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.ilThe study of haplotypes and their diversity in a population is 
entral to disease asso
iationresear
h. We study several problems arising in haplotype blo
k partitioning. Our obje
tivefun
tion is the total number of distin
t haplotypes in blo
ks. We show that the problemis NP-hard when there are errors or missing data, and provide approximation algorithmsfor several of its variants. We also give an algorithm that solves the problem with highprobability under a probabilisti
 model that allows noise and missing data. In addition, westudy the multi-population 
ase, where one has to partition the haplotypes into populationsand seek a di�erent blo
k partition in ea
h one. We provide a heuristi
 for that problemand use it to analyze simulated and real data. On simulated data, our blo
ks resemble thetrue partition more than the blo
ks generated by the LD-based algorithm of Gabriel et al.On single-population real data, we generate a more 
on
ise blo
k des
ription than extantapproa
hes, with better average LD within blo
ks. The algorithm also gives promising resultson real 2-population genotype data.(haplotype; blo
k; genotype; SNP; sub-population; strati�
ation; algorithm; 
omplexity)1. Introdu
tionThe availability of a nearly 
omplete human genome sequen
e makes it possible to lookfor telltale di�eren
es between DNA sequen
es of di�erent individuals on a genome-wides
ale, and to asso
iate geneti
 variation with medi
al 
onditions. The main sour
e of su
hinformation is single nu
leotide polymorphisms (SNPs). Millions of SNPs have already beendete
ted (Sa
hidanandam et al. 2001; Venter et al. 2001), out of an estimated total of 10millions 
ommon SNPs (Grugliyak and Ni
kerson 2001). This abundan
e is a blessing, as1



it provides very dense markers for asso
iation studies. Yet, it is also a 
urse, as the 
ost oftyping every individual SNP be
omes prohibitive. Haplotype blo
ks allow resear
hers to usethe plethora of SNPs at a substantially redu
ed 
ost.The sequen
e of alleles in 
ontiguous SNP positions along a 
hromosomal region is 
alleda haplotype. A major re
ent dis
overy is that haplotypes tend to be preserved along relativelylong genomi
 stret
hes, with re
ombination o

urring primarily in narrow regions 
alled hotspots (Gabriel et al. 2002; Patil et al. 2001). The regions between two neighboring hot spotsare 
alled blo
ks, and the number of distin
t haplotypes within ea
h blo
k that are observedin a population is very limited: Typi
ally, some 70-90% of the haplotypes within a blo
kbelong to very few (2-5) 
ommon haplotypes (Patil et al. 2001). The remaining haplotypesare 
alled rare haplotypes. This �nding is very important to disease asso
iation studies,sin
e on
e the blo
ks and 
ommon haplotypes are identi�ed, one 
an hopefully obtain amu
h stronger asso
iation between a haplotype and a disease phenotype. Moreover, ratherthan typing every individual SNP, one 
an 
hoose few representative SNPs from ea
h blo
kthat suÆ
e to determine the haplotype. Using su
h tag SNPs allows a major saving in typing
osts.Due to their importan
e, blo
ks have been studied quite intensively re
ently. Daly et al.(2001) and Patil et al. (2001) used a greedy algorithm to �nd a partition into blo
ks thatminimizes the total number of SNPs that distinguish a pres
ribed fra
tion of the haplotypesin ea
h blo
k. Zhang et al. (2002) provided a dynami
 programming algorithm for thesame purpose. Koivisto et al. (2003) provided a method based on Minimum Des
riptionLength to �nd haplotype blo
ks. Bafna et al. (2003) proposed a 
ombinatorial measurefor 
omparing blo
k partitions and suggested a di�erent approa
h to �nd tag SNPs, thatavoids the partition into blo
ks. For an ex
ellent re
ent review on 
omputational aspe
ts ofhaplotype analysis, see (Halldorsson et al. 2003).In this paper we address several problems that arise in haplotype studies. Our startingpoint is a very natural optimization 
riterion: We wish to �nd a blo
k partition that mini-mizes the total number of distin
t haplotypes that are observed in all the blo
ks. This 
riterionfor evaluating a blo
k partition follows naturally from the above mentioned observation, thatwithin blo
ks in the human genome, only a few 
ommon haplotypes are observed (Patil et al.2001; Daly et al. 2001; Gabriel et al. 2002). The same 
riterion is used in the pure parsimonyapproa
h for haplotype inferen
e, where the problem is to resolve genotypes into haplotypes,using a minimum number of distin
t haplotypes (Gus�eld 2003). In this 
ase, the problem2



was shown to be NP-hard (Hubbell 2002) (
f. (Halldorsson et al. 2003)). This 
riterion wasalso proposed by Gus�eld (2001) as a se
ondary 
riterion in re�nements to Clark's inferen
emethod (Clark 1990). Minimizing the total number of haplotypes in blo
ks 
an be done inpolynomial time if there are no data errors, using a dynami
 programming algorithm. Aswe shall show, the problem be
omes hard when errors are present or some of the data aremissing. In fa
t, the problem of s
oring a single given blo
k turns out to be the bottlene
k.Note that in pra
ti
e, one has to a

ount for rare haplotypes and hen
e minimize the totalnumber of 
ommon haplotypes.The input to all the problems we address is a haplotype matrix A with 
olumns 
orre-sponding to SNPs in their order along the 
hromosome and rows 
orresponding to individual
hromosomal segments typed. Sin
e virtually all SNP sites have two alleles, we adopt the
ommon assumption that the matrix is binary, after transforming the two distin
t alleles atea
h site arbitrarily to 0 and 1. Aij is the allele type of 
hromosome i in SNP j. The �rstset of problems that we study 
on
erns the s
oring of a single blo
k in the presen
e of errorsor missing data. In one problem variant, we wish to �nd a minimum number of haplotypessu
h that by making at most E 
hanges in the matrix, ea
h row ve
tor is transformed intoone of them. We 
all this problem Total Blo
k Errors (TBE). We show that the problem inNP-hard, and provide a polynomial 2-approximation algorithm to a variant of TBE, whereone wishes to minimize the total number of errors indu
ed by the solution and the numberof 
ommon haplotypes is bounded. In a se
ond problem, we wish to minimize the numberof haplotypes when the maximum number of errors between a given row and its (
losest)haplotype is bounded by e. We 
all this problem Lo
al Blo
k Errors (LBE). This problemis shown to be NP-hard too, and we provide a polynomial algorithm (for �xed e), whi
hguarantees a logarithmi
 approximation fa
tor. In a third variant, some of the data entriesare missing (manifested as \question marks" in the blo
k matrix), and we wish to 
ompleteea
h of them by zero or one, so that the total number of resulting haplotypes is minimized.Again, we show that this In
omplete Haplotypes (IH) problem is NP-hard. To over
ome thehardness we resort to a probabilisti
 approa
h. We de�ne a probabilisti
 model for gener-ating haplotype data, in
luding errors, missing data and rare haplotypes, and provide analgorithm that s
ores a blo
k 
orre
tly with high probability under this model.Another problem that we address is stratifying the haplotype populations. It has beenshown that the blo
k stru
ture in di�erent populations is di�erent (Gabriel et al. 2002).When the partition of the sample haplotypes into sub-populations is unknown, determining3



