New Approximation Results for the Multiprocessor
Open and Flow Shop Scheduling Problem

Klaus Jansen
Institut fir Informatik und Praktische Mathematik, Universitdt Kiel, Olshausenstr. 40,
D-24098 Kiel, Germany.
kj@informatik.uni-kiel.de

Maxim I. Sviridenko
Department of Computer Science, University of Aarhus, Ny Munkengade,
DK-8000 Aarhus C, Denmark.

sviri@brics.dk

Abstract

We investigate the multiprocessor multi-stage open shop and flow shop schedul-
ing problem. In both problems, there are s stages each consisting of a number
m; of parallel identical machines for 1 < 7 < s. Each job consists of s opera-
tions with one operation for each stage. The goal is to find a non-preemptive
schedule that minimizes the makespan. We propose polynomial time approxima-
tion schemes for the multiprocessor open shop and flow shop scheduling problem
when the number of stages s is constant and the numbers of machines m; are
non-constant.

Problem Definition. A flow shop (or open shop) is a multi-stage production process
with the property that all jobs have to pass through the stages. For flow shops the
order in which the jobs pass through the stages is the same, whereas for open shops
the order is immaterial. There are n jobs J;, with 5 = 1,...,n, where each job J;
consists of s operations Oy;,...,0,;. The operation O;;, with : = 1,...,s, has to be
processed at stage ¢ of the production process, and p;; is the processing time or length
of operation O;.

In the classical open and flow shop problem, there is only one machine available for
each stage. In the multiprocessor open and flow shop problem, for every stage ¢ there
are m,; identical machines available that can process operations in parallel. Since more
than n machines on a stage are not necessary, we may assume that m; < n. At any
time step, every job is processed by at most one machine and every machine executes
at most one job. We assume that preemption is not allowed, i.e. once an operation is
started, it must be completed without interruption. The goal is to find a schedule that
minimizes the makespan C,,q., that 1s the maximum completion time among all jobs.
The minimum makespan among all schedules is denoted by C*

max*

Following the three-field notation scheme [10], the makespan minimization problem in
a classical open and flow shop with s stages is denoted by Os||Cruar and Fs||Cpap (or
O||Caz and F||Crrar depending on whether the number s of stages is constant or not),
respectively. The makespan minimization in a multiprocessor s-stage open and flow



shop is denoted by Os(P)||Crax and Fs(P)||Craz (0r O(P)||Craz and F(P)||Crax),

respectively.

Complexity Results. Gonzales and Sahni [5] proved that Os||Ciuae is NP-hard in
the weak sense, and Williamson et al. [15] showed that O||Cpe, is NP-hard in the
strong sense. On the other hand, Garey et al. [4] showed that F3||Cpuqs is strongly
NP-hard, and Hoogeveen et al. [8] proved that F2(P2, P1)||C e, (with two stages, two
machines on the first stage and one machine on the second stage) and F2(P1, P2)||Cpax
are already strongly NP-hard. If we have only one stage s = 1, then we have the
classical strongly NP-hard scheduling problem P||C,,q. of independent jobs on identical
machines [3].

Approximability Results. If the number s of stages is part of the input, Williamson
et al. [15] proved that the existence of an approximation algorithm with worst case
ratio < 5/4 for the problem O||Cyuax 01 F||Cpgr would imply P = NP. On the positive
side, polynomial time approximation schemes (PTAS) have been found for Fs||Cruax,
O3||Crnax and the more general problem Js|op < pt|Crnay in [6, 13, 9]. All three PTAS’s
can be generalized to the case where the number of stages and number of machines
per stage are all constant. Chen and Strusevich [2] have developed an approximation
algorithm for O(P)||Crar (the multiprocessor open shop problem) with worst case
ratio 2 + €. For O2(P)||Cyax, they have derived a worst case ratio of 2 — 2/m? where
m = max(mi, mg) > 2. Schuurman and Woeginger [11] have found an approximation
algorithm for O(P)||Cruax with improved worst case ratio 2. Furthermore, a (3/2 + €)
- approximation algorithm for the problem O2(P)||Cpar (with two stages) is given in
[11]. The existence of an approximations scheme for Os(P)||Crar with constant s > 2
number of stages and arbitrary number of machines per stage was posed as an open
problem by Schuurman and Woeginger [11]. Several approximation algorithms have
been studied for the two - stage multiprocessor flow shop problem, see e.g. in [1, 12, 14].
The best result, a polynomial time approximation scheme for F2(P)||Cpqz is given in
[12]. Determining the approximability behaviour of F's(P)||Cpar with constant s > 3
number of stages and arbitrary number of machines per stage was posed as an open
question in a paper by Hall [6].

