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Abstract

We study the price of selfish routing in non-cooperative meks like the Internet.
In particular, we investigate the price of selfish routinghgghe coordination ratio
and other (e.g., bicriteria) measures in the recently thiced game theoretic net-
work model of Koutsoupias and Papadimitriou. We generdhizemodel towards
general, monotone families of cost functions and cost fonstfrom queueing
theory. A summary of our main results for general, monotarst tunctions is:

e We give an exact characterization of those cost functiorsd tave a
bounded/unbounded coordination ratio. For example, tlvedioation ra-
tio for cost functions describing the expected delay in qieg systems is
unbounded.

e In addition, we show that an unbounded coordination ratiplies an ex-
tremely high performance degradation under bicriteriasness as well. In
fact, the price of selfish routing can be as high as a bandvdégnadation
by a factor that is linear in the network size.

e We separate the game theoretic (integral) allocation mivdei the (frac-
tional) flow model by demonstrating that even a very smalfact negligi-
ble, amount of integrality can lead to a dramatic perforneategradation.

e We unify recent results on selfish routing under differenjeotives by
showing that an unbounded coordination ratio under the mmx-objective
implies an unbounded coordination ratio under the averagé abjective
and vice versa.

Our special focus lies on cost functions describing the wienaf Web servers
that can open only a limited number of TCP connections. Iriqdar, we
compare the performance of queueing systems that servecalning requests
with servers that reject requests in case of overload. Weedonthe conclusion
that queueing systems without rejection cannot give angameable guarantee on
the expected delay of requests under selfish routing even teeinjected load
is far away from the capacity of the system. In contrast, Watves farms that
are allowed to reject requests can guarantee a high qudlggruice for every
individual request stream even under relatively high itiggtrates.

NOTE: A preliminary version of this paper appeared in the Prochef34th ACM
Symposium on Theory of Computing{OC), Montreal, Canada, May 19-21,
2002.
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1 Introduction

The coordination ratiois a game theoretic measure introduced by Koutsoupias apaldita-
itriou in [14] to reflect the price of selfish routing mon-cooperative network systeiftike the
Interne). In large-scale communication networks it is typicallypiossible to regulate network
traffic to achieve an optimal performance of the system. bhswetworks, a common strategy of
individual users is to follow the most rational approactattis, to behave selfishly to minimize
its cost (or maximize profits). This motivates investigaion game theoretical flavor of the re-
lationship between systems in which each user is aware aiti&tion facing all other users and
trying to optimize its own strategy (that is, being ilNash equilibriumy and optimal strategies
in such systems.

It is well known that Nash equilibria do not always optimibe toverall performance. There-
fore, in order to understand the phenomenon of non-codperaystems Koutsoupias and Pa-
padimitriou [14] initiated investigations of the behaviofr the worst-caseoordination ratiq
which is the ratio between the worst possible Nash equilibrand the social (i.e., overall)
optimum. In other words, this analysis seeks the price ofoarginated individual utility-
maximizing decisions (“the price of anarchy”). Koutsowpend Papadimitriou [14, 19] pro-
posed that model to study routing problems in which a setwérsd agents want to send traffic
from the sources to destinations along parallel links witkar cost functions.

In this paper, we aim to generalize these kind of routing [@wis towards more realistic cost
functions. For this purpose, we focus on a particular exanplwhich parallel links are the
natural model. In particular, we investigate the exampla dfleb server farm. Suppose some
companies maintain servers all over the world and offereatrproviders to store data for them.
Such servers could store, e.g., large pictures and otheeddell files as this kind of data makes
up most of the load. The request streams that would normallioghe servers of the content
provider must now be redirected to these new Web serversrigléhis defines a load balancing
problem in which streams must be mapped to the servers saté tigh quality of service can be
guaranteed for every stream. Important aspects that hdeetiken into account is that different
streams might have different characteristics, e.g., chbgedifferent file length. For practical
studies that investigate the reasons and impacts of thisblarraffic see, e.g., [2, 4, 5, 22, 23].

In todays server farms the mapping of data streams to seivéypically done by a cen-
tralized or distributed algorithm that is under control bétprovider of the server farm. We can
imagine, however, that such a service can be offered in a ety different way without global
control. For example, each stream of requests is managedsbifish agent (e.g., the content
provider) which decides to which server the stream is daecin this case, every agent would
aim to minimize its cost. These cost could be the expecteddgtexperienced by the individual
requests in the stream or the fraction of requests that ggeteel as servers are overloaded.

In this paper, we make a first attempt to investigate cootainaatios under more realistic
cost functions. Our general approach is that we investifgtalies of cost functions that are
defined as general as possible. In most of our studies, wenasthat data streams can be
described by a single weight (depending on the rate of reguesl the expected length of the
requested files). In this case, the load on a server is definbd the sum of the weights of the
streams mapped to the server. However, the cost occurrmgetver can depend in a non-trivial



way on this load, e.g., we consider general, continuous andecreasing cost functions.

In addition, we analyze selfish routing under more complest fanctions that do not only
depend on the sum of the injected rates but also on distoibsiof session length that might be
different for different streams. We want to point out that approach is not perfect in the sense
that it still assumes Poisson arrivals of requests in evedyidual stream. However, we are
able to derive the first rigorous analysis for selfish routiakjng into account the heterogeneous
nature of Internet traffic in form of general session leng#iributions.

Outline. Section 2 contains the description of a part of the model habt related to game
theory, whereas Section 3 introduces concepts related rtee gheory. Previous and related
work is outlined in Section 4. Section 5 presents our resugdticerning general monotone cost
functions, and Section 6 contains our results about qugubgoretical cost functions. Finally,
Section 7 has some concluding remarks. We keep in this phpgrdlicy that in order to follow
the discussion of our new results and their consequencesdider basically does not need to go
to the proofs of these results presented in Sections 5 andug, Teading the content of Section 5
and 6, skipping the proofs therein, gives a precise desontf our results. A quite technical
proof of Theorem 12 is shifted to Appendix A.

2 Description of the Routing Problem

The routing problem described above can be formally defirseal scheduling problem witi
servers ana data streams. The set of servers and streams is denoted byd|n|, respectively.
The data streams shall be mapped to the servers such that fairctson (describing typically
either waiting times or deny of service) is minimized. Thetjgalar cost functions that we
consider will depend on the traffic and server model that belldefined next in this section. In
general, we will compare the solution (i.e., a mapping adatns to servers) achieved by selfish
agents with the optimal solution to a min-max optimizatioolggem based on coordination ratios
that will be defined in the following, too.

2.1 Traffic model

Traffic streamsre assumed to be sequences of requests for service. Thhesaeses are assumed
to be of stochastic nature. For simplicity, we assume thaiests are issued by independent
customers and hence are Poisson. i @enote thenjection rateof data stream. Thelengths
of the sessions of streairare determined by a probability distributidh, i.e., theservice time
or session length distributionf streami. We define thewveight of streami to be \; = r; -
E[session length with respect T®)].

A server farmis a set ofm servers, all using the same policy to serve requests. Bifter
servers, however, may have differdr@ndwidths Letb; denote the bandwidth of servgrWith-
out loss of generality, we assurbe< by < --- < b,,. Unless otherwise stated, we will assume
that streams arensplittable that is, every stream must be mapped to exactly one server.



2.2 Server models

We distinguish two general server farm models, one comgjstf m parallel servers and another
of m sequential servers. parallel serverhas multiple service channels. On eaelnvice channel

it can serve a session independently from other channesnlimber of channels on serveis

b;, its bandwidth, and each channel serves requests with fe®ts rate one, that is, the time a
channel needs to serve a session is equal to the length adshi®s. (Recall that session lengths
in streami are determined by a probability distributi@n.) For example, the number of channels
may correspond to the number of TCP connections that can dredpsimultaneously on a web
server. In contrast, aequential servehas only one service channel. This channel works at
service rateh;. Thus, the time a channel needs to serve a session is equed terigth of the
session divided by;. We will consider both farms of parallel servers and farmseduential
servers.

Another important aspect that leads to different cost fiomst is howblocked requestare
handled, i.e., requests that can not be served immediaseiguse all channels are occupied.
Again, we distinguish two extreme models, namely, queuaitrejection models. In trpieue-
ing mode] every server holds an FCFS queue in which it inserts blookgdests. When a service
channel finishes a session and the queue is non-empty it iratadstarts serving the next re-
guest in the queue. (All channels on the same server shasathe queue.) In this model, the
objective is to minimize the maximum expected delay. Inrdjection modelblocked requests
are rejected and disappear from the system. A natural alsgactthis model is to minimize the
number of rejected requests.

In queueing theoretical notation, a server witbhannels that delays blocked requests corre-
sponds to a so-called ®¥/k/oo or short M/ID/k queue, wher® corresponds to the service time
(session length) distribution of the injected requeststreWhen blocked customers are rejected
then the corresponding queue is denoted bPRM/k.

2.3 Cost functions and families of cost functions

The cost occurring at the servers under some fiakacation (i.e., a mapping of streams to
servers) is defined bfamilies of cost function§s = { f»|b € B}, whereB denotes the domain
of possible bandwidth values and afijddescribes the cost function for servers with bandwidth
b € B. Typically, we will assumeB = R., or B = N, but additionally we will study
finite domains of bandwidth. For example, a collection ohitilgal servers with some specified
bandwidthb can be described by a family of cost functiofis = { f;}.

A cost functionf is called asimpleif it depends only on the injected load, that is, if the cost
of a server is a function of the sum of the weights mapped teéneer (but does not depend on
other characteristics like, e.g., the session lengthidigion). A simple cost function is called
monotonef it is positive, continuous, and nondecreasing. For aremed setB, a family of
simple cost functionsFg is calledmonotonef (i) f, is monotone for every € B and (ii) the
cost functions are nonincreasing withi.e., f,(A\) > fy()), for everyA > 0 and0 < b < ¥'.

A typical example for a monotone family of cost functionsttive will consider is derived from
the formula for the expected system time (delay) on an M/Mf¥ex with injection rate\ and



service raté, namely

1
b— min{ba Z?:l /\}

Already Koutsoupias and Papadimitriou in their seminalkyMd®] ask for the price of selfish
routing under cost functions of this form. We want to point,dwowever, that this is only one
particular example for cost functions that we will investiig.

3 Preliminaries in Game Theory

We give a brief introduction containing all required defimits. We distinguish between the
integral allocation model and thigactional flow model.

3.1 Integral allocation model

The integral allocation modetistinguish between mixed and pure strategies. The spui
strategiedor agenti € [n] is [m], thatis, a pure strategy maps every stream to exactly onerser
The mapping is described by a matfix) )icin],jeim wherex’ is an indicator variable with? = 1

if stream: chooses strategy and O otherwise. Anlxed strategys defined to be a probablllty
distribution over pure strategies. Lpzi denote the probability that agehimaps its stream to
serverj. We define thdoad of serverj under an allocatiofiz], . .. ,z4) by w; = S0 | \; -
and thecostof server; by

Cj = fbj(x{.a'-' axgz) :

Observe thatv; andC; are random variables with respect to the probabilﬁésLetE denote
theexpected cosjn serverj, thatis,/; = E[C;]. For a stream, the expected cost of strearon
server; is defined bye! = E[C; | 2] = 1].

In this paper, we focus our attention on the problem of mimation of the maximum cost of
the servers. In this model, we define gwxial costC by

C = E[maxCj]

J€[m]
and theoptimal cost (social optimunapt to be the minimum cost of a pure strategy:

_ : J J
opt =  min  max fo; (@1, @)
(#3)iem).jem)

where the minimum is taken over &)ic i1 jepm SUCh thate] € {0,1} fori € [n],j € [m] and

> Lzl =1fori e [n).

In order to formalize the notion of selfish behavior, we idwoe Nash equilibria of server
farms. We say the probabilitie(g){)ie[n},je[m} define a (system in aash equilibriumif and
only if p/ > 0 impliesc] < ¢/, for everyi € [n] andj,q € [m]. Thus, a Nash equilibrium is
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characterized by the property that there is no incentivafyrtask to change its strategy. Then,
in such a model, theoordination ratiq for a fixed set of servers and streams, is defined by
max int where the maximum is over all Nash equilibria. In other vgrithe coordination ratio
specifies by which factor the cost can increase due to sekéishvior. For a fixed family of cost
functions Fg, theworst-case coordination ratid&® determines the maximum coordination ratio
over all possible server farms, typically described as gmasotic function inm.

