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t. We present an extension of type theory with a �xed point
ombinator Y . We are parti
ularly interested in using this Y for do-ing unbounded proof sear
h in the proof system. Therefore we treatin some detail a typed �-
al
ulus for higher order predi
ate logi
 withindu
tive types (a reasonable subsystem of the theory implemented in[Dowek e.a. 1991℄) and show how bounded proof sear
h 
an be done inthis system, and how unbounded proof sear
h 
an be done if we addY . Of 
ourse, proof sear
h 
an also be implemented (as a ta
ti
) in themeta language. This may give faster results, but asks from the user tobe able to program the implementation. In our approa
h the user works
ompletely in the proof system itself. We also provide the meta theoryof type theory with Y that allows to use the �xed point 
ombinator ina safe way. Most importantly, we prove a kind of 
onservativity result,showing that, if we 
an generate a proof term M of formula ' in theextended system, and M does not 
ontain Y , then M is already a proofof ' in the original system.1 Introdu
tionIn theorem provers based on type theory, we are always looking for an expli
itproof-obje
t, i.e. if we want to prove the formula ', we are in fa
t looking for aterm M su
h that M : '. (M is of type '.) Su
h a term M then 
orrespondsto a derivation in standard natural dedu
tion (and 
an be translated to a proofin natural language text). This has the advantage that, besides the proof enginetelling us that the formula is provable, the engine also produ
es { intera
tivelywith the user { a proof term that 
an be 
he
ked independently. As a matterof fa
t, the program for 
he
king a proof obje
t is relatively simple: it is a type
he
king algorithm for a strongly dependent-typed language. This 
onforms withthe basi
 idea that �nding a proof is diÆ
ult { hen
e this is done intera
tively,whereas verifying an alleged proof is simple.The intera
tion with the proof engine usually exists in a set of goal-dire
tedta
ti
s. So, we try to 
onstru
t a proof-term by looking at the stru
ture of thegoal to be proved. Of 
ourse, one 
an de�ne more powerful ta
ti
s, espe
iallywhen we are dealing with a de
idable fragment of the logi
. An example is the`Tauto' ta
ti
 in Coq, that automati
ally solves (i.e. 
onstru
ts proof-terms) for�rst order propositional logi
 (and a bit beyond).



2 Herman Geuvers, Erik Poll, Jan ZwanenburgTa
ti
s like Tauto are built-in in the engine, but the user 
an also de�nehis/her own ta
ti
s, by programming them in the meta-language of the proofsystem. To do so, the user has to know the meta-language and the way theproof system is implemented in it quite well. This makes it in general quite hardto program one's own ta
ti
s. In this paper we present a kind of `ta
ti
' that
an be programmed in the proof system itself, whi
h allows sear
hing for proof-terms. So no knowledge of the implementation is required. We also present twoexamples of its use and the underlying explanation of the method in terms ofthe proof system (the typed �-
al
ulus that is implemented in the proof engine).The method we present 
an also be implemented as a ta
ti
 in the meta-language, and then it 
an 
ertainly be made mu
h faster. We believe that it isni
e that a `sear
h-ta
ti
' 
an be safely implemented in the language of the proofsystem itself, whi
h makes it mu
h easier to apply for a user.Due to the expressiveness of typed �-
al
ulus, a lot of `proof sear
h' 
an bede�ned already in the proof system itself. E.g. if we have a de
idable predi
ateQ over nat (i.e. a proof term P of type 8n:nat:Q(n) _ :Q(n)), then we 
an doa bounded sear
h for an element m � N su
h that Q(m) holds. The idea is toiterate P up to N times until we �nd an m : nat for whi