a single blo
k stru
ture for all the haplotypes 
an 
reate arti�
ial solutions with far too manyhaplotypes. We de�ne the Minimum Blo
k Haplotypes (MBH) problem, where one has topartition the haplotyped individuals into sub-populations and provide a blo
k stru
ture forea
h one, so that the total number of distin
t haplotypes over all sub-populations and theirblo
ks is minimum. We show that MBH is NP-hard, but provide a heuristi
 for solving it inthe presen
e of errors, missing data and rare haplotypes. The algorithm uses ideas from theprobabilisti
 analysis.We applied our algorithm to several syntheti
 and real datasets. We show that thealgorithm 
an identify the 
orre
t number of sub-populations in simulated data, and isrobust to noise sour
es. On simulated data, when 
ompared to the LD-based algorithmof Gabriel et al. (2002), we show that our algorithm forms a partition into blo
ks that ismu
h more faithful to the true one. On a real dataset of Daly et al. (2001) we generate amore 
on
ise blo
k des
ription than extant approa
hes, with a better average value of highLD-
on�den
e fra
tion within blo
ks. As a �nal test, we applied our MBH algorithm to thetwo largest sub-populations reported in Gabriel et al. (2002). As this was genotype data,we treated heterozygotes as missing data. Nevertheless, the algorithm was able to determinethat there are two sub-populations and 
orre
tly 
lassi�ed over 95% of the haplotypes.The paper is organized as follows: In Se
tion 2 we study the 
omplexity of s
oring a blo
kunder various noise sour
es and present our probabilisti
 s
oring algorithm. In Se
tion 3 westudy the 
omplexity of the MBH problem and des
ribe a pra
ti
al algorithm for solving it.Se
tion 4 
ontains our results on simulated and real data.A preliminary version of the results of this paper is to appear in Pro
eedings of the ThirdWorkshop on Algorithms in Bioinformati
s (WABI) (Kimmel et al. 2003).2. S
oring Noisy Blo
ksIn this se
tion we study the problem of minimizing the number of distin
t haplotypes ina single blo
k under various noise sour
es. This number will be 
alled the s
ore of theblo
k. The s
oring problem arises as a key 
omponent in blo
k partitioning in single- andmultiple-population situations.The input is a haplotype matrix A with n rows (haplotypes) and m 
olumns (SNPs).A may 
ontain errors (where '0' is repla
ed by '1' and vi
e versa), resulting from pointmutations or measurement errors, and missing entries, denoted by '?'. Clearly, if there are4



no errors or missing data then a blo
k 
an be s
ored in time proportional to its size bya hashing algorithm. Below we de�ne and analyze several versions of the s
oring problemwhi
h in
orporate errors into the model. We assume until Se
tion 2.4 that there are no rarehaplotypes. In the following we denote by vi the i-th row ve
tor (haplotype) of A, and byV = fv1; : : : ; vng the set of all n row ve
tors.2.1 Minimizing the Total Number of ErrorsFirst we study the following problem: We are given an integer E, and wish to determine theminimum number of (possibly new) haplotypes, 
alled 
entroids, su
h that by 
hanging atmost E entries in A, every row ve
tor is transformed into one of the 
entroids. Formally, leth(�; �) denote the Hamming distan
e between two ve
tors. De�ne the following problem:Problem 1 (Total Blo
k Errors (TBE)) Given a binary haplotype matrix A and an in-teger E, �nd a minimum number k of 
entroids v1; : : : ; vk, su
h that Pu2V mini h(u; vi) �E. Determining if k = 1 
an be done trivially in O(nm) time by observing that the minimumnumber of errors is obtained when 
hoosing v1 to be the 
onsensus ve
tor of the rows of A.The general problem, however, is NP-hard, as shown below:Theorem 1 TBE is NP-hard.Proof: We provide a redu
tion from VERTEX COVER (
f. Garey and Johnson 1979).Given an instan
e (G = (W = fw1; : : : ; wmg; F = fe1; : : : ; eng); k) of VERTEX COVER,where w.l.o.g. k < m� 1, we form an instan
e (A; k+1; E) of TBE. A is an (n+mn2)�mmatrix, whose rows are 
onstru
ted as follows:1. For ea
h edge ei = (s; t) 2 F , we form a binary ve
tor vei with '1' in positions s and t,and '0' in all other positions.2. For vertex wi 2 W de�ne the vertex ve
tor ui as the ve
tor with '1' in its i-th position,and '0' otherwise. For ea
h wi 2 W we form a set Ui of n2 identi
al 
opies of ui.Finally, de�ne E = n+ n2(m� k). We shall prove that G has a vertex 
over of size at mostk if and only if there is a solution to TBE on A with at most k + 1 
entroids and E errors.5



