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Abstract

Every logic comes with several decision problems. One aftigethemodel checking
problem: does a given structure satisfy a given formula? tAaois thesatisfiability
problem: for a given formula, is there a structure fulfilling

For modal and temporal logics; tableaux, automata and gareeommonly accepted
as helpful techniques that solve these problems. The fattthiese logics possess
the tree model property makes tableau structures suitaol¢hese tasks. On the
other hand, starting with Buchi's work, intimate conneas between these logics and
automata have been found. A formula can describe an autoradiehaviour, and
automata are constructed to accept exactly the word or toekels of a formula.

In recent years the use of games has become more populae, Bmeexistential and
a universal player play on a formula (and a structure) todkgvhether the formula
is satisfiable, resp. satisfied. The logical problem at hartlen characterised by the
guestion of whether or not the existential player has a wigsirategy for the game.

These three methodologies are closely related. For exathpl@on-emptiness test
for an alternating automaton is nothing more than a 2-playgne, while winning
strategies for games are very similar to tableaux.

Game-theoretic characterisations of logical problemsegise to an interactive
semantics for the underlying logics. This is particularlsetul in the specification
and verification of concurrent systems where games can bd tsegenerate
counterexamples to failing properties in a very natural.way

We start by defining simple model checking games for Projmrsit Dynamic Logic,

PDL, in Chapter 4. These allow model checking for PDL in lineaning time. In

fact, they can be obtained from existing model checking gaimethe alternating free
p-calculus. However, we include them here because of the&fulreess in proving
correctness of the satisfiability games for PDL later on. iTfMnning strategies are
history-free.

Chapter 5 contains model checking games for branching toge&es. Beginning
with the Full Branching Time Logic CTLwe introduce the notion of Bocus game
Its key idea is to equip players with a tool that highlights atgular formula in



a set of formulas. The winning conditions for these gamessicien the players’
behaviours regarding the change of the focus. This provée toseful in capturing
the regeneration of least and greatest fixed point constinc€TL*. Deciding the
winner of these games can be done using space which is polghionthe size of the
input. Their winning strategies are history-free, too.

We also show that model checking games for CTarise from those for CTL by
disregarding the focus. This does not affect the polynospalce complexity. These
can be further optimised to obtain model checking gameshierGomputation Tree
Logic CTL which coincide with the model checking games foe titernating free
p-calculus applied to formulas translated from CTL into ihi§optimisation improves
the games’ computational complexity, too. As in the PDL caseiding the winner
of such a game can be done in linear running time. The winniregegies remain
history-free.

Focus games are also used to give game-based accounts afittfialsility problem
for Linear Time Temporal Logic LTL, CTL and PDL in Chapter 6. hdy lead
to a polynomial space decision procedure for LTL, and exptaktime decision
procedures for CTL and PDL. Here, winning strategies arg aidtory-free for the
existential player. The universal player’s strategiesstheion a finite part of the history
of a play.

In spite of the strong connections between tableaux, autoraad games their
differences are more than simply a matter of taste. Compbatamatisations for LTL,
CTL and PDL can be extracted from the satisfiability focus gamm an elegant way.
This is done in Chapter 7 by formulating the game rules, thenmg conditions and
the winning strategies in terms of an axiom system. Compésis of this system then
follows from the fact that the existential player wins thergaon a consistent formula,
i.e. it is satisfiable.

We also introduce satisfiability games for CThased on the focus approach. They
lead to a double exponential time decision procedure. Ashe UTL, CTL and
PDL case, only the existential player has history-free wigrstrategies. Since these
strategies witness satisfiability of a formula and stay oselrelation to its syntactical
structure, it might be possible to derive a complete axiagatibn for CTL* from these
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games as well.

Finally, Chapter 9 deals with Fixed Point Logic with Chop, G-L It extends
modal p-calculus with a sequential composition operator. Sabsifig for FLC is

undecidable but its model checking problem remains detaddh fact it is hard for
polynomial space.

We give two different game-based solutions to the modellihggroblem for FLC.
Deciding the winner for both types of games meets this patyiab space lower
bound for formulas with fixed alternation (and sequenti@ptth. In the general case
the winner can be determined using exponential time, regporeential space. The
former result holds for games that give rise to global modedaking whereas the
latter describes the complexity of local FLC model checkifd.C is interesting for
verification purposes since it — unlike all the other logitscdssed here — can describe
properties which are non-regular.

The thesis concludes with remarks and comments on furtlse@areh in the area of
games for modal and temporal logics.
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Chapter 1

Introduction

What do you need that for, Dude?

THEODOREDONALD

KARABOTSOS

Formal Verification

Computers and electronic devices play an important roleumveorld today. People
constantly rely on the fact that they work correctly. One t8an be sure that a digital
alarm clock goes off exactly at the time it is set for. A phoad should be directed
only to the number that was dialed. Failure of these featofesourse is not life

threatening. But there are examples where computers pet@sks that simply must
not go wrong.

Take an airplane’s control for example. Many aspects ofrisigean airplane are
automated, especially those that take effect in a dangeituation when a machine’s
precision or speed are preferred over human action. |If th®re taken by the
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computer are wrong it may leave the pilot in a situation witha@ntrol over the aircraft
which can have hazardous effects.

It is therefore necessary tamnowthat a computeworks It is not within our powers to
ensure that a computer physically works. This is left to eagrs and the hope that the
computer at hand is not hit by a bomb.

Instead, we deal with the question of whether specificatiorof an electronic device

or a piece of software functions correctly. Several mecérasi that abstract the
behaviour of a computer from the physical device have beeesldped in computer

science. These specification languages can be seen asrmpmigiglanguages whose
semantics is a mathematical structure which denotes suehaviour.

Feasibility is not the only reason for dealing with speciiimas rather than real
applications. Developing costs for any products need to dy@ low. Thus, it is
desirable to create correct specificatidreforethey are turned into a real product.
This avoids producing several versions most of which wilth®wn away because of
faults in their specifications.

Next there is the question of determining whether a spetificadoes what it is

supposed to do. Itis too vague to say that it should functorectly. In the case of the
alarm clock this might be obvious. For the telephone netitagkalready less clear. If
the person whose number is dialed redirects calls then thygepty mentioned above
is not fulfilled. However, this should not be regarded as &faiof the underlying

system.

In the example of the airplane it is entirely unclear whahibsld mean for the control
software to function correctly. Therefore, formalisms aeeded that allow us to
specify correctness properties. Mathematics, as a prscisace that does not leave
space for interpretations, provides a framework for thigfids.

Logics formalise statements that are made about abstraittematical structures.
This can be used for the formal verification of properties edlrsystems if their
specifications are given as such abstractions. Neededigar#automatic procedures
that check for example whether a given structure has a ocepmiperty which is
given by a logical formula. Such algorithms are call®ddel checkers They are



used inverification toolslike SpiIN, [Hol97], SMV, [CGL93], the EDINBURGH
CONCURRENCYWORKBENCH, [Mol92], HY TECH, [HHWT97], TRUTH, [LLNT99],
and many more.

These programs typically allow a system to be modelled in réaire specification
language and automatically generate the mathematicaltsteufrom it. The latter is
normally a transition system, i.e. a labelled directed grafih nodes being interpreted
asstatesthat the underlying system can be in and edges as transhgtngeen states
in time. This temporal aspect is a natural interpretatiothefbehaviour of a computer
program. Note that the operational semantics of a programtising more than such
a transition system. For a program that is modelled with sadhansition system
the states can denote different evaluations for the setridhblas that are used in the
program. Transitions between these states are then givehebgrogram’s control
structures like variable assignments.

Consequently, these verification tools typically allow pedies to be formalised in a
logic which captures temporal aspects of transition systana to automatically check
whether it satisfies the property. Such logics are, not singly, temporal logics
like Pnueli’s Linear Time Temporal Logic LTL, [Pnu77], Ensen and Halpern’s
Computation Tree Logic CTL, [EH85], and the Full Branchingn€& Logic CTL* by
Emerson, Halpern and Sistla, [EH86, ES84]. Typical statémthat can be made in
these logics concern the question of whether or not songtinotds on all reachable
states or along a path through the transition system.

Modal logics which have their origin in philosophy and whiale a superclass of
temporal logics are suitable for this task as well. This ishese they are interpreted
over structures consisting of differemtorlds where something can be true in one
world but false in another. Clearly, transition systemslastractions of programs are
examples of such structures since different states neetlavet the same properties.
We will only deal with those modal logics that have gaineceiast in computer
science, namely Fischer and Ladner’s Propositional Dyodrmogic PDL, [FL79],
Kozen's modalp-calculusL,, [Koz83], and Muller-Olm’s Fixed Point Logic with
Chop FLC, [MO99].

Logics can also be used as a specification formalism. Going bmathe airplane
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example, a system may be considered correct if it satisfieraleproperties. These
may interact, for example if a sensor’s signal should cabeetane to automatically
descend while the autopilot tries to keep it on a certainlleve

Suppose each aspect of correctness is given by a logicalfarme. the one stating
correct behaviour of a single part. Then global correctiegs/en by the conjunction
of all these formulas. It is important to have automatic pahares that test satisfiability
of such formulas since some of the properties may exclude eter which causes
unsatisfiability of the conjunction. In this case the speatfibn would be considered
incorrect.

It is desirable to have verification tools that do more thamgdy check whether or not
a specification satisfies a formula or a logical specificasmsatisfiable. If the answer
is yes then of course the specification and verification taglompleted. However, if
the answer is no, i.e. the system at hand is incorrect witheeiso some property, then
the error needs to be repaired. Thus, it is helpful to havéieation tools that provide

guidance in finding the reasons for incorrectness, i.e.ghatv the usewhereor why

a certain property fails.

Gamegprovide a natural framework for this feature. This thesistams two types of
games: model checking games and satisfiability checkingeganBoth are played
by two players on a certain game board. One of them has thettaskow that

a specification is correct with respect to a certain properggp. that a logical
specification does not contain a contradiction. The othayealis given the opposite
task.

The outcome of a single play against each other providés iittormation about the
correctness of a specification. It carries even less infaondhan a test run. Testing
cannot show the absence of errors, at least it can revealghesence. Generally, a
single play cannot do either of these.

However, we define these games in a way such that they chasactbe model
checking or satisfiability checking problem for a modal anperal logic in terms of
strategies. Thus, a transition system has the propertyileddy a formula if and only
if the player whose task it is to show this hawimning strategyor the corresponding
game. In the satisfiability checking game she has a winniagesjy if and only if the



underlying formula is satisfiable, i.e. does not contain @tiEaiction.

Model checking or satisfiability checking is then equivalém finding a winning
strategy for this player. In most cases, certainly for thgide we introduce here and
for the class of finite transition systems, this is decidablence, it can be automated.

So far, the game-based method does not reveal any advamaigetiber methods like
tableaux or automata for example. In fact, in computer s@esutomata-theoretic
methods are widely believed to be the most efficient for \eaifon purposes and,
hence, best.

However, a game-based model checker or satisfiability chgakgorithm needs to
compute a winning strategy for one of the players in orderdtednine whether a
player has one. Suppose a transition system fails to havesieedeproperty. The
corresponding game-based model checker computes a gtifatetihe player whose
task it was to show this. This strategy then witnesses tlheréaof the property and
can be used to prove this failure to the user of a verificatoah t

This can be done by letting them play imteractive playagainst the tool which takes
its choices according to the winning strategy it has combhuBy definition, regardless
of the user’s choices the tool will win the resulting play.pigally the play follows a

path of a transition system and the syntactical structuteeformula representing the
desired property. Thus, each play that is won by the toolalsvat which moment in
the underlying system’s temporal behaviour which part efghoperty fails.

With game-based satisfiability checking the situation isilgir. Here, a play reveals
which parts of the formula exactly cause the unsatisfigbilie. which parts exclude
each other.

Outline of this Thesis

The goal of this thesis is to give game-based charactesisabf the model checking
and satisfiability checking problem for the modal and temapdogics mentioned
above. It is organised in the following way.

Chapter 2 contains the definition of transition systems &ednhodal and temporal
logics that are studied here. It also recalls basic resbitsifixed points which are
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necessary to understand the games of the following chapiecs all the logics we
deal with feature constructs whose semantics is given asailséion to a certain fixed
point equation. 2-player games are formally introduced ek w

Chapter 3 surveys other methods that have been used to thekigodel checking and
satisfiability checking problem for modal and temporal ggiAmong themtableaux
andautomatahave been established as methodologies, i.e. classeslubasethat are
useful for these purposes. For almost every logic mentidrezd there is a tableau
procedure and an automata-theoretic characterisatiothéomodel checking and the
satisfiability checking problem. Other techniques likepdraheoretic algorithms or
resolution methods only seem to be useful or applicable atigp cases. We also
sketch areas in computer science that have benefitted fremugl of games. This
thesis proposes the idea that games are another useful ao&iby for the logical
problems at hand.

The technical part of this thesis starts with Chapter 4 wisichtains model checking
games for PDL. This characterisation in terms of games @&git-forward and not
very complicated. In fact, it can easily be derived from IBtg’s model checking
games for the alternation-freecalculust?, [Sti95]. However, there are three reasons
for including them here. First, for the sake of completers@sse, to the best of our
knowledge, they have not been published anywhere else. nBebecause of their
simplicity they prepare the reader for the following chapte The third and most
important reason is the fact that they serve as a helpfulftogbroving correctness
of the PDL satisfiability games in Section 6.3 later on.

Chapter 5 contains model checking games for branching tgies. Beginning with
CTL* the notion of afocusgame is introduced. It is simplified to obtain model
checking games for CTi's fragments CTI and CTL. As with PDL, the CTL model
checking games are straight-forward and derivable fromﬂlﬁ\games. However, the
fact that a simplification of the CTLgames leads to such natural games can be seen
as an argument in favour of the focus game idea which makes aheatural approach

to the CTL* model checking problem.

Focus games are shown to be useful for satisfiability chgckinChapter 6 that
contains games for LTL, CTL and PDL. Chapter 7 contains a-sftect of these



games. We show how to extract axiom systems from the gamesrtheasily proved to
be complete. This chapter can be seen as an argument forehdness of satisfiability
focus games or as an application of them.

Focus games are used again in Chapter 8 to obtain a game-dlemadterisation of
CTL*’s satisfiability problem. It is presented in a different ptex separated from the
other satisfiability games because the games are more coanude as a consequence,
a complete axiomatisation is not easily derived.

Finally, Chapter 9 is concerned with the model checking f@mwobfor FLC. Two
different game-based approaches to this problem are pgegsea global and a local
one. These games are not focus games. The local approacheisegatisation of
Stirling’s £, model checking games just as FLC is an extensiof,pf

Apart from the definitions of the games, all chapters contdiair respective
correctness proofs, examples and analyses of the comptehdeciding which player
has a winning strategy for a given game.

The thesis concludes with remarks on further research inatiea of games for
modal and temporal logics. In particular, extensions ofltiggcs dealt with here are
mentioned for which it might be interesting to have gamesthc characterisations
of their model checking or satisfiability checking problesweell.






Chapter 2

Preliminaries

Mathematics is the art of giving
the same name to different things.

HENRI POINCARE

2.1 Mathematical Logics

A relational structurds a tupleK = (U, Ry,...,R,) whereU is a set called thaniverse
of KandRy,..., R, are relation symbols of arities, ..., an. This means that for every

’ ’

i=1,...,nwe have

RCUx...xU
I
g times

A logic £ is a set of formulas. These are interpreted over a class wétstesf by
the = relation. Letd € L be a formula with fredirst-order variables x, ..., xn, i.e.
variables for elements of a relational structure’s unigerSor every structur& € g
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and evenyn-tupleks, ...k, of elements oK,

K7k17"'7kn):¢(xlv"'-/xn)

is written to denote that the structuikehas the property described lpywhere each
variablex; is interpreted byk;, i € {1,...,n}. In the second-order case, variables
ranging over relations are allowed, too.

We will only consider a few special logics, namehodalandtemporal logics They
are also interpreted over certain structures only, calédzblled transition systems
[Plo81]. These will be defined in Section 2.3.

Most modal and temporal logics can be translated into Ewrster or Second-Order
Predicate Logic. The resulting formula is not closed but tias free variable. An
elements of a structureK has a modal or temporal properdy iff K satisfies the
translated propert§(x) where the free variableis interpreted bys.

K,s=(X) (2.1)

Thus, not only a structuré butK together with an elemesstof its universe satisfies a
modal or temporal formulg,

K.sk=¢
Note that the modal or temporal formupadoes not have any free variables in the sense
of (2.1). Often, we will consider the underlyingto be fixed and omit its = ¢.

Themodel checking problefor a modal or temporal logi€ and a class of structures
RKis: givenK € R, an elemens of K and¢$ € £, doesK,s = ¢ hold?

The satisfiability checking problerfor a modal or temporal logi€ and a class of
structuresf is: given ap € L, isthere &K € KR and ans€ K, s.t.K,s= ¢?

The syntaxof a logic is usually given as a context-free grammar. Hehoanulas
are words over a certain alphabet. This enables the eastitatiba of formulas into
formulas. With¢[y/x] we denote the formula that arises fraprby replacing every
occurrence oK in ¢’s syntax tree byp.

All the logics defined later subsume propositional boolezgid. Their syntactical
definitions will not include negation since games usuallguiee negation to be
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eliminated. But we will show that negation is implicitly ment in most cases. We will
also use constructs likes from propositional boolean logic appealing to its defimtio
usingV and negation closure.

Thesemantic®f a logic will be given in one of two possible ways. Eitheraditly, i.e.
in the styleK, x = ¢ describing when a given structukewith an elemenk satisfies a
givend. Or indirectly in the stylg[¢]] which describes the set of adlof a structureK
that satisfyp. The satisfaction relation is then easily derived as

sE¢ iff se[]

In both cases the context-freeness of the logic’'s syntawallthe semantics to be
defined inductively.

A fragment of a logic is simply a subset of all its formulasnhiany cases this will be a
syntactical fragment, i.e. the question of whether orgnbelongs to this fragment only
depends on the syntactical structurepofThese fragments usually impose restrictions
on the occurrence of certain constructs of the logic becthesepermit more efficient
decision procedures than the general case.

Each logic also has important semantical fragments. Thésefvcourse depend on
the class of structureg the logic is interpreted over. One such fragment is the set
of all satisfiableformulas, i.e. thos@ for which there is &K € K and ans € K s.t.

K,s = ¢. Another important fragment considers the same questidrubiversally
quantified: the set of all formulas that are satisfied by ekery ] and everys € K.
These formulas are calledlidities To indicate that is valid we write|= ¢.

Two formulasé, Y of L areequivalentover &, written ¢ = , iff [¢]] = [w] for all
K € R, i.e. they are satisfied by the same structures and elemi¢étii® semantics is
given directly then

o=y iff forall Ke RandseK: K,sE¢iff K,;sE= U

In other words,¢ andy essentially describe the same property. The semantics of a
logic should always be defined such thats a congruence. This allow a subformula

Y of ¢ for example to be substituted by an equivalent formula witrehanging the
meaning ofp.
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Definition 1 We say that a logid. is negation closedf for every ¢ € L there is a
$ € L s.t. foreveryK € 8 and evens e K:

K.s=o iff KsEo

Note that a formula is satisfiable iff its negatiofy is not valid.

A logic itself is a mathematical construct and, hence, hdaaks certain properties.
Important properties for modal and temporal logics are

e thetree model propertyif ¢ is satisfiable then it has a model which is a tree.
¢ thefinite model propertyif ¢ is satisfiable then it has a model of finite size.

¢ the small model propertythere is a functionf : N — N, s.t. if ¢ is satisfiable
then it has a model of siz&(|¢|), where|$| denotes the syntactical lengthdof

Note that, if a logic has the tree model property and the fimtglel property, it does
not necessarily mean that every satisfiable formula isfgadiby a finite tree.

Another important aspect of a logic is iexpressive power £ subsumesl’ in
expressive power ovek if for every ¢ € L' thereis ap € L s.t.¢ = Y over K.

One of the most important modal logics is theodal p-calculust,, defined in
[Koz83]. Its importance is based on the fact that it subsuseesantically most other
propositional modal and temporal logics. In fact, it doedaoall logics defined in
Sections 2.4 and 2.5 apart from FLC which is itself an extemsif L. The relations
between all the logics used here afg are depicted in Figure 3.4 at the end of
Chapter 3.

[EFT94] contains a good introduction to the theory of mathgoal logics. For
an overview of temporal and modal logics in particular cdesi[Eme90], [Sti92],
[Sti96b] and [BSO1].

2.2 Fixed Points

It is well known that addingquantifiersto a logic usually increases its expressive
power. The degree of this increase is of course dependaheddrtd of quantification.
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First-order quantifiers that speak about the existence oraxistence of elements
of the underlying domain are weaker than second-order dientthat speak about
relations between elements.

The increased expressive power goes hand in hand with agaisein the complexity
of decision problems associated with these logics and megbh result in these
problems becoming undecidable. Therefore, compromisge baen sought and
found which allowrestricted quantificationOne example iguarded first-order logic

[AvBN98], which features existential and universal firstter quantifiers over certain

elements only.

Another way of restricting the power of general quantifioatis by usindixed points
Mathematically, a fixed point of a functiohsatisfies the equation

f(X) = X

[Tar55] has shown that this concept is particularly usdftie functionf is monotone
and applied to members of a complete lattice with bottom elgm and top element
T. Inthis case there are two distinguished fixed points witle migorithmic properties.

Definition 2 Let (M, <) be a set which is partially ordered kys.t.

1. forallxe M: x<x (reflexivity)
2. forallx,y,ze M: if x<yandy < zthenx <z (transitivity)

3. forallx,y e M: if x<yandy < xthenx=y (anti-symmetry)

The element is amaximumof x andy if x < zandy <z If z<xandz<ythenz
is aminimumof x andy. Thesupremums the least maximum of two elements and is
denotedk LIy while the greatest minimumry is calledinfimum

A partially ordered setM, <) is called alattice if xlUy andxMy exist inM for all
X,y € M. Itis calledcompleteif | | X and[ | X exist for allX C M. In this case there
are two distinguished elements:=[ |0 and L :=| |0 s.t. forallxe M: x< T and
1 <x
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Theheightof a lattice(M, <) is the maximal number of elementsfin a chain
X1 < X2 < ... < X1 < Xy

Note that, ifM is not finite, it is possible to have such chains whose lengginsonly
be measured using ordinal3td, beyond the natural numbers.

A function f : M — M is calledmonotoneff
forallx,ye M: x<y implies f(x) < f(y)
x is apre-fixed poinof f iff f(x) < xand apost-fixed poinof f iff x < f(x).

Theorem 3 (Knaster—Tarski)Tar55] Let (M, <) be a complete lattice, and:M —

M a monotone function. The least fixed point of f, denoted xi$tseuniquely and is
the infimum of all pre-fixed points.

uf == []{xeM|f(x) <x}
Dually, the greatest fixed point is the supremum of all postefipoints.

vi = [ |[{xeM|x<f(x)}

For a proof see [Win93] or [Sti01] for example. However, thexra more efficient way
to evaluate fixed points other than to calculate the infimurallopre-fixed points for
example.

Supposef is monotone. Thenf can be applied iteratively starting with to obtain a
sequence., f(L), f(f(L)),... of elements oM. By monotonicity

L < f() < f(f) < ... < i) < .. (2.2)
It is easy to show that

fi(L) = f+1(L) implies f'(L) = fl(L)forall j >i

Thus, if the underlying lattice has finite heightc N the sequence will eventually
become stationary with the valdé( ).
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Dually, one obtains a monotonically decreasing sequeneteafients of the lattice if
this iteration is started witfi .

T > f(T) > f(f(T) > ... > f(T) > ...

Again, the sequence becomes stationary i) or even earlier.

For general lattices with heights given by an ordiaake defineapproximantsof f’'s
least fixed point for every ordin@ < a.

o) = L, ) = f(fP)), ) = | ] )

with 3,A € Ord andA being a limit ordinal. Dually, approximants of the greatiestd
point of f are given by

) = T, YT = f1(tB(T)) . T = [] F(T)
B<A
Lemma 4 Let (M, <) be a complete lattice with heigt € Ord, and f: M — M a

monotone function. Then
pf=fo(L) and vi=f%T)

PROOF fO( )= L < uf by the definition of L. Thenfl( )= f(L) < f(uf) <ufby
monotonicity and the fact thaitf is a pre-fixed point of . Iterating this yield§"(L) <
pf for all n € N. The claim holds for ordinals in general by transfinite intlor.
Suppose®(L) < ufforall B <\, i.e.ufisamaximum forallff(L). Thenf?(1) <
uf because? (L) is the least maximum of them all. The case\vdris dual. n

This means that in case the height of the underlying latidaite, least and greatest
fixed points off can be found iteratively. This iterative nature has led ®ittea of
using fixed point operators as quantifiers. All the logicsdduced in the following
sections feature fixed point constructs. Most of them doithan implicit way: they
have constructs which can be regarded as solutions to aniegimathe above sense.
One of the logics allows explicit fixed point quantificatiare. formulas withfree
variablesare interpreted as functions on elements of a certain éatitile fixed point
operators quantify exactly over those elements that ard fixents of these functions.
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For further reading on the use of fixed points in mathematagiks consult [EF95].
[GW99] shows properties of the guarded fragment with fixeth{sowvhich can be seen
as a generalization of modal and temporal logics with exéldimed points. Finally,
[BS01] provides an introduction into fixed points for modagjics.

2.3 Labelled Transition Systems

Definition 5 Let P = {tt,ff,q,q,...} be a set of propositional constants, i.e. unary
relation symbols, that is closed under complementation:ef@ry g € P there is a
g€ P. Moreover,q = qandtt = ff. Let. A = {a,b,...} be a set of action names. A
labelled transition systeph TS, is a triple

T=(8,{>]acA},L)
where

e S={st,...} is aset of states,
e -2, for eacha € A is a binary relation on states, and

e L:8— 2”7 labels the states in a maximally consistent manner. Thisméa
everyse § and eveny € P eitherg € L(s) orq € L(s). Furthermorett € L(s)
for everyse 8.

If we mention a labelling of a certain state explicitly we Maften omittt since it is
included by default.

We will use infix notatiors-2;t instead of(s,t) € -2s. To indicate that there is nio
s.t.s-2+t we will write s72>, ands 4 if shas no successor at all.

If the set of action names is a singletoh= {a}, we omit the explicit mentioning of
the action and write—t instead ofs-2st. In this case a transition system is denoted
T=(8,—,L).

A pathof a transition systerfi = (8, {-2s| ac A},L) is a maximal sequence of states
Tl=S0S1... s.t. for alli there is arg; € A with 5 2551 if 5 is not the last state of
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this sequence. Maximality means the path cannot be protbrigas is the case if it is
infinite or a finite sequent®)...s, ands, /4.

Let T denote the suffix oft beginning with thek-th state, i.eT® = 5S¢, 1.. .. Thek-th
states, of Ttis denoted byt¥).

A transition systen¥ = (8, —,L) is total if for every s € § there is at least onec §
s.t.s—t. Note that paths of total transition systems are necegsafihite.

Definition 6 Let T = (8,{-%| ac A},L) with s € 8. The unravellingof T with
respect tay is an LTSRg, (T) = (8, {3 |ae A},L’) with state set

§ = {s...5| foralli<n:s-2s,;forsomeac A}
Transitions inRs,(T) are defined as

0.5 'Sy .SSnq1 iff SH-3She1

Finally, the labelling of the states is given by

L'(s0-.-5) = L(sn)

Symbolic Representations

It is useful to distinguish finite and infinite transition $yss. The first reason for
this is decidability. The model checking problems for thgits introduced in the
next section are undecidable for arbitrary infinite transitsystems because they can
express properties like reachability of a certain statesf@mple. However, for finite
transition systems they are decidable.

The second reason for this distinction is the question ofesgnting a transition
system. In the finite case it can be written down as a directaphgwith labellings.
Arbitrary infinite transition systems obviously cannot bepiresented in this way.
However, there are classes of infinite transition systeldtave finite representations.
Depending on the expressive power of a logic regarded oeseticlasses the model
checking problem might still be decidable.
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Representations of infinite transition systems can be geoakgebraic ones like Basic
Process Algebra BPA, Basic Parallel Processes BPP, Pushélotemata PDA, etc.
For an overview of these classes and their decidabilityltesae [HM96] for example.
[MayO0Q] is about Process Rewrite Systems which subsumbesktprocess algebras.

Other examples of process algebras are the Calculus of Comating Systems
CCS, [Mil80], Communicating Sequential Processes CSPall8a, Hoa78b], the
T-calculus, [MPW92] and Petri-Nets, [Pet62, Rei85]. Howeiwregeneral all of these
give rise to arbitrary transition systems and not finite ooely. But the advantage of
using such process algebras is the fact that they allow nobeeking algorithms to be
local, see Section 2.8 for explanations.

The idea of using process algebras to represent infinitesitran systems is also
beneficial for finite ones. In verification tasks the undewytransition systems can
be very large and a process algebraic specification can bech more succinct
representation of a transition system than the adjacentyxada graph for example.
Moreover, if transition systems specify a hardware cirouid software module then it
Is often easier to find a process algebraic term that abstitadbehaviour.

The state-of-the-art formalism to represent finite traasisystems ar®rdered Binary
Decision Diagrams [Bry86]. They are compact acyclic graph representatiohs o
boolean functions. The reason why they can be used to encaalgtion system is
the fact that an LTSI = (8,{-2+| a € A},L) is nothing more than a collection of
binary relations{ -2+ | a € A} each of which can be stored as an OBDD.

OBDDs are particularly useful for model checking modal ammporal logics since it

is relatively easy to evaluate boolean operators and talzéefixed points on OBDDs,
[McM93]. Using OBBDs for model checking resulted in a majaedkthrough
concerning the size of transition systems up to which motletking is practically
feasible. In fact, thessymbolictechniques enable model checking for transition
systems with more than 100 boolean variables, [BG.

We will not be concerned with the question of how a given tit@ors system is
represented. Generally, we will assume it to be presentgmeésented in some way. If
it is known to be finite we will assume it can be representesmes process-algebraic
or other way that allows a construction to proceed statasthye.
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For finite transition systems we will measure the complegitgleciding the winner of
a model checking game as a function of the formula size andahngber of states a
transition system has.

Equivalences

There are a number of ways in which two stagesndt of a transition system can
be regarded as equivalent. One criterion is graph isomsmpluf the subgraphs of
reachable states frosmandt. This is far too strong if one uses transition systems to
describe program behaviour. A much weaker version consghandt to be equivalent

if the transition system regarded as a Buchi-automatoe@scthe same language
regardless of whetherort is the starting state. In order to do so, every state of such an
automaton is considered to be final. Hence, every run of ttensaton is accepting.

A useful equivalence between graph isomorphism and largueaguivalence is
bisimilarity, [Mil89, vB96]. We mention this explicitly bsause Section 2.5 introduces
the logic FLC and proves that, like all other logics appegimthe next two sections,
it does not distinguish bisimilar states of a transitionteys

Definition 7 Let T = (8,{-%| a€ A},L). A bisimulationis a symmetric binary
relationR C § x § fulfilling the following.

e If (s;t) € Rands-2: < for someac A then thereis & € §, s.t.(s,t') € R.
e If (s;t) € Randqe L(s) theng e L(t).

sandt are calledbisimilar, s~ t, if there is a bisimulatiolR s.t.(s,t) € R

A simulationis a relation with the same requirements as above but whiatois
necessarily symmetri¢.simulatessiff there is a simulation relating andt.

We say that a logid respects bisimulation if for alb € L, all transition systems
T=(8,{2]acA},L)andalls;t € 8: s~ timpliess = ¢ iff t = ¢.
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2.4 Temporal Logics

The temporal logics defined here do not make use of differetibralabels, i.e. they
are interpreted over transition systems of the fdfe= (8,—,L). Furthermore, we
assume these transition systems to be total. This is a compmoach but also avoids
a lot of technical detail.

Linear Time Temporal Logic

Temporal logics over linear structures have been studie@ flong time. The most

important result regarding these logics is from [Kam68] vehé is shown that a

temporal logic with aruntil operator and its dual for the pastnce is equi-expressive

to first-order formulas with one free variable interpretaeolinear orders. Because
of this, Linear Time Temporal LogitTL is believed to be a natural specification
formalism for temporal properties. [Pnu77] introduced LTd computer science

and showed that it can be used for program verification pwpod-or a detailed

introduction to LTL see [MP92]. Here we regard LTL with fueuoperators only. Its

syntaxis given by the following grammar.

o = dlove [ dAD | XO | 6UD | RO

whereq ranges ovef. X is thenextoperatorU theuntil, andr its dual, calledelease
The traditionaleventuallyandgenerallyoperators are abbreviated as

Fp := ttUp and Gd := ffR

LTL is interpreted over patha = ss1... of a total LTS. We usually assume an LTS
to be fixed and writat = ¢ instead ofT, 1= ¢. Thesemanticof an LTL formula is
inductively defined as

mE=q iff qeL(m?)
nEovy iff m=¢ or =Y
nEoAY iff m=¢ andiEyY
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nEx¢  iff e
= ¢uy iff thereisake N, s.t. €=y and
forallje N: if 0<j<kthentl |=¢
= ¢ry iff forall ke N: €=y or
thereisaj € N s.t. 0< j <k and 10 = ¢

The temporal operatofsandR can also be characterised by the recursive equations

Uy = YV (PAX($UY))
ORY = WA (O VX($RY))

where Uy is the least solution andiRy the greatest solution to the corresponding
equivalence. The right sides of these equations are cdliahtfoldingsof anu, resp.
aR.

As subformula®f ad € LTL we do not just consider formulas that occur in the syntax
tree of¢. Instead, the unfoldings have to be taken care of as well.

Suk{a) = {q}

Sudovy) = {¢vu} U Suld) U Suky)

SudpAY) = {¢AW} U Suld) U Suky)

Sulx¢) = {X¢} U Sul¢)

Sufouy) = {OUY.X(6UY),d AX(GUY), YV (¢ AX(GUY))}
U Sulip) U Sulu)

Su{orY) = {ORY.X(ORY),d VX(ORY), WA (¢ VX(ORY))}
U Sulip) U Sulu)

Lemma 8 (Negation closure) LTL is closed under negation.

PROOF For everyd € LTL we defined in the following way.

AP = oVD oUY = ORY
VP = OAT R = PUP
= X0

-E
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Then,
n=¢ iff e e

for all LTL formulas ¢ and all pathgt of all total transition system$. Note that the
equivalenc&¢ = X9 in general does not hold on finite paths. m

For correctness proofs in later chapters we will need apgpramts ofu andr formulas.

Definition 9 Letk € N. Approximantof ¢Uy are defined as

o0y = ff
ULy = PV (G AX(OUKY))

Dually, approximants opRY are defined as

OROY = tt
ORMTIY = WA (¢ VX(PR )

Lemma 10 (Approximants) Lettibe a path of a total transition systeéimand¢, Y €
LTL.

a)Tt= Uy iff thereis ake N s.t.mt|= oUky,

a) = oRY iff forallk € N: 1t= dRK.

PROOF a) Supposat = ¢uP. Then there is & € N s.t. 7€ |= @ and for all j < k:
10 = ¢. Thus,
n\:gn/\x(q)/\x(...qleqJ))

k—1times
ThenTt = ¢UXY because
OUY = WV (OAX(WV (OAX(... 0 AXY)))) (2.3)
k-1 times

Suppose nowt = U~y for somek € N. Take the least sudh Again, by (2.3),11)=
¢UW since every disjunction must be fulfilled by the disjunctizoning¢. Otherwise,
k would not be least.
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b) First we show by induction dkthatdr¥y = (§UKP). This is true fork = 0. Suppose
it is true for an arbitrank.

ORI = WA (9 V(PR Y))

= WA (O VX(OUD))
TV ([HAXQUD))
PV (O AX(OUD))

= quk+lt|j

Now, Tt = ORY iff 15 YUY iff for all k e N: 1tp= Uk iff for all ke N: 1= ORXY. @

Branching Time Logics

As in the case of LTL, branching time logics existed well efthey found their way
into computer science. In this framework, the future of a reatms not unique, instead
there can be several possible future moments. |.e. statesaéls for branching time
logics have several successors in general. The questiorhichvef these views on
time is preferable or more useful has been discussed by neopley see [EH86] and
[Sti89] for example. [Var01] is meant to be the final say irstbontroversial matter.

One of the first branching time temporal logics to be used mmater science is the
Computation Tree Logic CTL, introduced in [EH85] togetheithaCTL™. Similar
logics have been proposed in [BAPM83], [EC80] and [Lam80hoi®y afterwards,
[EH86] defined the Full Branching Time Logic CTlwhich was meant to unify CTL
and LTL and allow them to be compared with one another.

Here, we build branching time logics from a set of operatamsilar to the ones of
linear time logic. In addition to that, they are able to quigrdver paths and therefore
are interpreted over transition systems directly. Theseasumed to be total, too. The
syntaxof CTL* is given by

¢ = qlove [dAd | X¢ | ¢UG | 9RO | AD | EO
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whereq ranges ovefP.

For a CTL' formula¢ the set ofsubformulas Sulp) is defined in the same way as it
is for an LTL formula. Additionally,

Sutfa¢) = {A¢} U Sulf¢)

SukiEg) = {E¢} U Sulf¢)
The semanticss defined inductively using paths of a total transition systerfi =
(8,—,L).

m=q iff qeL(n9)
n=ovy iff mEQ or mEW
n=oAyY iff mME andni=yY
Ti= X iff o
m=¢uy iff thereisakeN, s.t €=y and
forall je N: if 0<j<kthentl =¢
m=¢ry iff forall ke N: €=y or
thereisaj e N s.t. 0< j<k and 10 |= ¢
= Ad iff forall pathst: if M% =7 thent = ¢
= Ed iff thereisapath?, st. M9 =m0 and ' =¢

E andA are calledpbath quantifiers

A CTL* formula ¢ is called astate formulaff ¢ = Ad, andpath formulaotherwise.
We will consider state formulas only. Therefore, one caruamsevery CTE state
formula to begin with ard. Note that

QQid = Q¢ forQ1,Q2 € {AE}
The truth value of state formulas only depends on a singte.sisis therefore possible
towritesg = ¢ if mE= ¢ forall m=ss;.. . ..

Thepure branching time logi€TL is obtained as a fragment of CTby requiring the
path operator¥, U andR to be preceded immediately by a path quantifier.

¢ = qlove [ oA [ QX¢ | Q(oUD) | Q(oRP)
Q == A|E
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Although the set osubformulaf a CTL formula can be defined by regarding it as a
CTL* formula it is helpful to use a more specialised definition.

Suk{q) = {q}

Sudévy) = {¢pVuy} U Suld) U Suly)
SuddAw) = {pAY} U Suld) U Suldy)
Suk{Qx¢) = {QX¢} U Sul(¢)

SuQ(ouY)) = {Q(¢UW), QXQ(OUY), d A QXQ(PUY), YV (¢ A QXQ(SUY))}
U Sul{¢) U Suky)

SUQ(oRY)) = {Q(ORW), QXQ(ORW), ¢ vV QXQ(ORY), WA (¢ V QXQ(ORY))}
U Sulf¢) U Suby)

In CTL the following equivalences hold:

QoY) = YV (¢ AQXQ($UY))
Q(PRY) = WA ($VQXQ($RY))

CTL™" is the fragment of CTE that allows boolean combinations of path formulas in
the immediate scope of a path quantifier but forbids nestirigem.

¢ = aqa[éve [oAd | Qu
Y= Ve WAy | X6 | 0U | dRO
Q == A|E

Again, g € P. The set okubformulador a CTL" formula is given by the subformula
definition for CTL*. However, the CTI: unfolding of aduy or dRrY is the same as
the one for CTL.

Lemma 11 (Negation closure) CTL*,CTL and CTL are closed under negation.

PROOF We define the complement of a branching time formula in thiedahg way.

Ap = EO UP = ORY
EQ = AD orRY = OUP
AP = VU ¥ = X0
VY = AT
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This construction preserves the special structure of CTL@hAL" formulas. n

LTL, as defined in this section, can be interpreted directlgradotal transition systems,
too. This is done by regardingll paths that begin with a designated staté his is
the same as preceding an LTL formdlawith the A path quantifier and regarding the
result as the CTL state formulai¢ interpreted irs.

However, not every CTL formula can be represented in this way. Therefore, it is
useful to consider this fragment of CTlas a logic on its own. To avoid confusion
with the real linear time LTL, we call this logic theranching time version oETL,
BLTL. Its syntaxis given by

¢ = A
U ooi= g VY [ YAY [ XY | YUy | YRY

whereq € P. The set osubformula®f an BLTL formula is given by regarding it as a
CTL* formula.

BLTL is not closed under negation according to Definition 1y Bemma 11, the
negation of a BLTL formula is of the forrAy wherey = ¢ for some¢ € LTL. Since
LTL is negation closed (Lemma 8) negation closure of BLTL Wbimply the fact
that every universally path quantified property can alsodpeessed as an existentially
guantified one. This is not the case.

Since the pure linear time part of BLTL, namely LTL, is negaticlosed one could
define negation in BLTL as := A¢. But this results in the fact that it is possible for a
transition system to neither satisfy a formula nor its negatAt least it is impossible
for a transition system to satisfy both.

If negation closure is defined as
A is satisfiable iff A is not valid

for an LTL formula¢ then BLTL is negation closed.

Example 12 A simple CTL formula isAGEXtt which says that no reachable state is a
deadlock, i.e. does not have any successor states. Thitaistia validity since CTL is
interpreted over total transition system, i.e. this propes always trivially fulfilled.
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An example of a CTL formula is$ := E(QU(Gq)). It postulates the existence of an
infinite path with a finite prefix, s.t. no state on the prefixdfesq whereas all other
states do.

Another example ig := A(XqV XQ). ¢ simply says that every path’s next state is either
labelled withg or §. This is not the most interesting property but a simple anadgo
example to illustrate the CTLmodel checking games in Chapter 5.2. In factis
already a CTL and a BLTL formula.

As a last example we considér:= E(FqA GFq). This is a genuine CTLformula
that postulates the existence of a path on wigdiolds infinitely often. It is not the
shortest formula that expresses this property but, agalhba/useful to illustrate the
CTL* model checking games in Chapter 5.

2.5 Modal Logics

Unlike temporal logics, modal logics distinguish trarsits of an LTS with different
labels. Thus, they are interpreted over transition syst&ms(S, { -2+ | ac A},L).

Propositional Dynamic Logic

PDL, as introduced in [FL79], augments basic modal logi¢twait infinite but regular
set of action names. They are usually calpgdgrams Formulasp and programsx
are mutually recursively defined as

¢ = gl ove [ oA | (o | [a]d

a r= aloaua | ool af| ¢?

whereq ranges oveff anda overA.

The transition relations?; of an LTS can be extended to program# the following
way. In the case of theest operatord? it refers to the semantics @f Since the
formula sizes get reduced this mutual recursion is welhfied.
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s OBt iff 5%t or s-Pst
a;B B

s—2t iff thereisanue §, s.t. s-%>u and u—=t
st iff thereisamneN, st s-%5t where
0 k+1 . .k
forallste$:s-%s and s-% st iff s-%9¢

s s iff sEo

The subformulasof a PDL formula¢ depend on botlp’s formula structure and the
programs contained in it.

Sul{q) = {q}

Sudovy) = {$Vy} U Suld) U Sul(y)
SudoAy) = {$pAY} U Suld) U Sul(y)
Sul{(a)¢) = {(2¢} U Sul9)

Sul{[al¢) = {[al¢} U Sul9)

Su(auB)e) = {{(aUP)d} U Sul{c)dV(B)d)
SufauBle) = {[auUBl} U Sulf[a]d A[B]D)
Sulf(a;B)9) = {{o;B)¢} U Sulf{c)(B)d)
Suld[o;Bl¢) = {[o;Blo} U Sulf[a][B]9)

Sulf(a®)e) = {{a")d, (o) (o). V(a)(a")p} U Sukd)
Sudfa*]e) = {[a*]¢,[a][a*]d, ¢ Alal[a*]e} U Suld)
Sud(?w) = {{(¢?w} U Sul{d) U Suly)
Sud[¢?w) = {[¢7w} U Suld) U Suly)

This is also called th&ischer-Ladner closureTo maintain consistency with the other
logics we prefer the ternSul{$). The negatiorp of ¢, needed in the subformula
definition of [¢ 7]y will be defined in Lemma 13 later on.

Formulas of PDL are interpreted over states of an IThich need not be total. Thus,
paths ofT can be finite or infinite. Again, we assume the LTS to be fixedante
sk ¢ instead ofT,sE= ¢ for se 8.

SEQq iff gelL(s)
sEovy iff skE¢ or sEW
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seEbAY iff sE¢ andskEUY
s=(a)p iff thereisate§ s.t.s-%t andt=¢
s=[alp iff forallte§: if s-“5t thent=¢

The implicit fixed point constructs of PDL ar@*)¢ and [a*]¢. They can be
characterised by the following equivalences.