h Pm = inl t; thent : Q(m). Note that this m will also be the smallest n for whi
h Q(n) holds.An unbounded sear
h 
an also be de�ned if we add a �xed point 
ombinator tothe typed �-
al
ulus. In the example above: using the �xed point 
ombinator, we
an iterate P without bound, until we �nd anm : nat su
h that Pm = inl t, andthen Q(m) holds. Adding a �xed point 
ombinator is of 
ourse a real extensionof the proof system: as the underlying typed �-
al
ulus is strongly normalizing,no �xed point 
ombinator 
an be de�ned in it. In this paper we show that addinga �xed point 
ombinator Y is safe. This is done by showing that the additionof Y yields a 
onservative extension. That is, if `S denotes derivability in sometyped �-
al
ulus and `S+Y denotes derivability in S extended with Y , then� `S+Y M : A) � `S M : A;for �;M and A not 
ontaining Y . (Of 
ourse we do not have 
onservativityin the logi
al sense: 9M (� `S+Y M : A) 6) 9M (� `S M : A), for � and Anot 
ontaining Y .) Now, in order to show that adding Y is safe, let ' be aformula in a 
ertain 
ontext � (both ' and � in the system S). Suppose wehave 
onstru
ted a proof-term P : ' in S + Y , so P may possibly 
ontain Y .Now we let P redu
e until we �nd a term P 0 that does not 
ontain Y . Then,due to the subje
t redu
tion property for S + Y (whi
h we will prove), we have� `S+Y P 0 : ' and hen
e � `S P 0 : ' by 
onservativity.How exa
tly the �xed point 
ombinator is used to perform proof sear
h will bedetailed in the paper by some examples. The proof sear
h is in fa
t performedby the redu
tion of the �xed point 
ombinator, so, in terms of the previousparagraph, the sear
h is in the redu
tion from P to P 0.The 
onservativity of S + Y over S will be proved for arbitrary fun
tionalPure Type Systems S. Fun
tional Pure Type Systems 
over a large 
lass oftyped �-
al
uli, among whi
h we �nd the simple typed �-
al
ulus, dependent



Safe Proof Che
king with Y 3typed �-
al
ulus, polymorphi
 �-
al
ulus (known as system F ) and the Cal
ulusof Constru
tions. The 
ore of the proof system of Coq is also a fun
tional PureType System. We believe that the 
onservativity of S + Y over S will extend tothe whole proof system of Coq, whi
h is a fun
tional Pure Type System extendedwith indu
tive types.2 Theorem Proving in Typed � 
al
ulusIn this se
tion we brie
y introdu
e the notion of Pure Type System and givesome examples of how theorem proving is done in su
h a system. Our main fo
uswill be on the system �PRED!. This is a typed �-
al
ulus that faithfully rep-resents 
onstru
tive higher order predi
ate logi
. To motivate this we give someexamples of derivable judgements in �PRED!. For more information on PureType Systems and typed �-
al
ulus in general, we refer to [Barendregt 1992℄ and[Geuvers 1993℄.Pure Type Systems or PTSs were �rst introdu
ed by Berardi [Berardi 1990℄and Terlouw [Terlouw 1989a℄, with slightly di�erent de�nitions. The advantageof the 
lass of PTSs is that many known systems 
an be seen as PTSs. So, manyspe
i�
 results for spe
i�
 systems are immediate instan
es of general propertiesof PTSs. In the following we will mention a number of these properties.De�nition 1. For S a set, the so 
alled sorts, A � S � S (the axioms) andR � S � S � S (the rules), the Pure Type System �(S;A;R) is the typed�-
al
ulus with the following dedu
tion rules.(sort) ` s1 : s2 if (s1; s2) 2 A(var) � ` A : s�; x:A ` x : A(weak) � ` A : s � `M : C�; x:A `M : C(�) � ` A : s1 �; x:A ` B : s2� ` �x:A:B : s3 if (s1; s2; s3) 2 R(�) �; x:A `M : B � ` �x:A:B : s� ` �x:A:M : �x:A:B(app) � `M : �x:A:B � ` N : A� `MN : B[N=x℄(
onv�) � `M : A � ` B : s� `M : B A =� B