()) Suppose that G has a vertex 
over fw1; : : : ; wtg with t � k. Take some 
over witht = k. Partition the rows of A into the following subsets: For 1 � i � t the i-th subset will
ontain all ve
tors 
orresponding to edges that are 
overed by vi (if an edge is 
overed bytwo verti
es, 
hoose one arbitrarily), along with the n2 ve
tors in Ui. Its 
entroid will bewi. The (t+ 1)-st subset will 
ontain all ve
tors 
orresponding to verti
es of G that are notmembers of the vertex 
over, with its 
entroid being the all-0 ve
tor. It is easy to verify thatthe number of errors indu
ed by this partition is exa
tly n + n2(m� k) = E.(() Suppose that A 
an be partitioned into at most t + 1 subsets with 
orresponding
entroids (with t � k) su
h that the number E� of indu
ed errors is at most E. In parti
ular,examine a partition whi
h indu
es a minimum number of errors. W.l.o.g., we 
an assumethat for ea
h i all ve
tors in Ui belong to the same set in the partition. For ea
h vertexi 2 W , the set Ui indu
es at least n2 errors, unless ui is one of the 
entroids. Let l be thenumber of 
entroids that 
orrespond to vertex ve
tors. Then the number E 0 of errors indu
edby the remaining (m � l) sets of vertex ve
tors is at least (m� l)n2. But sin
e E 0 � E�, itfollows that (m � l)n2 � E = (m � k)n2 + n. Hen
e, k � l + 1n and by integrality k � l.Now, l � t+1 � k+1. Suppose to the 
ontrary that l = k+1. Sin
e the Hamming distan
eof any two distin
t vertex ve
tors is 2, we get E 0 � 2(m� k� 1)n2 > E (sin
e m > k+1), a
ontradi
tion. Thus, l = k. We 
laim that these k verti
es form a vertex 
over of G. By theargument above, ea
h other vertex ve
tor must belong to the (k+1)-st subset and, moreover,its 
entroid must be the all-0 ve
tor. Consider a ve
tor w 
orresponding to an edge (u; w).If w is assigned to the (k + 1)-st subset, it adds 2 to E�. Similarly, if w is assigned to oneof the �rst k subsets 
orresponding to a vertex v, and u; w 6= v, then w adds 2 to E�. Sin
ethere are n edges and the assignment of vertex ve
tors indu
ed E 0 = n2(m � k) � E � nerrors, ea
h edge 
an indu
e at most one error. Hen
e, ea
h edge indu
es exa
tly one error,implying that every edge is in
ident to one of the k verti
es.Due to the hardness of TBE, we resort to enumerative approa
hes. We study the opti-mization version where E is to be minimized. A straightforward approa
h is to enumerate the
entroids in the solution and assign ea
h row ve
tor of A to its 
losest 
entroid. Suppose thereare k 
entroids in an optimum solution. Then the 
omplexity of this approa
h is O(kmn2mk),whi
h is feasible only for very small m and k. In the following we present an alternativeapproa
h. We devise a (2� 2n)-approximation algorithm, whi
h takes O(n2m+ knk+1) time.
6



To des
ribe the algorithm and prove its 
orre
tness we use the following lemma, thatfo
uses on the problem of seeking a single 
entroid v 2 W for the set of ve
tors W =fv1; : : : ; vng. Denote evb � argminv2f0;1gmPni=1 h(v; vi), and let E �Pv2W h(v; evb).Lemma 2 Let vb = argminv2WPni=1 h(v; vi). Then Pni=1 h(vb; vi) � (2� 2n)E.Proof: De�ne s �P1�i<j�n h(vi; vj). We �rst 
laim that s � E(n� 1). Then,s = Xi<j h(vi; vj) �Xi<j [h(vi; evb) + h(evb; vj)℄ = (n� 1)Xi h(vi; evb) = (n� 1)E :The �rst inequality follows sin
e the Hamming distan
e satis�es the triangle inequality. Thelast equality follows by using evb as the 
entroid. This proves the 
laim.By the de�nition of vb, for every v
 6= vb we haveXvi2V h(vb; vi) �Xvi2V h(v
; vi)Summing the above inequality for all n ve
tors, noting that h(v; v) = 0, we getnXvi2V h(vb; vi) � 2 X1�i<j�nh(vi; vj) = 2s � 2E(n� 1)
Theorem 3 TBE 
an be (2� 2n)-approximated in O(n2m+ knk+1) time.Proof: Algorithm: Our algorithm enumerates all possible subsets of k rows in A as
entroids, assigns ea
h other row to its 
losest 
entroid and 
omputes the total number oferrors in the resulting solution.Approximation fa
tor: Consider two (possibly equal) partitions of the rows of A:Palg = (A1; : : : ; Ak), the one returned by our algorithm; and Pbest = (Â1; : : : ; Âk), a partitionthat indu
es a minimumnumber of errors. For 1 � i � k denote vib = argminv2AiPvj2Ai h(v; vj)and v̂ib = argminv2ÂiPvj2Âi h(v; vj). The number of errors indu
ed by Palg and Pbestare Ealg = Pki=1Pv2Ai h(vib; v) and Ebest = Pki=1Pv2Âi h(v̂ib; v), respe
tively. Finally, letni = jÂij and denote by ei the minimum number of errors indu
ed in subset Âi, by theoptimal solution. In parti
ular,Pki=1 ni = n and Pki=1 ei = E.Sin
e our algorithm 
he
ks all possible solutions that use k of the original haplotypes as
entroids and 
hooses a solution that indu
es a minimal number of errors, Ealg � Ebest. By7



Lemma 2, Pv2Âi h(v̂ib; v) � (2� 2ni )ei for every 1 � i � k. Summing this inequality over all1 � i � k we getEalg � Ebest = kXi=1 Xv2Âi h(v̂ib; v) � kXi=1 (2� 2ni )ei � kXi=1 (2� 2n)ei = (2� 2n)E :Complexity: As a prepro
essing step we 
ompute the Hamming distan
e between everytwo rows in O(n2m) time. There are O(nk) possible sets of 
entroids. For ea
h 
entroid set,assigning rows to 
entroids and 
omputing the total number of errors takes O(kn) time. The
omplexity follows.2.2 Handling Lo
al Data ErrorsIn this se
tion we treat the question of s
oring a blo
k when the maximum number of errorsbetween a haplotype and its 
entroid is bounded. Formally, we study the following problem:Problem 2 (Lo
al Blo
k Errors (LBE)) Given a blo
k matrix A and an integer e, �nda minimum number k of 
entroids v1; : : : ; vk and a partition P = (V1; : : : ; Vk) of the rows ofA, su
h that h(u; vi) � e for every i and every u 2 Vi.Theorem 4 LBE is NP-hard even when e = 1.Proof: We use the same 
onstru
tion as in the proof of Theorem 1. We 
laim that theVERTEX COVER instan
e has a solution of 
ardinality at most k if and only if the LBEinstan
e has a solution of 
ardinality at most k + 1 su
h that at most one error is allowedin ea
h row. The 'only if' part is immediate from the proof of Theorem 1. For the 'if' partobserve that any two ve
tors 
orresponding to a pair of independent edges 
annot belongto the same subset in the partition, and so is the 
ase for a vertex ve
tor and any ve
tor
orresponding to an edge that is not in
ident on that vertex. This already implies a vertex
over of size at most k + 1. Sin
e m > k + 1 there must be a subset in the partition that
ontains at least two ve
tors 
orresponding to distin
t verti
es. But then either it 
ontainsno edge ve
tor, or it 
ontains exa
tly one edge ve
tor and the ve
tors 
orresponding to itsendpoints. In any 
ase we obtain a vertex 
over of the required size.Theorem 5 There is an O(logn) approximation algorithm for LBE that takes O(n2me)time. 8



