h that are all pairwise in 
o-relation. Con-sidering fb7; b10; b12g it 
an easily be seen that the above marking is rea
h-able be
ause (b7; b10) 2 
o, (b7; b12) 2 
o, and (b10; b12) 2 
o with h(b7) = p2,h(b10) = p4 and h(b12) = p6.The sear
h for a possible solution 
orresponds to the graph theoreti
 problemof �nding a k-
lique in a k-partite graph. We will explain this in more detailbelow. Let us 
onstru
t a k-partite graph in the following way:Algorithm 1: Constru
tion of the k-partite graph Gk = (V;E)LetN = (P; T; F ) be a net and P 0par = (fp1; p2; : : : ; pkg; ;) a partial marking. Let� = (B;E) be a 
omplete �nite pre�x of N and 
o � B �B be the 
o-relation.(i) For ea
h pi 2 fp1; p2; : : : ; pkg 
al
ulate the set of 
onditions Bi = fbi1 ; bi2 ;: : : ; bimg with h(bij ) = pi for all 1 � j � m.(ii) Let V := S1�i�k Bi.(iii) Draw an ar
 between bim , bjn 2 V with i 6= j if (bim ; bjn) 2 
o, i.e. draw anar
 between two nodes, if they are in 
o-relation and belong to di�erent par-titions. (This means that ea
h Bi forms one partition sin
e no two elementsin Bi are 
onne
ted by an ar
).We show the 
onstru
tion of Gk for the net and the pre�x shown in Figure 1 andthe partial marking P 0par = (fp2; p4; p6g; ;). The sets Bi of 
onditions 
an be de-du
ed dire
tly from the pre�x: B1 = fb7g, B2 = fb5; b10g and B3 = fb4; b9; b12g.The elements of B1, B2 and B3 form the three partitions of the graph. We drawar
s only between nodes whi
h are in 
o-relation belonging to di�erent parti-tions: (b7; b10), (b7; b9), (b7; b12), (b5; b9), (b10; b12). Figure 2 shows the graph G3.It 
an easily be seen that b7, b10 and b12 build a 3-
lique, and therefore we 
an
on
lude that the partial marking P 0par = (fp2; p4; p6g; ;) is rea
hable.The following theorem states that we 
an use the k-partite graph Gk for
he
king the rea
hability of a partial marking.Theorem 4. Rea
hability of partial markingsLet (N;M0) be a 1-safe net, and P 0par = (P 1par; ;) a partial marking. P 0par isrea
hable i� the k-partite graph Gk has a k-
lique.