4 Herman Geuvers, Erik Poll, Jan ZwanenburgIf s2 � s3 in a triple (s1; s2; s3) 2 R, we write (s1; s2) 2 R. In these rules, theexpressions are taken from the set of pseudoterms T, de�ned byT ::= S jV j (�V:T:T) j (�V:T:T) jTT:The pseudoterm A is typable if there is a 
ontext � and a pseudoterm B su
hthat � ` A : B or � ` B : A is derivable.In the following, we will mainly be dealing with the PTS �PRED!, whi
h isde�ned as follows.�PRED!S Set;Types;Prop;TypepA (Set : Types); (Prop : Typep)R (Set; Set); (Set;Typep); (Typep;Typep);(Prop;Prop); (Set;Prop); (Typep;Prop)The idea is that Set is the sort (universe) of `small' sets, Prop is the sort ofpropositions Typep is the sort of `large' sets (so Prop is a large set) and Types isthe sort 
ontaining just Set.We brie
y explain the rules. The rule (Prop;Prop) is for forming the impli
a-tion: '! for ';  : Prop. With (Set;Typep) one 
an form A!Prop : Typep andA!A!Prop : Typep, the domains of unary predi
ates and binary relations overA. (Typep;Typep) allows to extend this to higher order predi
ates and relations,like (A!Prop)!Prop : Typep, the domain of predi
ates over predi
ates over A,and (A!A!Prop)!Prop : Typep. The rule (Set;Prop) allows the quanti�
ationover small sets (i.e. A with A : Set): one 
an form �x:A:' (for A : Set and' : Prop), whi
h is to be read as a universal quanti�
ation. (Typep;Prop) allowsalso higher order quanti�
ation, i.e. over large sets, e.g. �P :A!Prop:' : Prop.Using (Set; Set) one 
an de�ne fun
tion types like the type of binary fun
tions:A!A!A, but also (A!A)!A, whi
h is usually referred to as a `higher orderfun
tion type'.We motivate the de�nition by giving some examples of mathemati
al notionsthat 
an be formalised in �PRED!.Example 2.1. nat:Set; 0:nat; >:nat!nat!Prop ` �x:nat:x>0 : nat!Prop. Here we seethe use of �-abstra
tion to de�ne a predi
ate.2. nat:Set; 0:nat; S:nat!nat `�P :nat!Prop:(P0)!(�x:nat:(Px!P (Sx)))!�x:nat:Px : Prop. This isthe indu
tion formula written down in �PRED! as a term of type Prop.3. A:Set; R:A!A!Prop ` �x; y; z:A:Rxy!Ryz!Rxz : Prop. (This formulaexpresses transitivity of R.)4. A:Set ` �R;Q:A!A!Prop:�x; y:A:Rxy!Qxy :(A!A!Prop)!(A!A!Prop)!Prop. (This relation between binary rela-tions on A expresses in
lusion of relations.)



Safe Proof Che
king with Y 55. A:Set ` �x; y:A:�P :A!Prop:(Px!Py) : A!A!Prop.This binary relation on A is also 
alled `Leibniz equality' and is usuallydenoted by =A, denoting the domain type expli
itly.6. A:Set; x; y:A ` �r : x =A y:�P :A!Prop:r(�z:A:Pz!Px)(�q:Px:q) : x =Ay!y =A x. The proof of symmetry of Leibniz equality.The rules of Pure Type Systems give the 
exibility to de�ne subsystems ina rather easy way by restri
ting the set R. The Pure Type System �PRED2,representing se
ond order predi
ate logi
, is de�ned from �PRED! by removing(Typep;Typep) from the R. (Then we 
an no longer form higher order predi
atesand relations.) To obtain �rst order predi
ate logi
, we remove (Typep;Prop) from�PRED2, whi
h forbids quanti�
ation over se
ond order domains (predi
ates,relations). Other well-known typed �-
al
uli that 
an be des
ribed as a PTS aresimple typed �-
al
ulus, polymorphi
 typed �-
al
ulus (also known as systemF) and the Cal
ulus of Constru
tions.2.1 Properties of Pure Type SystemsAn important motivation for the de�nition of Pure Type Systems is that manyimportant properties 
an be proved for all PTSs at on
e. Here we list themost important properties and dis
uss them brie
y. Proofs 
an be found in[Geuvers and Nederhof 1991℄ and [Barendregt 1992℄. Here we only mention theones that are needed for the proof of 
onservativity of the extension of a PTSwith a �xed point 
ombinator.In the following, unless expli
itly stated otherwise, ` refers to derivability inan arbitrary PTS. Furthermore, � is a 
orre
t 
ontext means that � ` M : Afor some M and A.Proposition 3 (Chur
