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ABSTRACT

This paper presents analytical models to compute the
optical characteristics of domed skylights under
standard sky conditions and dynamic rea sky
conditions. The models are based on a ray-tracing
technique, and can handle domed skylights of
different shapes with transparent or translucent
glazing. Computed dome optical characteristics under
standard sky conditions (CIE overcast and clear, and
IES partly cloudy skies) compare very well with those
computed under corresponding dynamic real sky
conditions, particularly for translucent domes.
However, the dynamic sky models under-predict by
about 14% the transmittance of transparent domes
under clear sky conditions as compared with the
standard sky model.

INTRODUCTION

The topic of this paper is part of a project to develop
software to analyse the optical characteristics and
daylighting performance of conventional and tubular
skylights. Skylights are found in many modern or
retrofitted building types. In commercial and
institutional buildings, architectural skylights are
used to simulate the outdoors and to bring natural
light and solar heat into the indoor space. In
residential buildings and houses, conventional
skylights are used mainly for illumination. Skylights
have the inherent potential to save electrical lighting,
cooling and heating energy, beside their
psychological and physiological positive effects on
building occupants satisfaction (HMG 2001,
Heschong and McHugh 2000; Allen 1997; AAMA
1987, 1981). However, despite these amenities,
skylights integrated in building design may result in
high-energy consumption if not properly designed.
Skylight manufacturers lack design tools to assess
the optical and daylighting performance of skylight
products owing to complex skylight shapes that
change with design requirements, and large sizes that
impede fitting skylight products into measurement
facilities. Furthermore, while measurements on some
skylight products are possible, they can not be
generalised for other products. In addition,
fenestration software such as VISION (CANMET
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1995) and WINDOW (LBL 1992) deal with only planar
geometry, such as windows and flat skylights.

In this paper, analytical models are developed to
predict the overall optical characteristics of domed
skylights under direct and diffuse light subject to
different sky conditions. The specific objectives are;
() to predict the overal optical characteristics
(transmittance, absorptance and reflectance) of
domed skylights under direct beam and diffuse light;
and (2) to compare the overall optical characteristics
under standard sky (luminance-based) conditions
with those under rea (illuminance-based) sky
conditions.

MATHEMATICAL FORMULATION

A domed surface is a hemispheric cap, defined by its
truncation angle (so) and its radius (R). Domes
receive beam solar light as well as sky and ground-
reflected diffuse light. The transmitted and absorbed
light fluxes are dependent on the dome geometry and
the beam and diffuse light source.

Beam Light Transmission

Figure 1 shows a schematic description of the beam
light transmission process through a horizontal
domed surface. The mathematical model has been
developed to predict the optical characteristics of
transparent domes (L aouadi and Atif 1998, 1999).
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Figure 1 Transmission of beam light.

Theincident beam light flux on adomeis given by:
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Gb cosq xds

A+Ay

Qdome =

A portion of theincident beam light flux is transmitted
directly to the interior space through the surface A,
(so£ s £5s1). Theother portion istransmitted through
thesurface A, (s; £s £ s,), and then reflected by the
dome interior surface to the interior space. The
transmitted and absorbed beam fluxes for transparent
domes are given by:

QTgome = (Jo *4(@)>c0s axds + Cgnt(a)p (@) cosgxds  (2)

AL Az
\ hY
QAgome = (b "af (@>cosa>ds + (Gt (d)ap(a)cosa>ds 3)
Arth; Az
The dome optical characteristics are expressed as:
ty - QTdome . a - QAdome .
iome ! ome ’
dome Qdome (4)

Idome =1- tdome - Adome

Equivalent Optical Characteristics

Introducing the concept of the optically equivalent
flat skylight that has the same aperture surface area
and yields the same transmitted, absorbed and
reflected fluxes as the domed skylight, the equivalent
optical characteristics are expressed as follows:

teq =tdome *€ @eq = adome *& I eq =Idome *€ (5)
where:
3
&dz) = 7 +{Gy + G, tang,} {4pFy oF ) (6)

G1={0(s2)-pidcoss> - 2F12F11asin?— 2tan?sg/tan? SZ% @)

@)
©)

S1=min(sg + p- 2¢,, p- Sp); S =min(p-d,,p-sp) (10)

= {p/2-j 0(32)}sin52 - sinsgcosj o(s2)

j o(s2)=asin(sinsg/sins2)

For translucent domes, the dome optica
characteristics (equation 4) are independent of the
incidence angle (@,). The beam incident flux on the
dome surface is still given by equation (1). Equation
(5) aso holds for translucent domes by substituting
the values of (tgome, @dome: I dome) DY the values for the
diffuse light (tggomes given by
equations (15)-(17).

