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In this paper, the generalized conditional symmetry approach is developed to study the
separation of variables for generalized nonlinear Klein-Gordon equations. We derive a com-
plete list of canonical forms for a generalized nonlinear Klein-Gordon equation and a system
of generalized nonlinear Klein-Gordon equations that submit to separation of variables in
some coordinates. As a result, some exact solutions to the Bullough-Dodd equation, Liou-
ville equation, Sine-Gordon equation and Sinh-Gordon equation are obtained. A symmetry
group interpretation of the known results concerning separation of variables with the scalar
Klein-Gordon equation is also given.

§1. Introduction

The symmetry group method is an effective and powerful method to find exact
solutions and symmetry reductions of partial differential equations (PDEs) arising
in physics and applied sciences. One of the important applications of the classical
method due to Lie V) =) is the separation of variables for linear PDEs. %) Tt is certain
that functionally separable solutions and group-invariant solutions form two classes
of important exact solutions of PDEs. They usually reflect some basic and significant
properties of PDEs.

In this paper, we are concerned with the separation of variables for generalized
nonlinear Klein-Gordon equations, which have widespread applications in physics
and wave propagation. A solution of a PDE with two independent variables ¢ and
x is said to be functionally separable if u = h(¢(z) + 1 (t)) for some single variable
functions h, ¢ and 1. The method used here is the generalized conditional symmetry
(GCS) approach™ -9 (also referred to as the conditional Lie-Bécklund symmetry
method). The GCS is a natural generalization of the generalized symmetry )2 (or
Lie-Bécklund symmetry 3)> 10)) in the same way that the conditional symmetry ') is a
generalization of the Lie point symmetry. This method has been applied successfully
to find some interesting exact solutions and symmetry reductions of certain nonlinear
PDEs, V)~ 9:12)-16) and these solutions generally cannot be derived with the classical
and the conditional symmetry methods.

Consider a system of kth-order PDEs with two independent variables ¢ and x

and m dependent variables v = (u',u?, -, u™):

Ha(t,x,u,um,um), T 7u(k)) = 07 1 S « S m. (1)

Here u(;) denotes all jth-order partial derivatives of u with respect to ¢ and z, the
functions H, are some smooth functions of the indicated variables.
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Let
m
0
(t,z,u, U — 2
z:: 1) )8u°‘ ( )
be an evolutionary vector field, where the functions F'*, o = 1,2,-- -, m, are smooth

functions of ¢, z, u, u(yy, -

Definition 1. An evolutionary vector field (2) is said to be a generalized symmetry
of (1) if

VI (Ha)ls =0, 3)
where E denotes the solution manifold of the system (1), and V¥ = S DjFe 20

HI1  §I2 _ HI1ti2y J
911 9092 W = Piitagiz

where Dy = = (j1,J2)-

Definition 2. An evolutionary vector field (2) is said to be a generalized conditional
symmetry of (1) if

VE (Hy) | prw =0, (4)

where W is a kth-order system of (1) obtained by appending the invariant surface
conditions

F*=0, a=1,2,---,m (5)

and their partial derivatives with respect to x.
It follows from Definition 2 that (1) admits the GCS (2) if and only if

H' Flgow =0, 1<a<m. (6)

Here F = (FLF? ... F™) and H(’Xﬁ denotes the Gateaux derivative of the vector
functions H, in the direction F', defined by

- d
H.F = EHa(t’ x,u® + eFY uf + eD F* ul + €D, F, - - -),

where D, and D; are respectively the total derivative operators with respect to x
and t, defined by

Dy= 2 e e 9
0w T oue T T Ougy, ’
D0 a0 . 0

CT T e T g T

(1)

A simple but useful observation is that if (1) has an additive separable solution
u = ¢(x) + ¥(t), then u satisfies the constraint u,; = 0. Moreover, we have the
following theorem. 1
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Theorem 1. Equation (1) possesses the functionally separable solution

flu) = ¢(x) + (1) (7)
if and only if it admits the GCS

V= h(U,Ut,ux,uxt)%, (8)

where
1

R, g, gy Ugt) = Ugt + it
This paper is organized as follows. In §2, we discuss the separation of variables
and exact solutions of the generalized nonlinear Klein-Gordon equation

Ou = Uy — Uz = F(u, ug, ug). (9)

Some functionally separable solutions of (9) are obtained in §3. In §4, we consider the
separation of variables of a system of generalized nonlinear Klein-Gordon equations,

Ou = F(u, v, ug, vz),
Ov = G(u, v, Ug, Vg), (10)

where I’ and G are some smooth functions of the indicated variables in a well-defined
domain and |F,| + |Fy, | + |Gu| 4 |Gu,| # 0. The system (10) and some of its special
cases have important applications in quantum field theory, wave propagation and
integrable systems. 20) ~22) We classify all the possibilities for which the system (10)
admits functionally separable solutions. Section 5 contains some concluding remarks.