p1t1p2 p3t2p4 p1 t1 p
1p2 p
2 p3 t2 p
3p4 p
4 b1p1 e1t1 b6p
1b5p2 b3p
2 b2p3 e2t2 b8p
3b7p4 b4p
4Fig. 3. A net system extended with 
omplementary pla
es and its pre�xCon
ept of 
omplementary pla
es The method explained above does notwork if the partial marking under 
onsideration in
ludes pla
es that should notbe marked. For example, in Figure 3 one might want to know whether there is area
hable marking in whi
h the pla
e p2 
arries a token and the pla
e p4 
arriesno token. For this task it is not suÆ
ient to 
onsider only the 
o-relation.There exist 
o-related 
onditions in the pre�x belonging to the pla
es p2and p4 and therefore we 
an 
on
lude that the partial marking (fp2; p4g; ;)is rea
hable. However we 
annot de
ide if the partial marking (fp2g; fp4g) isrea
hable. To 
ope with this problem we introdu
e 
omplementary pla
es.De�nition 2. Complementary pla
eLet (N;M0) with (P; T; F ) be a net and p 2 P a pla
e. A pla
e p
 2 P is
alled 
omplement of p i�(i) 8 (p; t) 2 F : (t; p
) 2 F , (t; p) 62 F(ii) 8 (t; p) 2 F : (p
; t) 2 F , (p; t) 62 F(iii) 8 (p
; t) 2 F : (t; p) 2 F , (t; p
) 62 F(iv) 8 (t; p
) 2 F : (p; t) 2 F , (p
; t) 62 F(v) M0(p
) = 1�M0(p) 2Using this 
on
ept, the problem of 
he
king the rea
hability of the partialmarking (fp2g; fp4g) 
an be redu
ed to 
onstru
ting a net with 
omplementarypla
es and 
he
king the rea
hability of the partial marking (fp2; p
4g; ;) whi
his possible using only the 
o-relation. Figure 3 shows a net, its modi�
ationwith 
omplementary pla
es and the 
orresponding pre�x. Using the pre�x of themodi�ed net it 
an be seen that the partial marking (fp2g; fp4g) is rea
hablebe
ause the 
onditions b5 with h(b5) = p2 and b4 with h(b4) = p
4 are in 
o-relation.Proposition 2. Rea
hability of partial markingsLet (N;M0) be a net and P 0par = (fp1; : : : ; pkg; fpk+1; : : : ; png) a partialmarking. P 0par is rea
hable i� P 00par = (fp1; : : : ; pk; p
k+1; : : : ; p
ng; ;) is rea
h-able.The 
omplement p
 of a pla
e p 
an be added as follows: the preset of p
is the postset of p and the postset of p
 is the preset of p. But this may leadinto trouble in the spe
ial 
ase that pla
e p has a side-loop, i.e. a transition thatis both in the preset and in the postset. Figure 4 (left side) illustrates su
h a



p1t1p2 t2t3p3
p1 t1 p
1p2 t2t3 p
2p3 p
3

p1 t1 p
1p2 t2t3p
2 p3 p
3Fig. 4. A net system with side-loop, a net system with 
omplementary pla
essituation. The 
entral part of Figure 4 shows the 
onstru
tion of p
2 a

ordingto the fashion des
ribed above. It 
an be seen that transition t2 
an never �re.This is an undesired behaviour and therefore the ar
s between transition t2 andpla
e p
2 have to be deleted. Figure 4 (right side) shows the 
orre
ted system.Generally speaking, we only 
onne
t a 
omplementary pla
e with a transition ifthe transition is not part of a side-loop.Outline of our algorithm In this se
tion we give an outline of our algorithm.Algorithm 2:Input: Net (N;M0) and a partial marking P 0par = (fp1; : : : ; pkg; fpk+1; : : : ; png).Output: NO or YESbeginRead(N);InsertAllComplements(N);Unfold(N);Read(P 0par);Repla
eP 0par by (fp1; : : : ; pk; p
k+1; : : : ; p
ng; ;);forall pi 2 fp1; : : : ; pk; p
k+1; : : : ; p
ng doCal
ulate(Bi);= � 8bij 2 Bi : h(bij ) = pi � =od;L := ;;Che
k(1);output (NO);end
pro
 Che
k(int 
ount)j := 1;while j � jB
ountj doL := L [ fb
ountj g;if all elementsof L are pairwise in
o � relation thenif jLj = jP 1par [ P 0parj thenoutput (YES);exit;else Che
k(
ount+ 1); endif ;endif ;L := L n fb
ountj g;j := j + 1;odend Che
kOur algorithm works as follows: First we read the original Petri net into aninternal net stru
ture and insert all 
omplementary pla
es. Then we unfold themodi�ed net into a 
omplete �nite pre�x. The 
o-relation is 
onstru
ted whilegenerating the pre�x. We read the partial marking and repla
e all pla
es pi withMpar(pi) = 0 by their 
omplements p
i . Then for ea
h pla
e pi in P 00par, we �nd Bi,i.e. the set of 
onditions whi
h are mapped to pi by h. The marking is rea
hableif there exists a 
lique of 
onditions, one for ea
h pla
e in P 00par, su
h that these
onditions are pairwise in 
o-relation. This part is implemented in the pro
edureChe
k. The set L yields the desired 
lique if there is one.Let us 
onsider again the net system of Figure 1. We want to 
he
k if thepartial marking P 0par = (fp2; p4g; fp5g) is rea
hable. First we have to insert 
om-plementary pla
es, but it 
an be seen that p2, p4 and p6 are the 
omplementsof p1, p3 and p5. So we 
an 
he
k if the partial marking P 00par = (fp2; p4; p6g; ;)is rea
hable. For that, we have to 
al
ulate the sets Bi (1 � i � 3). We ob-