Proof: Our approximation algorithm for LBE is based on a redu
tion to SET COVER.Let V be the set of row ve
tors of A. De�ne the e-set of a ve
tor v as the set of ve
tors of thesame length that have Hamming distan
e at most e to v. Denote this e-set by e(v). Let U bethe union of all e-sets of row ve
tors of A. We redu
e the LBE instan
e to a SET COVERinstan
e (V;S), where S � fe(v) \ V : v 2 Ug. Clearly, there is a 1-1 
orresponden
ebetween solutions for the LBE instan
e and solutions for the SET COVER instan
e, andthat 
orresponden
e preserves the 
ardinality of the solutions. We now apply an O(logn)-approximation algorithm for SET COVER (see, e.g., (Cormen et al. 1990)) to (V;S) andderive a solution to the LBE instan
e, whi
h is within a fa
tor of O(logn) of optimal. The
omplexity follows by observing that jU j = O(nme).2.3 Handling Missing DataIn this se
tion we study the problem of s
oring an in
omplete matrix, i.e., a matrix in whi
hsome of the entries may be missing. The problem is formally stated as follows:Problem 3 (In
omplete Haplotypes (IH)) Given an in
omplete haplotype matrix A,
omplete the missing entries so that the number of haplotypes in the resulting matrix isminimum.Theorem 6 IH is NP-hard.Proof: By redu
tion from GRAPH COLORING (
f. Garey and Johnson 1979). Givenan instan
e (G = (W;E); k) of GRAPH COLORING we build an instan
e (A; k) of IH asfollows: Let W = f1; : : : ; ng. Ea
h i 2 W is assigned an n-dimensional row ve
tor vi in Awith '1' in the i-th position, '0' in the j-th position for every (i; j) 2 E and '?' in all otherpositions.Given a k-
oloring of G, let W1; : : : ;Wk be the 
orresponding 
olor 
lasses. For ea
h
lass Wi = fv(i)j1 ; : : : ; v(i)ji g we 
omplete the '?'-s in the ve
tors 
orresponding to its verti
esas follows: Ea
h '?' in one of the 
olumns v(i)j1 ; : : : ; v(i)ji is 
ompleted to 1, and all the others are
ompleted to 0. The resulting matrix 
ontains exa
tly k distin
t haplotypes: Ea
h haplotype
orresponds to a 
olor 
lass, and has '1' in position i if and only if i is a member of the 
olor
lass.Conversely, given a solution to IH of 
ardinality at most k, ea
h of the solution haplotypes
orresponds to a 
olor 
lass in G. This follows sin
e any two ve
tors 
orresponding to9



adja
ent verti
es must have a 
olumn with both '0' and '1' and, thus, represent two di�erenthaplotypes.2.4 A Probabilisti
 AlgorithmIn this se
tion we de�ne a probabilisti
 model for the generation of haplotype blo
k data.The model is admittedly naive, in that it assumes equal allele frequen
ies and independen
ebetween di�erent SNPs and distin
t haplotypes. However, as we shall see in Se
tions 3 and 4,it provides useful insights towards an e�e
tive heuristi
, that performs well on real data. Wegive a polynomial algorithm that 
omputes the optimal s
ore of a blo
k under this modelwith high probability (w.h.p.). Our model allows for all three types of 
onfusing signalsmentioned earlier: rare haplotypes, errors and missing data.Denote by T the hidden true haplotype matrix, and by A the observed one. Let T 0 bea submatrix of T , whi
h 
ontains one representative of ea
h haplotype in T (
ommon andrare). We assume that the entries of T 0 are drawn independently a

ording to a Bernoullidistribution with parameter 0.5. T is generated by dupli
ating ea
h row in T 0 an arbitrarynumber of times. This 
ompletes the des
ription of the probabilisti
 model for T . Notethat we do not make any assumption on the relative frequen
ies of the haplotypes. We nowintrodu
e errors to T by independently 
ipping ea
h entry of T with probability � < 0:5.Finally, ea
h entry is independently repla
ed with a '?' with probability p. Let A be theresulting matrix, and let A0 be the submatrix of A indu
ed by the rows in T 0. Under theseassumptions, the entries of A0 are independently identi
ally distributed as follows: A0ij = 0with probability 1�p2 , A0ij = 1 with probability 1�p2 and A0ij =? with probability p.We say that two ve
tors x and y have a 
on
i
t in position i if one has value 1 and theother 0 in that position. De�ne the dissimilarity d(x; y) of x and y as the number of their
on
i
ting positions (in the absen
e of '?'s, this is just the Hamming distan
e). We say that xis independent of y and denote it by x k y, if x and y originate from two di�erent haplotypesin T . Otherwise, we say that x and y are mates and denote it by x � y. Intuitively,independent ve
tors will have higher dissimilarity 
ompared to mates. In parti
ular, for anyi: pI � Prob(xi = yijx k y; xi; yi 2 f0; 1g) = 0:5; (1)pM � Prob(xi = yijx � y; xi; yi 2 f0; 1g) = �2 + (1� �)2 > 0:5 :10



Problem 4 (Probabilisti
 Model Blo
k S
oring (PMBS)) Given an in
omplete hap-lotype blo
k matrix A, �nd a minimum number k of 
entroids v1; : : : ; vk, su
h that under theabove probabilisti
 model, with high probability, ea
h ve
tor u 2 A is a mate of some 
entroid.Our algorithm for s
oring a blo
k A under the above probabilisti
 model is des
ribedin Figure 1. It uses a threshold t� on the dissimilarity between ve
tors, to de
ide on materelations. t� is set to be the average of the expe
ted dissimilarity between mates and of theexpe
ted dissimilarity between independent ve
tors (see proof of Theorem 7). The algorithmprodu
es a partition of the rows into mate 
lasses of 
ardinalities s1 � s2 � : : : � sl. Givenany lower bound 
 on the fra
tion of rows that need to be 
overed by the 
ommon haplotypes,we give A the s
ore h = argminjPji=1 si � 
n. We prove below that w.h.p. h is the 
orre
ts
ore of A.S
ore(A):1. Let V be the set of rows in A.2. Initialize a heap S.3. While V 6= ; do:(a) Choose some v 2 V .(b) H  fv0 2 V j d(v; v0) � t�g.(
) V  V nH(d) Insert(S,jHj).4. Output S.Figure 1: An algorithm for s
oring a blo
k under a probabilisti
 model of the data. Pro
edureInsert(S,s) inserts a number s into a heap S.Theorem 7 If m = !(logn) then with high probability the algorithm 
omputes the 
orre
ts
ore of A.Proof: We prove that with high probability ea
h mate relation de
ided by the algorithmis 
orre
t. Applying a union bound over all su
h de
isions will give the required result. Fixan iteration of the algorithm at whi
h v is the 
hosen vertex and let v0 6= v be some rowve
tor in A. Let Xi be a binary random variable whi
h is 1 if and only if vi and v0i are in11




