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Abstract

We study the price of selfish routing in non-cooperative networks like the Internet.
In particular, we investigate the price of selfish routing using the coordination ratio
and other (e.g., bicriteria) measures in the recently introduced game theoretic net-
work model of Koutsoupias and Papadimitriou. We generalizethis model towards
general, monotone families of cost functions and cost functions from queueing
theory. A summary of our main results for general, monotone cost functions is:� We give an exact characterization of those cost functions that have a

bounded/unbounded coordination ratio. For example, the coordination ra-
tio for cost functions describing the expected delay in queueing systems is
unbounded.� In addition, we show that an unbounded coordination ratio implies an ex-
tremely high performance degradation under bicriteria measures as well. In
fact, the price of selfish routing can be as high as a bandwidthdegradation
by a factor that is linear in the network size.� We separate the game theoretic (integral) allocation modelfrom the (frac-
tional) flow model by demonstrating that even a very small, infact negligi-
ble, amount of integrality can lead to a dramatic performance degradation.� We unify recent results on selfish routing under different objectives by
showing that an unbounded coordination ratio under the min-max objective
implies an unbounded coordination ratio under the average cost objective
and vice versa.

Our special focus lies on cost functions describing the behavior of Web servers
that can open only a limited number of TCP connections. In particular, we
compare the performance of queueing systems that serve all incoming requests
with servers that reject requests in case of overload. We come to the conclusion
that queueing systems without rejection cannot give any reasonable guarantee on
the expected delay of requests under selfish routing even when the injected load
is far away from the capacity of the system. In contrast, Web server farms that
are allowed to reject requests can guarantee a high quality of service for every
individual request stream even under relatively high injection rates.

NOTE: A preliminary version of this paper appeared in the Proc. of the 34th ACM
Symposium on Theory of Computing (STOC), Montreal, Canada, May 19–21,
2002.
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1 Introduction

The coordination ratiois a game theoretic measure introduced by Koutsoupias and Papadim-
itriou in [14] to reflect the price of selfish routing innon-cooperative network systems(like the
Internet). In large-scale communication networks it is typically impossible to regulate network
traffic to achieve an optimal performance of the system. In such networks, a common strategy of
individual users is to follow the most rational approach, that is, to behave selfishly to minimize
its cost (or maximize profits). This motivates investigations in game theoretical flavor of the re-
lationship between systems in which each user is aware of thesituation facing all other users and
trying to optimize its own strategy (that is, being in aNash equilibrium) and optimal strategies
in such systems.

It is well known that Nash equilibria do not always optimize the overall performance. There-
fore, in order to understand the phenomenon of non-cooperative systems Koutsoupias and Pa-
padimitriou [14] initiated investigations of the behaviorof the worst-casecoordination ratio,
which is the ratio between the worst possible Nash equilibrium and the social (i.e., overall)
optimum. In other words, this analysis seeks the price of uncoordinated individual utility-
maximizing decisions (“the price of anarchy”). Koutsoupias and Papadimitriou [14, 19] pro-
posed that model to study routing problems in which a set of several agents want to send traffic
from the sources to destinations along parallel links with linear cost functions.

In this paper, we aim to generalize these kind of routing problems towards more realistic cost
functions. For this purpose, we focus on a particular example in which parallel links are the
natural model. In particular, we investigate the example ofa Web server farm. Suppose some
companies maintain servers all over the world and offer content providers to store data for them.
Such servers could store, e.g., large pictures and other embedded files as this kind of data makes
up most of the load. The request streams that would normally go to the servers of the content
provider must now be redirected to these new Web servers. Clearly, this defines a load balancing
problem in which streams must be mapped to the servers such that a high quality of service can be
guaranteed for every stream. Important aspects that have tobe taken into account is that different
streams might have different characteristics, e.g., caused by different file length. For practical
studies that investigate the reasons and impacts of this variable traffic see, e.g., [2, 4, 5, 22, 23].

In todays server farms the mapping of data streams to serversis typically done by a cen-
tralized or distributed algorithm that is under control of the provider of the server farm. We can
imagine, however, that such a service can be offered in a completely different way without global
control. For example, each stream of requests is managed by aselfish agent (e.g., the content
provider) which decides to which server the stream is directed. In this case, every agent would
aim to minimize its cost. These cost could be the expected latency experienced by the individual
requests in the stream or the fraction of requests that are rejected as servers are overloaded.

In this paper, we make a first attempt to investigate coordination ratios under more realistic
cost functions. Our general approach is that we investigatefamilies of cost functions that are
defined as general as possible. In most of our studies, we assume that data streams can be
described by a single weight (depending on the rate of requests and the expected length of the
requested files). In this case, the load on a server is defined to be the sum of the weights of the
streams mapped to the server. However, the cost occurring ata server can depend in a non-trivial
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way on this load, e.g., we consider general, continuous and nondecreasing cost functions.
In addition, we analyze selfish routing under more complex cost functions that do not only

depend on the sum of the injected rates but also on distributions of session length that might be
different for different streams. We want to point out that our approach is not perfect in the sense
that it still assumes Poisson arrivals of requests in every individual stream. However, we are
able to derive the first rigorous analysis for selfish routingtaking into account the heterogeneous
nature of Internet traffic in form of general session length distributions.

Outline. Section 2 contains the description of a part of the model thatis not related to game
theory, whereas Section 3 introduces concepts related to game theory. Previous and related
work is outlined in Section 4. Section 5 presents our resultsconcerning general monotone cost
functions, and Section 6 contains our results about queueing theoretical cost functions. Finally,
Section 7 has some concluding remarks. We keep in this paper the policy that in order to follow
the discussion of our new results and their consequences thereader basically does not need to go
to the proofs of these results presented in Sections 5 and 6. Thus, reading the content of Section 5
and 6, skipping the proofs therein, gives a precise description of our results. A quite technical
proof of Theorem 12 is shifted to Appendix A.

2 Description of the Routing Problem

The routing problem described above can be formally defined as a scheduling problem withm
servers andn data streams. The set of servers and streams is denoted by[m℄ and[n℄, respectively.
The data streams shall be mapped to the servers such that a cost function (describing typically
either waiting times or deny of service) is minimized. The particular cost functions that we
consider will depend on the traffic and server model that willbe defined next in this section. In
general, we will compare the solution (i.e., a mapping of streams to servers) achieved by selfish
agents with the optimal solution to a min-max optimization problem based on coordination ratios
that will be defined in the following, too.

2.1 Traffic model

Traffic streamsare assumed to be sequences of requests for service. These sequences are assumed
to be of stochastic nature. For simplicity, we assume that requests are issued by independent
customers and hence are Poisson. Letri denote theinjection rateof data streami. The lengths
of the sessions of streami are determined by a probability distributionDi, i.e., theservice time
or session length distributionof streami. We define theweight of streami to be�i = ri �
E[session length with respect toDi℄.

A server farmis a set ofm servers, all using the same policy to serve requests. Different
servers, however, may have differentbandwidths. Let bj denote the bandwidth of serverj. With-
out loss of generality, we assumeb1 � b2 � � � � � bm. Unless otherwise stated, we will assume
that streams areunsplittable, that is, every stream must be mapped to exactly one server.
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2.2 Server models

We distinguish two general server farm models, one consisting ofm parallel servers and another
ofm sequential servers. Aparallel serverhas multiple service channels. On eachservice channel
it can serve a session independently from other channels. The number of channels on serverj isbj, its bandwidth, and each channel serves requests with fixed service rate one, that is, the time a
channel needs to serve a session is equal to the length of the session. (Recall that session lengths
in streami are determined by a probability distributionDi.) For example, the number of channels
may correspond to the number of TCP connections that can be opened simultaneously on a web
server. In contrast, asequential serverhas only one service channel. This channel works at
service ratebj. Thus, the time a channel needs to serve a session is equal to the length of the
session divided bybj. We will consider both farms of parallel servers and farms ofsequential
servers.

Another important aspect that leads to different cost functions is howblocked requestsare
handled, i.e., requests that can not be served immediately because all channels are occupied.
Again, we distinguish two extreme models, namely, queueingand rejection models. In thequeue-
ing model, every server holds an FCFS queue in which it inserts blockedrequests. When a service
channel finishes a session and the queue is non-empty it immediately starts serving the next re-
quest in the queue. (All channels on the same server share thesame queue.) In this model, the
objective is to minimize the maximum expected delay. In therejection model, blocked requests
are rejected and disappear from the system. A natural objective in this model is to minimize the
number of rejected requests.

In queueing theoretical notation, a server withk channels that delays blocked requests corre-
sponds to a so-called M/D/k/1 or short M/D/k queue, whereD corresponds to the service time
(session length) distribution of the injected request stream. When blocked customers are rejected
then the corresponding queue is denoted by M/D/k/k.

2.3 Cost functions and families of cost functions

The cost occurring at the servers under some fixedallocation (i.e., a mapping of streams to
servers) is defined byfamilies of cost functionsFB = ffbjb 2 Bg, whereB denotes the domain
of possible bandwidth values and andfb describes the cost function for servers with bandwidthb 2 B. Typically, we will assumeB = R>0 or B = N>0 but additionally we will study
finite domains of bandwidth. For example, a collection of identical servers with some specified
bandwidthb can be described by a family of cost functionsFB = ffbg.

A cost functionf is called asimpleif it depends only on the injected load, that is, if the cost
of a server is a function of the sum of the weights mapped to theserver (but does not depend on
other characteristics like, e.g., the session length distribution). A simple cost function is called
monotoneif it is positive, continuous, and nondecreasing. For an ordered setB, a family of
simple cost functionsFB is calledmonotoneif (i) fb is monotone for everyb 2 B and (ii) the
cost functions are nonincreasing withb, i.e.,fb(�) � fb0(�), for every� � 0 and0 < b � b0.
A typical example for a monotone family of cost functions that we will consider is derived from
the formula for the expected system time (delay) on an M/M/1 server with injection rate� and
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service rateb, namely 1b�minfb;Pni=1 �g
Already Koutsoupias and Papadimitriou in their seminal work [14] ask for the price of selfish
routing under cost functions of this form. We want to point out, however, that this is only one
particular example for cost functions that we will investigate.

3 Preliminaries in Game Theory

We give a brief introduction containing all required definitions. We distinguish between the
integralallocation model and thefractionalflow model.

3.1 Integral allocation model

The integral allocation modeldistinguish between mixed and pure strategies. The set ofpure
strategiesfor agenti 2 [n℄ is [m℄, that is, a pure strategy maps every stream to exactly one server.
The mapping is described by a matrix(xji )i2[n℄;j2[m℄, wherexji is an indicator variable withxji = 1
if streami chooses strategyj and 0 otherwise. Amixed strategyis defined to be a probability
distribution over pure strategies. Letpji denote the probability that agenti maps its stream to
serverj. We define theload of serverj under an allocation(xj1; : : : ; xjn) by wj = Pni=1 �i � xji
and thecostof serverj by Cj = fbj (xj1; : : : ; xjn) :
Observe thatwj andCj are random variables with respect to the probabilitiespji . Let `j denote
theexpected coston serverj, that is,`j = E[Cj℄. For a streami, the expected cost of streami on
serverj is defined by
ji = E[Cj j xji = 1℄.

In this paper, we focus our attention on the problem of minimization of the maximum cost of
the servers. In this model, we define thesocial costC byC = E[maxj2[m℄Cj℄
and theoptimal cost (social optimum)opt to be the minimum cost of a pure strategy:opt = min(xji )i2[n℄;j2[m℄ maxj2[m℄ fbj(xj1; : : : ; xjn) ;
where the minimum is taken over all(xji )i2[n℄;j2[m℄ such thatxji 2 f0; 1g for i 2 [n℄; j 2 [m℄ andPmj=1 xji = 1 for i 2 [n℄.