2
&
Il

av{a)(a’)é
aAlfa]fa’]e

Q

%
<
Il

As with the temporal logics, the first equivalence is to beetaks the least solution
and the second as the greatest.

Lemma 13 (Negation closure) PDL is closed under negation.

PROOF We define the complement of a PDL formula in the following way.

Ve = AT (@¢ = [a]d
(Y]

= OV [alp = (a)B

—

Important equivalences of PDL formulas are

(@uB)e = (a)ov(P)o (@pp = (OB
[auBle = [a]oA[Blo [a;Bl¢ = [o][Bl¢
@20 = oAY 07y = vy

Again, for the correctness proofs of the PDL games in Chaptand Section 6.3 we
need approximants of the implicit fixed point constructs LP

Definition 14 Let a be a program¢ € PDL, andk € N. Approximants of(a*)¢$ are
defined as

(a%¢ = ff

(o ho = ¢V (a)(ae
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Dually,

o = ot

ke = ¢ A[a][a e

are approximants gb*|¢.

Lemma 15 (Approximants) LetT = (8,{-%|ac A},L)withg € 8§ and$ € PDL.
a) 9 = (a*)¢ iff thereisake N, s.t. g = (aX)¢.
b) g = [a*]¢ iff forallk € N: s = [aX]¢.

PROOF a) Supposes = (a*)¢. Then there is a patht = $S;...5 1... In T s.t.
s1-Ssforal l<i<kandsci=¢. Thus,s = (a">¢. Note thatk = 0 is
impossible.

Suppose now = (ak)¢ for somek € N. Take the least sudh By definitionsy = ¢ or

so = (o) (o 1)4. If the former is true thesy = (a*)¢. Suppose the latter holds. Then
there is a5, € S s.t.so-2+ 51 andsy = <ork*1>¢. This argument can be iterated until a
S1 € Sisreached s.5_1 = ¢ ors1 = (a)(a®¢. But (a)(a%¢ = ff, hence, the
former must hold. But then the sequersgs; . .. S_1 witnesses thady = (a*)¢.

b) s=atd iff sobeor]o
iff  so = (0P
iff forall Be Ord: s~ (aP)@
iff forall Be Ord:so = [aPld

using part a), Definition 14 and Lemma 13. m
Example 16 An example of a PDL formula is
¢ :=((@?a)")q

It expresses an existentially path quantifigatil property: “there is a path labelled
with as on whichq does not hold until it holds”. Théa*)q makes sure thaj holds
eventually on some path. The progr@®a forces every state before that on this path
not to satisfyq and to have aa-transition to the next state.
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Several extensions of PDL have been considered in thetlitexdor instance in [Str81]
or [Str85]. One example is the use obnverse operatorahich allow formulas to

speak about the backwards-execution of a program. Forptalyset of programs is
defined as

a = alaua | oo | a|¢?|a

wherea ranges oven.

Thesemantic®f converse transitions is given by
s-%t iff t-%s

It is sufficient to allow the converse operator to be apple@tomic programs only
since the following equivalences hold.

smt iff SE—UEH
a;B B

Another extension is PDIxwhich features a new formula construepeata) where
o is a program. Itsemanticss given by

s = repeata) iff there is an infinite patt= sps;... s.t.§ -5, foralli € N

Fixed Point Logic with Chop

Fixed point logic with chopFLC, was defined in [MO99]. It extend$, and thus
features explicit fixed point constructs. Bgntaxassumes the existence of a ¥et
{Z,Y,...} of propositional variablesand is given by

¢ == qlZit|@|[[a|oVe|oAd | HZ [ VZO [ 0

whereqe P, Z€ V, andac A. We let0Z.¢ stand for eitheruZ.¢ or vZ.¢.
Furthermore, we assume formulas tovieell-namedli.e. different fixed point formulas
do not use the same variable to do quantification. In this tteege is a functioriip that
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maps every variablg to its defining fixed point formula, i.ép(Z) = oZ.y for some
. Thefixed point typ®f a variableZ is pif fp(Z) = pZ.y for somey andv otherwise.

The set osubformula®f an FLC formula is defined as follows.

Suhq) = {q}
Sul{z) = {2}
Sul{1) = {1}
Su(@) = {(a}
Suifa]) = {[a}

Suovy) = {¢Vvy} U Suld) U Sulfy)
Suo AY) = {dpAY} U Suld) U Sulfy)
Sukoz.¢) = {o0Z.¢} U Suld)

Subd; @) = {$;p} U Suld) U Suly)

The set offree variablesf an FLC formula is given by

free(q) =0

free(Z) = {Z}

free(1) =0

free((a)) = 0

free([a)) =0

freed vY) = fregd) U fregy)
free(d AY) = fregd) U freg(y)
free(0Z.¢) = free(d) —{Z}
free(dp;p) = fregd) U fregy)

A formula ¢ is closedif it contains no free variables, i.&ee(¢) = 0.

In the following we will define syntactical fragments of FLCike modalp-calculus,
the alternation depth of a formula for example is an impdrtacior for the efficiency
of a model checking algorithm. But it is not the only one. Therier of times
variables occur sequentially composed to themselves iliggmportant.

We say thaZ depends oiY in ¢, writtenZ <4 Y, if Y € free(fp(Z)). We writeZ <4 Y
iff (Z,Y) is in the transitive closure oky. Thealternation depthof ¢, ad(¢), is the
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maximal numbek in a chain of variableZy <¢ Z; <¢ ... <¢ Z« s.t.Zi_1 andZ; are of
different fixed point types for & i < k.

Informally thesequential deptlof a formula measures the number of times a variable
occurs in a sequence of formulas that are sequentially ceatho

Definition 17 The sequential depth gfis defined as

sd¢) = max {sdz(fp(2)) | Z € Sul{¢) }

where
sdz(Y) = 0 ifyePu{(a),a,t}
sdz(¢ V) = max{sdz(9) sdz(y)}
sdz(¢AP) = max{sdz(9) sdz(y) }
sdz(¢; W) = sdz(¢)+sdz (W)
sdz(oY.9) = sdz(¢)

Important syntactical fragments of FLC are those with fixkeraation and sequential
depth because they allow model checking algorithms to be mificient than those for
the general FLC. However, this usually comes at the expeihaseetluced expressive
power. The question of whether or not the hierarchy of lewath fixed alternation,
resp. sequential depth is strict, is open.

FLCk" = {¢ eFLC|ad(¢)<k,sdd)<n}
FLCK = [ FLCK

neN
FLCwan = U FLCk7n

keN

Definition 18 Thetail of a variableZ in a formulad, tlz, is a set consisting of those
formulas that occur “behindZ in fp(Z). In order to define it technically we use
sequential composition for sets of formulas in a straighérd way:

{0,--,0n}; 0 = {90, 0n; Y}
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We also use the eponymous functibn: Suk{$) — 25U8%) where

tiz(q) = {q}
tlz (1) = {1}
tz((@) = {(@}

tiz(dvy) = tiz(¢) U tiz(p)
tz(oAY) = tiz(d) U tiz(P)
tlz(oY.Q) = tiz(P)

ALY
tiz(¥) a {{r} 0.W.
Uz(p;4) = TiUT
with
{tlz(q));lp if Z € Sul{¢)
T, =
{T} O.W.

_ {uz(w) if Z € SuKY)
T, =

{t} 0.W.

The tail ofZ in ¢ is simply calculated a8z := tlz(fp(Z)).

Another important syntactical fragment of FLC is the onetaanng those formulas
whose variables have trivial tails only.

FLC™ := {¢€eFLC|tlz={1}forallZe Sukd) }

Note that FLC subsumed,,, [MO99]. It is the fragment of FLC considered here
which permits the most efficient model checking procedutas s basically because
it does not bear an essential difference to mqadealculus.

FLC is interpreted over transition systeffis= (8, {-2:| a€ A},L) which need not be
total. Thesemantic®f an FLC formula is a monotorstate transformer f 25 — 25,
To allow an inductive definition one needs to hamaibenformulas. This is done using
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an environmentwhich is a functionp : V — (2% — 2%) that maps variables to state
transformersp[Z — f] is the function that map2 to f and agrees witlp on all other
arguments. The semanti{@s}];r : 25 — 25 of an FLC formula, relative t@ andp, is

a monotone function on subsets of states with respect totthesion ordering on 2
These functions together with the partial order given by

fCg iff forall XC8: f(X)Cg(X)

form a complete lattice with supremaand infimar1. By Theorem 3, the least and
greatest fixed points of functionas: (25 — 25) — (25 — 29) exist. They are used to
interpret fixed point formulas of FLC. We ugenotation for functions.

L], = M.{seS[qeL(s)}

121, = p(2)

[, = AXX

[@], = M.{se8|TteX, stst}

[@l, = MX.{se8|vtes, if s-*tthente X}
[ovu], = AX.[o]l,(X)uU[w],(X)

[oAw], = AX.[o]l,(X)N[w],(X)

[bz¢l, = [1{f:2°—2%|f monotone[¢],, .1 C f}
vZ.9], LI {f:2%—2°| f monotonef C [¢],7 .1}
I

o, = [olpolwl,

Given aT = (8,{-%| a€ A},L), a states € § satisfies a formulas =, ¢, if s€

[[q)]]g(S). Note that an environment is not needed i closed.

Lemma 19 [MO99] Let$ € FLC be closed. Thefi¢]] is monotone, i.e. for all
STCS8ofanLTST = (8,{-%|ac A},L): if SCT then[[¢p](S) C [¢](T).

Two formulasd andy areequivalent ¢ = |, iff their semantics are the same, i.e. for

everyJ and evenyp: [[d)]];r = [[qJ]]g. This equivalence is a congruence and thus permits

substituitivity. There is no FLC formulé that does not contamas a subformula, s.t.

P=T.
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For model checking purposes it is useful to consider a weagaivalence.¢ andy
are calledweakly equivalentwritten ¢ ~ (, iff they are satisfied by the same states,
l.e.sl=p ¢ iff sk=; Y for any states of any transition systerfi and everyp. Note that
weak equivalence is not a congruence as the next examplesshow

Example 20 Consider the two FLC formulaga) and (a);tt. They are weakly
equivalent because both say that a state haa-taansition to any other state. Now
take the context; (a).

(@); (a);tt =~ (a); (@) # (a);tt; (@) = (a); tt

In this context the second formula still requires a stateateelonea-transition whereas
the first now says that two successaxransitions must be possible.

In [MO99] it is shown how to embed,, into FLC by using sequential composition.
For instance{a)¢ becomegay); $. Therefore, we will sometimes omit the semicolon
to maintain a strong resemblance to the syntak pfFor example(a)Z(a) abbreviates
(a);Z;(a).

Again, for correctness proofs we need to introduce appreaxis of FLC fixed point
formulas. However, unlike the LTL and PDL cas&sdoes not suffice. Instead, one
has to use ordinals.

Definition 21 (Approximants) Letfp(Z) = pZ¢ for somed and leta, A € Ord where
Ais alimit ordinal. Then
%=, %M =¢[z%z, Z'=)\/Z°
a<A
For greatest fixed points the approximants are defined dubbyfp(Z) = vZ.¢ for
some¢ and, againg, A € Ord with A being a limit ordinal. Then
%=, Z%M=¢[z%z, Z'=N\Z°
a<A
Note thatuZ.¢ = VVycorg Z* andvZ.¢ = AqcargZ%. If only finite transition systems
are consideredrd can be replaced by. If the underlying transition system is fixed
then its size is an upper bound on the number of approximaseded to calculate
fixed point formulas.
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Example 22 Let A = {a,b} and
¢ := VY.[bjff A[a](vZ.[b]A[a](Z;Z)); (([a]ff A [b]£f) VY)

¢ expresses “on every path at every moment the numbles eb far never exceeds the
number ofas so far”. This property is non-regular and, hence, is notresgible in
L. This is an interesting property of protocols wheeandb are the actionsendand
receive

The subformulap = vZ.[b] A [a](Z; Z) expresses “there can be at most bmeore than
there areas”. This is understood best by unfolding the fixed point folanand thus
obtaining sequences of modalities and variables. Repaxitwith a [b] decreases
the number ofZs whereas replacing it with the other conjunct adds a @dew the

sequence. The games of Chapter 9 will provide a better wayxplaming what

property is expressed by a given FLC formula.

Then, [bjff A [a]y postulates that at the beginning bds possible and for eveny as
there can be at mostbs. Finally, theY in ¢ allows such sequences to be composed or
finished in a deadlock state.

Among the logics presented in this and the previous seckbf, is without a doubt
the least known. Therefore, we present a few basic resuttaipimg to FLC in order
to get the reader acquainted with it and to show that FLC isédda modal logic in
the sense that it has the properties a modal logic is expéteave.

Theorem 23 [MO99] Satisfiability of FLC formulas is undecidable.

This is proved by reduction from the simulation equivalerpreblem for BPA
processes. For a BPA process Q one can construct FLC formpgqu, cpg S.t.

P = o iff P~Q
P & % iff P simulateQ
P = (pg iff P is simulated byQ

A consequence of this is the following.

Theorem 24 [MO99] FLC does not have the finite model property.
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Q a a »~_a  a
b b b oo oo
b b b
N N

Figure 2.1: The transition system for Example 25.

The finite model property would imply that every BPA proces$isimilar to a finite
state transition system.

Next, we give an example of an FLC formula that is satisfiabhiedoes not have a
finite model.

Example 25 Let A = {a,b} and
¢ = (vZ.(a)(ZAT1);([b]A(b))); ([a]£f A [b]£f)

The formula postulates the existence of an infiaHgath, s.t. after every prefix of as
exactlyn bs are possible. The body of the fixed point formula can be teamwias

(@ (([b] A (b)) AZ; ([b] A (b))

This expresses that there must be a path with transitiondaleat the beginning and
all suchbs lead to states that have similar properties. Moreovegy difiea there is
another path of the same style with one mioi the end.

¢ has an infinite model like the one depicted in Figure 2.1. 88pp has a finite
model, too. This could be regarded as a finite automatomith final states being
the deadlock states. B@t would accept the context-free and non-regular language
L={a"b" | ne N}.

For model checking purposesnverse modalitiethat allow formulas to speak about
predecessors of states can be integrated without causyndiffioulties. Note that in
general this does not hold for satisfiability checking peobs.
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The syntax of FLC can be extended with primiti@s and[a] wherearanges over.
Their semantics is

[(@] = AX{se8 | TteX, stt-Hs}
[[@] = AX.{se§ | Vtest-Hs=teX}

But note thatin gener&# [[(a); (8)] (S), i.e.[[(a)] is not the inverse function dfa)].
As a counterexample take the transition system with stfte® 3} and transitions
1-% 3 and 2% 3. Then{3} = [(a)[({1}) but{1,2} = [()[|({3}).

This extension of FLC is capable of definingiform inevitability which means

property holds on all paths of a transition system at the same momefjEnhe87]
itis shown thatC,, cannot do this.

Example 26 Let A = {a} and

¢ == WYV (YA (VZ[E;(ZAT)i[a); W)

¢ is an instance of aeventuallyformula of £, i.e. uY.(a)Y v/ says that there is
a path on which}/ eventually holds.(vZ.[a); (ZA1);[a]); Y says that at every state
that can be reached by a sequence a$ backwards and themas forwardsy holds.
Composing these two formulas achieves uniform inevitgbili

Lemma 27 (Equivalences)

a)lf o=y then ¢~ .

b)If ¢~y then §;tt = Y;tt.

c) b~ ¢;tt.

d) Letd C Ord. (Vies9i); W = Vies(di;9) and (Aicg9i); Y = Aics(9i; )
e)TO=0=0¢;T.

)go=q forqe P.

PROOF a) If ¢ = Y then[[o]],(S) = [W],(S) for everyp and every set of statesC §,
in particularS= 8. Thereforep ~ .

b) [d;tt]l, =[], 0 [tt]l, = AX.[9]l,(X) 0 AX.8 = [9]],(8) for any transition system
with state setS and anyp. But ¢ ~ { means[¢],(S) = [W],(8) and therefore
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d;tt = P tt.

c) Trivial.

d) [(Viegdiiwll, = Uiesloillp) o Wi, = AX.Uies [9ilo(X)) o [W], =
(AX-Uies [9illp (IWlp(X))) = Uies([9illp o [Wlp) = [Vies(9isW)],- The case of
distributivity for conjunctions is similar.

e)—f) Trivial. |

Theorem 28 (Bisimulation invariance) LetT = (8,{-2> a€ A},L) and st € 8. If
s andt are bisimilar, s t, then for all closed) € FLC: s= ¢ ifft = ¢

PROOF Let ¢ € FLC be closed. ¢ is equivalent to a’ of infinitary FLC without

fixed point operators and variables, usiigy = \/ qcqrg Z* andvZ.P = Agcorg Z°-

Note that each approximant has a finite representation. La&@&inc) says thap’ is
weakly equivalent t@’; tt. Using parts d)-f) of Lemma 27, one can transfajmtt

into a formulaa that does not contaimn and which is a (possibly infinitary) boolean
combination of sequences of the folgor (a); W or [a]; W wherey again is of the
described form. Everg, obtained in such a way, is equivalent to an infinitary modal
formulaq or (a) or [a]y, where equivalence means being satisfied by the same states.
But a formula of infinitary modal logic cannot distinguishileen bisimilar states and
weak equivalence preserves this property. m

An immediate consequence of Theorem 28 is the tree modeépsop

Corollary 29 (Tree model property) FLC has the tree model property.

Theorem 30 (Approximants) LetT = (8,{-2|ac A},L) be finite with s 8, SC 8.
a) se [MZy] (9  stse [Z9(S).
) se [VZUILS) it vk< 5 5€ [Z3(S)

PROOF a) The “if” part is trivial. For the “only if” part consider t general
approximant characterisation of fixed point formulas. Iplias the existence of a
o € Ord that makes € [2°] ,(S) true. To show that it is bounded we introduce a new
propositiongs s.t. [ds], = AX.S. Thens € [UZy[|,(S) iff s = (WZ);ds. According

to Theorem 28(uZ.¢);gs can be translated into a sgb, | o € Ord} of formulas of
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infinitary modal logic. We show by induction on the fixed podigpth of the formula
at hand that finitary modal logic suffices.

Supposeap does not contain angY.. In this case every; is a formula of finitary
modal logic. Consider now the functioh: ¢¢ — ¢y, for everya € Ord. f is
monotone sincé,, . ; arises fromp,, by variable substitution and transformations that
preserve equivalence. Then,

0 = [66) C 04 < .
Thus, ifs€ [[¢;]] for somekthens € [¢7] for all j > k. Therefore[¢[s ]| = [¢/] for all
j > |8]. This means tha = (UZ.P); gs implies the existence of < |§| s.t.s = ¢y.
But thens € [ZK](9).
Suppose now thap has fixed point deptihh+ 1 and everyoY.y € Sul{¢) has fixed
point depth at most and can therefore be translated into a formula of finitary ahod
logic. Replacing every sughy.y in ¢ by \/LSZ‘0 ZX, and everwY. with /\LSZ‘0 ZXyields
a formula¢’ of fixed point depth 1 that is equivalent¢o The latter substitution uses
part b) of the lemma on a smaller formula. The same argumesit@ge holds now for
translatinguZ.¢’ into a sequencégy, | k <|8|}.

b) Here, the “only if” part is trivial. The “if” part is dual téhe “only if” of part a). m

In [MO99], Muller-Olm has shown that FLC model checking rsdecidable for BPA
processes already. We improve this result slightly.

Theorem 31 FLC model checking is undecidable for normed determinBia.

PROOF Based on an early result from language theory in [Fri76]$tiewn in [GH94]

that the simulation problem for deterministic normed BPAurgdecidable. Given a
BPA procesQ one can construct an FLC formulpg, st.P[= (0 iff P simulates

Q. The construction for arbitrary BPA processes is shown O8] and works in

particular for normed deterministic BPA. n

Modal p-Calculus

With FLC being defined it is possible to introduce Kozen's miog-calculusLl,,
[Koz83], as a fragment of FLC. I&, formulas the left argument of a sequential
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composition operator is always a modality. Conversely, alitids can only occur at
these positions. Theyntaxof £, is given by the following grammar.

¢ == qlZ][(@¢|[a:o|oVe|dAd | pZd [ VZ

whereq ranges ovef’, Z overV anda overA. Note thatr is not anl, formula.

Since sequential composition i, formulas is only used in this restricted form we
omit the semicolon and writéa)$ and[a]¢ instead.

Theorem 32 [MO99] FLC is strictly more expressive tha,.

In fact, the FLC formulas of Examples 22 and 25 are not exgsless L. This is
becausel, can only express properties that are definable in the bisitioul invariant
fragment of Monadic Second-Order Logic, [JW96]. Howevbede properties are
“regular” in the sense that the language of strings formedhieyactions along paths
of a model for al, formula is regular. However, the formulas of Example 22 afd 2
express context-free properties. An attempt to measuréd-xact expressive power
has been made in [Lan02a] showing that on linear models FluCegaress exactly
those properties that are definable by alternating coritegto-grammars with a parity
generation condition. There are context-sensitive ptoggerhich cannot be defined
in FLC unless PTIME=PSPACE.

The definition of subformulas and alternation depth fot aformula can easily be
derived from the definitions for FLC formulas. We do not irbduthem here since the
following chapters do not contain games fgy. As for FLC,L[j denotes the fragment
of £, which contains formulas of alternation depth at mostily. We only usel,, to
link together the modal and temporal logics that we intradgames for.

For an introduction tol,, see [Koz83]. Model checking games f&f, have been
defined in [Sti95] already.L s satisfiability problem was addressed in [NW97] in
a game-based way.

CTL and PDL can easily be embedded idtp. Thus, games for these logics could
be obtained from the corresponding gamesg@grapplied to translated formulas. The
PDL and CTL model checking games of Chapter 4 and Sectionré.8szentially the
same as th& ; model checking games from [Sti95] with the following treatsbns.
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The translatiornt : PDL— LS is defined inductively as follows.

t(q) = q

t(Y) =Y

t(dVvy) = t(¢)vt(y)
tdAY) t(d) At(w)
t((a)¢) = (at(9)

t([al¢) = [at(9)
t({(aUB)P) t({o)) Vt((B)o)
tlauBld) = t([a]d)At([Blo)
t{osB)d) = t({(@)(B)o)

t([o; B]d) t([a][Blo)
t(w2d) = tW)At(d)
t((w?d) = (@) Vi)
t({a*)9) = HYi(9) Vt((@)Y)
t([a*]o) = VY.t(9) At([a]Y)

wherea is an atomic program andg € P. Note that PDL’s syntax does not contain
variables. But since the translation introduces variallébe scope of a modality the
translation function must be defined for them as well.

CTL does not distinguish different action names. Thereteeaise the abbreviations
(=) = V@¢ and [-]dp = Ao
acA acA

The translationn : CTL — Lﬁ is given by

t(a) = q

tovy) = t(d)Vvt(y)

tdAY) t(d) At(w)

t(AX9) = [-]t(9)

t(EX9) = (9)t(9)

t(A(OUY)) HZE(Y) V (t() A (=)t A [-]X)
(
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tA(GRY)) = VZHW)A (L) V((—)eeA[=]X))
tEGRY) = VZHW)A (L) V(—)X)

The (—)tt formulas are needed to take into account the fact that CTlkeml, is
interpreted over total transition systems only. They reg@ach state in which the
formula is examined to have a successor state.

CTL* can be translated intbﬁ, [Dam94]. However, this translation is not as simple as
the two above since it does not map subformulas to subfosndiaerefore, we will

not try to compare the CTLmodel checking games that will be presented in Chapter 5
to theL,, model checking games applied to translated formulas. Cpresely, we will

not present this translation here.

2.6 Games

The games of the following chapters are played by players calledV and3. Other
usual names for them are | and AbelardandEloisg refuter andverifier, opponent
andplayer, pessimisandoptimist etc. We will write p to denote either of them, aml
to denotep’'s opponent. Furthermore, we will use personal pronounsraleg to the
genders ofAbelardandEloisg i.e. playerv will be male and playes will be female.

Definition 33 A gameg§ is a quintuple(€,A,Co, P, W) where
e Cis a set ofconfigurationsalso known as thgame board

e \:C— {V,3} assigns to each configuration a player, namely the one whesnak
the next move,

e Cp is the starting configuration,

e P, the set ofplays is a prefixed closed set of finite and infinite sequences of
configurations starting witly. A play P is calledfinishedif it is maximal in P,
i.e. there is nd® € P s.t.Pis a genuine prefix o’
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e W assigns to each finished play a winner, i.e.

W:P —{Vv,3}, W(P)=undef iff Pisnotfinished

Even though according to this definition one of the playemnfdly has a choice in the
last configuration of a finished play this choice can be igdaiace there is nothing to
be chosen.

Prefix closure makes it possible to regard a game as a tréeavpilay being a branch
in this tree.

Itis more convenient to use a slightly specialised definifm the games in this thesis.
For example, it is possible to finitely represent the playsamning assignments.

We will usually introduce a game as a quadrufeCp, R,W) whereC is the set of
configurations as above withy being the starting configuratior® is a finite set of
ruleswhich determined and?® from above.W is a finite set ofwinning conditions
which replaces the winning assignment above.

In this notation, a play is a maximal finite or infinite sequeraf configurations
Co,Cy,...ff

e Cp is the starting configuration, and
e every pair(C;,Ci; 1) is an instance of a rulec R.

The winner of a play is determined by the finite ¥étof winning conditions. Each
condition is a scheme of a play, i.e. a play either fulfills amig condition or not. It
is part of the correctness proof of the games to show thayeilay fulfils at least one
condition and that there is no play which fulfils two conditsothat assign different
winners to the play.

Definition 34 Thegame grapltof § = (€,Co,R,W) is a directed grapkV,E) whose
set of nodes is the set of configurationsgfi.e.V = €. Edges in the game graph are
given by

(C,CYeE iff (C,C') isaninstance of arulec R
The game treds the tree of all plays, and is also obtained as the unraggebif the
game graph.
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Definition 35 A game § = (€,Co, R,W) is called finite if the underlying set of
configurationg is finite, |G| < .

It is called ofperfect informatiorif at every moment of the game both players have
full knowledge about the actual configuration and the hystidrthe play. This means
their strategies can make use of the entire history.

Note that our definition of games does not allow hiding of indation. We do not
formalise this since all the games in this thesis are of perfgormation. All of them
are finite provided that underlying transition systems angefiapart from the ones of
Section 9.2.

The definition of the winner of a play gives rise to the winnea@ame: playep is
said to win a particular gamg if p can enforce a play that is winning for herself. In
other terms, winning a game is short-hand for having a wigsinategy for that game.
Note the crucial difference between winning a play and wigra game.

Definition 36 A winning strategyfor p in a game§ = (C,A,Co, P,W) is a partial
functionn : ™ — C satisfying

e if (Cp,...,Cn) € PandA(C,) = pthenn(Cy,...,Cy) is defined, and

e if p always chooseg(Cy,...,C,) at this moment then he or she wins every

3

possible resulting play regardless of their opponent’s @sov

If p has a winning strategy for G then thegame tree for player s derived from the
full game tree in the following way.

e For every finite prefixCo,...,C, of a play s.t.A(C,) = p discard all subtrees
except the one starting with(Co, ..., Cy).

e Retain all other nodes.

The game tree for playgs can be seen as either a determinisatiomp’sfrole in the
game, or a representation of the winning stratggy
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A class of games has the propertyddterminacyif for every possible game of this
class one of the players has a winning strategy. Note thaebgition at most one can
have a winning strategyermelo’s Theorefran important general theorem that proves
determinacy for most games of the following chapters is dnb® earliest results in
game theory. Actually, Zermelo was concerned with the qoesif whether or not
there is a winning strategy for a chess player.

Theorem 37 [Zerl3] Let§ be a 2-player game of perfect information, s.t. every play
is of finite length and has a unique winner. Then one of thegotaijras a winning
strategy forg.

Much stronger results have been found since, mostly refaitie requirement that
plays can only be of finite length. See the Gale-Stewart TdrapfGS53], and Martin’s
Theorem, [Mar75], for example.

We introduce two different types of gamestodel checking gamesnd satisfiability
games A model checking gamé&«+(s,¢) is played on the set of states of an LTS
T=(8,{-2|ac A},L) with sc 8, and the set of subformulas of a formupaof
one of the logics introduced in Sections 2.4 and 2.5. It igygl&’s task to show that
T,si= ¢ whereas playet tries to show thafl, s|= ¢.

A satisfiability game5(¢) is played on the set of subformulasdaf Playery attempts
to show thatp is not satisfiable whereas play#s task is to show thap is satisfiable.

The goal of the following chapters is to characterise motlecking and satisfiability
checking problems for the logics of Sections 2.4 and 2.5 iaragrtheoretic way. This
means the rules and winning conditions of the games need tefiged such that a
player has a winning strategy for a particular game iff thenametical property he or
she intends to show is true.

In general the correctness proofs split up into two partsnsoess and completeness.
A class of games for a logic and possibly a class of structisresund if, whenever
player 3 wins a game then the corresponding semantical propertysholthis is
equivalent to saying that play&rwins if the semantical property fails. It is complete
if the converse holds: playérwins if the semantical property is true.
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Definition 38 A class of model checking games for a logiand a class of structures
X is closed undedual gamesf the logic is closed under negation and

¢ for every rule that requires playgrto make a choice on a formudathere is a
dual rulein which playerp makes a choice on the negated formdiJand

e for every winning condition for playep there is adual winning conditiorfor
playerp s.t. every occurrence of a formuais replaced by its negatiap

Then for everyGs(s, ¢) of this class of games there is the dual ggin¢s, §) for the
negated formula.

Theorem 39 (Duality principle) LetS+(s,¢) be a model checking game of a class of
games which is closed under dual games. Player p @irts, ¢) iff player p wins the
dual gameGy (s, ).

PROOF Suppose playep wins G5(s,¢), i.e. there is a strategy fqy which enforces
a winning play forp regardless ofp’s choices. Therp can use this strategy in the
gameS+(s,®) because whenever he has to make a choice then by dualityithare
corresponding rule which requirggo make a choice i§+(s,¢). This way, regardless
of playerp’s choices, he is able to enforce a winning play for himsedinely one that
is dual to a winning play fop in G5(s,¢). Thus, he or she wings(s,9). =

Fixed Point Constructs and Unfolding

The way fixed point operators are handled in the games of th@nxiog chapters is
calledunfolding Whenever a fixed point construct occurs it is simply repdialog its
defining equation. This i®cally correct because a fixed point can by definition be
replaced with its defining equation without changing its aatits. Howeverglobal
correctnessnust also be obeyed which distinguishes least from greftest points.

If a fixed point constructX gets replaced by a formul&(X) then at some point
later in a playX can occur again since game rules follow the syntacticatgira of
formulas. In this case we call regeneratingf its second occurrence stems from the
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unfolding. Note that sometimes configurations are setsXxanduld get unfolded but
then disappear since the play might follow another pathémsymtax tree of (X). On
the other handX might appear in a later configuration again if it occurs asd@unula
of another formula in there. In this caXeis not regenerating.

A least fixed pointis only found if the corresponding constiig not unfolded infinitely
often. Suppose it is, i.e. there is an infinite play in whicheatain configuratiorC
occurs infinitely often. Moreover, suppo§efeatures a least fixed point construct.
Since the game rules follow the syntactical structure ofmiglas and fixed point
constructs are unfolded the situation at hand can be irgesgin the following way.

The truth value of the least fixed point construct in a certaintext depends on itself.
Note that the context is given by everything else€imhich can be other formulas, a
state of a transition system, etc. In other words, the tratherof thej-th unfolding of
the construct is actually determined by i unfolding wherd < j. This argument
can be iterated down the sequence (2.2). Atthe end of thisepeg there is the bottom
elementl of the underlying lattice. For model checking and satisfiglshecking, the
lattices can be regarded as boolean in some way, i.€. ieaisually the booleafalse
Thus, an infinite unfolding of a least fixed point constructicates that, regardless of
where one starts in the sequence (2.2), it is alwayisat determines the truth value of
the fixed point construct. Hence, it is not fulfilled.

The same argument applied to greatest fixed points showsathatfinite unfolding
corresponds to the construct being true in the actual costexe the top element
will be the booleartrue in some way.

Greatest fixed points are in every way dual to least fixed pdinus, in order to refute
a property described in terms of an explicit or implicit giesst fixed point constructor
one must eventually leave the unfolding.

This has consequences for model checking and satisfialsliggcking games.
Depending on the nature of configurations of a game, one opldgers will have
the task to explicitly show the regeneration of a least oatgst fixed point construct.
For instance, if configurations are sets of formulas thatisterpreted conjunctively
then playei’ will win if he is able to show the regeneration of a least fixeihpin this
set. If there is a regenerating one then it will be false agiogyto the argumentation
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above. By the nature of these configurations they will besfalbich is what playeY
wants to show. On the other hand, regenerating greatestpoiadls are uninteresting
in such a situation since they are fulfilled which does noédweine the truth value of
a conjunction.

2.7 Winning Strategies

The history of a prefixCo,...,C, of a play which is in the actual configuratid@zy
is the sequenc€y,...,C,_1. Remember that in general winning strategyis a
partial functionn : € — €. A winning strategyn is called history-freeiff for all
sequenceSy,Cy, ...,CyandCo,C;. ..., C, and configuration€: n(Co,Cs ...,Cn,C) =
N(Co,Cj....,Cy.C). Thus, it can be seen as a function of the typec — € since the
player’s choices only depend on the actual configuration.

If winning strategies for a game are history-free, then games can be represented
as a graph. The graph representation simply results frontré@erepresentation by
identifying nodes in the tree that represent syntacticadjyal configurations. Since
the winning strategies for the underlying game are assurmdzkthistory-free, the
winning player’s choices only depend on the actual configoma Thus, the choices
are always the same regardless of the position in the tree.clhbices made by the
loser of the game are all preserved anyway.

This has an important consequence for finite games. In thé® ¢he graph
representation of a winning strategy is always finite eveugh a tree representation
of the same winning strategy might be infinite. If this is these then winning
conditions can be simplified. A play of the for@,...,Cy,...,Cny,... with C, = Cy,

can be terminated aft€l,, since the winner of this play is already determined at this
moment.

When considering a game as a tree, namely its game tree, tlom o a subgame
comes for free. It is given by a subtree in the whole game thsewell as a game can
be composed of several subgames, a strategy for a game campesed of strategies
for subgames in a natural way if they are history-free.
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Suppose the set of configuratiof®f a game is partitioned int61, Co, ... s.t. each’;
represents a subgame. Moreover, suppose there are s&jegy2,..., Ni: G — C,
I.e. a strategy can require a player to move into anotheramleg Then they extend to
a strategyn : € — C by

n(C)=C’ iff Ce @ forsomei andn;(C)=C

Fact 40 The union of history-free strategies is a history-free tigg.

This thesis features history-free as well as history-ddpahgames. However, in the
latter case the contained games are not fully history-dégenin the sense that one
of the player’s choices depends on more than the actual ewafign but not on the
entire history of the play so far. They depend on a finite anhofilmformation about
the history of a play.

In fact, the history-dependence is even more restrictede gdlayer's choices only
depend on the order in which a finite humber of configuratioss lbeen visited, but
not on the number of times a certain configuration occurretthénplay. This idea is
captured by the definition oflatest visitation record VR, [McN93, GH82]. For a set
| C € of “interesting configurations”, at any moment of the playgantains the order
in which the elements dfhave appeared in the history of the play.

Definition 41 Let C be the set of configurations of a game with C. A LVRoverl
is a sequenck= Cq,...,C, of configurations with

e Cielforalli=1,...,n,and
e CG#Cjforall1<i< j<n,and
e N< I

Let J denote the set of all LVRs ovér An LVR winning strategys a strategyn :
€ x J — Cthat is winning in the above sense.
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2.8 Algorithms

The games introduced in the following chapters charaedhe model checking and
satisfiability checking problem for various logics (andsdas of transition systems).
This means they provide results like “is satisfiable iff playerd wins the game
associated withp”. The games alone do not yield an automatic procedure tokchec
satisfiability of a formula for example. However, the souest and completeness
results of the next chapters can be used to construct digwsitvhich decide the winner
of a game and thus solve the logical problem.

We assume the reader to be familiar with the notion of a detestic and a
nondeterministic Turing Machine, and thus the basic corifylelasses DTIMEt(n)),
DSPACES(n)), NTIME(t(n)) and NSPACES(n)). For technical definitions and an
introduction see [Pap94]. The complexity classes that bellmentioned here are
defined using these basic classes in the following way.

LINTIME = Uken DTIME(K-n)
PTIME = Uykeny DTIME (¥
NP ‘= Uken NTIME(nK)
PSPACE = Uyeny DSPACENK)
NPSPACE = gy NSPACHNK)
EXPTIME = Uy DTIME(2¢M)
EXPSPACE = Uy DSPACH2KM)

2-EXPTIME = Uyey DTIME(22")

Furthermore, the clasA, of the so-called polynomial-time hierarchy consists of all
problems that can be solved in polynomial time by a deterstimiTuring Machine
with an NP oracle. See [Sto76] for further details on the polyial-time hierarchy.

Note that PSPACE = NPSPACE according to [Sav69].

Another class that will be mentioned in Chapter 9 is co-NRjéneral, the co-class of
a complexity clas€ contains all the complements of language8.in

coC := {L|LeC}
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Alternating Algorithms

The theory of alternating algorithmsproves to be helpful for analysing the
complexities of game-based algorithms. Remember thatetendinistic algorithms
are allowed to guess the next right step in a computationthes one that leads to
an accepting configuration. Co-nondeterministic algongh also callecliniversal
have the ability to guess the next wrong step, i.e. the onel¢laals to a rejecting
configuration. An alternating algorithm can do both. It igmng more than a game
played by two players of which one tries to reach an acceptmgfiguration in a
Turing Machine’s computation by choosing successor cordigans of existential
ones. The other player tries to reach a refuting configundiijpchoosing successors of
universal configurations. This gives rise to the basic caxipf classes ATIME(n))
and ASPACEg$(n)). Classes like APTIME or APSPACE are constructed just Ifert
deterministic counterparts.

Alternating algorithms and the corresponding complexigsses have been studied
in [CKS81]. The results concerning us are the relationslipsveen alternating
and deterministic complexity classes. If a problem can bmdael by an alternating
algorithm using timef (n), then it can be decided by a deterministic algorithm using
space(f(n))%. On the other hand, alternating spaté) can be embedded into
deterministic time 2(f("). Similar results hold for the converse inclusions. Thidgse
the following useful equalities of complexity classes.

ALOGSPACE = PTIME

APTIME = PSPACE
APSPACE = EXPTIME
AEXPTIME = EXPSPACE
AEXPSPACE = 2-EXPTIME

We will make use of these results to give upper bounds on thetexity of deciding
the winner of the games in the next chapters. The size of the for a model checking
algorithm will always be the number of states of the undedytransition systerii and
the size of the formulg where

¢ = Sul¢)|
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Note that the number of subformulasdpfs linear in its syntactical length.

Local Algorithms

Regarding the model checking problem we distinguish betvie® different kinds of
algorithms: global andlocal ones. A model checking algorithm is local if it fulfills

two conditions:

1. It must be local with respect to the formula. This mean®é@sinot necessarily
exploit the entire game graph of a game because the evaiuatidisjunctions
and conjunctions ison-strict if a disjunct evaluates to true then the other can
be ignored. The condition is dual for conjuncts.

2. It must be local with respect to the transition system. sTinieans it avoids
necessarily exploiting the entire game graph by consmmgcthe transition
systemon demand If the evaluation of a subformula on a successor state
determines the truth value of a superformula on the predecasate then other

successor states are not examined anymore.

The second condition implies that the algorithm does nanfjito arbitrary states in
the transition system at hand. Any model checking algoritfoinsatisfying these two
conditions will be called global.

This is just one definition of locality and by no means the qugsibility.

For verification purposes local algorithms are desirab@y\|VY91]. Since the
transition systems used there tend to be very large it iStlglpuse algorithms that do
not need to allocate space for the entire game graph at therfieg of their execution.

Note that an algorithm can be local and still construct a ggraph completely. This
is for example the case with universal properties for whigdré is no counterexample.

The Subformula Property

Another requirement for model checking and satisfiabilltgcking algorithms is the
subformula propertyln order to make these algorithms useful for verificatiorposes
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they should only work on subformulas of the input formula. ppose playeiv's
winning strategy in a model checking game is used to illtstizat a transition system
fails to have a certain property given by the input formuldeTubformula property
guarantees that the overall failure is linked to play&srmoves in the game. This is
because the syntax and the semantics of formulas are defidectively.

One way of defining games for the temporal logics introduce&ection 2.4 is to
translate them into the modgaicalculusl , as was shown in [Dam94] for CTL Then,
the £, model checking games from [Sti95] can be applied to the kaded formulas.
This violates the subformula requirement and makes it rarthe user of a verification
tool to understand why a certain property fails if the fa#lis demonstrated to the user
by letting him play against the tool's winning strategy.






Chapter 3

Background

| can’t believe it! Reading
and writing actually paid off!

HOMER J. SMPSON

3.1 Tableaux

A tableauis simply a tree whose nodes are labelled in some way. The saggests
that originally they were table-like structures. When gdibleaux to decide the model
checking or satisfiability checking problem for modal anthp®ral logics the node
labellings are usually formulas or sets of formulas or oneghafse plus states of a
transition system. A branch of a tableau tree comes with ¢tiem of being successful,
and a tableau is successful if all its branches are.

Branches are sequences of configurations which are built &@et of rules in a very
similar way to game rules. Usually, existential construotthe underlying logic are
reflected by choices in the tableau rules while universastroots cause a branching
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in the tree. Fixed point constructs are unfolded and cannpialy lead to infinite
branches.

A tableau-based model checker or satisfiability checkengts to build a successful
tableau for a formula, resp. a formula and a state of a trianssystem.

The logical problem at hand is characterised by the questiovhether there exists a
successful tableau for a formula (and a state of a transsyistem). While a successful
tableau witnesses a positive instance of the problem at lilagick is usually no witness
for a negative answer. For example, a formula is satisfidhileere is a successful
tableau for it. Hence, it is unsatisfiable if all possibleléanx fail to be successful. l.e.
unsatisfiability is a universal property which in this wayhoat easily be illustrated to
hold.

Tableaux, as they are used nowadays, have two differens,r@osyntactic and a
semantic one. The history of syntactic tableaux dates ba¢ke work of Gentzen
who used tableaux for syntax-directed proofs in classiogicks, [Gen35]. His work
has been extended to modal logics, for example in [Cur525Kjan

Tableaux systems with a semantic flavour are rooted in th& wbBeth who was
also studying classical logics, [Bet55]. With the introtlan of Kripke semantics,
these tableau systems became interesting for modal logie®l, [Kri59]. Moreover,
Hintikka structures, [Hin69], which are based on Smullgasémantical tableaux,
[Smu95], have been used to decide modal and temporal logie=kh, [EH85].

These two routes merged later on when it was realised thgtate essentially the
same, [Zem73, Rau79, Fit83]. Nowadays, syntactic tableaug their applications in
proof theory while semantic tableaux are mostly used foomatted reasoning, i.e. to
decide whether a given formula is valid for instance.

Tableaux have been used to solve model checking and satigfiabecking problems

for modal and temporal logics, [Gor99]. One of the reasonstlie usefulness of
tableaux for these logics is the tree model property whithhal logics discussed in
this thesis possess. [Pra80] for example used tableauxctdedsatisfiability of PDL.

A successful tableau basically incorporates a model fofdhaula at hand.

Recently, tableaux have also been used to decide satigfiadfilLTL formulas, for
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example in [LPOO] and [SGL97]. The latter construction usgsrvals of points in
a possible model for the formula. In contrast to this, thdgabx of [LP0OO] work
on subformulas of the input formula only. They also are usedlitain a complete
axiomatisation.

The advantage that tableau-based satisfiability checkiegsas the close connection
between the syntactical structure of the input formula &edébleau which witnesses
a semantical property. Tableaux could be used to constamplete axiomatisations
for various logics. This is because completeness of an asigstem is a connection
between syntax and semantics: every consistent formula beisatisfiable, see
Chapter 7 for details.

[EH85] gives a tableau-like decision procedure for satisliiz of CTL formulas and
uses the tableaux to prove completeness of a certain axgatiah. This usually
involves a processing of the tableaux in order to constructodel for the formula
at hand. Other tableau approaches to decide the satigfigtnitiblem for branching
time logics can be found in [EC82, BAPM83]. [Eme85] statex they are essentially
the same together with the maximal model constructions ¥W@&b, SVW83].

The completeness of PDL was shown in a similar way, based ersdtisfiability
tableaux from [Pra80], see [KT90] for details.