In our study, we will identify several instances of cost ftiogs in whichR is unbounded.
In this case, we will investigate thecriteria coordination ratioR. Let optr denote the value of
an optimal solution assuming that all injection ratgare increased by a factor 6f Then the
bicriteria coordination ratioR is defined to be the smalleBtsatisfyingC' < optr over all Nash
equilibria. In other words, we ask by which factor the inggttoad must be decreased so that the
worst-case cost in Nash equilibrium cannot exceed the @ptiost for the original rates.

3.2 Fractional flow model

The motivation behind this model is to assume that everastreonsists of infinitely many units
each carrying an infinitesimal (and thus negligible) amairfiow. Each such a unit behavesin a
selfish way. Intuitively, we expect each such unit to be ated (selfishly) to a server promising
minimum cost, taking into account the behavior of other sipit flow. Assuming infinitesimal
small units of flow, we come to thfeactional variant of the integral allocation model (this model
was also considered in [8, 24, 25, 26, 27]). '

To define the model formally, in the fractional model the ahtesz! that describe the map-
ping of streams to servers can take arbitreegl values from|0, 1] subject to the constraint
> jelm] z] = 1, for everyi € [n]. The model does not distinguish between mixed and pure

strategies, and in particular, the load on servex simply defined byw; = Zie[n] z:{ There are
several equivalent ways to define a Nash equilibrium in thisleh \We use the characterization
of Wardrop [29], see also [24]. A fractional allocation isNtash equilibriumif ! > 0 implies
C; < C,, for everyi € [n] andj, g € [m]. Thecoordination ratiois defined analogously to the

integral allocation model, and theorst-case coordination ratis denoted byR*.

3.3 Integral allocations with negligible weights

The fractional flow model is a simplification that aims to midtie situation in which each stream
carries only a negligible fraction of the total load. We viiiestigate in details the relationship
between fractional flow and integral allocations of streamith tiny weights. For this purpose
we define the notion ofe:small streams”. Assuming a server farm with identical sesvand
homogeneous traffic, we come to the following definitione&in; is callede-smallif

A < %Z)\j ;
j

that is, the stream has at most arfraction of the overall weight.



In case of heterogenous servers or heterogeneous traffieea a slightly more technical
definition. Let us fix a server farm and a set of streams withtpesweights. Letopt* denote
the minimum maximum cost over all fractional flow allocatsornFor a stream € [n], define
the scaled stream to be a stream with rate = r;/e and session length distributid, = D,;.
(Observe that this implies that the weight of the scaledastres\; = \;/e.) Then streami is
callede-smallif, for every j € [m], the cost of servef is at mosbpt*, assuming this server gets
assigned only the scaled stream

We defineR, to be the worst-case coordination ratio under the resndat all streams are
e-small.

3.4 Min-max versus average-cost objective functions

Besides to the min-max objective introduced above, we stisdi briefly consider another ob-
jective function that has been investigated by RoughgaatehTardos [24]. Thaverage-cost
objective functioraims at minimizing the expected weighted average cost divetraams (see
also, e.g., [6, 28], for related results). Technically,¢bst under this objective function is defined

by
1
Cave = X Z E[w] ’ C]} )
J€[m]

and the social optimum is defined by

) 1 . .
0Pt ape = min 3 Z Ci- fo, (x1,...,20) |
]

j€lm

whereX =3~ Ai is the total injected weight and the minimum is taken overséige vectors
as in the definition of the social optimum under the min-mapecive.

We shall consider various coordination ratios for the ageraost objective function similarly
as for the min-max objective function. In particular, theeege-cost coordination ratios are
defined in the same way as for the min-max model considerexdyehe only difference is that
now one compares average social cost with average socialwpt The worst-case coordination
ratios for integral, fractional, ane-small integral allocation under this objective functiomr a
denoted by, ¥*, andX,, respectively.

4 Previous Research

The model investigated in this paper has been introduceshtlycby Koutsoupias and Papadim-
itriou [14]. In that paper, only the integral allocation neddre studied and only for linear cost
functions (that is, functions of the formfy(z1,... ,z,) = > i, Aiz;/b). The motivation be-

hind studying these cost functions was to investigate tieemf selfish routing under simple
cost functions. Koutsoupias and Papadimitriou [14] giveiedasic results for the worst-case
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coordination ratio in this model (e.g., tight bounds for tinks). These results have been later
extended in [3, 13, 16], and in particular, tight bounds iis thodel are established by Czumaj
and Vocking in [3]. No results for non-linear cost functgare known in this model.

Roughgarden and Tardos [24] (see also, e.g., [1, 6, 28])derex a related general network
model, where the streams may be required to be routed in sonefrom a source to a destina-
tion, and cost of allocating the stream to any edge in thangudath is taken into account. They
focus mainly on the fractional flow model making the assuorpthat each stream consists of
infinitely many units each of which behaves in a selfish wag (ke fractional model described
in Section 3.1). The network parameter (to be minimizedhestotal latencyexperienced by
the system. They showed that when the latency functionseoétlyes are linear, then the aver-
age latency in a Nash equilibrium is at m@sljmes the average latency in an optimal routing.
For arbitrary nondecreasing and continuous latency fonstithey show the existence of Nash
equilibria whose total latency may be arbitrarily biggearhthe average latency in an optimal
routing. In particular, they give a bicriteria result thhettotal latency in Nash equilibrium is at
most twice the total latency in an optimal routing of doultle amount of flow. A similar model
has been also investigated recently by Friedman [8], whadietithow the amount of flow in the
system influence the coordination ratios under the avetageebjective. Friedman studies also
the queueing model M/M/1 in this context.

Furthermore, Roughgarden and Tardos [24] consider alggiat allocations. They give an
example of a network in which a bicriteria coordination eag unbounded. (This is in contrast
to the fractional flow where the same ratio is bounded abovevoy) In addition, they prove
a sufficient condition under which the bicriteria coordipatratio is bounded. The sufficient
condition is that streams are so small that adding any stteaamy server increases the total
latency at most by a factar, for any fixeda > 0. They remark that this condition is restricted
to pure allocations and its application requires familiesast functions withf,(0) > -, for any
b > 0 and fixedy > 0.

5 Results for Monotone Cost Functions

5.1 Fractional allocation

Our first theorem shows that all monotone cost functions elary nicely under fractional
allocation.

Theorem 1 For every server farm whose servers are described by moeatost functions, the
worst-case coordination rati®* in the fractional flow model is.

This theorem follows almost directly from the definition oash equilibria specifying that
all servers with positive flow at Nash equilibrium must haaeng cost, which under monotone
cost functions implies that all Nash equilibria have the sawmcial costC = opt (see, e.g., [24,
Lemma 2.5]). As a consequence of this theorem, let us obsleave immediately separates (in
the fractional flow model) the two different ratios investigd by Koutsoupias and Papadimitriou



[14] (the coordination ratid?*) and by Roughgarden and Tardos [24] (the average-cost ieoord
nation ratiox*). Both ratios compare the cost of a Nash equilibria with thgmoal cost but use
different definitions of cost. In sharp contrast to TheorerRdughgarden and Tardos [14] prove
that there exist instances of fractional flow for monotonaifees of cost functions in which the
average-cost coordination ratio is unbounded [24]. Th@ashthat minimum total latency and
minimum maximum costs can differ arbitrarily under geneast functions. In the context we
consider here, the server farms, the maximum cost seemghe batural choice as it guarantees
fairness and efficiency for every customer (agent) simelbasly.

5.2 Integral allocation

Now let us turn to the integral allocation model. We say a dowtion ratioR over a family

of cost functionsFg is boundedf for every m and every server farm with: servers with cost
functions fromFp there existd® > 0 such that for every set of streams the value of the worst-
case Nash equilibrium is at moBt- opt. (Observe thal’ might depend onn.) Otherwise,
the coordination ratio isnboundedOuir first result is a complete characterization of monotone
families of class functions for which the cost functions boeinded (vs. unbounded).

Theorem 2 The coordination ratiaR over a monotone famil§Fs of cost functions is bounded
if and only if

Ja>1 Ybe B YA>0 f£(2)N) <a-f()) .

The proof of this theorem is shifted to Section 5.4. Noticattthis characterization of
bounded vs. unbounded coordination ratios can be applsadtalserver farms with identical
servers. (Recall that such farms are described by famifiesst functions consisting only of a
single cost function.)

Observe that for every family of monotone cost functions &a @entify a minimunw €
R-1 U {oo} that fulfills the conditions specified in the theorem. A natwuestion is, how does
the coordination ratio depend ar? In fact, our analysis (see the proof of Theorem 2 and Lemma
5) shows that the coordination ratio is at mesgt(°e®), Furthermore, observe thatis constant
if the family of cost functions is assumed to be fixed. Thuscame conclude that for every fixed
family of cost functions the coordination ratio is eitheb@unded or it is polynomially bounded
in the number of servers;.

Let us illustrate the power of the above theorem by inveiigassome examples. First, we
consider families ovepolynomial cost functions.e., functions of the formp_*_ a, - M, for a
fixed k > 0. For these families we can piek = a; - 2* to conclude that here the coordination
ratio is bounded. In contrast, there is no suchdgponential cost functionse., cost functions
for which an additive increase in the load leads to a muttgilve increase in the cost. The same
is true forlinear threshold functionsf the formmax{0, A — 1}.

Corollary 3 The coordination ratio for server farms with polynomial thsctions is bounded,
whereas the coordination ratio for server farms of (ideakjservers with exponential or linear
threshold cost functions is unbounded.



In the next sections we shall discuss several other, pedigtimotivated examples of families
of cost functions with unbounded coordination ratios basedell-known formulas from queue-
ing theory that describe, for example, the expected delalyeoexpected fraction of rejections.

5.3 Integral allocations with negligible weights

A motivation for considering fractional flow instead of igtal allocations is that these two mod-
els are often assumed to be “essentially equivalent,” sge,Remark 2.3 in [24]. We want to
investigate the relationship between these two modelecléecall thatR, is the coordination
ratio for Nash equilibria ovee-small streams. Then we can show the following result whose
proof is shifted to Section 5.4.

Theorem 4 Given any monotone family of cost functighis. For everye > 0, the coordination
ratio R, overe-small streams is bounded if and only if the coordinationadt is bounded.

Interestingly, this theorerseparates fractional flow from integral allocations withgtigible
weights On one hand, there are several practical examples forifsrof cost functions (e.g.,
M/M/1 waiting time or Erlang loss formulas) for which our téts imply that for arbitrary small
e the coordination ratio®, (and henceR) are unbounded. On the other hand, Theorem 1 implies
that R*, the worst-case coordination ratio in the fractional model. Moreover, the instances
proving the characterization of unbounded coordinatidiosause only pure strategies. Thus,
evenpure allocations with negligible weights are differentrfrdractional flow

Finally, we want to point out that unbounded coordinatiaiiosaare not only a special phe-
nomenon of cost functions having a pole or an unbounded &rstative. Later in the paper, we
will see a practical example of a family of cost functionsgbd on the Erlang loss formula) that
have an unbounded coordination ratio although these fumetas well as their first derivatives
are bounded above by one.

5.4 Proof of Theorems 2 and 4

We prove Theorems 2 and 4 in a single proof using two lemmas fif$t lemma proves the suf-
ficient conditions for a bounded coordination ratio, while second lemma proves the necessary
conditions.

Lemma5 Suppose we are given a server farm witlservers having cost functions from a fixed,
monotone familyFz satisfying

Ja>1 Ybe B YA>0 f(2)) < afy()) .

Then, for every set of streams the worst-case cost over al Mguilibria is upper bounded by

opt - meW.,



Proof. Fix an arbitrary allocation in Nash equilibrium. Létdenote the cost of this allocation.
We will show thatC' < m - al°8™l . opt = m©@M) . opt. First, we observe that

fo(s A) < @l fi(X)

for everys > 1. Let X := Ziew A; denote the total injected load. Letdenote the load on
server 1 (with the biggest bandwidth) underaptimal fractional allocationi.e., an allocation

with minimum maximum cost over all servers assuming thagastrs can be split arbitrarily.
Without loss of generality, we assume that server 1 has thénman load over all servers, and
henceX < mz. (Recall that since server 1 is the server with the biggestivdth and each

function f, € Fp is nondecreasing in and nonincreasing iy there exists an optimal fractional
allocation with maximum load for server 1.) In this way,

f(X) < fo(maz) < alem™l. g (z) < al8™ . opt .

Let M denote the set of servejse [m] with >, p! > 0. Pick any servey in M. Leti € [n]

denote a stream Witb{ > 0. Then, the Nash equilibrium property guarantees ti{]ag c
Hence, for every € M,
E[C;)] < E[Cjlzl =1] = ¢ < ¢} < fr(X) < 8™ . opt .