In order to formalize the notion of selfish behavior, we introduce Nash equilibria of server
farms. We say the probabilities(pji )i2[n℄;j2[m℄ define a (system in a)Nash equilibriumif and
only if pji > 0 implies 
ji � 
qi , for everyi 2 [n℄ andj; q 2 [m℄. Thus, a Nash equilibrium is
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characterized by the property that there is no incentive forany task to change its strategy. Then,
in such a model, thecoordination ratio, for a fixed set of servers and streams, is defined bymax Copt , where the maximum is over all Nash equilibria. In other words, the coordination ratio
specifies by which factor the cost can increase due to selfish behavior. For a fixed family of cost
functionsFB, theworst-case coordination ratioR determines the maximum coordination ratio
over all possible server farms, typically described as an asymptotic function inm.

In our study, we will identify several instances of cost functions in whichR is unbounded.
In this case, we will investigate thebicriteria coordination ratioR. Let opt� denote the value of
an optimal solution assuming that all injection ratesri are increased by a factor of�. Then the
bicriteria coordination ratioR is defined to be the smallest� satisfyingC � opt� over all Nash
equilibria. In other words, we ask by which factor the injected load must be decreased so that the
worst-case cost in Nash equilibrium cannot exceed the optimal cost for the original rates.

3.2 Fractional flow model

The motivation behind this model is to assume that every stream consists of infinitely many units
each carrying an infinitesimal (and thus negligible) amountof flow. Each such a unit behaves in a
selfish way. Intuitively, we expect each such unit to be allocated (selfishly) to a server promising
minimum cost, taking into account the behavior of other units of flow. Assuming infinitesimal
small units of flow, we come to thefractionalvariant of the integral allocation model (this model
was also considered in [8, 24, 25, 26, 27]).

To define the model formally, in the fractional model the variablesxji that describe the map-
ping of streams to servers can take arbitraryreal values from[0; 1℄ subject to the constraintPj2[m℄ xji = 1, for every i 2 [n℄. The model does not distinguish between mixed and pure

strategies, and in particular, the load on serverj is simply defined bywj =Pi2[n℄ xji . There are
several equivalent ways to define a Nash equilibrium in this model. We use the characterization
of Wardrop [29], see also [24]. A fractional allocation is inNash equilibriumif xji > 0 impliesCj � Cq, for everyi 2 [n℄ andj; q 2 [m℄. Thecoordination ratiois defined analogously to the
integral allocation model, and theworst-case coordination ratiois denoted byR�.
3.3 Integral allocations with negligible weights

The fractional flow model is a simplification that aims to model the situation in which each stream
carries only a negligible fraction of the total load. We willinvestigate in details the relationship
between fractional flow and integral allocations of streamswith tiny weights. For this purpose
we define the notion of “�-small streams”. Assuming a server farm with identical servers and
homogeneous traffic, we come to the following definition. Streami is called�-small if�i � �mXj �j ;
that is, the stream has at most an�m fraction of the overall weight.

5



In case of heterogenous servers or heterogeneous traffic we need a slightly more technical
definition. Let us fix a server farm and a set of streams with positive weights. Letopt� denote
the minimum maximum cost over all fractional flow allocations. For a streami 2 [n℄, define
thescaled streami to be a stream with rater0i = ri=� and session length distributionD0i = Di.
(Observe that this implies that the weight of the scaled stream is�0i = �i=�.) Then streami is
called�-small if, for every j 2 [m℄, the cost of serverj is at mostopt�, assuming this server gets
assigned only the scaled streami.

We defineR� to be the worst-case coordination ratio under the restriction that all streams are�-small.

3.4 Min-max versus average-cost objective functions

Besides to the min-max objective introduced above, we shallalso briefly consider another ob-
jective function that has been investigated by Roughgardenand Tardos [24]. Theaverage-cost
objective functionaims at minimizing the expected weighted average cost over all streams (see
also, e.g., [6, 28], for related results). Technically, thecost under this objective function is defined
by Cave = 1� Xj2[m℄E[wj � Cj℄ ;
and the social optimum is defined byoptave = min0�1� Xj2[m℄Cj � fbj (xj1; : : : ; xjn)1A ;
where� =Pi2[n℄ �i is the total injected weight and the minimum is taken over thesame vectors
as in the definition of the social optimum under the min-max objective.

We shall consider various coordination ratios for the average-cost objective function similarly
as for the min-max objective function. In particular, the average-cost coordination ratios are
defined in the same way as for the min-max model considered before, the only difference is that
now one compares average social cost with average social optimum. The worst-case coordination
ratios for integral, fractional, and�-small integral allocation under this objective function are
denoted by�, ��, and��, respectively.

4 Previous Research

The model investigated in this paper has been introduced recently by Koutsoupias and Papadim-
itriou [14]. In that paper, only the integral allocation model are studied and only for linear cost
functions (that is, functions of the formfb(x1; : : : ; xn) = Pni=1 �ixi=b). The motivation be-
hind studying these cost functions was to investigate the price of selfish routing under simple
cost functions. Koutsoupias and Papadimitriou [14] give some basic results for the worst-case
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coordination ratio in this model (e.g., tight bounds for twolinks). These results have been later
extended in [3, 13, 16], and in particular, tight bounds in this model are established by Czumaj
and Vöcking in [3]. No results for non-linear cost functions are known in this model.

Roughgarden and Tardos [24] (see also, e.g., [1, 6, 28]) considered a related general network
model, where the streams may be required to be routed in a network from a source to a destina-
tion, and cost of allocating the stream to any edge in the routing path is taken into account. They
focus mainly on the fractional flow model making the assumption that each stream consists of
infinitely many units each of which behaves in a selfish way (see the fractional model described
in Section 3.1). The network parameter (to be minimized) is the total latencyexperienced by
the system. They showed that when the latency functions of the edges are linear, then the aver-
age latency in a Nash equilibrium is at most43 times the average latency in an optimal routing.
For arbitrary nondecreasing and continuous latency functions, they show the existence of Nash
equilibria whose total latency may be arbitrarily bigger than the average latency in an optimal
routing. In particular, they give a bicriteria result that the total latency in Nash equilibrium is at
most twice the total latency in an optimal routing of double the amount of flow. A similar model
has been also investigated recently by Friedman [8], who studied how the amount of flow in the
system influence the coordination ratios under the average-cost objective. Friedman studies also
the queueing model M/M/1 in this context.

Furthermore, Roughgarden and Tardos [24] consider also integral allocations. They give an
example of a network in which a bicriteria coordination ratio is unbounded. (This is in contrast
to the fractional flow where the same ratio is bounded above bytwo.) In addition, they prove
a sufficient condition under which the bicriteria coordination ratio is bounded. The sufficient
condition is that streams are so small that adding any streamto any server increases the total
latency at most by a factor�, for any fixed� > 0. They remark that this condition is restricted
to pure allocations and its application requires families of cost functions withfb(0) > 
, for anyb > 0 and fixed
 > 0.

5 Results for Monotone Cost Functions

5.1 Fractional allocation

Our first theorem shows that all monotone cost functions behave very nicely under fractional
allocation.

Theorem 1 For every server farm whose servers are described by monotone cost functions, the
worst-case coordination ratioR� in the fractional flow model is1.

This theorem follows almost directly from the definition of Nash equilibria specifying that
all servers with positive flow at Nash equilibrium must have same cost, which under monotone
cost functions implies that all Nash equilibria have the same social costC = opt (see, e.g., [24,
Lemma 2.5]). As a consequence of this theorem, let us observethat it immediately separates (in
the fractional flow model) the two different ratios investigated by Koutsoupias and Papadimitriou
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[14] (the coordination ratioR�) and by Roughgarden and Tardos [24] (the average-cost coordi-
nation ratio��). Both ratios compare the cost of a Nash equilibria with the optimal cost but use
different definitions of cost. In sharp contrast to Theorem 1, Roughgarden and Tardos [14] prove
that there exist instances of fractional flow for monotone families of cost functions in which the
average-cost coordination ratio is unbounded [24]. This shows that minimum total latency and
minimum maximum costs can differ arbitrarily under generalcost functions. In the context we
consider here, the server farms, the maximum cost seems to bethe natural choice as it guarantees
fairness and efficiency for every customer (agent) simultaneously.

5.2 Integral allocation

Now let us turn to the integral allocation model. We say a coordination ratioR over a family
of cost functionsFB is boundedif for everym and every server farm withm servers with cost
functions fromFB there exists� > 0 such that for every set of streams the value of the worst-
case Nash equilibrium is at most� � opt. (Observe that� might depend onm.) Otherwise,
the coordination ratio isunbounded. Our first result is a complete characterization of monotone
families of class functions for which the cost functions arebounded (vs. unbounded).

Theorem 2 The coordination ratioR over a monotone familyFB of cost functions is bounded
if and only if 9� � 1 8b 2 B 8� > 0 fb(2�) � � � fb(�) :

The proof of this theorem is shifted to Section 5.4. Notice that this characterization of
bounded vs. unbounded coordination ratios can be applied also to server farms with identical
servers. (Recall that such farms are described by families of cost functions consisting only of a
single cost function.)

Observe that for every family of monotone cost functions we can identify a minimum� 2R�1 [ f1g that fulfills the conditions specified in the theorem. A natural question is, how does
the coordination ratio depend on�? In fact, our analysis (see the proof of Theorem 2 and Lemma
5) shows that the coordination ratio is at mostmO(log �). Furthermore, observe that� is constant
if the family of cost functions is assumed to be fixed. Thus, wecan conclude that for every fixed
family of cost functions the coordination ratio is either unbounded or it is polynomially bounded
in the number of servers,m.

Let us illustrate the power of the above theorem by investigating some examples. First, we
consider families overpolynomial cost functions, i.e., functions of the form

Pkr=0 ai � �i, for a
fixed k � 0. For these families we can pick� = ak � 2k to conclude that here the coordination
ratio is bounded. In contrast, there is no such forexponential cost functions, i.e., cost functions
for which an additive increase in the load leads to a multiplicative increase in the cost. The same
is true forlinear threshold functionsof the formmaxf0; �� 1g.
Corollary 3 The coordination ratio for server farms with polynomial cost functions is bounded,
whereas the coordination ratio for server farms of (identical) servers with exponential or linear
threshold cost functions is unbounded.
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In the next sections we shall discuss several other, practically motivated examples of families
of cost functions with unbounded coordination ratios basedon well-known formulas from queue-
ing theory that describe, for example, the expected delay orthe expected fraction of rejections.

5.3 Integral allocations with negligible weights

A motivation for considering fractional flow instead of integral allocations is that these two mod-
els are often assumed to be “essentially equivalent,” see, e.g., Remark 2.3 in [24]. We want to
investigate the relationship between these two models closer. Recall thatR� is the coordination
ratio for Nash equilibria over�-small streams. Then we can show the following result whose
proof is shifted to Section 5.4.

Theorem 4 Given any monotone family of cost functionsFB. For every� > 0, the coordination
ratio R� over�-small streams is bounded if and only if the coordination ratio R is bounded.

Interestingly, this theoremseparates fractional flow from integral allocations with negligible
weights. On one hand, there are several practical examples for families of cost functions (e.g.,
M/M/1 waiting time or Erlang loss formulas) for which our results imply that for arbitrary small� the coordination ratiosR� (and henceR) are unbounded. On the other hand, Theorem 1 implies
thatR�, the worst-case coordination ratio in the fractional model, is 1. Moreover, the instances
proving the characterization of unbounded coordination ratios use only pure strategies. Thus,
evenpure allocations with negligible weights are different from fractional flow.

Finally, we want to point out that unbounded coordination ratios are not only a special phe-
nomenon of cost functions having a pole or an unbounded first derivative. Later in the paper, we
will see a practical example of a family of cost functions (based on the Erlang loss formula) that
have an unbounded coordination ratio although these functions as well as their first derivatives
are bounded above by one.

5.4 Proof of Theorems 2 and 4

We prove Theorems 2 and 4 in a single proof using two lemmas. The first lemma proves the suf-
ficient conditions for a bounded coordination ratio, while the second lemma proves the necessary
conditions.