§2. Separation of variables for Eq. (9)

The symmetry reduction of (9) with F,, = F,, = 0 is discussed in Ref. 5).
In this section, we concentrate on the separation of variables for the generalized
nonlinear Klein-Gordon equation (9) by using the GCS approach. In the case that
F(u, ug, uy) depends on neither u; nor u,, the separation of variables of (9) has been
discussed by several authors using several different kinds of methods. 1"~ 19 We are
now interested in the generalized separable solutions of the form (7).

From Theorem 1, we know that (9) admits the separable solution (7) if and only
if it admits the GCS

0
V = (ugt + g(U)uxUt)%, (11)
that is

V(2)(Du — F(u,ug,ug))
= Dt277—Diﬁ—Fw—FutDm—Fuszﬁ
= Dy — F,,Din =0, (12)
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whenever Din =0 (i =0,1,2,---) and Ou = F(u, us, u, ), where

N = Ugt + g(u)ugty.
A straightforward calculation leads to
Dt277 - FutDtU
= g2Futumu?u§ +(¢" 299/)(1596“? - utui) + FFuu, e
— (9Fuu, + g/Fut)u:cu? —(9'Fu, + gFuuz)uiUt + Fuwzuiz

+ [F Fuuy — 9(Fupuy + Fugug ) Ut + Fuu, Uz + Fu, Uty
+ [Fuuw + gFy — gF Fyyu, + (39" — 2¢%) Fluguy, (13)

where the prime denotes differentiation with respect to the indicated single variable.
Setting (13) equal to zero yields the system

Fupu, =0,

Fuuytiz + Fuugue = 9(Fupuy + Fugu, Jtstie = 0,

(9" = 299" (Wi = u2) = (9Fuu, + 9'Fu, Yt — (9Fuu, + g'Fu)us

— gFFypu, + Fuu + 9Fu + (3¢ — 29°)Flug + FFyy, = 0. (14)
To obtain solutions of (14), we distinguish three cases, as we now discuss.

21. F,, =0, F,, #0.

In this case, (14) is equivalent to the system

9" —2g99' =0, (15a)
Fuux - gumFuxux = 07 (15b)
(¢ Fu, + gFuu, )z — Fuy — gFy — (3¢’ — 29)F = 0. (15¢)

Differentiating (15¢) with respect to u, and using (15b), we find
g —-9°=0. (16)
This equation has the solutions

1
u—+c’

g=0 and ¢g=-—

where c is an arbitrary constant and can be chosen to be 0 through the translation
of u. Two subcases then arise:

(A) g=—-1/u.
Substituting g into (15), we get

F = (cl+621nu)u+uG(%), (17)
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in which ¢; and ¢y are arbitrary constants and G is an arbitrary function of u,/u .
Solving u,; — (uzut)/u = 0, we obtain some multiplicable separable solutions,

u = ¢(z)(t), (18)
where ¢ and 1 satisfy the system of second ODEs

/

¢+ (c1+ c2In)d + 6G(—) = A,

¢
W = e Ingh = M, (19)
In this paper, A always denotes the separation constant.
(B)g=0.
We have

F =c1 + cou+ Q(uy), (20)

where () is an arbitrary function of u,. In this subcase, the equation has the additive
separable solutions

u=(z) +v(t), (1)
where ¢ and 1 satisfy
" +Q(¢) +cap+c1 — A =0,
P’ —cath — X = 0. (22)
2.9, Fy =Fy, =0
In this case, g(u) and F'(u) satisfy (15a) and the equation
F" 4+ gF' + (3¢ —2¢*)F = 0. (23)

Solving this equation, we obtain the following.

Theorem 2. The equation
Ou = F(u) (24)

admits nontrivial separable solutions of the form (7) if and only if it is locally equiv-
alent to one of the following equations, up to equivalence under translation and
dilatation of u:

(1) Ou = ¢1 + cou;

2u

I u - .
2) Ou = c1e” + e ;

3) Ou=(c1 + colnu)u;
5) Ou = c¢; sinh(2u) 4 c2[2sinhu + sinh(2u) In |(sinh u) ™' — coth ul];

(2)
(3)
(4) Ou = c1sin(2u) + c2[2 cos u — sin(2u) In | sec u + tan ul];
(5)
(6)

Ou = ¢ sinh(2u) + ¢2[2 cosh u + sinh(2u) arctan sinh u]. (25)
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It is of interest to note that (2) in Theorem 2 is the well-known Bullough-Dodd
equation. For ¢y = 0, it reduces to the Liouville equation. Equation (4) with ¢ =0
is the Sine-Gordon equation, and (5) with ¢g = 0 is the Sinh-Gordon equation. Sep-
arable solutions of the equations in (25) can be obtained by solving (25) together
with o = uz + g(u)uguy = 0, which is given in §3.

2.3. F,, #£0, F,, #0.

In this case, we note that (9) is invariant under the transformation v — v = h(u),
so it is sufficient to seek the additive separable solution (21) of (9), i.e. g = 0. Solv-
ing the system (14) with g = 0, we have the following.