{ R— —

Furthermore, forj € [m] \ M, we haveE [C;] = f,,(0) < opt < al®8™lopt. As a consequence,

JjElm jeEm

which completes the proof of Lemma 5. 0

Now, we prove a sufficient condition for an unbounded coation ratio. Observe that
the negation of the property gives the sufficient conditiond bounded coordination ratio as
specified in Theorem 2.

Lemma 6 Lete > 0 be chosen arbitrarily. Suppose we are given a server farrh aily two
identical servers, each with the same monotone cost fung¢tgatisfying

Va>1 IA>0 f(2A)>a-f(A) .

Then, for evenyi” > 1, there exists a pure Nash equilibrium owesmall streams with cost
C >T - opt.

Proof. First, let us show that the above property of the functfamplies that
Va>1 >0 IN>0 f((1+6)-A)>a-f(N) . (1)

Indeed, if we consider the negations of the two statemeets we observe thata > 1,5 >
0 YVA>0 f(1+P8)A) <af())impliesthatia’ >1 YA >0 f(2A) <a'f()),e.q., we
can sety’ = o'/ 1og(1+8)1

10



Now, consider a server farm with two identical servers, eaith the same monotone cost
function f satisfying condition (1). For the purpose of contradictiagsume that there exidts
such that” < I'-opt, for every Nash equilibrium over streams of maximum weightherefore,
by (1), there exista > 0 such thatf((1 + ¢/10) A) > T" - f(A). Using this assumption, we will
now define a Nash equilibrium over streams of maximum weight0 with costC > T - opt.

First, let us consider streams of identical weight [\e/2, \e] and assign them to the servers
so that the cost on each server is exagtly). Letr be the number of streams per server in this
allocation. Now, let us slightly change the instance byrigkivo streams, one from each server,
and “break” each of them into two smaller streams, one of helgo, the other of weight w.

It is easy to see that the optimal allocation for this inséainas cosbpt = f(\).

Let us consider a different allocations of the streams testreers. We assign— 1 streams
of weightw and two streams of Weig@tw to the first server and the remaining streams to the
second server. In this way, the first server has ¢¢st+ : w) whereas the second server has
costf(X — : w). This allocation defines a Nash equilibrium, because tleasts have minimum
weight% w and therefore there is no incentive for any of them to chatgystiategy. The cost of
this Nash equilibrium, however, is

w A€
= f. —_) > f. Z - . —T. _
C = f </\+5) > f <A+ 10) S T-f(\) = T-opt
Clearly this contradicts our initial assumption th@t< I' - opt for any Nash equilibrium over
streams of maximum weiglat This completes the proof of Lemma 6. 0
Now, Theorems 2 and 4 follow immediately from Lemmas 5 and 6. O

5.5 Bicriteria Coordination Ratios

It is not surprising that selfish routing can lead to a dramedist increase when the cost function
has a pole. In principle, bicriteria measures can be muclenméormative as they filter out the
extreme behavior of cost functions and look directly at thaligy of the load balancing obtained
by selfish routing. The following theorem, however, shovet #in unbounded coordination ratio
R implies a very poor worst-case behavior under bicriteriasuges as well.

The next theorem shows that given a monotone family of costtfans, the bicriteria coor-
dination ratiosk as well asR, (for everye > 0) are at leastn.

Theorem 7 Consider a server farm wittn servers, with cost functions drawn from a mongtone
family Fg. If the coordination ratioR is unbounded, then the bicriteria coordination ratid
has value at least:, even ovee-small streams.

Proof. Letn denote, as usual, the number of streams, and tetm” . Assume, that is such
that™ < e. Since ratioR is unbounded, Theorem 2 implies that there efist 7 and\ > 0,
such thatf,(2A) > afy(A).

Assume that we have identical servers, each with bandwidth= b (j € [m]), and a set of
n identical data streams, each having weight of AF—’;‘ (¢ € [n]), wherel" > 0 will be specified
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later. Define the probabilitieﬁ;'- aSpj. = % for eachi,j € [m|. These probabilities define a
Nash equilibrium, since all the expected ca%fthave the same value.

Let us fix a serveri. The probability that all the data streams are assignedriesg is
II;pi = m ". In this case, the cost on servgis f, (3), since we have: streams, each of
weight2™, and so their total weight i§™n = 27

Therefore, with probabilityn ", the cost on a particular servgfs at leastf, (32), and thus
alsomax; C; > f, (22), over allj € [m]. Additionally, these events corresponding to different

servers are pairwise disjoint. Using these observatioes;am estimaté’ = E [max; C;| as

Am
E [maXC’j] >m-fp (M) om " — fo (T) .
J r

mnfl

We want to show that i€ < optr, thenI' > m. Assume towards a contradiction that ther&'is
such thatC' < optr andI’ < m. Then, we obtain
m n

Am
fb(r) <0ptr<fb<ﬁ'_'r>_fb()\) ;

mn—1 = m

where the last inequality follows by observing that the eatd optr is at most the value of a
solution in which we assigfi (we can assume that is a positive integer) data streams to each
server, after blowing each data stream udhbyl'hen, we obtain

Am
() <m a0, @
By our assumptioWa > 1 3\ > 0 f,(2A) > afy(A). This, by the argument from the proof
of Lemma 6, implies thata > 1,8 > 0 3IX > 0 f,((1 + B)A) > afy(A). Now, we plug
a=m""", 1+ [ =1, to obtain a contradiction with inequality (2).
>

Since all the servers are identical, a data stream of weigiste-small if \; < e?TA’ Since
in our case\; = 2 for all ¢ € [n], the last condition is equivalent 882 < e, which gives
7 < e. The last inequality is true by the choiceafand so our data streams aremall. O

The example proving the bad ratio from Theorem 7 is a serven faf identical servers.
For this case one can easily show that a coordination ratin f the worst possible as a Nash
equilibrium cannot be worse than mapping all streams to dineesserver and this, of course, is
not worse than an optimal allocation with all rates blown y@ldactor ofm.

Even worse, our proof of this negative result gives a corsitva of a Nash equilibrium in
which also all streams are identical and the total injeaed} _, _, A; is less than the bandwidth
of a single server. Thus, the coordination ratio can be venr pven in extremely lightly loaded
cases.

5.6 Average-cost objective functions

As we have discussed it before, Roughgarden and Tardos @wjider an objective function
that is different from the one of Koutsoupias and Papadimitf14]. Their objective function
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aims to minimize average cost. Now, we investigate theiggiahip between the different objec-
tive functions under integral allocation. Recall that tle®ination ratios for the average-cost
objective function are denoted iy ¥*, andX..

Theorem 8 Given any monotone family of cost functions. is bounded if and only iR is
bounded. Furthermore, for eveey> 0, X, is bounded if and only iR is bounded as well.

Proof. Fix a monotone familyFs = {f,|b € B} of cost functions. First let us show that the
ratio X for this family is bounded if the coordination ratidis bounded. Clearly, iR is bounded
then we obtain from Theorem 2

Ja>1 Ybe B YA>0 £(2)) <afi()) .

We will show thatX: is bounded provided this property is given. Fix any Nash lgguum with
probabilitiesp!, i € [n], j € [m]. We have to give an upper bound on the ratio between the
expected total latency given by the probabilitig¢s on one hand, and the optimal total latency,
on the other hand. Lat = wy, ... w,, denote a vector of random variables with describing

the injected load of server Letw* denote a corresponding load vector of an optimal allocation
that minimizes the total latency. We have to show that theig&l” > 1 such that

E LY wify(w)| <T > wify(w]) .
j€m]

J€[m]

Define X = > . im wj = X jem w;- Thenfy, (X) corresponds to the cost that is obtained by
assigning all the load to the fastest server. Using the saguereents as in the proof of Lemma
5, we obtairE [ f,, (w;)] < fu, (X), for every;j € [m], such that

E [Z w fi, (wj)} < DX fu(X)
j€lm]

J€[m]
X X
S m2oé]'1+logm'\_ fb1<_>

m m
< m?qlttlem] Z w} fo, (w})
j€m]

The second inequality follows from our assumptions on tmeilfaof cost functions. The third
inequality needs some more explanation. Observe that thests; € [m] with w; > X/m.
Applying monotonicity of our cost function family, we obtai f,, (X) < w? f,, (w}), which
yields the inequality. As a consequenEeg m? a/!*1°g™! thatis,¥ is bounded.

It remains to show that an unbounded coordination r&timplies an unbounded rati. If
R is unbounded then the family of cost functions satisfies

YVa>1 FbeB IA>0 f(2)) > afy()) .
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In Lemma 6 we describe an instance with two identical serapdsa set oé-small streams such
that both servers have identical load in an optimal allecabut there is a Nash equilibrium in
which one of the servers receives more load than the othgersetUsing the above property
we show that if one server has load at ledst ¢/10) times average load then the cost on this
server can deviate by an arbitrary large factor from therogticost, which then proves tha&tis
unbounded. A straightforward adaption of this argumenyghthat alsd: is unbounded if the
above condition is fulfilled. This completes the proof of dhem 8. 0

We want to point out that the property proven in Theorem 8 is-titvial. In general, the
behavior of the two objective functions can be quite différeFor example, for the fractional
case, Roughgarden and Tardos give examples with unbourmediation ratiox* whereas
Theorem 1 shows thdt* = 1.

6 Results for Queueing Theoretical Cost Functions

Koutsoupias and Papadimitriou [14] asked to investigagecthordination ratio of realistic cost
functions of the forr’rm. This particular cost function describes the expectedimgitme
(delay) under an M/M/1 queueing process with injection pagéend service raté. Our character-
ization of bounded and unbounded coordination ratios ginérheorem 2 immediately implies
that the integral coordination ratios for this family of fitrons are unbounded. This resolves
an open problem from [14]. In the following, we want to corgidhe behavior of cost func-
tions motivated by queueing theory in more details. In pafér, we give in Section 6.3 (under
“The local exchange lemma”) a simple greedy exact algoritbnsolving a related fractional
scheduling problem with P-K cost functions under heteregess traffic.

6.1 Queueing systems without rejection

Several other studies are concerned with similar cost fanstmotivated by queueing systems,
see, e.g., [11, 12, 15, 18, 19, 20] In order to avoid discussabout what is exactly the right
gueueing model (e.g., M/M/1, M/D/1, M/G/1, M/G/c,. ) and what is exactly the right cost
model (e.g., expected waiting time or expected system tilaeys introduce the unifying con-
cept of “monotone queueing functions.” A familljz of monotone cost function is called a
monotone queueing functiahit satisfieslim,_,,- f,(A) = oo. (Observe that the monotonicity
implies f,(\) = oo, for every A > b). This assumption is motivated by the fact that expected
waiting as well as expected system time in every queueinggs®without rejection goes to in-
finity when the injection rate approaches the service rateirfmediate consequence of the pole
of these functions is that = co. Thus, we obtain the following corollary to Theorems 1, 2 and
7.

Corollary 9 For every familyFx_, of monotone queueing functiod® = 1, R = oo, and
R > m.
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Recall that the instances proving the unbounded coordinatitio R are constructed from
pure strategies only. However, the bad instances for thédria ratio R that we have seen until
now use mixed strategies. This motivates us to investigaether the randomness introduced
due to the choice of mixed strategies is the only source oftliedteria ratios. The following
theorem demonstrates that bicriteria ratios can also beipaase of pure strategies only.

Theorem 10 Let Fr_, be any family of monotone queueing functions. Suppose theses
b > y/msuchthatf, ((1— L) -b) < f; (2). Then the bicriteria worst-case coordination ratio
over pure strategies is at leagt.

The following lemma directly implies Theorem 10.

Lemma 11 Let Fr_, be a family of monotone queueing functions. Assume, we @en gi

servers with bandwidths = b, = b, = ... = by, < byyy1 < by = b, suchthatf,, € F_,, for
eachj = 1,2,... ,m + 2. Assume moreover, that there existssan 0, such that functiong;
and f; fulfill

(1)) on(d)

wherel' = Z and % — /2 > 1. Then, in this systend; > optr, whereC is the maximum value
over all Nash equilibria assuming only pure strategies. §ihis gives a lower bound on the
bicriteria coordination ratioR for pure strategiesiz > ;.

Proof. We define the following instance of the problem. Let the sexve2, ... , m be called
slow. We also have a fast server with, » = b, and an additional server with bandwidth,; =
%. Assume, that each slow server holds one small data stre&hnmmight%, and let the fast
server have one large data stream with weight =/2. The additional server does not hold any
data stream.