Atableau model checker for BLTL was given in [LP85]. Its rumgtime is exponential
in the size of the formula but linear in the size of the undedytransition system.
This was the reason to believe that despite the relativgllp bomplexity LTL model
checking can efficiently be done since formulas tend to belsniale a transition
system usually forms the biggest part of the input to a moldetker when the number
of states is taken as the size of a transition system.

A local tableau model checker for CTlwas given in [BCG95]. In fact it is a model
checker for BLTL which is not surprising since it has beeneslied that model
checking for LTL and CTE is basically the same. This means both problems are
easily reducible to each other. A CTiformula can be seen as a collection of BLTL
formulas.

In general, a CTE model checker has to determine whether a path quan@igtolds
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in a certain state of a transition system. This only depends®and. Doing this
inductively one can assungeto be free of path quantifiers. Thus, in cas€f A the
input is a transition system and a BLTL formula.Qf= E then one can model check
the BLTL formulaA@ and negate the result to establish whether the state safgfie
We will also make use of this observation in Section 5.2.

3.2 Automata

An automatons a simple technical device that takes an input, runs ondtarnputs
either yes or no. According to Church’s Thesis, Turing Maelsi are the most
general automata. Several downgraded versions of them allysialled automata
for short — have been defined since, mainly to capture leeleedChomsky hierarchy
algorithmically.

In the setting of linear time temporal logic one regards méta over strings or words.
A string is a finite or infinite sequence of symbols over an alpt>. Let>* denote
the set of all finite strings ovex andX=® the set of all infinite strings ovex.

In general, an automaton consists of a finite set of statdsanitistinguished starting
state, an acceptance condition, a memory and a transitiotifun. Its behaviour is
determined by the transition function which, applied to aent state, a position in the
input string and the state of the memory, yields the nexta&iate, a possible change
of the memory and a new position in the input word.

A run of an automaton is a sequence of configurations consistitigecfictual state,
the content of the memory and the position in the input wond aétomaton accepts a
word if, beginning in the starting state, the run inducedh®ytransition function meets
the acceptance condition. The set ofwalE ¥, s.t. automatomd acceptsw is called
thelanguage accepted b and denoted.(A). The same holds of course faf°.

Several different acceptance conditions for automata fanite structures that lead to
different types of automata have been used. The most impantes are the following.

¢ Biichi automataA run must visit at least one state of a given set infinitetgof



3.2. Automata 61

e Rabin automataIn a given set of pair$F,Gj), i = 1,...,n, there is a pair of
sets of state§h, Gk) s.t. at least one state @ is visited infinitely often while
states irF are only visited a finite number of times.

e Streett automataln a given set of pairéF.G;), i = 1,...,n, every pair(F,G;)
satisfies the following. A state iG; is visited infinitely often or all states iR
are only visited a finite number of times.

e Muller automate For a given set of sets of stateg ..., F, there is an s.t.
contains exactly those states which are visited infinitégroin a run.

e Parity automata Each state is assigned a natural number called the padigxin
The least index which is seen infinitely often in a run must\ene

Biichi used finite automata to obtain a decision procedureSérond-Order Logic
of One Successor FunctidilS, a generalisation of Presburger Arithmetic, [Pre29].
The acceptance condition of these memoryless automata isjsastated above, the
existence of a certain state that is visited infinitely oftera run. In particular, he
showed that for every formul@ of Monadic Second-Order Logic with a Successor
Relation over Infinite String®1SO[<], there is a finite-state automatai s.t.

L(Ag) = {weZ¥|wko}

An infinite stringw can be regarded as a mathematical structure whose unigetse i
set of natural numbers representing the positions of thegstMonadic predicates are
interpreted as labels on the positions, resp. letters ofttiieg.

Furthermore, the converse inclusion also holds. For evetgraaton there is a formula
whose models are exactly the words accepted by the automgtos, MSQ<| defines
exactly the regular languages.

Star-free languages, a genuine subclass of regular laeguagre shown to coincide
exactly with the class of languages definable-irst-Order Logicwith a successor
relation over strings FO, [Tho79]. In [Kam68] it was showrath. TL with past
operators is expressive complete, i.e. that it defines Bxdwise properties that are
expressible in FO. This is based on the observation thatfamtepathmm= ss; . .. of
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an LTS where they are labelled with elements &t is nothing more than an infinite
string over the alphabet’2

Automata for Linear Time Temporal Logic

Since all these results relating to automata and temporalulas are constructive
then finite-state automata can be used to decide the modekinlgeand satisfiability
checking problem for LTL. Given a € LTL one can build the corresponding
automatonAy that accepts exactly the models pf Model checking for a woradv
and ¢ is done by testing whether the run inducedwys accepting. Satisfiability
checking is done by testing whether the language acceptef liy non-empty.

In order to decide LTL the nondeterministic version of th&sehi-automatgroved

to be helpful, [VW86a, SVW83]. These guess truth values @ffaumulas at every
position of the path, and their transition function is usedtieck whether the guesses
are correct. The non-emptiness problem for these autonaatebe decided using
polynomial space, [Var96].

To do model checking for BLTL, i.e. to test whether all pathfsaogiven total
transition system satisfy a linear time formula, the traasisystem is interpreted as

a Buchi-automatof as well. This is done by regarding every state as final. Hence,
every run of the transition system is an accepting one sinoedessarily visits a final
state infinitely often.

T is then paired with the automaton for the negation of theiifgunula. The product
automatorJ x Ag simulates runs off and Ay in parallel. Model checking BLTL
is then reduced to checking for language inclusion betwhesd automata which is
nothing more than an emptiness test on the product automaton

forall pathsmof T: mi=¢ iff L(T)CL(Ay) iff L(TxAg) =0

Again, this is possible using polynomial space.

The translation from LTL formulas into nondeterministiei@ii-automata can yield
automata that are exponentially larger than the formulaatidh However, the
non-emptiness problem for Buchi-automata is just NLOGSBPAomplete, [VW94].
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On the other hand, [Var96] gives a linear translation fromLLf#ormulas into
alternating Bichi-automata

A nondeterministic automaton allows existential choicei$d transitions. Technically,
the transition function is in fact a relation. Thus, an inpudrd generally induces
several runs. The acceptance condition then quantifiestbese runs existentially,
i.e. aword is accepted by the automaton if there is an actwppiin.

It is easy to imagine universal quantification which resuttsco-nondeterministic
automata. Alternating automata on the other hand allow bbtiices on the level
of a transition. This means there are some configurationstwdrie accepting iff there
is a successor configuration which is accepting, and othéishware accepting iff
all possible transitions lead to an accepting configuratidhe run of an alternating
automaton is a tree of configurations which is nothing moas th system of boolean
equations. It is accepting iff the corresponding system &asolution. For this
correspondence configurations are regarded as booleasblesj nondeterministic
choices are translated into disjunctions while co-nordatésm is modelled by
conjunctions.

This approach is more natural when translating formulas auitomata since they
usually feature existential and universal constructs. sThuis not surprising that
the translation from LTL into alternating Buchi-automagi@en in [Var96] basically
follows the syntactical structure of the formula. Disjuncs are translated into
nondeterministic choices, conjunctions into co-nondeieistic ones, fixed point
constructs are unfolded, etc.

Since these automata are more succinct, their non-emptpreblem is expected to
be harder than the one for nondeterministic Buchi-autamaar96] showed that it is
PSPACE-complete.

The route via alternating automata promises better efiogiethan the one using
nondeterministic automata because the costly operati@ppdied after the cheap
one: emptiness test after translation. For nondeterningitomata the former is
easy while the latter is hard. Generally, the compositiommfexponential function
with a polynomial yields a function which is asymptoticallprse than a polynomial
composed with an exponential function. Consider for exantpe two functions
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f(n) = 2" andg(n) = n?2. Thengo f = o(f og) becausggo f)(n) = (2")2 = 22"
and(fog)(n) = 27

Automata for Branching Time Temporal and Modal Logics

For branching time logics as well as modal logics, automatr @trings are not
applicable. This is simply because models of branching fomaulas are not strings.
However, the general idea of using automata to decide theeimdukecking and
satisfiability checking problem for these logics is stilhaidsible. The right machinery
in this case are automata over trees.

Rabin noticed that Biichi’s work on Monadic Second-Ordegicavith One Successor
Function can be extended to MSO with several successoiomtatThis is the natural

logical framework for trees instead of strings where sona abde are considered to
be ordered different successors of the node.

The technicalities for automata over strings carry oveiomata over treex.*, resp.
3@, gets replaced by the set of all finite, resp. infinite, treéh wodes labelled by.
The run of an automaton is necessarily a tree of configuraitamial is accepting if some
condition on its branches is met.

[Rab69] showed that finite state automata over trees acsaptlg those languages
of trees that can be defined by MSO with several successdiomda This defines a
notion of aregular tree languages. Similar to LTL's expressive completenesalt

a fragment of MSO with several successors could be identifiatdcoincides exactly
with CTL*. [HT87] showed that CTt.can be translated intdonadic Path Logic over
infinite binary treedMPL and vice-versa. The name “Path Logic” indicates th& thi
fragment of MSO allows second-order quantification ovehpainly. Later, it could
be shown that the requirement of regarding binary trees calybe relaxed, but then
CTL* only corresponds to the bisimulation-invariant fragmeni®L, [MR99].

Using the observation that a CTlformula is simply a collection of existentially and
universally path quantified linear time formulas one careedtthe approach taken for
LTL to CTL*. The first attempts to use tree automata for testing satiktyedsf a CTL*
formula yielded a decision procedure whose running timausdguple exponential in
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the size of the formula. The reason for the high complexityésneed to determinise
automata in an inductive process and the testing for norntiaegs. Determinisation is
necessary because of the following.

Consider two paths with a finite common prefix and a CTormulaA¢. Even if ¢
holds on both paths the automaton in general has to gues$ htb it is going to
follow while it is still processing the common prefix.

One of the four nested exponents in this approach resulis filwe translation

of LTL formulas into nondeterministic automata over stsngith an acceptance
condition using pairs. Then using McNaughton’s constarcfor the determinisation

of these automata causes a double exponential blow-up otut@maton’s size,

[Buc62, McN66]. Finally, checking for non-emptiness oe#le automata needs
exponential time.

In several attempts the complexity could be pushed down termhnistic triple
exponential time, [ES84], nondeterministic double expuia time, [Eme85], and
finally deterministic double exponential time, [EJOO]. Sheoptimisations exploit the
fact that automata resulting as a translation from Chave a very special structure
such that complementation and non-emptiness test can leendore efficiently than it
is possible in the general case, [Saf88, MS95, Tho99]. Ir8B]& was shown that the
last result is optimal.

The downside of this automata-theoretic approach is thetfeat determinisation

only preserves the semantical connection between a forandaan automaton. The
syntactical relationship, however, is destroyed. Thides treason why automata for
example are believed to be of no use in constructing a compleibm system for

CTL".

There is one thing that distinguishes the branching timmfttoe linear time framework
conceptually. For linear time logics the model checkinghtean as well as the
satisfiability checking problem can be reduced to the inoluproblem for languages
of infinite words. Remember that automata-based model ahgdkr BLTL is done
by checking language inclusion between two Biichi-autamat

In the branching time setting, the model checking problenmoé easily be reduced
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to a language inclusion problem. Instead, formulas arestad@d into automata that
accept trees, i.e. to check whether a given tree satisfiasraifad, one has to test for
membership of the tree in the language accepted by the atdormarresponding td.
This holds of course for general transition systems as weitkvcan be unravelled to
atree.

TsEo iff Re(T) e L(Ap)

whereRs(T) is the unravelling ofl with respect to the state

This conceptual difference has consequences regardingetfigiency of the
automata-theoretic approach to branching time model ¢hgck

The model checking problem for CTL for example is PTIME-cdet@. [CES83]
gives a decision procedure that runs in linear time in bothdize of the transition
system and the formula. The satisfiability checking problemthe other hand is
EXPTIME-complete.

The gap for CTL is even wider: model checking is PSPACE-complete, [EL87],
while satisfiability checking is 2-EXPTIME-complete. Fof C' the model checking
problem was shown to bAs-complete, [LMS01]. The satisfiability problem is in
2-EXPTIME and EXPTIME-hard. There are known exponentialdobounds for the
translation of CTL formulas into CTL, [Wil99, AIO1].

These results make the approach taken for linear time fasmséem unfeasible for
branching time logics. Solving the model checking probleynbhilding automata
used for satisfiability testing cannot lead to optimal decigprocedures unless the
translation yields suitably small automata.

Another technical problem dates back to Rabin’s work on &ne@mata. Remember
that they were originally used to decide MSO withsuccessor relations) € N.
Therefore, those tree automata work on trees in which evedg thas exactlyn sons.
For satisfiability checking this is no impediment since ak fogics discussed here
preserve bisimulation. Thus, if a formula has a tree modeVhich every node has
at mostn sons then it is also satisfied by the tree which results froenotiiginal one
by duplicating subtrees such that every node has exactigns. This is, however,
not possible in model checking where the underlying treeeisveéd from a transition
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system in which states can have arbitrary and differentegprees.

[KG96] uses automata with flexible transition relations ttleapt to various
out-degrees of a node of a transition system. It also gsealtaneous treewhich
allow different nodes of a path to be visited simultaneoushe CTL model checking
problem is then reduced in linear time to the non-emptinesisipm for these automata
and trees which can be checked in quadratic time.

Later, [KVWOO] used alternating automata over trees to @e¢he model checking
problem for CTL. It is observed that the linear translatiooni CTL formulas into
alternating automata yields automata of a special stracsa-calledveak alternating
automataalready identified in [MSS88]. The product of these witheangition system
IS an even more special structure, a so-calleditant alternating automatorModel
checking CTL is then reduced to the 1-letter non-emptinessipm for these automata
which can be decided in space linear in the size of the forranthpolylogarithmic in
the size of the transition system.

The same approach works for CThs well. Not surprisingly, the automata resulting
from this translation admit a less efficient non-emptindssck. [VBO0O] describes
how non-emptiness checking for these automata can be seegamse which can be
implemented efficiently.

[VW86Db] showed that Biichi automata on infinite trees can keduto decide
satisfiability of PDL formulas as well.

3.3 Games

In computer science games have often been used to providedanstandable account
of a certain problem. It is maybe because games are part ofdase life that
game-based solutions are considered accessible. In faoty situations besides
obvious games can be defined in terms of two players and thennafta play which is
won by one of them. An exam is nothing more than a game betweeexaminer and
a candidate in which the candidate wins iff he or she is abpedduce correct answers
to at least half of the examiners questions regardless of extatly they are.
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Besides the area of logics in computer science, games hew@iaved useful in other
fields like combinatorics, [Dem01], or programming langesgemantics for example,
[Abro7].

Probably the most commonly known example of a logical gaméha of an
Ehrenfeucht-Fraissé game which is played on two matheatadtructures in order
to establish whether a formula of a certain logic can distisky them from each other,
[Ehr61, Fra54].

In Ehrenfeucht-Fraissé games two players take turnsloudag or picking elements
of one of the structures such that playalways has to reply to play&fs moves in the
other structure. The moves are designed for a certain logir obtain a result of the
following form. Playerd wins the game of length on X, andX, iff for all n-tuples

ks of X1 andk, of X, and all formulash(xy,...,%n) € £ with n free variables

j(:l,Rl‘:d)(Xl,...,Xn) iff J(:z,Rz):(I)(X]_,...,Xn)

Remember that a model checking game is played on a struchdeaaformula
in order to establish whether the structure satisfies thendita. In this respect,
an Ehrenfeucht-Fraissé game can be seen as two modelirpagkmes that are
synchronised on the formula component. If one of the modetkimg players makes a
move in one structure then this is guided by the underlyimgntda. Thus, for the other
structure to also (not) satisfy the formula at hand, the samoee must be possible in
the other structure.

Ehrenfeucht-Fraissé games have mostly been used faicdhsogics like First- or
Second-Order Logics and fixed point extensions of them. iBhimecause they have
become the main tool to separate logics from each other mst@f their expressive
power. This is done by finding two structures such that playdras a winning
strategy for the game corresponding to one logic while playwins all the games
corresponding to the other logic.

Separation results for these logics are important in Fikitelel Theory since many
complexity classes have logical characterisation. NP %angle corresponds to the
existential fragment of Second-Order Logdig, [Fag74], and on ordered structures
PSPACE is characterised by First-Order Logic with PartideB Points FO+PFP,
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[Imm82, AvV97], while First-Order Logic with Least Fixed iRds FO+LFP captures
PTIME, [Imm86, Var82]. For surveys see [Imm89] and [EF95].

Ehrenfeucht-Fraissé games for modal and temporal Idgige not been studied with
such intensity. This might be because it is easier to ob&gaation results for these
logics in a direct way, see the section on their expressiveep® at the end of this
chapter.

On the other hand, Ehrenfeucht-Fraissé games for logitts extremal fixed point
constructs are interesting because they provide insigbt time question about the
differences between fixed point and general quantifiers.effeucht-Fraissé games
for L, can be found in [Sti96a]. For basic modal logics, i.e. modaids without
any recursion mechanism like fixed points in FLC 0y, or the Kleene-Star in
PDL programs, Ehrenfeucht-Fraissé games coincide witplse bisimulation games,
[Sti96al].

In computer science, modal and temporal logics are widelgduBr program
specification and verification purposes. Not surprisingbmes for these logics deal
with problems arising in this area as well. Besides the moldetking and satisfiability
checking problem there is program synthesis for exampleo9b].

The basis for most of the games in this thesis is [Sti95] whey@me-based approach to
L,'s model checking problemis presented. In these gamesalyersl essentially move
one pebble through the underlying transition system andlmoeigh the syntax tree of
the formula at hand. Moves are guided by the formula, andgpsagto not necessarily
take turns to move. The winner of a play is determined by amatdormula, or

a situation in which one of the players cannot move anymare, condition on the
visited formulas in an infinite play.

This condition concerns the occurrence of fixed point carcss: In fact, the winner
is decided by the fixed point type of the outermost variableuaing infinitely often.
This is where the strength of games for modal and temporat$otpn be seen. The
winning condition is very natural to the underlying logiacamot too hard to understand
for those who are reasonably familiar with least and gredibe=d point in general.

Computationally£,’'s model checking problem is relatively hard since no polyied
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time algorithm has been found for it so far. However, the peoitls complexity is

entirely captured by the task of finding a winning strategy doe of the players.
Checking which player wins a particular play is easy. Butsithe definition of a

play rather than a game which provides understanding of tbegoty expressed by a
formula.

Games have also been used in a less direct way for two othblepns concerning

the logics dealt with here. [VBO0O] defines games to determihether the language
accepted by a CTLmodel checking automaton is empty. [NW97] builds tableaurx f
L, formulas and uses games to test whether particular brarutttbese tableaux are

successful.

Comparisons

Tableaux, automata and games are not entirely differeritniqunes. Often, it is
possible to turn one of them into another.

The easiest transition is made from games to tableaux. Giverodel checking or
satisfiability game as the ones in the following chapters,ghme tree for playet is
nothing more than a tableau for a formula (and a state of aittan system). The
duality property of the games automatically yields refgtiableaux. These are player
V’s winning strategies. To define a tableaux system formatiynfa given game one
would usually replace the notion of a play with a tree in a waat playerd’s choices
remain as they are while play@is choices correspond to a branching in the tree. Thus,
a play would be a branch of the resulting tree. A branch oftileis is successful iff it
fulfils one of playerd's winning conditions.

The transition from tableaux to games is not much hardereGa/tableau system for

a logic it can be turned into a game in which playechooses the form of successor
configurations to the actual one while playeselects the path to follow through the
tableau. The notion of a successful branch must be translaiea winning condition
for player3 while playerV’s winning conditions need to be made complementary to
them such that a branch is not successful iff it correspomdsatinning play for player

V.
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Often, alternating automata are seen as games. In facthi¢ ison-emptiness test of
the language accepted by an alternating automaton whiclRiplayer game. The

configurations are the automaton’s states while playerwinning conditions are

derived from the automaton’s acceptance condition. An @toog run can then be

seen as a game tree for player

Conversely, playel/’s game trees, i.e. witnesses for the failure of a propentg, a
accepting runs of the dual automaton in which nondetertigrasid universal choices
are swapped, and the acceptance conditions are dualisisds particularly easy if the
automaton is of a type whose acceptance conditions aredalmsker complementation,
for example Rabin or parity automata. This is why games spwad more closely to
these kinds of automata rather than Bichi automata, [Ente®801].

Finally, there is a close connection between automata doldaax as well. The
transition table of an alternating automaton is in fact deai. Note that from an
existential point of view an automaton chooses the nexé stahdeterministically if
the actual one is existential, but spawns off copies thasimltaneously in a universal
state. This corresponds exactly to the idea underlyingetablules described above.
See [Eme85] for details.

3.4 OQOverviews

Model Checking

Figure 3.1 lists the most important publications in the aséanodel checking for
the logics used in this thesis€, and Lﬁ are included for the sake of completeness.
Moreover, because of embeddings some of the result§ fazarry over to PDL for
example. To the best of our knowledge automata-based mbdekmg for PDL has
not explicity been published but it can easily be obtainedflautomata foﬁﬁ. The
complexity remains the same.

The empty fields in th@ﬁ row are due to the fact that tableaux or gamesgrcan
easily be simplified to yield tableaux and games it(ﬁr Again, as far as we know
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logic tableaux automata games others
[LP85]
[SVW83] .
BLTL [BCGI5] Section 5.5
[VW864a]
[GPVW95]
[CES83] .
CTL [BCGI95] Section 5.3 [QS82]
[BVWO4]
[BVW94] .
CTL* [BCG95] Section 5.2
[VBOO]
CTL* Section 5.4 [LMSO01]
[FL77]
PDL Chapter 4
[AIOQ]
FLC [LS02a] Chapter 9
SW91
L, ! ] [BVW94] [Sti95] [Eme97]
[Cle90]
[And94]
0 [MSS92]
Ly [CS92]
[BVW94]
[BC96]

Figure 3.1: The history of model checking.
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the model checking problem for CTLhas only been addressed in [LMS01] using a
reduction technique.

We do notinclude LTL in this table since model checking faekr time temporal logic
is only really interesting if it is interpreted over all patbf a total transition system,
i.e. if BLTL is considered in fact.

Remember that for branching time logics the detour via gahlisity checking
automata is not feasible for model checking. In the FLC cageriot even possible
since satisfiability checking is undecidable. Consequetite right automaton model
for FLC formulas is one whose membership problem is decaaithough the
emptiness checking problem is undecidable. Section 9I2wugjgest that alternating
tree pushdown automata could serve as the right choice foraata-based FLC model
checking. This is also hinted in [Lan02a] where a transtafrom FLC interpreted
solely over linear models into alternating pushdown autanaaer finite and infinite
words is given.

Satisfiability Checking

Figure 3.2 lists the most important publications concegrilme satisfiability checking
problem for these logics. Here, there is no distinction leetwLTL and BLTL since
a model for an LTL formula is also a model for the correspogdBLTL formula.
Conversely, every path of a model for a BLTL formula is also adel for the
corresponding LTL formula. Thus, a BLTL formula is satistalif its LTL pendant is
satisfiable.

The empty tableaux for CTLfield is due to a conjecture stated by Emerson that
determinisation is essential for checking satisfiabilityGIL* formulas. Therefore
there would be no tableau-based decision procedure for*CTLhis is refuted in
Chapter 8. The winning strategies for the games introducerktcan easily be seen as
tableaux for CTL.

The empty fields in the games column will be addressed at tdeoérhis thesis
regarding further work. It is not entirely clear whether [N} should be listed under
tableaux or games or both. In fact, the method proposed theles tableaux for,,
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logic tableaux automata games others
[LPOO] [SVW83] . :
LTL Section 6.1 [Fis91]
[SGLI7] [VW86a]
[CE81] :
CTL [VW864a] Section 6.2 [EH85]
[BAPM83]
[ES84]
CTL* [Eme85] Chapter 8
[EJOO]
CTL*
. [FL77]
PDL [Pra80] [VW86a] Section 6.3
[Pra79]
[SE84]
L, [NW9I7] [EJ91]
[EJOO]
Lo [BVW94]

Figure 3.2: The history of satisfiability checking.
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logic model checking satisfiability checking
PDL PTIME-complete EXPTIME-complete
LTL PTIME-complete PSPACE-complete
BLTL PSPACE-complete PSPACE-complete
CTL PTIME-complete EXPTIME-complete
CTL™* My-complete EXPTIME-hard,c 2-EXPTIME
CTL* PSPACE-complete 2-EXPTIME-complete
FLC PSPACE-harde EXPTIME undecidable
FLCK PSPACE-complete undecidable

Ly PTIME-hard,e NPNco-NP EXPTIME-complete
LY PTIME-complete EXPTIME-complete

Figure 3.3: The model checking and satisfiability checking complexities.

formulas which are only pre-withesses for the satisfiabiit a formula. To obtain
witnesses a game is played on these tableaux. This can bdifieichpo obtain a
decision procedure fo&‘aﬁ on the same basis.

Again, to the best of our knowledge, the only known decisioscpdures for CTL
are based on regarding the input as a Cidrmula or translating it into CTL.

Complexities

Figure 3.3 shows known lower and upper bounds for the contipnte complexities
of these logics. Again, we includg, andL'fl to allow comparisons. Note that FKC
andL'fl denote all fragments of arbitrary but fixed alternation tiept

PTIME-hardness of the model checking problems follows idly from the
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PTIME-hardness of the evaluation problem for boolean fdasnu Note that all the
logics featured here subsume propositional boolean logic.

PSPACE-hardness of BLTL's model checking and LTL's satmsliig checking
problem was shown in [SC85]. The former also proves that Ciflodel checking
is PSPACE-hard. PSPACE-hardness of FLC’s and ' @odel checking problem
was shown in [LS02a]. A different but unpublished proof wasrfd by Muller-Olm
earlier on.

CTL™’s lower bound for model checking was found in [LMS01] togathwith its
upper bound. All the other upper bounds result from compyexialyses of the work
summarised in Figure 3.1.

EXPTIME-hardness of PDL'’s satisfiability problem was prove [FL77]. Lﬁ’s

and L's EXPTIME-hardness is a consequence of this. The proof ot'€T
EXPTIME-hardness is not a consequence of this but procdedg #he same lines.
This makes it a lower bound for the complexity of CTk satisfiability problem, too.

2-EXPTIME-hardness of CTl's satisfiability problem was shown in [VS85]. [MO99]
proved that FL& and with it FLC and FL& are undecidable for ak € N.

Membership in EXPTIME of PDL’s satisfiability problem wasaostm in [Pra79].
Again, the other results providing upper bounds can be fonrigure 3.2.

Expressiveness

Figure 3.4 shows how the logics discussed here relate to @heln in terms of their
expressive powers.

PDL is easily seen to be embeddable iﬁﬁ) [KT90]. The translation is uniform and,
hence, even preserves the subformula property to somecextée same holds for the
translation of CTL into&ﬁ, as well as the translation frof, into FLC, [MO99].

A translation from CTL into Lﬁ is given in [Dam94]. It does not preserve the
subformula property. This is not surprising if one consgiére complexities for these
logics. Clearly, an embedding that preserves the syntddiicucture of a formula
gives rise to a polynomial reduction from one logic’s sadisfiity checking problem
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FLC
‘ \ —— syntactical fragment
FLC- L
F LC syntactical fragment with
. e same expressive power
Ly 7 FLC .
‘ e semantical fragment
o

T semantical fragment

‘ FLC®t SO _
! \ with uniform translation
CTL*

v
\ ,,..,._,.......,..,.
B CTL PDL

Figure 3.4: Expressiveness in the family of modal and temporal logics.

to the other’s. But the fact that there is a double exponkElatizer bound for deciding
CTL* and the membership df’s satisfiability problem in EXPTIME show that every
translation from CTE to £, has to produce certain formulas of exponential length.






Chapter 4

Model Checking Games for

Propositional Dynamic Logic

Though this be madness,
yet there is method in it.

PoOLONIUS

Model checking games for PDL are played on an ITS (8,{-2:| ac A},L) with
starting states € § and a PDL formula. Player3 wants to show thas = ¢ whereas
playerV tries to shows ~ ¢. The set of configurations of the garfig(s, ¢) is

C = 8SxSul¢d)

A configuration is writtert - P wheret € 8 andy € Sul{d).

The game rules are given in Figure 4.1. They are usuallyevritt

C
CI

(r) pc
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and to be read as: If the actual configurati@mn a play is of the fornC then playeip
performs a choice and the next configuratio® , 1 is C' with the same instantiations
as those fo€. (r) is the name of the rule. A player/choice combination kkeneans
that playerv chooses anfrom a domain which should become clear by inspec@ing
andC'.

One of the reasons for calling the play&sndd becomes apparent in this moment.
A notation likedi can be read as “playet chooses am” but also as “if the upper
configuration is true then there exists athat makes the lower configuration true”.
The same holds for a player/choice combination Yrfkéor example.

An empty p ¢ means the rule is deterministic. In this case it does notenathich
player makes the next move since the outcome would be the Sdreesfore, we omit
player names in deterministic rules.

Another possible game rule pattern is

N T o o P

Here, if the actual configuratio@; is an instance o€ then playerp has the choice
whether the next configuratid) . ; will be an instance o€’ orC".

A disjunction is easy to prove, therefore it is playks task to choose a disjunct with
rule (V). A conjunction is easy to refute. This is done by playen rule (A). Rules
(W), (LD, (D), (GD)s (G)s (1)), ((7)) and([7]) simply apply the equivalences for
PDL formulas with modalities given in Section 2.5 to obtasnniiulas or programs of
smaller size. Some of these equivalences yield boolean ioatnms. In these cases
the following choice using rulév) or (A) has been built into the modality rule already.

Finally, if the actual configuration contains a modality lw#n atomic program one of
the players has to choose a successor state that is reaalhaigea transition labelled
with the program at hand. This is reflected in ru{és)) and([a]).

There are three different types of plays. An atomic formwa be reached in which
case no rule applies. One of the players can get stuck by heiajle to choose a
successor state. Or the play can proceed ad infinitum.
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V) skdoV 1 . ") sk oA b1 v
stk ¢; stk ¢j
Sk <00U01>¢ SI—[GOUOM](P
(W) S (e (V] s a0
) sk (ap; 1) ) sk [ag;a]d
st (ag)(a1)¢ st [ao][a1]d
sk(a")¢ sk [a*]¢
* 3 * \
() stE¢ | st (a){a*)d () s-¢ | sk [a][a*]
sk (00?1 . sk W7o
(?) T@Vl ([?) SFT | sko
st (a) a st [aé a
((a)) o 3 s>t ([a]) o vV st

Figure 4.1: The rules for the PDL model checking games.

PlayerY wins the playCo,Cy, ... iff

1. thereisame Ns.t. C, = tkq and q¢L(t), or

2. thereisame Ns.t. Cy, = t+(a)y and t 5, or

3. there are infinitely manye N s.t. G = tj - (a*)y for somet; € 8.
Player3 wins the playCo,Cy, ... iff

4. thereisame Ns.t. Cy = tHq and geL(t), or

5. thereisame Ns.t. Cy = t+[aly and t5, or
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6. there are infinitely manye N s.t. G; = tj - [a*]¢ for somet; € S.

Example 42 Let T be the transition system consisting of stafeg} with transitions
s-&t andt -25t. The labelling of the statesigs) = {g} andL(t) = {q}. The formula
to be checked is

¢ = ((@%a)")q
¢ says “there is a path labelled wi#s on whichq does not hold until it holds”, see

also Example 16.7 with starting states satisfiesp. The full game tree is given in
Figure 4.2. The players’ choices are annotated at the rigbtaf the rules.

PlayerV wins the plays ending witls - q andt - q because of condition 1. The
rightmost path results in an infinite play that visits the foguration

t={(@%a)")q

infinitely often. Thus, it is won by playeY, too. Playerd wins the other plays with
winning condition 4. She has a winning strategy since shdaae the game into the
positiont - q unless playeY has forced it into a defeat for himself beforehand.

We remark that applying the model checking gamedipfrom [Sti95] to translations
of PDL formulas intoLﬁ results in basically the same games as the PDL model
checking games of this chapter.

Correctness

Fact 43 Rules(V), (A), ((U)), ([U]), ((?), ([7), ({(a)) and ([a]) reduce the size of
the actual configuration. Rul€gx)) and ([«]) can both decrease or increase it. Rules
((;)) and(];]) reduce the size of a program occurring in the actual confijora

Lemma 44 Every play of§s(s,¢) has a uniquely determined winner.

PROOF A play can either be of finite or infinite length. Suppose it isfinite
length. Note that there is a rule for each type of formula pketomic propositions
g. Furthermore, all rules apart frorf{a)) and ([a]) are always applicable in a
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3
stq sk (@7;:a)((a?%a)")d
sk ({@?)(a)((@?%a)")q
v
skJ sk (a)((@?:a)*)q
Is-At

Figure 4.2: The full game tree for Example 42.

corresponding configuration since the players only chooséosmulas. Ruleg(a))
and([a]) may not be applicable in case there is no correspondingiti@m$o choose
in the underlying transition system.

Thus, a finite play must end in a configuration of either of therfst - g, t - (a)
ort F [ay. In the second case, winning condition 2 determines the evinWinning
condition 5 does the same for the third case. For the first cexte that eitheq € L(t)
orq¢ L(t). Therefore, the winner is uniquely determined by winningdition 1 or 4,
too.

Suppose now that the play at hand is of infinite length. Acogrdo Fact 43, this
is only possible if rule((x)) or ([«]) is played infinitely often since all other rules
genuinely decrease the size of the configuration or a progaurring in it. Moreover,
the players must choose the option that increases the sie @fctual configuration
infinitely often.
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Note that, if played chooses in the unfolding of(a*)¢ for example,(a*)$ cannot
occur in the play again. Otherwise it would be a genuine sulbita of itself. The
same holds for player and[o*]¢.

Thus, in an infinite play they will almost always chodse (a*)¢, resp.[a][a*]¢, in
applications of ruleg(x)) and ([«]). Suppose both are played infinitely often, i.e.
there are(a*)$ and[B*]y that occur infinitely often in a play. One of them must be a
subformula of the other, sdf3*|y € Sul{¢). But if playerd always choose&) (a*)¢

in an application of rulé (x)) then¢ will never occur as the formula component of a
configuration in the play. Consequentl§;]@ cannot either.

Hence, in every infinite play either @*)¢ or aja*|¢ occurs infinitely often and the
winner of this play is uniquely determined by winning comalit 3 or 6. n

Definition 45 LetT = (8,{-%|ac A},L) withst € 8§, ¢ € PDL andy € Sul{). A
configuratiort -  of the game5 (s, §) is calledtrueif t =  andfalseotherwise.

Lemma 46 Playerd preserves falsity and can preserve truth with her choicémsyd?
V preserves truth and can preserve falsity with his choices.

PROOF First consider ruléV). Take a configuration

C = tkdoVvde

Suppos€&€ is false, i.et (= o andt [~ ¢1. Regardless of whichplayer3 chooses, the
configuratiort - ¢; will be false. On the other hand, supp@3es true. Thernt = ¢ or

t = ¢1, and played can preserve truth by choosingccordingly. The proofs for rules
(A), ({(U)) and([U]) are similar or dual. The cases of rulgs)), ([x]), ((?)) and([?])
can be reduced to the boolean connectives.

Consider now a configuration
C = tH(au

Suppose is false. Then either A or for everyt’ € §: if t-25t’ thent’ [~ . l.e. if
t has ana-successor then playércannot make the following configuration true.tlIf
does not have aa-successor then there will be no next configuration and cpresgly
playerd cannot make it true either.
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Suppose now that is true. Then there is € § s.t.t -2:t” andt’ = . By choosing
thist’, player3 can preserve truth. The case of r@le]) is dual. n

Note that the deterministic rulés; )) and([;]) preserve both truth and falsity.

Preserving truth, resp. falsity, is going to play an impott@le in the following proofs
of soundness and completeness, Theorems 48 and 49. Con#gquiés going to
be an important part of playefs, resp. playet/’s, winning strategies. However, this
alone is not enough as the next example shows.

Example 47 Take the transition systefiiconsisting of one stateonly with ana-loop
to itself, i.e.s-2s. Consider the formula

¢ = (@) (@t

which postulates the existence of a finite path whose tiansiare labelled witla and
which has at least two states.

The gameSs(s,¢) only consists of unfoldingd and choosing the only possible
transitions-2+s. Note thats = ( for all ¢ € Sul{¢), i.e. regardless of playet's
choices with rule((x)), she will always preserve truth. However, in order to win she
needs to choos@)tt at some point, otherwise playgrwould win with his winning
condition 3.

Therefore it is part of both players’ strategies to choosestmaller of two formulas if
both preserve truth, resp. falsity.

Theorem 48 (Soundness)If T,s ¢ then playeV wins G+ (s, ¢).

PROOF If s~ ¢ then the starting configuration of every play $f(s,¢) is false. We
build a game tree for playef preserving falsity. l.e. whenever a rule requires him to
make a choice the tree will contain the successor configurdhiat preserves falsity
according to Lemma 46. All of playet's choices are contained in the tree.

Player3 cannot win a finite play of this tree since she only wins finiteyp that end in
true configurations. Suppose she wins an infinite play. Thewst contain infinitely
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many false configurations of the for@ =t; - [a*]y for i = 0,1,.... Consider the first
of these. By falsity

to # [a"]g

According to Lemma 15 of Chapter 2, there must be a smdtlesN s.t.

to ¥ [aNw
If C1 =t [a*]Wis reached it can be interpreted as
to - [ Yy

The argument is iterated withy.

By preservation of falsity the play must eventually reachabsd configuratiorCy
interpreted as
te o0y

But [a%y = tt, i.e.Cy cannot be false.

We conclude that the assumptiort@f [o* | being false was wrong and that therefore
player3 cannot win an infinite play either. Hence, playewins G5(s, ¢). n

Theorem 49 (Completeness)If T,sk= ¢ then playerd winsG+(s,¢).

PROOF According to Lemma 13, PDL is closed under negation. Funiuze, the
class of PDL model checking games is closed under dual gamasfer every game
rule there is a dual rule and for every winning condition & a dual winning
conditions, too.

Suppose now thal,s= ¢, i.e. T,si~ ¢. According to Theorem 48, playét wins
S7(s,9). But then playeB wins S¢(s,¢) by Theorem 39, the duality principle. g

Theorems 48 and 49 show that the PDL model checking gameleteaminedi.e. for
every game one of the players has a winning strategy.

Corollary 50 (Determinacy) Player V wins G(s,¢) iff player 3 does not win
9T(S7¢)'



87

Theorem 51 (Winning strategies) The winning strategies for the PDL model
checking games are history-free.

PROOF Consider playef’s winning strategies. According to the proof of Theorem 49,
she needs to preserve truth. Note that the truth value of fagtwation only depends
on its state and its formula component and not on the histoaypday.

Furthermore, if she has the choice between two differentesssor configurations and
both are true, she chooses the smaller one. But the size afcessor configuration
does not depend on the history either.

The situation for playelk/ is dual. Thus, his winning strategies are history-free as
well. ]

PDL over Finite State Transition Systems

The completeness proof of the PDL satisfiability games thilthe presented in
Section 6.3 depends on the fact that satisfiable PDL formhdas finite models.

Theorem 52 (Finite model property) PDL has the finite model property.

PROOF Supposehg € PDL is satisfiable. Then it has a modek (8,{-2s|ac A},L)
with g € 8. Furthermore, there is a successful game Trder player3 and the game
S1(s0,$0). We construct another tréE and show that it is a successful game tree
for playerd as well. Note that for every infinite branc®y,Cy,... in T there is a
[0*]y € Sul{do) s.t. the branch contains infinitely many configurati@nsCi, , . .. with

G, = tj-[o"]y forsomet; €8

To obtain a grapfl; from T we do the following. For every such branch Tnwe
discard the entire subtree beginning with and add an edge fro®, 1 toC;,. LetT’
be the unravelling of; with respect to the starting configurati®:

T = Rey(Th)

In order to show thaf’ is a game tree we need to consider the added edges from
aCj,—1 to aCj,. Regardless of which rule was applied@q_; to obtainC; , the
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pair (Ci,—1,Ci,) is a valid instance of this rule as well. This is because thmida
components of;, andCj, are the same.

Moreover,T' is also a game tree for playér Note that she has a winning strategy for
the subgames starting in any configuratioif pin particularCi, andC;, for any branch.
According to Theorem 51, winning strategies are histogefr Thus, the subgame
starting withC;, can be replaced by the subgame starting @jthwithout effecting the
winner of the entire game.

Note that there are only finitely many different state§ afccurring in a configuration
of T'. Thus, it is possible to define a finite transition syst&m: (8', {3’ |ac A},L)

by
§ = {tec§|thereisap € Sul{do) s.t.t - Y is a configuration iff; }
with transitions given by

t; 3 'ty iff there is a configuratioty - (a)y ort; - [a]y, and
a configuratiorty - @ s.t. rule({(a)) or ([a]) was played
between them

The labelling of the states is taken from their respectibelings inT.

In fact, T' is a successful game tree for playgérand the gamey(sp, ¢o). Then
T',5 = ¢o by Theorem 48, i.edg has a finite model. =

If the underlying transition system is finite the winning ditrons can be modified to
result in finite plays only. The game rules remain the samayd?l wins the play
Co,...,Cy iff

1.C, =ttq and g¢L(t), or
2.Cy=tH{@y and t5, or

3. Cy = tH{(a*)y and thereis & withi < nandC; = C,.

Playerd wins the playCo,. . .,C, iff
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4. C, = tkq and geL(t), or
5.Ch=tH[ay and t2, or
6. Ch, = t+[o*]p and thereis & with i < nandC; =C,.

The new winning conditions are simplified versions of thesfwe arbitrary transition
systems. Winning conditions 1,2,4 and 5 are just the samel@prem 51, winning
strategies are history-free, and the new winning conditi®and 6 result from the old
ones by regarding plays in the game graph instead of in thegasa, see Section 2.7.

Complexity

One way of analysing the complexity of finding winning stgaés in the PDL model
checking games is to use the results on alternating comyplebasses. It is not hard
to see that a play of a gan$e-(s,¢) can be played using space that is logarithmic in
the size of the input only. This is done by encoding a configumausing two pebbles.
One of them is placed on a state of the transition system,ttiex on a subformula of
the input formula. The pebbles can be stored as counterdwaeied logarithmic space
in the size of the transition system and the formula.

Therefore, the winner of+(s,¢) can be decided in alternating LOGSPACE which is
the same as PTIME according to [CKS81]. However, using a ragpéicit analysis
this result can be improved.

Theorem 53 (Complexity) Deciding the winner of a PDL model checking game is
in LINTIME.

PROOF We sketch a global algorithm that decides the winneiGgfs, ¢). Since
winning strategies are history-free the game can be repredeoy the game graph.
The algorithm simply labels nodes of this graph with eithier 3 depending on which
player can win the game starting with the configuration atdhaifhis is done in a
bottom-up manner.

The game graph can be partitioned into blocks and these dlocaik be enumerated
s.t. every path of the graph either stays in one block or leavelock into another one



90 Chapter 4. Model Checking Games for Propositional Dynamic Logic

whose index is strictly greater than the first one’s. Thichklstructure is induced by
the formula component of a configuration only. A block is intfa strongly connected
component of the graph. And strongly connected componearisbe computed in
linear time using Tarjan’s algorithm for example, [Tar72].

Remember that most rules of the games reduce the size of thailfo at hand.
Exceptions are formulas of the forgw*)y and [0*]y. These can cause the game
graph to have loops. Paths cannot lead back into a block they been in because
once a play reaches a formula, say;)W it can never reach a proper superformula of
it again. Furthermore, each block can only have loops of gpe,ta(a*)y or a[a*|y.

Thus, the graph of blocks is directed and acyclic. It can loegssed starting at those
blocks which are furthest away from the starting configuamati

Co = sH¢

The configurations in such a block can be labelled in the volig way. Terminal
configurations, i.e. those that end a play with winning ctods 1,2,4 or 5 are labelled
with the corresponding winner. The last configuration of thghat exhibits a repeat
is labelledY if the type of this block is(a*)y and with 3 otherwise. The other
configurations can be labelled in a bottom-up manner depgrah which player has a
choice in the configuration at hand and whether there is aesgoc configuration that
is labelled with their name already.

The algorithm only needs to visit each node of the game gragk.oFor a transition
system with state sétand a formulap the size of the game graph|& - |¢|. Thus, the
claim follows. n

This is essentially the same technique that is used to shatwwtbdel checking for the
alternation frequ—calculus&?1 can be doneinlinear time as well, [And94, CS92, BC96].
Extensions of PDL

The PDL model checking games can be extended in a straigh&fd way in order to
capture extensions of PDL like Converse-PDL, [Str81], abil A, [Str85], as defined
in Section 2.5.
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sk (aUB)¢ st [aUBJY sk (a; B)o
sk (@UB)® st [@UBlo sk (B;@)o
sk [a;Bl¢ sk (a")¢ sk [o*]¢
s [B;d]o sk (@)¢ st [a*]¢
sk (@d ¢ sk [@é 2 st repeata)
tEo¢ tEo¢ st (a)repeata)

Figure 4.3: The rules for extensions of PDL.

