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ABSTRACT

Two different, two-aperture coaxial waveguide configurations are modeled.
Integral equations are formulated and then solved by means of the Method of Moments.
The results of the analyses are used to formulate a microwave network representation for
each structure. Commercial electromagnetic modeling software, along with data acquired
through the building and testing of one of the structures, is used to prove the validity of

the solution technique developed within the text.
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CHAPTER L.

INTRODUCTION

Microwave analysis principles can be used to characterize the fields within
various types of transmission lines and to simplify their analyses. The initial
determination of fields within coaxial lines is often accomplished by solving Helmholtz’s
equation if certain conditions exist: the line is filled with a homogeneous material and all
excitations are known. Forms of coaxial excitation can range from impinging incident
waves from a source, to fields impressed in apertures. If the tangential electric field is
not known in such apertures, one must resort to other methods to obtain the electric and
magnetic fields inside the structure. One effective procedure for finding the fields in a
coaxial structure of this type without a priori knowledge of the aperture tangential
field(s) involves the derivation of appropriate integral equations and the subsequent
solving of these equations. Usually such integral equations can be derived by analytical
means but must be solved numerically. Due to the ease with which microwave networks
can be utilized, once the aperture fields have been solved initially, it is useful to compute
their characteristics in terms of S-Parameters and then use the data in future analyses by
way of multiple port network representations. This process reduces the numerical

complexity of the analysis by eliminating the need to recalculate the aperture fields.

When apertures are placed far enough away from one another to ensure that

evanescent modes do not couple from aperture to aperture, it is possible to represent each



propagating mode as a transmission line within a microwave network and relate the

interactions between them with transmission line theory. In addition, this analysis is
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Figure 1.1 N-Port microwave network representation.

useful in that there are no simple techniques for measuring actual aperture fields, while

methods for measuring the effects of propagating modes are well known.

S b e |l
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+ +
n |s7] ‘.
o— Y

Figure 1.2 Example showing how multiple 2-port networks can be cascaded together.

The purpose of this paper is to analyze and characterize two structures of real

world relevance. In the first case, an arbitrary length of coaxial line has a finite portion



of its center conductor removed, thereby creating a Coax-Waveguide-Coax junction. A
pair of coupled integral equations is derived and solved in order to determine the electric

field within each aperture.

aTb// i)

(1.€)

Figure 1.3 Generic Coax-Waveguide-Coax structure.

Once the integral equations have been solved, microwave network analysis is
conducted in order to characterize the two-aperture region as a network. Since the
structure is excited with a source operating below the cutoff frequency of the first higher
order mode within the coax, (the typical operation of a coax) the transverse
electromagnetic (TEM) mode is the primary mode of concern in the S-Parameter
analysis. With a single excitation mode and only one entry and exit path, the junction
may be modeled as a two port network. If higher order coax modes were to be included
in the analysis, then the network would expand to one with N ports. The expectation is
that, due to the nature of the circular waveguide created by removing the center
conductor, energy coupling via below cutoff modes is significant only when the apertures

are very close together.



The second structure of interest consists of an arbitrarily long piece of coaxial line
with a finite section of its length changed to a coax of different dimensions. Numerous
cases are analyzed in which the dimensions of both the inner and outer conductors of the

center section coax are changed.

Ta b// / ch

(,€)

Figure 1.4 Generic Coax-Coax-Coax structure.

The method for deriving coupled integral equations for the fields within the
apertures of each structure consists of determining which fields can exist within each
section, enforcing the necessary boundary conditions, and then ensuring continuity of the
fields between adjacent sections. The principle of orthogonality is also used in the

solution process.

Some of the potential pitfalls involved in the analysis are numerical in nature.
Due to the tendency of the apertures to excite an infinite number of higher order modes,
the effects of the modes need to be accounted for when calculating the aperture fields.
Obviously, it is impossible to sum an infinite number of anything, so series acceleration

techniques are used to determine the sums of the infinite series. In addition, all series are



tested for convergence in order to make sure that an accurate final result is reached.
Physical data are collected and analyzed in order to verify that the theory presented leads
to accurate results. “False resonances” may occur in the analysis but shouldn’t show up in
any measured data. In addition to verifying predicted results, the determination of what

occurs at these resonances is one of the reasons physical measurements are performed.

Extensive analysis of coaxial and circular waveguides has been done in the works
of authors such as Butler, Harrison [1] and Young [2]. Microwave network analysis of
this type has been conducted in papers by Bopp and Butler [3], while an abundance of
material on S-Parameters is widely available. A method that invokes the equivalence
principle by use of magnetic current is developed in [4] and is employed as a verification

check.

The paper is essentially divided into four sections. First, the coupled integral
equations for both structures are formulated in Chapter II. In Chapter III, one finds
described the numerical analysis methods used to solve the previously derived equations.
Chapter IV details the principles used for microwave analysis and how they make use of
the integral equation analysis. In the final chapter, the results for different variations of
the apparatuses are calculated and compared to previous works, along with measured
data, to test the validity of the method. Numerous appendices are included to provide

additional details concerning the analysis.



CHAPTER II.
INTEGRAL EQUATION FORMULATION

In this chapter, two different structures that both contain coupled apertures within
sections of coaxial line are analyzed. Basic field continuity relationships, along with the
principle of orthogonality, are used to derive coupled integral equations that can be

solved in order to determine the unknown aperture field components.

Coax-Waveguide-Coax

‘I'N)

aTb // C

(lug’gg)

Z Zy

Figure 2.1 Generic Coax-Waveguide-Coax structure.

Shown in the figure above is an infinite-length coaxial waveguide, which from
z =z ,t0z =z, has no inner conductor, leaving effectively a section of circular
cylindrical waveguide between z ,and z, . The perfectly conducting walls of the structure,
which for the outer coaxial sections are located at radius a for the center conductor and
inner radius b for the outer conductor, and for the middle waveguide section are located

at radius ¢, bound a region filled with a homogeneous material (g o0 My ) Coaxial lines are



used frequently in industry as interconnects because when operating below the cutoff

frequency of the lowest higher order mode, only ¢ -invariant, transverse electromagnetic

modes (TEM) propagate. For this project, coaxial lines are used to carry signals into and

out of the coupled aperture regions, in both the analysis and testing stages. The ¢ -

symmetric nature of the structure and subsequent excitations causes all resulting currents

and fields to be ¢ -invariant as well. The field is TM, including that resulting from an
impinging TEM field propagating in the z-direction, which for a wave traveling to the

right for z < z ,, takes the form

i E+ —‘k(z—zA)
E, =—¢"

while that for a TEM wave traveling to the left for z > z;is

E = £y kez)
IO .

H; - _Eefk(z—z,g)
np

In the excitations shown above, 7is the intrinsic wave impedance of the medium, and £

and E, are the coefficients in front of known excitations. In order to determine the

unknown aperture fields, coupled integral equations are formed and solved numerically.

Enforcement of the boundary condition on the PEC walls of the guide requires

that the component of the electric field tangential to the conductors be zero. In addition,



the components of the field in the two apertures must be continuous from one region to

another. If one utilizes these two principles, the combination of the incident and reflected

waves within the outermost coaxes can be determined.

From Appendix B, we see that the transverse field components in the leftmost

coaxial region are

Eifp2)= e+ 4e”)
q

1

and

H;(p’Z)Z(AJe—jkz _Ao—ejkz) + X Z ( + - jkSz _Aqejk;,z)diq) (kcp)
fo

o NSk

while those for the rightmost coaxial region are

Eﬁ(p,z):(Cge_"kz+Co_ejkz)%+i(C+ e Z)—cb (k p)
g=1
and
H;(p,z)=(Cge_"kz—Co_eﬂ‘z)$+%:1 kl (C+ e Z)—qn (k¢ p),
where
®, (ko) = Nollksal, ki )= J4 kN, (k).
and

S + —jkiyz ~ Jkz d
+Z(Aqe’k A" )%d)q(kqp)

2.1)

(2.2)

(2.3)

(2.4)

(2.5)



%@q(k;p)z_k; [V (ks (k 0)= 4 ksa N ks )| (2.6)

In the equations above, kf; is the infinite set of eigenvalues that cause the following to be

true,

0, .7)

[N (e, (k)= 4 )N k)|

and is related to the wavenumber £ through the following relationship:

¢ V2 ¢ P ¢ 1 1
(ktq) =k’ - (kzq) = kzq = : ! N 5 Cq (28)
N2 Y S S (28 §
Likewise, from Appendix A we have the transverse field components in the circular
waveguide region:
w c wlp+ —ikiyz — Jkiz w
EN ==Yk (Bq e 1 Bre )/1 (k). 2.9)
q=1
and
" k&ky (. e _ ‘k;’z), W
H) =——Zk—tZ(qu KB 1 (ke p), (2.10)
77 q=1"zq
where k,, is the set of eigenvalues defined by
k=% =123, @.11)
c



with

X, =zerosof J,( ), (2.12)

and
kY = il . (2.13)

In order to determine the unknown coefficients for each region, it is necessary to enforce
the continuity of the fields within the apertures. The unknown electric field in the

leftmost aperture is defined as
Ep(p’ZA)z E//j(p) 4 ,OG(Cl,b), (214)

where E/f (p)is the electric field between the center and outer conductor surfaces at the
aperture, and is due to the fact that £, = 0 on the flat end disk of the cut off center

conductor, as well the “radial wall” that connects the waveguide to both coaxial sections.