In the solution we have just defined, each slow server hagqaftet blowing the streams up

byT) fi (1), and the fast server has cofst(Z — <L'). Let

cost(g) = max (fl/r <%> » fosr (% - 5/2>> ,

and observe that by the definition of monotone queueing fomsf the value ofost(¢) is finite
even ife — 0, and obviouslyptr < cost(e).

Now, we will define a Nash equilibrium for our instance. We patmany small data streams
on the fast server as possible, to fill this server almosstbandwidth, that is. More precisely,
we assign to the fast server a total amoun{bf- --) b + ¢ of small streams. Observe, that
we have enough small streams to achieve this, since thairste= 2 > (1 L) 2 =
(1 - &) b (note, that if= is not small enough to achieve this, we can use a smaller gékie 0
having still assumption (3) an§: — ¢/2 > 1 of the theorem guaranteed by the monotonicity

of function f;). The large stream cannot now be assigned to the fast sérvesy(ld exceeded
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its bandwidth), and b)é% — ¢/2 > 1 the large stream cannot also be put on any slow server.
Therefore, the large data stream must be assigned to thiecexddiserver + 1.

We argue, that we have just defined a Nash equilibrium. Fiste of the small streams
would go from the fast server to a slow server, since by (3) aeely, ((1 — =)b+¢) <
f1 (5). Also, none of the small streams would go from the fast setwéine additional server,
since the remaining space on the additional servey?s and it can be made arbitrarily small
(in particular smaller than the size of a small streafy), Finally, the large stream cannot go
from the additional server to any slow server (sirﬁs& £/2 > 1), or to the fast server (since it
would exceed the capacity on the fast server). (Notice,ithafpossible that a small remaining
data stream, if any, can go from a slow server to the fast sel®at this is no harm for our
construction.)

The cost on the additional server in this Nash equilibriutfjsry (2= — ¢/2), and so by the
properties of monotone queueing functiolis. ¢ f3/(2r) (% — 5/2) = oo. This implies that
there exists am > 0, such thatC, i.e. the value of the Nash equilibrium, is arbitrarily laygand
in particular larger thamost(0). By monotonicity, we have thabst(0) > cost(e). Finally, we
obtain thaboptr < cost(e) < cost(0) < C. 0

Theorem 10 needs some explanation. For example, if we asthemeost function to be
M/M/1 waiting timethen the worst-case coordination ratio over pure stragegi@(n'/?). On
the other hand, fokM/M/1 system timéhe coordination ratio i§2(n!/2). In both cases, the total
injected load needed to construct an example that leadsetegécified coordination ratios is
very small. In Appendix we investigate this closer and shioat the2(n'/3) bound for M/M/1
waiting time is actually tight. More precisely, we can prabhe following result, whose quite
technical proof is shifted to Appendix A.

Theorem 12 Let us consider the integral allocation model and cost fiomcon a server being
the M/M/1 waiting time. The bicriteria coordination ratioitlv pure strategiesR, in this model
has value at mosD(m!/? log(m)), wherem is the number of servers.

Thus summarizing, even for pure strategies and under a $otallinjection rate the slowdown
due to the lack of coordination can be significant.

6.2 An alternative bicriteria measure

For the family of monotone queueing functions there is a@oifiteresting bicriteria measure. It
is a very natural question to ask by how much one has to dexthadandwidths of the servers
such that an optimal assignment under the decreased bahduwaat least as expensive as a Nash
equilibrium for the original system. Ldt,,,, denote the corresponding worst-case bicriteria ratio.

It turns out that for most functions from Queueing Theorg #ffect of changing the band-
widths is larger than the effect of changing the injectioteran fact, most of these functions
showsuper-linear scalingi.e., fy(A) < 1 - f,,(A/a), for every) € [0,b) anda > 1. Applying
this property, we can determine the bicriteria bandwidtforexactly.
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Theorem 13 For every familyFp of monotone queueing functions with super-linear scaling,
Ry, = m, wherem is the number of servers.

Let O PTr denote the (value of the) optimum solution in a system wharedtvidths of all
servers are slowed down by a factorlofWe first prove the following lemma.

Lemma 14 Fix an arbitrary monotone queueing functign= f,. Consider a server farm with
m identical servers with cost functioh Then for every > 0 andI’ < m there exists a Nash
equilibrium overe-small streams such that > O PTr.

Proof. Assume that we have: identical servers, each with bandwidth= b (j € [m]), and a
set ofn identical data streams, each having weighfpf= % (z € [n]), wheren is such that
% < ¢ andé € [0,b) will be specified later. Define the probabilitipjsas follows,p§ = -, for
eachi,j € [m]. These probabilities define a Nash equilibrium, since ale&kpected costs;
have the same value.

Let us fix a serverj. The probability that all the data streams are assignedrieisg is
Hipé = m~". In this case, the cost on servgrs f,(b — §), since we haven streams, each of
weight =2, and so their total weight i&2n = b — 4.

Therefore, with probabilityn—", the cost on a particular servgis at leastf,(b—§), and thus
alsomax; C; is at leastf,(b — §), for j € [m]. Additionally, these events corresponding to dif-
ferent servers are pairwise disjoint. Using these obsienvstwe can estimat€ = E [max; C|]
as

E [maXC]-] >m- fo(b—09)-m " = @ .
J m
We want to show that i < OPTr, thenT' > m. Assume towards a contradiction th@at<
OPTr andl’ < m. Then, we obtain

M < OPTr < fyr <H : E) = for <H> ;
nom m

m

where the last inequality follows by observing that the eadiO PTt is at most the value of a
solution in which we assigi (we can assume that is a positive integer) data streams to each
server, after slowing the server down by Then, by the last inequality and by continuity of
functionsf, and f,r, we have

() b6 b
2 e Sl (T ) = ()

By our assumption the RHS is finite, but the LHS is infinity b throperties of functiory.
Therefore, there exists a small enougjh> 0, such that% > for (L) > fur (2) (by
monotonicity). Contradiction. O

Proof. (of Theorem 13) Lemma 14 implieB > m. Therefore, we have to show that <
OPT,,. Assume, thak;, j € [m] are the bandwidths of the servers. llet= > . \;, and observe,
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that we can assumg < % Zj b;. Otherwise, there is a server, sayin O PT,, solution with
load strictly greater thamb;, soO PT,, = oo and we are done. By this assumption, we see that
>-; A < max; b;. Therefore, we can assign all the data streams (deterncilig) to the fastest
server, sayl, and letB = b; = max; b,.

Now, using linearity of expectation, we have the following

> G
J

We now argue, thamax; E[C;] < fg(A). Assume towards a contradiction, that there is a
server, sayjy, such thak [Cj,] > fg(A). Then, obviously, there is a data stream, gaywith

pl > 0. Also, ¢ = E [Cj,|z* = 1] > E[C},], which follows from the fact that the random
variable (Cj,|z> = 1) can not assume smaller values than the random var@jleSimilarly,
fe(A) > ¢l = E[Ci|a}, = 1], since the valug's(A) corresponds to the situation where all
probabilitieSp; = 1forall 7, andp{ = 1forallandj # 1 (recall,1 is the fastest server). Thus,
ply > 0 andc]) > ¢} , which is a contradiction with the Nash equilibrium progerTherefore,
we have

C=E [maxcj] <E
j

:ZE[C]} §m-m]aXE[C’j}.

C <m-maxE|[C;] <m- fg(A).
J

By the super-linear scaling we obtain
A
C<m-f5(A) < fam (—) |
m

Let us now consideP PT:r2¢, which is the cost of an optimum solution for the fractionaWl
model in the system, where the bandwidths of all serversagheaed by a factor ofi. We claim,
thatfg/m (£) < OPTZ<. To show this, we first argue that in the optimal fractionaliion, the
fastest server has largest load. Let us fix two servers, aitidtvidthd,, b, such thab, < b,, and
let z¢, x5 be the loads on this servers in the optimal fractional sokutlt is easy to observe, that
fo,(z1) = f,(x2), and by the super-linear scaling, we obtﬁip(,’j—jxl) < %fbl(xl) < fro(T2),
which by the monotonicity property implies that < x,.

Now, by a simple averaging argument, there is a server inplienal fractional solution with
load at Ieas%. Using the fact we have just shown, we see that the fastasrggrith bandwidth

B) must have load at leagt. This showsfg/n, (£) < OPTZrc. We can finish the proof by
observing the following

A
C < fB/m (E) < OPT;™ < OPT,,

where the last inequality is obvious. 0

We want to emphasize that Theorem 13 gives tight results,fergexpected waiting time or
system time in the queueing systems M/M/1, M/D/1, M/G/1, NiMr M/G/1. This follows by
the fact that one can show that the respective cost functibtieese queueing systems obey the
super-linear scaling.
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6.3 Queueing systems under heterogeneous traffic

Until now we implicitly assume homogeneous traffic, i.el,séfeams have the same (general)
session length distribution. However, several practitadli®s show that Internet traffic is far
away from being homogenous [2, 5, 22]. Assuming heterogenéaffic, one has to take into
account different session lengths distributions.

Let us investigate the consequences of heterogeneous traiifig a particular instance of a
cost function. Théollaczek-KhinchirfP-K) formula (see, e.g., [10]) describes expected waiting
time in M/G/1 queues. Observe that this is a very generabaésjueueing systems that allows
arbitrary service time distributions. We transform the Pekmula into a family of cost functions
describing the expected time on servers with bandwidtsing only two parameters that specify
the injected mix of streams into server, namely the expiectat, and variancé’” of the injected
load. Suppose every streanis characterized by two weights andV; (corresponding to the
expected load of streamnand the variance of this load, respectively). Then the P+Hilfaof
cost functions can be defined as follows:

T-l_ Wﬂfz‘
oo, ) = i

b(b— Z?:l Aizi)
The remarkable fact here is that both parameters, the eeghdohd and the variance, can be
aggregated independently in a simple linear fashion. T)dhée expected load injected into the
serverish = Y | \; z; and the variance of this load¥§ = )" | V; z;. For more details on the
derivation of this family of cost functions, see Appendix B.

Observe that if we assume = V; then we are back in the homogeneous model with identical
session length distribution and we obtain a monotone qugudenction with only one parameter,
A. Consequently? = co, R, = oo, andR > m for the P-K cost function family. In the fractional
flow model, however, we will come to different results. Rétlaht R* = 1 under homogeneous
traffic.

Theorem 15 The fractional coordination ratid* for the P-K cost function family is unbounded.
If the ratio between the fastest and slowest server is balibgies then the worst-case ratio is
R*=S8S.

We need some technical tools before we present the proof ebrEim 15. Recall, that
denotes the ratio of the largest server bandwidth to thelestaine.

The local exchange lemma. We introduce here some tools. Consider the following proble
We are givenn servers, each with two non-negative paramegerndg; (j € [m]). We are also
givenn data streams, each with two non-negative parameteasde; (i € [n]). We want to
solve (fractionally) the following linear program, whicheveall LP.

min Y7 > (vipg + €ig;) Ty (4)
st D¢ (vip; +eig)r; <1 Vje [m] (5)
Y mi =1 Vi € [n]
x5 >0 Vi, J.
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The value of variabler;; represents a fraction of data strearassigned to servei. We will
show first a very simple combinatorial algorithm to solvesthP. For simplicity, we assume that
e; > 0, foralli € [n]. (We note here, that the results can be extended to the casesyh= 0
for somei’s.)

Assume, that the servers are sorted such -’Lha} P; > ... > Pm We also sort the data
streamssuchthdt < 22 < ... < leti=1 ] = 1. Now, we perform the following greedy
assignment: if settlngw =1 does not violate constraint (5) thensgt=1and set « i+ 1,
otherwise set;; to the greatest value such that constraint (5) is still valid setj < j + 1.

Lemma 16 The described algorithm solves the LP optimally.