Theorem 3. Equation (9) with Fy,F,, # 0 admits the functionally separable
solution (7) if and only if it is equivalent to one of the following equations:

2

1 Du:uw—u?—I—clu—f—cQ;

2

Ou = v (u? — u2) + ciu™t + cou

9 2.

x

4

Ou (2 2

ui —uy)cothu — (ciu + ¢2) cothu + ¢y

T

(1)
(2)
(3) Ou = (u2 —uf)tanu + (cru + c) tanwu + cy;
(4)
(5)

5) Du = (u? —u?)tanhu — (ciu + c) tanhu + ¢1. (26)

The equations in Theorem 3 admit the additive separable solution (21) with
¢(x) and 1)(t) satisfying the following systems:

(1)
"+ % +c1d+ = A,
W —enp = A, (27a)
(2)
¢ + 2c20° — Bo? + Ap — 1 = )\,
Y% — 2c00% — Byp? — Ay = \. (27b)
(3)
¢ = —c16 + Asin(2¢) + Bcos(2¢) + A — ca,
V"% = c19p + Asin(24)) — Bcos(21)) + A. (27¢)
(4)
¢ =Xe? + Be™2? — 19— A — ¢y,
Y? = Xe ¥ + Be? 4 19 — A. (27d)
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(5)
¢ = \e®? + Be 2 —c1¢p — A — co,
P2 =N — Be® + c1p — A. (27e)

§3. Exact solutions of equations in (25)

In this section, we construct exact solutions of the equations in (25). These
solutions include time and space periodic solutions and blow-up solutions. In partic-
ular, we obtain some new exact solutions to the Bullough-Dodd equation, Liouville
equation, Sine-Gordon equation and Sinh-Gordon equation.

Example 1. The Bullough-Dodd equation,
Ou = cre® + cpe™ 2, (28)
admits the separable solution
u = In[¢(z) + (1)), (29)
where ¢(x) and ) (t) satisfy the system
¢ = —2c16% + A2 — 246+ B+ cp = L,
V% = 2e9% + M2 + 249+ B = L. (30)

Solutions of the system (30) for arbitrary parameters A\, A, B, ¢; and cy have
been obtained and are listed in Table I. In Table I, {; and xg are constants:

p=(a—pB)2+72 p=1/(&a—B)2+42 The quantities k = 1/%’ r= ,/I%p_a,

and k = 1/ % are the modulus of the Jacobi elliptic functions sn and cn.

From Table I we find that the Bullough-Dodd equation admits temporally and
spatially periodic solutions as well as blow-up solutions, and the Liouville equation
also has temporally and spatially periodic solutions. The behavior of the three so-
lutions of (28) is presented in Figs. 1-3.

Example 2. The equation

Ou = (¢1 + c2 Inu)u, (31)
admits exact solutions of the form

u = explp(z) + (1)), (32)
where ¢ and v satisfy

1
¢ = Ae™?? — cagp + 2~ a + A,

1
W2 =B oy — Sea+ A (33)
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Fig. 1. Typical variation of a solution to (28)
with ¢; = 1 and ¢z = 41/3/9, corresponding
to the parameter values A = 12, A = 11,
B=12-4v3/9, a =3, 8 =2, v =1,
& =—2-2v3/3and 8 = —2++/3/3 (entry
18 in Table I).

Fig. 2. Typical variation of a solution to (28)
with ¢; = 1 and ¢o = 44/3/9, corresponding
to the parameter values A = 12, A = 11,
B=12-4v3/9, a =3, 8 =2, v =1,
& =—2+2v3/3and 3 = —2—+/3/3 (entry
19 in Table I).

Fig. 3. Typical variation of a solution to (28)
with ¢; = 0 and ¢2 = 1, corresponding to
the parameter values A = B =1, A = 2
(entry 1 in Table I).

Fig. 4. Typical variation of a solution to (34)
with ¢; = 1 and ¢z = 2, corresponding to
the parameter values A = B =0, A = 4.

Fig. 5. Typical variation of a solution to (34)
with ¢; = 1 and c2 = 0, corresponding to
the parameter values A = 2, B = —1 and
A=1.

Fig. 6. Typical variation of a solution to (34)
with ¢; = 1 and ¢z = 0, corresponding to
the parameter values A = B = —1and A =
4.
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Table I. Exact solutions of system (30).
Parameters o(x) P(t)
c1 =0,2>0, \/W \/2—
A2 —X\(B+c2) >0, %coshﬁ(m—l—mo)—f— 4 #coshﬁ(t—to) -4
A2 —)\B >0
c1=0,A>0, \/1427 \/—2
A2 —X(B+c2) >0, wcoshﬁ(erxo)Jr 4 #sinh VAt —to) — 4
A* - AB <0
=0,A>0, v —Xc _
Z <0,A2=\B Y32 cosh VA(z + 20) + & eVAl—to) _ 4
c1 =0,2 <0,
A2 —X(B+c2) >0, —w sinv—A(z + zo) + é 4“42;”3 sinv/—A(t — to) — %
A*—AB>0
c1=0,2>0, N JA B
A2 —\(B+c2) <0, %sinhﬁ(x—i—xo) + 4 %cosh\/x(t—to) -4
A? - AB >0

c1=0,\c2>0,
A2 AB+e) =0

eﬁ(aﬂ»xo) + é

\/%cosh\/X(t—to) -4

01:)\:0,A5£0

R

2t—t) — 5%

c2=0,c1 >0, >

N _3an2 c1(e=7)
§> l —2c1(¢ — (aaj{:fﬂ)zl)j\[/_clq—fw (zf:)”:]”“] (B —v)en [/ 52 (t — t0), k] — B
a)(¢ = B)(¢ =)
c2 =0,c1 >0, ) )
iy | T TR ARG - o
c2 =0,c1 >0, 5

L=—-2c(¢—0)

&~ @tao)?