h-Rosser (CR)).The �-redu
tion is Chur
h-Rosser on the set of pseudoterms T.Proposition 4 (Corre
tness of Types (CT)).If � `M : A then � ` A : s or A � s for some some s 2 S.Proposition 5 (Subje
t Redu
tion (SR)).If � `M : A and M �!�!� N , then � ` N : A.Proposition 6 (Predi
ate Redu
tion (PR)).If � `M : A and A �!�!� A0, then � `M : A0.There are also many (interesting) properties that hold for spe
i�
 PTSs orspe
i�
 
lasses of PTSs. We mention one of these properties.De�nition 7. A PTS �(S;A;R) is fun
tional, also 
alled singly sorted, if therelations A and R are fun
tions, i.e. if the following two properties hold8s1; s2; s02 2 S(s1; s02); (s1; s02) 2 A ) s2 = s02;8s1; s2; s3; s03 2 S(s1; s2; s3); (s1; s2; s03) 2 R ) s3 = s03



6 Herman Geuvers, Erik Poll, Jan ZwanenburgThe PTSs that we have en
ountered so far are fun
tional. So are all PTSsthat are used in pra
ti
e. Fun
tional PTSs share the following ni
e property.Proposition 8 (Uni
ity of Types for fun
tional PTSs (UT)).For fun
tional PTSs, if � `M : A and � `M : B, then A =� B.A less interesting, very basi
, property, but one needed in a proof later, is:Proposition 9 (�-generation). Let � ` �x:A:B : s. Then there exists a rule(s1; s2; s) 2 R su
h that � ` A : s1 and �; x:A ` B : s2An important property of a type system is that types 
an be 
omputed, i.e.there is an algorithm that given � and M , 
omputes an A for whi
h � `M : Aholds, and if there is no su
h A, returns `false'. This is usually referred to as thetype inferen
e problem.There are two important properties that ensure that type inferen
e is de-
idable: Chur
h-Rosser for �-redu
tion and Normalization for �-redu
tion. Of
ourse, when adding a �xed point 
ombinator, normalization is lost. In the nextse
tion we will dis
uss why, for the relevant fragment of the system, type 
he
kingis still de
idable.2.2 Indu
tive TypesWe brie
y treat the extension of �PRED! with indu
tive types, by giving someexamples and how they are used. �PRED! + indu
tive types does not fully
over the type system of Coq, but quite a bit of it. At least it 
overs enough tobe able to des
ribe our examples of proof sear
h in the next se
tion. The s
hemewe give is roughly the one �rst introdu
ed in [Coquand and Mohring 1990℄ andimplemented in [Dowek e.a. 1991℄.We �rst give the (very basi
) example of natural numbers nat. One is allowedto write down the following de�nition.Indu
tive de�nition nat : Set :=0 : natS : nat!nat:to obtain the following rules.(elim1) � ` A : Set � ` f1 : A � ` f2 : nat!A!A� ` Re
 natf1f2 : nat!A(elim2) � ` P : nat!Prop � ` f1 : P0 � ` f2 : �x:nat:Px!P (Sx)� ` Re
 natf1f2 : �x:nat:Px(elim3) � ` A : Typep � ` f1 : A � ` f2 : nat!A!A� ` Re
 natf1f2 : nat!A



Safe Proof Che
king with Y 7The rule (elim1) allows the de�nition of fun
tions by primitive re
ursion. Therule (elim2) allows proofs by indu
tion. The rule (elim3) allows the de�nition ofpredi
ates (on nat) by indu
tion. To make sure that the fun
tions de�ned by the(elim) rules 
ompute in the 
orre
t way, Re
 has the following redu
tion rule.Re
 natf1f20 �!� f1Re
 natf1f2(St) �!� f2t(Re
 natf1f2t)The additional �-redu
tion is also in
luded in the 
onversion-rule (
onv), wherewe now have as a side-
ondition `A =�� B'. The subs
ript in Re
 nat will beomitted, when 
lear from the 
ontext.An example of the use of (elim1) is in the de�nition of the `double' fun
tiond, whi
h is de�ned by d := Re
 0(�x:nat:�y:nat:S(S(y))):Now, d0 �!�!�� 0 and d(Sx) �!�!�� S(S(dx)). The predi
ate of `being even',even(�), 
an be de�ned by using (elim3):even(�) := Re
 (>)(�x:nat:��:Prop::�):Here, :' is de�ned as '!?. We obtain indeed thateven(0) �!�!�� >;even(Sx) �!�!�� :even(x)An example of the use of (elim2) is the proof of �x:nat:even(dx). Say that trueis some 