on
i
t. Clearly, all Xi are independent identi
ally distributed Bernoulli random variables.De�ne X � d(v; v0) =Pmi=1Xi and f � (1� p)2. Using Equation 1 we 
on
lude:(Xjv0 k v) � Binom(m; f(1� pI)) ;(Xjv0 � v) � Binom(m; f(1� pM)) :We now require the following Cherno� bound (
f. (Alon and Spen
er 2000)): If Y �Binom(n; s) then for every � > 0 there exists 
� > 0 that depends only on �, satisfying:Prob[jY � nsj � �ns℄ � 2e�
�ns:Let � = mf(1� pM). De�ne � � (1�pI)�(1�pM )2(1�PM ) and t� � ��. Applying Cherno� bound andusing the assumption that m = !(logn), we have that for all 
 > 0:Prob(X > t�jv0 � v) � 2e�
�m < 1n
 ;P rob(X � t�jv0 k v) < 1n
 :Sin
e we 
he
k whether d(v; v0) < t� a total of O(n2) times, applying a union bound we
on
lude that the probability that throughout the algorithm some implied mate relation isin
orre
t, is bounded by a polynomial in 1n .When using the algorithm as part of a pra
ti
al heuristi
 (see Se
tion 3), we do notreport the rare haplotypes. Instead, we report only the smallest number of most abun-dant haplotypes, as 
omputed by the algorithm, that together 
apture a fra
tion 
 of allhaplotypes.3. The Multi-Population CaseSuppose that the matrix A 
ontains haplotypes from several homogeneous populations. Thepartitioning into blo
ks 
an di�er among populations (Gabriel et al. 2002). Here, we studythe question of re
onstru
ting the partition of the rows of A into sets 
alled sub-populations,and the 
olumns in ea
h set into blo
ks, su
h that the sum of the s
ores of the submatri
es
orresponding to these blo
ks is minimized. Formally:Problem 5 (Minimum Blo
k Haplotypes (MBH)) Given a haplotype matrix A, �nda partition of its rows into sub-populations so that the total number of blo
k haplotypes isminimized. 12



In pra
ti
e, we usually have full information on the population from whi
h ea
h of thehaplotypes originates. However, in 
ertain situations, there may be a hidden strati�
ationof a population, that 
an a�e
t the 
on
lusions of asso
iation studies on it. Problem 5 aimsto address su
h situations.3.1 Minimum Blo
k HaplotypesFor a haplotype matrix A and a subset S of its rows, we denote by HAS the (minimum) totalnumber of blo
k haplotypes in an optimal partition of S into blo
ks. Our goal is to �ndHA = HAV . Given a partition P = (P1; : : : ; Pr) of the rows of A into sub-populations, we letHA(P ) =Pri=1HAPi, that is, the (minimum) total number of blo
k haplotypes in an optimalpartition of ea
h sub-population into blo
ks. In the following we omit the supers
ript A whenit is 
lear from the 
ontext. Given a partition P , H(P ) 
an be polynomially 
omputed in thenoiseless 
ase using a simple adaptation of the dynami
 programming algorithm of (Zhanget al. 2002). However, the general MBH problem is NP-hard.Theorem 8 MBH is NP-hard.Proof: We provide a redu
tion from VERTEX COVER (
f. Garey and Johnson 1979).Let (G = (V;E); k) be an instan
e of VERTEX COVER, where jV j = n, jEj = m andw.l.o.g. n < m. We build an instan
e (A; n(8m + 4 + 2m2) + 12m + 2k) of (the de
isionversion of) MBH as follows: We asso
iate with the verti
es and edges of G row ve
tors ofdimension 
 = (2n + 1)m10. These ve
tors will 
onstitute the matrix A. Ea
h of the rowve
tors v is partitioned into segments, where the segment of length m10 between positionsi� � (i � 1)2m10 + 1 and i+ � (i � 1)2m10 + m10 
orresponds to vertex i. The m10 lastpositions in v are 
alled its tail.The 
ontent of ea
h segment will be a periodi
 binary sequen
e. For an integer k let Skbe the sequen
e (0; : : : ; 0; 1) of length k, where S0 = (0) and S1 = (1). For 
onvenien
e wedenote Sk also as S1k, and use S�1k to denote the 
omplement of that sequen
e. Ea
h of theve
tor segments 
onsists of repetitions of some Sk or its 
omplement. We denote by Sk(l)the sequen
e formed by 
on
atenating 
opies of Sk up to a total length of l, where the last
opy may be trun
ated.
13