2

— —
c1(t—to)?

0220701 >0,
L =

(8 — a) coth® —V?'Cl;a_’g)(x + ) +

B8) coth? Y2 (4 )

—2c1(¢p — (o — -«
a)(¢_ﬁ)27a>6
c2 =0,c1 >0,
L = “2c(p — (ﬁ—a)tanhZM(x—&—mo)—&—a (a—ﬁ)tanh2w(t—to)—a
e 0
2 =U, 1 ’
L = —2c(p — (a—ﬁ)tangww—i—xo)—i—a (ﬁ—a)tanQM(t—to)—a

O‘)((b — ﬁ)2706 < ﬂ

(continued)

It is impossible to find all solutions of (33). But for A = B = 0, we obtain an exact
solution of (31) given by

w=exp[ 7 ((t = t0)? = (2 +m0)?) +

Example 3. The generalized Sine-Gordon equation,

1- 4.

C2

Ou = ¢1 sin(2u) + c2[2 cosu — sin(2u) In | secu + tan u|],

has exact solutions of the form

u = arcsin tanh[¢(z) + ¥ (t)],

where ¢ and v satisfy
" = Xe™2? 4+ Be?® — 2c00 + A,

(34)

(35)

9T0Z ‘9T Joquieidas uo A1seAIUN 31IS BlURA|ASULRH Te /6I0'sjeulno[pioxo-did//:dny wouy papeojumoq


http://ptp.oxfordjournals.org/

388 Q. Changzheng, H. Wenli and D. Jihong
Co 0,c1 >0, L =
= 2c1(¢p — )(¢ — 20, /ere=m
B) (¢ — ’Y)af/ _ | la=mB—r(a=p)Sn7] / (a}) (z+w0),k] (&—B)cn”[ 61(5;*'_)’) (t—to), k] +B
201 (y=a) (B—F)(p-| *7I (O HE2 o) 4
)
c2 #0,c1 >0,
L = -2 — ——
o) (6—B) (6 17()(%: (a—y)B—v(a—p)Sn?[y/ = (a1 a0) k] PU-Cly/2per(i=to) K)® | &
’ v (—B)SN2 \/M wtwo).k Sn2[y/2pe; (t—t0) k]
2e(¢p — &)|[(yp — y—(a=pg)Sn?{ 7— (z+0),K]
B8)> + 4]
Co ;é O c1 > 07
L = —201(

a)(¢o—B)(¢— w),i
2~01(¢ a)(¢ )27

(a=7)B=~v(a—B)sn?[y/ LD (34 a0) k]

a—v—(a—)sn2[y/ =D (o 4a0), k]

(B — @) coth? \/ 240=9) (4t _ 1) 4 &

8>a
Co 07 c1 > 0,
L = *201(

a)(¢—B)(¢— w),i
2c1(Y—a)(y—P)°,

(a—y)B—y(a—p)sn>[y/ e (z1a0) k]

a—v—(a—)sn2[y/ L= (o 4a0), k]

(B — @) tanh? \/228=9) (4 _ 1) 4 &

8> a
Co 07 c1 >0,
L = 7261(

06— B)(6—), L =
21 (- ) (4 — B)%,

(a—y)B—y(a—p)sn>[y/ =D (5 1a0) k)

a—v—(a=g)sn2[y/ L= (s 4a0),k]

(& — B)tan? 1/ 22G6=D (4 _ ) + &

oa>p
c2 #0,c1 >0,
L = —261(¢ - R ~ —
e e B (L SR Ve R,
C1 [0}
)
c2 #0,c1 >0,
L = -2 —
a)[(9—B)>+ Cl(f) _ o — PA=CN[VZpci (ztao),])? B(1—CN[y/2pe1 (t—to), r1)2 ‘a
201( — &)W — S o) S02[y/Zpen (110
B8)> + 4]
Co ;é O c1 > 0
L = —201((25 — R _ —
e IR L L E N
C1
B> a
(continued)
W2 = —Xe? — Be™? 4 2co1h + A — 2¢;. (36)

Some special exact solutions of (36) with ¢; > 0 are listed in Table II. In Table
II, o, B, &€ and 7 are some positive constants with the constraints afén =1, X =

= VBE@ T (t—to) k= Y =

\/—B(Oé2 +ﬁ2)(l'+l'0 Wa

and k = 7”52_"2.