anoni
al inhabitant of type >. Using even(d(Sx)) =�� ::even(dx) wealso �nd that the term �x:nat:�h:even(dx):�z::even(dx):zh is of type�x:nat:even(dx)!even(d(Sx)): So we 
on
lude that` Re
 true(�x:nat:�h:even(dx):�z::even(dx):zh) : �x:nat:even(dx):Another well-known example is the type of lists over a domain D. This isusually de�ned as a parametri
 indu
tive type, taking the domain as a parameterof the indu
tive de�nition. The type of parametri
 lists 
an be de�ned as follows.Indu
tive de�nition List : Set!Set :=Nil : �D:Set:(ListD)Cons : �D:Set:(ListD)!D!(ListD):



8 Herman Geuvers, Erik Poll, Jan ZwanenburgWhi
h generates the following elimination rules and redu
tion rule.(elim1) � ` D : Set � ` A : Set � ` f1 : A � ` f2 : (ListD)!D!A!A� ` Re
 Listf1f2 : (ListD)!A(elim2) � ` D : Set� ` P : (ListD)!Prop � ` f1 : P (NilD)� ` f2 : �x:(ListD):�d:D:Px!P (Consxd)� ` Re
 Listf1f2 : �x:(ListD):Px(elim3) � ` D : Set � ` A : Typep � ` f1 : A � ` f2 : (ListD)!D!A!A� ` Re
 Listf1f2 : (ListD)!ARe
 Listf1f2(NilD) �!� f1Re
 Listf1f2(ConsDld) �!� f2ld(Re
 Listf1f2l)Note that to be able to write down the type of the 
onstru
tors Nil and Cons,we need to add the rule (Types; Set) to �PRED!. The 
onstru
tors Nil and Conshave a dependent type. It turns out that this situation o

urs more often. Wetreat another interesting example: the �-type. Let B : Set and Q : B!Prop andsuppose we have added the rule (Prop; Set) to our system.Indu
tive de�nition � : Set :=In : �z:B:(Qz)!�:(elim1) � ` A : Set � ` f1 : �z:B:(Qz)!A� ` Re
 �f1 : �!A(elim2) � ` P : �!Prop � ` f1 : �z:B:�y:(Qz):P (Inzy)� ` Re
 �f1 : �x:�:(Px)(elim3) � ` A : Typep � ` f1 : �z:B:(Qz)!A� ` Re
 �f1 : �!AThe �-redu
tion rule is Re
 �f1(Inbq) �!� f1bqNow, taking in (elim1) B for A and �z:B:�y:(Qz):z for f1, we �nd thatRe
 (�z:B:�y:(Qz):z)(Inbq) �!�! b. Hen
e we de�ne �1 := Re
 (�z:B:�y:(Qz):z).Now, taking in (elim2) �x:�:Q(�1x) for P and �z:B:�y:(Qz):y for f1, we �nd thatRe
 (�z:B:�y:(Qz):y) : �z:�:Q(�1z). Also, Re
 (�z:B:�y:(Qz):y)(Inbq) �!�! q.Hen
e we de�ne �2 := Re
 (�z:B:�y:(Qz):y) and we remark that � togetherwith In (as pairing 
onstru
tor) and �1 and �2 (as proje
tions) represents the�-type. In the rest of this arti
le, we will just use the �-type, and will writehn; pi for the pair of n and p.An example of an indu
tively de�ned proposition is the disjun
tion. Given 'and  of type Prop, ' _  
an be de�ned as follows.



Safe Proof Che
king with Y 9Indu
tive de�nition ' _  : Prop :=inl : '!(' _  )inr :  !(' _  )We add the (Prop; Set) rule to �PRED!, be
ause we want to have the �rsttwo elimination rules.(elim1) � ` A : Set � ` f1 : '!A � ` f2 :  !A� ` Re
_f1f2 : (' _  )!A(elim2) � ` P : Prop � ` f1 : '!P � ` f2 :  !P� ` Re
_f1f2 : (' _  )!PRe
_f1f2(inl q) �!� f1q;Re
_f1f2(inr q) �!� f2q:As usual we write 
ase t of inl (p))M1inr (p))M2for Re
_(�p:':M1)(�p: :M2)t.Similarly one 
an de�ne the disjoint union of two small sets, A + B forA;B : Set, indu
tively. We will ambiguously use the same notations for the
onstru
tors of A+B.3 Proof Sear
h in Type Theoreti
 Theorem ProversWe treat two examples of proof sear
h in Coq. We try to avoid using Coq-syntaxand des
ribe the examples in terms of �PRED! with indu
tive types. The �rstexample is a sear
h for a term n : nat su
h that Q(n) holds, where Q is ade
idable predi
ate. So we let Q : nat!Prop and we assume we have a termP : �n:nat:Q(n) _ :Q(n):Now, we want to iterate P to �nd the n and the proof of Q(n). First supposethat we hope to �nd the n before N , so we want to iterate P at most N times(N : nat).De�nition 10. For A : Set, a : A and n : nat we de�ne Y na : (A!A)!A asfollows. Y na := �f :A!A:Re
 nata(�x:nat:f)n:The following is easily veri�ed.Y 0a f �!�!�� a;Y n+1a f �!�!�� f(Y na f);Y na f �!�!�� fn(a);