Lemma 5 Suppose we are given a server farm withm servers having cost functions from a fixed,
monotone familyFB satisfying9� � 1 8b 2 B 8� > 0 fb(2�) � �fb(�) :
Then, for every set of streams the worst-case cost over all Nash equilibria is upper bounded byopt �mO(1).
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Proof. Fix an arbitrary allocation in Nash equilibrium. LetC denote the cost of this allocation.
We will show thatC � m � �dlogme � opt = mO(1) � opt. First, we observe thatfb(s �) � �dlog se � fb(�) ;
for everys � 1. Let X := Pi2[n℄ �i denote the total injected load. Letx denote the load on
server 1 (with the biggest bandwidth) under anoptimal fractional allocation, i.e., an allocation
with minimum maximum cost over all servers assuming that streams can be split arbitrarily.
Without loss of generality, we assume that server 1 has the maximum load over all servers, and
henceX � mx. (Recall that since server 1 is the server with the biggest bandwidth and each
functionfb 2 FB is nondecreasing in� and nonincreasing inb, there exists an optimal fractional
allocation with maximum load for server 1.) In this way,fb1(X) � fb1(mx) � �dlogme � fb1(x) � �dlogme � opt :
LetM denote the set of serversj 2 [m℄ with

Pi2[n℄ pji > 0. Pick any serverj in M . Let i 2 [n℄
denote a stream withpji > 0. Then, the Nash equilibrium property guarantees that
ji � 
1i .
Hence, for everyj 2M ,

E [Cj℄ � E
�Cjjxji = 1� = 
ji � 
1i � fb1(X) � �dlogme � opt :

Furthermore, forj 2 [m℄ nM , we haveE [Cj℄ = fbj (0) � opt � �dlogmeopt. As a consequence,C = E
�maxj2[m℄Cj� � m �maxj2[m℄E [Cj℄ � m � �dlogme � opt = mO(1) � opt ;

which completes the proof of Lemma 5. ut
Now, we prove a sufficient condition for an unbounded coordination ratio. Observe that

the negation of the property gives the sufficient condition for a bounded coordination ratio as
specified in Theorem 2.

Lemma 6 Let � > 0 be chosen arbitrarily. Suppose we are given a server farm with only two
identical servers, each with the same monotone cost function f satisfying8� � 1 9� > 0 f(2�) > � � f(�) :
Then, for every� � 1, there exists a pure Nash equilibrium over�-small streams with costC > � � opt.
Proof. First, let us show that the above property of the functionf implies that8� � 1 � > 0 9� > 0 f((1 + �) � �) > � � f(�) : (1)

Indeed, if we consider the negations of the two statements then we observe that9� � 1; � >0 8� > 0 f((1 + �)�) � � f(�) implies that9�0 � 1 8� > 0 f(2�) � �0f(�), e.g., we
can set�0 = �1=dlog(1+�)e.
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Now, consider a server farm with two identical servers, eachwith the same monotone cost
functionf satisfying condition (1). For the purpose of contradiction, assume that there exists�
such thatC � � �opt, for every Nash equilibrium over streams of maximum weight�. Therefore,
by (1), there exists� > 0 such thatf((1 + �=10)�) > � � f(�). Using this assumption, we will
now define a Nash equilibrium over streams of maximum weight� > 0 with costC > � � opt.

First, let us consider streams of identical weightw 2 [��=2; ��℄ and assign them to the servers
so that the cost on each server is exactlyf(�). Let � be the number of streams per server in this
allocation. Now, let us slightly change the instance by taking two streams, one from each server,
and “break” each of them into two smaller streams, one of weight 35 w, the other of weight25 w.
It is easy to see that the optimal allocation for this instance has costopt = f(�).

Let us consider a different allocations of the streams to theservers. We assign� � 1 streams
of weightw and two streams of weight35 w to the first server and the remaining streams to the
second server. In this way, the first server has costf(� + 15 w) whereas the second server has
costf(�� 15 w). This allocation defines a Nash equilibrium, because the streams have minimum
weight 25 w and therefore there is no incentive for any of them to change its strategy. The cost of
this Nash equilibrium, however, isC = f � ��+ w5 � � f � ��+ � � �10 � > � � f(�) = � � opt :
Clearly this contradicts our initial assumption thatC � � � opt for any Nash equilibrium over
streams of maximum weight�. This completes the proof of Lemma 6. ut

Now, Theorems 2 and 4 follow immediately from Lemmas 5 and 6. ut
5.5 Bicriteria Coordination Ratios

It is not surprising that selfish routing can lead to a dramatic cost increase when the cost function
has a pole. In principle, bicriteria measures can be much more informative as they filter out the
extreme behavior of cost functions and look directly at the quality of the load balancing obtained
by selfish routing. The following theorem, however, shows that an unbounded coordination ratioR implies a very poor worst-case behavior under bicriteria measures as well.

The next theorem shows that given a monotone family of cost functions, the bicriteria coor-
dination ratios�R as well as�R� (for every� > 0) are at leastm.

Theorem 7 Consider a server farm withm servers, with cost functions drawn from a monotone
familyFB. If the coordination ratioR is unbounded, then the bicriteria coordination ratioR
has value at leastm, even over�-small streams.

Proof. Let n denote, as usual, the number of streams, and let� = mn�1. Assume, thatn is such
that mn � �. Since ratioR is unbounded, Theorem 2 implies that there existfb 2 FB and� > 0,
such thatfb(2�) > �fb(�).

Assume that we havem identical servers, each with bandwidthbj = b (j 2 [m℄), and a set ofn identical data streams, each having weight of�i = �m�n (i 2 [n℄), where� > 0 will be specified
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later. Define the probabilitiespij aspij = 1m , for eachi; j 2 [m℄. These probabilities define a
Nash equilibrium, since all the expected costs
ij have the same value.

Let us fix a serverj. The probability that all the data streams are assigned to server j is�ipij = m�n. In this case, the cost on serverj is fb ��m� �, since we haven streams, each of
weight �m�n , and so their total weight is�m�n n = �m� .

Therefore, with probabilitym�n, the cost on a particular serverj is at leastfb ��m� �, and thus
alsomaxj Cj � fb ��m� �, over allj 2 [m℄. Additionally, these events corresponding to different
servers are pairwise disjoint. Using these observations, we can estimateC = E [maxj Cj℄ as

E
�maxj Cj� � m � fb��m� � �m�n = fb ��m� �mn�1 :

We want to show that ifC � opt�, then� � m. Assume towards a contradiction that there is�
such thatC � opt� and� < m. Then, we obtainfb ��m� �mn�1 � opt� � fb��m�n � nm � �� = fb (�) ;
where the last inequality follows by observing that the value of opt� is at most the value of a
solution in which we assignnm (we can assume thatnm is a positive integer) data streams to each
server, after blowing each data stream up by�. Then, we obtainfb��m� � � mn�1 � fb (�) : (2)

By our assumption8� � 1 9� > 0 fb(2�) > �fb(�). This, by the argument from the proof
of Lemma 6, implies that8� � 1; � > 0 9� > 0 fb((1 + �)�) > �fb(�). Now, we plug� = mn�1, 1 + � = m� , to obtain a contradiction with inequality (2).

Since all the servers are identical, a data stream of weight�i is �-small if �i � �Pj �jm . Since
in our case�i = �m�n for all i 2 [n℄, the last condition is equivalent to�m�n � ��� , which givesmn � �. The last inequality is true by the choice ofn, and so our data streams are�-small. ut

The example proving the bad ratio from Theorem 7 is a server farm of identical servers.
For this case one can easily show that a coordination ratio ofm is the worst possible as a Nash
equilibrium cannot be worse than mapping all streams to the same server and this, of course, is
not worse than an optimal allocation with all rates blown up by a factor ofm.

Even worse, our proof of this negative result gives a construction of a Nash equilibrium in
which also all streams are identical and the total injected load

Pi2[n℄ �i is less than the bandwidth
of a single server. Thus, the coordination ratio can be very poor even in extremely lightly loaded
cases.

5.6 Average-cost objective functions

As we have discussed it before, Roughgarden and Tardos [24] consider an objective function
that is different from the one of Koutsoupias and Papadimitriou [14]. Their objective function
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aims to minimize average cost. Now, we investigate the relationship between the different objec-
tive functions under integral allocation. Recall that the coordination ratios for the average-cost
objective function are denoted by�, ��, and��.
Theorem 8 Given any monotone family of cost functions.� is bounded if and only ifR is
bounded. Furthermore, for every� > 0, �� is bounded if and only ifR is bounded as well.

Proof. Fix a monotone familyFB = ffbjb 2 Bg of cost functions. First let us show that the
ratio� for this family is bounded if the coordination ratioR is bounded. Clearly, ifR is bounded
then we obtain from Theorem 29� � 1 8b 2 B 8� > 0 fb(2�) � �fb(�) :
We will show that� is bounded provided this property is given. Fix any Nash equilibrium with
probabilitiespji , i 2 [n℄, j 2 [m℄. We have to give an upper bound on the ratio between the
expected total latency given by the probabilitiespji , on one hand, and the optimal total latency,
on the other hand. Letw = w1; : : : wm denote a vector of random variables withwj describing
the injected load of serverj. Letw� denote a corresponding load vector of an optimal allocation
that minimizes the total latency. We have to show that there exists� � 1 such that

E

24Xj2[m℄wjfbj (wj)35 � � Xj2[m℄w�jfbj (w�j ) :
DefineX = Pj2[m℄wj = Pj2[m℄w�j . Thenfb1(X) corresponds to the cost that is obtained by
assigning all the load to the fastest server. Using the same arguments as in the proof of Lemma
5, we obtainE

�fbj (wj)� � fb1(X), for everyj 2 [m℄, such that

E

24Xj2[m℄wjfbj (wj)35 � Xj2[m℄X fb1(X)� m2 �d1+logmeXm fb1�Xm�� m2 �d1+logme Xj2[m℄w�jfbj (w�j ) :
The second inequality follows from our assumptions on the family of cost functions. The third
inequality needs some more explanation. Observe that thereexistsj 2 [m℄ with w�j � X=m.
Applying monotonicity of our cost function family, we obtain Xm fb1(Xm) � w�jfbj (w�j ), which
yields the inequality. As a consequence,� � m2 �d1+logme, that is,� is bounded.

It remains to show that an unbounded coordination ratioR implies an unbounded ratio�. IfR is unbounded then the family of cost functions satisfies8� � 1 9b 2 B 9� > 0 fb(2�) > �fb(�) :
13



In Lemma 6 we describe an instance with two identical serversand a set of�-small streams such
that both servers have identical load in an optimal allocation but there is a Nash equilibrium in
which one of the servers receives more load than the other server. Using the above property
we show that if one server has load at least(1 + �=10) times average load then the cost on this
server can deviate by an arbitrary large factor from the optimal cost, which then proves thatR is
unbounded. A straightforward adaption of this argument, shows that also� is unbounded if the
above condition is fulfilled. This completes the proof of Theorem 8. ut

We want to point out that the property proven in Theorem 8 is non-trivial. In general, the
behavior of the two objective functions can be quite different. For example, for the fractional
case, Roughgarden and Tardos give examples with unbounded coordination ratio�� whereas
Theorem 1 shows thatR� = 1.

6 Results for Queueing Theoretical Cost Functions

Koutsoupias and Papadimitriou [14] asked to investigate the coordination ratio of realistic cost
functions of the form 1b�minf�;bg . This particular cost function describes the expected waiting time
(delay) under an M/M/1 queueing process with injection rate� and service rateb. Our character-
ization of bounded and unbounded coordination ratios givenin Theorem 2 immediately implies
that the integral coordination ratios for this family of functions are unbounded. This resolves
an open problem from [14]. In the following, we want to consider the behavior of cost func-
tions motivated by queueing theory in more details. In particular, we give in Section 6.3 (under
“The local exchange lemma”) a simple greedy exact algorithmfor solving a related fractional
scheduling problem with P-K cost functions under heterogeneous traffic.