tain B1 = fb7g with h(b7) = p2, B2 = fb5; b10g with h(b5) = h(b10) = p4 andB3 = fb4; b9; b12g with h(b4) = h(b9) = h(b12) = p6. Now we 
an invoke thepro
edure Che
k(1). In the �rst step we set L = fb7g and 
all Che
k(2). Nowwe have to test if all elements of L = fb7; b5g are in 
o-relation. Apparentlythis is not the 
ase and so we try L = fb7; b10g. These elements are 
o-relatedand we 
an 
all Che
k(3). L = fb7; b10; b4g is no solution be
ause (b7; b4) 62 
o,L = fb7; b10; b9g is no solution be
ause (b10; b9) 62 
o, but L = fb7; b10; b12gyields the desired 
lique (see Figure 2). Then a

ording to Theorem 3 the par-tial marking P 00par = (fp2; p4; p6g; ;) is rea
hable and hen
e (with Proposition2) the partial marking P 0par = (fp2; p4g; fp5g) is rea
hable. Note that at �rstit might appear unne
essary to insert all 
omplementary pla
es (as apposed tojust the 
omplements of those pla
es pi for whi
h Mpar(pi) = 0). But in thisway we avoid having to re-
al
ulate the pre�x for ea
h new marking. Insertingall 
omplementary pla
es allows us to 
al
ulate the pre�x only on
e for ea
h netand then to reuse it for 
he
king further markings.Complexity of Che
kCo We brie
y analyze the 
omplexity of Che
kCo. Let(P; T; F ) be a net, � = (B;E) its 
orresponding pre�x, 
o the 
o-relation andP 0par = (P 1par ; P 0par) a partial marking. There exists a parameterized fun
tionMpar: (P 1par [ P 0par) 7! f0; 1g that maps the pla
es of the partial marking onto0 (not marked) and 1 (marked). Ea
h pla
e of P 1par [ P 0par 
orresponds to atmost jBj 
onditions in the pre�x whi
h leads to jBjjP 1par[P 0parj possible solutions.Then we need at most jP 1par [ P 0parj2 
omparisons for 
he
king if the 
onditionsof one possible solution are in pairwise 
o-relation. This leads to a 
omplexityof O(jBjjP 1par[P 0parj � jP 1par [ P 0parj2).3.4 On-the-
y veri�
ation: OnTheFlyIn [ERV96℄ the authors present an eÆ
ient algorithm for 
onstru
ting a 
om-plete �nite pre�x of 1-safe Petri nets. Knowing that all rea
hable markings ofthe net are 
oded in its pre�x [M
M92℄ we 
an verify the rea
hability of a par-tial marking during 
al
ulation of the pre�x in the following way: Let P 0par =(fp1; : : : ; pkg; fpk+1; : : : ; png) be the partial marking to be 
he
ked. As shown inthe previous se
tion we insert the 
omplements of the pla
es pk+1, . . . , pn into thenet and 
he
k the partial marking P 00par = (fp1; : : : ; pk; p
k+1; : : : ; p
ng; ;). This 
anbe done in a way �rst suggested by M
Millan [M
M92℄. We insert a new transi-tion tnew into the original net in su
h a way that �tnew = fp1; : : : ; pk; p
k+1; : : : ; p
ng.Then we start the unfolding algorithm des
ribed in [ERV96℄. The algorithm stopsif an event e with h(e) = tnew 
an be inserted into the pre�x. At this point we
an 
on
lude that the marking P 0par is rea
hable, otherwise the pre�x will begenerated 
ompletely. We explain this method by means of an example. Con-sider the net in Figure 1 and the partial marking P 0par = (fp2; p3; p6g; ;). Figure1 (
onsider the dotted lines) illustrates the modi�ed net system and its pre�x.The algorithm stops at the dotted line, be
ause the next event that 
an be in-serted has the pla
es p2, p3 and p6 in its preset. Therefore the rea
hability ofP 0par is proven.