10 Herman Geuvers, Erik Poll, Jan Zwanenburgwhere fn(a) denotes, as usual, n times appli
ation of f on a.Now de�neF :� �g:nat!nat:�n:nat:
ase (Pn) of inl (p)) ninr (p)) g(n+ 1):So, F : (nat!nat)!(nat!nat). Now, let N : nat and let I := �x:nat:x.Then Y NI F0 �!�!�� 0 if P0 �!�!�� inl (p) : Q(0);Y N�1I F1 if P0 �!�!�� inr (p) : :Q(0);Y N�1I F1 �!�!�� 1 if P1 �!�!�� inl (p) : Q(1);Y N�2I F2 if P1 �!�!�� inr (p) : :Q(1);Y N�2I F2 �!�!�� 2 if P2 �!�!�� inl (p) : Q(2);Y N�3I F3 if P2 �!�!�� inr (p) : :Q(2);: : :Y 1I F (N � 1) �!�!�� N � 1 if P (N � 1) �!�!�� inl (p) : Q(N � 1);Y 0I FN if P (N � 1) �!�!�� inr (p) : :Q(N � 1);Y 0I FN �!�!�� N:So, if Y NI F0 �!�!�� n with n < N , then Q(n) holds and P (n) �!�!�� inl (p)with p a proof of Q(n). If Y NI F0 �!�!�� N , then :Q(n) for all n < N .The method above works if we know an upperbound to the n that we want tosear
h for. Another option is to start a (possibly non-terminating) sear
h. This
an be done by adding the �xed point 
ombinator to �PRED! with indu
tivetypes. We de�ne the extension very generally for PTSs.De�nition 11. Let S = �(S;A;R) be a PTS and let s be a sort of the systemS. The system S + Y s is obtained by adding the following rule.� ` A : s � ` f : A!A� ` Y sf : AThe �-redu
tion is extended withY sf �!Y f(Y sf):We sometimes omit the supers
ript s, if we know whi
h sort we are talkingabout. If we add Y s for all sorts, we just talk about S + Y .In �PRED! with indu
tive types and Y Set , we 
an now program an arbitraryproof sear
h. (We omit the supers
ript Set.) With the above de�nition for F weobtain Y FI : natand if Y FI �!�!��Y n with n a normal form, then we know that Q(n) holds andPn �!�!��Y inl (p) with p : Q(n). (Moreover, we know that n is the smallestm for whi
h Q(m) holds, but only on a meta-level: the proof term does not



Safe Proof Che
king with Y 11represent this information. If Y FI does not terminate, there is no n for whi
hQ(n) holds.)We may wonder whether the extension of a type system with Y is safe. Thiswill be the subje
t of the next se
tion. Here we 
onsider one more appli
ationof the proof sear
h method, where we want to verify whether Q holds for n =0; 1; : : : ; N .Suppose again we have our de
idable predi
ate Q with P a proof term of type�n:nat:Q(n) _ :Q(n). If we want to prove that Q holds for n = 0; 1; : : : ; N ,we do not just want to verify that fa
t, but also store the proof terms ofQ(0); Q(1); : : : ; Q(N). Moreover, if Q(n) fails for an n � N , we want to returnthis n. Now abbreviate List := List(�x:nat:Q(x)):De�ne the fun
tion F as follows.F :� �g:�n:nat:
ase P (n) of inl (p)) (
ase g(n+ 1) ofinl (l)) inl ((Conshn; pil)inr (m)) inr (m))inr (p)) inr (n):Here, the type of g is nat!(List+nat), with List as above, the type of lists over�x:nat:Q(x). (For readability we have omitted the Set-parameter in Cons.) So,F : (nat!(List+ nat))!(nat!(List+ nat)):Now, iterating F N+1 times on �x:nat:inl (Nil) will either result in a sequen
e[h0; p0i; h1; p1i; : : : ; hN; pN i℄with pi : Q(i) for ea
h i, or in a term n : nat with n � N , Pn �!�!�� inr (p)and p : :Q(n). Obviously, in this example one will never wish to use the �xedpoint 
ombinator, as we are doing a bounded sear
h.4 Meta-theory of Pure Type Systems with YMost of the meta-theoreti
al properties of PTSs are not a�e
ted by the in
lusionof a �xpoint 
ombinator Y . (The obvious ex
eption is strong normalization, of
ourse!) In parti
ular:Proposition 12 (Chur
h-Rosser (CRY )).The �Y -redu
tion is Chur
h-Rosser on the set of pseudoterms T.Proposition 13 (Corre
tness of Types (CTY )).If � `S+Y M : A then � `S+Y A : s or A � s for some some s 2 S.Proposition 14 (Subje
t Redu
tion (SRY )).If � `S+Y M : A and M �!�!�Y N , then � `S+Y N : A.