From (2.1) and (2.9), we arrive at the following relationships:

E;(p):(AO“'e_szA _{_Ao_eijA)%_'_i(A-# ~JkgZ4 +A— Jjk: 24)7q) qp (215)
q=1

and

10



o0

EX(p)=-> k! (B;e_jk;“ + B e )/1 (k2 p). (2.16)

g=1

The principle of orthogonality is used to determine the unknown coefficients for each
region. If we integrate both sides of equation (2.15) with respect to p over the range [O,b]
, where because the electric field within the aperture is non-zero only for values of

p € a,b], becomes

[E}(p)ip
¢ . (217

q=1

=

The second part of the right hand side of (2.17) integrates to zero due to the definition of

@, (k,fl p) , leaving

IE; (p)dp = (Age"k“ + Aj e’ )ln(éj ,

a

or

[Eldp— A7e . (2.18)

Multiplying (2.15) by pdi<bm (k,fn p) and integrating with respect to p over the same
p

range gives

11



JE“(p) i ke plip =

Qe >

{(Agef"ZA + Ay A)CZ) ®, (k. p) . (219)

- b g K R ) d
+qZ=1:(A kS, +Aje S )’Odp (ktmp)dp (ktqp)}dp

The first part of (2.19) integrates to zero, leaving

b

d
[E] (p)pd—q)m(k;,p)dp =
0
a . (2.20)
e ( + —Jkigza - Jk, 24) d d c
_{[Z Aje "+ A e p%(D (k""p)dp q(ktqp)dp

q=1

From [13],

¢ d d
[ p%%(k;p)%@q(k;p)dp =

. (221)
0 , m#q

B b ) ez p B - 2 =g

which reduces (2.20) to

B e—jkﬁ},z,; b d . e,
ST j £ (p)PEq’q(kqu)dp—Aqe i, (2.22)

where M is defined as the m = g case of (2.21). In order to solve for the unknown

coefficients in (2.16), orthogonality is again utilized: both sides of (2.16) are multiplied

by poJ, (k],; p) and integrated with respect to p over the range [O, c], yielding

12



ATV ) 3o e o) WA R A

0 0 g=1

where because the electric field within the aperture is non-zero only for values of

p €|a,b], becomes

[EA Pl okp =[S olere ™ B ol pbilicpllp. @23

a 0 q=1

Orthogonality shows [13]

¢ 0
w _ 2 s m# q
! p, ez p 0,y p {%[ Ml ey (2.24)
which when substituted into (2.23), yields
- _ejkzuz;ZA b
By + B == [E (o) ks pkdp (2.25)
9°"q a

where N is equal to the m = g case of (2.24).

In a manner similar to the aperture at z = z,, the unknown electric field in the

aperture at z = z, is defined as

9 p € (O’a)
E,(p,z,)=1E5(p) . pelab), (2.26)
0 , pe(b.c)

13



where £ (p)is the electric field between the outer and center conductor surfaces at the

aperture, and is due to the fact that £ = 0 on the flat end disk of the cut off center

conductor, as well the “radial wall” that connects the waveguide to both coaxial sections.

The following relationships can be shown from (2.3)

E/f (p) = (Cgefjkz” +C, e’ )

L
p q=1

and (2.9)
E*(p)= —2} ke (B;e‘-""-*” + B e )’1 (k).
=

Utilizing the methods leading to (2.18), (2.22) and (2.25), one can show that

ejkzli b .
C=—" [ES(p)dp—Cre™,
ln[ja
a
¢ =S [ B2 o)L phap - e,
M, -, dp
and
- _ —Jkyzg b
B, + B == B o) (koM
kthq /

B; and B, can be arrived at by simultaneous solution of (2.25) and (2.31):

14

(2.27)

(2.28)

(2.29)

(2.30)

2.31)



(2.32)

b b

e [E2(p)a, kol — & [ EX (o), (K p M
By=2 a 2 jk,N, sm(kw a)

in which

L=z,-z,. (2.33)

E:,' is common to the regions z <z,andz € (ZA,ZB), while Eg to z >z and
ze(z,,2,), which causes the p -component to be continuous in z , and requires H 4 tobe

continuous as well. Setting expressions (2.2) and (2.10) equal to one anotheratz =z,

yields

(A(;-e—jsz Y ]kZA)

Z - (A+ —Jk%z4 A— Jke, 24)7(1)
o

np 1 4=
ek , (2.34)
+ = ik qZ4 - k qZ 4 w
E e s i)
q
while doing the same for (2.3) and (2.10) at z =z,
C+e—jsz _C—ejsz (C+ - Jjkz, 4ZB C— ke, 4% B )7q)
& ' )77/) 77;/5
Y (2.35)
+ ke pe ks w
N T Ty
g=1"zq

Substituting (2.18), (2.22), and (2.32) into (2.34), gives
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v ok 1 1

i~ oMo | L

ln(j“ np
a

b

: (214;6”% Bl
q

k&
+;Z M.

q= q a

b ! o b
1 (2 [E2 (), (ko )ep - (e‘ikz‘z’L = e"’k“’L) E}(p)

Z

o, iohe |
o i | )

o (kp)=  (2.36)

|
I | =

»QMS

5 k., 2N, sin( ZIL)

In (2.36), there are only 2 unknown coefficients: 4;and 4, .

Both are coefficients of

exponentials that indicate + z direction propagation within the leftmost coaxial section.

The term containing the 4, coefficient is of similar form to the excitations introduced at

the beginning of this chapter. For this reason, 4, is assumed to be some known excitation

coefficient, and is treated as such. Since the structure won’t be excited by any higher

order modes, it is safe to set the collection of all coefficients 4, equal to zero. Once this

1s done, we see

f 1
[EXP)—F
‘ ﬂpln()
a
© 'i "< 2,0') d cos(k L)pJ(ktqp)
; k" 2ol JKIN, sin(k2 L)
j’, i ( p') J(kw )d '_ZAge*jsz
a ne kz‘;Nqsmik L) PP = np
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where the variable of integration has been changed to p'to distinguish which terms are
directly involved in the integrations. Substituting (2.29), (2.30), and (2.32) into (2.35)

yields

! j E’(p)dp—2Cy e’ 1
ln() P
a

0 b c
HEy [ 1 fEﬁ(p)p%q)q(k;p)dp—ZC;e’k“’ZBj%q’q(ktép): - (339

k3 (( RCR AT ORI

nekly 2jN, sm(kz‘;L)

withCy and C, being the only remaining unknowns. These coefficients represent modes

traveling in the — z direction within the rightmost coax, or excitations from the right side.
During the solution process to be described in the following chapter, the only defined

excitation is a +z traveling, incident TEM wave in the leftmost coax, which causes C,

and C, to be set to zero, and reduces (2.38) to the following:

fz: (p')[ﬁi i gf:(k')L 7 ?5”)}”‘"

a Mgt Jh4 Vg

h 2.39
o PP p— (2.39)
‘ npln(J
a
k& Py dp' <k’qp) d . cos(k”'L)p'J( v ') y '
+;;k"—d_®q(kmp)+ JkuN. sm(k L) Jl(k’qp) dp'=0
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Equations (2.37) and (2.39) form a pair of coupled integral equations that are used to
solve for the unknown fields within the two apertures. Due to the “symmetric” nature of
the structure, the two equations are reciprocal in nature, except of course for the

excitation term included in (2.37).

Coax-Coax-Coax

Ta b// CTd i’\)

(e-8,)

Z) Zy

Figure 2.2 Generic Coax-Coax-Coax structure.

The Coax-Coax-Coax structure is very similar to that of the Coax-Waveguide-
Coax, except rather than having a circular waveguide section between the two apertures,
a larger diameter, perfectly conducting coaxial line of inner radius c and outer radius d ,
occupies the space. The middle section is ¢ -symmetric, so like the C-W-C, all resulting
currents and fields are ¢ -invariant as well. The field components that can exist in the

middle section are similar to the outer coax sections, and are described as follows:

EY(p,z)=(Bie 7 + Bye™)

+Yle " p, ej"f"’z)jfp®;”(k[;”p) (2:40)

0
q=

1
o,



and

HY (p,2)=(Bje " - B, )# + % :1 kt”; (B;e‘f"z”éz - B )%cp;" (krp). (241
where
; (kg p) = Ny lkiye k)= T ke Nk ), (242)
and
Tlke)=—k ik ko)l o)) 2.43)

Similar to the case of the outer coaxes, £, is the set of eigenvalues that cause the

following to be true,
N, (ke (k)= (ke I, (ke )| = 0 (2.44)

and is related to the wavenumber £ through the following relationship:

(2.45)

The procedure used in the previous section of forcing the field component values in an
aperture to be the same when approached from either side of the aperture, is again

implemented to formulate a set of coupled integral equations to solve for the unknown
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fields. Due to the different geometry of the structure, the aperture electric field

components are defined as

, pe(0,c)
E,(p.z,)=1E)(p) , pelcb) (2.46)
0 , pelbd)
atz=z,,and
0 , pe(O,c)
Ep(p,zB): Ef(p) , pel(eb) (2.47)
0 , pelbd)

forz = z,. Using the procedure in the previous section as a blueprint, we arrive at

-lf A 10 1T jcos(kL)

P

¢ kp ln[bj ln(d)sin(kL)
a c

paolis) el

> dp' d
(’—_® k p - m m : m
Z ki M dp Y koM. s1n(kqu)

oy (kéf/?') 248
%(D;"(kt’;p) dp' (2.48)

—jkz,
24,7

np

b .