To allow converse of programs and the repeat operator in e fAodel checking
games one simply has to add the rules of Figure 4.3. They ntlreiequivalences for
converse programs and use the unfolding characterisafitimeaoepeatconstruct as
given in Section 2.5.

The winning conditions have to be extended, too. There aceftwthe case of the
converse of an atomic program which cannot be executed irrtecyar state. I.e.
playerV wins the playCo, ... if there is an € N s.t.

Ch = tF@uU

for somet andy and there is no stass.t.s-2:t. Consequently, playerwins if player
V gets stuck in a configuration

and there is n@s.t.s-2st.

The repeat construct requires an additional winning caonliior player3. She wins
an infinite play if there are infinitely many configuratio@g,Cs, ... and a progranu
S.t.

C = tiFrepeata)
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for somet; € S and every € N.

These extensions do not effect the complexity of game-b@Bddmodel checking. It
is still possible in linear time.



Chapter 5

Model Checking Games for Branching

Time Logics

But | remembered a voice from my past
‘Gambling only pays when you’re winning’

GENESIS

5.1 Focus Games and Sets of Formulas

Some of the games in this and the following chapters will uspecial tool called
focus Mathematically, the focus simply is a function from a seitsoelements. It
is used to highlight, resp. focus on one particular elemerd set of formulas. A
focus gamas a model checking or satisfiability game that makes use otcad. A

configuration in such a game involves a focus on a set of famurhis is for example
written as

oo
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and is to be understood in the following wayg: is a single formula® is a set of
formulas. The configuration at hand is, or at least contaivesdisjoint unionrd U {¢ }
as a set of formulas in whiah is highlighted.

Confluence is a potential problem for the games whose couafiigms contain or are
sets of formulas. The rules of all the games in this thesisdvewdeal withprinciple
formulas there is usually one formula in a configuration which getslaeed by a
subformula of it in an application of this rule. The otherrfarlas which are present at
this moment get discarded or copied into the next configumatdowever, when using
sets, there are several candidates for a principle forrmdalaence, more than one rule
might be admissible at a certain moment.

Informally, a game is callec¢onfluentif the order in which admissible rules are
applied does not effect the outcome of a play. The games diotleaving chapters
are confluent because of a simple argument. One only needsngder possible
conflicts between rules that require different players toade a particular subformula
of a possible principle formula. By doing so, another suimoia might be discarded.
Later this could turn out to have been a bad choice since tier player discarded a
subformula of another principle formula of this moment whinight be necessary for
the first player to win. On the other hand, if the first played lpgrformed a different
choice, the opponent might have reacted differently as.well

This is, however, not possible for the games of the followechgpters which use sets
of formulas since it is always at most one player who has ttesipdity to discard
formulas.

As it was mentioned in Section 2.6 already, regeneratinglfpant constructs play an
important role in games that use sets of formulas.

Definition 54 In a play Cp,C4,... of a game, a formula is called regenerating
betweerCy andC, for k < niff

e ¢ is a fixed point construct, i.e. there islee Sul{d) s.t.¢ € Sudy), and

e ¢ € Cxandd € C, and for alli with k <i < n: (C;,Ci;1) is an instance of a rule
that either preservedl, resp. its unfolding, or replaced it by a subformula of it.
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The fixed point construap gets regeneratadfinitely oftenin a playCy,... if there is
ani € N s.t.¢ gets regenerated betwe€nandC, for all n > i.

5.2 Model Checking Games for CTL *

Givenatotal LTSI = (8, —,L),s€ Sand a CTL formula¢, the CTL* model checking
gameS+(s, ) is afocus gamén the above sense. Playéwants to show thaf,sf= ¢
whereas playey tries to show thaf, s|= ¢.

The set of configurations (s, ¢) is
C = 8x{E A} x Suld) x 25U1®)

A configuration is written
t - Qlw| @) (5.1)

wheret € §, Q € {E,A}, W € Sul{¢p) and®d C Sulip). With such a configuration we
associate a playgrcalled thepath player Thisisp:=Vif Q=Aandp:=3if Q=E.
The path player’s opponemptwill also be called théocus player

We will simply writet = Q(®) if there is ap € @ in focus that does not need explicit
mentioning.

The intuitive meaning of the configuration in (5.1) is asdalk: The path playep
constructs a patitin T starting witht in a state-by-state manner. The focus plager
tries to highlight a particular formuld from the set of all formulas in this configuration
stmEYIfp=V,andnEyYif p=13.

In other words, ifQ = E, then playef wants to show that there is a pati*=t... s.t.

T wAAd

dcd

although playe¥ believes thatt = Y. If Q = A then playelv wants to show that there
is a pathrt=t...s.t.

mE v\ o

pco
although playeE believes thatt|= .
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Theside formulasi.e. those that are not in focus, can be seen as an insuranttesf
focus player to redo a move that she has done before. Thixessary because the
path player is allowed to choose the path stepwise alonghwaformula is examined.

At each configuration the set of side formulas together wighformula in focus can
be understood as a disjunction, resp. conjunction, of féemin case the path player
Is playerV, resp.d. This is also justified by the equivalences

E(0VY)=EpVEY and  A(DAY)=ADAAY
Each play ofS+(s,¢) begins with the configuration
s-A([])

Note that as a starting formula is a state formula and therefore etgnvéoAd. Rule

(A) would set the path player tbanyway. If¢p = EY, as it will be in Example 57 later
on, rule (E) sets the path player té in the next move. This reflects the equivalence
AEY =EU.

From then on, the play proceeds according to the rules givéigures 5.1 and 5.2. In
addition to the rule schemes introduced in Chapter 4 we @l another one. A rule
of the form

is to be read as follows: playgr canplay this rule in a configuration that match@s
but does not have to.

We will motivate the CTE model checking game rules in the following. Suppose
player 3 is constructing a pathm and there is ao Vv ¢1 in the actual configuration.
Since played believes thatt = ¢o V ¢1 she can choose one of the disjuncts and the
other one can be discarded. This is formalised in ryi#g]) and(EV).

Suppose there is o A §1. PlayerV believes thatt %= ¢o A ¢1 and has to pick the
conjunctd; that fails by setting the focus to it, see ryA]). However, since he does
not know which path playet is going to choose, the other conjurgt ; is preserved.

Consequently, if the conjunction was not in focus there i<hoice at all, see rule
(EA). Later rule(FC) will allow him to pick out¢s_; if player 3 was constructing a
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ska([ponds].®) sFE([oovor].®)
(A[A]) Vi (E[V]) i
ska([0i]. @) sHE(|6i]. @)
sk a([pov 91, @) stE([pon 1. @)
(A[V]) & (E[A]) vi
sk A({dﬁ} ,$1-i, P) SFE([M 010, ®)
sta([w] dono1®) s-E([w] govor®)
(AN) Vi (EV) di
sFA([quq)i,CD) skE({llJ]7¢i-/¢)
st a([w].00v 41.0) stE([w]. 00/ 61.9)
(AV) (EN)
s (W] 60,61, @) st£([w], 90,01, ®)
skQ([¢).®) sk Q([E¢|. @)
() (E)
st a([0]) s-E([6])
s-Q([0].a®) skQ([o].Quo)
s-Q([¢]. @) ’ s-Q([6].®)
s-Q([¢].w.®) s Q([x¢o] ,X01,... X0
(FC) D p s—t

s-Q(|w].0,)

tFQ({¢o],¢1,---,¢k)

Figure 5.1: The model checking games rules for CTL*.
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s Q([¢uy|. )
s Q(|wV (6 AX(GUY)|, @)

([u])

s Q([¢ry], ®)
s QWA (6 VX(9RY)|, @)

([r])

s Q([x] . ouw, ®)
st Q([x] - wv (0 AX($U), )

()

s Q([x| . orw. ®)
st Q([x] WA (0 VX(§RY)), )

(R)

Figure 5.2: The unfolding rules for the CTL* model checking games.

path on whichp; actually holds. Rule$A[A]), (A[V]), (AA), and(AV) cover the dual

situations.

Once the focus player has decided to prove, resp. refutethaqueantified formula

a new pathrt needs to be chosen. The new path player depends on the new path
quantifier. The set of side formulas will be discarded sim&ytwere only relevant for

the old path, see rulgda) and(E).

Rule(d) allows the path player to discard propositions if they doprove, resp. refute,

the current disjunction, resp. conjunction, of formulatieTsame is possible for path
quantified formulas using rul@).

Using the fixed point characterisation of the temporal ofpesay andR they simply
get unfolded with ruleg[u]), ([R]), (U), and(R).

Applying these rules consecutively can result in a confijonan which every formula
is of the formXy, i.e. speaks about the next state of the underlying paths,ha path
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player has to choose the next state and the according fosnamdaexamined on this
one, see ruléX). Note that thep in this rule denotes the actual path player which
depends oQ.

Finally, the focus playep — again depending on th@ of the actual configuration —is
allowed to reset the focus at any moment of the play using (d¢. This might be
necessary whenever the path player reveals a further gttite path he or she is going
to choose. The focus player is always given the chance to tteséocus, particularly
beforea play is finished. Note that there are situations in whicheg phn get stuck if
he does not change it.

Definition 55 A configuration is callederminalif it is of the form
stQ([a],®)

for someq € P and somed, and the focus player refuses or is unable to use rule
(FC). If ® = 0 then the focus player is unable to use r(#f€). Moreover, remember
that he or she is given the chance to reset the focus aftey application of another
rule. Thus, they refuse to change the focus if they do not nuigkeof this possibility.
This is useful if the configuration at hand makes the focugelavin the current play.
Therefore there is no need to change the focus.

Definition 56 A formula¢Uy is calledpresentin a configuratiors - Q(®) iff
{ oUW, WV (9 AX(GUY)), dAX(SUY), X($UY) } N & # 0
A R is calledpresentin a configuratiorst Q(®) iff
{ ORU, WA (¢ VX($RY)), ¢ VX(PRY), X($RY) } N @ # O
PlayerV wins the playCo,Ca, ... of G5(s, ¢o) iff
1. itreaches a terminal configuratio@, = t+ Q( M ,®) and g¢L(t), or

2. there is aUy € Sul{¢o) and infinitely many configurations;,,C;,. ... s.t. for
everyj € N:
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e G, =t~ E(®) for sometj; € § and®, and
° {d)ULIJ} is in focus in eveng;;, and

e afterC;, playerY has not used ruléc), or

3. there are infinitely many configuratio®,,Ci,,... s.t. for all j € N there are
ti, € Sand® C Suli¢o) and G, = t,F A(®), and either

e playerd has used rulérC) infinitely often, or

e there is apUy that is present and in focus in infinitely ma@y.
Player3 wins the playCo,Cy, . .. of G (s, do) iff

4. it reaches a terminal configuratio@, = t F Q( M ,®) and g€ L(t), or

5. there is @Ry € Sul{¢o) and infinitely many configurations;,,C;,. ... s.t. for
everyj € N:
e G, =t A(®d) for sometj; € 8 and®, and
o {d)leJ} is in focus in evenC;;, and
e afterCj, player3 has not used rul¢rc), or
6. there are infinitely many configuratio®,,Ci,,... s.t. for all j € N there are
ti, € Sand® C Suli¢p) and G, =tF E(®), and either
e playerV has used rulérC) infinitely often, or

e there is apRY that is present and in focus in infinitely ma@y.

The motivation for the conditions for infinite plays is thdléoving. Condition 2 is
winning for playerv because in this situation he managed to show the regeneditio
anU formula along a path that playérchose. Condition 3 is winning for him since
playerd failed to show the regeneration ofkaformula along a path he chose. The
conditions for played are dual.
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OWw.00
{a} {a}

Figure 5.3: The transition system for Example 57.

To illustrate the games we give an example that makes usealflaeviated: formula.
The simplified game rules for this construct and forFdiormula can easily be derived
from rules([U]), ([R]), (U) and(R) and are

s-Q([Fo|, @) s-Q([co|, @)
st([chXFq)},CD) sl—Q([cl)/\XGq)},CD)
st Q([xy].7o,®) st Q([xy].c0,®)
sk Q([qu},q)VXFq),qa) sk Q([Xw],q)/\xcq),qa)

Example 57 Let T be the transition system of Figure 5.3. The formula under

consideration is
¢ = E(qu(Gq))

The property described by is: “There exists a path with a finite prefix and an
infinite suffix. On the prefibg never holds, on the suffix it always does.” Confer also
Example 12.J with starting states satisfiesh. The game tree for playeris depicted

in Figure 5.4. Note that in the second configuration playbecomes the path player
which makes playev the focus player.

Since plays are of infinite length we can only depict themiplyt Here, all plays
feature a repeating configuration. Later we will prove thanming strategies are
history-free. Thus, we can argue in the following way.
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s A([E(@u(Ga))|)
s E([au(eq)))
skE([GaV (@AX(@(ca)) )
sk E([aAx(@(ea))))
st &([a] x(a(cq)) s E([x(@ } l
st E([x(@(ca))| 0 s%E([ ca))))
s E([x(@(6a)))) t-([qu(c >}>
trE([au(ea))) t-E([sav @Ax(@(eq)))
tiE([oqv (aAX(@0(6a)))]) ti-E(|a])
tl—E([Gq]) tFE([qAXGq})
tl—E([q/\XGq}) tl—E([q},XGq) tl—E([XGq],q)
tHE( [q} ,XGQq) tHE( {xcq] ,q) tHE( [xcq} o) tHE( [xcq})
tFE( [ch} .d) tFE( [xcq]) tFE( {xcq]) tHE( {Gq})
tI—E([XGq}) tFE([Gq}) tI—E([Gq])
tl—E([Gq])

Figure 5.4: The game tree for player 3 of Example 57.
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(o=

{a} {a}

Figure 5.5: The transition system for Example 58.

Player3 wins the plays that proceed like the leftmost branch or tloesé from the
right with winning condition 6 since playéf changes focus. She wins the others, i.e.
the rightmost path and the second from the left with winniagdition 6 as well. Here,
playerV is not able to show the regeneration ofiaformula along the path player
selects.

Before we proceed to prove correctness of the games we gwdusther examples
that illustrate why a configuration in the model checking gameeds to be a set of
formulas and, moreover, why the focus on this set is needed, t

Example 58 Consider the CTE formula

¢ = A(XqVXa)

from Example 12.¢ says that every path’s next state is labelled with eitiper 7.

¢ is a tautology, so playev should not win the game on any transition system, in
particular the one shown in Figure 5.5. Note that the labglbf s is unimportant for
this example.

However, if we require configurations to contain one formardy, playerd cannot win
S7(s,¢) anymore. This is because playéhas to choose one of the disjunbisfore
playerV chooses a transition frostot;, i € {0,1}. If player3 selectstq for example
he would choosé& and vice versa. Thus, configurations containing one forroalg
can make the path player too strong provided paths are clsbspwise.

Example 59 This example justifies the use of the focus structure on $étsmulas.
Consider

¢ = E(FQAGFQ)



104 Chapter 5. Model Checking Games for Branching Time Logics

st E(Fq,XGFqQ) sk E(Fq,GFqQ)

s+ E(Fq,XGFqQ) st E(Fq,GFqQ)

Figure 5.6: The plays without focus of Example 59.

from Example 12 and the two following transition systerfis.and7> consist of one
statesand one transitios— sonly. The labelling function of’; assigngj to swhereas
the one ofJ; assigngjto s.

T1,s|= ¢ but T2, s~ ¢ sinced postulates the existence of a path which visits a state
satisfyingq infinitely often. However, without an additional structuite the focus on

the set of formulas the gam8s, (s, ¢) andS, (s, ) would look like the ones depicted

in Figure 5.6.

The difference betweefir, (s,¢), depicted on the left, angr, (s, §) is the generation
of Fg. In the first case it is generated from th@q above, in the second it regenerates
itself. Hence, in that case playeércan keep the focus arg and explicitly show this
regeneration.

Correctness

Fact 60 Rules(AN), (EV), (d), (@) and(X) reduce the size of the actual configuration.
Rules(AV) and (EA) reduce the number of connectives in the actual configuration
Rules(A[A]), (E[V]), (A]V]) and (E[A]) reduce the size of the formula in focus and,
hence, the size of the entire configuration. Rulesand (E) reduce the number of
path quantifiers in the actual configuration and, hence, ite sRuleq[U]), ([R]), (U)

and (R) increase the size of the actual configuration. R#e) is the only one that
preserves both the size and the number of connectives infgoaation.
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Lemma 61 The path player can only change a finite number of times in g pla

PROOF The path player can only change with the rul¢sand(E). But these discard
the entire set of present sideformulas. 8t Q, € {A,E} with Q1 # Q2. Suppos&1¢

is in focus and the path player changes. If after Dap gets into focus to change the
path player again, theQ.U is a genuine subformula @fand thus is shorter tha@i .
But the formula to start with is of finite length. Hence, thanconly occur finitely
often. m

Note that Lemma 61 can be generalised slightly by consideiimapplications of rule
(A) and(E) and not just those that change the path player.

Theorem 62 Every play has a uniquely determined winner.

PROOF A play is either finite or infinite. It is only finite if it ends i@ terminal
configuration

s - Q([d].®)

Then eithem € L(s) in which case playef wins orqg ¢ L(s) in which case playey
wins.

Consider now an infinite play. According to Lemma 61, the palyer can only
change finitely many times, therefore in every infinite sempaeof configurations one
of the players can only occur finitely many times as the padlignl Thus we can speak
of the path player for a particular infinite play as the player whalimost always the
path player in a configuration. Note that this also detersiihefocus player.

Moreover, for a play to be of infinite length there must be arfola of the formpuy

or prRY that gets regenerated infinitely many times. Note that atiegrto Fact 60, at
least one of the rulegu]), ([R]), (U) and(R) must be played infinitely often since the
starting configuration is of finite size and all other ruleduee at least a component
of the configuration. But then there are only finitely many lbsities for au or R
formula to get unfolded with these rules.

Thus, in every infinite play there is Uy or a $RY that is present infinitely many
times. Now, the focus player can change the focus finitelypfanitely many times. In
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focus player | (FC) infinitely often | present formula|| winner | condition
dUY \ 2
no
GRY 3 6
\
yes = 6
GRY 3 5
no
dUY v 3
3
yes v 3

Figure 5.7: The winning conditions for the CTL* model checking games.

the latter case no or R formula ever needs to occur in focus since the focus player ca
always avoid it. However, in the former casep@p or a$dRY must almost always be
present and in focus for otherwise Fact 60 shows that theo$ittee formula in focus
would infinitely often get reduced.

Figure 5.7 depicts this as a nested case distinction andssivbweh winning condition
determines the winner in which case. Every possible infipiés is covered by one
of the cases. The first case distinction is on the player wiemtenally becomes and
remains the focus player. The second is on the question ofhwhée or she uses
rule (FC) infinitely often or not. Finally, the third case split conosrthe question of
whether there is 4UY or a$RY that is present infinitely often. Note that this becomes
irrelevant if the focus is changed infinitely often sincestbehaviour determines the
focus player as the loser of the play already. n

The next result reestablishes an observation from [EL8#rms of games: CTL
model checking can be polynomially reduced to LTL model &imeg. However, it
needs a technical definition first.

Definition 63 Let T = (8,—,L) with s€ 8. A block of a game graph for a game
G7(s,9o) is a subseB C € of the configurations ofi+ (s, ¢o) s.t. either



5.2. Model Checking Games for CTL* 107

e forallCe B: C =t A(®D) for somet € § andd C Sulido), or
e forallCe B: C = t-E(®) forsomet € § and®d C Sulido).

Lemma 64 Let T = (8,—,L) with s€ 8. The game graph fo6+(s,¢) can be
partitioned into a finite set of blockB1, ..., ‘Bn, S.t. every play never leaves a block i

3 3

into a block j with j< i. Moreover, n< %

PROOF We sketch an algorithm that finds this partition. It is baltycine same as the
standard algorithm for finding a topological order on theaddetonnected components
of a directed graph.

At the beginning let := 1 and add’g to Bj. Do the same repeatedly with its successor
configurations unless one of them is reached via an appicati rule (E) or (4). If
so, then increaseby 1 and continue with the respective successors.

According to Lemma 61, on every path through the game graghptth player
eventually remains the same, in fact no further applicatbbrrule (E) or (A4) is
encountered. Note that even if the underlying transitiostey is not image-finite,
only a finite number of blocks is needed to cover the entiregggraph. This is because
an infinite branching in the transition system is only refecin the game graph at a
position in which rule(X) is played. However, there the actual configuration and its
successors are put into the same block.

No transitions from a block with a higher index to one with eéw index are possible
as they would correspond to an application of a game ruledtnigtly increases the
number of path quantifiers in a configuration. According totf®, this is impossible
since there is no such rule.

Finally, ¢ can contain at mosf%‘ irredundant path quantifiers because of the
equivalence)1 Qo = Qo for all Q1, Q2 € {A,E}. -

Rules (Q) and (¢) suggest that path quantified formulas bear a similarity to
propositions in the way they are treated in a game. Indeadgesan application of
rule (A) or (E) discards all present sideformulas, processing path dfiexhformulas
can be seen as starting a new subgame. Each of these subgantesregarded as a
game for an LTL formula, either universally or existentyglath quantified.
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Definition 65 Take a states of a transition systent and an ordered sequence
¢1,...,¢, of formulas. Assume that

S E(G1A...A0n)

i.e. no pathrt starting withs satisfies allp;. With each¢; and each such statewe
associate a s€, (s) of finite prefixes of paths starting within the following way. Let
o = s...t be a finite sequence of stateslin SinceT is assumed to be totad, is not
maximal.

o Py (s) iff thereisa pathn= ot s.t. 5 ¢

Let R (s) C P/(s) be defined by

o€Py(s) iff oePy(s)andforallj<i:o¢ Py (s)

Informally, Pé,i (s) consist of all finite prefixes of a path starting snwhich can be
extended to an infinite path not satisfyidg Py, (s) is the subset oy, (s) containing
all those finite prefixes that do not occur irP@J (s) for a smaller index already. This
makes

{ P¢|(S) | I € {17'-'7n} }
a partition on the set of finite sequences of paths startisg in

Next we show that a finite sequence of statesmn never occur in a set with a smaller
index than those containing prefixes @f This gives the focus player an optimal
strategy in a CTE model checking game.

Lemma 66 Take two formulagi,¢; of an ordered sequence of formulas. eto,
be finite prefixes of a path starting in s, s1b. = 010 for someo. If o1 € Py, (s) and
02 € Py, (s) then j> .

PROOF Suppos®; € Py, (s) for somei, 0z € Py, (s) for somej andj < i. By definition
0> can be extended to a path= 0>... s.t.Ttj%= ¢; for the accordingp;. But theno
can be extended twas well and therefore; € P<f>j (S). Thus,o1 € Py, (s) is impossible
sincei > j is assumed. -
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The next lemma shows that it does not matter whether theRés$ are calculated
at the beginning and the focus is set according to these setshether they are
recalculated after every application of ry).

Lemma 67 Take formulagi¢y,...,X¢, and two states,$ of a transition systerfi s.t.
s—t. Consider the setsyp,(S),...,P,(s) and R, (t),....Py,(t). Leto’ =t... be
some finite sequence of states and so’. If 0 € Pxy, (s) anda’ € Py, (t) then j> i.

PROOF Supposeo € Pxy,(s), 0’ € Py, (t) andj <i. Thend' can be extended tow
S.L.70 [~ ¢;. But then takeat:= sit. Clearly, %= X¢;. Thereforeo € Py, (s) which
contradicts the assumption that Py, (S). n

The main correctness proof of the CTimodel checking games proceeds by induction
on the path quantifier depth of the input formula. The next thorems form the
induction base case, i.e. we will prove soundness and caemass for input formulas
¢o of the formA¢ or Ep whered is a pure linear time formula.

Theorem 68 (Soundness)LetT = (8,—,L) with g € S anddp € CTL* s.t.do = Qb
fora Qe {E,A} and a¢ not containing any path quantifiers. I 8 ¢o then playev

wins Gg(so, §o).

PROOF There are two distinguishable cases depending on the patfitiGer of ¢o.
First, letdo = A¢. This means there is a path= sps;... S.t. T~ ¢. We construct a
game tree for playey using this path. Note that disjuncts are preserved and notgu
are chosen since playeis the path player, i.e. the set of formulas of the configorati
at hand is interpreted disjunctively.

Whenever ruléX) has to be played play&rchooses the next stageof Tt It is not hard
to see that the following invariant holds true: if the plagits a configuratios; - A(®P)
then for allg € ®: 1t - .

Remember that at the beginning there is aplywhich is not fulfilled by Unfolding
U andR formulas does not change this. Both disjuncts of a disjondire not satisfied,
otherwise the disjunction would be satisfied on the remaimtief the path chosen at
the beginning. And if

m £ XP1V...VXUn
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then
n B gV v,

Thus, applications of ruléX) preserve this invariant. Whenever a conjunction occurs
he chooses the false conjunct. If both are false he choosestthller one.

It is impossible for played to win with winning condition 4 since this requires a
formula to be present that is fulfilled on the remaining path.

Suppose playefl wins a play of this game with her winning condition 5, i.e. she
eventually keeps the focus orxay. More precisely, there is a configuration

C=-skt A({lelJ]@)

after which she does not use ryfec) anymore. According to the invariant described
abovet % XRy. By Lemma 10 of Chapter 2 there ika N s.t.

T XY

At some point, playel/ will choose the next statg, 1 of Tt when playing rule(X).
Since played keeps the focus ogxRU it will still be present in the configuration

st - A(xRu). @)
and
£ XRY

holds by the invariant. But

XRY = WA (X VIR )

Remember that in case of two false conjuncts playethooses the smaller one.
Clearly, Y is smaller tharx V X(xRy). But we can assume that he did not choose
Y since it would immediately contradict the assumption tHay@r 3 wins with her
winning condition 5. Therefore we can assume the other camjto be false. Then,
by definition of the approximants

ni+l b& Xkaqu
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This argument can be iterated until the stig is reached with the condition

But xR°Y = tt which is satisfied byt K. We conclude that playet cannot win with
her winning condition 5.

Playerd cannot win a play of this game with her winning condition 6c&iiit requires
her to be the path player which she is not.

The second case i) = Ed. Sincesy £ ¢o, every pathim= ... does not satisfy
¢. Now, playerd is the path player and thus, conjuncts are preserved anghdisj
are chosen. Setting the focus is the only thing that pl&yleas control over. We use
Lemma 66 as a basis for playes strategy.

At any pointin the play, playet will have outlined a finite prefio = 5...5 of a path
starting withsy. The invariant we use in this case is the following: therelwgags at
least onay; in the actual configuratiog - E(®) s.t.Py, (s) # 0.

At the beginningd is such a formula. Note that no path satisf@es Thus, if a
disjunction occurs playef cannot choose a disjunct and a corresponding path that
satisfies it. If a conjunction occurs then one of the conjsinetist be false regardless
of which path played is going to follow. Unfoldingu andR formulas preserves this
invariant.

Hence, at any staget E(Y1. ..., i) of the play there is at least ong € @ s.t. player
J cannot find a patht= s ... with Tti= ;. In other wordsPy, (s)) # 0.

Playerv sets the focus to thigj. Since at any later point playérwill have outlined
an extension oy . ..s, Lemma 66 applies. It shows that playeonly needs to change
the focus finitely many times because there are only finitedyynsubformulas o
and, hence, only finitely many sefg, (s) for anys € 8. Remember the lemma says
that playerv can change the focus in such a way that the indeRpfalways gets
increased.

This shows that playet cannot win a play with the first part of her winning condition 6
because this requires playeto change the focus infinitely often. To avoid defeat with
the second part of this winning condition, playemust eventually keep the focus on a
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XUW. Again, if the focus remains on a particular formula thenitshbe a regenerating
one. Thus, it can only be @Uy or xRy. Suppose the latter is true, i.e. there is a
configuration

s + E([XRHJ} ,®P)

after which playet’ does not change focus anymore. As in the first case of thid proo
one can show that there is a path=s5... s.t. 1 = xRy. Therefore xRy was not a
false formula, and there must have been a different one thg¢p/ could have set the
focus to.

Playerd cannot win with her winning condition 4 since it requiregq & be present in
a terminal configurations; - E( {q] . @) s.t.q € L(s). But thenPy(s) = 0 since every
extension of this finite sequence of states trivially sasfiats. Therefore playe¥
would not have ended up with the focus @m the first place.

Playerd cannot win a play with winning condition 5 either, since itjoéres playew
to be the path player which he is not.

Since playelv has strategies for both cases of path quantified formulasdibable
winning plays for playe& he must win the gamgs(so, o). m

Completeness of the CTLmodel checking games can be proved using the duality
principle Theorem 39, and the soundness Theorem 68. Hoysree this is based on
Definition 65 and Lemma 66 it is necessary to dualise thede firs

Definition 69 Take a states of a transition systent and an ordered sequence
d1,...,¢n of satisfiable formulas. Assume th&t= A(¢1V ...V dp), i.e. every patht
starting withs satisfies at least orgg. With eachd; and each such stasave associate
a setF;f,i (s) of finite prefixes of paths starting within the following way. Leto =s. ..t

be a finite sequence of statesJin

o Py (s) iff thereisa pathn= ot s.t. = ¢;
Let R (s) C P/(s) be defined by

o€ Py (s) iff oePy(s)andforallj<i:o¢ Py (s)



5.2. Model Checking Games for CTL* 113

Here,Pcf,i (s) consist of all finite prefixes of a path startingswhich can be extended to
an infinite path satisfying;. Again, Py, (s) is its subset containing only those elements
that are not included in a set with a smaller index.

The next lemma is proved exactly in the same way as Lemma 6thésoundness
part.

Lemma 70 Take two formulagi,¢; of an ordered sequence of formulas. gto;
be finite prefixes of a path starting in s, s1b. = 010 for someo. If 01 € Py;(s) and
02 € Py;(s) then j>i.

Theorem 71 (Completeness)LetT = (S, —,L) with € Sand¢g € CTL* s.t.$o =
Q¢ fora Qe {E,A} and a¢ not containing any path quantifiers. I§ = ¢o then player

Fwins G(so, $o).

PROOF Note that CTL is closed under negation and that the class of Ciodel
checking games is closed under dual games. Furthermoregtiaion of apg with
one path quantifier at the top-level position only iggof the same form.

Suppose now thady = §o, i.e. S = §o. According to Theorem 68, playét wins
S7(s0,®0). But then playeB wins S¢(so, §o) according to Theorem 39. n

The next theorem proves general correctness of the*@iiadel checking gamesg
can be an arbitrary CTLformula now.

Theorem 72 (Correctness) LetT = (8,—,L) with s€ 8. Player3 winsG+(s, ¢) iff
sk= do.

PROOF This is true if ¢o is an atomic proposition. For formulas with one path
quantifier only the claim is proved in Theorems 68 and 71. $8pg@o has path
quantifier depthk. By induction the claim is true for formulas with path qudieti
depth less thak.

In general G5 (s, o) has configurations— Q' (®) with aQ¢ € ®. Q¢ is a state formula
with a path quantifier depth strictly less thég's because it is a genuine subformula
of o. Since it is a state formula, eithef= Q¢ ort (= Q¢ holds. By hypothesis either
of the players has a winning strategy for the ga#nét, Qd).
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Suppose it is the one who is also the focus player at the dumement in the game
at hand. He or she can set the focugb with rule (FC) and play rule(E) or (a)
depending o). Note that the resulting configuration is of the same form gsrseral
starting configuration. Furthermore, Lemma 64 shows thahénfollowing a repeat
on an earlier configuration cannot occur anymore. Thus,antfeey play the game for
t andQ¢. By hypothesis playef wins this one ifft = Q¢. Thus, if the actual focus
player wins this game he or she also has a strategy for the gaihe

Suppose the focus player does not Win(t,Qd). Then he or she can discard it by
playing rule(@). The following configuration corresponds to a state fornwita path
guantifier depth strictly less thda Thus, the claim follows by hypothesis as wellg

As in the PDL case, Theorem 72 shows that for every Cilodel checking game one
of the players has a winning strategy.

Corollary 73 (Determinacy) Player V wins G¢(s,¢) iff player 3 does not win
9T(S7¢)'

The proofs of Theorems 68 and 71 show that the games can béfethpegarding
the positioning of the focus.

e It suffices to allow focus change moves immediately afterplieation of rule
(X) only.

e PlayerV only needs to consider formulas that contaipta to set the focus to.
Dually, playerd can do the same with formulas containingrap.

Theorem 74 (Winning strategies) The winning strategies for the CTLmodel
checking games are history-free.

PROOF Again, first we regard formulas with one path quantifier onlyieh is at the
top-level position. Consider play¥is winning strategies. Suppose the formula at hand
is o = Ad. Then he is the path player. One part of his strategy consistsoosing a
pathttin the underlying transition system that does not satisfyl his path does not
depend on the play.
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Furthermore, whenever a conjunction occurs he chooses dhpirect that is not
satisfied byrtor its remaining suffix. If both conjuncts are false he chedbe smaller
one. This is necessary farformulas that are not fulfilled along the path that a play
follows. Note thathRy unfolds to a conjunction in whiclp is one of the conjuncts.
Supposet = ¢rRY whereTtis the path he is going to choose for the remainder of the
play. Thenrt = g but alsort = ¢ V X($RWY), i.e. playerv has no choice but to preserve
falsity. However, only the first choice guarantees him to.wihhe infinitely often
postpones to refuty, i.e. always makes the second choice, then playisrgoing to
win with her winning condition 5 since she can leave the famuRy.

The choices of this strategy only depend on the formula aaid ftomponent of the
actual configuration, but not on the history of a play. Thhis strategy is history-free.

Suppose nowo = E¢. Playery’s actions are reduced to setting the focus to a formula
which he believes is not satisfied by the path that playisrgoing to reveal. He can
order all possibly occurring subformulas at the beginnifithe play, s.t.

¢i € Sul¢pj) implies j>i

where apUy or a¢RY is identified with their unfoldings. Then, at any point

during the play he can compute the sifs(t), ..., Py,(t) according to Definition 65.
His strategy simply tells him to set the focus to the formul#hvihe least index
whose corresponding set is non-empty. Lemma 67 shows teatiéhe forgets and
recalculates these sets each time iulgis played, this still guarantees that he does
not need to change the focus back to a formula as long as herpesshe order of the
subformulas he chose at the beginning. According to theffmfobheorem 68, he only
needs to change the focus after an application of (Xi)ei.e. whenever he calculates

the setdy, (1).

Between applications of rul&) he might have to set the focus to a particular conjunct.
Suppose the actual configuration is

t o E((uny,o)
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with path set®y, (t) andPy; (t). Setting the focus to either of these will at most increase
the index of the associated set since both conjuncts ar@wélyi subformulas of the
conjunction. Therefore it is safe for playéro set the focus to the conjunct with the
smaller index according to the order he chose at the staneojame. This choice does
not depend on the history of the play either.

By duality, playerd’s winning strategies are history-free, too.

Finally, strategies for games involving formulas with mdh@an one path quantifier
can be composed inductively in the same way as subgames ate iproof of
Theorem 72. Correctness of this construction is guarantgethe hypothesis of
having a history-free winning strategy for subgames on fda® with a smaller
quantifier depth. More importantly, the composition of brgtfree winning strategies
is history-free. m

In order to prove the small model property for LTL and CTL indpiter 6 based on
their satisfiability games we show that CThossesses the finite model property. Itis
based on the following lemma.

Lemma 75 LetT = (8,—,L) with s€ § andRs(T) be its unravelling with respect to
S. Thenforallp € CTL*: T,s= ¢ iff Rs(T) = ¢.

PROOF For every path irf there is a path itRg(7T) with the same state labellings and
vice versa. Moreovef] ~ Rg(7T) and CTL' cannot distinguish bisimilar states. n

This lemma is in fact nothing more than the tree model propenrt CTL* according
to Section 2.1.

Lemma 76 Let T = (8,—,L) with € 8, ¢o € CTL*, s.t.T,59 = ¢o. Let T be a
successful game tree for playeérand the game&+(so, §o). Then there exists a finite
tree prefix T of T, s.t. every maximal branch-PC, .. ., C, through T satisfies one of

3 3

the following properties.
1. G isterminal, or

2. G, = tHQ( [(I)RllJ],CD) and thereisank ns.t. G = sk Q( {d)RLIJ} ,®) and

there is no application of ruléFC) between Cand G,, or
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3.G = tFE(M./CD) and thereisank ns.t. G = sk E(M./CD) and there
is an application of rul§FC) between Cand G,.

PROOF T is a successful game tree for player Thus, every path through is a
winning play for her. The finite tree prefik’ can be constructed by cutting paths at
appropriate positions.

If the corresponding play is won with condition 4 then it isténand included ifT’. It
fulfils the first condition of the claim.

Suppose it is won with condition 5, i.e. from some point onyplad keeps the focus
on a¢RY. By finiteness ofSul{¢y) this play can be cut to fulfil the second condition
of the claim.

Finally, if it is won with condition 6 there must be a momenteafwhich playelv has
used rulg(FC) and the play can be cut to satisfy the third condition of tfaénal Or he
left the focus on &R\ in which case the second condition of the claim can be fuifille

Note that, if T is finite then every path in it fulfils condition 1 above andréfere T
itself is the required finite tree prefix already. n

Theorem 77 (Finite model property) CTL* has the finite model property.

PROOF Supposehg € CTL* is satisfiable. Then it has a modé&l= (8, —,L) with
S € 8. By Theorem 72 there is a game trédor playerd for the game5o(so, $o). If
18| < oo then the claim is proved already.

Suppose therefore th&d| = . In general,T will be infinite as well. According to
Lemma 76, there is a finite tree prefix of T. We will amend this to an infinite game
tree and show that it is a successful game tree for player

According to Lemma 76, every pathTa either ends in a terminal configuration or in a
leafC, that has a companidd, i < n, that differs fromC,, only in the state component.

In the next step we remove each such and add a transition fronC, 1 to the
companionC; instead. Note that this represents a valid application oameyrule
since the formula componentsGfandC, are equal.
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This construction yields a finite grapfi with loops. Consider now its unravelling
Re, (T') with respect to the starting configurati@p. Every path irRc, (T') represents
a play of a gam&q(so, do) whereT’ = (8',{> ' |ae A},L) is defined by

8’ = {te §|thereis a configuration- Q(®)in T’}
with transitions given by

ty 3 't iff there are configurationg - Q(Xys, ..., XYm)
andtz - Q(W1,...,Wm) in T’ s.t. rule(X)
was played between them

The labelling of the states is taken from their respectibelings inT.

It remains to be seen th&,(T’) is a successful game tree for playerEvery finite
path inRc,(T') fulfils her winning condition 4 since it is taken from her sassful
game treel . Each infinite path i’ is eventually cyclic and was constructed to fulfil
winning condition 5 or 6 depending on which condition of Lemi#6 the underlying
finite part fulfils.

As Rc,(T') is a successful game tree for playgrT’ with starting statesy must be a
model for¢g, according to Theorem 68. Bt consists of those states only that occur
in the finite tree prefixiy. Thus,do has a finite model. m

CTL™ over Finite State Transition Systems

Similar to the model checking games for PDL from Chapter 4wirening conditions
for the CTL* model checking games can be simplified if the underlyingsitéon
system is finite. Then, play&rwins the playCo, ...,Cn of G5 (s, ¢o) iff

1.C, = tHQ( M,CD) is terminal andy ¢ L(t), or
2. thereisaré<n,t €8, ¢, € Sulipo) and® C Suli¢o) s.t.

¢ G =Cy = tl—E([d)UljJ},q)), and

e betweerC; andC, playerV has not used ruléC), or
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3. therearé < n,t€ 8§, ¢ € Suldp) andd C Sulfdg) s.t. Cy = t+ A( M , D)
andC; = C, and either
e playerd has used rulérC) betweerC; andCy, or

e ¢ is of the formyxuy.
Player3 wins the playC, . . .,Cn of S5 (s, ¢o) iff
4. Ch, = tHQ( M,CD) is terminal andy € L(t), or

5. therearé < n,t € 8, ¢, € Sulidpo) and® C Sulido) s.t.

e C =C, = H—A([(I)RllJ],CD), and

¢ betweerC; andC, playerd has not used ruléFC), or

6. there aré < n,t €8, ¢ € Suldp) andd C Sulfdg) s.t. Cy = t+ E( M , D)
andC; = C, and either

e playerV has used rulérC) betweerC; andC,, or

e ¢ is of the formxRy.

The new winning conditions for finite transition systems arpiivalent to the old
ones for arbitrary transition systems. If the underlyirangition system is finite then
there are only finitely many possible configurations. Sifeewinning strategies are
history-free, see Theorem 74, the game tree can be repeesasta graph according
to Section 2.7. The new winning conditions then simply arefarmulation of the old
ones on graphs.

We can give an upper complexity bound for game-based*Gmbdel checking that
matches the upper bound from [CES83] and the lower bound [BD&5].

Lemma 78 LetT = (8, —,L) be finite with s § and¢ € CTL*. Every play oG+(s, ¢)
according to the winning conditions for games with undexdyfinite transition systems
has length at mog8| - |¢| - 2/¢/+ 3.
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PROOF There are/S|- |¢|- 21/ many different configurations for the garSe (s, ¢).
Note that the two different possibilities for tH@ component of a configuration are
annulled by the fact that there are onl{/21 many possible sets of subformulasgof
not containing the actual formula in focus. Hence, every plidength more than this
must repeat on a configuration.

This does not meet the requirements in the winning conditband 5 exactly. The
formula in focus can possibly be the unfolding ot @r aR formula. In this case at
most three more steps are necessary to obtain a situatiohith wne of the winning
conditions applies. n

Theorem 79 (Complexity) Deciding the winner of a CTLmodel checking game is
in PSPACE.

PROOF An alternating algorithm can easily be extracted from thengsa by letting
player3 make nondeterministic choices and playeuniversal ones. However, this
would result in an alternating PSPACE procedure which, bg$81], can only be
transformed into a deterministic EXPTIME algorithm. Thiswd be suboptimal
because CTL.model checking is PSPACE-complete. To obtain a PSPACE gduoee
we need to determinise one of the player’s choices withdagusore than polynomial
space.

First, we describe a nondeterministic algorithm that desidhether or not the path
player has a winning strategy for a game on a formpdawith one top-level path
guantifier only.

Supposebg = EU, i.e. playerd is the path player. The algorithm nondeterministically
chooses disjuncts and successor states wheneve(Ewg, (EV) or (X) is played.
Remember that playéf's choices in such a game are reduced to setting the focus and
finding a configuration with ati formula that gets repeated upon s.t. he did not change
the focus between the two occurrences of this configuration.

First we describe how to determinise the positioning of tauk. The only formulas
that are interesting for him are of the forpuy. The algorithm maintains a list of all
U subformulas of the input formula. At the beginning the fotasuoccur in the list in
decreasing order of size. At any point in the play, the fosuyslaced on the firshuy
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formula in the list that is present in the actual configunati@nce playet discards it
by choosing) after the unfolding, it is moved to the end of the list. Theuscs placed
onto the present formula that is next in the new list. Whenthere is a conjunction in
focus, he puts it onto the conjunct that contains the ndgrmula from the list. This
strategy guarantees that every possibly reoccutfifagmula occurred in focus before
the play can perform a repeat. Moreover, it is deterministic

We let the algorithm store two configurations: the actual whéch gets overwritten
each time a game rule is played, and a configurafioto find a repeat upon. At the
beginningC; is set to the starting configuration.

The algorithm needs to store a binary flag to indicate whaihaot the focus has been
changed after a possibly repeating configuration was stokéthst, it needs to store
a counter that measures the length of the play at hand tortatenit in case the play
does not repeat d@,. The maximal length of a play without a repeat is

8| - |bol-2% + 3
according to Lemma 78. Thus the size of the counter is bouhyged

(00| + log|8| + log|do| + const

Furthermore, the actual value of the counter is stored wien@ is set.

The algorithm returnsV” if at some point the actual configuration equals the stored
one and the focus change flag is set to false. It returns "®’tiiis situation the flag is
true or the counter reaches its maximal value. In this casgdme is restarted with

and the stored counter value, i&.gets overwritten by the next configuration and the
algorithm attempts to show that there is a repeat on the@ewf the counter value
stored withC; reaches the maximal value

8|+ 1ol - 2% + 3
it outputs ‘9”. In this case, there was no chance for playeto show that he could
enforce a play with a regeneratiggy, hence, playes wins with condition 6.