For an ordered sequen
e of integers 1 = i1 < : : : < il+1 = 
 + 1, indu
ing a partition of[1; : : : ; 
℄, we de�ne the following ve
tor set:Ui1;:::;il+1(k1; : : : ; kl) � [r1;:::;rl2f1;�1g(Sr1k1(i2 � i1); : : : ; Srlkl(il+1 � il))In words, Ui1;:::;il+1(k1; : : : ; kl) is a set of 2l ve
tors of dimension 
, where the s-th ve
tor
ontains in its t-th segment 
opies of Srkt with r = 1 i� the t-th bit of s is 0.With ea
h vertex vi we asso
iate the set of 2 � (2 � 4m) � 2 � 2m2 = 64m3 ve
torsVi = [1�j�4m; im2�k<(i+1)m2 U1;i�;i++1;
�m10+m9i;
+1(0; j; 0; k) :Thus, ea
h vertex ve
tor has four segments: Till position i� it is all-zeros or all-ones; betweeni� and i+ it has one of 4m possible sequen
es or their 
omplements; till the beginning ofits tail it is again all-zeros or all-ones; and then at a unique position, whi
h depends on thevertex identity, starts one of 2m2 possible tail sequen
es for that vertex.With ea
h edge el : 1 � l � m 
onne
ting verti
es i and j, where i < j, we asso
iate aset of 2 � (2 � 4) � 2 � (2 � 4) � 2 = 512 ve
torsEl = 4l[p=4l�3U1;i�;i++1;j�;j++1;
+1(0; p; 0; p; 0) :Thus, ea
h edge ve
tor 
ontains one of 8 possible sequen
es in its (i�; i+) and (j�; j+)segments, and these sequen
es are unique for ea
h edge.By 
onstru
tion, HVi = 2 + 8m + 2 + 2m2 = 8m + 4 + 2m2 and HEl = 16 + 6 = 22. Wenow prove that G has a vertex 
over of size at most k if and only if A has a partition P withH(P ) � n(8m+ 4 + 2m2) + 12m+ 2k.()) W.l.o.g., let f1; : : : ; tg be a vertex 
over of size t � k for G. Let Ci be the setof edges 
overed by vertex i (for an edge 
overed by two verti
es, 
hoose the one withsmaller index), where Ci = ; for i > t. De�ne Ai � Vi [ Sj2Ci Ej for 1 � i � n. LetP = (A1; : : : ; An). We shall prove that H(P ) is of the required size. Fix i and let Ci =fe1; : : : ; epg, where ej 
onne
ts i to sj and, w.l.o.g., i < s1 < : : : < sp. We 
laim thatHAi = (8m + 4 + 2m2) + 12p + 2Æ, where Æ is an indi
ator that equals 1 if and only ifi � t. Consider the partition of Ai into the following blo
ks: (1; i��1); (i�; i+); (i++1; s�1 �1); (s�1 ; s+1 ); : : : ; (s+p�1+1; s�p � 1); (s�p ; s+p ); (s+p +1; 
�m10+m9� 1); (
�m10+m9; 
). Dueto Vi, Ai has 2 haplotypes in the �rst blo
k, 8m haplotypes in the se
ond blo
k (whi
h14




orresponds to the segment of vertex i), 2 haplotypes in the segment before last and 2m2haplotypes in the tail blo
k. In addition, if we add the sets Ej one by one to the samesubpopulation, then every su
h set, 
orresponding to the edge (i; sj), adds two new blo
ksand 12 haplotypes (2 haplotypes in ((j � 1)+ + 1; j� � 1) and 8 + 2 in (j�; j+)). The onlyex
eption is j = 1, for whi
h two more haplotypes are added in the tail segment. Thus, ifjCij = p > 0 then HAi = (8m + 4 + 2m2) + 12p+ 2 and if Ai 
ontains no edge ve
tors thenHAi = (8m + 4 + 2m2). The 
laim follows.(() Suppose that A has a partition P = (A1; : : : ; At) so that H(P ) � n(8m+4+2m2)+12m+2k. In parti
ular, examine the partition P � for whi
h H � H(P �) is minimal. W.l.o.g.every one of Vi and Ej is 
ompletely 
ontained in some Ak. We �rst 
laim that no set inthe partition 
ontains both Vi and Vj for i 6= j. Suppose this is not the 
ase. De�ne a newpartition P 0 in whi
h Vj is moved into a new set. Then H�H(P 0) � (2m2+2)�8m�4 > 0,where the �rst term is due to the tail segments of i and j and the se
ond is due to edgeve
tors 
orresponding to edges in
ident on j, that are possibly present in the same partitionset as Vi and Vj. Thus, we arrive at a 
ontradi
tion.Now 
onsider an edge l 
onne
ting verti
es i and j, and let Ar � El. We 
laim thatVi � Ar or Vj � Ar (in P �). To see that observe that in the �rst 
ase l adds at most14 haplotypes to H (similar to the argument in the 'only if' part of the proof), while inthe se
ond 
ase it adds at least 16 haplotypes to H sin
e ea
h of the segments (i�; i+) and(j�; j+) 
ontains 8 unique haplotypes.Finally, suppose there are t sets in P � that 
ontain edge ve
tors. Then H � n(8m+ 4+2m2) + 12m+ 2t, implying that t � k and G has a vertex 
over of size at most k.3.2 A Polynomial CaseWe now give a polynomial algorithm for a restri
ted version of MBH, in whi
h ea
h sub-population is required to be a 
ontiguous set of rows. We 
all this variant Minimum Con-tiguous Blo
k Haplotypes (MCBH). Its solution may be useful for designing heuristi
s thatpermute the matrix rows for lo
al improvement. For 
larity, in the dis
ussion below we shallassume that there exists an ora
le that s
ores a given blo
k in O(1) time. Denote the optimalsolution of MCBH on A by HA.Theorem 9 MCBH 
an be solved in O(n2m2) time.15



Proof: Algorithm: Let A be an input haplotype matrix. We give a dynami
 programmingpro
edure to solve MCBH. A key 
omponent of the algorithm is a dynami
 programmingalgorithm, whi
h 
omputes the s
ore for a given sub-population S in a straightforward man-ner, similar to (Zhang et al. 2002). Let T Si , 0 � i � m, be the minimum number of blo
khaplotypes in the submatrix of A indu
ed on the rows in S and the 
olumns 1; : : : ; i, whereT S0 = 0. For a pair of 
olumns i; j let BSij be the s
ore of the blo
k indu
ed by the rows in Sand the 
olumns in fi; : : : ; jg. Then the following re
ursive formula 
an be used to 
omputeT Sm: T Si = min0�j�i�1T Sj +BSji :We now use a se
ond dynami
 programming algorithm to 
ompute HA. De�ne Pi,0 � i � n, as the minimum number of blo
k haplotypes in any row partition of Af1;:::;ig.Clearly, P0 = 0 and Pn = HA. The 
omputation of Pi uses the following re
ursive formula:Pi = min1�j�iPj�1 + T fj;:::;igm :Complexity: Computing T Sm for any S takes O(m2) time. Hen
e, 
omputing HA takesO(n2m2) time in total.3.3 A Heuristi
Next, we present an eÆ
ient heuristi
 for MBH. The algorithm has three 
omponents: Ablo
k s
oring pro
edure; a dynami
 programming algorithm to �nd the optimum blo
k stru
-ture for a single sub-population; and a simulated annealing algorithm to �nd an optimumpartition into homogeneous sub-populations. We des
ribe these 
omponents below.The dynami
 programming 
omponent is as des
ribed in the �rst part of the proof ofTheorem 9. For s
oring a blo
k within the dynami
 programming pro
edure, we use theprobabilisti
 algorithm des
ribed in Se
tion 2.4 with a small modi�
ation: Instead of usinga �xed threshold t�, we 
ompute a di�erent threshold t�v;v0 for every two ve
tors v; v0. Thisis done by 
ounting the number l of positions, in whi
h neither of the ve
tors has '?', andsetting t�v;v0 = l((1�pM )+(1�PI ))2 . S
oring an n� t blo
k takes O(tnk) time, where k is a boundon the number of 
ommon haplotypes. Hen
e, the dynami
 programming takes O(mb2nk)total time, where b is an upper bound on the allowed blo
k size. Additional saving may bepossible by pre
omputing the pairwise distan
es of rows in 
ontiguous matrix segments ofsize up to b. 16