4 Comparison of the algorithmsIn this se
tion we 
ompare the four approa
hes and try to dedu
e a rule des
rib-ing the situations in whi
h one algorithm is more suitable than the others. We
on�rm our statements by pra
ti
al results. For our tests we used a representa-tive subset of Corbett's examples [Cor94℄ on randomly generated \meaningful"markings. These examples are also used in [MR97,Hel99℄. In the following webrie
y explain how \meaningful" markings were generated.Originally, Corbett's examples are modelled as 
ommuni
ating �nite au-tomata and they are translated from these into Petri nets. The translation pro-
edure yields a division of the nets into 
omponents where ea
h 
omponent 
an
arry at most one token. For this reason, it would be useless to test markingswhi
h in
lude two or more pla
es belonging to the same 
omponent be
ause su
hmarkings are not rea
hable. To avoid the generation of su
h markings, our mark-ing generator works as follows: First we determine the number of 
omponentsand for ea
h 
omponent the number of its pla
es. Then we randomly 
hoose kof the 
omponents (where k is the size of the generated marking). For ea
h ofthe 
hosen 
omponents we randomly sele
t one of its pla
es. Note that the sizeof the markings is bounded by the number of 
omponents of the net system, butthis is not a big restri
tion. OnTheFly M
smodels Che
kLin Che
kCo ntUnf - 15.64 15.64 156.89 -R2 3.13 1.14 15.98 5.04 8key(3) R4 4.99 1.16 14.39 5.70 5tavg R6 6.45 1.55 15.43 5.58 4N4 16.95 1.03 8.37 5.21 1tUnf - 3.69 3.69 56.29 -R2 1.21 0.35 4.28 3.15 5elevator(3) R4 1.94 0.45 5.20 3.35 3tavg R6 3.34 0.85 6.28 3.46 2N4 5.73 0.25 2.20 3.13 1tUnf - 93.79 93.79 668.90 -R2 3.35 1.92 14.21 14.39 67rw(12) R4 11.47 1.94 9.76 14.23 10tavg R6 14.64 1.96 9.71 14.55 8N4 97.72 1.83 6.95 14.03 1tUnf - 7.73 7.73 76.53 -R2 0.18 0.45 29.59 3.71 -dpd(7) R4 0.28 0.50 28.07 3.76 -tavg R6 0.37 0.54 29.34 3.76 -N4 8.18 2.66 28.74 3.90 2tUnf - 14.75 14.75 110.36 -R2 0.33 0.84 30.29 6.17 -dph(6) R4 0.43 0.94 37.90 6.30 -tavg R6 0.86 1.39 45.53 6.38 -N4 17.87 1.62 24.37 6.29 1tUnf - 57.99 57.99 170.66 -R2 0.43 1.38 31.62 9.07 -furna
e(3) R4 1.15 1.58 30.68 9.29 -tavg R6 7.67 1.73 33.61 12.99 10N4 64.76 9.46 30.34 10.96 2tUnf - 5.52 5.52 98.95 -R2 0.25 0.35 16.06 4.40 -over(5) R4 0.31 0.38 16.35 4.25 -tavg R6 0.31 0.40 17.35 4.33 -N4 7.36 0.68 13.90 4.38 1