From Table II we find that the Sine-Gordon equation admits temporally and
spatially periodic solutions as well as blow-up solutions. The behavior of three solu-

tions to (34) is presented in Figs. 4-6.
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c2 #0,c1 >0,
L = —201(¢ - ) —
le-pperll= e Al (5 - @) tanh? 2202 — 1) +6
2¢1 (v -3
ﬁN > Q
c2 #0,c1 >0,
L = —201(¢ - ) —
e o s S e e (&~ B)tan® \/ 2215PL ¢ — 10) + &
201 1[} ﬁ
a>f
Cc2 ;é 0,c1 >0,
L = —201(¢ —
a)(? - ﬁ)%)(: (8 — ) coth® Y220 (34 30) + o | (& — Byen [/ G2 (¢ — to), K] +
2a(p—a)(yp—3)(v—
Y)so >
Cc2 0,c1 > 0,
L = 7201(@5 —
a)(zb - )ﬂ(){@)(: (8 — a) tanh? Y20 (0 4 o0y +a| (@ — B)en [/ LED(t — 1), k] +
2a1(yp—a)(p—0B) (v
Y. > 3
Cc2 0,c1 >0,
L = 7261((,25 —
a)(zp - ﬁ)Z,Q)(: (a — B) tan® Y2220 4 vo) o | (@ — B)en [/ L= (1 — t0), k] + B
2e1 (=) (=) (¥~
). < B

Example 4. The equation
Ou = ¢; sinh(2u) 4 ¢[2sinh u + sinh(2u) In |(sinhu) ™! — cothu|]  (37)
admits the separable solution
u = arccosh coth[p(z) 4+ ¢ (t)], (38)
where ¢ and 1 satisfy

@' = Xe?? + Be 2 4 2¢0¢ + A,
Y% = Xe ™ + Be? — 2co1) + A + 2¢1. (39)

Solutions of the system (39) can be constructed in the same manner as for the system
(36). We omit them here.
Example 5. The equation

Ou = ¢; sinh(2u) + ¢2]2 cosh u + sinh(2u) arctan sinh u] (40)
admits the separable solution
u = arcsinh tan[¢(z) + ¥(t)], (41)
where ¢(x) and (t) satisfy the system

#"? = Asin(2¢) + B cos(2¢) — 2ca¢p + X — 2¢1,
Y = Asin(2¢)) — Bcos(2¢) + 2c2v + . (42)
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Table II. Exact solutions of system (36).

Parameters o(x) (t)
2 =A= 07 B > 07 11 Bsinh? VA(z+zg) 1 In B cosh? \/A 2c1 (t—tp)
A—2¢,A>0 —a A 2 A—2c;
c2=2=0,B<0, 1 ln[_BcoSh2 \/Z(x-s-xo)] 1 ln[_Bsinh \/A72c1(t7t0)]
A—2¢>0,A>0 A 2 A6,
c2=A=0,B<0, 1 ln[*BCDShQ \/Z(z+zo)] 1n B cos? \/2c17A(t—tO)
A—2c1<0,A>0 A 2 A—2¢;

B=X=0,c#0

—Llea(z+20)® +

262

Leo(t —t0)? — A=2c;

2co

c2=0,B>0,4
B(@® + %)\

5 o 1n|35n[a\ﬁ(z+zo) ]| &n
Ba™f%A — 2¢1 = ChfaVB(z+w0)k] B (@ nsn2evBantto) Al
Ba®B3 (&2 +1°)
c2c=0,B>0A4=
B(Oé2 - /62)7)\ - Jéj
2 92 In | ‘ n | I ‘
—Ba“(3°,A — 2¢1 = cnfy/B(a2+82)(z+ao),r] cny/B(e24n2)e—1n=1(t—to),r]

Ba’B% (€% —n?)

c2=0,B<0,4A=
—B(a® — )\ =
—Ba2B2%,A — 2¢; =
Ba®B32 (&2 —n°)

afBsSN[X,r]
\/a2+527a28n2[X 7]

En SN [T,r]

In ——1>0——
V E24+n? —n2SN2(T,r]

ca =0,B<0,A=

_B(a2 + 62)7)‘ = af3 \/2c17A \/A72c1
Ba?B8%,A — 2¢1 = In Vo2 —(a2—p2)SN2 [/~ B(atw0) k] In | X tan 5 (t—to)]
—2Baf

c2c =0,B<0A4=

7B(Of2 + B2)’)‘ = af \/A72cl \/2017A
Ba?f%A — 2¢; = \/&2 (a2—B2)SN2[av/—B(z+w0),k] In| 2% coth 7 (t—to)]
2Baf

c2 =0,B<0A4=

_B(a2 + 62)7)‘ = af \/A72cl \/2c17A
Ba?B8%,A — 2¢1 = In Vo2 —(a2—p2)SN2[a/— B(a+0) k] In| 2% - tanh 7 (t—1o)]
2Baf

C2 = O,B =

X2 > 0,A—2¢; =

ln\\/%tan\/g(erxo)\

n £ =
VE2—(62—n2)sn2[ev/X(t—tg), k]

AME+1*),A>0
C2 = 07B =
A% > 0,A—2¢; =
A +17%),A<0

B

In|\/—£5 coth /=42 (z + z0)|

In &n
Ve2—(62—n2)Sn2[evV/A(t—to), k]

C2 = 07 =
A2 > 0,A—2c1 =
AN +1%),A<0

In|\/—£5 tanh \/— 4 (z + 20)|

n (]
VE2—(£2—n2)Sn2[eVA(t—t0) k]

Some exact solutions of (42) are given by the following.