Proof. Assume towards a contradiction that there are two streaays, 8, such that” > i

and a fraction ot is aSS|gned to servgr and a fraction of’ is assigned to servegt, W|th j < j
Assume, thaﬂ > . Let the fraction ofi which is assigned to servgmey; = z;;. Then, the

space that thls fractlon occupies on seryeor in other words the contribution of this fraction
to the objective function of LP, is equal t9 = y;(v;p; + e;q;). Consequentlyy; = W}“’ﬁ

is the fraction of data streashthat can be reassigned from seryéto server; to fill the space

¢; (note, that ifz; j» < y, then we can just use a smaller, but still positive, fracypaf stream

i). Then,c; = yu(vep; + erq;) is the space left on servef, andc;: = y;(vip; + eiq;) is the
space that the fractiog of stream: would occupy if reassigned to servgr Thus, we reassign
fractiony; of stream: from server; to 5/, and we reassign fractiap of streami’ from server;’

to serverj. We claim thatc;; > ¢;7, which would mean that such a reassignment would reduce

the value of the objective, and thus would give a contragircit;, > ¢;: is equivalent to

Vi Pjr + e gy - vipj + €;q;
VP + €irq; vip; + €iq;

which rewrites into

ViViPiPjr + €iViDj1q; + €y ViPiqyr + €i€inqiqy > ViVp PPy + Vi Piqy + €nViPjiq; + €i€i q;q;r,
and we further obtain
€V Pj1q; T €y ViP;qj > €iViPjqy + € ViPji Q.
The last inequality can be written §s;q;, — p;/q;)(esv; — e;vi) > 0, which by our assumptions
thatz—:j > z— andf;—~]’_‘ > % is obviously true. 0

We now show how to use the tools we have just presented. Ganfid heterogeneous
model under the P-K cost function. Then, the optimum sotuiiothe fractional model can be
characterized by the following program.

min z
S Vial
Z;n:l 1’” =1 Vi€ |[n]
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This program can be equivalently rewritten into the follogiprogram, called P

min z
st Y, (Z‘;"g + 2—7> ) <1 VYje[m]
7 b
Z;-n:l Ty = 1 Vi € [n}

Observe, that it is fixed, then Pis a linear program that is very similar to linear program LP.
This similarity can be captured by defining=V; ande; = \;, fori € [n], andp; = 1/(2b3),

q; = 1/b;, for j € [m]. We can easily observe that, for any fixed value ofie can test feasibility
of the program Pusing the above greedy assignment algorithm. Finally,nti@shown that we
can use binary search ferto solve program P The order of the servers is given by decreasing
values 01& = L , which means by increasing values of bandwidthd he order of data streams

is given by mcreasmg values é!f K To be able to run the greedy assignment algorithm we
need to know the optimum value of However, we will show that already the knowledge of the
order of servers and streams is useful.

It can easily be noticed that in a fractional Nash equilibrjthe costs on each server must be
the same. Using this observation, we can characterize th&t\wase Nash fractional equilibrium
by the following program.

maxr z
S Viwg
st bj (bj—X_iy Mia])
Z;nzl T = 1 Vi € [n]

=z Vj€[m]

A similar line of arguments shows that in the worst-case Naglilibrium, if we keep the order
of the servers by increasing values of bandwidthghen the order of data streams is given by
decreasing values ¢f = AK Again, we will use this fact in the proofs below.

Proof. (of Theorem 15)An upper boundAssume, that the bandwidths of the servers are such
thatb, > by > ... > b,,. We are given a set of data streams with weights and variancés

i € [n]. We first consider a relaxation of the problem, by replaciagredata stream;, V;, by

two new data stream& V; and \;,0. We also delete from the new problem instance all data
streams of the form, 0.

The valueC of the worst-case Nash equilibrium for the relaxed problenolviously not
smaller thanC' for the original problem. Also, the valuept of the optimum solution for the
relaxed problem is not greater than for the original probl&rherefore, an upper bound on the
coordination ratioR* for the relaxed problem implies the same upper bound for tiginal
coordination ratio. From now on we work with the relaxed peoh.

DefineA =Y iem A V = Yieim Vir S = X jcpm bi» @NdG = 5 — A. We will show that

opt > ;= andC < bVG, which impliesR* < b, /b, =
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We use now the order of data streams indpesolution. (Note, that we can extend the local
exchange lemma for cases whese= 0 for some data streams.) This order implies, that there
exists g’ such thabpt maps all streams of the foriy, 0 to a subset of servefg’, j'+1,... ;m}.
Assume, that each servgr> j' is filled with A(j) amount of data streams weights, and therefore
server;j > j'is filled up to a “gap” of

g; = b — A(j) -
Furthermore, thept solution maps all streams of the fofinV; to the serverg1,2, ..., 5"}, for
somej”. Let V (j) denote the “amount of variance” received by server{1,... ,m}.

We first observe, that’ = m. Assume this is false, i.e. there is a semee {;"+1,... ,m}
with V(j;) = 0. Then, we can just move a fraction of some typ&; stream from a server
Jj2 € {1,2,...,j"} to serverj;. The cost on servei; was zero before, and after this operation
increases marginally. But then, we can also reassignityjgestreams more evenly on the servers
{1,2,...,7"} using the free space on serygr This decreases the cost of the solution, and thus
gives a contradiction with thept solution.

The cost on all serverdl, 2, ... ,m} must be identical, that is,

vy v _ _vy'-1y _V@) _Vve'+y o V(m)
(b1)2  (b2)? (bjr—1)? bjrgjr bjri1gjri bmGm
Consequently,
Vb gm
V(m) = =

j=1 (b;)* + Z;‘n:j’ bjg;
Therefore, the waiting time at server and, hence, the value opt is

V(m) V V V
= —

— > - - '

J=1

Analogously, we can use the reverse order of the streamg iwdinst-case Nash equilibrium,
and we can argue that the variances must be split on all thersdgjotherwise, the Nash property
would be violated). This, with an appropriate definition dbap” g; and;’ shows that the value
of Nash is

V |4 V

; m < ” - :
G105+ 225 (03 by, (Z;ﬂ i+ 2 bf) o

This completes the proof of the upper bound.

A lower bound. We show here a lower bound in Theorem 15, thakis> S. Assume, we
are given two servers withy = 1 andb, = S, and two data streams with = 0,1, = 1 and

A2 = S, V5 = 0. We can use now the local exchange lemma to showRhat S, but we will

show an analytical argument here.
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Let A(j) be the amount of streathassigned to server, j = 1,2, and letV () be the amount
of streaml assigned to server, j = 1, 2. We have that\(1) + A\(2) = SandV (1) + V(2) = 1.
We know that inopt and in the Nash solutions, the costs are the same on each. Seniglet us
write that

vl V@)

1—-X1)  S(S—A72)
Now, we have thah(2) = S — A(1) andV(2) = 1 — V(1). After plugging these values in the

condition above, we obtaii (1) = 55}~ Consider now function

1-A(1)
V(1) G+

FOA) == OO

It can be shown that has minimum when(1) — 1, equal tol /S, and swpt < 1/S (we use de
I'Hospital Rule to prove this fact). We can also easily shbat has maximum when(1) = 0,
which gives thaC > 1. Therefore, we obtain finally tha* = C/opt > S, which completes
the proof of Theorem 15. 0

In light of Theorem 15 we conclude that the optimality of tranal flow in Nash equilibrium
is a special property of homogeneous traffic on paralleldink

6.4 Servers with parallel channels and rejection

Until now we assumed that all requests are served, regardfésow long they have to wait for
service. In practice, however, Web servers can and havgdotnequests when they are over-
loaded. For simplicity, let us assume that a server rejecfaests whenever all service channels
are occupied and then these requests disappear from tlegrsyist this case, the fraction of re-
jected requests is completely independent of the serviee diistribution. In other words, there
is no difference between homogeneous and heterogeneffisuraler this service model. The
fraction of rejected requests is described byHnkang loss formulgsee, e.g., [8, 9]), giving the
following family of cost functions.

A

S A/
describing the fraction of rejected requests, where """ | \; z;. To simplify notation, let us
simply considerf, as a function ofA\. Then it is easy to check that the family of Erlang loss

functions is monotone. Thus, Theorem 1 immediately impiesfollowing on the fractional
coordination ratio.

folz, ... xy)

Corollary 17 For the familyFy_, of the Erlang loss cost functionB; = 1.

On the first glance, the family of Erlang loss functions makegnocent impression. Indeed,
these functions are continuous, convex, monotonicallseasing in\ andf;(\) < 1/b, for every
A > 0. Nevertheless, the following corollary shows that the gné coordination ratiaR (and
hence alsdim,_,, R,) for the Erlang loss family is unbounded.
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Corollary 18 For the familyFy._, of Erlang loss cost function = oo.

Intuitively, this phenomenon can be explained as followst us consider the family of
functionsF,. , with F,(z) = f,(bz), i.e., the Erlang loss functions in terms of relative loace W
observe, for every > 0,

-1
lim Fy(z) = max {0, ! }
b—ro0 x

Thus, the limit of these functions behaves in a very extrerag aroundr = 1, where the cost
increases by an unbounded factor. This behavior implies oo for the family of Erlang loss
cost functions, and so the corollary above is an immediatseguence of Theorem 2.

In contrast to the monotone queueing functions from Se@&ianthe poor bounds for coordi-
nation ratios for Erlang loss cost functions are not caugadhbounded cost in Nash equilibrium
but they are a consequence of the tiny, close to zero, optiostl Our next result gives the ab-
solute cost in Nash equilibrium in selfish routing.

Theorem 19 Consider a server farm aof: servers with bandwidthsl > ... > b, and cost

functions from the Erlang loss families. L}, Ai < Z]E[m | &% and letmax;er, A; < 3cxlogm

for anya > 0 with a logm > 2. Then, any Nash equilibrium has social cost at mastt! +
m -2 bm/4,

Proof. Suppose) ., Ai < > bi/6 €. Suppose the maximum weight over all streams is
W = b,,/(3 a logm), for some giver > 0 with a logm > 2. We have to show that for every
Nash equilibriunC < m~—*! 4 m . 27bm/4,

Forj € [m], let X; be the random variable describing the injected load on sgrv& simple
averaging argument shows the existence of a ser#efm| with

qu)\ g—".

This server has expected c&s$t’,| = E [ o, (Xq)] . Next, consider an arbitrary serverSuppose
there exists € [n] with p! > 0. Then the Nash equilibrium property givels< ¢! so that

E[C;] < E[Cjla] =1] = < ¢ = E[Cyfef =1] < E[f,(X, +W)]

1

If p! = 0, for everyi € [n], thenE[C;] = 0 < E [ fs,(Xy + W)] as well. Furthermore, observe
thatC; < 1 by the definition of the cost function. Hence, we can bounceitpected cost of any
serverj by

E[C;] < Pr[X %"} qu< +W>+Pr[Xq>b§}- _qu< +W)+Pr[Xq>%q}
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Let us estimate these two terms as follows. Observelthat b,,,/6 < b,/6. Consequently,

by [b4/2]
I, <%‘1+W> < fa, <b5q> < Slgq)(b/)iq! < <%> . M! < o7hlt < g/t
Yo () /K ”

Furthermore, usind:[X,] < b,/(6e) and the upper bound for the maximum weight over all
streams oV, we can apply the standard Hoeffding bound (see, e.g.,¢3jptain

Pr |:Xq > b3_q:| S 27bq/3W S m= ¢
becausé, > b,, andIW = b,,/(3 a log m). Hence, we can conclude

C=E [maxcj} < memax (E[C)]) < m o 4 m2 b/t
j€[m] j€m]

This completes the proof of Theorem 19. 0

In other words, Theorem 19 says that, if the total injected i at most a constant fraction of
the total bandwidth and every stream has not too large wgiggitis, streams a(é(loglm)-small,
then the fraction of rejected requests is at mast*! + m 2-*=/4, wherea denotes an arbitrary
constant. Under the same conditions, an optimal allocationld reject a fraction o ©(1)
packets. Taking into account that typical Web servers camaggveral hundred TCP connections
simultaneously, so that, can be assumed to be quite large, we conclude that the coalfishs
routing is very small in absolute terms even though the doattn ratio comparing these cost

with the optimal cost is unbounded.

7 Conclusions

Our results have important algorithmic consequences trttieachoice of the queueing discipline
should take into account the possible performance degoeddtie to selfish and uncoordinated
behavior of network users.

We have shown that the coordination ratio for closed queusystems is unbounded. The
same is true for server farms that reject requests in caseesfoad. However, there is a funda-
mental difference between these two kinds of queueingigsli@ecause of the infinity pole the
delay under selfish routing in closed queueing systems ismeial unbounded. In fact, we have
explicitely shown that selfish routing in closed queueingtegns can lead to an arbitrary large
delay even when the total injected load can potentially Ipeeskby a single server. In contrast,
the fraction of rejected requests under selfish routing eabdunded above by a function that is
exponentially small in the number of TCP connections thatlmmopened simultaneously.