The goal of the annealing pro
ess is to optimize the partition of the haplotypes intosub-populations. We de�ne a neighboring partition as any partition that 
an be obtainedfrom the 
urrent one by moving one haplotype from one group to another. The pro
esspro
eeds through a sequen
e of neighboring partitions depending on their s
ores and thetemperature parameter, in a standard annealing fashion. A 
ru
ial fa
tor in obtaining agood solution is the initialization of the annealing pro
ess. We perform the initializationas follows: We 
ompute pairwise similarities between every two haplotypes. The similaritySuv of ve
tors u and v is 
al
ulated as follows: Initially we set Suv = 0. We then slide awindow of size w = 20 along u and v (20 is the average size of a blo
k). For ea
h positioni we 
he
k whether d((ui; : : : ; ui+w�1); (vi; : : : ; vi+w�1)) � w� (for a parameter �). If this isthe 
ase, we in
rement Suv and jump to i + w for the next iteration. Otherwise, we jumpto i+ 1. The intuition is that rows from the same sub-population should be more similar inblo
ks in whi
h they share the same haplotypes and, thus, have better 
han
e to hit goodwindows, and a

umulate higher s
ore in the s
an. We next 
luster the haplotypes basedon their similarity values, using the K-means algorithm (Ma
Queen 1965). The resultingpartition is taken as the starting point for the annealing pro
ess. To determine the numberof sub-populations K, we try several 
hoi
es and pi
k the one that results in the lowest s
ore.The running time of the pra
ti
al algorithm is dominated by the 
ost of ea
h annealingstep. Sin
e su
h step 
hanges the haplotypes of two sub-populations only, it suÆ
es tore
ompute the s
ores of these sub-populations only.4. Experimental Results4.1 SimulationsWe applied our heuristi
 algorithm to simulated and real haplotype data. First, we 
ondu
tedextensive simulations to 
he
k the ability of our algorithm to dete
t sub-populations andre
ognize their blo
k stru
ture. Our simulation setup was as follows: We generated simulatedhaplotype matri
es with 100 haplotypes and 300 SNPs. The number of sub-populationsvaried in the simulations. Sub-populations were of equal sizes. For ea
h sub-populationwe generated blo
k boundaries using a Poisson pro
ess with rate 20. Ea
h blo
k within asub-population 
ontained 2-5 
ommon haplotypes 
overing 90% of the blo
k's rows (with therest 10% being rare haplotypes). Within ea
h blo
k of ea
h sub-population, the haplotypematrix was 
reated a

ording to the probabilisti
 model des
ribed in Se
tion 2.4. Errors and17



missing data were introdu
ed with varying rates of up to 30%.As a �rst test we simulated several matri
es with 1-4 sub-populations and applied ouralgorithm with K ranging from 1 to 8. For ea
h K we 
omputed the s
ore of the partitionobtained, as des
ribed in Se
tion 3.3. In ea
h of the simulations the 
orre
t number gotthe lowest s
ore (Figure 2). Next, we simulated several matri
es with 3 sub-populationsand di�erent levels of errors and missing data. Table 1 summarizes our results in 
orre
tlyassigning haplotypes to sub-populations (the set with the largest overlap with the true sub-population was de
lared as 
orre
t). It 
an be seen that the MBH algorithm gives highlya

urate results for missing data and error levels up to 10%.
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Figure 2: Simulation results: Determining the number of sub-populations. For ea
h sim-ulated matrix, 
ontaining 1-4 sub-populations, the �gure shows the s
ore assigned by thealgorithm to partitions (y-axis) with di�erent number of sub-populations (x-axis). Simula-tions were performed with error level of 1% and no missing entries.For 
omparison, we also implemented the LD-based algorithm of Gabriel et al. (2002)for �nding blo
ks. We 
ompared the blo
k stru
tures produ
ed by our algorithm and by theLD-based algorithm to the 
orre
t one, using an alignment s
ore similar to the one used in
omparison of two DNA restri
tion enzyme maps (Waterman 1995, Se
. 9.10). The s
oreof two partitions P1 and P2 of m SNPs is 
omputed as follows: We form two ve
tors of size18



% Errors % Missing entries % Corre
t
lassi�
ations0 0 995 5 9810 10 9515 15 8420 20 71Table 1: A

ura
y of haplotype 
lassi�
ation by the MBH algorithm for di�erent noise levels.Data are for 3 sub-populations.m� 1, in whi
h '1' in position i denotes a blo
k boundary between SNPs i and i+1, and '0'denotes that the two SNPs belong to the same blo
k. We then 
ompute an alignment s
oreof these ve
tors using an aÆne gap penalty model with penalties 3, 2 and 0:5 for mismat
h,gap open and gap extension, respe
tively, and a mat
h s
ore of zero.We simulated one population with 3000 haplotypes, 
omputed its blo
k stru
ture withboth algorithms and 
ompared them to the true one. We repeated this experiment withdi�erent error and missing data rates. The results are shown in Figure 3. It 
an be observedthat our algorithm yields partitions that are 
loser to the true ones, parti
ularly as the rateof errors and missing data rises. An example of the a
tual blo
k stru
tures produ
ed isshown in Figure 4.4.2 Real DataWe applied our algorithm to two published datasets. The �rst dataset of Daly et al. (2001)
onsists of 258 haplotypes and 103 SNPs. We applied our blo
k partitioning algorithmwith the following parameters: The maximal allowed error ratio between two ve
tors, tobe 
onsidered as resulting from a single haplotype, was 0.02. In addition, we allowed upto 5% rare haplotypes, i.e., in s
oring a blo
k we sought the minimum number of di�erenthaplotypes that together 
over at least 95% of the rows.In order to assess our blo
k partitioning and 
ompare it to the one reported by Daly etal. (2001), we 
al
ulated LD-based measures for both partitions. Spe
i�
ally, we 
al
ulatedthe LD-
on�den
e values between every pair of SNPs inside the same blo
k, using a �2-test,as follows: For a pair i; j of SNPs, let Pa;b, where a; b 2 f0; 1g, be the frequen
y of o