(5.1) For A=B =0:
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(5.2) For ca =0, A#0:

d(z) = arctan[J L\ — 2¢; — B,2A4,2(\ — 2¢1),24, B+ X\ — 2¢1)(x + x0)],
Y(t) = arctan[J L (A 4+ B, 24,2),24, X — B)(t — to)].

(5.3) For A=cy =0, B=X—2¢; > 0:

¢(x) = arctansinh V2B (z + o),
Y(t) = arctan[J (X + B, 0,2X,0, A — B)(t — to)].

(5.4) For A=cy =0, B=-A<0:

$(z) = arctan[J 12\ — 2¢1,0,2(\ — 2¢1),0, —2¢1) (z + x0)],
¥ (t) = arctansinh v 2A(t — to).
Here J(A, B,C, D, E)(y) is the elliptic integral defined by

Y ds
)_/ VAs* + B3+ Cs2+ Ds+ E’

J(A,B,C,D,E)(y (43)

and J~Y(A, B,C, D, E) is the inverse function of J(A, B,C, D, E).
§4. Separation of variables for the system (10)

We now consider the separation of variables for the system (10). We seek func-
tionally separable solutions of the form

(u) = ¢1(x) + 1 (t),
g(v) = ¢2(x) + ¥a(t). (44)

)

In view of Theorem 1, the system (10) admits the separable solution (44) if and only
if it admits the GCS

0 0
V= (uact + f(u)uacut)% + (vact + g(v)vxvt)%, (45)
where f = f/f and g = §"/§’. Equivalently, we have
V(Q)(Utt — Uggy — F)|EmW1 =v® (Utt — Ugg — G)|EmW1 =0, (46)

where F1 is the solution manifold of the'system (10), W7 is the set of the prolongation
of invariant surface conditions, e.g. D (uy + f(u)uzus) = DL(vge + g(v)vgve) = 0,
with4=20,1,2,---.
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A straightforward but cumbersome calculation yields
v® (gt — Uze — F)|Erowy = (Fuvy — fuaFugv, + [Fo, ) UtVee
+ (Fovy — 902 Fop0, — 9F0, ) 0iVee + (Fuuy — faFugu, ) Uttas
+ (Fou, = 900 Fugo, Jttas + (" = 2f ) (uats) — ) — [(f'Fu, + f Fuu, s
— (Fyu + fFu+ (3f = 2f)F)ug — (Fup — fueFou, + [F)va]u
+ [(Fuw = 902 Fuv, — 9f v Fo, + [Fo)ue — v (g — 6°) P,
+ (Fyu — g Fou, — gFy)vz]vr. (47a)
VO (04 — vaw — G)| ey = (Gouy — 9V2Gupv, + 9Gu, )Vilas
+ (Guug = [U2Gupuy — fGuy )UtUzz + (Gov, — GV2Glopu, )V V2
+ (Guvy = FeGupu, Jurvee + (9" = 299" ) (0] — v03) = [(9'Go, + 9Gun, )0}
— (Goo + 9Gu + (39" — 2¢°)G)vz — (Guv — gVeGuv, + 9Gu)ua]vr
+ [(Guo = fueGuou, + 9Gu = fguaGu,)ve —uz(f = f*)Gu,

+ (Guu - f“xGoup - qu)Ux]ut (47b)

The vanishing of expressions (47a) and (47b) implies that f, g, F' and G satisfy the
System

f” — 2ff/ =0, (4Sa
g" —2g99 =0, (48b
Fu_fuxFux+fF:fl(u7v)a (48C
F, — gu, F,, = fa(u,v), (48d

flvvx+ [f1u+2(f,_f2)F]um :()7

—~
IS
(0]
D
—_— e D O D

(fou + [ f2)us + (f2o — gf2)ve = 0, 48f
Gy — gus Gy, + 9G = g1(u,v), (48g
Gy — fuz Gy, = g2(u,v), (48h
Grutie + [g10 + 2(9" — 9*)Glv, =0, (48i
(920 + 992) vz + (g2u — fg2)uz = 0, (487)

as can be shown after some simplifications, where f; and g; (i = 1,2) are functions
of u and v, to be determined.

It is readily seen that if F(u,v), G(u,v), f(u) and g(v) are solutions of the
system (48), then

)
g(u) = f(u) (49)
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are also solutions of (48) for some f; and g; (¢ = 1,2). Hence we only consider the
solutions of system (48) which are not equivalent under the transformations (49). It
is easy to see that (48a) and (48b) are solved respectively by

f=a,—u"! tanu, — cothu, — tanhu, (50a)

and
g="b,—v ! tanv, — cothv, — tanh v, (50b)

where a and b are arbitrary constants. Choosing any two solutions f and g from
(50a) and (50b) and inserting them into the other equations of system (48), we

can obtain all solutions of system (48). For example, we consider f = —u~! and
g = tanv. First, substituting f and g into (48f) and solving, we find
asu
f2= : (51)
COS v