Diffuse Light Transmission

a-d,domey r d,dome)y

Consider a given diffuse light source S. Incident rays
emanating from the source S wundergo direct
transmission and a series of inter-reflection from the
dome interior surface. The directly-transmitted and
inter-reflected components are both dependent on the
source itself and the opacity of the glazing. For

translucent glazing, incident rays undergo both direct
transmission and inter-reflection.  However, for
transparent glazing, incident rays may undergo both
direct transmission and inter-reflection, or only inter-
reflection. The inter-reflection for both transparent
and translucent glazing may be assumed diffuse.
Figure 2 shows the diffuse light transmission through
adomed surface.

diffuse
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Figure 2 Transmission of diffuse light.

The incident diffuse light flux on a domed surface is
expressed as follows:

Qq,dome = Gd,tds (11)

Using the ray-tracing method, the transmitted,
absorbed and reflected diffuse fluxes are expressed as
follows:

19+(1- g*F12)@gp ¥

QT = AE, tgFio! i 12
d,dome AS dtd 12;@ +2d,0F11 + (%4, bR 2+ ]%ds (12)
lagf +(1- gF12)%dadp * g
QMg dome = ] yes (13)
d,dome O d,t! §L+7de11+("de11)2
Adome d:)
. ifdf’f(l F12)t] u (14)
QR = °
d,dome AO dt %ﬁmd bF11+(”de11)2 i:d
dome

where g is a coefficient, which depends on the light
source, glazing opacity and surface inclination angle.
For translucent glazing, g = 1 for diffuse sky and
ground-reflected light. For transparent glazing, ghas
to be determined. The Appendix presents a method
to estimate the coefficient g

The dome optical characteristics for diffuse light are
expressed as follows:

I dpt
tgdome = OF12 X g +(1- OFy )% (15)
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1- fde1 (16)

agdome = aqf +(1- 9F12)



2
_ t
I ddome = df +(1- gﬁz)ﬁm a7

where’ g is the average value of g over the dome
surface. For translucent glazing, *g= 1 independently
of the light source. However, for transparent glazing,
“g= 0 for the ground-reflected light, and is given by
equation (46) for the uniform diffuse sky light
(Appendix).

Diffuse Equivalent Optical Characteristics

The diffuse equivalent optical characteristics are
evaluated for two types of sky conditions: (1)
luminance-based sky conditions, where the sky
luminance pattern is known, and (2) illuminance-based
sky conditions, where the illuminance on a horizontal
surfaceis known.

Luminance-Based Sky Models

This approach treats each luminous point on the sky
as a beam source. The equivalent optica
characteristics for beam light are given by equation
(5) for transparent or translucent glazing. The
hemispherical values of the equivalent optical
characteristics are then obtained by integrating over
the sky vault. However, the ground-reflected light is
treated as in the upcoming section, equations (28)-
(30). The total incident light flux on the dome surface
from the sky and ground is given by:

h=p/2 f=p
_ Ah N N ) N
Qddome =—* () (QML(h.azf)sinzhdndf +  (Fygrds (18)
h=0 f=- p Adome

The horizontal diffuseilluminanceis given by:
h=p/2 f=p
Egh =1/2 (‘) é(h,qz,f)xsinzh sdh xif (19)
h=0 f=-p

The diffuse equivalent optical characteristics are:
h=p/2f=p
teqd :ﬁ c‘) (‘)eq(h)xL(h,qZ,f)minzh xdh xdf
h=0 f=-p
+1d,dome (Ggr) *edgr (20)

h=p/2 f=p
1 hY hY .
aequ—ﬂ O Oeq(h)xl_(h,qz,f)EmZththf
h=0 f=-p

+ ag dome (dgr) *ed,gr (21)
h=p/2 f=p
fead "= O QoL ) sin2hch o
h=0 f=p
+1 . dome (gr) *6d,gr (22)

[ lluminance-Based Sky Models

Domed surfaces receive sky diffuse light as well as
surrounding/ground-reflected light. The incident total
flux on the dome surface is expressed as follows:

Qd,dome = (‘fgrds + &skyds (23)

Adome Adome

The sky luminous flux may be decomposed into three
components. a background uniform flux, circumsolar
flux and horizon brightening flux. For translucent
glazing, the surrounding/ground-reflected flux and the
three component of the sky luminous flux undergo
both direct transmission and inter-reflection. For
transparent glazing, however, the ground-reflected
and horizon brightening fluxes only undergo inter-
reflection. The circumsolar flux is treated as beam
light. Equation (23) reads asfollows:

Qq,dome = GEgr +Egy +Epp s + Gcs cos qxds (24)

A A+A,

dome

The total transmitted, absorbed and reflected fluxes
read as follows:

QTd,dome = td,dome @gr) dzgr + Ehb)dS +

Adome (25)
tg,dome @su) Gsu ds + tgome GSC cos g>ds

Adome ArtA;

QAg dome :ad,dome@gr) c‘yzgr +Epp)ds+
Adome (26)

- N\ N
ad,dome(gsu) GsudS *adome Gsc cosqxds
Adome ArtA;

QRddome =T ddome @gr) dzgr +Epp)ds+
Adome (27)

- N\,
r d,dome(gsu) (jsuds *T dome Gsc cosq ds
Adome A1+A,

where for tranducent glazing' g, = gy = 1 for the
ground-reflected and sky diffuse fluxes. For
transparent glazing, g, = O for the ground-reflected
and horizon-brightening fluxes, and g, is given by
equation (47) for the background sky diffuse light.
The diffuse equivalent optical characteristics for the
combined sky and ground-reflected light are given by:
teqd = td,dome @gr) ’{ed,gr +edhb}+ td,dome (Gsu) *eg,su (28)

teq COS 0zEcs /Edn

Aeq,d = Addome (E]gr) >{ed,gr + edhb}"’ ad,dome @su)x":‘d,su + (29)
Aeq COSOzE s /Edh

leq,d = d,dome @gr) >{ed,gr +ednb }"' I d,dome (Gsu) Xeg,su t (30)
I'eq COSOzEcs /Edh

where g istheratio of the incident diffuse light on the
dome surface from a given source to the one incident



on a planar horizontal surface having the same
aperture surface area. Thisisexpressed asfollows:

_1 =N
€dx —A—h wdhds (31)

Adome

where E, stands for the illuminance on atilted surface
from agiven light source (x).

Now the incident light flux on a tilted surface is
evaluated for different sky conditions:

For ground reflected light:

Egr /Eah =1 g Eqn/Egy X1- cosb)/2 (32
For isotropic overcast skies (IESNA 1993):
Egy/Egn = (1+cosb)/2 (33)

For CIE standard overcast skies (Wilkinson 1992;
Muneer and Angus 1993 ):

Eeu/Eqp =l3—4(1+ cosh) +7ip{sinb +(p- b)cosh} (34)

For anisotropic diffuse skies (Perez et a. 1990):

Esy/Egh = (- Fp)@+cosh)/2 (35)
Ecs/Egn =F1/max(0.087 ,cosqy) (36)
Ehb /Edh = Fz >sinb (37)

where F, and F, are coefficients for the circumsolar
and horizon brightness, respectively.

The incident flux ratio (gy) is now evaluated for the
above-mentioned sky conditions:

For ground-reflected light,

= 1/Fo-1 38
€dgr =fg 2Ean UF2-1) (38)
For isotropic overcast skies (E.s= E, =0),
edvsu = (1/ FlZ + 1)/2 (39)
For CIE standard overcast skies (E.s= By, = 0),
$119p/18- 25, /9 - p/3xsins -
eqsu =9/(28pFRoR) o o o)
f(7p+8sg)/18 xsin“sq - 1/3>s|n250b
For anisotropic skies,
dsu={1- R)A/Fp +D/2 (41)
€dhb = Fz{p/ 2- sg - COSSQ sinso}/(4F12F11) (42)

RESULTSAND ANALYSIS

The previously developed models are applied to
predict the equivalent optical characteristics of fully
hemispheric domes (5, = (°). A comparison of the
equivalent optical characteristics is made between
luminance-based and illuminance-based models
during typical summer and winter days in the Ottawa
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region (latitude = 45°), Canada. Two glazing options
are selected: (1) transparent glazing with double clear
float glass (at g, = @, t =087 and r¢ = r, = 0.08)
(Pilkington, 1988), and (2) translucent glazing with
similar diffuse total optical characteristics as the
double clear glazing (t; = 0.66 and r 4¢ = r g = 0.23).
Sky conditions include: (1) uniform overcast skies, (2)
CIE overcast skies, (3) |ES partly cloudy skies (IESNA
2000), (4) CIE clear skies with pollutant air (turbidity =
5.5), (5) CIE clear with clean air (turbidity = 2.45) (CIE
1995) and (6) dynamic real skies that change with
daytime (Perez et a. 1990).