6.1 Queueing systems without rejection

Several other studies are concerned with similar cost functions motivated by queueing systems,
see, e.g., [11, 12, 15, 18, 19, 20] In order to avoid discussions about what is exactly the right
queueing model (e.g., M/M/1, M/D/1, M/G/1, M/G/c,: : : ) and what is exactly the right cost
model (e.g., expected waiting time or expected system time), let us introduce the unifying con-
cept of “monotone queueing functions.” A familyFB of monotone cost function is called a
monotone queueing functionif it satisfieslim�!b� fb(�) = 1. (Observe that the monotonicity
impliesfb(�) = 1, for every� � b). This assumption is motivated by the fact that expected
waiting as well as expected system time in every queueing process without rejection goes to in-
finity when the injection rate approaches the service rate. An immediate consequence of the pole
of these functions is that� =1. Thus, we obtain the following corollary to Theorems 1, 2 and
7.

Corollary 9 For every familyFR>0 of monotone queueing functionsR� = 1, R = 1, and�R � m.
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Recall that the instances proving the unbounded coordination ratioR are constructed from
pure strategies only. However, the bad instances for the bicriteria ratio �R that we have seen until
now use mixed strategies. This motivates us to investigate whether the randomness introduced
due to the choice of mixed strategies is the only source of badbicriteria ratios. The following
theorem demonstrates that bicriteria ratios can also be poor in case of pure strategies only.

Theorem 10 Let FR>0 be any family of monotone queueing functions. Suppose thereexistsb > pm such thatfb ��1� bm� � b� < f1 � bm�. Then the bicriteria worst-case coordination ratio
over pure strategies is at leastm2 b .

The following lemma directly implies Theorem 10.

Lemma 11 Let FR>0 be a family of monotone queueing functions. Assume, we are givenm
servers with bandwidths1 = b1 = b2 = : : : = bm � bm+1 � bm+2 = b, such thatfbj 2 FR>0 , for
eachj = 1; 2; : : : ; m + 2. Assume moreover, that there exists an" > 0, such that functionsf1
andfb fulfill fb ��1� 12�� b + "� � f1� 12�� ; (3)

where� = m2b and b2� � "=2 > 1. Then, in this system,C > opt�, whereC is the maximum value
over all Nash equilibria assuming only pure strategies. Thus, this gives a lower bound on the
bicriteria coordination ratioR for pure strategies,R � m2b .
Proof. We define the following instance of the problem. Let the servers 1; 2; : : : ; m be called
slow. We also have a fast server withbm+2 = b, and an additional server with bandwidthbm+1 =b2� . Assume, that each slow server holds one small data stream with weight 12� , and let the fast
server have one large data stream with weightb2� � "=2. The additional server does not hold any
data stream.

In the solution we have just defined, each slow server has cost(after blowing the streams up
by �) f1 �12�, and the fast server has costfb � b2 � "�2 �. Let
ost(") = max�f1=� � 12�� ; fb=�� b2� � "=2�� ;
and observe that by the definition of monotone queueing functions, the value of
ost(") is finite
even if"! 0, and obviouslyopt� � 
ost(").

Now, we will define a Nash equilibrium for our instance. We putas many small data streams
on the fast server as possible, to fill this server almost to its bandwidth, that isb. More precisely,
we assign to the fast server a total amount of

�1� 12�� b + " of small streams. Observe, that
we have enough small streams to achieve this, since their total size= m2� > �1� 12�� m2� =�1� 12�� b (note, that if" is not small enough to achieve this, we can use a smaller valueof " > 0
having still assumption (3) andb2� � "=2 > 1 of the theorem guaranteed by the monotonicity
of functionfb). The large stream cannot now be assigned to the fast server (it would exceeded
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its bandwidth), and byb2� � "=2 > 1 the large stream cannot also be put on any slow server.
Therefore, the large data stream must be assigned to the additional serverm+ 1.

We argue, that we have just defined a Nash equilibrium. First,none of the small streams
would go from the fast server to a slow server, since by (3) we have fb ��1� 12�� b+ "� �f1 � 12��. Also, none of the small streams would go from the fast serverto the additional server,
since the remaining space on the additional server is"=2, and it can be made arbitrarily small
(in particular smaller than the size of a small stream,12� ). Finally, the large stream cannot go
from the additional server to any slow server (sinceb2� � "=2 > 1), or to the fast server (since it
would exceed the capacity on the fast server). (Notice, thatit is possible that a small remaining
data stream, if any, can go from a slow server to the fast server. But this is no harm for our
construction.)

The cost on the additional server in this Nash equilibrium isfb=(2�) � b2� � "=2�, and so by the
properties of monotone queueing functions,lim"!0 fb=(2�) � b2� � "=2� = 1. This implies that
there exists an" > 0, such thatC, i.e. the value of the Nash equilibrium, is arbitrarily large, and
in particular larger than
ost(0). By monotonicity, we have that
ost(0) � 
ost("). Finally, we
obtain thatopt� � 
ost(") � 
ost(0) < C: ut

Theorem 10 needs some explanation. For example, if we assumethe cost function to be
M/M/1 waiting timethen the worst-case coordination ratio over pure strategies is
(n1=3). On
the other hand, forM/M/1 system timethe coordination ratio is
(n1=2). In both cases, the total
injected load needed to construct an example that leads to the specified coordination ratios is
very small. In Appendix we investigate this closer and show that the
(n1=3) bound for M/M/1
waiting time is actually tight. More precisely, we can provethe following result, whose quite
technical proof is shifted to Appendix A.

Theorem 12 Let us consider the integral allocation model and cost function on a server being
the M/M/1 waiting time. The bicriteria coordination ratio with pure strategies,R, in this model
has value at mostO(m1=3 log(m)), wherem is the number of servers.

Thus summarizing, even for pure strategies and under a smalltotal injection rate the slowdown
due to the lack of coordination can be significant.

6.2 An alternative bicriteria measure

For the family of monotone queueing functions there is another interesting bicriteria measure. It
is a very natural question to ask by how much one has to decrease the bandwidths of the servers
such that an optimal assignment under the decreased bandwidths is at least as expensive as a Nash
equilibrium for the original system. LetRbw denote the corresponding worst-case bicriteria ratio.

It turns out that for most functions from Queueing Theory, the effect of changing the band-
widths is larger than the effect of changing the injection rate. In fact, most of these functions
showsuper-linear scaling, i.e.,fb(�) � 1� � fb=�(�=�), for every� 2 [0; b) and� � 1. Applying
this property, we can determine the bicriteria bandwidth ratio exactly.
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Theorem 13 For every familyFB of monotone queueing functions with super-linear scaling,Rbw = m, wherem is the number of servers.

Let OPT� denote the (value of the) optimum solution in a system where bandwidths of all
servers are slowed down by a factor of�. We first prove the following lemma.

Lemma 14 Fix an arbitrary monotone queueing functionf = fb. Consider a server farm withm identical servers with cost functionf . Then for every� > 0 and� < m there exists a Nash
equilibrium over�-small streams such thatC > OPT�.

Proof. Assume that we havem identical servers, each with bandwidthbj = b (j 2 [m℄), and a
set ofn identical data streams, each having weight of�i = b�Æn (i 2 [n℄), wheren is such thatbn � �, andÆ 2 [0; b) will be specified later. Define the probabilitiespij as follows,pij = 1m , for
eachi; j 2 [m℄. These probabilities define a Nash equilibrium, since all the expected costs
ij
have the same value.

Let us fix a serverj. The probability that all the data streams are assigned to server j is�ipij = m�n. In this case, the cost on serverj is fb(b � Æ), since we haven streams, each of
weight b�Æn , and so their total weight isb�Æn n = b� Æ.

Therefore, with probabilitym�n, the cost on a particular serverj is at leastfb(b�Æ), and thus
alsomaxj Cj is at leastfb(b � Æ), for j 2 [m℄. Additionally, these events corresponding to dif-
ferent servers are pairwise disjoint. Using these observations, we can estimateC = E [maxj Cj℄
as

E
�maxj Cj� � m � fb(b� Æ) �m�n = fb(b� Æ)mn�1 :

We want to show that ifC � OPT�, then� � m. Assume towards a contradiction thatC �OPT� and� < m. Then, we obtainfb(b� Æ)mn�1 � OPT� � fb=��b� Æn � nm� = fb=��b� Æm � ;
where the last inequality follows by observing that the value ofOPT� is at most the value of a
solution in which we assignnm (we can assume thatnm is a positive integer) data streams to each
server, after slowing the server down by�. Then, by the last inequality and by continuity of
functionsfb andfb=�, we havelimÆ!0 fb(b� Æ)mn�1 � limÆ!0 fb=��b� Æm � = fb=� � bm� :
By our assumption the RHS is finite, but the LHS is infinity by the properties of functionfb.
Therefore, there exists a small enoughÆ > 0, such thatfb(b�Æ)mn�1 > fb=� � bm� � fb=� � b�Æm � (by
monotonicity). Contradiction. ut
Proof. (of Theorem 13) Lemma 14 impliesR � m. Therefore, we have to show thatC �OPTm. Assume, thatbj, j 2 [m℄ are the bandwidths of the servers. Let� =Pi �i, and observe,
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that we can assume� � 1mPj bj. Otherwise, there is a server, sayj, in OPTm solution with
load strictly greater thanmbj , soOPTm =1 and we are done. By this assumption, we see thatPi �i � maxj bj. Therefore, we can assign all the data streams (deterministically) to the fastest
server, say1, and letB = b1 = maxj bj.

Now, using linearity of expectation, we have the followingC = E
�maxj Cj� � E

"Xj Cj# =Xj E [Cj℄ � m �maxj E [Cj℄ :
We now argue, thatmaxj E [Cj℄ � fB(�). Assume towards a contradiction, that there is a
server, sayj0, such thatE [Cj0℄ > fB(�). Then, obviously, there is a data stream, sayi0, withpj0i0 > 0. Also, 
j0i0 = E

�Cj0jxj0i0 = 1� � E [Cj0℄, which follows from the fact that the random
variable

�Cj0jxj0i0 = 1� can not assume smaller values than the random variableCj0. Similarly,fB(�) � 
1i0 = E
�C1jx1i0 = 1�, since the valuefB(�) corresponds to the situation where all

probabilitiesp1i = 1 for all i, andpji = 1 for all i andj 6= 1 (recall,1 is the fastest server). Thus,pj0i0 > 0 and
j0i0 > 
1i0, which is a contradiction with the Nash equilibrium property. Therefore,
we have C � m �maxj E [Cj℄ � m � fB(�):
By the super-linear scaling we obtainC � m � fB(�) � fB=m ��m� :

Let us now considerOPT fra
m , which is the cost of an optimum solution for the fractional flow
model in the system, where the bandwidths of all servers are reduced by a factor ofm. We claim,
thatfB=m � �m� � OPT fra
m . To show this, we first argue that in the optimal fractional solution, the
fastest server has largest load. Let us fix two servers, with bandwidthsb1; b2 such thatb1 < b2, and
let x1; x2 be the loads on this servers in the optimal fractional solution. It is easy to observe, thatfb1(x1) = fb2(x2), and by the super-linear scaling, we obtainfb2 � b2b1x1� � b1b2 fb1(x1) < fb2(x2);
which by the monotonicity property implies thatx1 � x2.

Now, by a simple averaging argument, there is a server in the optimal fractional solution with
load at least�m . Using the fact we have just shown, we see that the fastest server (with bandwidthB) must have load at least�m . This showsfB=m � �m� � OPT fra
m . We can finish the proof by
observing the following C � fB=m ��m� � OPT fra
m � OPTm;
where the last inequality is obvious. ut

We want to emphasize that Theorem 13 gives tight results, e.g., for expected waiting time or
system time in the queueing systems M/M/1, M/D/1, M/G/1, M/M/c or M/G/1. This follows by
the fact that one can show that the respective cost functionsof these queueing systems obey the
super-linear scaling.
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6.3 Queueing systems under heterogeneous traffic

Until now we implicitly assume homogeneous traffic, i.e., all streams have the same (general)
session length distribution. However, several practical studies show that Internet traffic is far
away from being homogenous [2, 5, 22]. Assuming heterogeneous traffic, one has to take into
account different session lengths distributions.