From this point, a; (i = 1,2,---) are considered to be arbitrary constants. Noting
that f/ — f2 = 0, from (48e), we find

f1 =ai. (52)
Now, substituting g = tanv and fs into (48d), and solving for F', we have
F = asuln|secv + tanv| + Fi (u, u,, v, secv), (53)

where F) is a function of the indicated variables, to be determined. Substituting
(53) into (48c), Fi then satisfies

Fl.+ u_luchluz —u R = ay, (54)
which is solved by

I3 :alulnu—FuH(%,vxsecv), (55)
where H is an arbitrary function of the indicated variables. Hence we obtain

(%

F =ajulnu + aguln|secv + tanv| + uH (—, v, secv). (56)
u

To determine G, substituting f and g into (48j) and solving, we obtain

bo cos v
g2=— (57)
(481) then implies
G = _Julz Glv (58)

2 v, 2
The substitution of (57) and (58) into (48g) and (48h) yields g1, = 0 and G satisfying

Goo + tanvGy, + (2 4 sec? v)G = 0, (59)
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which has the general solution
G = b1 sin(2v) + b2(2 cosv — sin(2v) In | sec v + tan v|). (60)

If f and g are taken to be any of the last three solutions of (50a) and (50b), the sys-
tem (48) does not admit solutions with the constraint |Fy, |+ |Fy, |+ |Gu| + |Gu, | # 0.
Now, we have the following theorem.

Theorem 4. The system (10) admits the separable solutions (44) if and only if it
is locally equivalent to one of the following systems:

(1) Du = aju+ aze’ + H(ug, e’vy),

Ov = bye? + bye 2V,
(2) Ou=ayu+ asInv + Hy(uz, v 1v,),

Ov = bivInv + bouv + vHs(ug, v vy).
(3) Ou = a1e* + age*QU,

Ov = bvInv + bovet + vH (e%uy, v v,).

(4) Ou = aju+ azIn|secv + tanv| + H (uy, (secv)vy),
Ov = by sin(2v) 4 b2 (2 cosv — sin(2v) In | sec v + tanv)).
(5) Du = aju + azIn|cothw — sinh ™| 4+ H(uy, (sinh ™ v)v,),
Ov = by sinh(2v) + ba(2sinh v + sinh(2v) In | cothv — sinh ! v]).
(6) Du = aju + ag arctansinh v + H (ug, (cosh™ v)vy),
Ov = by sinh(2v) + b2(2 cosh v 4 sinh(2v) arctan sinh v).
(7) Du = aqjulnu+ aguln|secv + tanv| + wH (u™lu,, (secv)vy),
Ov = by sin(2v) + b2(2 cosv — sin(2v) In | sec v + tan vl).

(8) Ou = ajulnu 4 aguln|cothv — sinh ™ v| + wH (v, (sinh ™ v)wy,),
Ov = by sinh(2v) + by(2sinh v + sinh(2v) In | coth v — sinh ™! v]).

(9) Ou = ajulnu + aguarctansinh v + wH (u uy, (cosh™! v)v,),
Ov = by sinh(2v) + b2(2 cosh v 4 sinh(2v) arctan sinh v).

In the above equations, H, H; and Hy are arbitrary functions of the indicated
variables.

Theorem 5. Equations (1)-(9) in Theorem 4 respectively admit the following
separable solutions.

(1) u = ¢1(x) + ¥1(t), v = In(pa(x) + Y2(t)), where ¢; and 1; (i = 1,2) satisfy the
system

,1/ + a2¢2 + H(gb,b ﬁblg) + a1¢1 = )‘17
1= agpy — ar1yp1 = A,
5 = —2b1¢5 + Aads — Ay + B + by,

P = 20103 + Aoyl + Adpy + B. (61a)
Hereafter A\; (i = 1,2) are considered to be separation constants and A and B

arbitrary constants.
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(2) u = ¢1(2) + V1(t), v = e®2@HV2(0) with
&+ ard1 + asgpe + Hi(¢), ¢h) = A1,
1 — a1 — aghy = Aq,
b+ O + bida + bady + Ha(d], ) = Ao,
b+ 5 — bithy — bathy = Ao
(3) u = In(¢1(z) + Y1 (1)), v = e2@+2(0 | with
T = —2a1¢7 + Mo} — Ad1 + B + ay,
W = 20197 + MYt + Ay + B,
b = —¢5 — bagy — bigpy — H (¢, ¢5) + A2,
b = —15 + bibg + byt + Ao
(4) u= ¢1(x) +¢1(t), v = arcsintanh(gpa(x) + P2(t)), with
1= —a161 — asga — H (1, ) + A1,
Y = a1 + axhy + A1,
P5 = hoe 292 + Be*2 — 2by¢o + A,
Y = —XAge®¥? — Bem 22 4 2bothy + A — 201
(5) u = ¢1(x) + ¢1(t), v = arccosh coth(¢a2(x) + 12(t)), with
1= —a1¢1 — agpa — H(Py, —d) + A1,
1= a1 + agihs + Ay,
PF = Xae®2 + Be 292 + 2byghy + A,
Y = Xoe 22  Be?¥2 — 2bothy + A + 2by.
(6) u= ¢1(x) + Y1(t), v = arsinh tan(¢a(x) + 12(t)), with
1= —a1¢1 — azpa — H(¢y, d5) + A1,
1= a1 + agha + A1,