+|E® J + — Lo (k7 p) ldp'
'[ L kpln(d]Sin(kL) ; k,qu s1n(kth) dp q( 1q )

c

and
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d
' . P r (e p)
.TE;I J +Z mdpm ." : iq);n(ktr;p) dp'
‘ kpln(djsin(kL) o kM il L) dp
C

+jEA by jeos(kL) ,(2.49)
p " ko 1n(b) ln(d)sin(kL)
a C
oL, (ks p) jeoslkrr)p & wr (k)
© d q q d . _ 9 dp' 1 1 @ m m '—
ALk e 3 I ACAel U
where
dke Y
qu-—( 2q) [No(quc)/](k,i,d)—Jo(kuC)Nl(kéd)]z—% : 2.50)
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CHAPTER IIL
SOLUTION TECHNIQUES

In this chapter, techniques are presented for solving the coupled integral equations
derived in the previous chapter. Due to the fact that these equations are not solvable
analytically, a numerical solution technique is employed. Moment method techniques

with pulse expansion and point matching are utilized.

A single, uncoupled integral equation, similar to each of (2.38), (2.40), (2.48) and

(2.49) is of the basic form

Llu; p]= f(p) (3.1)

where L is a linear operator, f is some known forcing function, and « is the unknown

response function. The linearity of the operator L makes a numerical solution practicable,
even though an analytic one is not. For the following solution technique, the unknown
function acted upon by the linear operator, is expanded as a linear combination of N

known terms, written as [5]

N

”(/0)z Vu, (,0)+ Vz”z(p)+ et VN”N(p)Z ZVn“n (P)’ (3.2)

n=l1

where each ¥, is an unknown constant and each u,(p)is some known basis function.

Substituting (3.2) into (3.1) yields
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>V, L, p)=f(p). (3.3)

Basis functions are normally chosen so that (3.2) represents # adequately, and each

L(u,; p)can be evaluated readily [5]. With N unknown constants ¥, , N linearly

independent equations are needed to solve for them. These equations are generated by

multiplying the operator equation (3.3) by the testing functions

T.(p)=0(p-p,), (3.4)

where
1
Lo =P +A(m—§] m=12,....M, (3.5

and integrating over the range of the operator equation. This process is referred to as

point-matching and reduces (3.3) to

SV Lip)=flo,)  m=L2..N, (3.6)
=
or in matrix form
v, Jv.]=11.]. (3.7)
where
Y, =L(u,;p,), (3.8)
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and
L, =f(p,) (3.9)

The unknown coefficients [V, |can be found by solving

v 1=,.1"l1,]. (3.10)

This solution technique also applies to coupled integral equations as well. The system of

equations

Ly[u; pl+ Ly[u,; p]= £(p)
, 3.11)

Ly [u,: pl+ Lyluy,: p]= £:(p)

can be transformed into

b Gl

where eachY” and I is of similar form to (3.8), and (3.9), respectively, and the unknown
coefficients [VnA ]and [VHB] are to be determined. Inspection of both sets of integral
equations from Chapter 2 shows that representation of p'E; and p'Eﬁ as in (3.2) allows

the integrals to be evaluated analytically. The series for each are

PE;(p)=2 E'TL,(p) (3.13)
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and
N
PE; (p)=> EM,(p),
n=1

where

Ap Ap
1 IS -, p +—
m,(p)=1" * (p" 2T j
0 Otherwise

and the pulse center p, is defined by

1
=p.+An——|,
pu=pva(n=3]

with

Azpo_pi
N

2

where p, and p, are the outer and inner edges of the aperture, respectively

illustration of the expansions is one the next page.
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Figure 3 Graphical representation of pulses in an aperture

For the Coax-Waveguide-Coax (C-W-C) case, if one substitutes the pulse basis
functions into (2.37) and (2.39), performs the integrations and implements the point

matching procedure, the results are

[(Dq(k:;p; )_(Dq(kt;p;)] d
et k¢
2 kM, dp ?,n)

o0
-z g=1

a

N +
ZEnA I 5 Lln('o—”_J
n=l kln( jp’” P

2jcos(ki L) (ki por )T, ko )] (o (3.18)
" Z;kwjv Zin(k;;L)o =2 ke,

M- q

_ZN:EZ)?(Z‘O: 2j[Jo (k;;p;)—Jo(k;;p; )]Jl (kw )] _ ZAgeijkzb
n=l1

& krkIN, sin(krL) o P,

and
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ﬁ:E, A(i 2l (ko )7, (ko )] 5k )J
n=1

wiw : w g/~ m
o kg kLN, sm(kqu)

By Lh{p_z}i[‘I%(k;/?:)—@q(k;p;)]i@q(c) . (.19

n=1 " kln(bJ pm pn_ kZCquI dp .
a

q=1

kuk! N, sin(k L)

29 4q

. 2j cos(kZV;LXJO (kt“q“p,f )— Jo (k,VqVP; )]J] (kt:pm )J =0

where @, (k¢ p), j—pq>q(k; p), M, and N, are defined in (2.5), (2.6), (2.21) and (2.24),

respectively, and the notation changes

pi=p+5, (3.20)
and
_ A
IOn =pn_5’ (321)

are adopted for convenience. Application of the same procedure to the Coax-Coax-Coax

(C-C-C) case equations (2.48) and (2.49), results in
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ﬁ:EA Lln(p_;J 1 jeos(kL) +i[®q(k;',p§)—cbq(k;’,pn)]iq) (i )
ko oy ln(bj ln(dJsin(kL) g1 kM, dp T
a C
jeoslkzrfoorkror)-orkep a0
B qk!ZAql;”sqm(kZL)q q %q)q(k’qp”’)
Ry J ln[p_;}if[cb;"(k;;p:)—@;"(k;;p;)]i@m(km )| 2ie™
T k. ln(d)sin(kL) p,) o knMsinlknL)  dp T pp,
C
(3.22)
and
S J h{p_;}if[@;’(k;’p:)—cb:'(k::pn)]iq)m(k,,,)
S ko ey \pe) Rl
C
Yy lh{p:J L eost) | slouki)-0ukinlla g oy
ke e, ln(bj ln(djsin(kL) g-1 kM, dp T
a C
jeoslkzfos (eaps)-0pnpr | d i )
- q k;;z\;;"sqin(k;;L)q q %Qq(k’qp”) -0
(3.23)

with®” (k) %d);”(k[; p), and M defined in (2.42), (2.43) and (2.50).

For these analyses, one must ensure that the pulse centers and match points don’t

fall on the edges of the apertures, which for the C-W-C case occurs when p = a, and for

the C-C-C case when p = ¢, since at these points the field becomes unbounded. By
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placing the match points + % away from the pulse edges, they do not fall on the aperture
boundaries.

In addition to the aperture edge singularities, it is observed in (3.18), (3.19),
(3.22) and (3.23), that sine functions, which can be zero, appear in the denominators. For
certain frequencies and aperture separation distances L , the product kL , which appears in
the sine terms of the TEM components of (3.22) and (3.23), takes on values that are equal

to multiples of 7, thereby causing a numerical singularity. For the higher order modes,
the products k., L and k] L can be multiples of 7 when the operating frequency is above
cutoff for a given mode, causing the sine terms in the denominators to be zero. Below

cutoff, the eigenvalues £ and k7, become purely imaginary, which causes the sine terms

to become sinh functions, which are zero only when their argument is zero. These
numerical singularities are to be avoided during the numerical analysis, but are of no

consequence in actual measurements since they are “false resonances.”

Solution accuracy can only be achieved if an infinite number of higher order
mode terms are summed, but due to computer resource limits, this is obviously
impossible. Without knowing exactly how many terms it takes to achieve “close enough”
convergence, it becomes necessary to perform two tasks: conduct convergence tests to
determine if convergence has been reached, and employ series acceleration techniques to
force the series to achieve convergence in the fewest number of terms. In addition, the

number of pulses used to represent the field within the aperture is also an important
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consideration. Therefore, another convergence test is necessary to determine the number
of pulses needed to accurately represent the aperture field. The acceleration processes for
the two different series are detailed in Appendix C, while the convergence tests are

described in Appendix E.
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CHAPTER IV.