New Results. In this paper, we propose polynomial time approximation schemes for
both the multiprocessor open shop and flow shop scheduling problem when the number
of stages s is constant and the numbers of machines m; on stage ¢, 1 <1 < s are part of
the input. For open shops, this improves even for two stages the best previous known
result of 3/2+ € in [11]. Furthermore, we answer the open question by Schuurman and
Woeginger [11] for Os(P)||Crar and the open question by Hall [6] for Fs(P)||Cas-
Notice that we can not expect a fully polynomial time approximation scheme (since
both problems are strongly NP-hard even for a constant number of stages), unless
P=NP. In our approach, we use dynamic programming combined with several ideas
from Hall [6], Hochbaum and Shmoys [7], Schuurman and Woeginger [11, 12] and
Sevastianov and Woeginger [13].



References

[1]

B. Chen, Analysis of classes of heuristics for scheduling a two-stage flow shop with
parallel machines at one stage, Journal of the Operational Research Society 46 (1995),
234-244.

B. Chen and V.A. Strusevich, Worst case analysis of heuristics for open shops with
parallel machines, European Journal of Operational Research 70 (1993), 379-390.

M.R. Garey and D.S. Johnson, Strong NP-completeness results: Motivation, examples
and implications, Journal of the ACM 25 (1978), 499-508.

M.R. Garey, D.S. Johnson and R. Sethi, The complexity of flowshop and jobshop
scheduling, Mathematics of Operations Research 1 (1976), 117-129.

T. Gonzales and S. Sahni, Open shop scheduling to minimize finish time, Journal of

the ACM 23 (1976), 665-679.

L.A. Hall, Approximability of flow shop scheduling, Proceedings of the 36th Annual
IEEFE Symposium on Foundations of Computer Science (1995), 82-91 and Mathematical
Programming 82 (1998), 175-190.

D.S. Hochbaum and D.B. Shmoys, Using dual approximation algorithms for scheduling
problems: theoretical and practical results, Journal of the ACM 34 (1987), 144-162.

J.A. Hoogeveen, J.K. Lenstra and B. Veltman, Preemptive scheduling in a two-stage

multiprocessor flow shop is NP-hard, Furopean Journal of Operational Research 89
(1996), 172-175.

K. Jansen, R. Solis-Oba and M.I. Sviridenko, Makespan minimization in job shops: a
polynomial time approximation scheme, Proceedings of the 31th Annual ACM Sympo-
sium on Theory of Computing, STOC 99, 394-399.

E.L. Lawler, J.K. Lenstra, A.H.G. Rinnooy Kan and D.B. Shmoys, Sequencing and
scheduling: Algorithms and complexity, in: Handbook in Operations Research and
Management Science, Vol. 4, North-Holland, 1993, 445-522.

P. Schuurman and G.J. Woeginger, Approximation algorithms for the multiprocessor
open shop scheduling problem, Operations Research Letters, to appear.

P. Schuurman and G.J. Woeginger, A polynomial time approximation scheme for the
two-stage multiprocessor flow shop problem, Theoretical Computer Science, to appear.

S.V. Sevastianov and G.J. Woeginger, Makespan minimization in open shops: A poly-
nomial time approximation scheme, Mathematical Programming 82 (1998), 191-198.

C. Sriskandarajah and S.P. Sethi, Scheduling algorithms for flexible flow shops: worst
and average case performance, Furopean Journal of Operational Research 43 (1989),
143-160.

D.P. Williamson, L.A. Hall, J.A. Hoogeveen, C.A.J. Hurkens, J.K. Lenstra, S.V. Sevas-
tianov and D.B. Shmoys, Short shop schedules, Operations Research 45 (1997), 288-294.