Figure 3 shows the profiles of the equivaent
transmittance and absorptance for beam light as a
function of the incidence angle on a horizontal
surface for translucent and transparent domes. The
transmittance and absorptance profiles of a
transparent flat skylight (with double clear glass) are
aso plotted in the figure. Contrary to flat skylights,
transparent domes transmit and absorb substantially
more beam light at high incidence angles (i.e., low sun
altitudes). For instance, at an incidence angle g, = 70°
(e.g., winter days at noontime), transparent domes
may transmit up to 78% and absorb up to 150% more
beam light than similar flat skylights. At near normal
incidence angles (e.g., summer days at noontime),
transparent domes may transmit, however, about 13%
less beam light than similar flat skylights.
Transparent domes transmit up to 78% more beam
light than translucent domes for incidence angles g, <
70°. Translucent domes absorb about 36% more beam
light than transparent domes, particularly at normal
incidence angles.

Table 1 compares the diffuse equivalent optical
characteristics under uniform and CIE overcast skies
using the luminance-based model (equations 20-22)
with those under the same conditions using the
illuminance-based model (egquations 28-30). Both
luminance-based and illuminance-based models yield
approximately the same results, particularly for domes
with translucent glazing. The models predict that
translucent domes transmit about 15% under uniform
overcast skies and 23% under CIE overcast skies less
diffuse light than flat skylights with similar glazing.
However, transparent domes transmit about 18%
under uniform overcast skies and 11% under CIE
overcast skies more than similar flat skylights.
Transparent domes transmit up to 44% more than
translucent domes under overcast skies.

Figures 4 and 5 show the daily profile of the ratio of
the diffuse equivalent transmittance (absorptance) to
that of a flat glazing for translucent and transparent
domes during a typical summer day (June 24) in
Ottawa, Canada. The luminance-based models (partly
cloudy and CIE clear skies) predict that transparent
domes transmit about 28% under standard CIE clear



skies and 15% under IES partly cloudy skies more
than under standard CIE overcast skies, particularly at
low sun altitudes. Transparent domes absorb about
47% under standard CIE clear skies and 25% under
|ES partly cloudy skies more than under standard CIE
overcast skies, particularly at low sun altitudes.
Translucent domes transmit about 36% under
standard CIE clear skies and 19% under standard IES
partly cloudy skies more than under standard CIE
overcast skies, particularly at low sun altitudes.
Translucent domes absorb about 37% under standard
CIE clear skies and 20% under standard IES partly
cloudy skies more than under standard CIE overcast
skies, particularly at low sun altitudes. The dynamic
sky model predicts the equivalent transmittance and
absorptance close to that under the |ES partly cloudy
skies, which was the case on June 24.

Figures 6 and 7 show the daily profile of the ratio of
the diffuse equivalent transmittance (absorptance) to
that of a flat glazing for translucent and transparent
domes during a typical winter day (December 24) in
Ottawa, Canada. The luminance-based models (partly
cloudy and CIE clear skies) predict that transparent
domes transmit about 36% under standard CIE clear
skies and 18% under IES partly cloudy skies more
than under standard CIE overcast skies. Transparent
domes absorb about 59% under standard CIE clear
skies and 32% under IES partly cloudy skies more
than under standard CIE overcast skies. Translucent
domes transmit and absorb about 45% under standard
CIE clear skies and 25% under standard IES partly
cloudy skies more than under standard CIE overcast
skies. For translucent domes, the dynamic sky model
predicts the equivalent transmittance and
absorptance close to that under the CIE clear skies,
which was the case on December 24. However, for
transparent domes under clear skies, the dynamic sky
model overpredicts (underpredicts) by about 14% the
equivalent transmittance (absorptance) as compared
with the luminance-based model.
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CONCLUSION

Analytical models based on the ray-tracing technique
were developed to predict the optical characteristics
of transparent and translucent domed skylights under
standard (luminance-based) and dynamic, red
(iluminance-based) sky conditions. Predictions of
the luminance-based models compare very well with
those of the illuminance-based models for either
transparent or translucent domes under overcast and
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partly cloudy skies. However, the illuminance-based
models under-predict the transmittance of transparent
domes by up to 14% under clear skies as compared
with the luminance-based models. Laboratory
validation is further recommended.
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NOMENCLATURE

A4, A, : dome surface portions that correspond to the
directly-transmitted and transmitted-reflected
beam components, respectively.

Agome : dome surface.
Ap : area of the dome base surface.
ds : elementary surface.

F... Fio: view factors of the dome interior surface to
itself, and to its base surface, respectively.

E : beam illuminance (lux).