If the input formula is of the formpo = AY then the algorithm to be used is simply
the dual of the one described. It universally chooses catgyand the maintained list
consists ok formulas. The return values are swapped.
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Both algorithms are either nondeterministic or co-nondeieistic and use space
which is polynomial in the size of the input: two configurai$y two counters and
a flag. By Savitch’'s Theorem, there is also a deterministiPATE procedure that
decides the winner dj+(s, ¢o), [Sav69].

For arbitrary formulas the appropriate algorithm aboveloacalled for every block of
the game graph. There can onlyﬁﬁi irredundant path quantifiers gy. Thus, there
can only be@ blocks in the game graph, and the algorithms need to be catilest

@ many times. The space they need can be reused for every ealtetideciding the
winner of S5(s,do) is in PSPACE for arbitrargo. n

Comparing Automata and Games for CTL * Model Checking

[KVWO0O] uses hesitant alternating automat&AA to do space-efficient model
checking for CTL.

It is possible to view the games of this section as automataefis Configurations
of the games correspond to states of an automaton and wioimgjtions become
acceptance conditions. However, the winning conditionppsed here depend on the
position of the focus which is not easily translatable inBighi acceptance condition
for example. The reason for this is the fact that Blchi ataiege conditions are only
concerned with states but do not consider what happens intamaton’s run between
two visits of a certain state.

Another difference between the games of this section andHiké& of [KVWO0O0] is
the fact that configurations of the games are sets of formulaereas states of the
automata are single subformulas only. It is known that aéiéng automata can be
transformed into nondeterministic ones at the cost of aroe&ptial blow-up. For
alternating automata with single formulas as componentisesf states this means the
nondeterministic version will have states featuring séfenulas.

The games of this section compare to something betweennailieg and

nondeterministic automata. One of the player’s choiceardgg boolean connectives
have been eliminated by using sets of formulas. Alternatogomata branch
nondeterministically or universally at these points. Hoerethe games are not like
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nondeterministic automata either since not all of one playehoices have been
determinised. Instead, the problem of detecting whethenetis a regenerating fixed
point construct has been built into the games as a task forobtiee players. For
automata, this question is answered on the level of decidoigemptiness of the
accepted language.

The acceptance condition for HAAs is a combination of a Rahnhd a Streett
condition, especially tailored to the requirements of madecking branching time
logics. The idea of using a mixture of two different acceptamonditions can be
found in the games as well where they appear as winning dondifor two different

players.

There is one thing that the games of this section and the HA&g in common.
Beinghesitantmeans the automaton’s state set can be partitioned intebtach that
transitions only lead to blocks with a lower index and eadaicklis either existential
or universal. This idea was in essence formulated in Lemmal6#& also used in
tableau-based model checking for CTib [BCG95]. In fact, this property is a feature
of the logic rather than the method with which model checksdecided, and the key
to the observation that LTL and CTlmodel checking are polynomially interreducible.

5.3 Model Checking Games for CTL

In the case of a model checking game on a CTL formula no setswiulas and hence
no focus are needed. Since every temporal operator is inatedgipreceded by a path
guantifier situations like the ones in Examples 58 and 59 @aoocur. Moreover,
whenever a temporal operator is handled the correspondiagtdier would cause all
side formulas to be erased from a configuration anyway. Tthesmodel checking
game rules can be simplified vastly for the CTL case. In thisige, G+ (s,$) denotes
a model checking game according to the rules presented urd-ty) 8.

The set of configurations for a game ®n= (S, —,L),s€ S and¢$o € CTL is
C = 8xSul(do)

Every play begins withCyp = st ¢o. Playery wins the playCo,Cy, . .. iff
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sk oA vi sk¢oV 1 .
Sk ¢; sk o
sk AXd v S5t sk EX¢ S s st
tH tF
sk Q(ouY) st Q(¢RY)
sk YV (A QXQ(PUY)) sk YA (¢ VQXQ(PRY))

Figure 5.8: The rules for the CTL model checking games.

1. thereisame Ns.t.Cy=tFqgandq¢ L(t), or

2. there are infinitely many configuratio®@y,Ci,,... and¢,p € Sul{¢o) s.t. for
alljeN: G, =t~ Q(¢uy) for somet;; € 3.

Player3 wins the playCo,Cy, ... iff

3. thereisame Ns.t.C, =t qgandq € L(t), or

4. there are infinitely many configuratio®@y,Ci,,... and¢,p € Sul{$o) s.t. for
aljeN: G, =t~ Q(¢RY) for somet;; € 8.

Lemma 80 Every play has a uniquely determined winner.

PROOF The winning conditions are mutually exclusive, i.e. a play de won by at
most one player. Moreover, formulas of the fo@i¢UyP) and Q(¢RY) are exactly
those that do not reduce the size of the actual configurafldnus, every play must
either reach an atomic proposition in which case it eithdd$i@r does not hold in
the actual state. Or it proceeds ad infinitum with one of tHesmulas being visited

infinitely often. [ ]
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Theorem 81 (Correctness) LetT = (8, —,L), se 8, ¢ € CTL.T,sl= ¢ iff player3

winsG(s,¢).

PROOF Every rule in a CTL game can be seen as a combination of rules@FL*
game, and the winning conditions are simply amended to tbes®wined rules and
simplified configurations.

Note that the CTL winning conditions are the same as the wgnoonditions for the
CTL* games if configurations only contain the formula in focusthiis case the focus
itself can be discarded of course.

If the CTL* game rules are applied to CTL formulas then no sideformutepeasist.
In fact, whenever they occur they will be discarded immezljatTake a conjunction
for example that occurs in a CTlgame configuration

tE Qwonw] o

If Q= A then playerv chooses one of the conjuncts like he does in a CTL game. If
Q= Ethen he chooses a {0, 1} and the focus is set 1) while ;1 is added to the
sideformulas. But; is a CTL formula, too, i.e. it is of the forr@'x with Q' € {E,A}.

Rule (E) or () causes the sideformulas includigyg ; to be discarded in the next step.
Thus, in the CTE game the next configuration would be Q'(x) which is written as

t - Qx inthe CTL game.

All the other cases are similar or dual to this one. m

Corollary 82 (Determinacy) Player V wins G5(s,¢) iff player 3 does not win
97(87(1))'

History-freeness of the winning strategies carries ovamfthe CTL model checking
games.

Corollary 83 (Winning strategies) The winning strategies for the CTL model
checking games are history-free.
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CTL over Finite State Transition Systems

If the underlying transition system is finite, the winninghditions can be reformulated
as in the CTL case. PlayeY wins the playCo,...,Cy iff

1.C, =tkq andq¢L(t),or

2. thereisarn<nandate€ §s.t.C; = C, = tF Q(¢uy) for somed, P and
Qe {AE}.

Player3 wins the playCo,...,Cy iff

3.Cy, = tkq andgeL(t), or

4. thereisan<nandate §s.t.C = Cy = t+ Q(¢RY) for somed, Y and
Qe {AE}.

Correctness of these winning conditions follows from Tiezos 74 and 81.

Regarding a CTL formula as a CTlformula does not result in an optimal model
checking procedure. Considering the fact that no focus g@bsuoccur and that every
configuration is of size linear in the input formula wouldllstesult in a PSPACE
procedure. However, this does not take into account theiapsttucture of CTL
formulas. In particular, every block of the game graph isaistant size.

Using the alternation results from [CKS81] it is easy to $ed the winner of a CTL
model checking game can be determined in polynomial timeai®\ghe games give
rise to an alternating algorithm that needs logarithmiacspanly. However, this can
be improved even further by using a more explicit approach.

Theorem 84 (Complexity) Deciding the winner of a CTL model checking game is
in LINTIME.

PROOF It makes more sense to use the same notidolatk as it was introduced in
Chapter 4 for PDL model checking. Here, blocks of the gamely@e given by
the formula component s.t. every path traverses blockscireasing order of index and



5.4. Model Checking Games for CTL™ 127

eventually remains in one block only. Note that the index blicek basically measures
how far it is away from the starting configuration.

This is possible since formulas of the fo@i¢Uw) andQ($RY) are the only ones that
do not reduce the size of a configuration. Also, blocks care haeps induced by one
of these formulas only. Thus, each block has a typ® R. The global CTL model

checking procedure works bottom-up just like the one for PDlalso needs to visit
each node of the game graph at most once. Remember that¢hef sie game graph
is|S] - |¢| for a transition system with state sisand a formulap. n

Comparing Automata and Games for CTL Model Checking

Similar to the CTL® case, hesitant alternating automathave also been used in
[KVWO0O] to decide the model checking problem for CTL basednsak alternating
automataWAA, [MSS88]. Their state set is partitioned into blocKsdithose of HAA.
However, they accept with a simple Buichi condition.

Given that the CTL model checking games feature single ftamun their
configurations only, there is a certain similarity betwedem and the WAA for
CTL model checking. Also, the choices made by the two plagersespond to the
nondeterministic and universal branches in an alternautgmaton. It is not hard to
see that the winning conditions of the CTL model checking ggwoan be modelled by
a Buchi condition. The configurations that can be visitdahitely often are exactly
those of the fornt - Q(¢RY).

This similarity is not surprising since the main differermetween games and HAA is
due to the use of the focus, but the CTL model checking gametia focus game.

5.4 Model Checking Games for CTL

Since CTL" is known to be exponentially more succinct than CTL, [Wil2901],
one cannot expect the same radical simplifications from ‘CJames to CTL games.
Example 58 suggests that configurations in a model checkamged+ (s, ¢) for a
CTL* formula ¢ must contain sets of subformulas. However, since the faanodl
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() SEAGAGL®) o St Q(eUy. @)
st A(¢i, ®) skQ(WV (¢ AQXQ($UY)), ®)
() SFE(GoV 1, P) Si ®) sk Q(¢RY, @)
Sk E(¢j, D) SE QWA (¢ vV QXQ(dRY)), @)
() Sk A(poV ¢1,P) (X) sk Q(Xdo; - - -, Xdk) D st
sk A(dg, 1, D) t+ Q(do,...,dx)
(EA) SFE(¢oA 1, P) ) sk-Q(q,®)
sk E(do, b1, D) sk Q(®)
sEQ(AQ,P) s-Q(Ad, @) .
(A) Sk 4(0) p (A) Sk Q(®) p, if ®#0
sk Q(E,P) s Q(E),®) .
SFEW) P (E) SF Q) p, if @40

Figure 5.9: The rules for the CTL™ model checking games.

Example 59 that justifies the use of the focus is not in CThe question of whether
a focus is needed for CTLgames is reasonable to ask. CTHoes not allow nested

temporal operators, therefore the answer is no.

Configurations of a CTE model checking game are
€ = $x{AE}x25®)

containing at least one subformula.

The game rules are given in Figure 5.9. In addition to the seglgemes introduced in
Chapter 4 and Section 5.2, a rule of the form

C
(r) o Pe d
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is only applicable if the conditiod is met in the actual configuration.

Here, this applies to ruleg) and(E). Note that there are two cases for each of them.
A quantified formula or an atomic proposition can only be disled if least one side
formula is present. There is no requirement for discardidgfermulas. However,

in both cases the rule operates on the same formula. Theref@r consider them to
be one rule only. The other rules result from the CThodel checking game rules in
Figure 5.1 by disregarding the focus.

Every play ofGy(s, ¢) starts with Co = st A(d). Let T = (8,—,L) with 55 € 8.
PlayerV wins the playCo,Ci, ... of G5(so, ¢o) iff

1. thereisame Ns.t. C, = t-Q(g,®) andq¢ L(t), or

2. there are infinitely many configuratio@g,Ci,. ... and¢, P € Suli¢o) s.t. for all
jeN G =t FE(¢Up,®) for sometj; € S andd.

3. there are infinitely many configuratio@s,,Ci,, ... and® C Suli¢o) s.t. for all
jeN

e G, =t - A(®P) for somet;; € 8, and

¢ no formula of the formxRY is present ird.
Player3 wins the playCo,Cy, ... of G5(So, ¢o) iff
4. thereisame Ns.t. G, = tFQ(gq,®) andqe L(t), or

5. there are infinitely many configuratio@g,Ci,. ... and¢, P € Suli¢o) s.t. for all
JeEN: G = ti, - A(¢RY, @) for somet;; € S and .

6. there are infinitely many configuratio@s,,Ci,,... and® C Suli¢o) s.t. for all
jeEN:
e G, =t - E(®P) for somet;; € 8, and

¢ no formula of the formxUy is present ird.

Note that the path player's opponent must be allowed to disatbbmic propositions
beforeone of the winning conditions can apply.
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Theorem 85 (Correctness) LetT = (8§, —,L) with se S and¢ € CTL". T,s= ¢ iff
player3 winsG5(s, ).

ProOF The game rules and winning conditions for the CTgames arise from the
CTL* games by removing the focus. Thus, it suffices to show thagneter a play
Is infinite, there is no ambiguity about the regeneratiofd of R formulas. Assume a
play like

st A(d)

{F E(XUP, )

U F EQUY, ®)

We will show that in this casgUy in the lower configuration can only stem from itself

in the upper one. Suppose it does not, i.e. theréisad s.t.xUP € Sul{¢’). Between
these two configurations rul&) has been played at least once, otherwise nothing has
been done tqUY and it trivially stems from itself.

Remember that CTL does not allow temporal operators to be nested. Theref{tie,
occurred in the scope of a path quantifieor A in ¢’. In order forxUy to appear

in the lower configuration, ruléE) or (A) must have been played between the two
configurations at hand. But they either cause Y& or all present sideformulas
to be discarded. In particulag’ cannot have regenerated itself. Thus, either it is
wrong to assume thab occurs again, or there is a superformulapbtthat generated
¢’ again. But then the argument applies to this one and thererayefinitely many
superformulas of a formula. Therefore, o occurs infinitely often it must be the
case that it regenerates itself. The same holds of coursexiy. n

Corollary 86 (Determinacy) Player V wins G(s,¢) iff player 3 does not win

9T(S7¢)'

The winning conditions can be simplified as in the CTand the CTL case if the
underlying transition system is finite.
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Again, since the CTIE games are only a special case of the Chhodel checking
games their winning strategies are history-free as well.

Corollary 87 (Winning strategies) The winning strategies for the CTLmodel
checking games are history-free.

Deciding the winner of a CTL model checking play can be at most as hard as it is
for CTL* formulas. However, simply ignoring the focus in a CTinodel checking
game to obtain a CTL model checking does not effect the complexity of decidirey th
winner.

Theorem 88 (Complexity) Deciding the winner of a CTt. model checking game is
in PSPACE.

This is slightly worse than the known upper and lower boundpfrom [LMSO01].

It seems like a far more explicit analysis of the structur@@TL" model checking
graph etc. is needed to obtain a better game based compexitd than PSPACE. Just
ignoring the focus also does not make use of the specialtstriof CTL" formulas
as opposed to arbitrary CTlformulas.

To the best of our knowledge, the model checking problem fbit Chas not attracted
a great deal of attention. In particular, there is no spedess of automata which have
been shown to be applicable directly to the CTiodel checking problem without
translation CTL" formulas into CTL first. Note that the upper complexity botnd
[LMSO01] has been established by a reduction technique.

5.5 Model Checking Games for BLTL

Since BLTL formulas can contain arbitrary nestings of paperators together with
boolean connectives the focus approach on sets of fornaulaseided in that case, too.
However, according to Lemma 64, the game graph for an BLTInfda consists of
one block only. Therefore it is not necessary to memoriseptita player explicitly.
Rules(4), (E), (@) and (d) never apply, and in rul¢X) it is always playery who
chooses the next state from the transition system.
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These optimisations do not provide better complexity tssaf game based BLTL
model checking compared to CTimodel checking. The proof of the next theorem is
the same as the proof of Theorem 79. The fact that the modektigeprocedure only
needs to be called once does not affect the space compléxie problem. Again,
this result matches the known lower and upper bounds.

Theorem 89 (Complexity) Deciding the winner of a BLTL model checking game is
in PSPACE.

Comparing Automata and Games for BLTL Model Checking

The automata-theoretic approach to BLTL model checkingbess studied in detall,
for example in [VW86a]. First, nondeterministic Buchi aotata were used for this
task based on the observation that BLTL formulas can belagtsinto these at the
cost of an exponential blow-up. This is not suboptimal siBe&L model checking
is PSPACE-complete and, hence, is very likely to requireoeential time. The
non-emptiness problem for these automata, to which BLTLeholkecking is reduced
is decidable in polynomial time and nondeterministic |aipanic space.

A different approach is taken in [Var96] which proposes tke of alternating automata
for this task as well. Similar to automata-theoretic CThodel checking, a BLTL

formula is translated into an alternating Buchi automaidrich is possible in linear

time. However, this translation makes the non-emptinegblpm for these automata
PSPACE-hard. In fact it is PSPACE-complete.

Comparing these automata with the BLTL games leads to the samclusions as
those that were made for CTlin Section 5.2. The two main differences between the
games and the automata are the following.

e The automata feature more alternation by branching urallgrat conjunctions
and nondeterministically at disjunctions. The games heweéeterminise one
of these by using sets of formulas for disjunctions.

e The question of whether or not a run of an alternating automés accepting
is decided on top of the automata. It is done graph-theailstiby solving a
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certain reachability problem. For the games this is impliallone by giving
playerd control over the focus and making the focus setting behadaqart of
the winning conditions. The algorithmics used for decidimgether there is a
successful game tree is simpler than the one used for avdomat

Having the same conclusions as those for CiELnot surprising since the CTlgames
basically consist of several BLTL games played conseciytiviéis is reflected on the
automata side as well. For BLTL, normal alternating aut@nsaifice. The property of
being weak or hesitant is only needed for branching timeckgince the linear time
logic does not impose a block structure on the game grapp, ties automaton.






Chapter 6

Satisfiability Games for
LTL, CTL and PDL

Let no one ignorant of
Mathematics enter here.

PLATO

6.1 Satisfiability Games for LTL

Given an LTL formulapo thesatisfiability game5(¢o) is played to determine whether
¢o has a model or not. Itis playels task to show that it does, whereas playeavants
to show that there is no pathof any total transition system st.= ¢o.

Configurations of(¢o) are nonempty sets of subformulas¢ef with a focus like the
one in Chapter 5,

€ = Suk{¢g) x 25UH0)
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Every play of§(¢o) starts withCo = {d)o] . Itis always playel who has control over
the position of the focus.

There are two possibilities for o to be unsatisfiable. Either it inevitably forces a
state of a possible model to be labelled withor a propositiorg and its complement

g, or it does not enable a least fixed point operator, i.eU &rmula, to be fulfilled

at some point. The inevitability of one of these situationsdflected in a possible
winning strategy for playey. The situations themselves are modelled by the winning
conditions.

A configuration[q)UqJ] , @ is to be read as: Playé@rwants to build a model for

(dup) A A X
XED
while playerV tries to show thahUy does not get fulfilled along the play. Playeér
is allowed to set the focus to formulas of other forms. Thishsiously necessary if
there is napUy present in the actual configuration.

The game rules are given in Figure 6.1. Ruleq) and(V) are justified by the fact that
a disjunction is satisfiable iff one of the disjuncts is d&iltde. For a conjunction to be
satisfiable the combination of both conjuncts must be saltitsfi Thus, ruleg[A]) and
(A) simply flatten conjunctions to sets. Fixed point operatoesuenfolded with rules
([u]), (U), ([R]) and(R). Finally, playerv controls the position of the focus with rules
(FC) and([A]).

Definition 90 A configuration isterminal if it is of the form {q] ,® and playerV
refuses or is unable to move the focus.

Next we define the outcome of a play. Playewins the playCy, ..., C; iff

1.C, = [q} ,@ isterminal andy= ff orqe @, or

2.C, = [(I)UllJ] ,® andthereisance N, s.t.i < nandC, = C,, and playew has
not used rulgFC) betweerC; andC,.
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Figure 6.1: The satisfiability game rules for LTL.

Playerd wins the playCo,. . .,C, iff
3.C, = {q] ,® isterminal,q # ff andgq ¢ ®, or
4. C, = M ,® andthereis ane N, s.t.i < nandC; = C,, and playek has used
rule (FC) betweerC; andC,.

5 C, = {d)RLIJ} ,® andthereisance N, s.t.i < nandC; = C,, and playew has
not used ruléFC) betweerC; andC,.

To illustrate the satisfiability games we consider a forntak is very similar to the
CTL* formula of Example 59 which was used to justify the use of aifo@Again, it is
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very easy to extend the game rules to handle abbreviated G formulas explicitly.
The rules are

{F(I)} D [an] o
6 VxFo|. @ 0 AXGo],®
4.7 ¥-cp.0
[w],q)vxm,cb [w],q),xcqa,q:
Example 91 Let
¢ = FQAGF(Q

¢ is satisfiable as Example 59 shows. An excerpt of the full gnex is depicted
in Figure 6.2. Since player is allowed to use rul¢fFC) at any moment in the game
the entire game tree has more branches. We only includeitdefhshoices for the
positioning of the focus, i.e. those that do not make him loseediately.

Indeed, played has a winning strategy for this game. It consists of enfay@ither
the leftmost play or the right one of the pair in the middlee8hns both of these with
winning condition 4 since player had to change the focus at some point. The left
play of the two in the middle and both plays at the right sidevaon by playet/ with
winning condition 2. This is because playenever fulfilled theFq although she could
have and, hence, it stayed in focus.

Correctness

Before we can prove correctness of the games we need toishtalfew facts about
the rules and prove a few lemmas.

Fact 92 (FC) is the only rule that maintains the size of a configurationleRy[V]),
(V), ([A]), (A) and (X) reduce the number of connectives in a configuration, while
rules ([U]), (U), ([R]) and(R) increase the number of connectives.
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{Fq/\ GFq}
[q V XFq] ,FQ, XGFQ
la].av xFq,x6rq xra].Fq,xerq ’
4] xeq.xore g xorg xeq] v 1eq 0k
o xerg  qlxorq | [wa.qxerq [wea]orq
:Fq} -GEQ W [FQ] ,GF( [Fq] ,GFq
[Fq/\XGFq}
{Fq} ,XGF(Q

[q Y, XFq} ,XGF(q

q] ,XGFq {XFq] ,XGFq ’

a, [XGFq} [Fq] ,GFq

Figure 6.2: The interesting part of the game tree of Example 91.

Lemma 93 Every play of5(¢) has finite length less thaip| - 2% + 3.

PROOF |- 219l is the maximal number of possible different configuratiamsiiplay
of G(¢). Therefore, every play of length more thap - 2% must have a repeat on a
configuration.

There are two possibilities for such a play. Either, play@&as used ruléFC) between
the two occurrences of a repeating configuration. Or he haused rule(FC) in
between. But then at least one other rule must have beendblBye~act 92, all other
rules either reduce or increase the number of connectivesanfiguration. Thus, one
of the unfolding ruleg[U]), (U), ([R]) or (R) must have been applied to obtain a repeat.
Note that arU or aR is guarded by ai in its unfolding. Thus, there must have been
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at least one application of rul@) between the repeating configurations. This reduces
the size of the formula in focus.

Since the focus change rule has not been used jtilgor ([R]) must have been played
in fact. This means that the focus has been kept ot anaR and their respective
unfoldings. Then there also are configurations of the fcﬁqmw} , @, resp. {d)RLIJ} , @
that the play repeats on.

The repeat on these configurations must occur at most 3 stipoecause the formula
in focus can be at most 3 connectives larger thati@ or GRUY. n

Lemma 94 Every play has a uniquely determined winner.

PROOF A play either ends in a terminal configuration or performsze. In the first
case, winning conditions 1 and 3 determine the winner. Nuaé they are mutually
exclusive and cover all possible scenarios.

In the second case playét either has used ruldFC) between the repeating
configurations or not. If he has, playérwins with winning condition 4. If he has
not, then the winner is determined by the formula that remdim focus while being
regenerated. According to the proof of Lemma 93, it is eithé@Uy or a $RY. In
the first case he wins with winning condition 2, in the secoaskcplayes wins with
condition 5. -

Corollary 95 (Determinacy) PlayerV winsG(¢) iff player3 does not wirG(¢).

PROOF The “only if” part is trivial. The “if” part follows from Theesem 37 of
Section 2.6 and Lemmas 93 and 94. n

Lemma 96 The game rules preserve unsatisfiability.

PROOF PlayerV preserves unsatisfiability since his moves are only comakwith the
position of the focus.

Playerd preserves unsatisfiability with her moves as well since tiig thing she does
is to choose disjuncts. Suppose

(WoVWY1) AD
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Is unsatisfiable. Then so afg A ® andy; A . Consequently, playet cannot force
the play into a satisfiable configuration.

Unfolding U andR formulas preserves unsatisfiability because they are ceglay a
logically equivalent formula.

Finally, consider an application of rul&). Supposep; A ... A Y is satisfiable, i.e. it
has a modett. Suppose furthermore thgi A ... A g, is satisfiable. Lett ;= s for
some stats with L(s) = {qs,...,an}. Then,

In other words, ifXs1,...,XUx, q1,..., On is unsatisfiable then so igs,...,q, or

’ ’

Y1,...,Pk. In the first case playeY can change the focus to tlgg that causes
unsatisfiability and the resulting terminal configuratignunsatisfiable. In the latter
case rulgX) is applied deterministically and the next configurationnsatisfiable as
well. n

Next we describe a strategy for playérand the game§(¢p) and prove that it is
optimal.

Definition 97 (Priority list strategy) Let| be apriority list of all U subformulas of
the input formulapg in decreasing order of size, i.e.

| = ¢1Uw17 RN ¢anJn
with
¢iUY; € Sul{dp;Up;) and ¢iUY; # ¢;UP; implies j<i
In that casep;Uy; is said to have higher priority thag U;.

We say thathUy is present in a configuratidd if
{ oUY, WV (O AX(OUY)). dAX(GUY), X(¢UY) } N C # 0

PlayerV starts with the focus ofg. If the formula in focus is @Ry formula and
there is a'Uy’ € Suly) thenV sets the focus t when¢Ry gets unfolded with rule
([R]) or (R). If the formula in focus is a conjunction théhchooses the conjunct that
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contains th& formula with the highest priority ihif possible. If the focus remains on
aR formula or ends up on a propositional constant thi@hanges focus to avoid defeat
by winning condition 3 or 5. He sets the focus to the formulthvkighest priority inl

or a superformula of it.

If the focus is on aUY then he keeps it there until it becomes “fulfilled”, i.e. ptay
chooses the disjundt when it is unfolded$Uy is then moved to the end bfand gets
the lowest priority. Again, playe¥ changes focus to the formula with highest priority
that is present in the actual configuration if possible.

If at any point the actual configurati@contains an atomic contradiction, i.e. there is
aq e C and aq € C then playel immediately sets the focus to one of them and wins
with condition 1. The same holds forfa < C.

Lemma 98 (Optimality) If playerV wins G(¢o) then he wins it with the priority list
strategy.

PROOF Suppose he win§(¢o), i.e. he is always able to enforce a play that is winning
for himself. If he wins it with his winning condition 1 then lo@es so with the priority
list strategy since it requires him to check at any momentthdrene can do so.

Suppose therefore that it is won with his winning conditign.@. ¢o contains apuy
that does not get fulfilled during the play. W.l.0.g. we assuhat it is the biggest, i.e.
there is no superformula of it which is anhformula as well and which does not get
fulfilled either. At the beginningpuy is inserted into the priority list. Note that the
formulas before it in the list can be assumed to be superftasmf dUy.

Player¥’s optimal strategy tells him to set the focus to the earledsiment of the list
that is present in the actual configuration and to keep iteth&y assumption, thig
formula gets fulfilled at some point and he changes focuseam#xt one. Sincéuy

is assumed to regenerate it must be present at any time amddies there must be a
moment when player sets the focus to it. Since it does not get fulfilled he lealies t
focus there and, by Lemma 94, wins eventually with his wigréondition 2.

Note that he never changes the focus back to tivat has been in focus already before
he has tried all other presettformulas. This is because fulfilled formulas get
appended to the end of the priority list. n
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Definition 99 (Minimal formula) Let P = Cy,...,C, be a play ofS(¢p). Assume
everyC; is unsatisfiable and given as a sequence of formulas in isiocgarder of
size, i.e.

G = ¢io,-.-.0in With ¢ij € Sul{; x) impliesj <k

for eachi € {0,...,n}. Letxc denote the; « in G s.t.

/\ ¢ij is satisfiable, but /\ ¢;; is unsatisfiable.

j<k i<k
Theminimal formula causing unsatisfiability P is the syntactically smallest formula
that occurs first among thg: for everyG;.

Xp = Xo StVi=0,...,n:|Xq|< [Xc|andvj <k:|Xg! < IXgl

Lemma 100 Let ¢ be unsatisfiable and P be a play @f¢o). Thenxp exists and is
unique.

PROOF According to Lemma 96, all configuratiort of P must be unsatisfiable.
Thus, eachxc, exists. The syntactically smallest among them exists byt nod be
unique. However, the indices of the configurations are ligeaxrdered, and(p is the
Xc with the smallest among them. Thus, it is unique. m

Lemma 101 Let¢o be unsatisfiable and P be a play@(fo). Thenxp is either atomic
or of the formduy.

PROOF Let P = Cy,...,Cy and C; = @; with some formula in focus. For a
configurationC; whose elements can be orderedas, ..., ¢i n and withxc, = ¢;
for somek according to Definition 99 we leb; denote the smallest satisfiable part of
G, l.e.
o = A bi
j<k
Note that= ®; — Xc for everyi =0,...,n.

Letk=min{i|xp € Ci } be the index of the earliest configuration contairnjpg We
will show the claim by case analysis ggp.
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Supposexp = 0. = P — g only if g € ®x. Note thatg could occur in another
formula of ®y, for example®, = qRG. But then there would be a smaller formula,
namelyg, which causes unsatisfiability since the game rules remoneectives whilst
preserving unsatisfiability. The smallest such formulg iself since it occurs within
the scope of no connective, ige ®y.

Supposgp = WoV Y1. = Dk — (Wo VvV Y1) only if = ®y — W and= Py — W But if
rule ([V]) or (V) was applied tapp v W5 the following configuration will contain either
Yo or Y1 which are both syntactically smaller thgp and cause unsatisfiability.

Supposelp = WoAY1. Thenk @y — g or = P — W1. Note that conjuncts are
preserved with ruleg[A]) and(A). Thus,xp cannot be the smallest formula occurring
earliest that causes unsatisfiability.

Supposep = XY. Either®y consists of atomic propositions and formulas of the form
Xy’ only, or there is a later configuration that does. This is heeahe game rules
eventually produce a configuration to which rgig is applicable. But

only if
‘: lIJl./...,lIJm—}tlj

Hence, the configuration following the next application wier(X) contains a smaller
candidate forp.

Supposgp = ORY. RY = $UYP. Therefore,= ®x — GRY only if = d, — PUY. Note
that rules([R]) and(R) unfold xp to a conjunction in which is one of the conjuncts.
Conjuncts are preserved which means tpas present and the other conjunct will
either generaté after the next application of rulg) or get replaced bg. In the first
case there will be a configuratioBy, = @, Py, s.t.m> kandE @y, — P which shows
thatxp was not smallest. In the second ca3g = ¢, P, with m> kand= &y, — 9.
Again, there would be a smaller formula thgw that causes unsatisfiability.

Finally, supposgp = ¢UY. = ® — UP means either there is an> k s.t.

=Pn—oVYP but Edj -9 forallk<j<m
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or forallm> k:
EPn—9 and EPn—T

In the first case botth andy are smaller formulas thaygp and cause unsatisfiability as
well. Remember that as long @8 is unfolded eithed or Q) occurs in a configuration.
As long as it occurs it must result from the unfoldingyef.

However, the second case does not contradict the assuntp#type is syntactically
smallest. It results from a play in which play&never fulfilsdUy s.t.¢ occurs between
each two unfoldings bup never does. n

Theorem 102 (Soundness)If ¢¢ is unsatisfiable then playétwins S(¢o).

PROOF Assumegy is unsatisfiable. We show that playémwins G(¢o) by using the
priority list strategy.

Take any playo, ...,Cy of G(¢o). By Lemma 96, eact; is unsatisfiable, in particular
Ch. Thus, played cannot win this play with her winning condition 3 since it uags
the last configuration of the play to be satisfiable if playas unable to change the
focus. It is impossible for him simply to refuse to do so eveough he would be able
to as this is excluded by his priority list strategy.

Sincedg is assumed to be unsatisfiable, Lemma 101 applies. Regaafledich play
is played,xp is either atomic or aiv formula. LetCy be the earliest configuration
containingxp S.t.

Ck = Xp,®« and =®c—Xp

If xp = qtheng must implicitly be present i®y, e.g. in the forngrg. But the rules
remove connectives whilst preserving unsatisfiability gmannot be in the scope of a
X. Note that & is the only unary connective of LTL. Therefore, after at most ¢o|
steps the priority list strategy causes play&o win the play since he will set the focus
to eitherqg or g onceqg becomes present.

Supposexp is of the form¢uy. If playerV sets the focus tgp whenCy is reached
then he wins the resulting play with his winning conditionXote that played can
never fulfil xp by assumption. Thus, playgrcan leave the focus on it.
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Suppose this is not the case, i.e.
C = |:¢I:|:XP7CD

¢’ is anuU formula as well since playér’s strategy only allows him to set the focus to
a formula other than that if nd formula is present. Bugp is going to remain present
since played cannot fulfil it. Moreover,xp is a member of the priority list at this
moment.

We can assumé@’ to get fulfilled at some point. If it does not then playéewill win
with condition 2 just as he does in the preceding case.

The moment it gets fulfilled it is moved to the end of the ptiplist and playelv resets
the focus to th&J formula which has highest priority and is present. Note #ats
present and that two formulas only swap their priority ordiéine one with the higher
priority gets fulfilled. Therefore, there are only finitelyamyU formulas other thagp
the focus can be set to. As soon as one of them persists, players with winning
condition 2. Eventually, this will b&p unless another one did beforehand.

Note that this argumentation holds for every playSgho). Thus, playei’ will win
each play with his winning condition 1 or 2 if he uses his ptiolist strategy. n

Theorem 103 (Completeness)If ¢¢ is satisfiable then playet winsG(¢o).

PROOF If ¢g is satisfiable then it has a modek s, s1,.... The LTL formuladg can

be regarded as a CTlpath formula interpreted over the transition systamSince

Tt consists of a single path only, it is also a model for the prdpEL* formulaEdo.
According to Theorem 771 can be assumed to be a finite representation of an infinite
path, and according to Theorem 72, playewins the CTL' model checking game
Sn(s0,Edo). We will use this game to construct a winning strategy foyptal in the
satisfiability game5 (o).

Edo contains one CTL path quantifier only, therefore each play stays in one single
block according to Lemma 64. Playgiis the path player but her choices with model
checking game ruléx) are deterministic since every stagehas a unique successor
s+1. PlayerV has control over the focus in the satisfiability game and tloeleh
checking game.
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The model checking game starts with ru&) which removes the existential path
guantifier and yields the configuration

S F E([(Po])

From then on, every move in the satisfiability game is guidgthle model checking
game. IfG(¢o) reaches a configuration with a disjunction then playeuses her
winning strategy inSx(So, $o) to choose a disjunct and makes the same choice in
G(¢o0). Conjunctions are flattened in both games. However, pleymm set the focus

in §(¢o) to a different formula than the one in focusS§r(so, ¢o). But the rules of the
model checking game allow him to reset the focus at any pdimis means that there

is a position in the model checking game tree for playavhich corresponds to the
actual position inG(¢o), s.t. playerd has a winning strategy for the game continuing
with this configuration.

Suppose the model checking play visits a configuration
5+ E(|y].)

after it visited

s F E( M ,®)
This is not a repeat since these configurations differ in talecomponent. However,
such a play would correspond to a repea§ipo). To maintain a full correspondence

between the model checking and the satisfiability game wantdke construction of
player3's game tree fo6(¢$o) at the first occurrence of the position

oo

Note that this is only done if the model checking play visit® tconfigurations with
different state components.

Then there is a repeat (o) iff there is a repeat irfr(so, o). By assumptionst
is a finite representation of an infinite path, therefore theehl checking play will
eventually perform a repeat. Thus, the restarting proaasthé satisfiability play will
eventually terminate.
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PlayerV cannot win a play ofj(¢o) with his winning condition 2. Remember that this
means he is able to keep the focus apUg) until the play performs a repeat. But this
would only be possible if he was also able to do thi§jiso, ¢o) which contradicts
the assumption that playeris the winner of this.

He cannot win by condition 1 either since this would enabla o win the model
checking play by setting the focus to a proposition that issatisfied by the actual
state. Remember that state labellings are total, i.e. feryay € P and every stats
eitherg € L(s) org € L(s). But his winning condition 1 requires both of them to be
present in a configuration which cannot occur in playsrmodel checking game tree
for Gn(so, $o).

By Corollary 95, played wins S(¢o). n

Theorem 104 (Small model property) If ¢o € LTL is satisfiable then it has a model
of size less thafo| - 2/%0.

PROOF Supposedo is satisfiable. By Theorem 103, playérwins G(¢o). Let
Co, ...,Cy be the resulting play. We define a finite representation ofssipty infinite
path 1t of a transition system in the following way. The statesrodire equivalence
classegCi] of the set of all occurring configuratiol®, . .. ,C, under the equivalence
relation

Ci ~C; iff betweenC; andC; there is no application of rul&).
Then[Cj] := {Cj | Cj ~ Ci}. Transitions inrare defined as
[Gi]—[Cy iff Ci# Cyandthereis g e Ns.t.Cj ~ CjandCj 1 ~ Cy.
The labelling of the states afis defined as
qe L([G]) iffthereisaj e Ns.t.Ci~CjandqgeC;.

Ttis an eventually cyclic finite representation of an infinitglpif the corresponding
play was won with winning condition 4 or 5. It is a finite pathitfwas won with

winning condition 3. In that case add an arbitrary loop tceitsl to fulfil the totality

requirement.
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Lemma 93 shows that the size of this representatiamiefoounded bydo| - 2/%°.

We claim thatrtis a model fordo. Let /Gl denote the suffix oft that begins with
[Ci]. We show by induction on the formula structure that for gjl< n:

(G = Y forall gcCj if G ~C;j

This is true for atomic propositiong because of the way the labellings of the states
were chosen. Suppose it is true fpandy.

If ¢ vy € C; for somej then game rule§V]) and(V) guarantee that there iGawith
Ci ~ Cj and eithery € G or ¢ € ;. But thenrt!S) = ¢ or nlS) |= @ by hypothesis
and, hencer' @) |= ¢ v . The cases af A Y andx¢ are similar.

If Uy € C; for somej then playerd’s winning strategy guarantees that there is a
Cyx with Y € C¢ because she has fulfilled all occurriigormulas. Otherwise player
vV would have won the corresponding play with his winning cdiodi 2 according to
Lemma 98. The induction hypothesis yield$+) = . Furthermore, for everiywith

j <i < K wherek' is chosen least s€ ~ Cy, there is an’ s.t.C; ~ Cy and¢ € C;.

But thenrt @) |= ¢puy.

Finally, the case ofRY € C; is similar. Now note thabo € Co andrt[®!) = 1t Thus,
T[): d)o. |

History-freeness of playef’s winning strategy carries over from the CTIlmodel
checking game to the LTL satisfiability game. The situationdiayerV is different.

Theorem 105 (Winning strategies)
a) Playerd’s winning strategies are history-free.
b) PlayerV’s priority list strategies are LVR strategies.

PROOF Playerd’s winning strategy fo6 (o) with a satisfiabléo consists of choosing

a modelmr for ¢g and playing according to her strategy for the CTrhodel checking
game Gn(So,Edo). The choice of the model does not depend on the play, and by
Theorem 74, her winning strategy f@&(so,E¢o) is history-free. Hence, so is her
winning strategy foi5(¢o).
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Player¥’s winning strategy foi§(¢o) with an unsatisfiablég is different. Remember
that he is only concerned with the position of the focus. Hisrgy list is in fact a
latest visitation record. According to Definition 41 of Chaip2, the set of interesting
configurations for him is the set of all possible configunasi@f the form {d)UljJ} , P

for every$uy € Suli¢o).

The priority list of Definition 97 is a succinct representattiof this LVR. Note that it
is essential but also sufficient for play@to keep the focus on @uy. Maintaining a
priority list of all configurations would not give him moreformation than is needed
to win.

PlayerY only moves elements from positions in the list to its end. ¥ beginning,
no element occurs twice. Thus, the requirements for a LVRwdfided. n

Complexity

The close correspondence between Ciirlodel checking games and LTL satisfiability
games is reflected in the analysis of its complexity. The pobthe following theorem
is similar to the one of Theorem 79.

Theorem 106 (Complexity) Deciding the winner of an LTL satisfiability game is in
PSPACE.

PROOF A game based satisfiability checking algorithm for LTL cankeaise of the
priority list strategy described in the proof of Theorem 10his determinises player
V’s moves. What remains is a nondeterministic game sincexiseeatial player is left
with some choices. To find a winning play for playethe algorithm needs to store
two configurations: the actual one which gets overwritteche@me a game rule is
played, and one which is used to find a repeat on.

Itis up to playelv to find a repeat on a configurati({q)UqJ} , @ without changing focus
between the two occurrences. Therefore, he would at sonmd poiversally choose
to store such a configuration. However, the result would beltmnating procedure
which will not have optimal complexity. Therefore, we debénise playei’s choice
of the configuration to repeat on, similar to the proof of Tiesn 79.
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Let ¢ be the input formula. The algorithm maintains a counter t@asoee the length
of the play at hand. It starts by storing the first configumatioNith this it stores
the counter value. It proceeds to check whether there isyathkt repeats on this
configuration. A simple flag is used to indicate whether theufowas changed in
between or not. If there is a repeat and the focus was not eldbibgeturnsv as the
winner. If there is no repeat then a counter is used to termitiee play at hand. The
algorithm returns ? as soon as the counter value reg¢he®®! + 3 which is justified
by Lemma 93. Then it restarts with the successor of the stooafiguration and the
stored counter value increased by one.

If the stored counter value reachds - 2% + 3 then the algorithm terminates and
returns3 as the winner.

The size of the counter is polynomial in the size of the inputhe size of the
memory needed to store two configurations is polynomial endize of the input as
well. Therefore, LTL satisfiability checking can be done ondeterministic PSPACE.
According to [Sav69], there is a deterministic PSPACE atgar for this problem as

well. ]

Comparing Automata and Games for LTL Satisfiability Checkin g

The first automata to be used for deciding satisfiability ofiLLformulas were
nondeterministic Buchi automata. There is of course anausvdifference to the
games of this section since 2-player games correspond ¢onating rather than
nondeterministic automata. However, as Theorem 106 shap@ying the priority
list strategy determinises playéis moves and leaves a nondeterministic game.

These nondeterministic automata guess truth values fdr @aaformula of the input
formula at each state of a possible model and verify thessesgsawith their transition
relation. The games of this section are more flexible in tbspect since configurations
only contain necessary subformulas. The verification of ¢berectness of the
automaton’s choices can be seen as the automata-thearetitecpart to Lemma 96
which states that unsatisfiability is preserved.

There is an intimate relationship between the model checkiroblem for CTL
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and the satisfiability checking problem for LTL. This is natlp reflected in their
computational complexities — both are PSPACE-completet-also in the similarities
between the BLTL model checking games of Chapter 5 and the 4atisfiability
games of this section. Remember that a CThhodel checking games is in fact a
collection of BLTL model checking games.

The proof of Theorem 103 is based heavily on the close relship between these
games. In fact, an LTL satisfiability game is a BLTL model dkieg game without the
state component in a configuration.

Since these relationships are merely a feature of the gant@sgroperty of the logics,
the automata that have been used for BLTL model checking smkee used for
LTL satisfiability checking. This means that the alterngtautomata from [Var96]
are useful for the satisfiability problem as well, see the parnsons in Section 5.5.

Again, the games of this section can be seen as an interraestep between the
alternating automata and their translation into nondeitgstic ones. Remember that
the alternating automata’s states consist of single foashahly.

The question of whether there is a regeneratihdormula is answered in the
non-emptiness test of the language accepted by the automalbis problem is

PSPACE-complete. For the games this question is easierstiwesras the proof of
Theorem 106 shows. It is simply done by querying the value tWalean flag.

However, it is only easier since a game’s configuration isencomplex than an
automaton’s state. But it is the size of a configuration in engahat causes the
PSPACE complexity.

6.2 Satisfiability Games for CTL

The satisfiability gameG(¢o) for a CTL formulado is defined along the lines of
Section 6.1. Playes attempts to show thalip has a model, whereas playertries
to show that there is none. Here, a model is a total transgy@temT. The set of
configurations of the focus gan§gdo) is

€ = Sukdg) x 25Ut¢o)
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The game rules are depicted in Figure 6.3. Boolean combimate handled in the
same way as they are in the LTL games, and so is the focus. R@8s, ([QR]),
(QU) and(QR) are justified by the unfoldings of the temporal operatorsTh.C

Because of the path quantifiers, applying the above ruldsesillt in a configuration

in which every formula is either propositional or of the foEdy or AXy). Such

a configuration postulates the existence of several suocesates, each of them
satisfying all of the universally quantified formulas andl@ast one existentially
quantified formula, s.t. eveX¢ is covered by one successor state. This is modelled
in the rules(EX) and(AX).