We present results for par-tial markings with 2, 4 and 6pla
es. The average veri�
ationtimes are all based on at least 15di�erent markings. All 
ompu-tations were 
arried out on thesame ma
hine, a SUN SPARC20with 96 MByte RAM. Che
kLinuses CPLEXTM (version 6.5.1)as its underlying MIP-solver,and M
smodels uses Smodels as
onstraint programming frame-work.First we 
ompare the threemethods M
smodels, Che
kLinand Che
kCo be
ause they allneed a pre�x as input. The pre-�x 
onstru
tion takes the sametime for M
smodels and Che
k-Lin, but takes more time forChe
kCo. All these methods usethe same optimized unfolding pro
edure and therefore the di�eren
e betweenthe unfolding times of M
smodels/Che
kLin and Che
kCo is only 
aused by theadditional 
omplementary pla
es. The unfolding times tUnf in the table 
on-�rm this. The pre�xes have to be 
onstru
ted only on
e and 
an be reused for
he
king further markings. The times tavg in the table show the average time



needed for veri�
ation without the unfolding time. The rows R2, R4, R6 showtests with rea
hable markings of size 2, 4, and 6. The row N4 shows the resultsfor unrea
hable markings with 4 pla
es. Apparently, the table shows that thealgorithm M
smodels yields the fastest veri�
ation times for all markings inde-pendently of the marking size and independently of whether the markings arerea
hable or not. So, in a se
ond step, we only need to 
ompare M
smodels withthe on-the-
y method OnTheFly. The OnTheFly algorithm stops the unfold-ing pro
ess if a 
ut is found whi
h represents the marking under 
onsideration,otherwise it 
al
ulates the pre�x 
ompletely. Therefore it needs for rea
hablemarkings at most the unfolding time of the 
omplete pre�x. In the 
ase thatthe markings are unrea
hable, OnTheFly takes at least the 
omplete unfoldingtime. With this knowledge we guess that on-the-
y veri�
ation is more suitablethan M
smodels for 
he
king rea
hable markings. On the other hand it seemsuseful to prefer M
smodels for unrea
hable markings. Indeed, the results seemto 
on�rm this suspi
ion. If we look at the results for rea
hable markings, theOnTheFly algorithm is always faster than M
smodels for the systems dpd(7),dph(6) and over(5). However, for systems like key(3), elevator(3) and rw(12) theopposite holds. In these 
ases we 
an 
ompute the smallest integer n su
h thatn �OnTheF lytavg � tUnf +(n �M
smodelstavg). Then n denotes a breakpoint fromwhi
h it is more eÆ
ient to use M
smodels instead of OnTheFly. More pre
isely,if we test n or more markings the total time of M
smodels (also in
luding theunfolding time) is smaller than the total time of OnTheFly. The values for n arelisted in the last 
olumn of the table. A look at the times for unrea
hable mark-ings (rows N4) 
on�rms our assumption that one should prefer M
smodels asveri�
ation te
hnique be
ause for most systems the breakpoint n is 1 (meaningthat M
smodels is faster than OnTheFly even for only one marking).
OnTheFly M
smodelsM
smodelsrea
hable notrea
hable

Fig. 5. Suggestion
Figure 5 summarizes the results. At anyrate, if one guesses that the markings to be
he
ked are unrea
hable,M
smodels shouldbe preferred. OnTheFly is an eÆ
ient te
h-nique for the veri�
ation of rea
hable mark-ings, but there may exist a breakpoint fromwhi
h on it is better to useM
smodels. Thisbreakpoint, if any exists, is very di�erent forthe 
onsidered systems and depends on thesize of the marking. Our tests have shown that the greater the size of the mark-ing the smaller the breakpoint where it is appropriate to swit
h from OnTheFlyto M
smodels.5 Con
lusionsWe have presented a new algorithm for rea
hability 
he
king based on net unfold-ings using a graph theoreti
 te
hnique. Moreover, we have reviewed an on-the-
y veri�
ation te
hnique and two methods for rea
hability 
he
king using linearprogramming and logi
 programming with stable model semanti
s. By means