MICROWAVE EQUIVALENCY

The purpose of this thesis is to introduce a method by which the complexity of
solving coupled integral equations can be avoided by using microwave circuit
representations. Up until now, techniques for setting up and solving integral equations
for two specific structures have been presented. This goal of this chapter is to develop a
method by which to generate S-matrices for the set of integral equations generated in

previous chapters.

For both structures presented, the TEM modes that exist within the outer coax
sections are the primary conduits of energy transportation into and out of the coupled
aperture regions. Since higher order modes are below cutoff in the outer coaxes of each
structure, these higher order modes are evanescent and decay rapidly with displacement
measured from each aperture. In essence, a 2-port microwave network can be used to

model the structure.

o —o0
o N T
o— ———o

Figure 4. Graphical representation of a two port network.

The S-parameter matrix for this network is
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[S]{S“ S‘Z} (4.1)

where each element in [S ] can be determined by

_V
ij +

J

(4.2)

Vi =0 for k=]

Simply put, (4.2) states that S, is found by determining the ratio of the “reflected”
voltage at port i to the excitation voltage applied at port j and the others matched.
Voltage is determined from electric field by using the equation V,, = - sz E-dl,with P

and P, being the two points between which the voltage is defined, and d/ is a vector

differential distance between them. By using the inner and outer conductor locations as

the reference points for the transverse voltage determination, (4.2) becomes

_JEpokp
B
[ E,:(p.2)dp

(4.3)

i

E, =0 for k=]

Equation (4.3) demonstrates a way to calculate S-Parameters at a point in a coaxial line
by using the known transverse electric field at that point. Since the C-C-C and C-W-C
setups are symmetric in nature, S, =S,,andS,, =8§,,. Therefore, by exciting one side of

the each structure and determining what reflects off the aperture, and what goes through

to the other coax, we can determine the S-Parameter characterization for the structure.
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Once numerical techniques have been used to determine the approximate values

of E;1 and Eff , this information is then used to determine the field components within the

coaxial lines leading into the apertures. For both the left and right outer coax sections,

the following fields can exist:

E, (p, z) = (Age’jkz + Ao’ejkz) + i (A;ejk;’z + Aq’ejkg"z )di(l)q (k;p). (4.5)
= P

1
Yo,

The transverse electric field in the leftmost aperture, which is shown in Chapter 2 to be

located atz = z ,, is found by setting z =z ,in (4.5) and is given by

E(p)=(dre 7 + A= )L+ i(A;e*f"il“ AR )iobq(qu p). (46
p q=1 dp

By integrating both sides of (4.6) with respect to p over the range [a,b] , the infinite series

terms integrate to zero due to the definition of @, (qu ,0), and we are left with

b

[EX(p)dp=ae = + 4™ Jn?. 4.7)
a

a

In equation (4.7), A, is the coefficient of some known incident excitation whose phase is

defined to be zero atz = z,, which leaves 4 as the sole unknown in the equation.

Rearranging (4.7) gives

— ‘sz b
4; =5 : - j EX(p)dp — Aje " . (4.8)
In— «
a
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Substituting (4.8) into (4.5) and evaluating the result at z = z,, which is sufficiently far to

the left of the leftmost aperture that higher order modes have decayed, leads to the

following:

jk(z)—z 1 f + =
e]k( 1=24) IbJ.E;(p)dp_Aoe Jkz 4
+ —Jjkz, n—a«
_he ™ | a . (4.9)
p p

E;(p.z,)= EL(p)+ E,(p)

Applying the principle illustrated in (4.3) to (4.9) gives

b
pita-) lb [E(php— ;e

b In—«
a
dp
|84 -L.: o, ejk(zzl_zA) b e
S“:Sn:Vji - b g+ ik N b IE;(p)dp_ejkA
1 J'Aoe dp Ay In— «
. P a

(4.10)

Atz = z,, the location of the aperture in the rightmost coaxial line, (4.5) changes to

El(p)=(Ce s + Cre™)

P

1 0O( + —jkiz — ki z d ¢
—+ ) |[Ce """ +C e “’BPCD k. p), (4.11)
P ; q q dp q( iq )

where the notation of the coefficients has been changed to avoid confusion with the
leftmost coaxial line. Since there is no excitation from the right side and since the only

source of electric field is that which has been coupled from the leftmost coaxial line, the
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constant C, is zero. After performing steps on (4.11) similar to those that lead to (4.8),

we see that

Ci=— [EX(p)dp (4.12)

At some position z =z, to the right of the second aperture, the tangential component of

the electric field is

ejk(ZB*Zz) b
E} (p)dp
b
In— «
Ef(p,z)=—"4 : (4.13)
yo,
In analogous manner to (4.10)
e.ik(zn—zz) b
5| E(p)dp
b In— a
a d
r 'O 'k(z +z,—z ) b
V ’ p el ptzZ172
Sy =S,=2=o P - —|E(p)dp.  (4.14)
I/l Aoe JKZ) +1
J dp Ayln—«
. P 4

Therefore, the S-parameter matrix for either the C-C-C or C-W-C problem is determined

to be
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ejk(zzlsz) b )
[ ES(plp e
Ay In— «
fk(zctf+21*22) b
| £} (p)dp
Ay In— «
a

jk(zB +z1-2,

2) b
e—bIEf(P}fp

A In— «
a
ejk(zzFZA) b ) o
—bIEP (p)ip — e/
AjIn— «

a

(4.15)

For the outer coax sections, if one wanted to include higher order modes in the

investigation, more ports would be added to the model. A similar process would have to

be carried out to determine the coupling terms between the TEM modes and the resulting

higher order modes, and the structure would also have to be excited with higher order

modes as well. In order to keep this analysis simple, this approach is not discussed in this

paper. It should be noted that higher order modes are utilized within the middle section

between the apertures, but their existence will be reflected in the aperture electric field

values, and will not be involved in the outer coax analysis.
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CHAPTER V.

RESULTS AND CONCLUSIONS

This chapter compares the results of the theoretical analysis of the structures
presented in previous chapters with the data acquired from testing them. The results of
the Integral Equation (IE) analyses for both the Coax-Coax-Coax (C-C-C) and Coax-
Waveguide-Coax (C-W-C) apparatuses are compared to the results obtained by modeling
the same structures using commercially available Electrical Computer Aided Design
(ECAD) programs High Frequency Structure Simulator (HFSS) and Computer Science
Technology (CST). Both programs are full 3-D solvers, where HFSS utilizes the Finite
Element Method (FEM) and CST is an Integral Equation Time Domain (FIT) solver.
For the C-C-C case, measured data was taken and compared alongside the predicted
performance output by the codes listed above. A few cases are presented that illustrate
the singularities discussed in Chapter 3 and how they manifest themselves in the S-

parameter analysis.

Coax-Coax-Coax

Figures 5.1 — 5.6 show the results obtained when analyzing a few CCC structures
with different dimensions. The outer coaxes were General Radio 874 (inner diameter
(ID) of the outer conductor = 1.42 cm; diameter of the center conductor (OD) = 0.632
cm) and were of fixed length 9.88 cm for the analyses. The middle section was of fixed

length 35.27 cm and was analyzed using the dimensions listed below:
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Inner Diameter Outer Diameter
of Outer Conductor (cm) | of Center Conductor
1.76 0.632
1.76 0.95
1.76 1.27
2.4 0.632
2.4 0.95
2.4 1.27

Table 5.1. List of CCC combinations to be analyzed and tested.

Each combination listed in Table 5.1 was analyzed over the frequency range 0.05-
6 GHz. This band was chosen because it is well below cutoff of any higher order modes
for the tested coaxial section sizes (outer or middle) and General Radio coaxial lines are
rarely used in industry above this range. The convergence data presented in Appendix E
shows the minimum number of infinite series terms required to achieve sufficient
convergence, and the minimum number of pulses required to characterize the fields in
each aperture. The middle section orientation that required the largest number of series
terms to adequately converge had an ID of 1.76 cm and an OD of 0.95 cm, and needed at
least 11 series terms to do so. For this reason, all structures were analyzed with 15 terms
to provide a measure “of better than required” convergence. While the stated goal of

pulse number convergence was ¢, =.01 (see Appendix E) the actual level targeted was

&y ~.001 and was generally achieved when using 30 pulses in each aperture.

Shown below are some sample plots with some explanation of their components:
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Figures 5.1 (a) Sample field plot and (b) S-parameter plot.
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For each of the cases tested, the predicted and measured S, curves generally have

the same peak and null locations, but occasionally differ in magnitude. The CST and
HFSS cases line up almost exactly with only minimal deviations observed. The IE
analysis curves differ from the ECAD results when the ID = 2.40 cm and the OD = 0.632
cm and 0.95 cm. The reasons for this deviation are unclear, since both increasing and
decreasing the number of series terms involved in the acceleration process, along with the
number of pulses in the aperture, has little to no effect. The measured data generally
lines up well with the predicted curves, but sometimes exhibits erratic behavior: this can

be attributed to tighter tolerance being needed in the manufacture of the testing apparatus.