¢ = Acos(2p2) + Bsin(2¢9) — 2bada + Ao — 2by,

12 = — Acos(2u) + Bsin(2th2) + 2b21hy + Ao.
(7) u = e®*@+01(8) 4 = arcsin tanh (o () 4 12 (t)), with
[ = —¢7 — a1 — asdp — H(¢,65) + A1,
Y = =Y + a191 + asths + A,
¢F = Aoe 72?2 + Be?® — 2by¢py + A,
P =—Xe®? — Be™?2 4 2bypy + A — 2by.
(8) u = e?1@+¥1(t) 4 = arccosh coth(¢pg(z) + 1h2(t)), with
1= —¢1"? —a161 — aspa — H($, —¢5) + A1,
U= ¢+ a1 + agha + A1,
OF = Xae?2 + BeT2%2 4 2y + A,
= Xoe 2> + Be?2 — 2bythy + A + 20y

395

(61b)

(61c)

(61d)

(61e)

(61f)

(61h)
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(9) u = e?1@+V1(t) 4 = arcsinh tan(py(z) + 1o (t)), with

/1/ = —gb/12 — CL1¢1 - CL2¢2 - H(gb/h ¢/2) + )\17
V= —v2 4+ a11 + astha + A,
¢ = Acos(2p2) + Bsin(2¢9) — 2bada + Ao — 2by,
wg =_A cos(2¢2) + B Siﬂ(?lﬁz) + 2ba1ha + Aa. (611)
We use the system (6) of Theorem 5 as an example to prove this theorem. For

the system (6) with f =0, g = — tanh v, solving u,; = 0 and vy — (tanh v)vzv, = 0,
we have

u=¢1(x) +1(t), v = arcsinhtan(pa(z)+ 12(t)). (62)
Differentiating the second equation of (62) with respect to =, we obtain
(cosh™L v)uv, = ¢b. (63)

Substitution of (62) and (63) into the system (6) of Theorem 4 yields ¢; and ;
(i = 1,2) satisfying the system

1= &1 +a1(P1 + 1) + aza(p2 + 2) + H(¢Y, ¢5), (64a)
b+ (sinh )l = ¢l 4 (sinhv)¢ + 2by sinh v + 2bo(sinh v) (g + 1b2) + 2bs.
(64b)

Thus there exists a separation constant Ay such that

1 —a1v1 — agihe = g,
&) + a1 + aspo + H(Py, dh) = A1. (65)

We rewrite (64b) as

cos(¢g + 12 ) (W — ¢y — 2bg) + sin(pa + o) [WF — 5 — 2bo (¢ + 1b2) — 2b1] = 0.
(66)

Differentiating (66) with respect to t yields

cos(¢2 + Y2) 5" + 95 — Py — 202 (¢ + Y2)yh — 2019)]
+sin(¢2 + ¢a) (515 + V53] = 0. (67)

Differentiating (67) with respect to « and using (66), we obtain
Vg — 0oy’ — 20505 + 20565 + 4ba( + Vo) $ph + dbi gt = 0. (68)
Dividing equation (68) by @51, gives
¢y vy

2 — 22— 2 4 240 + Aba(¢2 + 1) + 4by =0, (69)
5 Py
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which implies there exists a separation constant A2 such that

¢/// + 2¢/3 + 4b2¢2¢/2 + 4b1¢,2 = 5\2¢/27
4 205 — dbgthorhh = Aol (70)

Integration of (70) yields

A

@2 = Ay cos(2¢2) + Agsin(2ps) — 2bachy + 52 — by, (71a)
A

= B cos(2¢2) + Basin(2ig) + 2bape + ?2, (71b)

where A; and B; (i = 1,2) are integration constants. Differentiating (71a) and (71b)
with respect to x and ¢, respectively, we have

= —A;sin(2¢2) + Az cos(2¢2) — by,
2 =—-B Sln(2¢2 + By COS(2 ) + bo. (72)

)
Substitution of the systems (71) and (72) into (66) leads to
(B1 + Ap)sin(¢a — 12) + (B2 — Ag) cos(¢pa2 — 1ha) = (73)
which gives
By=-A =-A, By=A;=B8. (74)

Then, (61f) is obtained by using the new parameter Ay = A2 /2. The other systems
can be derived in the same manner.

§5. Concluding remarks

In this paper, we have employed the GCS approach in the analysis of the separa-
tion of variables for generalized nonlinear Klein-Gordon equations. We have derived
a complete list of canonical forms for a generalized nonlinear Klein-Gordon equation
and a system of generalized nonlinear Klein-Gordon equations that submit to sep-
aration of variables in some coordinates. A symmetry group interpretation of the
known results 7 =19 concerning separation of variables with the scalar Klein-Gordon
equation was given. Exact solutions of the resulting equations were reduced to solve
systems of first and second-order ordinary differential equations. As a by-product,
some new exact solutions to the Bullough-Dodd model, Sine-Gordon equation and
Sinh-Gordon equation were obtained.
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