of Corbett's examples we have dis
ussed the di�erent algorithms and suggestedwhi
h algorithms are most suitable for various rea
hability 
he
king tasks.A
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hen, 2000.A Proof of NP-
ompleteness of the rea
hability problemFirst we prove NP-hardness of the rea
hability problem by redu
ing from theSAT-problem for boolean formulae in 
onjun
tive normal form to the rea
habilityproblem in polynomial time. Let � be a formula in 
onjun
tive normal form withvariables x1; : : : ; xn and 
lauses 
1; : : : ; 
m. We 
onstru
t a Petri net (N�;M0�)in the following way: N� 
ontains{ a pla
e pxi for ea
h variable xi su
h that �pxi = ; and p�xi = ftxi ; txig;{ a pla
e pjl for ea
h 
lause 
j and ea
h literal l of 
j su
h that �pjl = ftlgand p�jl = ftjlg;{ a pla
e p
j for ea
h 
lause 
j su
h that �p
j = Sl2
jftjlg and p�
j = ;.



p
1t1x1 t1x2 t1x3p1x1 p1x2 p1x3 pr1 t2x1 t2x2p
2
p2x1 p2x2pr2tx1 tx1px1 tx2 tx2px2 tx3 tx3px3

p
1x1 p
1x2 p
1x3 p
2x1 p
2x2Fig. 6. Net (N�;M0� ) with � = (x1 _ x2 _ x3) ^ (x1 _ x2)M0� puts one token on ea
h pla
e pxi , and no token elsewhere. However, oneproblem arises from this 
onstru
tion. The generated net is not 1-safe be
ause itmay happen that two transitions tjl and tjm �re independently, and both of themput a token on the pla
e p
j . This undesired behaviour 
an be repaired with anew pla
e whi
h ensures that only one of the transitions 
an �re. Therefore{ add a pla
e prj for ea
h 
lause 
j su
h that �prj = ; and p�rj = Sl2
jftjlg.M0� puts one token on ea
h pla
e prj . Now we have 
onstru
ted a 1-safe netwith the property that the formula � is satis�able i� the net (N�;M0�) has area
hable marking whi
h puts one token on ea
h pla
e p
j . Figure 6 shows anexample for the net (N�;M0�) with � = (x1_x2_x3)^(x1_x2). Now we have toshow how we 
an 
onstru
t the pre�x �� from the net (N�;M0�) in polynomialtime. But this is an easy task be
ause we only have to do minor 
hanges totransform (N�;M0�) into ��. Re
alling the de�nition of o

urren
e nets we seethat the net (N�;M0�) only violates the property that all 
onditions must nothave more than one event in their preset. It 
an be seen that only the pla
esp
j have more than one transition in their presets. This 
an be 
hanged if wedupli
ate these pla
es. More pre
isely:{ repla
e ea
h pla
e p
j by k = j�p
j j pla
es, i.e. a pla
e p
jl for ea
h literall 2 
j su
h that �p
jl = ftjlg and p�
jl = ;.The dotted lines in Figure 6 show the modi�ed net. Surely, this net is the desiredpre�x and 
onsequently the formula � is satis�able i� the pre�x has a rea
hablemarking su
h that for ea
h pla
e p
j in the original net there is a token on exa
tlyone of its 
orresponding pla
es p
jl .We have su

essfully proven NP-hardness for the rea
hability problem. These
ond step 
onsists of proving that the problem is in NP. This 
an be doneby redu
tion from the rea
hability problem to SAT or another NP-
ompleteproblem. In se
tions 3.1 and 3.2 we have presented two methods whi
h redu
ethe rea
hability problem to the problem of solving a linear inequation system[Mel98℄ and to SAT [Hel99℄.