The S,, curves tend to vary more than the S|, cures. For one of the cases (ID =
1.76 cm, OD = 0.632 cm) the “lobing” is the same, but once again the magnitudes vary at
some frequencies. When ID = 2.4 cm and OD = 0.632 cm and 0.95 cm, the IE curves
don’t sync with the ECAD curves at all. The reason for this is unclear and will need to be

investigated in future analyses.

Coax-Waveguide-Coax

Figures 5.7— 5.11 show the IE analysis results to agree well with the ECAD
outputs for the C-W-C structure. When the “gap” between the center conductor sections
is large, the IE data tends to deviate slightly in level from the ECAD predicted results, but
not at an unacceptable level. As the gap narrows, the three curves tend to approach one

another, resulting in a uniform predicted performance. Further analysis is needed to
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determine why any deviation exists when the gap is wider. No physical measurements

were taken for this case.

Higher Order Mode Effects

The table below shows that higher order modes appear in the CCC structure for
ID =2.4 cm and OD = 0.632 cm, when the f >16.67 GHz. Figures 5.13 shows the
effects these modes have on S-Parameter performance. Since higher order modes were
not included in the IE analysis or the ECAD evaluation, this paper does not have a way to

determine what actually occurs when the frequency rises above cutoff.

First Second Third
Calculated| A &S [Markuvitz|Calculated| A &S [Markuvitz|Calculated| A &S [Markuvitz
Eigenvalue (1/m) 349.23 |348.62| 349.24 708.67 |708.37| 708.62 1066.4 | 1065.6| 1066.4
Cutoff Frequency (GHz) 16.67 16.64 16.67 33.82 33.8 33.82 50.89 50.85 50.89

Table 5.2. Eigenvalues and cutoff frequencies for a coax with ID = 2.4 cm and

OD =10.632 cm

Singularity Analysis

As mentioned in Chapter 3, certain conditions can exist that cause numerical
singularities in the data. For the C-C-C case, the sin function in the denominator of the

coupling TEM term can become unbounded when

kL=qn for q=123,.., (5.1)

where L =z, —z,. This scenario occurs when
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L=—2—  for ¢g=123,., (5.2)

2fJue

where f is the frequency of operation, or at frequencies where

q
= or =1,23,.... 5.3
f A Jor g (5.3)

It should be noted that for both the C-C-C and C-W-C, the coupling higher order mode

terms have sin(kz qL) terms in their denominators that can cause these singularities, but

this analysis shall focus only on the C-C-C coupling TEM cases.

Sweeping over the frequency range 0.01-1 GHz, the first L that would cause a
singularity for each frequency point was computed. Next, from the set of lengths
determined, the one closest to the length actually being tested (34.87 cm) was set to be
the new length of the middle section. The sweep was re-run, and the data is displayed in
Figures 5.14. As one can see, the singularity is evident and occurs at multiples of 430
MHz, thus demonstrating the breakdown of the IE method when the separation between

the two apertures is of a certain length.

For the middle length tested on all the other CCC trials, the calculated first
frequency that would cause this unbounded behavior is 425.06 MHz. A frequency scan
was built around this frequency, and an analysis was conducted. The results for this trial
are displayed in Figure 5.15. As predicted, a deep null is shown to exist at the center

frequency, thereby representing the point at which the IE method breaks down.
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Conclusion

The intent of this project was to determine the fields within various coaxial
structures using Integral Equation techniques and then characterize the results using
microwave analysis principles. This method allows complex coupled integral equations
to be represented in a simpler form, which aids in large analyses by reducing
computational requirements. Measured and predicted data generated by three separate
methods (two of which were from commercial products) generally agree, thereby
showing the techniques presented in this paper to be a success. Further study is needed to
develop a method that calculates the fields at frequencies and apertures separation
distances that cause the IE method to break down. Also, more analysis is required to
determine why results predicted from IE sometimes differ from those predicted by the

ECAD programs.
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APPENDIX A

CIRCULAR WAVEGUIDE THEORY

Po

‘1,1\»

(1,¢)

Figure A.1 Generic circular waveguide

In this appendix, we derive a ¢ -independent vector potential from which the field
within an infinitely long cylindrical tube can be determined. The tube, of radius p, and
filled with material characterized by (,u, 5), is illustrated in Figure A.1. The wall of the
tube, located at p = p,_, is perfectly conducting and therefore the boundary condition
E.(p,,z)=0must be enforced. Since the field is TM,, it can be determined from a z-

directed magnetic vector potential 4 = 4.(p,z )z, whose component 4. is a solution of

Helmholtz’s equation,

(V2. +K)4.=0  p=p' z#z', (A1)

pz

or
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2
Lo, 0 4 |+ 24 +ka 0.
pop\ Op oz

The components of a ¢ -independent TM, field can be determined from

_ 0 0
? k? 0poz *’
2
E =—j2 2+6—2 A,
k 0z
and
H¢=—liAZ.
U op

We propose a solution of the form

A.(p,z)=R(p)2(z),

which we substitute into (A.2) and divide by R(p)Z(z), to obtain

2
L 1d (p d R(p)j+ZLd—Z(z)+k2 =0.

dp (2) dz*

R(p) pdp

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

(A.7)

We observe that the first two terms of (A.7) must individually be constants in order for

the equation to be true for all p andz . Thus, it is necessary that

1 d?

%EZ(Z)Z—/&

or

60



2
d—ZZ(Z)-i- kZZZ(z) =0,
dz
in which£_is a constant to be determined. Consequently, from (A.7)
;ii(piR(p)J +k*—k2=0.
R(p) pdp\" dp

For notational convenience, k; is defined

kKl =k -k’

t z

which in (A.9) leads to

d d
P . R(p)+ p—=R(p)+ p*kR(p)=0.
The solution of (A.8) is
Z(z)= de " + Be'*,

or a linear combination of cos(k.z) andsin(k,z), and that of (A.11) is

R(p)=CJy(k,p)+DNy(kp),

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

in which J,(k,p)and N, (k,p) are the first kind Bessel function and Neumann function

of zero order, and A,B, C, and D are arbitrary constants. From (A.6), (A.12), and (A.13),

A, (p, z) can be written as

4.(0.2)= (€2, 0, p)+ DN, p)ide™= + Be™=).
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Since the Neumann function is unbounded at p = 0, D must be zero in order that field

components not be unbounded at p = 0. This leaves

A(p.z)=J,(kplate ™ +a ), (A.15)

with the constants a” and a” replacing CA and CB, respectively. Application of (A.4) to

(A.15), gives

2 2

E(p,z)=— jo 5=, (kp)a*e ™ +ae’), (A.16)
the component of the electric field tangential to the tube wall. The boundary conditions
at the tube walls requires £ (po,z) to be zero for all z, which, when kf # k?, is achieved
by enforcing J, (k, po) =0. Proper selection of the constant k, forces the Bessel function
to have a value of zero at p = p,. The arguments of the Bessel function that force it’s

value to zero are labeled as

e =zerosof J,( ),

which result in the eigenvalues,

k,=%C  g=123... (A.17)
P
From (A.16) one sees that E_(p,z)is also identically zero whenk” = k*, i.e., whenk, =0

. In this case, (A.11) becomes

2

, d d
R 2 R(p)=0 A18
G (0)+p i (p)=0, (A.18)
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which is a second order ordinary differential equation that can be solved by standard

techniques to obtain

R(p)=Elnp+F. (A.19)

For this special case, equation (A.8) becomes

2
L 2(2)+ k2(2)=o, (A.20)
dz
which has the solution
Z(z)=(47e 7" + 45¢™), (A.21)

and causes the magnetic vector potential (for k7 = k*) to be
Ao(p.z)=(Elnp+F)Aje 7 + 4;e’). (A.22)

(A.3) and (A.5) show that both £ and H ,result from partial differentiation of (A.22)

with respect to p :

L ay(p2)=E e + ), (A.23)
op p

demonstrates that the unknown constant E must be equal to 0, since £, and H ; are

undefined at p = 0. Subsequently, the special case is shown to be trivial and is no longer

considered in this analysis. The most general solution for the magnetic vector potential is

the summation of all the possible solutions
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A.(p,z)=J, (ktqp a;e_jkzqz + a;ejk“’z) g=123....

Thus

)= (ko) e+ a,).

where

k2 =k = k2.