Let us investigate the consequences of heterogeneous traffic using a particular instance of a
cost function. ThePollaczek-Khinchin(P-K) formula (see, e.g., [10]) describes expected waiting
time in M/G/1 queues. Observe that this is a very general class of queueing systems that allows
arbitrary service time distributions. We transform the P-Kformula into a family of cost functions
describing the expected time on servers with bandwidthb using only two parameters that specify
the injected mix of streams into server, namely the expectation �, and varianceV of the injected
load. Suppose every streami is characterized by two weights�i andVi (corresponding to the
expected load of streami and the variance of this load, respectively). Then the P-K family of
cost functions can be defined as follows:fb(x1; : : : ; xn) = Pni=1 Vi xib (b�Pni=1 �i xi) :
The remarkable fact here is that both parameters, the expected load and the variance, can be
aggregated independently in a simple linear fashion. That is, the expected load injected into the
server is� =Pni=1 �i xi and the variance of this load isV =Pni=1 Vi xi. For more details on the
derivation of this family of cost functions, see Appendix B.

Observe that if we assume�i = Vi then we are back in the homogeneous model with identical
session length distribution and we obtain a monotone queueing function with only one parameter,�. ConsequentlyR =1,R� =1, andR � m for the P-K cost function family. In the fractional
flow model, however, we will come to different results. Recall thatR� = 1 under homogeneous
traffic.

Theorem 15 The fractional coordination ratioR� for the P-K cost function family is unbounded.
If the ratio between the fastest and slowest server is bounded byS then the worst-case ratio isR� = S.

We need some technical tools before we present the proof of Theorem 15. Recall, thatS
denotes the ratio of the largest server bandwidth to the smallest one.

The local exchange lemma. We introduce here some tools. Consider the following problem.
We are givenm servers, each with two non-negative parameterspj andqj (j 2 [m℄). We are also
givenn data streams, each with two non-negative parametersvi andei (i 2 [n℄). We want to
solve (fractionally) the following linear program, which we call LP.min Pmj=1Pni=1(vipj + eiqj)xij (4)s:t: Pni=1(vipj + eiqj)xij � 1 8j 2 [m℄ (5)Pmj=1 xij = 1 8i 2 [n℄xij � 0 8i; j:
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The value of variablexij represents a fraction of data streami assigned to serverj. We will
show first a very simple combinatorial algorithm to solve this LP. For simplicity, we assume thatei > 0, for all i 2 [n℄. (We note here, that the results can be extended to the case whereei = 0
for somei’s.)

Assume, that the servers are sorted such thatp1q1 � p2q2 � : : : � pmqm . We also sort the data
streams such thatv1e1 � v2e2 � : : : � vnen . Let i = 1; j = 1. Now, we perform the following greedy
assignment: if settingxij = 1 does not violate constraint (5) then setxij = 1 and seti  i + 1,
otherwise setxij to the greatest value such that constraint (5) is still validand setj  j + 1.

Lemma 16 The described algorithm solves the LP optimally.

Proof. Assume towards a contradiction that there are two streams, say i; i0, such thatviei > vi0ei0 ,
and a fraction ofi is assigned to serverj, and a fraction ofi0 is assigned to serverj 0, with j < j 0.
Assume, thatpjqj > pj0qj0 . Let the fraction ofi which is assigned to serverj beyi = xij. Then, the

space that this fraction occupies on serverj, or in other words the contribution of this fraction
to the objective function of LP, is equal to
j = yi(vipj + eiqj). Consequently,yi0 = 
jvi0pj+ei0qj
is the fraction of data streami0 that can be reassigned from serverj 0 to serverj to fill the space
j (note, that ifxi0;j0 < yi0, then we can just use a smaller, but still positive, fractionyi of streami). Then,
j0 = yi0(vi0pj0 + ei0qj0) is the space left on serverj 0, and
j0 = yi(vipj0 + eiqj0) is the
space that the fractionyi of streami would occupy if reassigned to serverj 0. Thus, we reassign
fractionyi of streami from serverj to j 0, and we reassign fractionyi0 of streami0 from serverj 0
to serverj. We claim that
j0 > 
j0, which would mean that such a reassignment would reduce
the value of the objective, and thus would give a contradiction. 
j0 > 
j0 is equivalent tovi0pj0 + ei0qj0vi0pj + ei0qj > vipj0 + eiqj0vipj + eiqj ;
which rewrites intovivi0pjpj0 + eivi0pj0qj + ei0vipjqj0 + eiei0qjqj0 > vivi0pjpj0 + eivi0pjqj0 + ei0vipj0qj + eiei0qjqj0;
and we further obtain eivi0pj0qj + ei0vipjqj0 > eivi0pjqj0 + ei0vipj0qj:
The last inequality can be written as(pjqj0 � pj0qj)(ei0vi� eivi0) > 0; which by our assumptions
that viei > vi0ei0 and pjqj > pj0qj0 is obviously true. ut

We now show how to use the tools we have just presented. Consider the heterogeneous
model under the P-K cost function. Then, the optimum solution in the fractional model can be
characterized by the following program.min zs:t: Pni=1 Vixjibj(bj�Pni=1 �ixji ) � z 8j 2 [m℄Pmj=1 xij = 1 8i 2 [n℄xij � 0 8i; j:
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This program can be equivalently rewritten into the following program, called P1.min zs:t: Pni=1 � Vizb2j + �ibj � xji � 1 8j 2 [m℄Pmj=1 xij = 1 8i 2 [n℄xij � 0 8i; j:
Observe, that ifz is fixed, then P1 is a linear program that is very similar to linear program LP.
This similarity can be captured by definingvi = Vi andei = �i, for i 2 [n℄, andpj = 1=(zb2j),qj = 1=bj, for j 2 [m℄. We can easily observe that, for any fixed value ofz, we can test feasibility
of the program P1 using the above greedy assignment algorithm. Finally, it can be shown that we
can use binary search forz to solve program P1. The order of the servers is given by decreasing
values ofpjqj = 1zbj , which means by increasing values of bandwidthsbj. The order of data streams

is given by increasing values ofviei = Vi�i . To be able to run the greedy assignment algorithm we
need to know the optimum value ofz. However, we will show that already the knowledge of the
order of servers and streams is useful.

It can easily be noticed that in a fractional Nash equilibrium, the costs on each server must be
the same. Using this observation, we can characterize the worst-case Nash fractional equilibrium
by the following program. max zs:t: Pni=1 Vixjibj(bj�Pni=1 �ixji ) = z 8j 2 [m℄Pmj=1 xij = 1 8i 2 [n℄xij � 0 8i; j:
A similar line of arguments shows that in the worst-case Nashequilibrium, if we keep the order
of the servers by increasing values of bandwidthsbj, then the order of data streams is given by
decreasing values ofviei = Vi�i . Again, we will use this fact in the proofs below.

Proof. (of Theorem 15)An upper bound.Assume, that the bandwidths of the servers are such
thatb1 � b2 � : : : � bm. We are given a set of data streams with weights and variances�i; Vi,i 2 [n℄. We first consider a relaxation of the problem, by replacing each data stream�i; Vi, by
two new data streams0; Vi and�i; 0. We also delete from the new problem instance all data
streams of the form0; 0.

The valueC of the worst-case Nash equilibrium for the relaxed problem is obviously not
smaller thanC for the original problem. Also, the valueopt of the optimum solution for the
relaxed problem is not greater than for the original problem. Therefore, an upper bound on the
coordination ratioR� for the relaxed problem implies the same upper bound for the original
coordination ratio. From now on we work with the relaxed problem.

Define� = Pi2[n℄ �i, V = Pi2[n℄ Vi, ~S = Pj2[m℄ bj, andG = ~S � �. We will show thatopt � Vb1G andC � VbmG , which impliesR� � b1=bm = S.
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We use now the order of data streams in theopt solution. (Note, that we can extend the local
exchange lemma for cases where�i = 0 for some data streams.) This order implies, that there
exists aj 0 such thatoptmaps all streams of the form�i; 0 to a subset of serversfj 0; j 0+1; : : : ; mg.
Assume, that each serverj � j 0 is filled with�(j) amount of data streams weights, and therefore
serverj � j 0 is filled up to a “gap” of gj = bj � �(j) :
Furthermore, theopt solution maps all streams of the form0; Vi to the serversf1; 2; : : : ; j 00g, for
somej 00. LetV (j) denote the “amount of variance” received by serverj 2 f1; : : : ; mg.

We first observe, thatj 00 = m. Assume this is false, i.e. there is a serverj1 2 fj 00+1; : : : ; mg
with V (j1) = 0. Then, we can just move a fraction of some type0; Vi stream from a serverj2 2 f1; 2; : : : ; j 00g to serverj1. The cost on serverj1 was zero before, and after this operation
increases marginally. But then, we can also reassign type0; Vi streams more evenly on the serversf1; 2; : : : ; j 00g using the free space on serverj2. This decreases the cost of the solution, and thus
gives a contradiction with theopt solution.

The cost on all serversf1; 2; : : : ; mgmust be identical, that is,V (1)(b1)2 = V (2)(b2)2 = � � � = V (j 0 � 1)(bj0�1)2 = V (j 0)bj0gj0 = V (j 0 + 1)bj0+1gj0+1 = � � � = V (m)bmgm :
Consequently, V (m) = V bmgmPj0�1j=1 (bj)2 +Pmj=j0 bjgj :
Therefore, the waiting time at serverm and, hence, the value ofopt isV (m)bmgm = VPj0�1j=1 (bj)2 +Pmj=j0 bjgj � Vb1 �Pj0�1j=1 bj +Pmj=j0 gj� = Vb1G :

Analogously, we can use the reverse order of the streams in the worst-case Nash equilibrium,
and we can argue that the variances must be split on all the servers (otherwise, the Nash property
would be violated). This, with an appropriate definition of a“gap” gj andj 0 shows that the value
of Nash is VPj0j=1 bjgj +Pmj=j0+1(bj)2 � Vbm �Pj0j=1 gj +Pmj=j0+1 bj� = VbmG :
This completes the proof of the upper bound.

A lower bound.We show here a lower bound in Theorem 15, that isR� � S. Assume, we
are given two servers withb1 = 1 andb2 = S, and two data streams with�1 = 0; V1 = 1 and�2 = S; V2 = 0. We can use now the local exchange lemma to show thatR� � S, but we will
show an analytical argument here.
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Let �(j) be the amount of stream2 assigned to serverj, j = 1; 2, and letV (j) be the amount
of stream1 assigned to serverj, j = 1; 2. We have that�(1) + �(2) = S andV (1) + V (2) = 1.
We know that inopt and in the Nash solutions, the costs are the same on each server. This let us
write that V (1)1� �(1) = V (2)S(S � �(2)) :
Now, we have that�(2) = S � �(1) andV (2) = 1 � V (1). After plugging these values in the
condition above, we obtainV (1) = 1��(1)(S�1)�(1)+1 . Consider now functionf(�(1)) = V (1)1� �(1) = 1��(1)(S�1)�(1)+11� �(1) :
It can be shown thatf has minimum when�(1)! 1, equal to1=S, and soopt � 1=S (we use de
l’Hospital Rule to prove this fact). We can also easily show thatf has maximum when�(1) = 0,
which gives thatC � 1. Therefore, we obtain finally thatR� = C=opt � S, which completes
the proof of Theorem 15. ut

In light of Theorem 15 we conclude that the optimality of fractional flow in Nash equilibrium
is a special property of homogeneous traffic on parallel links.

6.4 Servers with parallel channels and rejection

Until now we assumed that all requests are served, regardless of how long they have to wait for
service. In practice, however, Web servers can and have to reject requests when they are over-
loaded. For simplicity, let us assume that a server rejects requests whenever all service channels
are occupied and then these requests disappear from the system. In this case, the fraction of re-
jected requests is completely independent of the service time distribution. In other words, there
is no difference between homogeneous and heterogeneous traffic under this service model. The
fraction of rejected requests is described by theErlang loss formula(see, e.g., [8, 9]), giving the
following family of cost functions.fb(x1; : : : ; xn) = �b=b!Pbk=0 �k=k!
describing the fraction of rejected requests, where� = Pni=1 �i xi. To simplify notation, let us
simply considerfb as a function of�. Then it is easy to check that the family of Erlang loss
functions is monotone. Thus, Theorem 1 immediately impliesthe following on the fractional
coordination ratio.