urren
eof a in position i and b in position j of a haplotype. Let p0, p1 (q0, q1) denote the frequen
iesof haplotypes with 0 and 1 in the i-th (j-th) SNP, respe
tively. De�ne D � P00P11�P01P10.19
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Figure 3: A

ura
y in blo
k re
onstru
tion by our algorithm (solid line) and the algorithm ofGabriel et al. (2002) (dashed line). y-axis: The s
ore of aligning the re
onstru
ted stru
turewith the 
orre
t one. x-axis: The noise rate.D is a measure of linkage disequilibrium, and n D2p0p1q0q1 is distributed �2, with one degree offreedom.For ea
h blo
k, we 
al
ulated the fra
tion of SNP pairs in the blo
k whose LD-
on�den
evalue ex
eeded 95% (high LD pairs). The average fra
tion over all blo
ks was 
omputed asthe ratio of the total number of high LD pairs inside blo
ks to the total number of SNP pairswithin blo
ks.A 
omparison between our blo
k partition to the one obtained by Daly et al. is presentedin Table 2. Overall, the two blo
k partitions have similar boundaries and similar s
ores. Theaverage fra
tion of high LD pairs in blo
ks for our partition was 0.823. For the partition ofDaly et al. the average fra
tion was 0.796. Another partition was produ
ed for this data byEskin et al. (2003) based on minimizing the number of representative SNPs. Their partition
ontained 11 blo
ks and its average fra
tion of high LD pairs was 0.814.The se
ond dataset we analyzed, of Gabriel et al. (2002), 
ontains unresolved genotypedata. In order to apply our algorithm to this data, we transformed it into haplotypes bytreating heterozygous SNPs as missing data. Notably, the fra
tion of heterozygous sites was20



Figure 4: An example of the blo
k stru
tures produ
ed for an error rate of 1% by ouralgorithm (bottom), the LD-based algorithm of (Gabriel et al. 2002) (top) and the truesolution (middle). Ea
h blo
k boundary is denoted by a verti
al line.Daly et al. blo
ks Fra
tion of high Our blo
ks Fra
tion of highLD pairs LD pairs1: 1-9 0.78 1: 1-15 0.812: 10-15 13: 16-24 0.78 2: 16-24 0.784: 25-35 0.95 3: 25-36 0.945: 36-40 0.70 4: 37-44 0.686: 41-45 17: 46-77 0.77 5: 45-67 0.846: 68-78 0.718: 78-85 0.50 7: 79-81 0.339: 86-91 0.93 8: 82-90 0.8910: 92-98 0.95 9: 91-95 111: 99-103 1 10: 96-103 0.75Average 0.796 0.822Table 2: Comparison between the blo
ks of Daly et al. (2001) and the blo
ks generated byour algorithm.relatively small, so the loss in information was moderate. We 
onsidered the two largestpopulations in the data, A (Europeans) and D (individuals from Yoruba), 
onsisting of 93and 90 samples, respe
tively. Ea
h population was genotyped in �60 di�erent regions inthe genome. We analyzed 6 of those regions that 
ontained over 70 SNPs. In all 
ases wewere able to dete
t two di�erent populations in the data and 
lassify 
orre
tly over 95% ofthe haplotypes. The results are shown in Table 3. The results with three populations werepoorer, due to the smaller size of the third population.
21



Chromosome: #SNPs Dis
overed blo
ks % Corre
tRegion 
lassi�
ations1: 3a 119 1: 1-35, 36-119 952: 1-46, 47-1192: 8a 73 1: 1-73 992: 1-736: 24a 121 1: 1-52, 53-121 982: 1-44, 45-1218: 29a 104 1: 1-27, 28-104 1002: 1-40, 41-1049: 32a 110 1: 1-25, 26-110 992: 1-38, 39-11014: 41a 141 1: 1-48, 49-63, 64-141 1002: 1-12, 13-63, 64-141Table 3: Separation to sub-populations and blo
k �nding on di�erent regions in part of thedata of Gabriel et al. (2002), whi
h in
ludes sub-populations A and D.5. Con
luding RemarksWe have introdu
ed a simple and intuitive measure for s
oring and dete
ting blo
ks in ahaplotype matrix: The total number of distin
t haplotypes in blo
ks. Using this measurealong with several error models, we have studied the 
omputational problems of s
oring of ablo
k, and of �nding an optimal blo
k stru
ture. Most versions of the s
oring problem thataddress imperfe
t data are shown to be NP-hard. A similar situation o

urred with the fs
ore fun
tion of Zhang et al. (2002). We devised several algorithms for di�erent variantsof the problem. In parti
ular, we gave a simple algorithm, whi
h, under an appropriateprobabilisti
 model, s
ores a blo
k 
orre
tly with high probability, in the presen
e of errors,missing data and rare haplotypes.Note that our measure is adequate only when the ratio of the number n of typed indi-viduals to the number m of SNPs is not too extreme: When n is very small and m is large,our measure might be optimized by the trivial solution of a single blo
k.In simulations, our s
ore leads to more a

urate blo
k dete
tion than the LD-basedmethod of Gabriel et al. (2002). While the simulation setup is quite naive, it seems toa
t just as favorably for the LD-based methods. The latter methods apparently tend toover-partition the data into blo
ks, as they demand a very stringent 
riterion between every22



pair of SNPs in the same blo
k. This 
riterion is very hard to satisfy as blo
k size in
reases,and the number of pairwise 
omparisons grows quadrati
ally. On the data of Daly et al.(2001) we generated a slightly more 
on
ise blo
k des
ription than extant approa
hes, witha somewhat better fra
tion of high LD pairs.We also treated the question of partitioning a set of haplotypes into sub-populationsbased on their di�erent blo
k stru
tures, and devised a pra
ti
al heuristi
 for the problem.On a genotype dataset of Gabriel et al. (2002) we were able to identify two sub-populations
orre
tly, in spite of ignoring all heterozygous types. A prin
ipled method of dealing withgenotype data remains a 
omputational 
hallenge. While in some studies the partition intosub-populations is known, others may not have this information, or further, �ner partitionmay be dete
table using our algorithm. In our model we impli
itly assumed that blo
kboundaries in di�erent sub-populations are independent. In pra
ti
e, some boundaries maybe 
ommon due to the 
ommon lineage of the sub-populations. A more detailed treatmentof the blo
k boundaries in sub-populations should be 
onsidered when additional haplotypedata reveal the 
orre
t way to model this situation.A
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