Listed below are the field components,

2)==3 ke pNdie " + 4 ),
g=1

A (ktquA;e_‘jk”’z — Aq_e‘ikzqz ),

I
~.
s
=

Sy
I
N 8
[}

and
OOE ( XA+ ez Aq_ejkqu),
n =

where the substitution

a)k
k 2

=4

has been made for notational convenience.
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APPENDIX B

COAXIAL WAVEGUIDE THEORY

VA%

‘1,1\1>

(1,€)

Figure B.1 Generic coaxial waveguide

In a manner similar to the last appendix, we derive the ¢ -independent, z-directed
magnetic vector potential from which the field within an infinitely long coaxial cavity

can be determined. The walls of the cavity, located at p = p,and p = p,, bound a region
filled with material characterized by (,u,g), and 1s depicted in Figure B.1. Since the walls
of the cavity are perfectly conducting, the field only exists in the region p, < p < p,, and
the boundary conditions E.(p,,z)=0and E.(p,,z)= 0 must be enforced. The analysis is

similar to that of the circular waveguide case of the previous appendix. The z-component
of the magnetic vector potential 4 = A (p, 2)2 , from which the field components can be

found, is a solution of Helmholtz’s equation,

(V24K )4, =0  p=p' z#z' (B.1)

If we propose a solution of the form
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A.(p,2)=R(p)z(2), (B2)
and utilize the method used to determine (A.7) through (A.11) of the previous appendix,

we arrive at the differential equations

2
d ~Z(z)+k2Z(z)=0, (B.3)
dz
and
p° o R(p)+piR(p)+p2k2R(p)=0, (B.4)
op° op '
where
k} =k*—k’. (B.5)

Equations (B.2) through (B.5) are the same as those derived for the circular waveguide,
but their solutions differ due to the boundary conditions imposed. The general solution

of (B.3) is
Z(z)= de ™ + Be™ ", (B.6)
which when substituted into (B.2), gives
A.(p.z) = R(p)Ae ™ + Be’), (B.7)
Application of equation (A.4) to (B.7) results in

2 2

Ez(p,z):—ja) PE z (p)(Ae_*/kzz+Be*’kzz). (B.8)
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The boundary conditions at the coax walls require £.(p,,z)and E_(p,, z) to be zero for all
z, which when k? # &7, is achieved by enforcing R(p,)=0andR(p,)=0. As in the
circular waveguide derivation, from (B.8) one sees that £_(p,z)is identically zero when
k? = k* , which implies that no condition is to be imposed upon R(p)in this special case,

which is addressed below. The general solution of (B.4) is

Unlike in the previous section, equation (B.9) includes a second solution because the

region of interest is for p € (pl., po), excluding p =0, at which N, (kt p) =0. Enforcing

the boundary condition at p = p,, we have
CJO(ktpi)+ DNO(ktpi)z 0,

which, after one solves for the unknown constant D in terms of the constant C, causes

(B.9) to become

R(p)= Ny (k.o Mo (k)= (ko N, (K, )] (B.10)

No(ktpi)[

The requirement that £, (po,z) =0 imposes the condition

Nk p (k)= T, (ko N, (K, )] = 0. B.11
No(ktpi)[ (ko.M (k,p,) = Ty (k.0 Ny (K, 0, )] (B.11)

Equation (B.11) holds for an infinite number of values ofk,, called eigenvalues. If we

(Y=t

append a subscript “q” to denote each solution, we arrive at
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C

——— Nk, p. Wk, p)- Tk, 0 N (K, )]s g =1,2,.... B.12
No(k;pi)[ (qp)/(q ) (qp) (qp)] q ( )

R(p)=

A_1is the summation of all possible solutions, resulting in

A = i(a;eﬁk”’z + a;ejk”’z)diq(ktq ), (B.13)
g=1
where
@, (k,p)= Ny, 0.1, ey 0) = T ey 0 N (ke ) (B.14)
and
[12 12 2 2
ko =k =kl = k2 =k — ko =k, = Kk Rk (B.15)

— kK, K<k

witha; and a, replacing AC and BC , respectively.
Nokp)  Ny(kp,)

As mentioned before, when k> = k>, which results ink? = 0, E_(p,z) at the coax walls is

zero for all z. In this situation, (B.4) and (B.3) become

o’ d
p’—5R(p)+ p—R(p)=0, (B.16)
op op
and
d2
~Z(z)+k°Z(z)=0, (B.17)
dz
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which have solutions

R(p)=Elnp+F, (B.18)

and

Z(z)= (a;EMe”kZ + aTEMe’kZ) (B.19)
respectively. The subscript of the constants of (B.19) is in reference to the fact that field
components resulting from (B.18) and (B.19) constitute a transverse electromagnetic
mode (TEM), which is one that is entirely transverse to the direction of wave

propagation. The total solution is the sum of the special case and (B.13), or

Az(p,z):(a;EMe’jkz+a;EMekaXElnp+F +i( S tage )qu(ktqp). (B.20)
q=1

The expressions for the field components are found from (A.3) — (A.5):

E (p,2)=(4;e7 + 4;¢")

+i( ikt Aqejkzqz%q)q(ktqp), (B.21)

=1

Ji(k ( + g he? Lo ey Z)Dq(ktqp), (B.22)

g=1 "zq

and

Hy(p.z)=47¢ " ~ 4 f’“)% ;2 (A;e”‘“Z—Aqe”‘“%%(kmp), (B.23)
q

where 4; = $%a$EME ,and 47 = +szqazq
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APPENDIX C

EIGENVALUE DETERMINATION

In Appendices A and B, there exists the need to determine a set of eigenvalues which are
zeros of a transcendental equation. For each of the equations to be solved, the solution set is of
infinite extent and has to be determined numerically. In this section, Newton’s method is used to

determine the solution sets for each equation.

Waveguide Function

Introduced in Appendix A is the set of eigenvalues k,qu that causes the following to be

true,
Jy(k2py)=0. (C.1)

While the simplest method of solving (C.1) would be to divide the well known zeroes of the first
kind Bessel function of order zero by the radial value p,,, it is useful to employ a numerical

solution routine to generate a set of solutions for comparison. The routine chosen for this purpose

is Newton’s Method and consists of the following:

, (C2)

where f (xn )is continuous, f '(xn ) # 0, x, is an approximate solution of f' (xn ) =0,and x ,, is

the next iterative solution. With this method, an approximate initial solution x, is required for

initializing the routine. From [6], we know the large argument approximation for a first kind

Bessel function is
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J (z)z icos Z—lVﬂ'—lﬂ' + Error Term (C3)
' 7z 2 4

where Vv is the integer order of the function. By substituting in k;; P, for z in (C.3) and

disregarding the error term, we find

. " 2 " V4
ll_r)g J, (ktq Lo ) = “ cos[k,q Po — Zj , (C4)

for large g, hence large argument, which when set equal to zero, shows the large argument

values of k,, to be

q—®

o V4
lim qu = (q ——j— q=123,... (C.5)

If (C.1) and its derivative are substituted into (C.2), with the values determined by (C.5)
employed as initial guesses, the following emerges as an equation to accurately determine the

roots of (C.1):

Jo( z;vpo)

k' =k” + ” qg=123,.... (C.6)
e o Pod (ktqu)

The results of (C.6), coupled with the relationship found in (A.25),

ke =k*—kZ (C.7)

yield the set of values k;; at any specific frequency.
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Coax Function

In Appendix B, the following transcendental equation is introduced,
®, (k5 0)= Ny (ki o, Vo ki 0) =T, ki o IV, (K5, ), (€3)

with eigenvalues &, that cause the following to be true:

@, ko, )= Nolks o, Mok 2, )= T4 e, N, (2, )= 0, (€9)

where p; and p, are the outer radius of the inner conductor and inner radius of the outer

conductor, respectively. The large argument approximation of the first kind Neumann function of

integer order is [6]

Nv(z)=1/£sin Z—lVﬂ'—lﬂ' + Error Term , (C.10)
nz 2 4

which after disregarding the error term, making the appropriate variable changes and substituting

into (C.9), along with (C.3) , gives

tqpi

aPo L(C.11)
- 2 cos(kc P 1 ﬂj sm(k P, — ) =0
;1 l tq i 4 ti] ) tqgl~ o 4
Equation (C.11) reduces to
2 1 . (
. sinlk: (o, - o, ))= 0, (C.12)
ﬂ-ktq V PiP, !

72



for which the solution is

ke =97 g=12,3,... (C.13)

The form of (C.2) for the coax case is

ke =

1y
K+ N, (ktf]pi )Jo (sz;po )_ Jo (k;;pi )No (k;;po)
Tyl o, oo N e o0 )+ Ny (ki o o0, ey o, )= Ny (ki 2 oo i, 20 )= T i, 4 JouN (K )
q=123,..

(C.14)

Equation (C.7) is also valid for the solutions of (C.14) as well.
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APPENDIX D

SERIES ACCELERATION

Series acceleration bestows two big benefits in the present analysis: improved
computational resource utilization and assurance of series convergence. Often times it is
difficult to determine when convergence has been reached in a series. In this appendix,
Kumner’s Method of series acceleration is presented and applied to both infinite series

encountered in the main body of this thesis.

Kumner’s Method

Kumner’s Method employs term wise subtraction of a series with a known sum
from a series of interest, where the subtracted series’ higher order terms approach, and
eventually become equal to the higher order terms of the original series. The known sum
of the subtracted series is added back to the “difference” series in order to maintain
equality and, hence, obtain the value of the original series. Stated mathematically, this is

F= Ool(fq—gq)+G, (D.1)
=

where

Ty

Il
Ms
N

(D.2)

<
LN

is the original series to be summed, and
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G=>g, (D.3)

is the series with known sum G . The needed relationship between the terms of series

(D.2)and (D.3) is

lim(f, -g,)=0. (D.4)

g—>0

The method works because if the two series are both convergent, and their larger order
terms become the same in the limit (D.4), then the difference series of (D.1) should
converge more rapidly than either (D.2) or (D.3). The difference series convergence
doesn’t rely on how quickly (D.2) converges, but on how quickly the difference between

f,and g approaches 0 [1].