Corollary 17 For the familyFN>0 of the Erlang loss cost functions,R� = 1.

On the first glance, the family of Erlang loss functions makesan innocent impression. Indeed,
these functions are continuous, convex, monotonically increasing in� andf 0b(�) � 1=b, for every� � 0. Nevertheless, the following corollary shows that the integral coordination ratioR (and
hence alsolim�!0R�) for the Erlang loss family is unbounded.

23



Corollary 18 For the familyFN>0 of Erlang loss cost functions,R =1.

Intuitively, this phenomenon can be explained as follows. Let us consider the family of
functionsFN>0 with Fb(x) = fb(b x), i.e., the Erlang loss functions in terms of relative load. We
observe, for everyx � 0, limb!1Fb(x) = max�0; x� 1x � :
Thus, the limit of these functions behaves in a very extreme way aroundx = 1, where the cost
increases by an unbounded factor. This behavior implies� = 1 for the family of Erlang loss
cost functions, and so the corollary above is an immediate consequence of Theorem 2.

In contrast to the monotone queueing functions from Section6.1, the poor bounds for coordi-
nation ratios for Erlang loss cost functions are not caused by unbounded cost in Nash equilibrium
but they are a consequence of the tiny, close to zero, optimalcost. Our next result gives the ab-
solute cost in Nash equilibrium in selfish routing.

Theorem 19 Consider a server farm ofm servers with bandwidthsb1 � � � � � bm and cost
functions from the Erlang loss families. Let

Pi2[n℄ �i �Pj2[m℄ bj6 e and letmaxi2[n℄ �i � bm3� logm ,
for any� > 0 with � logm � 2. Then, any Nash equilibrium has social cost at mostm��+1 +m � 2�bm=4.
Proof. Suppose

Pi2[n℄ �i � Pj2[m℄ bj=6 e. Suppose the maximum weight over all streams isW = bm=(3� logm), for some given� > 0 with � logm � 2. We have to show that for every
Nash equilibriumC � m��+1 +m � 2�bm=4.

For j 2 [m℄, letXj be the random variable describing the injected load on server j. A simple
averaging argument shows the existence of a serverq 2 [m℄ with

E[Xq℄ = Xi2[n℄ pqi �i � bq6 e :
This server has expected costE[Cq℄ = E

�fbq(Xq)�. Next, consider an arbitrary serverj. Suppose
there existsi 2 [n℄ with pji > 0. Then the Nash equilibrium property gives
ji � 
qi so that

E[Cj℄ � E[Cjjxji = 1℄ = 
ji � 
qi = E[Cqjxqi = 1℄ � E
�fbq(Xq +W )� :

If pji = 0, for everyi 2 [n℄, thenE[Cj℄ = 0 � E
�fbq(Xq +W )� as well. Furthermore, observe

thatCj � 1 by the definition of the cost function. Hence, we can bound theexpected cost of any
serverj by

E[Cj℄ � Pr
�Xq � bq3 � � fbq �bq3 +W�+ Pr

�Xq > bq3 � � 1 � fbq �bq3 +W�+ Pr
�Xq > bq3 � :
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Let us estimate these two terms as follows. Observe thatW � bm=6 � bq=6. Consequently,fbq �bq3 +W� � fbq �bq2 � � � bq2 �bq =bq!Pbqk=0 � bq2 �k =k! � � bq2 �bbq=2
 l bq2 m!bq! � 2�bq=4 � 2�bm=4 :
Furthermore, usingE[Xq℄ � bq=(6e) and the upper bound for the maximum weight over all
streams ofW , we can apply the standard Hoeffding bound (see, e.g., [3]) to obtain

Pr
�Xq > bq3 � � 2�bq=3W � m��

becausebq � bm andW = bm=(3� logm). Hence, we can concludeC = E
�maxj2[m℄Cj� � m �maxj2[m℄ (E[Cj℄) � m��+1 +m 2�bm=4 :

This completes the proof of Theorem 19. ut
In other words, Theorem 19 says that, if the total injected load is at most a constant fraction of

the total bandwidth and every stream has not too large weight, that is, streams areO( 1logm)-small,

then the fraction of rejected requests is at mostm��+1 +m 2�bm=4, where� denotes an arbitrary
constant. Under the same conditions, an optimal allocationwould reject a fraction of2��(b1)
packets. Taking into account that typical Web servers can open several hundred TCP connections
simultaneously, so thatbm can be assumed to be quite large, we conclude that the cost of selfish
routing is very small in absolute terms even though the coordination ratio comparing these cost
with the optimal cost is unbounded.

7 Conclusions

Our results have important algorithmic consequences in that the choice of the queueing discipline
should take into account the possible performance degradation due to selfish and uncoordinated
behavior of network users.

We have shown that the coordination ratio for closed queueing systems is unbounded. The
same is true for server farms that reject requests in case of overload. However, there is a funda-
mental difference between these two kinds of queueing policies. Because of the infinity pole the
delay under selfish routing in closed queueing systems is in general unbounded. In fact, we have
explicitely shown that selfish routing in closed queueing systems can lead to an arbitrary large
delay even when the total injected load can potentially be served by a single server. In contrast,
the fraction of rejected requests under selfish routing can be bounded above by a function that is
exponentially small in the number of TCP connections that can be opened simultaneously.

We conclude that server farms that serve all requests, regardless how long requests have to
wait, cannot give any reasonable guarantee on the quality ofservice when selfish agents man-
age the traffic. However, if requests are allowed to be rejected then it is possible to guarantee a
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high quality of service for every individual request stream. Thus, the typical practice of reject-
ing requests in case of overload is a necessary condition to ensure efficient service under game
theoretic measures.
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A Upper Bounds for Pure Strategies: Proof of Theorem 12

Let us first recall the formulation of Theorem 12. We present below its proof which is quite
technical.

Theorem Let us consider the integral allocation model and cost function on a server being the
M/M/1 waiting time. The bicriteria coordination ratio withpure strategies,R, in this model has
value at mostO(m1=3 log(m)), wherem is the number of servers.

Proof. Recall, that the cost function on a server with bandwidthb (called here the service rate)
being the M/M/1 waiting time is given by the formulafb(�) = �b(b��) .

Assume thatb1 � : : : � bm, and letn be the number of data streams. Observe, that if the
maximum cost on the servers isz for a solution given by variablesxji , then we havePni=1 �ixjibj(bj�Pni=1 �ixji ) � z; 8j 2 [m℄:
Let us rescale the service rates of all servers so that the maximum service rate isS > 0. This
means, that we replace each original service ratebj by (S=bm)bj. By the observation made above,
we have for any serverj:Pni=1 �ixjibj(bj �Pni=1 �ixji ) � z; equivalent to

Pni=1 S 0�ixjiS 0bj(S 0bj �Pni=1 S 0�ixji ) � z=S 0;
whereS 0 = S=bm. Thus, rescaling results in changing the objective value from z into z=S 0, and
in replacing each�i by S 0�i. We will work with such a rescaled instance of the problem, and in
particular�i; bj will denote the new rescaled values of the data stream weights and service rates.
We will usexij to denotexji in what follows.

Let us fix the value of parameter� = �pS log(S + 1), where a constant� > 0 will be
specified later. Recall, thatopt� means the optimum solution in a system, where we blow the
weights�i up by�. Now, fix anyopt� solution, i.e. the value of this solution isopt�. (If there is
no feasible solution for the problem where we blow the�i’s up, then we are done.) Define� to
be a parameter such thatopt� = �pS .

We classify now the servers as follows. All servers with service ratebj < 1 belong to group
(set)G0, and all servers with service ratebj s.t.2k�1 � bj < 2k define groupGk, for k 2 [K℄.
Clearly,K = O(log(S)). All the data streams assigned by theopt� solution to servers in groupGk define a group of data streamsTk, k 2 [K℄. We can easily see that for each data streami 2 Tk, �i < 2k� .

Let us now fix any Nash equilibrium, sayxN 2 f0; 1gn�m. Let k 2 f0g [ [K℄, and defineT j = fi : xNij = 1g, i.e. the set of all data streams assigned by the Nash solution to serverj, andT (k) = T0 [ T1 [ : : : [ Tk. ThenS(k) = fj : T j \ T (k) 6= ;g is the set of all servers having
at least one data stream from setT (k). We will denote bywNj the cost on serverj in the Nash
solution, i.e.wNj = fbj (Pi2T j �i). We also abbreviatefbj (�) to fj(�). A direct application of the
Lagrange Mean Value Theorem gives the following.
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Lemma 20 Let bj > 0, andx; y 2 (0; bj) with x < y. Then there exists a number� 2 (x; y)
such thatfj(y) = fj(x) + f 0j(�) � (y � x).
Claim 21 Let f(x) = xb(b�x) , andx0 2 (0; b) be such thatf(x0) � �k� , wherek � log(S + 1)
and2k�1 � b. Thenf 0(�) � �b , for any� 2 [x0; x0 + 2k� ℄, where� = (p3 + 1)2 � 7:464.

Proof. By a simple expression manipulation, we can see thatf(x0) � �k� impliesx0 � �kb2�kb+ � :
Observe, thatf 0(x) = 1(b�x)2 . Thus, we have to show that for any� 2 [x0; x0 + 2k� ℄, we have1(b��)2 � �b . This is equivalent to showing that� � b�q b� .

Since the derivativef 0(�) is non-decreasing, it is enough to prove thatx0 + 2k� � b �q b� .

And sincex0 � �kb2�kb+� , it suffices to prove that�kb2�kb + � + 2k� � b�s b�:
Multiplying both sides of this inequality by�(�kb+ �), we get�kb2� + �kb2k + 2k� � �kb2� + b�2 � �kb�s b� � �2s b�:
This inequality is equivalent to�kb2k + 2k� + �kb�s b� + �2s b� � b�2;
which by applying� = �pS log(S + 1), rewrites into�kb2k + �2kpS log(S + 1) + �2kbpSs b� log(S + 1) + �2Ss b� log2(S + 1)� �2bS log2(S + 1):
Now, we factor out� from both sides, and use the facts thatk � log(S + 1) and2k � 2b to
upper-bound the left-hand-side of the last inequality to obtain the followinglog(S + 1)b � 2b + 2bpS log(S + 1) + � log(S + 1)bpSs b� log(S + 1)+
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+�Ss b� log2(S + 1) � �bS log2(S + 1):
So if we are able to prove the last inequality, then the claim holds as well. Now, we uselog(S +1) � log2(S+1) and

pb � b (recall, thatb � 1) to further upper-bound the left-hand-side of the
last inequality to obtainlog2(S + 1)b � 2b + 2bpS log2(S + 1) + � log2(S + 1)bpSs b�++�S bp� log2(S + 1) � �bS log2(S + 1):
We factor outb andlog(S + 1) from both sides, and we have2b+ 2pS + �pSs b� + �S 1p� � �S:
We upper-bound the left-hand-side by applyingb � S, which gives2S + 2pS + 2p��S � �S:
Now applying

pS � S to upper-bound the LHS, and factoringS out implies4 + 2p�� � �;
which is equivalent to� � 4p�p��2 = 4p3+4p3�1 � 14:9283. This is true, since we will choose� such
that� � 15. ut

We distinguish two cases in the proof, depending on the valueof �.
The case of� � 2. We show the following main fact in this case.

Lemma 22 There is an absolute fixed constant� � 15, such that for anyk 2 f0g[ [K℄, and for
any serverj 2 S(k), we havewNj � �(k+1)� .

Proof. The proof is by induction onk.
Induction Base. We show the statement fork = 0. Assume towards a contradiction that there is
a serverj1 2 S(0) with wNj1 > �� . There must be at least one data stream, sayi1 2 T0, present on
serverj1. By the definition of groupT0, �i1 � b0� , whereb0 = 1 is the maximum service rate of
any server in groupG0.

One of the ideas for the rest of the proof is to show that all data streams in groupT0 can be
“assigned” to the servers inG1 [ � � � [ GK, without occupying too much space, such that we
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could assign also the rest of the streams. In this way we can basically delete all the small servers
in the groupG0. The details follow.