The winning conditions for the CTL games are similar to thims¢he LTL games, and
so is the definition of a terminal configuration. Playewins the playCo,...,C, iff

’

1.C, = {q] ,® isterminal andy= ff orge @, or

2.Cy = [Q(d)UljJ)] ,® for someQ € {E,A} and there is ame N, s.t.i < nand
Ci = C,, and playelv has not used rulé C) betweerC; andC,.

Player3 wins the playCy,...,Cy iff

3.C, = {q]./CD is terminal,q # £ff andq ¢ @, or

4. C, = M ,® andthereis ane N, s.t.i < nandC; = C,, and playek has used
rule (FC) betweerC; andC,.

5. C = [Q(d)RLIJ)] ,® for someQ € {E,A} and there is ame N, s.t.i <nand
Ci = C,, and playel has not used ruléC) betweerC; andC,.

Correctness

As in the LTL case we need to establish a few facts and lemnfasdoee can proceed
to prove the games correct.
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Figure 6.3: The satisfiability game rules for CTL.
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Fact 107 (FC) is the only rule that maintains the size of a configurationleR( V),
(V), ([A]), (A), (EX) and (AX) reduce the number of connectives in a configuration,
while rules([QU]), (QU), ([QR]) and (QR) increase the number of connectives.

Lemma 108 Every play ofg(¢) has finite length less tha| - 2¢/ + 3 and a uniquely
determined winner.

This is proved exactly like Lemmas 93 and 94 for LTL. Conseqlye determinacy
follows for the CTL satisfiability games in the same way.

Corollary 109 (Determinacy) PlayerV wins§G(¢) iff player3 does not wirG(¢).

Lemma 110 Playerd preserves unsatisfiability with her rules. Playécan preserve
unsatisfiability.

PROOF The rules for boolean connectives and the focus change rellgrasent in the
LTL games as well. Since playéeronly chooses disjuncts the claim follows for her
from Lemma 96 already.

Preservation of unsatisfiability with the deterministicfalding rules ([QU]), (QU),
([QR]) and (QR) follows from the unfolding characterisation tfandR formulas in
CTL which was presented in Section 2.4.

The only new cases are those of ru{é%) and(AX). They do not need to be looked at
separately. Suppose

is satisfiable for every;, i = 1,...,k. Thus each has a mod#&] with a states s.t.
s = ¢; ands = yj for j =1,....m Define a new LTS as the disjoint union over
all 7 with a new states’ s.t.s — s for eachi = 1,....k. Lets be consistently labelled
with L(S) = {q1,...,0n}. Then,

J'.d = AXq,..., AXUYm,EX1, ..., EXPk, 01, - - -, On

Thus, this formula is satisfiable. Therefore, if it is unsfdible then one of the
di,W1,...,Pn must be unsatisfiable as well. In ru{@X) playerV can choose it
accordingly and preserve unsatisfiability.
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In order to preserve unsatisfiability with rulEX) he might have to change focus to the
EX¢; that causes the unsatisfiability before the rule is playeateNhat he is allowed
to change focus at any moment in the play. n

As in the LTL case, we will describe a priority list strategy playerv. The difference
to Definition 97 is the fact that play&thas to use several lists in a ga§i@o).

Definition 111 (Priority list strategy) Let!| be apriority list of all U subformulas of
¢o in decreasing order of size, i.e.

I = Qu(¢1Uy1),...,Qn(dnUYn)
with
Qi(diUWi) € SulQ;j(¢;uwj)) and Qi($iUwi) # Qj(¢;Uyj) implies j < i

In that caseQj(¢;Uy;) is said to have higher priority tha@;(¢iUyi). We say that
Q(¢UY) is present in a configuratidd if

{ Q(4UY). YV (6 AQXQ(OUY)),  AQXQ(PUY) € C, QXQ($pUY) } N C # 0

PlayerV uses the priority list as it is described in Definition 97. Heempts to set
the focus to th& formula with the highest priority that is present or a supserfula
of it. Here, anu formula means a formula of the forB{¢UW) or A(¢UY). FulfilledU
formulas get appended to the end of the list. At any momenhbkels whether he can
win by setting the focus to an atomic proposition.

Note an essential difference between the LTL and the CTIsfgaility games. In
the LTL case playel only chooses the position of the focus. This is entirely
determinised by the priority list strategy. Here, playeslso makes choices with rule
(AX). This is unaffected by the priority list strategy. His ovésdrategy is therefore
composed of several priority list strategies, each cooedmg to a certain sequence
of choices he makes with rul@X) in a play. In addition, whenever this rule has to be
played he chooses tl&; that preserves unsatisfiability if the actual configuraisn
unsatisfiable. If it is satisfiable he can choose any formula.
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Thus, in a game tree for playér playerV will have used several priority list strategies
since the presence of anformula generally depends on the choices made with rule
(AX).

We will speak ofthe priority list strategy to denote his overall strategy thainbines

the priority list idea with the preservation of unsatisfiaii

The next lemma is proved in the same way as Lemma 98 for the Ehhes.

Lemma 112 (Optimality) If playerV wins§G(¢o) then he wins it with the priority list
strategy.

The minimal formulaxp causing unsatisfiability in a play of a CTL satisfiability
game is defined just as it is in Definition 99 for LTkp is the syntactically least
formula that causes unsatisfiability and that occurs esdriiea configuration oP.

Lemma 113 Let ¢ be unsatisfiable and P be a play $f¢o) in which playerv uses
his priority list strategy. Therxp is either atomic or of the form @uy) for a Q €

(E,A}.

PROOF This is proved by case analysis gp as well. Note that the cases of atomic
propositions, disjunctions and conjunctions are the sasnth@ ones in the proof of
Lemma 101.

Xp = EXy is impossible as well agp = AXy since rules(EX) and (AX) produce the
syntactically smalleq in the latter case anyway and in the former case if the pyiorit
list strategy is used.

The cases okp = Q(¢RWY) are similar to the case of & formula in the proof of
Lemma 101. Regardless @, the syntactically smalleg will always be present in
later configurations and eventually cause unsatisfiahilitessp does.

The remaining cases are thosexef= Q(¢UW), Q € {E,A}. LetCy = Xp, Pk be the
first configuration inP containingxp, s.t. = ®x — Q(¢UW). Again, P denotes the
satisfiable part o€ in the sense of Lemma 101. Then either there isnank s.t.

=®Pn =0V but Eo; -9 forallk<j<m
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or forallm> k:
FEPn—9 and EPn—T

In the first case botlp andy are smaller formulas thaype and cause unsatisfiability
as well. Remember that as long @¢UW) is unfolded eitherp or Y occurs in a
configuration. As long as it occurs it must result from thealdiing of xp.

Again, the second case does not contradict the assumpiabryghis syntactically
smallest. It is found in a play in which playérnever fulfils Q(¢UY) s.t. ¢ occurs
between each two unfoldings bjitnever does. n

Theorem 114 (Soundness)If ¢g is unsatisfiable then play&twins G(¢o).

PROOF Assumegy is unsatisfiable. As in the proof of Theorem 102, we show that
player¥ wins G(¢o) by using his priority list strategy.

Consider a playCy,...,Cy of G(do). By Lemma 96, eaclC; is unsatisfiable, in
particularC,. Thus, played cannot win this play with her winning condition 3 since
it requires the last configuration of the play to be satisGalitemember that the case
of playerV simply refusing to continue to play is excluded by using thierty list
strategy.

Since¢g is assumed to be unsatisfiable, Lemma 113 applies. Regaumaiieshich
play P is played,xp is either atomic or of the fornQ(¢Uy). Let Cy be the earliest
configuration containingp S.t.

Ck = Xp, Pk and =®d—Xp

If xp = qthen the priority list strategy causes playéto win the play since he will
set the focus to eithayor g. Note thatq must either be present @ or occur at most
log|do| steps later.

Supposep is of the formQ($UyY). If player¥ sets the focus tgp whenCy is reached
then he wins the resulting play with his winning conditionXote that playeHs can
never fulfilxp by assumption. Thus, play&rcan leave the focus on it.

Suppose this is not the case, i.e.

C = [¢']:XP,¢
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¢’ is anU formula as well since playéf’s strategy only allows him to set the focus to
a formula other than that if n formula is present. But if thg formula is of the form
A(GUY) thenxp is going to remain present since playketannot fulfil it. Moreoveryp

is @ member of the priority list at this moment. If it is of therfn E($UWY) then it could
theoretically be discarded by an application of r{##&). But since playeY is assumed
to preserve unsatisfiability it would not be tie for the playP at hand. Hence, player
3 cannot fulfil it either and it is also a member of the prioriitst]

We can assumé’ to get fulfilled at some point. If it does not then playewill win
with condition 2 just as he does in the preceding case.

The momentit gets fulfilled it is moved to the end of the ptiplist and playelv resets
the focus to theJ formula which has highest priority and is present. Note #ats
present and that two formulas only swap their priority ondiéihe one with the higher
priority gets fulfilled. Therefore, there are only finitelyamyU formulas other thalp
the focus can be set to. As soon as one of them persists, playgrs with winning
condition 2. Eventually, this will b&p unless another one did beforehand.

Note that the argumentation above holds for every plag@fo). Thus, playerv
will win each play either with his winning condition 1 or 2 ietuses his priority list
strategy. |

Similar to the proof of Theorem 103, we will relate the sagibfiity games for CTL
to its model checking games of Section 5.3 and obtain compdsts in this way.
However, one satisfiability play must be related to severaehchecking plays since
configurations of the latter contain single formulas only.

Theorem 115 (Completeness)If ¢¢ is satisfiable then playet winsG(¢o).

PROOF Supposea)g is satisfiable, i.e. it has a mod&l= (8, —,L) with 5 € S s.t.
S E ¢o. §o is also a CTE formula. Thus, by Theorem 77 can be assumed to
be finite. Played’s moves inG(¢o) will be guided by her moves in the CTL model
checking gameS$; (s, ) wherese S andy € Sul{¢o). Remember that the CTL model
checking game is not a focus game.

The starting positions for both plays al[(ibo} and sp - ¢o. Suppose the actual
formula in focus is a disjunction. Then playér uses her winning strategy in
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S7(s0,90) to choose the disjunct that guarantees her to win the ren@ipliay. In
the satisfiability game she chooses the same disjunct. dinfpbf temporal operators
is deterministically done in the same way in both plays.

The only interesting case is the one of a conjunctior§{hg). Consider the first
occurrence of such a situation@ido). At this moment no sideformula can be present.
Let therefore{wo/\ qu} be such a configuration. This must correspond to a position

S F Yoy

in the model checking play. Since playgrns assumed to have a winning strategy
for this game she must have winning strategies for b@#s, Wo) and S(s,Y1).

In G(do) playerV sets the focus to one of the conjuncts, gay Then all choices
regarding formulas in focus are matched by choice§sifs, Yp), whereas all choices
regarding sideformulas correspond to choice$jdits, Y1). Thus, at any moment in
the satisfiability game a configuration containimormulas is matched by model
checking plays. Furthermore, the state component of allahobecking plays is
always the same. Changing focus does not alter the situatidghe model checking
side at all.

Finally, if the satisfiability play reaches a configuration

the model checking plays correspondingex,, ... ,EX¢y are discarded. Player
chooses a successor statan the play forEX¢;. By assumption she has winning
strategies for the remaining model checking games

97(t7¢l)7 9T(t:wl): ceey gT(t:qu)

The same argument holds for a configuration with the focus ronzap, the only
difference being playey who determines the model checking play in which player
3 chooses a successor state.

It is possible for the satisfiability play to perform a repeata configuratior{lpo] , @
while the set of model checking plays does not. et (,...,,. Whenever the

’

model checking plays are at stages

t F oy fori=1,...,n

3
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after they were at stages- |, ands # t, and the focus is on the same formula, then
the satisfiability game is restarted at the first occurrerfc%u,@} ,®. This is not done
if s=t.

Suppose now that play&t wins the satisfiability game. If he does so with winning
condition 1 then there must be two configurations

t Fq and t F Qq

in the set of model checking plays. Playecannot win both of the model checking
plays as she is assumed to. Suppose therefore that playies with condition 2. But

a repeat with @Q(¢UY) in focus corresponds to a model checking play that repeats on
Q(¢uw) as well and would be won by play€r too.

We conclude therefore that play@cannot win any play ofi(¢o) and by Corollary 109
that playerd must have a winning strategy f6(¢o). m

Theorem 116 (Small model property) If ¢o € CTL is satisfiable then it has a model
of size less thafo| - 2/%0!.

PROOF Supposeadg is satisfiable. By Theorem 115, playghas a winning strategy
for the game5(¢p). We extract a transition systefmfrom player3's game treeJ will
be a tree-like structure. A play in the game tree will be tfarmaed into a branchm of

’ ’

T. For each playCy,Cy,..., Cn the branchit consists of states which are equivalence
classesC;] of the set of all occurring configuratio® under the equivalence relation

Ci ~C; iff betweenC; andC; there is no application of ruléEX) or (AX).
Then[Gi] := {C;j | Cj ~ Ci}. Transitions inT are defined as
[Gi]—[C iff G Ccandthereis g e Ns.t.C ~CjandCj;q ~ C.
The labelling of the states @fis defined as

qe L([G]) iff thereisaj e Ns.t.C ~CjandqeC;.
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Eachttis an eventually cyclic finite representation of an infiniggtpunless it resulted
from a play which is won by playet with her winning condition 3. In that cagecan
be made into an eventually cyclic path model by appendingr@nstatdC,, 1] with

[Cn] = [Cna] and  [Cnya] —=[Crya]

The paths can be put together to obtain a finite representaiid an infinite tree. Note
that each path starts with[Co.

Since there are onlyo| - 2%l many different configurations df(¢o) this is also an
upper bound on the number of equivalence clagSg¢sind, hence, the size 6f.

It remains to be seen that, [Co| is a model fordp. In fact, the following stronger
proposition holds for ali, j < n:

C] = forall peCj if G ~C;j

This is done by induction o similar to the proof of Theorem 104 for LTL. Note that
the cases oy = EX¢ and = AX¢ hold because all of player's choices with rule
(AX) are contained in playet's game tree.

Finally, do € Co and, thus|Co| = ¢o. m

A consequence of this proof is the tree model property for CHbwever, it also
follows from Lemma 75 which shows the tree model propertyGaiL*.

Corollary 117 (Tree model property) CTL has the tree model property.

For two LVRs|; andl, the interleavingof |1 andl, is a sequence containing each
element ofl; andl, exactly once such that the order of the elementk iandl; is
preserved.

Lemma 118 The interleaving of two disjoint LVRs is an LVR.

PROOF Let | = Cq,...,C, be the interleaving of; andl, which are LVRs over the
disjointly andly. ThenGj € IyUlx foreveryi=1,....n. G #Cjforall1<i< j<n



6.2. Satisfiability Games for CTL 163

becausé; N1, = 0. Finally,
no= |lif+[lo] < [lif+]l2] = [lUl2]

Thus,| is an LVR. n

Theorem 119 (Winning strategies)
a) Playerd’s winning strategies are history-free.
b) PlayerV’s winning strategies are LVR strategies.

PROOF Player 3's winning strategy forS(¢o) with a satisfiable¢o consists of
choosing a modeT = (8,—, L) for ¢o and playing according to her strategies in the
corresponding CTL model checking gantgs(s, Y) for s€ 8§ andy € Suli¢p). The
choice of the model does not depend on the play, and by The8&nher model
checking winning strategies are history-free. They addougphistory-free strategy for
G(¢o) since there is no interaction between the model checkingegam

PlayerY’s winning strategies are latest visitation record streegNote that he uses
essentially the same strategy as in the LTL games. The fattik overall strategy
consists of using one priority list for each sequence ofigppbns of rulegAX) and
(EX) does not change this. All the lists can be interleaved to meeal list in which
the origin of eact formula is used as an annotation to fulfil the requirementsenfig
aLVR.

Note that he simply ignores unimportant parts of the LVR loseghe always changes
focus to preserit formulas only. According to Lemma 118, the resultis a LVRy.to

The only conceptual difference to the LTL games is the aoii choice he has with
rule (AX). Choosing arEX¢; determines the state of his priority list. In terms of the
proof of Theorem 114 it determines which list to continue $timtegy with. But all
he needs to do with ruleX) to win the remaining game is to preserve unsatisfiability.
This choice does not depend on the history of the play.

Thus, his overall strategy consisting of preserving us§atility and maintaining a
priority listis a LVR strategy. m
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Complexity

Theorem 120 (Complexity) Deciding the winner of a CTL satisfiability game is in
EXPTIME.

PROOF Unlike the proofs of Theorems 79 and 106, here playsmoves cannot be
determinised using the priority list strategy describedhia proof of Theorem 114.
The reason is game rul@X) which requires playe¥ to make a choice other than
positioning the focus.

An alternating algorithm only needs to store two configunasi and a counter to find

a winning play for one of the players. Again, the configunasi@re the actual one and
one chosen by playét on which he tries to find a repeat. The counter is bounded by
IR 2/%l + 3 and, hence, requires space which is polynomial in the Sideednputd.
Therefore, checking whether a CTL formula is satisfiabl@iaPSPACE which is the
same as EXPTIME, [CKS81]. n

6.3 Satisfiability Games for PDL

The set of configurations of treatisfiability game5(¢o) for a PDL formuladg is
€ = Sul{dg) x 25uti%)

Again, G(¢o) is a focus game like the ones of Sections 6.1 and 6.2 with fferelice
that the modell = (8,{-2| ac A},L) for ¢o which player3 implicitly attempts to
construct need not be total.

The presentation of the game rules is split into two sets.fifsteset deals with boolean
combinators and modalities with atomic programs. They caifolind in Figure 6.4.
Rules([V]), (V), ([A]) and(A) are the usual ones for disjunctions and conjunctions.
There also is the focus change rdke) that playerv can use at any point in a play.
Rules((a)) and([a]) are parametrised by the actianand are the PDL counterparts
to the CTL rules(EX) and(AX). Note that PDL, unlike CTL, distinguishes transitions
with different labels. Therefore only those formulas tha¢ak about successor states



6.3. Satisfiability Games for PDL 165
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Figure 6.4: The PDL satisfiability game rules for formulas.

which can be reached with the same atomic program are ingluden application of
rule ((a)) or ([a]).

The second set of rules deals with non-atomic programs. cBlgi they apply the
equivalences given in Section 2.5 to obtain formulas witlaléen programs. Rules

([(W)]), ({W)), ([[U]]) and([U]) have been optimised in the sense that the corresponding

equivalences yield a disjunction or a conjunction, and theing choice by one of
the players has been built into the rule already. Note @hat rules ([[?7]]) and ([7?])
denotes the complement @¢faccording to Lemma 13 of Section 2.5.
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Figure 6.5: The PDL satisfiability game rules for programs.
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Definition 121 A configurationC of §(¢o) is calledterminalif

e C—= [q} ,® and playelv refuses or is unable to move the focus with r(ge).

The slightly different definition of a terminal configurati@ompared to those in LTL
or CTL games is due to the fact that models of PDL formulas ateaeqguired to be
total.

The winning conditions for the PDL games are similar to thfmsethe CTL games.
PlayerV wins the playCo,. . .,C, iff

1.C = {q] ,®@ isterminal, andy= ff orq € @, or

2.Cy = [(a*>¢} ,® andthereis anc N, s.t.i < nandC; = C,, and playelv has
not used ruléFC) betweerC; andC,.

Playerd wins the playCo,. . .,C, iff

3. Cyisterminal, andf ¢ C and for everyqe C: q¢ C, or

4. C, = M ,® andthereisanc N, s.t.i < nandC; = C,, and playelv has used
rule (FC) betweerC; andC,.

5.C, = [[cx*]cb} ,® andthereisanc N, s.t.i < nandC; = C,, and playew has
not used ruléFc) betweerC; andC,.

Correctness

Again, finiteness of every play and uniqueness of their wisiaee proved in the same
way as they are for LTL and CTL, see Lemmas 93, 94 and 108. Tine $mlds for
determinacy.
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Fact 122 (FC) is the only rule that maintains the size of a configurationleR({(x)]),
({(x)), ([[«]]) and([«]) increase the number of connectives in a configuration. Akot
rules either reduce the number of connectives in a progxaanthe number of boolean

connectives and modalities in a formula.

Lemma 123 Every play of5(¢) has finite length less thap| - 2%/ + 3 and a uniquely
determined winner.

Corollary 124 (Determinacy) PlayerY wins§(¢) iff player3 does not wirG(¢).

Lemma 125 Playerd preserves unsatisfiability with her rules. Playécan preserve
unsatisfiability.

PROOF The cases of the rules for boolean connectives have beerwdtwgin the LTL
or CTL version of this lemma already (Lemmas 96 and 110). Ad teterministic
rules preserve unsatisfiability because the apply equicatefor PDL formulas.

Note that playerd’s choices are all special instances of configurations coimig
disjunctions. PlayeY’s choice with rule([[U]]) is an instance of a conjunctive choice.
Preservation of unsatisfiability with rul&C) is trivial.

For the remaining cases of rulésa;)) and ([&]) suppose thadi, Pi1,..., Wim is
satisfiable for everg; withi € {1,...,n}. Then each of them has a modgls s.t.

T, E diAYiIA... APy, forallie{l,...,n}

We defineJ” as the disjoint union over &lf; with a new states and transitions-2s s,
s.t.g; # a; if i # j, and a consistent labelling's) = {qs,....q/}. Then

S):/\q.A/\ cb.A/\ &) j)
i=1 j=1

The conjuncts can be permuted into the form that is presentede ((a;)) or ([&]).

Conversely, if this formula is unsatisfiable then there noesani € {1,...,n} s.t.

di, Yiz, -, Wim

is unsatisfiable. This shows that playjecan preserve unsatisfiability with rulés;))
and with rule((a;)) by possibly changing focus accordingly before it is applied @
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As in the CTL case, we describe a priority list strategy fay@rV. Again, the actual
list during a play depends on play€s choices with game rul€a]).

Definition 126 (Priority list strategy) Let | be apriority list of all subformulas of
do of the form(a* )W for some progranu in decreasing order of size, i.e.

I = (apWi,.... (ap)Pn

with

(@)W € Sulf(aj)w;) and (o) # (a))y; implies | <i
In that caseaj)y; is said to have higher priority thafw;") ;. We say thata®)y is
present in a configuratio@ if (a*)y € C or (a)(a*)y € C.
PlayerV uses the priority list as it is described in Definition 97. Heempts to set
the focus to théa™) with the highest priority that is present or a superformul&.o
(a*)W gets appended to the end of the list when playehoosesp in the unfolding
instead of(a)(a*)Ww. At any moment playeY checks whether he can win by setting
the focus to an atomic proposition.

The next lemma is proved in the same way as Lemma 98 for the larheg. Note
that, as in the CTL case, we speaktbé priority list strategy as his overall strategy
that includes the preservation of unsatisfiability acaogdo Lemma 125.

Lemma 127 (Optimality) If playerV wins§G(¢o) then he wins it with the priority list
strategy.

The minimal formulaxp causing unsatisfiability in a plal of a PDL satisfiability
game is defined just as it is in Definition 99 for LTip is the syntactically least
formula that causes unsatisfiability and that occurs estriiea configuration oP.

Here,(a)¢ counts as smaller thaif8)y if the number of connectives im is less than
the number of connectives i The same holds for formulas of the forfian|¢. This is
important for applications of rul€(; )]) for example that replace formulas with others
that have the same number of connectives but with a reducedberuof connectives
inside a modality.
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Lemma 128 Let ¢ be unsatisfiable and P be a play @f¢o) in which playerv uses
his priority list strategy. Thelxp is either atomic or of the fornio*) .

PROOF This is proved by case analysis gq». Note that the cases of atomic
propositions, disjunctions and conjunctions are the sasnh@ ones in the proof of
Lemma 101.

Thus,xp can only be of the forni)¢$ or [B]¢. The following cases are excluded:

(dpUa1)d, [aoUa]d, (W76 and [P

They can all be reduced to the case of a disjunction or a cotipm For[y?/¢ note
that is of the same size ajs.

If B = afor somea c A then rule((a)) or ([a]) will eventually remove the modality
from ¢ which is then a better candidate figs. Compare this case also to the case of a
X¢ in LTL and aQx¢ in CTL.

Next, there are the cases @fo; a1)¢ and[og; 01]d. Game ruleg[(;)]), ((;)), ([;]])
and([;]) applied to a formula of this form produce a semantically eglgint formula
that is smaller by convention since the sequential comiposaperator is removed.
Thus, they cannot be minimal formulas causing unsatisiiglgither.

The two remaining cases di*|¢ and(a*)$. The former can be excluded again since
it only causes unsatisfiability if the small@icauses unsatisfiability later on in the play.
Note that the unfolding dio*|¢ guaranteeg or a subformula of it to be present at any
moment in the play.

Finally, supposegp = (a*)¢. Thus, there is a configuratio@y = Xp, Pk in the play
S.t.

= O — (00

This meang= &, — [a*]§. Remember rulé(x)) for the unfolding of(a*)¢. Player3
chooses eithep or (a) (a*)¢. In the first casep contradicts the assumption that is
of the form(a*)¢ sinced is syntactically smaller. This is because

[@]o = dA[a][a”]d
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and, hence,

E &—9

However, the case where playealways choose& ) (a*)¢ instead does not contradict
the assumption sinc@)(a*)¢ is not syntactically smaller thato*)¢. In this case,
(a*)¢ is the smallest formula causing unsatisfiability. n

Theorem 129 (Soundness)If ¢¢ is unsatisfiable then playétwins S(¢o).

PROOF Assumedg is unsatisfiable. As in the proofs of Theorems 102 and 114,
we show that playeY wins G(¢o) by using his priority list strategy and preserving
unsatisfiability.

Let the two players play a plag,...,Cy of G(¢o). By Lemma 125, eaclg; is
unsatisfiable, in particulaC,. Thus, played cannot win this play with her winning
condition 3 since it requires the last configuration of theeypb be satisfiable.

Since¢g is assumed to be unsatisfiable, Lemma 128 applies. Regaualleshich
play P is played,xp is either atomic or of the formja*)¢. Let Cx be the earliest
configuration containingp S.t.

Ck = Xp.® and E d—Xp
If xp = g then the priority list strategy causes playetio win the play since he will set

the focus to eitheq or g in C, or at most loddo| steps later.

Supposexp is of the form(a*)¢. If playerV sets the focus tgp whenCy is reached
then he wins the resulting play with his winning conditionXote that played can
never fulfil xp by assumption. Thus, playgrcan leave the focus on it.

Suppose this is not the case, i.e.
Ck - |:¢/] s XP; ®

¢’ is of the form(a*)$ as well since playey’s strategy only allows him to set the
focus to a formula other than that if fo*)¢$ formula is present. Bugp is going to
remain present since playeicannot fulfil it. Moreoveryp is a member of the priority
list at this moment.
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We can assumé’ to get fulfilled at some point. If it does not then playéwill win
with condition 2 just as he does in the preceding case.

The moment it gets fulfilled it is moved to the end of the ptiptist and playerv
resets the focus to th@*)¢$ formula which has highest priority and is present. Note
thatxp is present and that two formulas only swap their priorityesrd the one with

the higher priority gets fulfilled. Therefore, there areyfihitely many formulas of
the form (a*)¢ other thanyp that the focus can be set to. As soon as one of them
persists, playe¥ wins with winning condition 2. Eventually, this will bgp unless
another one did beforehand.

Note that the argumentation above holds for every plag@fo). Thus, playerv
will win each play either with his winning condition 1 or 2 ietuses his priority list
strategy. n

Similar to the proofs of Theorems 103 and 115, we will rel&ie $atisfiability games
for PDL to its model checking games of Chapter 4 and obtainptetaness in this
way. Again, one satisfiability play must be related to selvieradel checking plays
since configurations of the latter contain single formulaly.o

Theorem 130 (Completeness)If ¢¢ is satisfiable then playet winsG(¢o).

PROOF Supposeg is satisfiable. Then it has a modek= (8, {-2:| ac A},L) with

S € 8. By Theorem 527 can be assumed to be finite. Playé&r moves inG(¢o) will

be guided by her winning strategies in the PDL model checgames5+ (s, ) where

se § andy € Sulipp). Remember that a PDL model checking game is not a focus
game.

The starting positions for both plays ar[ o} and s - ¢o. Suppose the actual
formula in focus is a disjunction. Then playér uses her winning strategy in
S7(%0,¢0) to choose the disjunct that guarantees her to win the rengipliay. In
the satisfiability game she chooses the same disjunct. dinfpbf temporal operators
is deterministically done in the same way in both plays.

The only interesting case is a conjunctiong(po). Consider the first occurrence of
such a situation i§(¢o). At this moment no sideformula can be present. Let therefore
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{qu A qu] be such a configuration. This must correspond to a position

S F Yoy

in the model checking play. Since playgris assumed to have a winning strategy
for this game she must have winning strategies for b@#s, Wo) and S(s, 7).

In G(do) playerV sets the focus to one of the conjuncts, gay Then all choices
regarding formulas in focus are matched by choice§si(s, Yp), whereas all choices
regarding sideformulas correspond to choicesjdtis, Y1). Thus, at any moment in
the satisfiability game a configuration containimgormulas is matched by model
checking plays. Furthermore, the state component of allghobecking plays is
always the same. Changing focus does not alter the situatidghe model checking
side at all.

Finally, if the satisfiability play reaches a configuration

the model checking plays corresponding &) ¢; are discarded for all=2,...,n, as

well as those fofb;j|y; for all j = 1,...,mwith b; # a;. Player3 chooses a successor
statet of sin the play for(a;)¢1. This guarantees that a transitiorls t exists.

By assumption she has winning strategies for the remainiadeichecking games
Sy(t,¢1) and G (t, ;) forall j =1,....,mwith bj =a;. Thisis because-2+t and
player3 wins the model checking gamés (s, [bj]y;).

The same argument holds for a configuration with the focus dh|g, the only
difference being playeY who determines the model checking play in which player
3 chooses a successor state.

It is possible for the satisfiability play to perform a repeata configuratior{tpo] , @
while the set of model checking plays does not. et (,...,{,. Whenever the
model checking plays are at stages (j, fori = 1,...,n, after they were at stages
sk, ands # t, and the focus is on the same formula, then the satisfialgtye
is restarted at the first occurrence Enpo} ,®. This is not done is=1t. SinceT is
assumed to be finite this iteration process will eventu@iyninate.
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Suppose now that playef wins the satisfiability game. If he does with winning
condition 1 then there must be two configuratiorisq andt - @ in the set of model
checking plays. Playef cannot win both of the model checking plays as she is
assumed to. Suppose therefore that playevins with condition 2. But a repeat
with a (a*)¢ in focus corresponds to a model checking play that repeatsio as
well and would be won by playet, too.

We conclude therefore that play#cannot win any play of(¢o) and by Corollary 109
that playerd must have a winning strategy f6(¢o). m

Theorem 131 (Small model property) If o € PDL is satisfiable then it has a model
of size less thafo| - 2/%0.

PROOF Suppose)y is satisfiable. By Theorem 130, playghas a winning strategy
for the gameS(¢p). Her game tree is used to build a modelfor ¢o. Let two
configurations that occur in the same play be equivalent iy tlenote the same state

in a model.
Ci ~ Cj iff there is no application of rulé(a)) or ([a]) in between

Again,[Ci] is the equivalence class Gf. States ofl" are collapsed configurations under
the relation~. Transitions inJ are defined by

[C]-%[C iff thereisaj € Ns.t.C ~Cj,Cj41 ~ Cyand
betweerC; andCj, 1 rule ((a)) or ([a]) has been played

The states i7" are labelled as follows.

g€ L([G]) iff thereisaj € Ns.t.Cj ~ Cj andq € C;

As in the proofs of Theorems 104 and 116 it is possible to shHmvfollowing by
induction on the structure af for all i, j < n:

C] = forall peCj if G ~C;j
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Again, the fact thaf arises from playef’s game graph guarantees that this holds for
formulas of the form(a)$ and[a]¢, and that eackia*)¢ gets fulfilled inT. Thus,
[Col = do.

Lemma 123 shows that the size of the constructed model isdmaliny|¢o| - 2%/ since
this is the maximal number of different configurationifbo). n

Corollary 132 (Tree model property) PDL has the tree model property.

Theorem 133 (Winning strategies)
a) Playerd’s winning strategies are history-free.
b) PlayerV’s winning strategies are LVR strategies.

PROOF This is proved in the same way as Theorem 119 for CTL. Plaigewinning
strategy forG(¢o) with a satisfiablég consists of choosing a model fgs and playing
according to her strategies in the corresponding PDL mddetking game§ (s, {)

for se § andy € Sul{¢p). By Theorem 51, her model checking winning strategies are
history-free.

PlayerY’s winning strategies are latest visitation record stregegince he uses the
same strategy as he does in the CTL games. n

Complexity

The proofs of soundness and completeness show that th&admality problem for
PDL is very similar to the satisfiability problem for CTL. This reflected in their
computational complexities as well.

Theorem 134 (Complexity) Deciding the winner of a PDL satisfiability game is in
EXPTIME.

PROOF As inthe proof of Theorem 120, play€is moves cannot be determinised at no
additional cost. The priority list strategy from the prodfidtheorem 129 is applicable
but leaves choices with rulga] ).

As in the CTL case, an alternating algorithm only needs toestewo configurations
and a counter to find a winning play for one of the players. Agtie configurations
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are the actual one and one chosen by playen which he tries to find a repeat. The
maximal counter value is bounded by

0]-2¢ + 3

Thus, the counter requires space polynomial in the size efinput¢. Therefore,
checking whether a CTL formula is satisfiable is in APSPACHclhs the same as
EXPTIME, [CKS81]. |



Chapter 7

Complete Axiomatisations
for LTL, CTL and PDL

And now for something
completely different ...

MONTY PYTHON

This chapter provides an example of the usefulness of sdiikfy games. By using
a different technique to prove completeness in Theorems 103 and 130 we can
extract complete axiomatisations for LTL, CTL and PDL frdme satisfiability games.

In all cases, complete axiomatisations already exist. T™ienasystems presented
and developed here do not have any advantages over thengxustes as such. Itis

the game-based approach to satisfiability checking whiensb@dvantages over other
approaches because it provides a uniform way of creatingotEim axiomatisations

for different logics.

We will make use of the fact that LTL, CTL and PDL are closed emdegation.
However, here we prefer the semantical notati@gnof the negation ob.
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Definition 135 An axiom system for a logicL is a set ofaxiomsandrules s.t. every
axiomis of the form ¢ fora¢ € L, and every rule is of the form

if ¢ then Hy
In both casesp andy are allowed to contain formula variables. In this case they a

interpreted as formula schemes.

An A-proof of a formula¢ € L is a finite sequencéo,...,¢p, of formulas ofL, s.t.

d=¢nandforalli=0 n:

P

e ¢; is an instance of an axiom i or

e there is aj <is.t. §; follows from@; as an instance of a rule A

We will write -, ¢ to indicate thatp is provable inA. If the axiom system can be
derived from the context we drop the index and simply wfitg¢. A formula¢ whose
negation cannot be proved M/, -9, is calledA-consistenbr consistenfor short.

An axiom system is calledoundif every provable formula is valid, i.e.
Fé implies =¢

for every¢ € L. Itis calledcompletaf the converse holds, i.e.
=¢ implies +¢

for every¢ € L.

Completeness of an axiomatisation is an important propgrige it guarantees that
every validity of a logic can be captured syntactically. &ldbhat being valid is a
semantical property.

Soundness is equally important since an axiomatisatidratitavs non-valid formulas
to be proved is not very useful. Soundness is often very easgtablish. The standard
technique is rule induction on the structurefof

Completeness is usually harder to prove. One possibiliyasf by contraposition. If
the underlying logic is closed under negation then compkste can be rephrased as

/=¢ implies [~ —d
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This means if every consistent formula is satisfiable therathom system is complete.

In the following sections we will give alternative proofs thfe completeness of the
satisfiability games in the previous chapter. This techaigill not make use of a
model of a formula. Instead it changes the games slightlyl® out plays in a game
tree for playerd that are won by playev. In these modified games, play@icannot
win a single play on a satisfiable formula.

The task is completed by extracting axioms from the gamesraed winning
conditions such that the rules preserve consistency. TglayerV cannot win a play
on a consistent formula which, by soundness of the gamespsridat the formula
must be satisfiable. Hence, the axiomatisation is complete.

Finally, the axiom systems need to be proved sound whichng @asy in all three
cases.

7.1 A Complete Axiomatisation for LTL
In this sectionG(¢) always refers to a satisfiability game for an LTL formglan the
sense of Section 6.1.
Lemma 136 If x A (¢UY) is satisfiable then
XA WV (@ AX((A=X)U(WA=X))))
is satisfiable.

PROOF Suppose there is a modefor x A ($UY), i.e.Tt}= X andTtl= ¢UY. Then there
isak € Ns.t.7€ =y and for allj < k: 0 = ¢. Suppose furthermore, that

XA WV (O AX((A=X)T(WA=X))))
is not satisfiable. This means
= X= (WA O V(¢ VXIR(-WVX))))
k= 0is impossible sinca = x impliestt|= —y. But if k > 0 thenmt = ¢ and therefore

T E X((=6VX)R(-WVX))
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But this meanst = -V X, and

™ = —dvx or T E=X((=dVX)R(=PVX))

If 7t |= x thentt! = —. But Tt = ¢ because oft}= ¢UY, and therefore

™ = X((~$ VX)R(-=YVX))

by the assumed validity. Iftt = x then a contradiction tat = ¢UY is reached
immediately.

This argument can be iterated starting withinstead ofitnow. At some pointr must
be reached. By assumptiot = W, and the iteration yieldedK = X. But the latter
implies T = - which contradicts the assumption. We conclude that thedili
above cannot hold and that therefore

XA WV (O AX((dA=X)U(WA=X))))

must be satisfiable. =

Now we change the LTL satisfiability games from Section 6ighsly. The goal is the
following: playerV should not be able to win a single play on a satisfiable formula
anymore. Note that with the original games this is possitlleexample if player
delays the fulfilling of arv formula for too long.

We allow playerd to subscripty formulas in a very restricted way. Whenever a play
of §(¢o) reaches a configuratio[ipUqJ] , ® she takes a note of the conteRtat theU
after it has been unfolded. This means the next configuratithibe

WV (O AX(§UoW)) |, @

Since configurations in the satisfiability games are undedstonjunctively we simply
write —® to denote- Aycq §. The subscripted formul@Uo is to be interpreted as

(@ A =P)U(YA D)

Note that multiple subscripts are possible, i.e. a subsip formula can be
subscripted again.
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There are two reasons for using subscripts instead of sgellie formulas out. A
play according to the amended game rules should be finisheaddfonly if the
corresponding play without subscripts is finished. If thesgithening of aii formula
is spelled out then a repeat on a configuration does not readgssccur at the same
moment anymore. |.e. an occurrence of a configuraEthmplp} ,® should count as a

repeat if for example the configurati({thqJ] , @ was visited before.

Moreover, once a formula is subscripted with & for example, it should not be
possible anymore to changethrough the game rules, i.e. to play on it.

Formally, the amended LTL satisfiability game is obtainexuirfrthe one of Section 6.1
by replacing rulg[U]) with

[¢Uw¢] , ®
WV (0 AX(0Uw00))],

([u])

and by adding the following instance to ryfec)

[¢lelJ} X, P
(FC) v

x| .60p.@

The winning conditions are the same except thatUaformula can be arbitrarily
subscripted.

Lemma 137 Player 3 can preserve satisfiability with the rules of the amended LTL
games. PlayeY preserves satisfiability.

PROOF PlayerV preserves satisfiability since he is only concerned withpisition
of the focus. Suppose

(boV 1) AD

Is satisfiable, then eithgip A ® or ¢1 A P is satisfiable which shows that play&ican
preserve satisfiability by choosing disjuncts accordingly
Suppose

XYL A AXPNAQLA ... Ak
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is satisfiable, i.e. it has a model Thentt is a model folp1 A. .. APp which shows that
rule (X) preserves satisfiability, too. So does unfoldinqedbrmulas andJ formulas
that are not in focus.

Unfolding U formulas in focus and subscripting preserves satisfigbiido, as it is
shown in Lemma 136. n

Theorem 138 (Completeness II) If ¢ is satisfiable then playet wins G(¢o).

PROOF Supposeg is satisfiable. According to Lemma 137, playecan play in a
way such that every reached configuration is satisfiable. n&\er playelv sets the
focus to arJ formula in a configuration

o] o

she adds the sideformulas to the index ofttadter it has been unfolded. The indices
are dropped if playey removes the focus from thisformula.

By Lemma 137, playev cannot win a play with his winning condition 1 since the final
configuration of this play would be unsatisfiable. Howevethe starting formula is
satisfiable then he cannot win a play by a repeat ovi fmmmula in focus either.

Suppose a play visits a positi%m’pUqJ] , @ twice such that playev has not changed
focus in between. Then, at the second time this configuragion

C = {¢U¢17...,¢k¢} , P

where®4,...,®y for somek € N are all the sets of sideformulas that were present
every timepUy was unfolded. Therefore there ig& {1,...,k} s.t.® = ®;. But then
C is unsatisfiable since

): ((p/\_‘cbl/\---/\_‘cbk)U(llJ/\_'ch/\.../\—!CDk) — —|CDJ

forall j =1,...,k But this contradicts the assumption according to Lemma V&Y
therefore conclude that playeémust winG(¢o). n

All that remains to be done in order to obtain a complete axsitigation for LTL is
to extract an axiom system from the game rules. This is doleehy rule such that
Lemma 137 holds if “satisfiability” is replaced by “consisty”.
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Example 139 We will exemplarily do this for rule(X). The goal is the following
proposition. Ifgp1 A ... A g is inconsistent budy A ... A gy IS consistent then

X0 A AXPKAQLA ... A (7.2)
is inconsistent. Suppose there is a proof of

FdaA... APk — 1

First of all we need to put ak in front. Therefore we need a rule lik¥@n). Then
we can prove

I_X(¢2/\.../\¢k — —|¢1)

With (MP) and the two axioms 4 and 5 we are able to prove
FXOo2A ... AXP — X1

By propositional reasoning we can add a consistent set @igsibonal constants and
prove
FOQiA...AQnAXP2A...AXd — X—d1

Finally, we need an axiom that switches the position ofithed the- symbol, namely
axiom 3. Then we can prove

FOQuA...AOnAXP2A .. AKX — X071

which means we have a proof of the inconsistency of the faarmu(7.1).

The axiom system that results if this is done to all the ridgsrésented in Figure 7.1.

Lemma 140 Let A be the LTL axiom system of Figure 7.1. The game rules of the
amended LTL satisfiability games presefveonsistency.

PROOF Preservation of consistency by rul@) is trivial. SupposedoV ¢1,d is
consistent. By axiom 1 and ruléR), ¢;,® is consistent for somee {0,1}. The
unfolding of aR or anU formula that is not in focus preserves consistency usingraxi
2 and 3.

Preservation of consistency by rye) was already shown in Example 139.

Finally, rule Rel ) and axiom 7 are used to capture play& winning strategy and to
prove that indexing formulas preserves consistency too. m
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Axioms:

1. any propositional tautology
2. oUP — PV (9 AX(PUY))

3. ORY = WA (¢ VX($RY))

4. =X < X—¢

5 XOAXP = X(DAY)

6. X(¢ — W) — X — Xy

7. =(6UY) < (—0)R(-W)
Rules:

M) if ¢ and F¢ — then H U
(XGen) if ¢ then Xé
(Rel) if FX—=WA(DVIX({(dVXR(WVYX))) then FX— GRY

Figure 7.1: A complete axiomatisation for LTL.

Theorem 141 (Completeness)The LTL axiom syste#of Figure 7.1 is complete.

PROOF Supposed is A-consistent. PlayeB wins the gameG(¢) because every
winning position for playerv is A-inconsistent. By Lemma 14G) can only be
A-consistent if all winning positions are. By Theorem 1§4s satisfiable. m

Theorem 142 (Soundness)The LTL axiom systeof Figure 7.1 is sound.

PROOF Validity of axiom 1 is trivial. Validity of the other axiomsds been shown
in Section 2.4 already. Rul@&R) preserves validity. Suppo$€ X¢. Then—X¢ has a
modelrts.t. 7t = —¢. Thus,}~ ¢ which proves preservation of validity in rul¥@n).
Finally, Lemma 136 shows that rulBg] ) preserves validity. m

Another axiom systendUX for LTL was proposed in [GPSS80]. It is presented in
Figure 7.2. Its completeness was shown using maximal densisets of formulas.
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Al. ffR(¢ — @) — (£fR$ — FfRY)
A2. —X¢ < X—¢

A3. X(¢p — ) — Xd — XY

Ad. ffRO — ¢ AX(ffRO)

A5. ffR(O AXP) — (¢ — ffRO)

Ul. Uy —FY

U2, oup — gV (¢ AX(OUY))

R1. any propositional tautology

R2. if ¢ and ¢ — ¢ then F
R3. if Fy then - ffRY

Figure 7.2: A complete axiomatisation for LTL from [GPSS80].