12 Herman Geuvers, Erik Poll, Jan ZwanenburgProposition 15 (Uni
ity of Types for fun
tional PTSs (UTY )).For fun
tional PTSs, if � `S+Y M : A and � `S+Y M : B, then A =�Y B.In addition to the properties above, to prove 
onservativity of Y we also needthe (very basi
) ones below.Proposition 16 (�Y -generation). Let � `S+Y �x:A:B : s. Then there ex-ists a rule (s1; s2; s) 2 R su
h that � `S+Y A : s1 and �; x:A `S+Y B : s2Proposition 17 (axiomY -generation).Let � `S+Y s : s0 with s; s0 2 S. Then (s; s0) 2 A.All the properties of PTSs with Y above 
an be proved in exa
tly the sameway as for PTSs. The tri
k to proving Conservativity (19 below) is to prove thefollowing, slightly weaker, property. A dire
t proof of Conservativity by indu
tionon derivations fails.Lemma 18. For fun
tional PTSs, if � `S+Y M : A with � and M not 
on-taining Y , then � `M : A0 for some A0 with A �!�!�Y A0.Proof. Indu
tion on the derivation of � `S+Y M : A. The interesting 
ases arethe abstra
tion and appli
ation rule:{ Suppose the last step in the derivation is� `S+Y M : �x:A:B � `S+Y N : A� `S+Y MN : B[N=x℄By the IH � ` M : C for some C with �x:A:B �!�!�Y C. So, C is a�-abstra
tion, say C � �x:A0:B0. Then A �!�!�Y A0 and �!�!�Y B0. ByProposition 9, � ` A0 : s1 for some s1. By the IH � ` N : A00 for some A00with A �!�!�Y A00. As A0 =�Y A00 and A0; A00 do not 
ontain Y , we 
on
ludeA0 =� A00 (using CR�Y ). Hen
e � ` N : A0 by the (
onv) rule. Now,� `MN : B0[N=x℄ by the (app) rule and indeed B[N=x℄ �!�!�Y B0[N=x℄.{ Suppose the last step in the derivation is�; x:A `S+Y M : B � `S+Y �x:A:B : s� `S+Y �x:A:M : �x:A:BBy the IH on the �rst premise �; x:A ` M : B0 for some B0 with B �!�!�YB0. Unfortunately we 
annot use the IH on the se
ond premise { � `S+Y�x:A:B : s { as �x:A:B may 
ontain Y . We reason as follows: � ` A : s1(for some s1). By CT (Proposition 4), �; x:A ` B0 : s2 for some s2 (i) orB0 � s0 for some s0 (ii). Looking at these two 
ases:(i) As `S �`S+Y we know � `S+Y A : s1 and �; x : A `S+Y B0 : s2. UsingSRY we �nd � `S+Y �x:A:B0 : s. Combining this with Proposition 16and UTY we 
on
lude (s1; s2; s) 2 R. So � ` �x:A:B0 : s.
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king with Y 13(ii) As `S �`S+Y we know � `S+Y A : s1. Using SRY we �nd � `S+Y�x:A:B0 : s. Combining this with Proposition 16 and UTY we 
on
lude(s1; s2; s) 2 R and �; x : A `S+Y B0 : s2 for some s2. Sin
e B0 � s0,s0 : s2 must be an axiom, so �; x : A ` B0 : s2. Hen
e � ` �x:A:B0 : s.Now � ` �x:A:M : �x:A:B0 by the (�) rule and �x:A:B �!�!�Y �x:A:B0.Conservativity is an easy 
onsequen
e of the lemma above.Corollary 19 (Conservativity for fun
tional PTSs).Consider a fun
tional PTS. Let � `S+Y M : A with � ,M , and A not 
ontainingY . Then � `M : A.Proof. By the previous lemma � ` M : A0 for some A0 with A �!�!�Y A0. ByCTY we have � `S+Y A : s or A � s for some s 2 S. In the se
ond 
ase,A0 � A 2 S, so � `M : A. In the �rst 
ase, � ` A : s by the previous Lemma,so � `M : A by the 
onversion rule.With respe
t to the issue of de
idability of type inferen
e: in general, theaddition of a �xed point 
ombinator will make type inferen
e unde
idable. Thisis be
ause Y allows us to de�ne all partial re
ursive fun
tions. So, if F : nat!natis some 
losed term, representing a partial re
ursive fun
tion and we take � =P : nat!Prop; x : P0, then x : P (F0) i� F0 = 0:So, a type inferen
e algorithm would give us a de
ision algorithm for the valueof partial re
ursive fun
tions on 0, quod non: type inferen
e is unde
idable.Nevertheless, we still want to be able to edit the term Y F that de�nes ourproof sear
h. That is, we would like to be able to intera
tively 
onstru
t Y Fand have it type 
he
ked by the proof engine. If we look ba
k at the examplesin Se
tion 3, we see that the `proof sear
h terms' Y F that are given here 
an betype 
he
ked: If we apply the usual type-
he
king algorithm to these terms, theY -redu
tion, whi
h is the only possible sour
e for in�nite redu
tions (and hen
eunde
idability), is never used.To be more pre
ise: the proof sear
h terms that we have 
onstru
ted 
an allbe type-
he
ked in the system �PRED!, where Y is treated as a 
onstant thattakes a term of type A!A to a term of type A. (The �PRED!-type-
he
kingalgorithm applies immediately to this small extension. Alternatively one 
ouldextend �PRED! with the rule (Types; Set). Then put Y : ��:Set:(�!�)!� inthe 
ontext and use the type-
he
king algorithm for this extension of �PRED!.)This is a general situation: in the phase of 
onstru
ting the proof sear
h termwe 
an treat Y as a 
onstant (without redu
tion behaviour). So then we are deal-ing with well-known type systems. When we have 
onstru
ted the proof sear
hterm, we let it redu
e and if this results in a normal form, the 
onservativityproperty, Corollary 19, guarantees that we have found a proof in the originaltype system.