Let � 0 = �� 9 � 1. We first define a “bin” for each serverj 2 G1 [ � � �[GK , by just saying
that such a bin has size (capacity)
j such that:fj(
j) = 
jbj(bj � 
j) = � 0� :
Notice, that�0� � opt�. Then, a simple calculation shows that
j = � 0b2j� 0bj + � : (6)

Claim 23 There is a fixed constant
 > 1, such that� 0 > 2
, and: (i)
Pi2T1[���[TK �i <12
Pj2G1[���[GK 
j, (ii)

Pi2T0 �i < 12
Pj2G1[���[GK 
j. The claim holds under the following
assumptions:
 = 2; � = 15, S = 4m2=3.
Proof. Part (i). Consider the set, sayT , of all streams, placed byopt� on serverj 2 G1 [� � � [ GK. Obviously,

Pi2T �i � bj� . We will show thatbj� < 
j2
 . By (6), the last inequality is
equivalent to � > 2
� 0bj� 0bj � 2
: (7)

Notice, that 2
�0bj�0bj�2
 = 2
�0�0�(2
)=bj . Therefore, the right-hand-side in (7) is maximized whenbj is

minimum, which isbj = 1. Recall, that� = �pS log(S + 1). So the minimum value of� is
whenS = 1, and then� = �. Thus, (7) holds if the following holds� > 2
� 0� 0 � 2
:
Recall, that also� 0 = � � 9. It is easy to check that if
 = 2, then the last inequality holds
provided that� � 15. Summing over all the streams inT1 [ � � � [ TK we obtain the claim.
Part (ii) . We know that for each serverj 2 G0 its speedbj is at most1. By the definition ofopt�
we know that the sum of the sizes of all data streams assigned by opt� solution to serverj is at
most bj� . Thus,

Pi2T0 �i � jG0j� � m� . Recall, thatm is the number of all servers. The inequality
claimed in Part(ii) would definitely hold if we can show thatm� < 12

S, where
S is the bin size
for the fastest server with speedS. By (6), the last inequality is equivalent tom� < � 0S22
(� 0S + �) ;
which, using� = �pS log(S + 1), can be rewritten as2
� 0pSm+ 2
� log(S + 1)m < �S2 log(S + 1);
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and, after plugging� 0 = � � 9 and
 = 2 (from the proof of Part(i)), as4(� � 9)pSm + 4� log(S + 1)m < �S2 log(S + 1):
It is now easy to observe thatS must be asymptotically at least
(m2=3). In fact it suffices to
takeS = 4m2=3, and� = 15. This proves the second part. ut

From now on we assume, following Claim 23, that
 = 2; � = 15, andS = 4m2=3. By Claim
23,
Pi2T0[���[TK �i < 1
Pj2G1[���[GK 
j, with 
 = 2. Therefore, by a simple counting argument,

there is a server, sayj2 2 G1 [ � � � [ GK, in the Nash solution, with load at most12
j2 . This
implies thatwNj2 < �0� . Let us now assign streami1 to serverj2. Then, the new waiting time on
serverj2 is at most: fj2 �12
j2 + �i1� � fj2 �12
j2 + 1�� :
Using Lemma 20 withx = 12
j2 andy = 12
j2 + 1� , we have that there is a� 2 (x; y) such that:fj2 �12
j2 + �i1� = fj2 �12
j2�+ 1�(bj2 � 12
j2 � 1�)2 :
By the fact that functionfj2(�) is increasing, we have:fj2 �12
j2 + �i1� < fj2(
j2) + 1�(bj2 � 12
j2 � 1�)2 :
By (6), we easily see that
j < bj, for each serverj. This allows us to write:fj2 �12
j2 + �i1� < fj2(
j2) + 1�(bj2 � 12bj2 � 1�)2 = fj2(
j2) + 1�(12bj2 � 1�)2 �fj2(
j2) + 1�(12 � 1�)2 :
The last inequality follows from the fact thatbj2 � 1, since server was in a groupGp for somep � 1.

By the definition of
j, wNj2 = fj2(
j2) � �0� . This gives:fj2 �12
j2 + �i1� < � 0� + 1�(12 � 1�)2 : (8)

We now show that 1( 12� 1� )2 < 9. This inequality is equivalent to( 2���2)2 < 9, which holds iff2���2 < 3, or equivalently� > 6. This is of course true, since� = �pS log(S + 1) � � � 15.
Having 1( 12� 1� )2 < 9, and knowing that� 0 = � � 9, we obtain from (8) that:fj2 �12
j2 + �i1� < �� :
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At the beginning of the induction base proof we have assumed thatwNj1 > �� . We have just proved
that moving streami1 from serverj1 to j2 gives waiting time of value strictly less than�� . This
contradicts the definition of the Nash equilibrium.
Induction Step.We assume that the claim holds fork � 1 (k � 1), and we will show that it also
holds fork. Assume towards a contradiction that there is a serverj1 2 S(k) with wNj1 > �(k+1)� .
By the definition ofS(k), serverj1 has a data stream, sayi1, s.t.i1 2 T (k) = T0 [ T1 [ : : :[ Tk.

By the definition of setsTp’s and of theopt� solution, the total sum of the weights�i’s of all
the streams fromT 0 = Tk [ � � � [ TK assigned (in the Nash solution) to servers inGk [ � � � [GK
is at most1�Pj002Gk[���[GK bj00. This, by an averaging argument implies that there is a server, sayj2 2 Gk[� � �[GK , with load w.r.t. the streams inT 0 at most1�bj2 . Formally, ifT j2 = fi : xNij2 =1g is the set of all streams assigned to serverj2, then

Pi2T j2\T 0 �i � 1�bj2 .
If there is a stream from setT (k� 1) assigned to serverj2, then by the induction assumption

for k � 1, wNj2 � �k� , and we are done. If only streams from setT 0 are present on serverj2, then
its load is

Pi2T j2 �i =Pi2T j2\T 0 �i � 1�bj2; and thuswNj2 � fj2( 1�bj2) = 1�bj2bj2(bj2 � 1�bj2) :
Therefore, we have wNj2 � max��k� ; 1�bj2bj2(bj2 � 1�bj2)� : (9)

We now upper-bound the second expression in themax formula above:bj2=�bj2(bj2 � bj2=�) = 1bj2(�� 1) � 12k�1(�� 1) � 1�� 1 < �� � �k� :
The estimates above are based respectively on the followingfacts: bj2 � 2k�1 (sincej2 2Gk [ � � � [ GK), k � 1, � = �pS log(S + 1) � � = 15 > 2. Thus, by (9) we have thatwNj2 � �k� .

Let us now put streami1 on serverj2 (obviously,j1 6= j2.). Sincei1 2 T (k), �i1 < 2k� . The
waiting time of serverj2 after putting streami1 on it is at most (letxj2 be the load on serverj2
before putting streami1): w0j2 = fj2(xj2 + �i1) � fj2(xj2 + 2k� )
(note, thatfj2(�) is an increasing function). By Lemma 20, there is� 2 (xj2; xj2 + 2k� ) so thatw0j2 � fj2(xj2) + 2k� � f 0j2(�)
Observe, thatfj2(xj2) = wNj2 � �k� . Now, we invoke Claim 21 withf = fj2, b = bj2 , x0 = xj2 ,
sincef(x0) � �k� andbj2 � 2k�1 (by the fact thatj2 2 Gk [ � � � [ GK), we have by Claim 21
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thatf 0j2(�) � �bj2 . Putting all the pieces together impliesw0j2 � fj2(xj2) + 2k� � f 0j2(�) � wNj2 + 2k� � �bj2 � �k� + 2k� � �bj2 :
Usingbj2 � 2k�1, we obtain from the last inequalityw0j2 � �k� + 2k� � �2k�1 = �k + 2�� < �(k + 1)� :
The last inequality follows by observing that2� < �. Thusw0j2 < �(k+1)� after putting a stream

from serverj1 to serverj2. But the waiting time on serverj1 is at leastwNj1 > �(k+1)� , which is a
contradiction with the Nash property. This finishes the proof of the induction step. ut

By Lemma 22,wNj � �(K+1)� for each serverj 2 S(K). If there is a server, sayj,
that has no streams assigned in the Nash solution, then of course wNj = 0. Observe, thatS(K) is the set of all servers that have at least one stream assigned. Therefore, we see thatwNj � �(K+1)� for each serverj. This means thatC � �(K+1)� , and by� = �pS log(S + 1),
we haveC � K+1pS log(S+1) . Recall, that2K � S, and soK � log(S). Therefore, we haveC � log(S)+1pS log(S+1) < 2pS � �pS = opt�. SinceS = 4m2=3, we finally getC � opt�, where� = O(m1=3 log(m)), which proves Theorem 12 when� � 2.

The case of� < 2. The proof in this case has to take into account the fact that� can now be
arbitrarily small, and this may cause problems, since we want to upper-boundC by opt� = �pS .
Similarly to the case of� � 2, we show the following fact in this case. The proof of this fact has
similar main steps to those in the proof of Lemma 22, but the details are quite different.

Lemma 24 There is an absolute fixed constant� � 15, such that for anyk 2 f0g[ [K℄, and for
any serverj 2 S(k), we havewNj � ��(k+1)� .

Proof. The proof is by induction onk.
Induction Base. We show first the statement fork = 0. Assume towards a contradiction that
there is a serverj1 2 S(0) with wNj1 > ��� . There must be at least one data stream, sayi1 2 T0,
present on serverj1. By the definition of groupT0, streami1 is placed byopt� on a server from
groupG0 with speedb0, say. Thus

��i1b0(b0���i1 ) � opt� = �pS , which gives��i1b0(b0 � ��i1) � �pS is equivalent to �i1 � �b20�b0� +pS� : (10)

Sinceb0 � 1, we obtain that�i1 � ���+pS�
Let � 0 = � � 9 � 1. We define a “bin” for each serverj 2 G1 [ � � � [ GK, by saying that

such a bin has capacity
j such that:fj(
j) = 
jbj(bj � 
j) = �� 0� :
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A simple calculation shows that 
j = �� 0b2j�� 0bj + � : (11)

Claim 25 There is a fixed constant
 > 1, such that� 0 > 2
, and: (i)
Pi2T1[���[TK �i <12
Pj2G1[���[GK 
j, (ii)

Pi2T0 �i < 12
Pj2G1[���[GK 
j. The claim holds under the assumptions:
 = 2; � = 15, andS = 4m2=3.
Proof. Part (i). Consider the set, sayT , of all streams, placed byopt� on serverj 2 G1 [ � � � [GK. Let�0 =Pi2T �i, then ��0bj(bj���0) � �pS . This, by (10), implies�0 � �b2j�bj�+pS� .

We will show that
�b2j�bj�+pS� < 
j2
 . By (11), the last inequality is equivalent to1�bj� +pS� < � 02
(�� 0bj + �) : (12)

This inequality is equivalent to2
�� 0bj + 2
� < �� 0bj� + � 0pS�:
Since� 0 = � � 9 � 6, 
 = 2 andS � 1, it is easy to see that2
� < � 0pS�. Thus, to prove the
last inequality, it suffices to show that2
�� 0bj < �� 0bj�, which rewrites to2
 < �. Sinceb � 1,� = �pS log(S +1) � � � 15 and
 = 2, the inequality2
 < � surely holds. This proves (12).
Summing over all the streams inT1 [ � � � [ TK we obtain part(i) of the claim.
Part (ii) . Assume, that�j is the sum the sizes of all streams assigned byopt� solution to serverj. By (10), we can estimate�j as�j � �b2j�bj�+pS� . Sincej 2 G0, bj � 1, and so�j � ���+pS� .