Soundness dDUX and completeness éfensure that iftpyx ¢ then -, ¢, i.e. every
formula that is provable iDUX is also provable irA. This holds in particular for the
axioms and rules dUX. Nevertheless, we will show how they can be derived.in

Theorem 143 Forall ¢ € LTL: if Fpyx ¢ then F, ¢.

PROOF We show that th®UX axioms are provable iA and that theédUX rules can be
simulated inA.

A2,A3,U2,R1 and R1 are present M1 A4 is an instance of axiom 3 and U1 simply
reflects our abbreviation of aformula.

R3 can be simulated as follows. We use induction on the leafyth proof in DUX.
Suppose there is a proof using R3. Then there is a shortef pfae | in DUX. By
hypothesisi-, Y. Instantiate ruléRel) with x = tt and$ = £f. Then

I_A fle]J if l_A lIJ/\Xt't

But this is provable using the hypothesis, axiom 1 and (Kifen).
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Axioms Al and A5 are more complicated to proveAnWe will show that playek/
wins §(—Ab). The negation of axiom A5 is

O A (FER(O A XD)) A (t6U—0)

Let¢’ = ¢ A (££R(d AXP)). The winning play for playeY is

0, £R(0 A XD), [t£U-0 ]
0, X0 X(EER(O AXD)). | -0V X(6tUy0)]
0, X0, X(EER(O A XD)), |X(ttUy—0)|
0, £ER(O A XD), [ttuq,mcp}

The game rules used for this play &rg, ([U]) with indexing,([V]) and(X). Therefore
the axioms and rules needed to prove A5 are 1 @] for ([V]), 2 and 3 for the
unfoldings, 4 — 6 andXGen) for (X), 7 for the negation of A5, anfRel) to describe

the winning condition.

Axiom Al can be shown to be provableAin the same way. n

7.2 A Complete Axiomatisation for CTL

In this sectionS(¢) always refers to a satisfiability game for a CTL formdlan the
sense of Section 6.2.

Lemma 144
a) If X AE(QUY) is satisfiable then so ix A (WV (¢ AEXE((¢ A —=X)U(WA—X)))).
b) If X AA(¢UY) is satisfiable then so igx A (WV (¢ AAXA((G A=X)T(WA—X)))).

PROOF a) Suppose there is a modek (8, —,L) for x AE(¢UY), i.e. there is a state
se 8§ s.t.s=x ands = E(¢Uy). Then there is a pathi= s, S1,... in T s.t.so=sand
for somek € N: ¢ = @ ands; = ¢ for everyj < k. Suppose furthermore, that

XA (WV (6 AEXE((0 A=X)U(WA=X))))
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is not satisfiable, i.e.

E X—= (WA (=0 VAXA((=9 VX)R(-WVX))))

k = 0 is impossible sincey = x impliessp = —W. But if k > 0 thensy = ¢ and
therefore

S [ AXA((=¢ VX)R(-WVX))
But this means tha = -V X, and

st = ~dvx or s E AXA((=$ VX)R(-YVX))

If 51 =X thens; = -y ands; = ¢ because oft = $UY. But then

st AXA((-OVX)R(-P VX))
by the assumed validity. I§; = x then a contradiction tat = ¢UY is encountered
immediately.

This argument can be iterated alomy At some point,sc must be reached. By
assumptiorsc = U, and the iteration yields, = X. But the latter implies, = —{
which contradicts the assumption. We conclude that theliwgalabove cannot hold
and that therefore

XA WV (¢ AEXE((¢ A =X)U(PA=X))))
must be satisfiable.

b) Suppose there is a modElE= (8, —,L) for x AA(QUY), i.e. there is a state) € §
s.t.so = X andsy = A(GUY). This meangt = Uy for every pathrt with % = .
Suppose furthermore, that

XA WV (¢ AAXA((G A=X)U(PA=X))))
is not satisfiable, i.e.
F X—= (WA (=0 VEXE((—¢ VX)R(-PVX))))

S E W because of = x. Then,sp = ¢ because of = A(¢UY). But from the
validity above follows

S F EXE((=¢ VX)R(-WVX))
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l.e. there is a statg s.t.5—S1 and
st = E((=0VX)R(-WVX))
Then,s; = -y VX, and
st = 2dVX or st EXE((=9VX)R(-WVX))
If s £ X thens; = -y and
S1 = EXE((=¢ VX)R(-=WVX))
sinces; = ¢ is impossible. Ifs; = X then by the assumed validits, = - and
S1 = EXE((=¢ VX)R(-=WVX))

holds, too. Now this argument can be iterated with staies, ... s.t.5 = — for all
I € N. Buts — s foralli € N. By limit closure,m:= 5,51,S, ... is a path inJ s.t.

Tt~ ¢UY which contradicts the assumption. We conclude that thenasdwalidity
cannot be true and that therefore

XA (WV (0 AAXA((OA=X)U(PA=X))))

must be satisfiable. -

Now we amend the CTL satisfiability games from Section 6.2aiAgthe goal is to
disable winning plays for player on a satisfiable input formula.

We allow player3 to subscriptQ(¢uy) formulas in the same way as in Section 7.1.
Whenever a play of(¢o) reaches a configuratio{rQ(q)UqJ)} ,® she takes a note of the
context® at theU after it has been unfolded. This means the next configuratitbbe

WV (0 A QQ($TY)) |, @

Changing focus discards the collected indices.
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Lemma 145 Player 3 can preserve satisfiability with the rules of the amended CTL
games. PlayeY preserves satisfiability with his choices.

PROOF Most of this was already proved in Lemma 137 for the amenddddames.
Suppose
EXO1 A ... AEXOn AAXPL A ... AAXPmA QLA ... A Ok

is satisfiable. According to Corollary 117, it has a tree midbe This must contain
subtrees which are models for

GiAPLA. AYm
for eachi = 1,...,n, which shows that ruléEX) preserves satisfiability as well as rule
(AX) regardless of player’s choice.

Preservation of satisfiability with the new rule for indeginnfoldedu formulas in
CTL is shown in Lemma 144. n

Theorem 146 (Completeness ) If ¢g is satisfiable then playet wins G(¢o).

PROOF Supposeg is satisfiable. According to Lemma 145, playecan play in a
way such that every reached configuration is satisfiable. n&\Ver playelv sets the
focus to aQ(¢uy) formula in a configuration

QouY)|, @
she adds the sideformulas to the indices ofttladter it has been unfolded. They are
dropped if playel’ removes the focus from thisformula.

By Lemma 145, playev cannot win a play with his winning condition 1 since the final
configuration of this play would be unsatisfiable. Howevethe starting formula is
satisfiable then he cannot win a play by a repeat QigUy) in focus either.

Suppose a play visits a position
QouY)|, @

twice such that playev has not changed focus in between. Then, at the second time
this configuration is
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C= Q(¢U¢1,...,‘Dkw) ,CD

where®4,..., Py for somek € N are all the sets of sideformulas that were present
wheneveQ(¢pUY) has been unfolded. Therefore there is@{1,...,k} s.t. ® = ®;.
But thenC is unsatisfiable since

= QUIN-PLIA ... A=D) U (PA-DPLA...A=DPY)) — D,

forall j =1,...,k. But this contradicts the assumption according to Lemma W&
therefore conclude that playeémust winG(¢o). n

To obtain a complete axiomatisation for CTL we need to traesihe game rules into
an axiom system. Again, the axiom system must be chosenlsathdmma 145 holds
if “satisfiability” is replaced by “consistency”. It is preated in Figure 7.3.

Lemma 147 Let A be the CTL axiom system of Figure 7.3. The game rules of the
amended CTL satisfiability games presesveonsistency.

PROOF Preservation of consistency by rule) and(V) is the same as in the proof of
Lemma 140. The same holds for the rules that un@(duy) andQ(¢RY).

Suppose now thajio, ..., ¢y is inconsistent, i.e.
F d1A...Adk — —bo

By rule (AXGen)
F AX(P1A ... ADK — o)

Then
F AXQ1A ... AAXOx — —EXdg

by rule (W) and axioms 4,6 and 7. This proves preservation of congigtey rules
(AX) and(EX). Axiom 5 is used instead of 4 if there are By formulas in the actual
configuration.

Finally, rule Rel ) and axioms 8 and 9 are used to capture playgwinning strategy
and to prove that indexing formulas preserves consisteoy t m
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Axioms:

1. any propositional tautology

2. Q(OUY) — YV (¢ A QXQ(dUY))
3. Q(PRY) — YA (¢ V QXQ(ORY))
4. —AX¢ <> EX—0

5. AX—¢ — —AXd

6. AXO A AXY — AX(O A Y)

7. AX(¢p — @) — AXd — AXY

8. —A(OUY) < E(~¢)R(—W)

9. “E(¢UY) < A(~¢)R(~Y)
Rules:

(M) if ¢ and ¢ — then FU
(AXGen) if F¢ then F AX¢
(Rel) if EX—=>WA(PVQXQ((¢VXR(WVX))) then X — Q(PRY)

Figure 7.3: A complete axiomatisation for CTL.

Theorem 148 (Completeness)The CTL axiom systefof Figure 7.3 is complete.

PROOF Supposeé is consistent. Then playérwins the gamej(¢). This is because
all of playerV’s winning positions inG(¢) are A-inconsistent. But according to
Lemma 147, can only be consistent if all winning positions §(¢) are. By
Theorem 114¢ is satisfiable in this case. n

Theorem 149 (Soundness)The CTL axiom syste#of Figure 7.3 is sound.

PROOF This is proved in the same way as Theorem 142: the axioms &cearal the
rules preserve validity. The only interesting case of thietgart is Lemma 144. g
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Ax1. any propositional tautology
AX2. E(ttUy) <> EFY

AX3. A(ttUY) <> AFY

Ax4. EX(¢VUY) < EXO VEXY
AX5. AXQ <> —EX—d

Ax6. E(¢UY) < PV (6 AEXE(GUY))

AX7. A(GUY) < PV (& AAXA(GUY))
AX8. EXtt A AXtt

R1. if ¢ —> ¢ then - EX¢ — EXY

R2. if X — WAEXX then F X — E(ffRY)

R3. if FX— WAAX(XVA(PRYX)) then Fx — A(ORUY)
R4. if ¢ and F¢— ¢ then FUY

Figure 7.4: A complete axiomatisation for CTL from [EH85].

Another axiom syster for CTL was proposed in [EH85]. Itis presented in Figure 7.4.
Soundness @& and completeness éfensure that if-g ¢ thent, ¢, i.e. every formula
that is provable irB is also provable irA. This holds in particular for the axioms and
rules ofB.

Theorem 150 For all ¢ € CTL: if Fg¢ then +, ¢.

PROOF We show that théB axioms are provable i and that theB rules can be
simulated irA.

Axioms Ax1, Ax5, Ax6 and Ax7 as well as rule R4 are presentAinWe have
introduced Ax2 and Ax3 as abbreviations. Asproof of Ax8 is the following.

tt, AXtt, AXtt — —AXff, —AXff, —AXff — EXtt, EXtt, AXtt AEXtt

It uses axioms 1, 4 and 5 and rul@®) and(AXGen). In a similar way, axioms 1 and
6 — 9, and ruleMP) are needed to prove Ax4. R2 is an instance of (@lel) with
Q=Eand¢ = ff. R1 is simulated usinAXGen), 9, (MP) and 7.
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Finally, R3 is simulated using rul@el) with Q = A. By hypothesis there is aaproof
for

F X = WAAX(X VA(RY))
It is used to obtain a proof for

= WA (O VARA((OVX)R(WVX)))

using 1, 3 andMP). Then,- x — A(¢RY) follows with rule (Rel). n

7.3 A Complete Axiomatisation for PDL

Here,S(¢) always refers to a satisfiability game for a PDL formdlan the sense of
Section 6.3.

Lemma 151 If x A (a*)¢ is satisfiable then

XA (@ V() (((=X)?:0)") (& A =X))
is satisfiable.

PROOF Suppose there is a modél= (8,{-2| ac A},L) for xA(a*)d, i.e. there
is a states€ § s.t.s=x ands= (a*)¢. Then there is a patii= s,s1,... in T s.t.

so = sand for somé € N: s = ¢, ¢ = —x and for everyj < ki sj -2 sj1. Suppose
furthermore, that

XA (@ V(@) (((=x)?50)") (A =X))
is not satisfiable, i.e.
= X—= (=0 A[a][((=x)2:a)"](=$ VX))
Thus,s = X impliesso = ¢ and
so F [a][((=Xx)?:a) (= VX))

Then,
st [((=Xx)?%50)"] (= VX)
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becausay 255y, i.e.s. =~ ors; = x, and
s [(=x)2a][((=x)?:a) ] (=¢ v X)
This is equivalent t@; = or
st = [o[((=X)25a@) (= vV X)
Thus, ifs; } X thens; = —¢ and
st = [oJ[((=X)250) ] (= vV X)
On the other hand, & k= x then, by the assumed validity, = ~¢ and
st = [oJ[((=X)?5a) (= vV X)

holds, too. Thuss; = ¢ and, in particular,

2 F [((=x)7:a)"](-¢VX)

This argument can now be iterated along the pasfhowing thats = ¢ for all i € N.
But this contradicts the assumptisp = ¢ for somek € N. We conclude that the
assumed validity cannot be true and that therefore

XA (@ V() {((=x)?a)") (¢ A —X)
must be satisfiable. n
Again we amend the PDL satisfiability games from Section &\& allow playerd

to take a note of the sideformulas in a configurat[«éa*m} , ® after (a*)¢ has been
unfolded to

BV (a)(@)od) @
In such a casdpo*) o will be interpreted as
(=®)Z;a)") (¢ A=P)

Again, adding new subscripts to already existing onesas\atl. We interpret multiply
subscripted formulag*) o, ... o, as
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Lemma 152 Player3 can preserve satisfiability with the rules of the amended PDL
games. PlayeY preserves satisfiability with his choices.

PROOF The cases of ruleg/A]) and (]V]) as well as(A) and (V) are proved as in
Lemma 137 or 145. The cases of unfoldingod)¢ if it is not in focus or aa*|¢ are
trivial. So are all the cases that deal with game rules fog@ms. This is because the
game rules are derived from the PDL equivalences introduc&ection 2.5. In some
cases, a following choice of a disjunct is built into the ralleeady. This does not affect
preservation of satisfiability.

Rules((a)) and([a]) remain to be analysed. Suppose that a configuration

C = (a)d1....,(@n)n, o], ... [bm]Ym, Ga,....

is satisfiable in which the position of the focus does not emafthen its modest of an
LTS 7 must have successor states for evgyd; € C. These states must be reachable
through a-2- transition and must satisfy;. Furthermore for everyg; |y these states
must satisfyp;. Note thata; = b; for somej < mis possible. Therefore, the following
configurationgi, §j,, ..., Yj, will be satisfiable regardless of playeis choice with
rule ([&]).

Finally, preservation of satisfiability by the amended udifog of a(a*)¢ was proved
in Lemma 151 already. m

Theorem 153 (Completeness ) If ¢g is satisfiable then playet wins G(¢o).

PROOF Supposeg is satisfiable. According to Lemma 152, playecan play in a
way such that every reached configuration is satisfiable. n&\Ver playelv sets the
focus to ala*)¢ formula in a configuration

[(a)0], @

she adds the sideformulas to the indexaf)¢ after it has been unfolded. The indices
are dropped if playeY removes the focus from this formula.

By Lemma 152 playeY cannot win a play with his winning condition 1 since the final
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configuration of this play would be unsatisfiable. Howevethe starting formula is
satisfiable then he cannot win a play by a repeat ¢m*ain focus either.

Suppose a play visits a positi({ma*w} , @ twice such that playev has not changed
focus in between. Then, at the second time this configuragion

C = {(O(*>q>l,...7¢k¢] ,®

where®,, ..., ®, for somek € N are all the sets of sideformulas that were present
whenever(a*)$ has been unfolded. Therefore there iga {1,...,k} s.t. ® = @;.
But thenC is unsatisfiable since

(@, . 0bd = (PA-DPIA..A=Dy) V

(7PN ASDA <(X><G*>q>1’m7¢.k¢)

Hence,

= (@)oo — @

which means the final configuration of such a play is not sab&fi But this
contradicts the assumption according to Lemma 145. We fibrereeonclude that
playerd must winG(¢o). [ |

All that remains to be done in order to obtain a complete astsation for PDL
is to translate the game rules into an axiom system. Agaimuist be chosen such
that Lemma 152 holds if “satisfiability” is replaced by “castency”. The result is
presented in Figure 7.5.

Lemma 154 Let A be the PDL axiom system of Figure 7.5. The game rules of the
amended PDL satisfiability games preseAveonsistency.

PROOF Preservation of consistency by rulgs]), ([V]), (A) and(V) is the same as in
the proofs of Lemmas 140 and 147. Axioms 1,2,6 and MR &re used to prove that
an unfolding of &a*)¢$ which is not in focus and f*|¢ preserves consistency.

The other rules for PDL programs preserve consistency bymasil and 3 — 6 and rule
(MP).
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Axioms:

1. any propositional tautology

2. ~(a)¢ <> [o] ¢

3. (aUB)$ < (o Vv (B)o
4. (B¢ < (a)(B)¢o

5. ()¢ < ¢V (a)(a*)d
6. (W29 < YA

7. [ajpAlalp— [a](d AY)
8. [al(¢ — ) — [alo — [a]w
Rules:

(MP) if ¢ and Fo — ¢ then F
(Gen) if H¢ then [al¢p foranyae A
(o)) it Ex—=oA[a][((=x)?a)](9VX) then X —[a*]o

Figure 7.5: A complete axiomatisation for PDL.

Suppose now thajio, ..., ¢k is inconsistent, i.e.

F o d1A...Adk — o
By rule (Gen)
Fo[@(d1A... Adk— —do)
foranyac A. Then
= [apiA. Ala]dk = ~(@)do
by rule (W) and axioms 2,7 and 8. This proves preservation of congigten rules
((2)) and([a)).
Finally, rule Rel ) and axioms 7 and 8 are used to capture playgwinning strategy
and to prove that indexing formulas preserves consisteoy t m
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S1. any propositional tautology

S2. ()¢ Afo]y— (a)(dAW)
S3. () (o V) & (Vv (a)y
S4. (aUB)d < (@) Vv (B)o

S5. (0;B)d <+ (a)(B)d

S6. (YA < YAD

S7. oV (o) {(a*)d — (a*)d

S8. (a*)d — &V (a*)(=d A (a)d)

R1. if ¢ and m¢ - then F
R2. if -¢ then +[al¢p foranya

Figure 7.6: The Segerberg axiomatisation for PDL.

Theorem 155 (Completeness)The PDL axiom syste#of Figure 7.5 is complete.

PROOF Supposeé is consistent. Then playérwins the gamej(¢). This is because
all of player¥’s winning positions inG(¢) are A-inconsistent. But according to
Lemma 154 ¢ can only be consistent if all winning positions ¢ ) are. According
to Theorem 129¢ is satisfiable in this case. m

Theorem 156 (Soundness)The PDL axiom systeiof Figure 7.5 is sound.

PROOF This is proved in the same way as Theorems 142 and 149: thenaxaoe
valid and the rules preserve validity. The only interestaage of the latter part is
Lemma 151. -

Another axiom systent for PDL was proposed in [Seg77], usually called the
Segerberg axiom systelihis presented in Figure 7.6.

Soundness & and completeness éfensure that if-s ¢ thent, ¢, i.e. every formula
that is provable ir§ is also provable irA. This holds in particular for the axioms and
rules ofS. Nevertheless, we will show how they can be deriveA.in



7.3. A Complete Axiomatisation for PDL 199

Theorem 157 Forall ¢ € PDL:if F5¢ then F, ¢.

PROOF Axioms S1, and S4 — S7 as well as rule R1 are preseAt B2 and S3 are
proved using axioms 1,2,7,8 and ryMP). Note the difference between tSeule R2
and(Gen) in A. To prove R2 for arbitraryx with (Gen) for atomica € A only one can
use induction on the structure af The casest = a1;02, a0 = a1U02 anda = Y?
need axioms 1,2, rulg®P) and(Gen) and the corresponding axiom 3,4 or 6. For the
case ofn = 3*, rule ([0*]) is needed with the instantiatioq= tt. It reduces to proving

= O A[BII(££7:B) e

under the hypothesis of having a proof forp. But the other conjunct is equivalent to
tt and can be derived iA. Note that by induction hypothesis [B]¢ if F ¢ sincep
is syntactically smaller thaa.

To show thatA can derive axiom S8 we consider playés strategy forG(—S8). The
negation of axiom S8 is

(@) A=0A[a"](V[a]-¢)
Letd’ :=—¢ A [o*](¢ Vv [a]-¢). Playerv's winning play looks like

[(@")0]. 6. [a"] (6 Vo)
.. v (o], a][o")(6 v o))

The game rules used in this play dféx)]),([«]),(A),([V]),(V) and({a)) depending on
the exact structure ai. The axioms and rules corresponding to these game rules are
listed in the proof of Lemma 154. m






Chapter 8

Satisfiability Games for CTL *

This isn’t’'Nam. This is
bowling. There are rules.

WALTER SOBCHAK

Satisfiability games for CTLare played by playey and3 in the same sense as the
games for LTL, CTL and PDL of Chapter 6. Note that models of Cidrmulas are
total transition system® = (8, —,L).

However, configurations of the CTLgames are more complicated. The
2-EXPTIME-hardness of the satisfiability checking probléon CTL* proved in
[VS85] suggests that simple sets of subformulas do not suffinstead, one has to
use sets of sets of formulas.

We will use the following abbreviationsf and = are nonempty set§do,...,¢n}
of formulas that are interpreted conjunctivelyé denotes a possibly empty set
EX,,...,EZ, of suchZs preceded by existential path quantifiess.stands for either

the empty set or aa(l'1;...; ) with n > 1. We will also use this notation with= 0
to denote the empty set. A semicolon is interpreted as ardispn. 1 is a maximally
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consistent finite set of atomic propositions, i.e. forgpdt Prop: tt € N, andq € I iff
qén.

To indicate that & or X consists solely of formulas of the formp we write XI', resp.
XZ. If XI" or XZ occurs in a rule thef, resp.Z, consists of allp s.t.Xy € XI', resp.XZ.

The basis for a configuratid® of the satisfiability gam&(¢o) for a CTL* formuladg
is a set of sets of formulas and is written

A(T1; .. iTn),ESq, ... ESm, M (8.1)

possibly using the abbreviations introduced above. [Tihere permutable, and so are
theEZ;. For example,
A(F1;T2),EX1,E2,, M

is not distinguished from
A(rz; F1)7E227E217 Mn

As usual, we omit curly set brackets and wriig, ..., ¢, instead of{¢1,...,dn} as
well aslq;...;minstead of{[q;...; m}.

The meaning of a configuratidd like the one in (8.1) is: IfC is satisfiable then it is
satisfied by a stateof a transition systerfi s.t.sis labelled withl'l. There arem paths
Ty,..., Ty Starting inss.t. 14 = 2 fori = 1,...,m. Furthermore, for all =1

3

thereisaj € {1,...,n},s.t. =Tj.

3

...,m

’

Since every configuration of a game will be of this form it candeen as aormal
formfor CTL* formulas.

Like the games of Chapter 6, the CTisatisfiability games aréocus games We
omitted the focus in the sample configuration basis (8.1valmecause there are
several possible positions it can be placed onto. It carelib on a single formula of
a conjunction inside the universally path quantified part

A(M 1. Tm),ESe,... ESp,
or on a single formula inside an existentially path quarditenjunction.

A(rl;...;rm),E([qJ} 51),.. . EZn, I
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Furthermore, it can be placed on thHepart of a configuration
[A(rl;...;rm)} ES1,... . ESn

or on a disjunct inside of it.
A([Fl};...;Fm),Ezl,...,EZn,I'I

It can never be ofl, one of its elements, or on an entRE;.

For a configuratioi© we write € C if
C = A(Tg;...;Tm),EZq, ... ,EZ,, T

andy € I'; for somei € {1,....,m}, ory € %; for somei € {1,...,n}, orP € N. The
case of a[tp} € Cis defined analogously. Howev%[p] € N is impossible.

To start a play ofj(¢o) playerd chooses a maximally consistent Bebf propositional
constants and the first configuration is

[4(60)].1

Note that puttingdo into the universally path quantified part does not impose a
restriction on the formulas sinay is a state formula by definition, and therefore
bo = Ado.

To reduce the number of rules we use th]r—; construct. A rule containing this should
be read as at least two different rules The first rule is oletiby replacing every
¢ with M The other rules result from this rule scheme by imagining @thery

\L/vthh Y # ¢ in the upper configuration to be in focus and remain therelierlower
configuration. For example,

A( |_¢O/\¢l_| .),e.0

r " VI
A( |_¢i_| 7¢1—i7 ;.. ')787 M
abbreviates the following rules.
A( {q;ox\q;l} .8 A(Go A1, T;T;...),ES, &1

Vi and
A( M 1.8 Ao, 1,715, ),ES, &, T
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A( doA D1 ,I‘;...),8,I‘I .A./E( PoA D1 ,Zl),g,l_l
(M) —F—— Vi (EA) — vi

AC 01 101-i,T5.). € AE( i $1-.%1),€.1

A( doV o1 ,T;..0), &N AE( doVor L), &N
(AV) —— - g (Bv) —— i

AC 0 Fifai.T5e) €. AE( ¢i ,3),€.M

Figure 8.1: The CTL* satisfiability game rules for boolean operators.

with a [UJ} in ", I or Z, or the focus on thel part or on a disjunct inside. Note that
playerY’s choice becomes obsolete in the second caggAf¢, is not in focus.

The game rules are presented in Figures 8.1 — 8.5. Figuredhthios the rules
for boolean connectives. RulésA), (EA) and (Ev) are very similar to those of the
satisfiability games in Chapter 6. However, disjunctiorside anA are preserved.
Rule (Av) handles this and transforms the formulas insitiéto disjunctive normal

form. The reason for this preservation is the inequivalence

AGVY) # ADVAY

l.e. in order to construct a model far(¢ v ) it is not possible to discard one of
the disjuncts since some paths in the model might satisivhile others satisfyp.
Moreover, compare this to the model checking games for ‘CdiLChapter 5 where
disjuncts are preserved if playérs the path player.

Figure 8.2 contains the rules for path quantified formulaasi&ally, they are moved
outside and merged with an existirfg resp.&, in order to maintain the normal form
and obtain a configuration in which all formulas inside thpa#ds are preceded byxa
operator.

Note that there are two rule schemata labellgd) for universally path quantified
formulas inside arEX. Since they operate on the same formula in the same position
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A(rl;m;r”)’E(FAq;,z),gjn
(EA) —— 3 A0
Ad, T ¢ L Tis...59,Mn),EX, EN

AT1;..;Tn),E( A ), &M
(EA) —_—— Ji
A, ;... L¢J i 0,Mn), .M

AE(EY ,2), &M AE(ED ),&,M
(EE) ——-—- fr40  (FE) ——2
AE( ¢ ),EZEM AE( ¢ )&
ACED T8 ACED ), &M
(AE) — 3 ifr#0 (AE) —
A(T;..).E( ¢ ),€,NM E( ¢ ),&.N
A(rEq)1 ), E
(AE) —= =2 3 ifr+£0
A(T;...),E( ¢ ),&,N
ARG o iTn), €T A( A9 ),€,M
(AA) I'L-I - 3 (AA) I_I- _l_‘
AC ¢ ,T1..50,Tn), &N AC ¢ ). &N
AT .0,8,0 , ,
(V) Wren 3 nm[ﬂer,r¢o

Figure 8.2: The game rules for path quantified formulas.
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and only vary in the conditiok = 0, resp.Z # 0, we can regard them as one rule only.
Thus, whenever rulégA) is used it will in fact be one of the two cases. Note that these
cases do not result in different configurations in the selnaethe action performed on
the particulan¢ is the same.

Similarly, there are two cases for existentially path qufeett formulas at these
positions, see ruldEE). These formulas are moved outside into the present
Depending ork, one of theE quantifiers might become redundant.

There are three cases for existentially path quantified ddeminside amd with rule
(AE). In the simplest case it is just moved outside and joins theenti€. If there
are no other formulas in its disjunct then this disjunct disears. If this is the case
and there are no other disjuncts, the enfirdisappears. This reflects the equivalence

AEQ = E¢.

Finally, if a universally path quantified formul&d appears insided then ¢ gets
distributed over all the present disjuncts. Note that thia choice for playef. The
reason for this is the following. If she believes the disjucantainingA¢ to be true
then all paths in a possible model for the entire configuratmust satisfyp regardless
of which otherl’; they satisfy as well. If she believéé to be false then she can discard
the whole disjunct containing it with rul@ ). However, this is only possible if at least
one more disjunct is present. Otherwise she could make aatigfigble configuration
trivially satisfiable.

Again, there is a second case for rylet) in which no other formulas are present
inside A. According to the equivalenadei¢ = A, the outer path quantifier is simply
removed. In this case there is nothing to choose for playerither the position of
the focus nor whether to discard or keep the disjunct.

Figure 8.3 lists the rules that deal with atomic propossi@accurring anywhere else
than in all. Here the basic consensus is: true propositions, i.e. ttwseoccur
in the actualll, are removed fromA or € to obtain a configuration in which every
formula apart from the propositions I begins with aX operator. This is done with
all instances of rulegAq) and (Eq). Note that all rules are deterministic but only
applicable if the corresponding condition is met.
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(AQ) Ai?rr ‘ )) 8r|ﬂ ifqen, T+0
(AQ) Az(\((qrr))jlll ifgen, T£0 (AQ) A(qg),% if ge n
&) A(‘:(Er);? N gen, rro
(EQ) A;(‘Eq;;‘:’_l T itgen, 40 (Eq) % if qe

Figure 8.3: The game rules for propositions.

If there are no other formulas besides the atomic propesifio its conjunction, resp.
in its disjunct and there are no other disjuncts, then theesponding path quantifier
is removed together with thg This reflects the equivalencég = q=Eq.

False propositions, i.e. those that are not included in tteahl1, cannot simply be
discarded. If they occur inside &x then they witness the fact that tHE& together
with I is unsatisfiable. However, if they occur iansideA which contains at least
one morel’ thenr is unsatisfiable with the curreiit and can be discarded with rule
(F). This does not make an unsatisfiable configuration satisfisibicel” might be
satisfiable together withl.

Figure 8.4 shows the rules regarding the temporal oper@targdR. They simply are
unfolded regardless of their position. Again, it is easy xtead the set of rules to
includeF andG formulas as primitives.

3

ACFO ,T5..), &M AE( F$ ,Z),&,M

ACOVXFY L., 8, AE( OVXFY ), &M
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ACQUY T8

ACOV(OAX(BUY)) T €0

AE( $UY ,3), &,

AE( WV (§AX(OUW) ,3),E,N

ACORY T8

AC WA (O V(ORY) .)€,

AE( QRY %), &,

AE( WA VE(ORY)) ,3),E,M

Figure 8.4: The unfolding rules for the CTL* satisfiability games.

ACGH ,T..), 8. AE( CH ,T), &M

? ?

ACOAXGH T3, E, M AE( OAXGH ), &M

Applying these rules consecutively will eventually resualta configuration in which
every formula inside thel and the€ part is of the formXy unless a false proposition
could not be discarded. Recalling the intended meaning ohaguration this situation
requires the game to construct successor states of thestetad. If the focus is inside
a particulaieZ then the prospective path satisfyiagnust be followed in order not to
lose the focus. This is formalised in ru{gX) shown in Figure 8.5. Note that thé
part can also be empty in this case.

If the focus is inside thel part then every possible path can be examined in the play
at hand. Thus, player selects one by choosing a particuiar with rule (AX). After
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A(XTq;. .. XMn) E({leJ},XZ),EXZl ..... EXZm, M’
(EX) N, n>0, m>0
AT1;. . ) E(M =),
A({le} XIq;...;XM),EXZq,. . ., EXZ iy, M
(AX) Vi an, n>1 m>1
A(M,rl;...;rn) E(, %),
A([xw],xrl,...;xrn)ﬂ’
(AXE) M, n>1
A([w},rl;...;rn),E(w),n
[A(F;..)] e,m A( ¢,r] ), &,
(FM1) ar (FMy) Vo
A(H;. ), &, A(M,r ), &,
A([w],r;r’;...),e,n A([q;},lp,r;...),e,n
(FCy) 3 (FCy) . v

AW, T {r’};...)./e./n

a([o].rs ) Ew.z),e.m AE([0] w.5).6.0

A(d),r;...),E({ljJ} ,5), 8.1

AE([0].2) E(W.T). &N AE([8].2).€.0
(FCa) v (FGs) v
AE($.2).E(|w],2). &N A E®,3).€.m

Figure 8.5: The next-step and focus rules for the CTL* games.
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that, playerd chooses a maximal consistdmt

Rule (AXE) takes into account a situation without aR¥ formulas. In this case we
imagine a singleE(Xtt) to be present. This reflects the requirement of transition
systems being total, i.e. every state has at least one sueces

In all cases playefl chooses a new maximal consistent Bebf propositions which
will serve as the labelling of the new state. Note that in goliagtion of rule(AX) or
(AXE) the formula that is currently in focus gets duplicated irite thosen or created
EZ. We will illustrate the reason for this with an example laber. A justification for
the correctness of this move is the validity

~ MAEY — E(OAY)

The remaining rules formalise the changing and positiowihthe focus. Remember
that every play of (o) starts with the configuration

[4(90)].1

for somell. If ¢ is a disjunction then playet can put the focus onto one of the
disjuncts with rule(FM1). She will choose the one that she believes is satisfied by
the path the play will outline in a possible model. A disjufcitself is interpreted
conjunctively, thus playey puts the focus onto one formula insifeising rule(FM,).

At last, both players have their chances to reset the focasdar to respond to the
other player’'s moves accordingly. Playgis allowed to change her mind about which
I" inside A is satisfied by the path that the play at hand forms. This issg&ary since
the path depends on playés choices with rulg AX). However, in order not to make
player3 too strong she is only allowed to change the focus with (&€;) after an
application of rule(AX) or (AXE).

PlayerV must be allowed to change the focus to respond to plaiechoices of
disjuncts inside€ and her focus moves insidé. He can change the focus insid€ a
to any other formula using rulg=C;). He can also move it out o and place it onto
any formula inside€ with rule (FCz). Without this the duplication of formulas into an
EZ would become meaningless. Finally, he can move it fromEXmto another with
rule (FC4) or back ontoA with rule (FCs) to let playerd put it onto al” again.
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Again, note that there are two instances of rif€,). In both cases playét changes
focus from ap to ay which both occur in thé€ part of the actual configuration. There
is no need to distinguish the two cases in whicAnd occur in two different or the
sameEZ. The important point is the fact that playeichanges focus at all. Therefore,
we list these two cases of a rule under one name.

Definition 158 A configurationC is calledterminalif
C:A([q},r;...),é’,l’l or C:A,E([q},i),&,l‘l
and both players refuse to or are unable to move the focus.

PlayerVY wins the playCo,Cy, .. .,Cy iff

1.C, = A({q]./F;...),E,I‘I or C,= A,E({q]./z),a,l'l, C, is terminal and
gell, or

2. there is an < ns.t.G; = C, and a{d)Uth} € C, and none of the rulesFG),
i=1,...,5, has been used betwegnandC,.

3. thereis an < ns.t.C; = C, and betweer; andC,, player3 has used ruléFC;)
and playelv has not used rulé~Cs), (FCs) or (FGCs).

Player3 wins the playCo,Cy, ..., Cy iff

4. Cy = A({q]./r;...),é‘,l'l or Cy= A,E({q]./z),&l'l, C, is terminal and
gell, or

5. there is an < ns.t.G; = C, and a{d)Rth} € C, and none of the rulesFG),
i=1,...,5, has been used betwegnandC,.

6. there is an < ns.t.C; = C, and either

e player3 has not used rul¢FC;) but playerV has used one of the rules
(FC2)7 SREE) (FCS)’ or

e player3 has used rul¢FC;) and playerv has used rulérFCs), (FCs) or
(FGs).

Winning conditions 1 and 4 are straightforward and simitattte winning conditions
for the LTL, CTL and PDL games concerning terminal configions.
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Again, if the focus stays on dhformula until a repeat is found play&rshould win
since he managed to show that this partictiléormula regenerates itself and, hence,
that playerd did not fulfil it. Conversely, if the formula in focus iskand the focus
has not been changed then playes be the winner.

A player should also win a play in which they did not use theitus change rules
whereas their opponent did. This is formalised in the first pawinning condition 6
and, to some extent, in condition 3. Playeshould win if he uses ruléFC;) as long
as played uses(FC;). If the T in which playerv changed focus was not false at this
moment then playet could have left the focus there in order to win with her wirghin
condition 6.

The motivation for the second part of winning condition 6 he tfollowing. Rules
(FC3) and (FCs) can only occur in conjunction with each other between repgat
configurations since they switch the focus betweemlaade parts of a configuration.
If rule (FC4) was played but neithéFCs) nor (FCs) then played could not have used
her focus change rule. Suppose therefore, she has and plagsrchanged focus with
both rules(FCz) and(FCs).

He has either done so after playgchanged focus forth and back betweérand &

or beforehand. If it was afterwards he was reluctant to shat thel” which player

3 has put the focus to does not get satisfied during the play.wés beforehand he
refused to show unsatisfaction of anotiiérand player’s focus change can be seen
as a response to that. Thus, in both cases she should be therwirthe underlying
play.

Remember that rule@X) and(AXE) copy formulas from thel part of a configuration
into anEZ. Without this playei’ would be too weak. As in the model checking games
for CTL* of Section 5.2 and the satisfiability games for LTL and CTL ¢fa@ter 6,
he uses the focus to follow the unfolding®formulas. But, since disjuncts insidé
are preserved, there is never a need for playar fulfil a $uP formula. Instead, she
can always set the focus goand redo her choice thA X(¢UY) wheneverp does not
guarantee her to win. Howeverfi) gets duplicated into ab> then playeiv has the
chance to follow the regeneration there.
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{A(AFGq/\ EGFG)] .q

A( {AFGq} ,EGFQ),q

A([Feq]).E(6Fa). g

A(|GqV XFGq| ), E(FT, XGFT), q

A(|aA xGq; XFeq), E(q v XFa, X6Fa), g

A(q, | X6q ; XFGa), E(XFQ, XGFQ) g

A([xeal; XFaa), E(xFg, XGFT). g

A( [Gq] ,FGQ), E(FQ,GFQ,Gq), g

(Ga; Faa). E(|Fa| 6¥g, 6a), g

A(d, XGa}; Go; XFGq)  E( [qv XFa| , Fa, XGFg, 0, X60),

3

A(XGq; XFGQ), E( [XFG} ,XGFQ, XGq), q

A(Ga; Foa). E(|Fa|  6Fg, 6a). q

Figure 8.6: Player ¥'s winning play of Example 159.

Example 159 Let
¢ = AGFqQAEFGQ

¢ is unsatisfiable since
AGFq = EFGq

PlayerY’s winning play is depicted in Figure 8.6. Not every move iswh explicitly.
If for example aG is unfolded we implicitly flatten the created conjunction.eW
also omit configurations if two rules operate on differentnfalas and present the

application as one rule.

Assume playen has chosen as the propositional part to start with. We also omgit
there since it is trivially part of th€l in any configuration of every play and game.
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First the formula at hand is brought into the correct formtfoe game. The temporal
operators are unfolded andrais removed. Then, player has the choice whether to
put the focus ont@q or XFGg. She chooses the former because otherwise phyer
could exhibit a repeat on tteinside the latter.

Sinceq is present outside, play&rcan only set the focus &Gq. For the same reason
playerd cannot choose to fulfil theq in the £ part.

Note that, if playelv had started with the focus EXFGQ) then playerd would have
chosenq for the propositional part at any time. She also would havillad the F
formula immediately. The same holds for the case where plyhanges focus into
€ at some point. In any way, tiethat is not in the part containing the focus would not
get fulfilled and playe¥ would be unable to show this.

But now theGq in focus gets copied into thtand playei’ can change the focus to the
F inside of it. From now on, playet must always choosgfor the propositional part.
Otherwise, playeY could simply change focus to tlhighat results from the unfolding
of Ggin &, and win with his winning condition 1.

But then she cannot fulfil theq in € and playerv can keep the focus on it until a
repeat occurs and win with condition 2 since he does not chtrgfocus between the
repeating configurations.

Example 160 Now, take the similar formula
¢ := AGEFQAEFGQ

This time, ¢ is satisfiable. The simplest possible motddbr ¢ consists of two states
sandt with L(s) = {q} andL(t) = {q}. The transitions of" ares— s, s—t andt —t.
sE ¢ because every path is either an infinite loop throagh eventually becomes an
infinite loop through. Thus, there is a patlhon whichg holds infinitely often, namely
1= ss.... On the other hand, every reachable state is the origin otffagrawhichq
holds eventually.

A simplified version of the game tree for playgiis given in Figure 8.7. Not every
application of a rule is listed explicitly in order to keepethize of the tree small. Also,
we omit to put the focus into the configurations. Instead veeuss what the players
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A(GEFQ),E(FGT),q

3

A(EFQ,XGEF(),E(GT),

A(XGEFq), E(XGT), E(XFQ),

A(GEFQ), E(GO, GEFQ),q A(GEFQ),E(Fq),q

A(XGEFq), E(XGT, XGEFG), E(FG), A(XGEFQ),

3

Figure 8.7: A simplified version of the game tree for Example 160.

can do about its position.

Playerd chooseg] at the beginning. This gives her the chance to fulfilkig and get
rid of XFGQ in its unfolding. In the next step thag gets unfolded and, sin@gs present
outside, onlyXxGq remains. Insided, theEFq gets promoted to the outside since there
is only one disjunct, leavingGEFq. PlayerV does not set the focus @q since player

v will always chooseg and he cannot win with the repeat 6g. Thus, he has to set
it to XGEFq at this point and choose one of tBg¢ ..). If he select€(XGq) thenGEFq
gets copied into it, th@ formulas get unfoldedFq is put outside, etc. The resulting
configuration is almost the same as the one of the third rove difierence only lies

in theE(...). Since playelv has not won so far he could only by putting the focus
into E(XGQ, XGEFq). However, the play proceeds in a similar way without everrgjv
player¥ a chance to win.

The path on the right corresponds to play&r choice ofE(XFQ). In this case player

7 selectyy as the next propositional part and fulfils thg which disappears. Playgr
must keep the focus oXGEFq. He cannot win on this formula anymore since player
3 can always choosg as the next proposition. The fact that in the next step amothe
E(GEFQ) is created does not change anything about this, since tineifas insidé(. . .)

will always be present insidé as well.
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Correctness

Fact 161 Rules(AA), (EA), (AV), (EV), (EA), (AA) and (EX) reduce the number of
connectives in the actual configuration. Ru(&g), (Aq), (¢) and(F) reduce the size
of the actual configuration. Rulé&E) and (EE) reduce the size of the actudlor a >
in the actual configuration.

Rules(AX) and (AXE) can potentially increase the size of the actual configurgtinut
they reduce the size of it§ part.

Rules(AU), (AR), (EU), (ER) increase the size and the number of connectives of the
actual configuration.

Rules (FM;1), (FM2) and (FG), i = 1,...,5, preserve both size and number of
connectives in a configuration. RUECs) puts anA into focus, while rulegFM;)
and (FM2) reverse this process by reducing the object in focus g eesp. a single
formula again.

Lemma 162 Every play has a uniquely determined winner.

PROOF Suppose a play does not visit a configuration twice. It cag belfinished in

a terminal configuration. But then the focus must be gnwanich is either insided or

€. Furthermoreq is either present in the actudlor not. These four cases are covered
by the mutually exclusive winning conditions 1 and 4.

Now consider a play with a repeating configuration. Theretas@ possibilities for

such a repeat. Suppose the focus was not changed in betwasns ©nly possible if
aduy or adrY stayed in focus since a combination of rules that reduce mrr@ase
the number of connectives in a configuration must have besgrepl But reducing the
number of connectives leads to a situation in which all fdamunside theAd part and

everyEX are preceded by aoperator. Then, rul¢EX), (AX) or (AXE) must apply, i.e.

the formula in focus gets reduced as well. Only one of the ldivig rules can restore
the original formula in focus eventually which means it istap or ¢RU.

