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tWe investigate the multipro
essor multi-stage open shop and 
ow shop s
hedul-ing problem. In both problems, there are s stages ea
h 
onsisting of a numbermi of parallel identi
al ma
hines for 1 � i � s. Ea
h job 
onsists of s opera-tions with one operation for ea
h stage. The goal is to �nd a non-preemptives
hedule that minimizes the makespan. We propose polynomial time approxima-tion s
hemes for the multipro
essor open shop and 
ow shop s
heduling problemwhen the number of stages s is 
onstant and the numbers of ma
hines mi arenon-
onstant.Problem De�nition. A 
ow shop (or open shop) is a multi-stage produ
tion pro
esswith the property that all jobs have to pass through the stages. For 
ow shops theorder in whi
h the jobs pass through the stages is the same, whereas for open shopsthe order is immaterial. There are n jobs Jj , with j = 1; : : : ; n, where ea
h job Jj
onsists of s operations O1j; : : : ; Osj. The operation Oij , with i = 1; : : : ; s, has to bepro
essed at stage i of the produ
tion pro
ess, and pij is the pro
essing time or lengthof operation Oij.In the 
lassi
al open and 
ow shop problem, there is only one ma
hine available forea
h stage. In the multipro
essor open and 
ow shop problem, for every stage i thereare mi identi
al ma
hines available that 
an pro
ess operations in parallel. Sin
e morethan n ma
hines on a stage are not ne
essary, we may assume that mi � n. At anytime step, every job is pro
essed by at most one ma
hine and every ma
hine exe
utesat most one job. We assume that preemption is not allowed, i.e. on
e an operation isstarted, it must be 
ompleted without interruption. The goal is to �nd a s
hedule thatminimizes the makespan Cmax, that is the maximum 
ompletion time among all jobs.The minimum makespan among all s
hedules is denoted by C�max.Following the three-�eld notation s
heme [10℄, the makespan minimization problem ina 
lassi
al open and 
ow shop with s stages is denoted by OsjjCmax and FsjjCmax (orOjjCmax and F jjCmax depending on whether the number s of stages is 
onstant or not),respe
tively. The makespan minimization in a multipro
essor s-stage open and 
ow1



shop is denoted by Os(P )jjCmax and Fs(P )jjCmax (or O(P )jjCmax and F (P )jjCmax),respe
tively.Complexity Results. Gonzales and Sahni [5℄ proved that OsjjCmax is NP-hard inthe weak sense, and Williamson et al. [15℄ showed that OjjCmax is NP-hard in thestrong sense. On the other hand, Garey et al. [4℄ showed that F3jjCmax is stronglyNP-hard, and Hoogeveen et al. [8℄ proved that F2(P2; P1)jjCmax (with two stages, twoma
hines on the �rst stage and one ma
hine on the se
ond stage) and F2(P1; P2)jjCmaxare already strongly NP-hard. If we have only one stage s = 1, then we have the
lassi
al strongly NP-hard s
heduling problem P jjCmax of independent jobs on identi
alma
hines [3℄.Approximability Results. If the number s of stages is part of the input, Williamsonet al. [15℄ proved that the existen
e of an approximation algorithm with worst 
aseratio < 5=4 for the problemOjjCmax or F jjCmax would imply P = NP . On the positiveside, polynomial time approximation s
hemes (PTAS) have been found for FsjjCmax,OsjjCmax and the more general problem Jsjop � �jCmax in [6, 13, 9℄. All three PTAS's
an be generalized to the 
ase where the number of stages and number of ma
hinesper stage are all 
onstant. Chen and Strusevi
h [2℄ have developed an approximationalgorithm for O(P )jjCmax (the multipro
essor open shop problem) with worst 
aseratio 2 + �. For O2(P )jjCmax, they have derived a worst 
ase ratio of 2� 2=m2 wherem = max(m1;m2) � 2. S
huurman and Woeginger [11℄ have found an approximationalgorithm for O(P )jjCmax with improved worst 
ase ratio 2. Furthermore, a (3=2 + �)- approximation algorithm for the problem O2(P )jjCmax (with two stages) is given in[11℄. The existen
e of an approximations s
heme for Os(P )jjCmax with 
onstant s � 2number of stages and arbitrary number of ma
hines per stage was posed as an openproblem by S
huurman and Woeginger [11℄. Several approximation algorithms havebeen studied for the two - stage multipro
essor 
ow shop problem, see e.g. in [1, 12, 14℄.The best result, a polynomial time approximation s
heme for F2(P )jjCmax is given in[12℄. Determining the approximability behaviour of Fs(P )jjCmax with 
onstant s � 3number of stages and arbitrary number of ma
hines per stage was posed as an openquestion in a paper by Hall [6℄.New Results. In this paper, we propose polynomial time approximation s
hemes forboth the multipro
essor open shop and 
ow shop s
heduling problem when the numberof stages s is 
onstant and the numbers of ma
hinesmi on stage i, 1 � i � s are part ofthe input. For open shops, this improves even for two stages the best previous knownresult of 3=2+ � in [11℄. Furthermore, we answer the open question by S
huurman andWoeginger [11℄ for Os(P )jjCmax and the open question by Hall [6℄ for Fs(P )jjCmax.Noti
e that we 
an not expe
t a fully polynomial time approximation s
heme (sin
eboth problems are strongly NP-hard even for a 
onstant number of stages), unlessP=NP. In our approa
h, we use dynami
 programming 
ombined with several ideasfrom Hall [6℄, Ho
hbaum and Shmoys [7℄, S
huurman and Woeginger [11, 12℄ andSevastianov and Woeginger [13℄. 2
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