Coax Series
For the coaxial lines analyzed in Chapter 2, the infinite series

Lo (kep,)

> o ke )=o) (D.5)

g=1

is considered for acceleration. The initial step in the procedure is the determination of
forms of the series terms to be utilized in Kumner’s Method. The building block of (D.5)

is the transcendental equation,

@ (ktqp) N (ktqpt)] (ktqp) J (ktqpl)NO(kt;p) (D.6)
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with eigenvalues &, that cause the following to be true,

©, (ks p, )= Ny (ks o, Wolks 0, )= T k0, N, 0, )= 0, (D.7)

where p, and p_ are the outer radius of the inner conductor and inner radius of the outer

conductor, respectively. The large argument approximations of Bessel and Neumann

functions of integer order are [6]

J (Z): icos Z—lVﬂ'—lﬂ' + Error Term (D.8)
Y Y A 2 4

and

Nv(z)zwfisin Z—lVﬂ'—lﬂ' + Error Term . (D.9)
nz 2 4

By inserting (D.8) and (D.9) into (D.6), we determine the large argument approximation

of the transcendental equation to be

2 1 2 1
Iim® |k, p)= sin| k, p, ——7 cos| kyp——r
e q( ,q,O) 7k, p; ( WPy ) 7k, p ( WPy j
, (D.10)
2 . 1 2 (.. 1
e cos| k,, p; —Zﬂ' T sin ktqp—zir
P P

gl tq

which after substitution of (C.13) and application of select trig identities, reduces to

0, (kg p) > 22mp) ! sin[ Z (pi—p)} (D.11)
po

e gt \pp -p
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The terms

%q)q (k,f]p)z —kyg [No (kl;pi )]1 (k,f],o)— Jo (k;']pi )Nl (k;p)],

and

x 2
AR T W A 19 W Y -

! 2

of (D.5), reduce to

N S N S
dpq)q(kqu)q:)w ju pipco{pa_pi (,0 pi)j’
and
e 2Ae.=p),
RGN/ o

(D.12)

(D.13)

(D.14)

(D.15)

by use of methods similar to those used to determine (D.11). The large argument values

of k,, dwarf the k values shown in the equation below

2 2 2 2
R

zq . [ 2 2 2 2’
— kK K>k

resulting in the relationship

kS =—jks  q=123,...
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In order to avoid unnecessary detail, we focus our attention on the term

d
o,k p,)
+ _ dp ¢
U =% o, (ke p; ), (D.18)

with the terms relevant to ® (k,q £, ) in (D.5) to be determined by simple substitution of

o, by p. ,once the manipulation of (D.18) is complete. Substituting (D.11), (D.14),

(D.15), (C.13), and (D.17) into (D.18) gives

2 1 2o —p) 1 . .
2w ) Ll ()
1 UJr_ plpm po_pi qﬂ. Iinn po_pi
P o 2(p, - ;)

Po ~ Pi ﬂzpi

b

(D.19)

or simply put,

v 2. p’) a7 (;—pi)j. (D.20)

; ( 7 (pm—pi)jsin(
o jg'n \/_\/7 Po= P

Use of the trig identity
cosusinv =%[sin(u +v)—sin(u —v)] (D.21)

in equation (D.20) changes its form to
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o o= p)

1 1
T gon? \/p_m\/E
R | |

In order to apply Kumner’s method, we need to utilize a series with a known sum whose

(D.22)

g" term approaches a limit equal to the limit approached by the ¢ term of (D.22). One

such series is [7]

Z Sllzlqol‘ =sin c{i — ln£2 sin(%)ﬂ O<a<2rm, (D.23)

q:Zq -

with the main difference between (D.22) and (D.23) being the ¢*> —1 term. Since (D.22)
is the large argument approximation of (D.5), for large ¢ , the difference between ¢° and

g” —1 is negligible. Therefore, we can make the following alteration to equation (D.22)

U+ ~ j(po B pt) 1 1 1 .
q i 0. N qz 1
\/— \/Z , (D.24)
{sin( (i +p,-2p, )j+sin( (o - p, )ﬂ
po - pi po - pi
and introduce the term
U— ~ j(po B pt) 1 1 1 .
q e 0. — qz 1

\/— \/Z , (D.25)

{sin( qr (p;+pm—2pi)J+sin{ 1%_(p, —pm)ﬂ

po_pi po_pi

79



which is simply the large argument approximation of the portion of (D.5) relevant to
o, (k,q P, ) For notational ease, the arguments of the sine functions in (D.24) and (D.25)

are represented as

o, =1 (pr +p, —2r). (D.26)
pa_ i

a,=——(p: - p,). (D.27)
Ioa_loi

a, =15 (p; +p, ~2r), (D.28)
po_i

and

a, 4z (p;—pm)- (D.29)

100_101'

Utilization of the relationship in (D.23) on (D.24) and (D.25) leads to

X+ _j(po_pi) 1 1

term — Je) \/Z \/72

s -wf () - - D3

and

80



.(D.31)

{m{a—m(zsm(%m—z—xm{%-m[m('?'m

The absolute value terms in (D.30) and (D.31) are needed in order to ensure the
arguments &, and «,are always positive. Finally, Kumner’s Method is used to cast

equation (D.5) into the following accelerated form:

Lo fin)
; kc Mz [GD (ktqpn) (kcpn )]_

4 0,(kip,)

1Pm
dp T, O (kﬂpn) (ks p; )] . (D.32)
- (,Zo o, (k5 p,)
+;W[ (ktqpn) (ktqpn )] [U;_Uq_]
+ Xt:rm - t;rm)

Waveguide Series

In addition to (D.5), also present in Chapter 2 is the infinite series

i 2jJ, (k‘”pm)

e (s AU o3

in which the %, are solutions of the following equation:
Jy(kzp,)=0. (D.34)
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Equation (C.5) shows the large argument approximation of k,, to be

q—>0 'q

limk” :(q—ljl g=123,.., (D.35)

where the relationship in (D.17) is similarly true for this series as well. By applying the

method developed in the previous section, we determine the following:

2 2

lim|J, \k, = , D.36

q—)oo[ I( tqpo)] ﬂk;;/po ( )
and

lim—2 = 22 : (D.37)

o kknp,’ 1y

-—— |z
7 4
Further analysis is focused on the J (kw P, )related terms of (D.33), with the ones
relative to J (kw O, )determmed by simple substitution of p, by p, . We define
2 J k) k)
j ( pm)j ( pn) (D.38)

q

kskep, ke,

which after substituting in (D.35), (D.17), (D.36) and (D.37), and taking the large

argument approximations of J (kw Lo )andJ (kw ol ), gives

11mV* = Le 3 1/ 1 T |:COS((q_ljﬂl)_Sin[(q_ljﬂZ}}’ (D.39)
g (q lj 7 PP 4 4

4

82



where the substitutions

B :l(pm +,0n+)’

o

and

B, =l(pm —pi)

o

are made for notational convenience. The trig identities

cos(u £ v)= cosucosvFsinusinvy
and

sin (u £v) = sinu cosv £ cosusinv

are applied to (D.39) to obtain

v, — P 5 / ! - {cos(qﬂl)cos(ﬁj+sin(qﬂ,)sin[
q—m(q lj . Yool 4

—sin(g, )COS(%) +coslaf, )Sin[%ﬂ '

by

4

)

(D.40)

(D.41)

(D.42)

(D.43)

(D.44)

For the same reason that (D.22) can be approximated by (D.24), (D.44) can be changed to

83



v zp—; /L 21 {cos(qﬂl)cos('gj-i—sm(qﬂl)sm(ﬂl]
7\ pup, a —1 4

. (D.45)
—sin(gp, )cos( Py j +cos(g/3, )sin(%ﬂ
The convergent series (D.26) and [7]
cosgf 1 1 IR YRS
;qz_l = +yeosf-—(z-psinf  0<p<2z, (D.46)

are employed to obtain

q 2 + 1 4 2

PPy
+ sm(ﬁ 1 jsm(ﬂ )D - “{2 Sm[/; m . (D47)
_ Z cos[/j; )stﬂz { - m[z Sm(ﬂzm

+Sm[ﬁ2]{2+005( p,) lr- ﬂz)SmQﬂz)H

4 2

yo P |1 {m[ﬁl ){ % L cos(B,) (- p,)sin(p, )}

To account for the J,, (k,qp;) term in (D.33), we substitute p, for p, in (D.45), (D.47),

(D.40) and (D.41), thereby giving

Vv, zi; % 21 {cos(q@)cos(ﬂ )+sm(qﬂ3)sm[ﬂ3j
n 4 4

PuPy 4" —1 (D.48)
—sin(gp, )cos(ﬁ ] +cos(gp, )sm(/j: ﬂ

and
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where

and

{cos( Ay
PP 4

j[l L cos(8) _(z- ﬂs)Sin(ﬂs)}

2 4 2

{2t {2

— 17 7COS

1A

) (ﬁ]qﬂ{l[z(ﬂzm

+sm(mj{; cos(p,) —ﬂ4)SinQﬂ4)ﬂ

s

B,

4 2

_ -
% (o).