En . diffuse horizontd illuminance (lux).

Eqn  : globa horizontal illuminance (lux).

(= . diffuseilluminance on atilted surface (lux).

Ey . ground-reflected illuminance on a tilted
surface (lux).

Es, : background sky illuminance on a tilted
surface (lux).

E. : circumsolar sky illuminance on atilted surface
(lux).

Ew, : horizon brightening sky illuminance on a

tilted surface (Iux).

L - sky luminance (cd/nf).

Greek Symbals

a,r,t: total absorptance, reflectance and
transmittance of aflat glazing, respectively.

b : surface inclination angle from the horizontal.

e : ratio the beam incident flux on a dome surface
to that on horizontal planar surface.

g . coefficient indicating the fraction of the
directly transmitted flux to the incident one.

h,f : position and relative azimuth angles of a
[uminous point on the sky.

q : incidence angle on surface ds.

. . sun zenith angle, or incidence angle on a
horizontal surface.

Mg : ground reflectance (albedo).

s . inclination angle of a plane perpendicular to

the plane of the sun’srays.
So : dome truncation angle.

S1, S, :anglesthat delimit the surfaces A; and A..

Subscripts
b,d :beamand diffuselight.

f,b  :front and back surfaces of aglazing.

dome : dome surface.

eq : dome optically-equivalent planar surface.
APPENDI X

Figure 8 shows a method to estimate the coefficient g
for a uniform diffuse sky. The directly transmitted
portion of the incident flux on a given point on the
dome surface is proportional to the angle B. The
coefficient gis then given by the following equation:

B/Fo 1+2sqg/p
= = IF 43
A+B+C 1+2s/p 12 (43)

The average value of gover the dome surfaceis:

p/2
1/2  \1+2sq/p
FlZFll 1+2$/p

ome So

9= xds = cossxds (44)

Equation (45) may be simplified asfollows:
p/2

l+250/p N

- 2,.2
= -1.7s/p+1.45s°/ xd 45
"] o 01 s/p s“/p“)coss xds (45)

So
which reducesto:
12F1 - 1.7/p(p/2— cossq - sosinso)+1.45/_u

1+2sq/pj /8 '
2R P2 %pzﬁzm. 2- 2sgcossg - (5(2)_ Z)Sinsogi (46)

g=

Figure 8 Method to estimate the coefficient g



Table 1 Diffuse equivalent optical characteristics of domes with transparent (double clear glass) and translucent
glazing (t4=0.66, r 4=0.23) - comparison between luminance-based and illuminance-based sky models.

Luminance-based skies I lluminance-based skies
Translucent Glazing Transparent Glazing Translucent Glazing Transparent Glazing
uniform CIE uniform CIE uniform CIE Uniform CIE
overcast overcast overcast | overcast overcast overcast overcast overcast
[P 0.85 0.77 1.18 111 0.85 0.77 1.18 107
Qeqd/ayg 2.06 1.86 1.80 158 2.06 1.86 177 161
I eqd /T d 3.10 281 227 2.09 3.10 281 2.28 221
1.5 1.5
—— Transparent dome
-84 Translucent dome
g === Flat double clear glazing -
§ 0.5 05 g
g g
0 0
0 10 20 30 40 50 60 70 80 90

Incidence Angle d, (deg.)

Figure 3 Profiles of the equivalent transmittance and absorptance for beam light as afunction of the incidence
angle on a horizontal surface.
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Figure 4 Daily profiles of the diffuse transmittance and absorptance ratios for translucent domes under standard
and dynamic sky conditions during a summer day.



June 24 —— IES partly cloudy Transparent dome

—— CIE clear - polluted air
25

[l
wn

—— CIE clear - clean air

BN — Dynamic, real

4

15

=
o
7z

Diffuse Transmittance Ratio (teq ¢/tq)
-
1l
¢
M
i
!
$
i
’
i
/
byr
s
r "
‘)
T Y
&
e
by
non
L3
|
1Y
A
3
\
1)
.
\
" \
P
i
L
]
/
n
Diffuse Absorptance Ratio (aeqq/ as)

0.5 T T T T T T T T T T T 0.5
6 8 10 12 14 16 18
Time (hr.)

Figure 5 Daily profiles of the diffuse transmittance and absorptance ratios for transparent domes under standard
and dynamic sky conditions during a summer day.
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Figure 6 Daily profiles of the diffuse transmittance and absorptance ratios for translucent domes under standard
and dynamic sky conditions during awinter day.
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Figure 7 Daily profiles of the diffuse transmittance and absorptance ratios for transparent domes under standard
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