We conclude that server farms that serve all requests, adbsgar how long requests have to
wait, cannot give any reasonable guarantee on the qualisgwice when selfish agents man-
age the traffic. However, if requests are allowed to be regethen it is possible to guarantee a
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high quality of service for every individual request streafius, the typical practice of reject-
ing requests in case of overload is a necessary conditiondore efficient service under game
theoretic measures.
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A Upper Bounds for Pure Strategies: Proof of Theorem 12

Let us first recall the formulation of Theorem 12. We presegibly its proof which is quite
technical.

Theorem Let us consider the integral allocation model and cost fiomcon a server being the
M/M/1 waiting time. The bicriteria coordination ratio withure strategiesR, in this model has
value at mosO (m!/?log(m)), wherem is the number of servers.

Proof. Recall, that the cost function on a server with bandwid(balled here the service rate)
being the M/M/1 waiting time is given by the formufa(\) = TiA)
Assume that, < ... < b,,, and letn be the number of data streams. Observe, that if the

maximum cost on the serversidor a solution given by variablesf, then we have

d
Z?:l )‘zmi

S <o Ve

Let us rescale the service rates of all servers so that théenmoax service rate i > 0. This
means, that we replace each original servicetraby (S/b,,,)b;. By the observation made above,
we have for any server.

Z?:l )‘zxf
bj(bj — iy i)

whereS’ = S/b,,. Thus, rescaling results in changing the objective valamft into z/S’, and
in replacing each; by S'\;. We will work with such a rescaled instance of the problend &n
particular);, b; will denote the new rescaled values of the data stream weayid service rates.
We will usez;; to denotez{f in what follows.

Let us fix the value of paramet& = 3v/Slog(S + 1), where a constant > 0 will be
specified later. Recall, thaptr means the optimum solution in a system, where we blow the
weights); up byI'. Now, fix anyoptr solution, i.e. the value of this solutionagtr. (If there is
no feasible solution for the problem where we blow ts up, then we are done.) Defireto
be a parameter such thaitr = is

We classify now the servers as follows. All servers with sevateb; < 1 belong to group
(set)Gy, and all servers with service rabg s.t.2""1 < b; < 2* define groupGy, for k € [K].
Clearly, K = O(log(S)). All the data streams assigned by #gr solution to servers in group
Gy, define a group of data strearfiy, £ € [K]|. We can easily see that for each data stream
1e€Ty, N < %

Let us now fix any Nash equilibrium, say € {0,1}"*™. Letk € {0} U [K], and define
T7 = {i: zj; = 1}, i.e. the set of all data streams assigned by the Nash soltiserverj, and
Tk)=ToUTiU...UTy. ThenS(k) = {j : T" N T(k) # 0} is the set of all servers having
at least one data stream from §&t:). We will denote byw} the cost on servef in the Nash
solution, i.eawj = fy, (> ;cqs Ai)- We also abbreviatg, (-) to f;(-). A direct application of the
Lagrange Mean Value Theorem gives the following.

Z?:l Sl}‘il’{

<z, equivalentto — :
S'b;(S'b; — 3251, S'Nixi)

<z/S,
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Lemma 20 Letb; > 0, andz,y € (0,b;) with z < y. Then there exists a numbere (z,y)
such thatf;(y) = fi(z) + fi(p) - (y — z).

Claim 21 Let f(z) = 55y andzo € (0,b) be such thaif(z,) < %, wherek < log(S + 1)
and2"~' <b. Thenf'(p) < 4, foranyp € [zo, 2o + %k}, whereu = (v/3 + 1)? ~ 7.464.

. . . . k . .
Proof. By a simple expression manipulation, we can see flag) < % implies

Bk
2o < =
Bkb+T

Observe, thaf'(z) = ﬁ Thus, we have to show that for apye [zq, 2o + %k}, we have

ﬁ < £. This is equivalent to showing that< b — \/g

Since the derivativg'(-) is non-decreasing, it is enough to prove that- % <b-— \/E

Bkb?

And sincez, < BROT

it suffices to prove that

2 k
Bkb 2 _, b

Bkb+T | T = o

Multiplying both sides of this inequality by (5kb + T'), we get

BT + Bkb2F + 2T < BEb’T + bI'% — ﬁkbr\ﬁ — r2\ﬁ.
Iz Iz

This inequality is equivalent to

BEb2F + 2FT + ﬂka\/E + r2\ﬁ < bI2,
Iz p

which by applyingl' = 3+v/Slog(S + 1), rewrites into

BEb2* + 525/ Slog(S + 1) + ,82k:b\/§\/§log(5 +1) + 525\/5105;2(5 +1)
< B%bSlog*(S + 1).

Now, we factor out3 from both sides, and use the facts that log(S + 1) and2* < 2bto
upper-bound the left-hand-side of the last inequality taobthe following

b
log(S + 1)b - 2b + 2bv/Slog(S + 1) + Slog(S + 1)b\/§\/jlog(5 +1)+
0
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+Bs\ﬁlog2(s +1) < BbSlog?(S + 1).
1!

So if we are able to prove the last inequality, then the claidd$ias well. Now, we uskeg(S +
1) < log?(S+1) andv/b < b (recall, that > 1) to further upper-bound the left-hand-side of the
last inequality to obtain

b
log®(S + 1)b - 2b + 2b0v/S log*(S + 1) 4+ Blog?(S + 1)b\/§\/j+
il

b
+5S——1log?(S + 1) < BbSlog?(S + 1).
i ( ) ( )

We factor outh andlog(S + 1) from both sides, and we have

b 1
2+ 2v/'S + 6\/§\F+ BS— < BS.
I VI
We upper-bound the left-hand-side by applying S, which gives

9
28 + 2v/S + ——_3S < jS.
+\F+\/ﬁﬁ_ﬂ

Now applyingy/S < S to upper-bound the LHS, and factorisgout implies

2
NG
which is equivalent t@ > % = 4\\//%14 ~ 14.9283. This is true, since we will choosgsuch
that > 15. 0

We distinguish two cases in the proof, depending on the \aflue
The case oln > 2. We show the following main fact in this case.

Lemma 22 There is an absolute fixed constght- 15, such that for any: € {0} U[K], and for
any serverj € S(k), we havew) < @.

Proof. The proof is by induction os.
Induction Base We show the statement fér= 0. Assume towards a contradiction that there is
a server; € S(0) with w} > % There must be at least one data stream;sayT,, present on
serverj;. By the definition of groudyp, A\;, < ”TO whereby, = 1 is the maximum service rate of
any server in groujéro.

One of the ideas for the rest of the proof is to show that alhdateams in grouf, can be
“assigned” to the servers i@, U - - - U G, without occupying too much space, such that we
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could assign also the rest of the streams. In this way we csindlly delete all the small servers
in the groupG,. The details follow.
Lets' = B —9 > 1. We first define a “bin” for each servére G, U- - - UGk, by just saying
that such a bin has size (capacity)uch that:
c; Ioa
file;) = - g  __=
T bi(bj—¢) T

Notice, that%' < optr. Then, a simple calculation shows that

B2

9T B+ T ©)

Claim 23 There is a fixed constant > 1, such that3’ > 2¢, and: (i) ZieTIU---UTK A <
2ic icciu-uay G (i) Yier, Mi < 2ic ZjeGlu___UGK ¢;. The claim holds under the following

assumptionse = 2,3 = 15, S = 4m?/3.

Proof. Part (i). Consider the set, sdy, of all streams, placed byptr on serverj € G, U
-+ U Gk. Obviously,Y . .+ A < %7 We will show that% < £. By (6), the last inequality is
equivalent to

QC,BIb]‘

r> .
,Blbj — 2c

(7)

. 20[8’[); o 2¢f! . . . . . .
Notice, thatﬁ,br;C = B (o Therefore, the right-hand-side in (7) is maximized wieis

minimum, which ish; = 1. Recall, thaf" = 8+/Slog(S + 1). So the minimum value df is
whensS = 1, and ther” = . Thus, (7) holds if the following holds

2¢f’
B —2¢

6>

Recall, that als@@’ = g — 9. It is easy to check that if = 2, then the last inequality holds
provided that3 > 15. Summing over all the streamsT U - - - U T, we obtain the claim.

Part (i) . We know that for each servgre G| its speed; is at mostl. By the definition ofoptr
we know that the sum of the sizes of all data streams assignegtp solution to servey is at
most%. Thus,> ;e Ai < @ < . Recall, thatn is the number of all servers. The inequality
claimed in Partii) would definitely hold if we can show thgt < 2icc5, wherecg is the bin size
for the fastest server with speéd By (6), the last inequality is equivalent to

m__ ps
I = 2(BS+T)

which, usingl’ = $v/Slog(S + 1), can be rewritten as

2¢6'v/Sm + 2¢f1log(S + 1)m < 8S?log(S + 1),
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and, after plugging’ = 5 — 9 andc = 2 (from the proof of Pari)), as
4(8 — 9)VSm + 481og(S + 1)m < BS?log(S + 1).

It is now easy to observe th&t must be asymptotically at lea€(m?/?). In fact it suffices to
takeS = 4m?/?, andj = 15. This proves the second part. O

From now on we assume, following Claim 23, that 2, 3 = 15, andS = 4m?/®. By Claim
23,> iemyueure Ni < % ZjGGIU__UGK ¢j, with ¢ = 2. Therefore, by a simple counting argument,
there is a server, say € G, U --- U G, in the Nash solution, with load at mo§&j2. This
implies thatw}, < ‘%’. Let us now assign streain to serverj,. Then, the new waiting time on

serverj, is at most:
1 1 1
fj2 5 j2 + )‘i1 S fj2 5012 + f :

Using Lemma 20 withx = $¢;, andy = ic;, + £, we have that there is@e (z,y) such that:

1 1 T
j 5Cjp T )\il = Ji2 | 5%j2 + . :
B (g 0) =5 (30 + g

By the fact that functiory,, (-) is increasing, we have:

1 1
sz <§ J2 + An) < sz(cjz) + IF 1

(bjy — 3¢5 — 7)%

By (6), we easily see tha} < b;, for each servey. This allows us to write:

1
T

15 <
(%bjz %)2

sz (%Cjz + )‘i1> < sz(cjz) + = sz(cjz) +

(bjz - %

The last inequality follows from the fact that, > 1, since server was in a group, for some
p=>1

By the definition of;, w, = f;,(c;,) < &. This gives:

1 B’ F
=i + N SR A—
f]2 <26]2+ 1) < r + (%_%)2
We now show tha{lf—l)2 < 9. This inequality is equivalent to25)* < 9, which holds iff
2 T

2L < 3, or equivalentlyl’ > 6. This is of course true, sind@= $v/Slog(S + 1) > 3 > 15.

Having — < 9, and knowing tha’ = 8 — 9, we obtain from (8) that:

(z-1)°
1 p
Jiz <§ jz +)\z’1> <r
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At the beginning of the induction base proof we have assuimeat > ‘Fi. We have just proved
that moving streamy, from serverj; to j, gives waiting time of value strictly less th%} This
contradicts the definition of the Nash equilibrium.
Induction StepWe assume that the claim holds for 1 (¢ > 1), and we will show that it also
holds fork. Assume towards a contradiction that there is a sejver S(k) with w?, > 2E.
By the definition ofS(k), serverj; has a data stream, say s.t.i; € T'(k) = Ty U T1 U Tk.

By the definition of setTp’s and of theoptr solution, the total sum of the weighxss of all
the streams frofi’ = T, U - - - U T assigned (in the Nash solution) to server&inu - - - U G
is at most% > jnea,u-uay b+ This, by an averaging argument implies that there is a s,esray
J2 € G U---UGk, with Ioad w.r.t. the streams ifi’ at most;b;,. Formally, if 77> = {i : ;, =
1} is the set of all streams assigned to sewethenzlemw, Ai < Lbj,.