Thus,
Pi2T0 �i � jG0j ���+pS� � m ���+pS� . Recall, thatm is the number of all servers. The

inequality claimed in Part(ii) would definitely hold ifm ���+pS� < 12

S, where
S is the bin size
for the fastest server with speedS. By (11), the last inequality is equivalent tom�� +pS� < � 0S22
(�� 0S + �) ;
which, using� = �pS log(S + 1), can be rewritten as2
�� 0Sm + 2
�pS log(S + 1)m < ��� 0pSS2 log(S + 1) + �� 0S3 log(S + 1);
We prove this inequality by comparing the LHS and RHS term-wise. Comparing first terms gives2
�� 0Sm < ��� 0pSS2 log(S + 1);
which rewrites into 2
m < �S3=2 log(S + 1):
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The last inequality holds ifS = 4m2=3 and
 = 2, since� � 15. Now, we compare the second
terms of the LHS and RHS, which leads to2
�pS log(S + 1)m < �� 0S3 log(S + 1);
and it is equivalent to 2
m < � 0S5=2:
The last inequality obviously holds whenS = 4m2=3, 
 = 2, and� 0 = � � 9 � 6. This proves
the second part of the claim. ut

From now on we assume, following Claim 25, that
 = 2; � = 15, andS = 4m2=3. By Claim
25,
Pi2T0[���[TK �i < 1
Pj2G1[���[GK 
j, with 
 = 2. Thus, by a counting argument, there is a

server, sayj2 2 G1[� � �[GK , in the Nash solution, with load at most12
j2 . This giveswNj2 < ��0� .
We assign streami1 to serverj2. The new waiting time on serverj2 is at most:fj2 �12
j2 + �i1� � fj2 �12
j2 + ��� +pS�� :

Using Lemma 20 withx = 12
j2 andy = 12
j2 + ���+pS� , we have that there is a� 2 (x; y) such
that: fj2 �12
j2 + �i1� = fj2 �12
j2� + ��� +pS� � 1(bj2 � 12
j2 � ���+pS�)2 :
Functionfj2(�) is non-decreasing, therefore:fj2 �12
j2 + �i1� � fj2 (
j2) + ��� +pS� � 1(bj2 � 12
j2 � ���+pS�)2 :
By (11), we see that
j < bj, for each serverj. This allows to write:fj2 �12
j2 + �i1� < fj2 (
j2) + ��� +pS� � 1(bj2 � 12bj2 � ���+pS�)2 == fj2(
j2) + ��� +pS� � 1(12bj2 � ���+pS�)2 � fj2(
j2) + ��� +pS� � 1(12 � ���+pS�)2 :
The last inequality follows frombj2 � 1, since serverj2 was from a groupGp for somep � 1.

By the definition of
j, wNj2 = fj2(
j2) � ��0� , which gives:fj2 �12
j2 + �i1� < �� 0� + ��� +pS� � 1(12 � ���+pS�)2 : (13)

We now show that ���+pS� � 1( 12� ���+pS� )2 < 9�� . This inequality is equivalent to 1�+pS �1( 12� ���+pS� )2 < 9, which would hold if 1( 12� ���+pS� )2 < 9, or equivalently13 < 12 � ���+pS� . The

last inequality rewrites into6� < ��+pS�, which is true, since� = �pS log(S+1) � � � 15.
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Applying ���+pS� � 1( 12� ���+pS� )2 < 9�� , and� 0 = � � 9, we obtain from (13):fj2 �12
j2 + �i1� < ��� :
At the beginning of the induction base proof we have assumed thatwNj1 > �� . We have just
showed that moving data streami1 from serverj1 to serverj2 gives waiting time on that server
of value strictly less than��� . This contradicts the definition of the Nash equilibrium, and thus
proves the induction base.
Induction Step.We assume that the claim holds fork � 1 (k � 1), and we will show that it also
holds fork. Assume towards a contradiction that there is a serverj1 2 S(k) with wNj1 > ��(k+1)� .
By the definition ofS(k), serverj1 has a stream, sayi1, s.t.i1 2 T (k) = T0 [ T1 [ : : : [ Tk.

Let us fix any serverj 2 G0 = Gk [ � � � [ GK and letj 2 Gp for somep 2 fk; : : : ; Kg.
By the definition ofTp and theopt� solution, the total sum, sayxj, of the sizes of all the streams
(they all are fromTp) assigned byopt� to serverj fulfills �xjbj(bj��xj) � �pS . By (10), this impliesxj � �b2j�bj�+pS� .

This, by a simple averaging argument implies that there is a server, sayj2 2 Gk [ � � � [GK,

with load w.r.t. the streams inT 0 = Tk[� � �[TK at most
�b2j2�bj2�+pS� . (Otherwise, the sum over the

sizes of all streams inT 0 would be strictly greater than
Pj2G0 �b2j�bj�+pS� , which by the argument

above is false.) Formally, ifT j2 = fi : xNi;j2 = 1g is the set of all streams assigned to serverj2,
then

Pi2(T j2 )\T 0 �i � �b2j2�bj2�+pS� .

If there is a stream from setT (k� 1) assigned to serverj2, then by the induction assumption
for k� 1, the waiting timewNj2 on serverj2 is at most��k� , and we are done. If only streams from

setT 0 are present on serverj2, then its load is at most
Pi2T j2 �i = Pi2T j2\T 0 �i � �b2j2�bj2�+pS� ,

and thus wNj2 � fj2  �b2j2�bj2� +pS�! = �b2j2�bj2�+pS�bj2(bj2 � �b2j2�bj2�+pS�) :
Therefore, we havewNj2 � �b2j2�bj2� +pS� � 1bj2(bj2 � �b2j2�bj2�+pS�) = ��bj2� +pS� � 1(1� �bj2�bj2�+pS�) =��bj2� +pS�� �bj2 = ��bj2(�� 1) +pS� � �pS� � ��kpSpS� = ��k� :
The last two inequalities in the estimate above follow by observing that�bj2(��1) � 0, � � 15,k � 1 and

pS � 1. Thus, we finally have thatwNj2 � ��k� .
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Let us now put streami1 on serverj2 (obviously,j1 6= j2.). Sincei1 2 T (k), streami1
was assigned byopt� to a server, sayj, such thatj 2 G0 [ � � � [ Gk. Similarly to the previous

arguments, we have that
��i1bj(bj���i1 ) � �pS , and by (10),�i1 � �b2j�bj�+pS� .

Let xj2 be the load on serverj2 before putting streami1 on it, then by the considerations
above, we have xj2 � �b2j2�bj2� +pS� : (14)

The waiting time of serverj2 after putting streami1 on it is at most:w0j2 = fj2(xj2 + �i1) � fj2  xj2 + �b2j�bj� +pS�!
(note, thatfj2(�) is a non-decreasing function). By Lemma 20, there is� 2 (xj2 ; xj2 + �b2j�bj�+pS�)
so that w0j2 � fj2(xj2) + �b2j�bj� +pS� � f 0j2(�): (15)

Observe, that fj2(xj2) = wNj2 � ��k� : (16)

We will now prove that �b2j�bj� +pS� � f 0j2(�) � ��� : (17)

Since the derivativef 0j2(�) is non-decreasing (recall, thatfj2(�) is a convex function), it suffices
to prove the following �b2j�bj� +pS� � f 0j2  xj2 + �b2j�bj� +pS�! � ��� ;
and using (14), it is enough to prove that�b2j�bj� +pS� � f 0j2  �b2j2�bj2� +pS� + �b2j�bj� +pS�! � ��� :
We now factor-out�, �, and divide both sides by� to getb2j�(�bj +pS) � f 0j2  �b2j2�bj2� +pS� + �b2j�bj� +pS�! � 1;
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which can also be rewritten intob2j�(�bj +pS) � "f 0j2  �b2j2�bj2� +pS� + �b2j�bj� +pS�!#�1 :
Sincefj2(y) = 1(bj2�y)2 , the inequality above is equivalent tos b2j�(�bj +pS) � bj2 � �b2j2�bj2� +pS� + �b2j�bj� +pS�! ;
or to bjq�(�bj +pS) + �b2j2�bj2� +pS� + �b2j�bj� +pS� � bj2 :

Sincej 2 G0 [ � � � [ Gk, bj < 2k, and alsobj2 � 2k�1, we havebj < 2bj2. Observe, that
if we increasebj in the first and third term in the LHS of the last inequality, the value of LHS
increases. Therefore, it is enough to prove that2bj2q�(2�bj2 +pS) + �b2j2�bj2� +pS� + 4�b2j22�bj2� +pS� � bj2 :
We now factorbj2 out from both sides to obtain2q�(2�bj2 +pS) + �bj2�bj2� +pS� + 4�bj22�bj2� +pS� � 1:
Replacing2�bj2 by 0 in the first term, and replacing� by 2 (recall, that� < 2) in the second and
third terms again increases the LHS, and we have2q�pS + 2bj22bj2� +pS� + 8bj24bj2� +pS� � 1:
We increase further the LHS by replacingbj2 with S (recall, thatbj2 � S) in the second and the
third terms, which gives 2q�pS + 2S2S� +pS� + 8S4S� +pS� � 1:
Finally, sinceS � 1, we have� = �pS log(S + 1) � �pS, we replace� to get2q�pS + 2S�pS(2S +pS) + 8S�pS(4S +pS) � 1;
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which is equivalent to 2q�pS + 2�(2pS + 1) + 8�(4pS + 1) � 1;
and by usingS � 1, it finally suffices to show that2p� + 23� + 85� � 1:
This final inequality can easily be checked to hold when� � 15. This proves (17).

Putting (15), (16) and (17) together impliesw0j2 � �(k + 1)� :
Thusw0j2 � �(k+1)� after putting a stream from serverj1 to serverj2. But the waiting time on

serverj1 is at leastwNj1 > �(k+1)� , which is a contradiction with the Nash property. This finishes
the proof of the induction step. ut

Now, by Lemma 24,wNj � ��(K+1)� for each serverj 2 S(K). If there is a server, sayj, that has no streams assigned in the Nash solution, thenwNj = 0. Observe, thatS(K) is the

set of all servers that have at least one stream assigned. Thus, we see thatwNj � ��(K+1)� for

each serverj. This means thatC � ��(K+1)� , and by� = �pS log(S + 1) (in fact we can
use a slightly greater�, namely� = 2�pS log(S + 1), since this can only increaseopt�),
we haveC � �(K+1)2pS log(S+1) . Recall, that2K � S, and soK � log(S). Therefore, we haveC � �(log(S)+1)2pS log(S+1) < 2�2pS = �pS = opt�. SinceS = 4m2=3, we finally getC � opt�, where� = O(m1=3 log(m)), which proves Theorem 12 when� < 2. This completes the proof of
Theorem 12. ut
B Derivation of the P-K cost function family

Consider a single M/G/1 queue. Letr denote the injection rate, i.e., the expected number of
customers per time unit (= expected number of requests per time unit). Letb denote the service
rate (= number of processed data units per time unit.) Fix theservice time (= session length)
distribution. LetS denote a random variable describing the service time for a fixed customer
(= requested data units per request = session length). Then the well-known Pollaczek-Khinchin
equation states W = �(E[S℄2 + Var [S℄)2b(b� rE[S℄) ;
whereW is the expected waiting time in this queue (= server) in steady state. In the following,
we rewrite this formula using a different notation that willenable us to aggregate streams in a
simple, linear fashion.
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LetX denote a random variable describing the number of injected units of load in any fixed
time interval of length one. We define� = E[X℄ = rE[S℄V = Var [X℄ = r(E[S℄2 + Var [S℄) :
In words,� denotes the expectation of the injected load (= requested data units) per time unit andV the variance of this load. Using this non-standard notation, we obtainW = Var [X℄2b(b� E[X℄) :
Next we describe how streams can be aggregated under this cost function. For every streami 2 [n℄,� let �i denote the expected load injected per time unit, and� let Vi denote the variance of the same random variable.

Furthermore letxi denote the fraction of streami that is directed to the considered server. For
example, imagine that every single request is directed to the considered server with probabilityxi. As requests are Poisson, the stream obtained by aggregating all streams in this way has
expected load� = Pi2[n℄ �i and varianceV = Pi2[n℄ Vi. Thus, the expected waiting time on
the expected server is W = Pi2[n℄ �i2b(b�Pi2[n℄ Vi) :
For simplicity in notation, we drop the factor12 and define that the cost of the considered server
under the allocationx1; : : : ; xn is 2W .
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