T
_po("’ o:)

Finally, implementation of Kumner’s Method gives

>

q=1

2jJ, (k;q” Lo )

K2k p, 2| (kb
257, (k;lvpm )

Kk p, 21 (kb

o0

2jJ, (ktqupm)

T ko) -0k 0 )=
T ok 07 )- 7,k 0, I+

2

wygw |2
q:2 kzq ktq p o

+
+ [X term

()

- Xterm

Vil o )=dlks o =Dy -]
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Coefficients

The sine and cosine terms in equations (2.38), (2.40), (2.47) and (2.48) are not included
in the series acceleration for two reasons: they are not always present, and, when they are,
they are easily treated due to the properties of hyperbolic functions. For large arguments,

the behavior of k_, described in (D.17) causes

fim C?S(kzqd) _ Cf)S(— J:k,qd) _ Cf)s.h(kzqd) NS (D.53)
o= sinlk, d)  sin(~ jk,d)  — jsinh(k,d)
and
| 1

o sinlc_d)  —jsinnlk,d) " (>4

Inspection of the equations in which (D.53) occurs, shows that it is normally
. 1 . 1. . . .
accompanied by a —term. Since the product of (D.53) and — is unity, these trigonometric
J

terms do not enter into the asymptotic form of the overall series. Also, because the terms
of (D.54) approach zero very rapidly, there is no reason for the acceleration process to be

applied to them.
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APPENDIX E

UNABRIDGED DATA

Shown on the following pages are the results of the analyses used to determine the
number of pulses required in the apertures and the number of higher order mode terms
needed for the infinite series’ to converge “numerically.” A series convergence test was
employed in order to determine if the proper number of terms was utilized in the infinite
series determination. A similar procedure was used to ascertain if enough pulses were

implemented in the aperture to ensure accurate field characterziation.

The series

s=S2 (E.1)

is deemed to be converged if the following is true:

Sy —8
N < g (E.2)
SN + SN+M
2
where
N
Sy = Z z, (E.3)
n=l1
and
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N+M
Syert = D 7y (E.4)
n=l1
witheg > 0. Simply put, if the “normalized” magnitude of the difference between the
sum of the series with N terms and the sum of the series with N + M terms is less than
some chosen ¢, the series 1s considered to be converged. In a similar manner, the

minimum number of pulses required for each aperture was found by determining when

the following relationship was true:

EN _EN+M
EN +EN+M

< &g (E.5)

where E, is the electrc field value in the middle of an aperture for N pulses, and £, ,,, is

the electric field value at the same point for N + M pulses. For both the pulse number
and required higher order mode tests, € was chosen to be .01. Testing was done at the
frequencies 0.05 GHz, 3 GHz and 6 GHz so as to make sure adequate convergence was

reached over a wide portion of the bandwidth.

Shown on the next page are example plots of the results of the analysis for a given
structural case. The first plot shows the result of a series convergence test, where the
case shown is the “worst” of the three frequencies listed above, and the miminum number
of terms requred to achieve sufficient convergence for each aperture is displayed. The
second plot shows how increasing the number of pulses changes the field value at the

middle point of the aperture.
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Curves at right are for a given oo .--. s A

frequency. Number of sample
points in an aperture is constant

-]

Ex. Results of series terms
convergence check using a 4-term
sum and a 7-term sum

o

Ex. Results of series terms
convergence check using a 7-term
sum and an 8-term sum

mitucde of Ghuvergonce D‘.‘l&:m()cc—
o o
g & 8§ E

Ex. Results of series terms
convergence check using a 8-term S 0.002 -
sum and a 9-term sum

Pulse location in aperture

1 i i 'l 1
> 03 04 045 05 055 06 085 07
relative to center axis of the

(em)
structure ?
Results displayed are for a 007 poeemememnamamnmnns -
given frequency. Number ) : P ;
of pulses in an aperture is : : :
constant and convergence 1] 1 7] S -SSR S

is checked at the same
location within the aperture

Ex. Results of pulse number
convergence check using 9 pulses
in the aperture and 13 pulses in
the aperture

rergence Difference

Ex. Results of pulse number
convergence check using 5 pulses
in the aperture and 9 pulses in the
aperture

Magnitucde of C

Comvergenee Check Tteration

Figures E.1 (a) Sample series convergence and (b) pulse number check plots
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For added reference, a table like the one shown below is included on each page to
show the first three eigenvalues calculated for the infinite series, along with the resulting
cutoff frequency. Calculated results were compared to tabulated data from Handbook of

Mathematical Functions [6], along with Waveguide Handbook [9] to show accuracy.

The table below gives the dimensions and the eigenvalues of the General Radio
waveguide used on the outer sections of both appratuses; the outer conductor has an inner

diameter of 1.42 cm, and the center conductor has a diameter of 0.632 cm.

First Second Third
Calculated| A &S |Marcuvitz|Calculated| A & S | Marcuvitz|Calculated| A& S | Marcuvitz
Eigenvalue (1/m) 794.2 792.5 794.2 1597.7 |1600.2| 1597.7 2399.4 | 2394.6| 2399.5
Cutoff Frequency (GHz) 37.9 37.82 37.9 76.25 76.37 76.25 114.5 114.27| 114.51
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Comvergence Check Tteration Comvergence Check Tteration
First Second Third
Calculated| A &S | Marcuvitz|Calculated| A & S | Marcuvitz|Calculated| A& S | Marcuvitz
Eigenvalue (1/m) 552.72 552.9 | 552.74 1115.5 |1114.7| 1558.8 1676.4 | 1676.8| 1676.4
Cutoff Frequency (GHz) 26.38 26.39 26.38 53.23 53.19 74.39 80 80.02 80

Figure E.2 (a) Series convergence check results for £, and (b) E,at 6 GHz.

(c) Increasing pulse number check of £, and (d) E, at 3 GHz. (e) Eigenvalue table for
these parameters
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Magnitude of Convergence Difference

b=142cm d=1.76cm L=35.27cm
a=0.63cm

O.07 prommmmmsmnees prene R R R ;

ence Difference

Magnitude of Conve

Comvergence Check Tteration

c=0.95cm

0.01

0.008

g 0.005

0.oo7

0.006

Magnitude of Convergence Difference

Comvergence Check Tteration

First Second Third
Calculated| A &S [Marcuvitz|Calculated| A &S [ Marcuvitz|Calculated| A &S | Marcuvitz
Eigenvalue (1/m) 776.7 774.9 776.7 1558.8 | 1555.3| 1558.8 2339.8 |2334.6| 2339.9
Cutoff Frequency (GHz) 37.07 36.98 37.07 74.39 74.22 74.39 111.66 |111.41| 111.66

Figure E.3 (a) Series convergence check results for £, and (b) E,at .05 GHz.

(c) Increasing pulse number check of £, and (d) E, at .05 GHz. (e) Eigenvalue table for
these parameters
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Figure E.4 (a) Series convergence check results for £, and (b) E,at 6 GHz.

(c) Increasing pulse number check of £, and (d) E, at .05 GHz. (e) Eigenvalue table for
these parameters
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Figure E.5 (a) Series convergence check results for £, and (b) E,at .05 GHz.

(c) Increasing pulse number check of £, and (d) E, at 3 GHz. (e) Eigenvalue table for
these parameters
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Figure E.6 (a) Series convergence check results for £, and (b) E,at .05 GHz.

(c) Increasing pulse number check of £, and (d) E, at .05 GHz. (e) Eigenvalue table for
these parameters
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Figure E.7 (a) Series convergence check results for £, and (b) E,at .05 GHz.
(c) Increasing pulse number check of £, and (d) E, at .05 GHz. (e) Eigenvalue table for
these parameters
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Figure E.8 (a) Series convergence check results for £, and (b) E,at .05 GHz.

(c) Increasing pulse number check of £, and (d) E, at .05 GHz. (e) Eigenvalue table for
these parameters
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Figure E.9 (a) Series convergence check results for £, and (b) E,at .05 GHz.

(c) Increasing pulse number check of £, and (d) E, at .05 GHz. (e) Eigenvalue table for
these parameters
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Figure E.10 (a) Series convergence check results for £, and (b) E,at 6 GHz.

(c) Increasing pulse number check of £, and (d) E, at .05 GHz. (e) Eigenvalue table for
these parameters
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Figure E.11 (a) Series convergence check results for £, and (b) E,at 3 GHz.

(c) Increasing pulse number check of £, and (d) E, at .05 GHz. (e) Eigenvalue table for
these parameters
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Figure E.11. (a) Series convergence check results for £, and (b) E,at 3 GHz.

(c) Increasing pulse number check of £, and (d) E, at .05 GHz. (e) Eigenvalue table for
these parameters
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