If there is a stream from s@t(k — 1) assigned to serves, then by the induction assumption
fork —1,w}, <% 5% "and we are done. If only streams from $&tare present on servey, then
its load iy, gis Ai = D ieqiarp Ai < £bj,, and thus

Y NE I p—
wjz— J2 F]Z 7b]2(b _lb )
Therefore, we have
ﬁk lbé
w]2 < max ( T m . (9)
T V72
We now upper-bound the second expression imthe formula above:
bj,/T 1 1 1 B Bk

< < - < —.
bialbys — b /T)  bp(D—1) S 25T 1) T -1 T T

The estimates above are based respectively on the follofaictg: b;, > 2! (sincej, €
GyU---UGg), k> 1,T = Bv/Slog(S+1) > 8 = 15 > 2. Thus, by (9) we have that
’LUN < ,Bk
J2 —
Let uS Nnow put streamy on serverj, (obviously,j; # j».). Sincei; € T(k), \;, < %. The
waiting time of serverj, after putting streany; on it is at most (let:;, be the load on servgﬁ

before putting stream):

k

=)

w;, = sz('rjz + )‘11) < sz(‘rjz + T

(note, thatf;,(-) is an increasing function). By Lemma 20, thergis (z;,, z;, + %k) so that
k
T

w]Q ~ f]2($]2) + ' f]’Q(p>

Observe, thaf;, (z;,) = w! < 2. Now, we invoke Claim 21 withf = f;,, b = bj,, 7o = xj,,

sincef(xzg) < %’“ andb;, > 2k~ ! (by the fact thatj, € G, U --- U Gg), we have by Claim 21
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that f;,(p) < bi Putting all the pieces together implies

2k 2 pu Bk 2F
w, < fin(w) + = fi(p) Swf,+ == S+ =
SR W POT b, - T T by
Usingb;, > 27!, we obtain from the last inequality
Bk 28 pu Bk+2u  Bk+1)
e R 7= e
(k+1

The last inequality follows by observing thgt < 3. Thusw;, < B after putting a stream

from serverj; to serverj,. But the waiting time on servey is at Ieastw (k“ , Whichis a
contradiction with the Nash property. This finishes the pafdhe mductlon step 0

By Lemma 22,u! < BE+1) K“ for each serverj € S(K). If there is a server, say,
that has no streams aSS|gned in the Nash solution, then e$eayj = 0. Observe, that
S(K ) is the set of all servers that have at least one stream askighigerefore, we see that

wt < B for each servey. This means that < 25 and byl = 8v/Slog(S + 1),

We haveC < \/_Ki“ Recall, tha2® < S, and soK g log(S). Therefore, we have
Slog(S+1) "
log(S)+1 2 a : _ 2/3 ;
C < VS log(S41) < 5 < 75 = optr. SinceS = 4m??, we finally getC < optr, where

I' = O(m'/?log(m)), which proves Theorem 12 when> 2.

The case ofa < 2. The proof in this case has to take into account the factdhzdn now be
arbitrarily small, and this may cause problems, since wetwanpper-bound” by optr
Similarly to the case of > 2, we show the following fact in this case. The proof of thlsﬂ&as
similar main steps to those in the proof of Lemma 22, but thaitseare quite different.

Lemma 24 There is an absolute fixed constaht 15, such that for any € {0} U [K], and for
any serverj € S(k), we havew! < ®6%+,

Proof. The proof is by induction os.
Induction Base We show first the statement fér= 0. Assume towards a contradiction that
there is a servef; € S(0) with w;\-'l > %. There must be at least one data stream,isay Ty,
present on servej . By the definition of groufy, streami; is placed byoptr on a server from

. T\ a . .
groupGy with speed,, say. Thusm < optr = 7=, which gives

L'\ Q ab?
— " < — isequivalentto )\, < ——2%——. 10
bolbs —The) — 5 = = aboT + v/ST (10)
Sinceby < 1, we obtain thaf;, < —2

al'++/ST
Letp' = 5 —9 > 1. We define a “bin” for each servere G; U - -- U Gk, by saying that

such a bin has capacity such that:

B c; _aff
file) = m =T
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A simple calculation shows that

ozﬂ'b?
Rt 11
C] aﬁ,b] + F ( )
Claim 25 There is a fixed constamt > 1, such that3’ > 2¢, and: (i) ZieTIU---UTK A <

25 icaiumuag G (D) Yiem Ai < 50 X eau-uay G+ The claim holds under the assumptions:

c_2 .8 =15,andS = 4m?/3.

Proof. Part(i). Consider the set, s&y, of all streams, placed kyptr on serverj € Gy U --- U

. . . b2
Gk. LetAg =Y, cr A, thenﬁ < 5. This, by (10), implies\, < P avenE

We will show that——=—— < Z. By (11), the last inequality is equivalent to

2
br+fr

1 B
< .
ab;T ++/ST ~ 2¢(af'b; +T)

This inequality is equivalent to

(12)

2caf'b; + 2¢T" < af'b;T + B'V/ST.

Since’ =5 -9 > 6,c=2andS > 1, itis easy to see thatl' < 3'v/ST. Thus, to prove the

last inequality, it suffices to show tha¢a3'b; < af'b;I", which rewrites t&2c < I'. Sinceb > 1,

I = 3v/Slog(S+1) > 3 > 15 andc = 2, the inequality2c < T surely holds. This proves (12).

Summing over all the streamsTj U - - - U T we obtain par(i) of the claim.

Part (ii). Assume, that\; is the sum the sizes of all streams assignedgsy solution to server

j. By (10), we can estimat&; asA; < o ber Sincej € Gy, b; < 1,and so\; < F+fr
Thus,} e, Ai < |Gol 722751 < mor - Recall, thatn is the number of all servers. The

inequality claimed in Paiii) would definitely hold ifm +\/§F < 2Cc5, wherecg is the bin size
for the fastest server with speéd By (11), the last mequahty is equivalent to

m - ['S5?
all' + /ST 2c(aB'S+T)’

which, usingl’ = $v/Slog(S + 1), can be rewritten as

2caB'Sm + 2¢6v/Slog(S + 1)m < aBB'vVSS?log(S + 1) + BB'S%log(S + 1),
We prove this inequality by comparing the LHS and RHS terraewiComparing first terms gives
2caf'Sm < aff'VSS%log(S + 1),

which rewrites into
2em < $5%?1og(S +1).
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The last inequality holds i6 = 4m?/3 andc = 2, since > 15. Now, we compare the second
terms of the LHS and RHS, which leads to

2¢8vV/S1og(S + 1)m < B'S%log(S + 1),

and it is equivalent to

2em < B'S°/2,
The last inequality obviously holds wheh= 4m?3, ¢ = 2, andp’ = 8 — 9 > 6. This proves
the second part of the claim. 0

From now on we assume, following Claim 25, that 2, 3 = 15, andS = 4m?/?. By Claim
25, iemyuure Ni < %Zjealu---uc,{ ¢;, with ¢ = 2. Thus, by a counting argument, there is a

server, say, € G1U- - -UG, inthe Nash solution, with load at majt;,. This givesw], < ”Tﬁ'.
We assign stream to serverj,. The new waiting time on serves is at most:

1 1 o
j2 _C'2+)‘i1 < o | 3C: T == | -
& <2 ’ ) Ji (2 ’ aF+\/§r>

Using Lemma 20 with: = J¢;, andy = 1¢;, +
that:

750 We have that there isac (z,y) such

i (om0 ) = £ (5o ) + o :
. —C; Z ) a .
2 \ 9"z ! i \ g al + /ST (bj, — 3¢5, — aI‘+\/§F>2

Functionf;,(-) is non-decreasing, therefore:

o 1
ol + /ST (bj, — 3¢ — 75:%0)"

By (11), we see that; < b;, for each servey. This allows to write:

1
sz (5072 + /\21> < fj2 (Cj2> +

1 o 1
.2 _C.2 + AZl) < .2 C.2 + . =
f] <2 J f] ( J ) al + \/EF (bjz o %bjz _ m)Q

o 1 <7 ( )+ o 1
. < 42 C.2 . P .
ol + VST (3bj, — 52w — "7 ol +VST (53— o5 )?

The last inequality follows from;, > 1, since servey, was from a groug, for somep > 1.
By the definition ofc;, w, = f;,(c;,) < %2, which gives:

= fj2(cj2) +

1 af’ o 1
f]‘ (-C]‘ + /\z > < — + T > . (13)
2\ 9772 1 r QF+\/§F (5 — aI‘+\/§1")2
a 1 ga - - - - - 1
We now show that oyl (%7“&@)2 < . This inequality is equwalent to—7 -
S S i if__ 1 1
e < 9, which would hold |f(2 awfr) <9, or equwalently3 <3 r+fr The

last inequality rewrites intéa < al'++/ST, which is true, sinc& = 5\/_10g(5+1) > (3 > 15.
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Applying %= - o L— < %2, andg’ = 3 — 9, we obtain from (13):

1 af
ij <§Cj2 + )\11> < ?

At the beginning of the induction base proof we have assurhatht] > % We have just
showed that moving data streamfrom serverj; to serverj, gives waiting time on that server
of value strictly less thaﬁrﬁ. This contradicts the definition of the Nash equilibriumgdahus
proves the induction base.
Induction StepWe assume that the claim holds for- 1 (¢ > 1), and we will show that it also
holds fork. Assume towards a contradiction that there is a sejver S(k) with wj, > w.
By the definition ofS(k), serverj; has a stream, say, s.t.i; € T(k) = To UT) U...UTy.

Let us fix any servej € G' = G, U --- UGk and letj € G, for somep € {k,... ,K}.
By the definition off}, and theoptr solution, the total sum, say;, of the sizes of all the streams

(they all are front,) assigned byptr to server; fulfills LJM) < % By (10), this implies
abZ 7
Tj < abjr+\/§r'
This, by a simple averaging argument implies that there Brees, sayj, € Gy U --- U Gk,

with load w.r.t. the streams i’ = T, U- - -UTx at most——22—. (Otherwise, the sum over the

bnr \/_1“
sizes of all streams it would be strictly greater thah
above is false.) Formally, i’z = {i :

ozb2

thend Jie sy Ai < 5375t
If there is a stream from s@t(k — 1) assigned to serves, then by the induction assumption
for k£ — 1, the waiting timewj, on serverj, is at most"—ﬁ’“ and we are done. If only streams from

ab
e m, which by the argument

zi;, = 1} is the set of all streams assigned to seryer

setT" are present on servgy, then its load is at most, ., \i = D icqiaqp Ai < m
and thus .
9 abjz
b < g [ ) o T
T ab;,T' + /ST b, (b;, — abj, )
J23°92 b, T++/ST
Therefore, we have
2
. abj, _ 1 _ o . 1 _
J2 — ) ab? . o ab;
ab,T + /ST 4. (b — ) ab, T ++vST (1 )
o B o P aBkyV'S _afk

ab;, T ++v/ST —ab;, ab,(I —1)++/SC ~ /ST — /Sr T~
The last two inequalities in the estimate above follow byswbsg thatob;, (I'—1) > 0, 5 > 15,
k >1andy/S > 1. Thus, we finally have that!, < 26,
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Let us now put streany on serverj, (obviously,j; # j».). Sincei; € T(k), streami,
was assigned byptr to a server, say, such thatj € Gy U - - - U G. Similarly to the previous
1—‘)\,‘ a ab?
arguments, we have th ! bijIAil) < 5 and by A0)\;, < m | |
Let z,, be the load on servek, before putting streany on it, then by the considerations
above, we have

< ozb?2 (14)
Tjy < ———+—.
= ab;,T + /8T
The waiting time of servey, after putting streani on it is at most:
= Fale M) < fi [+ 2
Wi, = Jju\Tj i1) > Jja | Tha T Ao
72 A ! ! Oéb]‘F + \/§F
(note, thatf;,(-) is a non-decreasing function). By Lemma 20, there ¢ (z;,, z;, + %)
so that '
< lon) (0 (15)
RS ) ARV A P
Observe, that
afk
Fin(@32) = wj, < == (16)
We will now prove that
Ozb2 aﬂ
J____ ! < = 17
ab,I" ++/ST filP) < 5 a7

Since the derivative, (-) is non-decreasing (recall, théf,(-) is a convex function), it suffices
to prove the following

b2 b2
ey — <9
ab;T" + /ST ab,I" ++/ST r
and using (14), it is enough to prove that

ab? , ab? ozb? af
- fi 2 + < —.
ab,L ++/ST "?\ab, 0 +vST  ap,T+/ST )]~ T

We now factor-outy, ', and divide both sides hy to get

2 2 2
bj ozij abj

. f! + <1,
B(ab; +V/'S) i <ab12r+\/§r abjr+\/§r> -
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which can also be rewritten into

b? ab? ab? B
J < f/ J2 + J .
Blab; +VS) — [” <abj2r+\/§r abjr+\/§r>]

Sincef;,(y) = m the inequality above is equivalent to

b; ab? ab?
— 1 <b, 22 + ! ,
Blab; +VS) — ab;,I' + /ST ab;T" + /ST

orto
bj ab?z Otb?