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lusions and Related WorkWe have presented a method for proof sear
h inside the proof system of higherorder predi
ate logi
 with indu
tive types. We have tested our method by someexamples using the proof engine Coq. See [Zwanenburg e.a. 1999℄ for the exam-ples; the methods turn out to be reasonably fast. In our �rst example we arelooking for a `witness' n of the property Q, using Y NI F0, whi
h iterates F up toN times, starting from 0. One 
ould do this similarly in the meta language of theproof system (the implementation language), whi
h may be faster, but also re-quires a lot of knowledge of the implementation and experien
e in programmingin the meta-language.We have also presented the underlying theory, why doing an unboundedsear
h (by adding a �xed point 
ombinator) does not spoil the logi
al proofsystem. The addition of a �xed point 
ombinator to the Cal
ulus of Constru
-tions (CC) has also previously been studied in [Audebaud 1991℄. His goal is toover
ome the problem with the se
ond order de�nable datatypes in CC, so he isusing the �xed point mainly to be able to de�ne data types (of type Set in oursystem) that have the desirable properties. We don't have to do that, be
ausewe use the extension with indu
tive types, whi
h provides us with the ne
essarydata types. Moreover, we are espe
ially interested in using the �xed point 
om-binator to de�ne (potentially) in�nite 
omputations to sear
h for witnesses andproof-obje
ts.Referen
es[Audebaud 1991℄ P. Audebaud, Partial Obje
ts in the Cal
ulus of Constru
tions, inPro
eedings of the Sixth Annual Symp. on Logi
 in Computer S
ien
e,Amsterdam 1991, IEEE, pp. 86 { 95.[Barendregt 1992℄ H.P. Barendregt, Lambda 
al
uli with Types. In Handbook of Logi
in Computer S
ien
e, eds. Abramski et al., Oxford Univ. Press, pp. 117 { 309.[Berardi 1990℄ S. Berardi, Type dependen
e and 
onstru
tive mathemati
s, Ph.D.thesis, Universita di Torino, Italy.[Coquand and Mohring 1990℄ Th. Coquand and Ch. Paulin-Mohring Indu
tivelyde�ned types, In P. Martin-L�of and G. Mints editors. COLOG-88 : International
onferen
e on 
omputer logi
, LNCS 417.[Dowek e.a. 1991℄ G. Dowek, A. Felty, H. Herbelin, G. Huet, Ch. Paulin-Mohring, B.Werner, The Coq proof assistant version 5.6, user's guide. INRIA Ro
quen
ourt -CNRS ENS Lyon.[Geuvers 1993℄ H. Geuvers, Logi
s and Type Systems, Ph.D. Thesis, University ofNijmegen, 1993.[Geuvers and Nederhof 1991℄ J.H. Geuvers and M.J. Nederhof, A modular proof ofstrong normalisation for the 
al
ulus of 
onstru
tions. Journal of Fun
tionalProgramming, vol 1 (2), pp 155-189.[Terlouw 1989a℄ J. Terlouw, Een nadere bewijstheoretis
he analyse van GSTT's (in
l.appendix), Manus
ript, Fa
ulty of Mathemati
s and Computer S
ien
e,University of Nijmegen, Netherlands, Mar
h, April 1989. (In Dut
h)
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