+ + < bj,.
B(ab; +v/3) @bl + VST abT +/ST 7

Sincej € GoU -+ UGy, b; < 2%, and alsdh;, > 2¥°!, we haveb; < 2b;,. Observe, that
if we increaseb; in the first and third term in the LHS of the last inequalitye thalue of LHS
increases. Therefore, it is enough to prove that

2b; ab; 4ab?
2 + J2 + J2 S bjz.
\/ B(2aby, +v/S) bpl'+ VST~ 2ab;,T ++/ST

We now factom;, out from both sides to obtain

2 I Ozbj2 I 4ab]-2 <1
\/ﬁ(m% +V5)  @bpl+ VST 2ab;,T++/ST —

Replacing2ab,, by 0 in the first term, and replacing by 2 (recall, thain < 2) in the second and
third terms again increases the LHS, and we have

2, 2 L 8 <1
5vS  2bpl+ VST 4b;,T ++/ST —

We increase further the LHS by replacibg with S (recall, that;, < S) in the second and the
third terms, which gives

2 N 28 N 89 <1
53 28T + /ST 4ST ++/ST —

Finally, sinceS > 1, we havel' = 5+/Slog(S + 1) > 8v/S, we replacd’ to get

2, 28 . 89
55 BVSES+VS)  BVSHUS+VS

<1,
)
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which is equivalent to
2 2 8
+ +
5V5 B(2VS+1) B4VS+1

I

<1
)

and by usings > 1, it finally suffices to show that
2 2 8
73 + 35 + 55 <1
This final inequality can easily be checked to hold wigen 15. This proves (17).
Putting (15), (16) and (17) together implies

1
w; < M
2 r

Thuswj, < BELY) after putting a stream from servgr to serverj,. But the waiting time on

T
servery, is at leastwj, > 5(’}“), which is a contradiction with the Nash property. This fish

the proof of the induction step. 0

' < ) for each servej € S(K). If there is a server, say

j, that has no streams assigned in the Nash solution,fies 0. Observe, thaf(K) is the
set of all servers that have at least one stream assigneds, Weusee thatj < w for
each servel. This means thaf' < @, and byl' = 3+v/Slog(S + 1) (in fact we can

use a slightly greateF, namelyl' = 23+/Slog(S + 1), since this can only increasetr),

Now, by Lemma 24w} < aﬁ(#

a(K+1) K
we haveC < 3V 0g(S4T " Recall, that2® < S, and soK < log(S). Therefore, we have
C < 2losS)+) - 20 _ o _ opt. SinceS = 4m?/3, we finally getC < optr, where

— 2v/Slog(5+1) 2v/S — VS
I' = O(m!'/?log(m)), which proves Theorem 12 when < 2. This completes the proof of
Theorem 12. O

B Derivation of the P-K cost function family

Consider a single M/G/1 queue. Letdenote the injection rate, i.e., the expected number of
customers per time unit (= expected number of requests perdnit). Letb denote the service
rate (= number of processed data units per time unit.) Fixstheice time (= session length)
distribution. LetS denote a random variable describing the service time foredfoustomer

(= requested data units per request = session length). Tieendll-known Pollaczek-Khinchin
equation states

A(E[S]? + Var [S])
20(b — rE[S])
whereW is the expected waiting time in this queue (= server) in stesdte. In the following,

we rewrite this formula using a different notation that vathable us to aggregate streams in a
simple, linear fashion.

W =
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Let X denote a random variable describing the number of injectéts of load in any fixed
time interval of length one. We define

A = E[X] = rE[S]
V. = Var[X] = r(E[S]® + Var[S]) .

In words,\ denotes the expectation of the injected load (= requestiadLahéts) per time unit and
V' the variance of this load. Using this non-standard notatinobtain

~ Var [X]
~2b(b— E[X])

Next we describe how streams can be aggregated under thisuoasion. For every stream
i € [n],

e let )\; denote the expected load injected per time unit, and
e letV; denote the variance of the same random variable.

Furthermore letr; denote the fraction of streainthat is directed to the considered server. For
example, imagine that every single request is directeddatimsidered server with probability
z;. As requests are Poisson, the stream obtained by aggrggdtistreams in this way has
expected loach = }_, ., A and variancé” = > ..., V;. Thus, the expected waiting time on
the expected server is

i€[n
2b(b — > icim Vi)

For simplicity in notation, we drop the factgrand define that the cost of the considered server
under the allocation, . .. , z, iIS2W.

W:

41



o

INFORMATIK

Below you find a list of the most recent technical reports & Max-Planck-Institut fur Informatik. They are
available by anonymous ftp froft p. npi - sb. npg. de under the directorpub/ paper s/ reports. Most
of the reports are also accessible via WWW using the WRLp: / / ww. npi - sb. npg. de. If you have any
guestions concerning ftp or WWW access, please conigor t s@rpi - sb. npg. de. Paper copies (which are
not necessarily free of charge) can be ordered either bylaeguail or by e-mail at the address below.

Max-Planck-Institut fur Informatik
Library

attn. Anja Becker
Stuhlsatzenhausweg 85

66123 Saarbriicken

GERMANY

e-mail:l i brary@mi - sb. npg. de

MPI-1-2003-NWG2-002
MPI-1-2003-NWG2-001

F. Eisenbrand Fast integer prograngnm fixed dimension

hGnd Treewidth

MPI-1-2003-4-002

MPI-1-2003-4-001

MPI-1-2003-4-003

MPI-1-2003-2-002

MPI-1-2003-2-001

MPI-1-2003-1-011

MPI-1-2003-1-010

MPI-1-2003-1-009
MPI-1-2003-1-008
MPI-1-2003-1-007

MPI-1-2003-1-006
MPI-1-2003-1-005
MPI-1-2003-1-004

MPI-1-2003-1-003
MPI-1-2003-1-002

MPI-1-2003-1-001
MPI-1-2002-4-002

MPI-1-2002-4-001

MPI-1-2002-2-008
MPI-1-2002-2-007

L.S. Chandran, C.R. Subramanian
C. Theobalt, M. Li, M. Magnor, H. Seidel

M. Tarini, H.P.A. Lensch, M. Goesele,
H. Seidel

I. Ivrissimtzis, W. Jeong, H. Seidel
M. Jaeger

P. Maier

P. Krysta, A. Czumaj, B. Voecking
H. Tamaki

B. Csaba
P. Sanders
H. Tamaki

H. Tamaki, M. Dietzfelbinger
M. Dietzfelbinger, P. Woelfel
E. Althaus, T. Polzin, S.V. Daneshmand

R. Beier, B. Vcking
P. Krysta, P. Sanders, B. Vcking

P. Sanders, R. Dementiev

F. Drago, W. Martens, K. Myszkowski,
H. Seidel

M. Goesele, J. Kautz, J. Lang,
H.P.A. Lensch, H. Seidel

W. Charatonik, J. Talbot
W. Charatonik, H. Ganzinger

Aekible and Versatile Studio for Synchronized Multi-view
Video Recording

3D Acquisition of Mirroring Objects

Neluvleshes: Statistical Learning Methods in Surface
Reconstruction

A Representation Theorem angliégtions to Measure
Selection and Noninformative Priors

Compositional Circular Assume-Guarantee Rules Cannot Be
Sound And Complete

Selfidlaffic Allocation for Server Farms

A linear time heuristic for theabch-decomposition of planar
graphs

On the Bollobéas — Eldridge conjecture for bipartite graphs
Soon to be published

Alternating cycles contritorti a strategy of tour-merging for
the traveling salesman problem

On the proilty of Rendezvous in Graph
Almost Réom Graphs with Simple Hash Functions

ptaving Linear Programming Approaches for the Steiner Tree
Problem

Random Knapsack in &sged Polynomial Time

Schedpéind Traffic Allocation for Tasks with Bounded
Splittability

AsynchronoualleaDisk Sorting

Perceptual Evaluation of Tone Mapping Operators with Reégar
to Similarity and Preference

Tutorial Notes ACM SM 02 A Framework for the Acquisition,
Processing and Interactive Display of High Quality 3D Madel

Atomic Set Coastts with Projection

SymposiunttenEffectiveness of Logic in Computer Science
in Honour of Moshe Vardi



MPI-1-2002-1-008

MPI-1-2002-1-005

MPI-1-2002-1-004
MPI-1-2002-1-003

MPI-1-2002-1-002
MPI-1-2002-1-001
MPI-1-2001-4-005

MPI-1-2001-4-004
MPI-1-2001-4-003

MPI-1-2001-4-002

MPI-1-2001-4-001

MPI-1-2001-2-006

MPI-1-2001-2-005

MPI-1-2001-2-004

MPI-1-2001-2-003

MPI-1-2001-2-002
MPI-1-2001-2-001

MPI-1-2001-1-007

MPI-1-2001-1-006
MPI-1-2001-1-005
MPI-1-2001-1-004

MPI-1-2001-1-003
MPI-1-2001-1-002

MPI-1-2001-1-001
MPI-1-2000-4-003
MPI-1-2000-4-002

MPI-1-2000-4-001
MPI-1-2000-2-001
MPI-1-2000-1-005

MPI-1-2000-1-004

MPI-1-2000-1-003

MPI-1-2000-1-002
MPI-1-2000-1-001

P. Sanders, J.L. Trff
M. Hoefer

S. Hert, T. Polzin, L. Kettner, G. Schfer
I. Katriel, P. Sanders, J.L. Trff

F. Grandoni
T. Polzin, S. Vahdati
H.P.A. Lensch, M. Goesele, H. Seidel

S.W. Choi, H. Seidel

K. Daubert, W. Heidrich, J. Kautz,
J. Dischler, H. Seidel

H.P.A. Lensch, J. Kautz, M. Goesele,
H. Seidel

H.P.A. Lensch, J. Kautz, M. Goesele,
W. Heidrich, H. Seidel

H. Nivelle, S. Schulz

V. Sofronie-Stokkermans
H. de Nivelle

S. Vorobyov

P. Maier
U. Waldmann

T. Polzin, S. Vahdati

T. Polzin, S. Vahdati
T. Polzin, S. Vahdati

S. Hert, M. Hoffmann, L. Kettner, S. Pion,
M. Seel

M. Seel
U. Meyer

P. Krysta
S.W. Choi, H. Seidel

L.P. Kobbelt, S. Bischoff, K. Khler,
R. Schneider, M. Botsch, C. Rssl, J. Vorsatz

J. Kautz, W. Heidrich, K. Daubert
F. Eisenbrand
M. Seel, K. Mehlhorn

K. Mehlhorn, S. Schirra
P. Fatourou
R. Beier, J. Sibeyn

E. Althaus, O. Kohlbacher, H. Lenhof,
P. Mller

The Factor Algamitifor All-to-all Communication on Clusters
of SMP Nodes

Performance of heuristic angragimation algorithms for the
uncapacitated facility location problem

XpELab A Tool Set for Computational Experiments

A Praeti Minimum Scanning Tree Algorithm Using the Cycle
Property

Incrementally maintainihg number of |-cliques

Using (sub)graphsmall width for solving the Steiner problem

Afreavork for the Acquisition, Processing and Interactive
Display of High Quality 3D Models

Linear One-sidedb8ity of MAT for Weakly Injective Domain
Efficient Light Transport Using Precomputed Visibility

A Framework for the Acquisition, Processing, Transmissamd
Interactive Display of High Quality 3D Models on the Web

Image-Based Reconstruction of Spatially Varying Matsrial

Proceeding of the@®wl International Workshop of the
Implementation of Logics

Resolutiorsdzadecision procedures for the universal theory of
some classes of distributive lattices with operators

Translation of Resolutioro8fs into Higher Order Natural
Deduction using Type Theory

Experiments with Iterativaprovement Algorithms on
Completely Unimodel Hypercubes

A Set-Theoretic Framework for Assume-Guarantee Reasoning

Superposition and ChainimgTotally Ordered Divisible
Abelian Groups

Extending Reductiechniques for the Steiner Tree Problem:
A Combination of Alternative-and Bound-Based Approaches

Partitioning Teawes for the Steiner Problem
On Steiner Trees Bhidimum Spanning Trees in Hypergraphs

An Adaptable and Extensible Geometry Kernel

Implementation of Planar Nef Polyhedra

Directed Single-Source Shdrtaths in Linear Average-Case
Time

Approximating Minimum Size 1,2-Connected Networks
Hyperbolic Hauséi@istance for Medial Axis Transform
Geometric Modeling Based on Polygonal Meshes

Bump Malpadows for OpenGL Rendering
Short Vectors of Planatites$ Via Continued Fractions

Infimaximal FramesTéchnique for Making Lines Look Like
Segments

Generalized amghioved constructive separation bound for real
algebraic expressions

Low-Contention Depth-F8sheduling of Parallel
Computations with Synchronization Variables

A Powerful Heuristiz Telephone Gossiping

A branch and cut algorithm for the optimal solution of the
side-chain placement problem