In the first case, player wins with his winning condition 2. In the second case player
3 wins the play at hand with her winning condition 5.
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Suppose now that the focus was changed between the ocasref@ repeating
configuration. Consequently, one of the players must haee ose of their focus
change rules. If playet did not use hers she wins with the first part of condition 6. If
she used hers but playédid not use any of his then he wins with condition 3. If both
have changed focus then it depends on which rules pky®rs used. He still wins
with the second part of condition 3 if it was onli¥Cy). If it was one of the others then
playerd wins with the second part of condition 6.

This shows that the winning conditions cover all possilieagions and that the winner
of a play is uniquely determined. n

Lemma 163 Every play ofG(¢o) is of length less than /%ol .2(2“"0‘))_

PROOF There are 2% possible sets of sets of subformulas¢ef Furthermore, the
focus can be on any formula which can be in any set, ofdar anyl insideA. Thus,
there are at most

(14 |o| + 2%y . 22

possible different configurations §{$o) and every play of length or more must visit
a configuration twice.

This is an upper bound on the length of a play if it is won witlmming condition 3 or

6. If the condition that applies is 2 or 5 then the additiomgjuirement of the formula

in focus being auy or pRY must be fulfilled. The proof of Lemma 162 shows that
in such a case a formula of this form must stay in focus. l.e.rtfoment the play
performs a repeat@uy or apRY must be present in focus. Note that this can be in the
form of an unfolding for instance. In any case, it can have astthree connectives
more than apUy or ¢RY. Therefore, after five more steps — three for the connectives
and two focus moves — a situation like the ones required fanimig conditions 2 or 5

to apply must be reached. Thus,

(1+ (o] +2%0). 22%) 15 — (20l 2(2%D)

is the maximal length of a play in the garfépo). m
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Corollary 164 (Determinacy) PlayerY wins§(¢) iff player3 does not wirG(¢).

PROOF By Lemmas 162 and 163, every play §f¢) has a uniquely determined
winner and is of finite length. Then, Theorem 37 applies wisakis that for every
game§(¢) one of the players has a winning strategy. m

Lemma 165 Player 3 preserves unsatisfiability with her choices. Playércan
preserve unsatisfiability with his choices.

PROOF PlayerV is mostly concerned with the position of the focus. Those @sov
preserve unsatisfiability. The only rule that requires hinmake a genuine choice is
rule (AX). Suppose

A(Y,T1;...;Th),E(W, %), N

is satisfiable for everye {1,...,m}. Then each of them has a modek= (8;, —i,L;)
with ans € 8 s.t. there is a patit= 5. .. with

T E WA forevery ¢ € Z;
Furthermore, for every pathf with M = 5.... there is aj € {1,...,n} s.t.
m = ¢ forall e} and j=1 implies W £ Y
We assume the state sets of theo be pairwise disjoint. Take the transition system
m m m
7= ({sotulysi. U—- UL)
i—1 =1 -1
with the additional transitions
so—s foreveryie{l,....m}
andL(so) := N’ for some maximally consistefit’. Then,
S = A(XY,XTq;...;XMn),EXZg, ... EXSy, T (8.2)

i.e. this formula is satisfiable, too. Conversely, if thisnfmila is unsatisfiable arfd’ is
maximally consistent then there isaa {1,...,m} s.t.

A(qurl’ e rn):E(quzi):n
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is unsatisfiable. Note that, if the focus is By, playerV can apply rule(AX) to the
configuration in (8.2). By choosing the righbe can preserve unsatisfiability. This is
also possible it = 0. If the focus is in &; that is not the one to choose he can change
the focus with rulg FC,4) and then preserve unsatisfiability with rykx).

The rules that require playerto set the focus preserve unsatisfiability. So do those
that make her choose a disjunct. The cases of r{Hé$ and (EE) are given by the

equivalence§2Q1¢ = Q14 for Q1, Q2 € {E,A}.

Now consider rulgAE). Suppose there is a modglsfor
A(Tq;...;Tn),E(W),E,N
ThenT,sis also a model for
AT .. EW, TG .. Tn), E,1

foreveryi=1,..., n because every path startingsisatisfiesE regardless of which

) )

[ it fulfils, too. The case of rulgAA) is similar.

Player 3 also preserves unsatisfiability with her choices of a setropgsitional
constants in rulegAX), (EX) and(AXE).

Finally, note that the deterministic rules like unfoldingg @n U or a R preserve
unsatisfiability as well. n

Definition 166 An EX is called theimmediate descendanf EX’ in a playCy,...,Cnh
of §(¢o) if there are two configurations; andCi 1 s.t.

G = ALEZ EZY,...EZ. .M
and
Ci1 = A,ES,ESq,....ESy,M

and there is a rule that transformg@l’ into EX. Bothn= 0 andn’ = 0 are possible
which is needed for applications of rulEX) or (AXE) for example.

EZ is adescendandf EX' if they are elements of the transitive closure of its immaslia
descendant relation.
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If there are two configuratiors; andC;, 1 S.t.

G = A(M;ry;...;ry),ESh, .. EZ, I

3 3

and
Ci1 = A(M;Ty;...;Th),EZ,ESy,...,EZy, M

and there is a rule that transformEtinto I' then[ is an immediate descendantldf
MoreoverA(l;1;...;y) is animmediate descendantigf™; I'}; .. .;T,). Again, the
descendant relation is given as the transitive closureeirtitmediate version.

An EZ is calledpersistingin a play at some point if it was not discarded in the last
application of rule(AX) or (EX) or was created in the last application of rkxg).
Formally,EX is persisting in the configuratio@; of the playCy, ..., Ch, O<i<n,if

3 3

thereis g <is.t.

e betweenj andi none of the rule$AX), (EX) or (AXE) has been played, and
e (Cj_1,Cj) is an instance of ruléAX), (EX) or (AXE), and

e there is nEY' € Cj_1, orEX is the descendant of &' € Cj_1.

Definition 167 (Top-level list strategy) For a setz of formulas letls be apriority
list of all top-levelU subformulas irt, i.e.

ls = d)]_Ul]Jl, e ,(I)nUl]Jn
with iUy € Z foralli=1,...,n. Alist I is defined for a sef of formulas in the
same way.

After each application of ruléFM;) or (FC;) with the actual configuration
A([rl} o Tn),ESe, .. ESn T

playerV creates the listr, and plays according to the following strategy. He sets the
focus to the first elemenfi;UY1 of the list and leaves it there until playérsets the
focus toy, after it has been unfolded. Then playedeletesp,;Uy1 from Ir, and
changes focus with rule=C;) to the next element df,.



221

If at some point playes changes focus to anothEr with rule (FC;) he restarts this
strategy with the listr,. If his actual list is empty or no element of the list is pretsen
anymore he calculatds for a persistingeZ if one exists, changes focus to the first
element ofls with rule (FCg) and plays the same strategy there.

If it does not contain any top-levélformulas he puts the focus to the largest formula
in Z and leaves it there until sontiebecomes top-level and calculatgsat this point.

If there is none than he changes focus to the next biggesufarat the moment when
the play is about to perform a repeat.

If Is becomes empty or all the top-levélformulas have been fulfilled he puts the
focus back onto the actual part with rule(FCs) and restarts the entire process with
the current configuration.

Of course, playe¥ checks at any point in the play whether he can change the focus
to an atomic proposition, s.t. g € N for the actual propositional palt. This can be
done with rule(FCg) or (FCy) if g € X for some presertZ. It is also possible with

rule (FCy) inside ar if player 3 does not take the focus away from it. Finally, if all
present” contain such @ he can do so with ruléFCs) and(FM3) since played has

to choose one of thies with rule(FM1) in between.

Lemma 168 (Optimality) Player¥'’s top-level list strategy is optimal.

PROOF As in the proof of Lemma 98, we need to show that with this stygtplayer
v does not miss any formulas. This holds only if he selects the rigtk when using
rule (FCs), namely the one that contains a regeneratirfigrmula. Note that during a
play,EX components can get lost when rdl) or (EX) is played.

For the moment we assume that he nondeterministically mileekest choice when
using rule(FGCg).

Remember that a configuration represents a combination ofucoctions and
disjunctions. Therefore, not missing a regeneratinfigrmula is to be interpreted in
the following way. If there is one in aRX then playeiv will eventually set the focus
to it. If all I'; and their descendants contain one then he will eventuadip kiee focus
on one of them.
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Suppose there is a regeneratihfprmula. It must become top-level in its component
at some point. Suppose this is insideg® It remains there since playércannot
fulfil it. If the focus is already inx it will be found unless there is another one which
does not get fulfilled either. If the focus is insidethen playely chooses thigZ or its
descendant when playing rul¢X). Remember that we assume playeo be able to
guess which preseBg is best. Eventually, he will move the focus into thisfind the

U formula there and win with his winning condition 2.

Suppose now that all tHes inside the presemt contain a regeneratingformula that

is top-level already. Player’s strategy makes him set the focus.Aowhen all the

formulas inside the persistirg} have been fulfilled. Regardless of whiths chosen

by player3 the regenerating formula will be a member ofr. W.l.o.g. we assume
that it is the first of its kind in the list. Therefore, playewill eventually put the focus
onto it.

Unlike the case of &Uy formula in aZ, playerd can simply put the focus ontd
each time it gets unfolded. B@iUy is regenerating, i.e. playef is assumed not to
be able to do so if the formula was insid&a This means playev would also win
with the focus inside th€ now containingp. This is possible if it contains another
regeneratin@ formula like itself for example which has now become top-level. This
reduces the argument to a smalldormula. Finally, the regeneration of &formula
must be due to an atomic contradiction. But playsrstrategy will make him change
focus and win with his condition 1 if this is the case.

Therefore played will at some point change focus with her r(lEC;). Remember
that she can only set it to anothErwhich is assumed to contain a regenerating
formula as well. This holds in particular for the other destent of thel” the focus
was in beforehand. With the same argument she will at sonte peiforced to change
focus again. Eventually, she will have created a repeat Ey&pv wins this play with
his winning condition 3.

Now consider a strategy for playgrother than the top-level list strategy and suppose
that player3 has a winning strategy for the game at hand. An optimal gyateust
enable playeY to try to put the focus onto every possibléormula and avoid repeating
configurations for as long as possible in every play of plajg@game tree.
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Candidates for possible formulas are those inside &z that is present and those
inside al” that played has set the focus to. Lemma 162 shows that between repeating
configurations one of the rulgaX), (EX) or (AXE) must have been played. This will
select on&X as persisting for each of play#is choices that are present in play€s
game tree.

Note that the top-level list strategy behaves like two ile@red priority list strategies
in the sense of Definition 97. The first formulas in a prioriist lare those that are
top-level. If they have been processed playsistrategy switches to the other top-level
list which contains those formulas that would be first in a priority list for the actual
I, resp.z.

This interleaving guarantees playeéto try all possibleU formulas before a repeat is
performed. Note that he also avoids repeats by changingsfotthe last moment
before one occurs. n

Lemma 169 Supposél is satisfiable but
A(T1V...VI) AEZLA ... AEZZ AT

is unsatisfiable. Then one of the following cases holds.

1. All 3 and at least ond'j is satisfiable for i= 1,...,m and je {1,...,n}, but
thereisage MNs.t. =% —q forsomei {1,....m},or =T —7q forall
i=1,...,n,0r

2. there is an ie {1,....,m} s.t. EZ; is unsatisfiable but A(T1 Vv ...V Iy) is
satisfiable, or

3. forevery i=1,...,n: i is unsatisfiable buEZ; A ... AEZ, is satisfiable, or

4. thereisani {1,....m}sit. =A(l1Vv...VIy) —EZ;.

) )

PROOF A conjunction is unsatisfiable if and only if one of its congiimis unsatisfiable
or the combination of some of them imply the negation of aeptne. Note that the
latter case is not possible for two existentially quantifieinulas since they can only
contradict each other in the propositional part. But thea ofithem has to contradict a
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g € N because ofl's maximal consistency already. Note that the last casecalgers
a situation in which both thd part and artZ; are unsatisfiable on their own already.

Furthermore, theA part can only be unsatisfiable if all of its disjuncts are
unsatisfiable. n

The next lemma analyses how these cases of unsatisfialatity  a play.

Lemma 170 Suppose)g is unsatisfiable. Take a playoC..,C, of §(¢o) in which
playerV uses his top-level list strategy and preserves unsatistiatiet

G = Ai&i.N

fori =0,...,n. Then either gis terminal and satisfies case 1 of Lemma 169 or there
isa jwith0<j<ns.t.

e A ATl is unsatisfiable for all i with i <n, or

e there is an unsatisfiable> € C; that persists and remains unsatisfiable ungl C
Moreover, a repeat can only occur aftef.C

PROOF The existence of an unsatisfiable configurat@nis simply given by the
preservation of unsatisfiability. The fact that a repeat@aly occur aftelC; is based
on the observation that two configurations which satisffedent cases of Lemma 169
cannot be syntactically equal. But the claim states thatteradly one of the cases will
hold generally.

SupposeC; is unsatisfiable according to the first case of Lemma 169. dfeths an
EX € & with =% — 7 then there must be@ € > s.t.q € Sul{y). As in the proofs
of Lemmas 101 and 113, one can show that the game rules walleceeconfiguration
with a descendar®’ of = s.t.g € 2’. But then playe¥'s top-level list strategy tells him
to set the focus tq immediately which makes the configuration terminal.

The other part of case 1 of Lemma 169 states thdt; — @ forall I'j € Aj andqg € ;.
The play need not reach a terminal configuration since playmiay always be able
to change the focus insidé;. However, because of preservation of unsatisfiabity,
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will always occur in a descendant offa after finitely many steps. As this holds for
every[l, player3 cannot discard them all with rul@ ) and one will remain. Game
rules (AX), (EX) and(AXE) can then not be played since there is no need for pldyer
to put the focus to a formula of the fori. But then

= A —
forall i with j <i<n.

Suppose now thdl; is unsatisfiable because of case 2 or 3 of Lemma 169. According
to Lemma 165, alC; are unsatisfiable far> j.

Note that, if case 2 holds fd€; thenCi;1 can fulfil case 3 because of rul&A)

for example. Conversely, rul®AE) can swap unsatisfiability from thd part of a
configuration to arEZ. However, this can only happen if one of these parts contains
a path quantified formula. Thus, applying these rules alttangly can only happen

at mostm times wherem is bounded by the quantifier depth @f. Note that theA,;

are assumed to be satisfiable and unsatisfiable alternatitigb not possible for an
unsatisfiabl€Z to be regenerated fromraformula insideA; for example because this
would caused; and all its descendants to be unsatisfiable.

Moreover, each application of rul&A), i.e. each swap of unsatisfiability from &

to A; destroys a path quantifier in the actual configuration thahoabe regenerated.
Each application of rul¢AE) reduces the number of path quantifiers inside the actual
A. Thus, a repeat is only possible in a part of a play where isfesility remains
with eitherA;j or anEX € &;.

This shows that eventually either the first case of the clantd$or eaclC; contains
an unsatisfiablgZ which does not become satisfiable anymore. But it is partapfeal
V’s strategy to let an unsatisfiall& persist.

What remains is case 4 of Lemma 169. Suppose fhatEX is unsatisfiable. If
both conjuncts are unsatisfiable on their own then BRRewill persist and remain
unsatisfiable. Assume therefore that both conjuncts aifighle. Playek/’s strategy
will make him move the focus intol once all the top-level formulas inXZ are
processed. Whenever ru(@X) is played he chooses the descendantdfas long
as the combination of this with the presefitis still unsatisfiable. Eventually, the
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important formulas fromA will have been copied into the descendankaf This will
eventually make it unsatisfiable on its own and playevill move the focus into it at
some point. A repeat can only occur after that since the igisditle descendant a&
must be syntactically different from a satisfiaBe.

However, at some point the conjunction of the presérdnd the descendant @&
can become satisfiable. But this is only possible if anoHémappeared such that the
currentA AEZ' is unsatisfiable. Then play&rcontinues with his focus strategy inside
A but choose&Z’ with rule (AX). Note that at this point he loses the copied formulas.

Suppose the play proceeds as follows. We will only considafigurations before and
after an application of ruléAX). Assume there are configurations of the form

A(XME; LX) EXS] o EXS, 1

with successors
A(TE .. T, ES;, M

fori=1,...nand som& € N. Suppose that eadXZ is the descendant @; and
that eachA(XI'%;...;XI™) is the descendant af ' ;;...;I"1). As usual,A4; stands
for A(TL;...;T") while A¥ is used to denote(Xr'};...;XI'"). Now suppose that every
Aj ANEZ; is unsatisfiable whereas eveA{HEXZi’il is satisfiable. This captures the
situation mentioned above: evely that is unsatisfiable with the presefitbecomes
satisfiable while a newZ’ appears that is unsatisfiable with the currdnt

According to Lemma 163, a repeat on a configuration must eadigtoccur. W.l.0.g.
we assume that itis oﬁ’l‘, EXZ1. l.e. the descendant BE, iSEX> 1, and the descendant
of Ay is AX. Fori =1,...,k—1 letk; denote the number of applications of r(k«)

or (EX) betweenA;,E%; and Af,;,EX3/,EX%; 1 plus 1. Note that rul¢AXE) cannot
be applied as there is always at least one present

Since everyA* AEXZ! , is satisfiable, it has a mod&l. EachT; is a possibly infinite
tree containing one path satisfyitig; ,, while this and every other path satisfies at
least ona(rij. Therefore, eacH; begins with one transition after which 1 or arij
might require the tree to branch. We paste thgdegether to form an infinite tre®
that is finitely represented as shown in Figure 8.8.
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Ki

K3

Tl Kkl
T2

'I Tk_ 1 ‘l

Figure 8.8: A model T for A1,EZ;.

A sequence of states of lengkh corresponds to a sequence of applications of rules
(AX) or (EX) in which the last persistingZ was chosen. The labelling of each
state is the maximal consistelfitthat playerd chose for the corresponding block of
configurations. Here, a block is a part of the play in whictthnei rule (AX) nor (EX)

was played.

We show that the transition system of Figure 8.8 is a modelforn EX;. Remember
thatEZ; has the descendaBxX} which is fulfilled in T;. The same holds for every
otherEZ; that occurs during the play. Therefore, every occuriiagis fulfilled in T
which also satisfies the correspondiAg

Note that we have restricted ourselves to the case of onlyE:veomponents per
configuration. The argument can easily be extended to delalmare than two.

It remains to be seen that the paths from the origin to daslatisfy theA formulas.
Remember that the first part of length does not bear a contradiction &2, or any
occurringll in this part, for otherwise playéfwould have won the corresponding play
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with condition 1. Moreover, the second part of lengthstarting from the root of;
does not exhibit a contradiction to the next persistizg and the corresponding’s.
Thus, it satisfies at least orﬁ(‘g. But A, is the descendant of1. Therefore the paths
starting from the root intd> must satisfy at least ori'él, for if this was not the case
then the play would not have proceeded this way. Iteratingyalgument shows that
the infinite path connecting all tHg must satisfy one of thE',. Thus,A;,EZ; cannot
be unsatisfiable.

Conversely, there is at least oBE which remains unsatisfiable. But then it is going to
persist according to playéf's strategy of preserving unsatisfiability. n

Theorem 171 (Soundness)If ¢g is unsatisfiable then playé&twins G(¢o).

PROOF We let playerV use his top-level list strategy as it is described in
Definition 167. Furthermore, whenever an application oérwX) or (EX) requires
him to choose arkZ he selects the one that preserves unsatisfiability acaprdin
Lemma 165.

With the top-level list strategy a terminal configuratioroigdy reached if it contains an
atomic contradiction which makes playeéthe winner of the play at hand, or if there
are no non-atomic formulas that playecan set the focus to. But by preservation of
unsatisfiability the resulting configuration must be ursfatble, i.e. a win for playey
with winning condition 1.

According to Lemma 169, there are four possibilities for afeguration
A(T1;...;Tm),EZq, ... ,EZp, I

to be unsatisfiable. Lemma 170 shows that, if no terminal gardition is reached, the
A part remains unsatisfiable possibly in conjunction withréspective propositional
parts, or eventually an unsatisfialalE must persist.

Remember that playeralways choosel to be satisfiable, and il is unsatisfiable in
conjunction with th&; then playel/ can immediately win with his winning condition
1 by setting the focus to the appropriate proposition. If¢bejunction of theAd part
and thefll is unsatisfiable then player can only change focus insidé but player
vV can always play such that the focus reachagfar a q € . But then a repeat
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will eventually occur and playet has used ruléFC;) whereas playeY has used at
most rule(FC,) since the focus did not leavé. Hence, he wins with his winning
condition 3 unless playet has left the focus on a particul&rin which case he wins
with condition 1.

Lemma 170 shows that, if this is not the case, then eventadlliyonfigurations will
contain anEZ which is either unsatisfiable or whose negation is impliedthey A
component. It also shows that eventually one of these musispe

But unsatisfiability must be given by one or seveWaformulas which cannot get
fulfilled. If one of them occurs in the persistim. then playev will eventually set
the focus to it according to Lemma 168. If eaclof the A part contains one then,
again by Lemma 168, play&rwill eventually set the focus to one of them which gets
copied into the persistingz. Finally, playerV will change focus to it irEXZ and win
with condition 2. n

Next we recall Definition 69 and Lemma 70 of Chapter 5. Thesmfthe basis for
playerd’s winning strategy on a satisfiable formula in the comples=nproof for the
satisfiability games.

Definition 172 Take a statgg of a transition systerfl and satisfiable formulas

Assume thasy = A(l"1 V...V Iy), i.e. every pathr starting withsy satisfies at least
onelj. With eachl"; we associate a s@fri (so) of finite prefixes of paths starting with
S in the following way. Leto = 5. .. be a finite sequence of states s.t> 51 for
alli=0,...,k—1.

ocPr(so) iff thereisapathn=om s.t.m=T;

Thus,Pr. (s) consist of all finite sequences of states starting witat can be extended
to a path satisfyingi. In the next step we make these sets disjoint.A:s) C P (s)
be defined by

o€ePr(s) iff oePr(s)andforallj<i:o¢Pr (s
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A path can never occur in a set with a smaller index than anysgbrefixes. Thus,
se€ Pr,(s) in any case.

Lemma 173 Let oy, 07 be finite prefixes of a path starting in s, &16.= 010 for some
0. 1f o1 € Pr,(s) ando; € Prj(s) then j> .

This is the same as Lemma 70 of Chapter 5, simply reformul@tédke care of the
normal form for CTL* formulas needed in this chapter.

Definition 174 An extended configuratioof a CTL* satisfiability game§(¢$o) and an
LTS T = (8, —,L) is of the form

t - A& N

wheret € § and A, &, is an ordinary configuration of(¢o). It is calledtrue if
t = A, &,IN andfalseotherwise.

An extended gamis an ordinary satisfiability game with each configuratioteexed

in the following way. Ift is the state component of an extended configuration to which
rule (AX), (EX) or (AXE) is applied and’ is the state component of the successor
configuration thert —t’. Player3 is allowed to choose suchta All other rules
preserve the state component.

Note the intended similarity to a model checking configunatilt is only the CTL
normal form that detains us from proving completeness latirgd a satisfiability game
to one or several model checking games as it is done in Chépter

Lemma 175 Playerd can preserve truth in an extended game, playerust preserve
truth.

PROOF There is only one situation in which playemperforms a genuine choice on a
formula: that of a disjunction insid®. All the other rules requiring her to take a choice
deal with the position of the focus inside Suppose the actual extended configuration
IS

t = AEWoVvy,2),EM
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Player3 simply chooses they; that is true. Note the(Wo V Y1) = EQp V EYs.

Preservation of truth with the rules for the other booleannzztives, the focus moves
and changes, and the unfoldinglodndR formulas is trivial.

The other interesting case is the one where (alg, (EX) or (AXE) is played. Suppose
S = A(Xlg;...;XMR),EXY4, ..., EXZq, M1
Then, forevery = 1,...,m, there must be a patl) = 5. .. S.t.
T = X3 AXM

forsomej € {1,...,n}. Lets; := rq(l). Playerd can chooseg; andlM’ ;= L(s;) to make
the next extended configuration

st = A(Fq;...;Mn),EZ, I

true, too. Note that the position of the focus only deterraimdnich rule exactly is
played. n

Lemma 176 Consider the set of all setf that can occur inside andA in a
configuration ofg(¢o). It can be ordered as k& Ly,...,Lm, where L =T 1,...,Tin
foralli=1,....ms.t.

e if " isadescendantof but ' is notadescendantdf’,and I € L;, " € L;
then j>i.

e if [ and I’ are descendants of each other, then there is an{L,...,m} s.t.
r.r'el;

PROOF The set of all such configurations together with the immedagscendant
relation forms a graph. Each padrt of the listL represents a strongly connected
component of this graph. They can be sorted topologicalgbtainL. m
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Theorem 177 (Completeness)If ¢¢ is satisfiable then playet winsG(¢o).

PROOF Supposég is satisfiable. Then there is a transition system (8, —,L) with
a statesp € 8 s.t. o = ¢o. Moreover,sp = Ado sincedy is a state formula. Consider
the extended game f&}($po) andT. Its first configuration

S F A([(Po])

is true.

Lemma 175 shows that all reached configurations will be tegardless of player
V’s choices. Thus, if a play reaches a terminal configurattwill win it with her

winning condition 4.
It remains to be described how playehas to set the focus inside @hnin order to win

G(¢o). Since the extended play follows stategJimlong the— relation, there will be
a selected finite sequence= 5s; . . .  Of states at any moment in the play. Let

L - L]_,...,Lm - r]_,...,rn

be the sorted list of all' that can possibly occur if(¢o) according to Lemma 176.
Furthermore, let

Pr(S0)s - Pro(so)

be the sets of finite sequences of states startiisgatcording to Definition 172. Note
that at any moment in a play one of these finite sequences avi# been selected.

Whenever the play has outlined the sequeaand playerv sets the focus tc[ﬂ],
then playerd sets it to thel'; s.t.0 € Pr,(s9). Note that at the beginning an eligible
one exists and, similar to the proof of Theorem 71, the rulesgrve the following
invariant. At any moment in a play that has outlinee- 5. ..s¢ there is at least one
[; present in the actuad s.t.o € Pr,(s9). On the other hand, they are disjoint. Thus,
there is always exactly org- (sp) that contain.

Suppose the actual extended configuration is

t F A([wovml},r’;...),e,ﬂ
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with I := o VvV Ys1,I’, andrl € L; for somei € {1,...,m}. Playerd has to set the focus
to one of the two possible descendants. Assume she ch@pgd€s Then eithel is a
descendant aflg, [ itself, in which casepp, I’ € L;. OrT is not reachable frompg, [’

anymore. Thenpo, "’ € L for somej > i according to Lemma 176.

Thus, she either remains in the currénbr increases the index of the actual sublist
whenever rulgAv) is played.

Note that there is no need for playgéto change focus betwedn andr j if both are
descendants of each other. Either they never occur in the sanfiguration in which
case a focus change is simply not possible. Or there is anbthe. bothl'j andT;
are descendants 6f and vice versa. If the focus was énand is onl’; later on for
example although playef would like to change it td"j then she could have set the
focus accordingly earlier on. If it was not dnthen she can wait until it is oh and
then direct it td"j. In both cases she does not change focus.

Now consider an application of rul@X), (EX) or (AXE). Remember that after that,
playerd is allowed to change the focus. This might be necessary #irecgequence of
stateso outlined so far is prolonged with another stéte

Suppose the focus was in. Then we know that € Pr,(sp). Butct’ is an extension
of o and according to Lemma 178t € Pr;(sp) only if j >i. If j =i then played
can leave the focus in the actual Otherwise, the path that playéis going to choose
by selecting anothegX does not fulfill’;. Therefore, playe# needs to change focus.
Lemma 176 shows that it increases the index of the actuaikssiihl

If there is a[q} in the actuall then playerv has to change focus since he would
inevitably lose at this point. Leb = 5...5 be the prefix that has been selected so
far. Thenll = L(s¢) for the propositional part of the actual configuration. Blsioa

0 € Pr,(sp) for thel; containing the focus and therefagec .

If the focus is on ar{Eq)] then it is removed from playet’s control since th&¢ gets
promoted into the actudl part and with it the focus. Ifitis on ahd)] the sets of s get
modified. Letl’; = {Aq)} . for somel” andl"; some other setinsidé. If 0 = 55...

is the selected finite sequence for this moment tega Ad. But thentt = ¢ for any
Tustarting withsy, in particular those paths which have a sequendé-jisy). Thus,
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playerd can continue with the focus inside the acthial

All in all, player 3 can change focus s.t. the index of the actual sublist always g
increased. But this means she sets the focudtevaich cannot regenerate théthe
focus has been on before. Therefore a repeat is not possildag as she changes
focus appropriately.

Whenever the extended play visits a configurageh C s.t. sj - C was visited before
andsc # sj then the satisfiability game is restarted at the first ocoweeofC with
the extended configuratiosy - C. This does not influence the choice of the focus
position since thé's insideA of C are the same. Therefore play&ican choose the
position of the focus according to the pah ..sj...s. If a repeat on an extended
configuration is detected such that the states are the sandlid satisfiability game
is not restarted. Note that in this case one of the winninglitaoms applies at most 3
steps later according to Lemma 163.

This strategy guarantees playeto win §(¢o). Player¥ cannot win a play with his
condition 1 since this would imply an inconsistency in thieddling of a state in the
model. He also cannot win with condition 2 because Lemma 1&8res that player
3 does not change the focus back tb6 avhere it was before. Moreover, since every
selected prefix of a path is guaranteed to be extendable tithaatsfying at least one
I, player3 can “fulfil” every ¢U eventually. The satisfiability play cannot perform
a repeat before playét chooses) in its unfolding since this would correspond to a
selected prefixg. ... .. S such that this cyclic path does not satighat any stateg

As in the cases of LTL, CTL and PDL, the small model property@I'L* can be
derived from its satisfiability games.

Theorem 178 (Small model property) If o € CTL" is satisfiable then it has a model
(2/%0l)

of size less thag@!®ol . 2(2%),

PROOF Supposeadg is satisfiable. By Theorem 177, playghas a winning strategy
for the game5(¢o). A transition systen¥ = (8, —, L) can be extracted from the game
tree in the same way as it is done for CTL in the proof of Theofd. States off
are equivalence classes of configurations, and transiicngiven by applications of
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rules(AX), (EX) and(AXE). The labelling of the states is taken from playés choices
of the maximal consistent sdtk

However, it is much simpler to consider the game tree of thtereded game in the
proof of Theorem 177. Ignoring the state components of thersed configurations
results in a game tree for playeérand the gamé&(¢o).

On the other hand, the state components alone form a t@mssgstemJ with
transitions given by applications of rulésX), (EX) and (AXE). The fact that they
occur as state components in an extended game tree for plagleows thatJ is a
model fordyo. Its size is bounded by®! . 22*) since this is the maximal number of
configurations in the (extended) game tree according to Lerh®3. m

Corollary 179 (Tree model property) CTL" has the tree model property.

Theorem 180 (Winning strategies)
a) Playerd’s winning strategies are history-free.
b) PlayerV’s winning strategies are LVR strategies.

PROOF History-freeness of playéet’s winning strategies is proved in the same way as
it is for the LTL satisfiability games and, hence, for the CTrhodel checking games.
First of all, the strategy described in Theorem 177 requuesto choose a model for
the underlying formula. This model does not depend on thetyiof a play. Then
she follows the states of the extended configurations in theatand uses the outlined
finite paths to put the focus onto a particulawhenever playey wants the focus to
be insideA.

Lemma 67 of Chapter 5 proved for the CTinodel checking games that playedoes
not need to remember whidhhe set the focus to. Instead, he can recalculate the sets

Pro(s), -y Pro(9)

every time rule(AX) or (EX) is played. It is the fixed index ordering of tiigs which
ensures that he can change focus in such a way that indicegenincreased. But
the order of the formulas is chosen at the beginning, too,dmas$ not depend on the
history of a play. The same holds of course for playén this case, too.
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On one hand, player's winning strategy foi§(¢o) with an unsatisfiablég tells him
to preserve unsatisfiability. This is history-free sincsaitisfiability of a configuration
only depends on the configuration itself. On the other hagsdtnategy tells him how to
set the focus. Similar to the satisfiability games for LTL,LC3hd PDL from Chapter 6
he can use a list af formulas.

The proof of Lemma 168 states that playés top-level list strategy is obtained as
the interleaving of several priority list strategies aatog to Lemma 97 for the LTL
satisfiability games for example. By Lemma 118, proved irti8a®.2, an interleaving
of two disjoint LVRs is an LVR again. Note that the LVRs in tlugse consist of all
configurations containing formulas or, in a simplified version, of allformulas only.

EacheX andA of §(¢o) has its own LVR ofy formulas occurring in them. They can
easily be made disjoint be markifigiormulas according to whichZ or A they come
from. Thus, playek/’s winning strategies are LVR strategies. m

Complexity

Theorem 181 (Complexity) Deciding the winner of(¢) is in 2-EXPTIME.

PROOF An alternating algorithm can be used to determine the winokerthe
satisfiability game5(¢). It simply needs to store three configurations: the actual on
and two (co-)nondeterministically chosen ones to find aaepa. The size of each
configuration is exponential in the size of the input. Theesiza set of subformulas

of ¢ is linear in the size op, and there can be exponentially many different sets of that
kind.

Each time one of the players uses their focus change rule stwed configuration
is deleted. Thus, if the play performs a repeat without fathenge it is detected by
the algorithm. To detect repeats with focus change the éhgorstores a counter to
measure the length of a play. According to Lemma 163, its maksize is

log ((1+10/+2%)-2%" +5) = 0(¢-2%)

Thus, deciding the winner ¢f(¢) can be done in alternating EXPSPACE which is the
same as 2-EXPTIME, [CKS81]. n
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Comparing Automata and Games for CTL * Satisfiability Checking

So far, automata have been the only successful tool that sed to automatically
decide satisfiability of CTLformulas. Since CTLis a branching time logic, automata
over trees are needed.

As with all the other logics, a CTLformula ¢ is translated into an automatoty,
and satisfiability checking is reduced to the non-emptinestd_(Ay) # 0. However,
in a naive approach the size of the automaton is doubly exjg@hén the size ofp,
and the non-emptiness test requires time which is doublerexqtial in the size of the
automaton.

As outlined in Section 3.2, this has been optimised by inspgdoth the structure of
CTL* formulas to obtain smaller automata, and by finding moreiefiicprocedures
for the non-emptiness test. They make use of the fact thatatt arising from this
translation are not arbitrary but have a special structoe,

The first optimisation mainly deals with the complementatjgroblem for these
automata. Complementation is necessary to handle embepdadifiers. Note that
Ed = A¢. Thus, an automaton for an existentially quantified subfdans obtained as
the complement of an automaton for a universally quantifiddf@mula.

But complementation generally requires determinisatien,deterministic automata
are easy to complement whereas nondeterministic are nepdissible to complement
non-deterministic automata without explicitly transfong them into an equivalent
deterministic one. But this can also be seen as an implitgrdenisation.

On the other hand, remember the close connection betweerhi Biutomata
and LTL formulas as well as the relationship between CTarmulas and LTL

formulas. Deterministic Buchi automata are strictly werakhan nondeterministic
ones. Therefore, a translation into them is not even passibhe complementation
problem for Buchi automata generally requires an intecabnstruction using
combinatorial results.

This shows that the real work involved in automata-theorstisfiability checking for
CTL* is done on top of the automaton. Consequently, the residtimgmata that have
undergone an optimised determinisation process bear rtacijmrelationship to the
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original formula anymore.

This distinguishes them from the satisfiability games of ttnapter completely. There,
the whole complexity of the problem at hand is simply capuby the size of a
configuration and, consequently, is expressed in the velgthigh number of rules
compared to LTL or CTL satisfiability checking games. On thkeo hand, the
algorithm that decides which player has a winning strategyafG(¢o) is not more
complicated than the ones used for LTL and CTL in Theoremsal@b120.

As opposed to the automata-theoretic approach the gamesthavadvantage of
yielding a structure which does have a close relationshithéinput formula. In
fact, the game tree is entirely made up of its subformulasohtrast, the automata for
CTL* formulas need to be regarded as an abstract graph of whiatearceeachability
property needs to be checked.



Chapter 9

Model Checking Games for

Fixed Point Logic with Chop

Mad world! Mad kings!
Mad composition!

PHILIP THE BASTARD

9.1 Global Model Checking Games for FLC

For a finite transition systefi = (8, {-%| a€ A},L) with s€ § and an FLC formula
do theglobal model checking gan$ (s, $o) is played by players and3 on the game
board

€ = $x2°xSuldo)

The intended meaning of a configuratisr8 ¢ is s € [[¢]](S). Remember that the
semantics ob is a function from sets of states to sets of states. This isgagon for
the statesetin a configuration.
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Here, a play is a finite sequenCsg, .. .,C, of configurations wittCyp = s, 8 - ¢o. This
takes into account the definition of therelation for FLC from Section 2.5.

The rules for the global model checking games are presentejure 9.1. Rule$A)
and(V) are like the rules for boolean connectives in the PDL modetking games
for example. RulgFP) is the usual unfolding for fixed point formulas. RuleAR)
expresses the property of a fixed point being equivalenstonfolding.

The mostinteresting rule (). Here, playet chooses & first. Then playek chooses
at € T and decides whether to follow the left or the right of the lowenfigurations.
The motivation for this is as follows. Let S ¢;{ be the actual configuration. Note
that its intended meaning $= [¢] ([W] (S)). To prove this, playef has to name a set
T s.t.T C[W](S). Then, playe/ who wants to show that

s¢ [¢1([wI(S)

has two possibilities to do so. Either he shoswg [[¢](T). In this case, playet’s
choice ofT was not good enough. The best she can dois[[y]|(S).

On the other hand he can decide to refute playeiclaim thatT C [@](S) in which
case he has to name & T of which he believes ¢ [W]/(S). Therefore the play can
continue with eithes, T - ¢ ort, Sk .

Note that there are no restrictions on the choic& af 8. This is the point where the
games violate the locality conditions stated in Section 2.8

Playerd is allowed to choos& = 0. In this case playey has no choice with this
rule and the next configuration is necessasil@ - ¢. This is justified by the fact that
trivially 0 C [y]|(S) for anyp and anyS. Thus, playei’ could not refute this branch
anyway.

PlayerV wins the playCo, . . .,C, of the gameS (s, ) iff
1.C, =t,THq andq¢L(t),or
2.C,=t,TFT andt£T, or

3.Ch =t,TH{(a) andforallt’ € §:ift-2+t'thent ¢ T, or
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" s,SF doAd1 v V) S,SF oV 1
s, Sk ¢ S, Sk i
Si-oz. ShZ
(pp) S50 920 (VAR) =2 i tp(2) = 0Z.6
s,SFZ s,Sk¢
SH¢;
() 5SF oW TS veT

sTHd |v t,SHY

Figure 9.1: The rules for the global FLC model checking games.

4. C, = t,TF[a] andthereis’ € §s.t.t-2:t"andt’ ¢ T, or
5 Cy, = t,T'"FY s.t.fp(Y) = pY.p for somey, and there is ane N, s.t.

e C =t,TFY withT' CT,and

e thereisncCj withi < j<ns.t. C; =t,S+Z forsomet’,S
with fp(Z) = vZ.y/ andY < Z.

Player3 wins the playCo, . ..,Cn of Go(s. §) iff
6. Ch = t,THq andgeL(t),or
7.Ch =t,THT andteT, or
8.C, = t,TF(a) andthereis& € T s.t.t-2:t/, or
9.Cy = t,TH[a andforallt’ € §:ift-2:+t'thent € T, or
10. Cy = t, T'FY s.t.fp(Y) = vY. for somey, and there is ane N, s.t.

e C =t TFY withT' DT, and

e thereisncCj withi < j<ns.t. C; =t ,S+Z forsomet’,S
with fp(Z) = pZ.y/ andY <4 Z.
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Example 182 Let T be the transition system consisting of staffes } with transitions
s-2t,t -2t andt 2 s. Consider the FLC formula

¢ = VY.[bjff A[a](vZ.[b]A[a](Z;Z)); (([a]ff A [b]ff) VYY)

from Example 22.¢ requires the number df's that have been seen on every path
never to exceed the number & that have been seen so far. Swtd T satisfiesp.
The full game tree for playet is shown in Figure 9.2. Lap := vZ.[b| A [a](Z;Z) and
o= ([aJff A [b]ff) VY.

She wins all the plays which end onaa or [b] with her winning condition 9. She wins
the other plays with condition 10 since the only fixed poimtrialas occurring irb are
greatest ones.

Correctness

Fact 183 Rule(VAR) is the only rule that increases the size of the formula in ttea
configuration. All other rules decrease it.

Lemma 184 Every play ofg+(s,¢) has a uniquely determined winner.

PROOF Suppose the play at hand reaches an atomic formula. Thenrthefgame
rule applies. The winner is uniquely determined since wigrgonditions 1 — 4 and 6
— 9 cover these cases and are mutually exclusive.

Now take a play that does not reach an atomic formula. Acagrth Fact 183, all the
game rules apart frorfWAR) decrease the size of the formula component in the actual
configuration. Therefore, there must be at least one varialthich gets replaced by

its defining fixed point formula each time it occurs in the atttonfiguration. Since
the underlying transition system is finite a configurationsineventually be reached
such that the first part of condition 5 or 10 is fulfilled. Thesed part will also be
fulfilled eventually since for every variablethat does not regenerate itself there must
be another variabl¥ such thatZ <, Y. But there are only finitely many variables
in a formula. Thus, one must be outermost. Its fixed point iygErmines whether
condition 5 or 10 applies. m
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s{sti-¢

s, {st}+Y

s, {s,t} - [b]£f A [a](W; O)

S, {s,t} I [b]ff s, {s,;t} F[a](y;d)
s, 0+ [b] s, {t}+[a t,{st}Fy;d
t,{s}-y s{st}Fd
t,{s}-z s{st}FY

t.{sj - [bjA[a](Z;2)

t, {s} - [b] t,{s}-[al(z;2)
t,{t}+[a t,{s}+2;Z
t,{s}+Z s{s}rz

s,{s} - [bA[a](Z;2)

s, {s} - [b] s, {s}+-2,Z

s,{s}+Z s{s}rFz

Figure 9.2: The game tree for player 3 from Example 182.
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Lemma 185 Every play of5(s,¢) has length at mogt$|- 28I |¢|)ad®)+1,

PROOF This upper bound on the length of a play is proved by inductiorthe fixed
point depth of¢. Supposead($¢) = 0. Then the requirement of being outermost in
winning conditions 5 and 10 becomes void. In a configuratidnt Y there are/8|
many possibilities fot and|¢| many fory. There are 2/ many possibilities to choose
subsetdy, ..., Thof Ss.t. thatTy £ Tj, resp.Ti 2 Tjforall 1 <i < j<n.

3 3

Suppose novk := ad(¢) > 0. LetZ be the outermost variable witp(Z) = oZ. 1.
ThenZ can be unfolded at mog§|- 28/ . |Suk{)| times. Each unfolding can result in
an embedded subplay starting wiphwhich has fixed point deptk— 1. n

The next result follows from Lemmas 184, 185 and Theorem 37.

Corollary 186 (Determinacy) PlayerV wins G5(s,¢) iff player 3 does not win
97(57(1))'

Generally, correctness proofs for model checking games splinto two parts:
soundness and completeness. According to Theorem 39 ab8ex6, one part can
easily be used to prove the other if

e thelogic is closed under negation, i.e. for evérhere is & s.t.s = ¢ iff s~ 9,
and

¢ the rules and winning conditions of the games are dual in¢hsesthat playep
can usey's winning strategy fronfs(s,¢) to win G3(s,9).

This is given for the PDL model checking games in Chapter 4taedCTL* model
checking games in Section 5.2.

For the FLC model checking games we have to prove both soss@mel completeness
explicitly. The reason is the requirement of being closedarmegation. Remember
that the = relation for FLC formulas is defined indirectly via the serties [[-].
Therefore the right complement formufesatisfies

[®](S) = 8—[¢](S) forall SCS8
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But according to this definition of complementation, FLC @ negation closed. A
simple counterexample is the formulavhich has no complement. This follows from
Lemma 19 of Section 2.5 which states that the semantics ofF&ay formula is a
monotone state transformer. But

[[] = AX.8—X (9.1)

is not monotone. Also, it is not obviously clear how to exgi@3] with the operators
of FLC.

One solution to this problem would be to extend the syntaxsamdantics of FLC. In
fact, it would suffice to add as a new primitive. Then the complement of a formula
¢ can be defined a§ :=T;¢. But functionsAf.[[¢(X)]x..s need to be monotone
for fixed points over these functions to exist. A simple c¢rde like the one used for
L, formulas where variables are required to occur in the scée @ven number of
negations does not seem to exist for FLC. Note that becaué® Dfthe following
holds.

Y = 9y
Thus, an occurrence of a variablegnon the right side of this has to take the negation
of ¢ into account as well. This means theopeof a negation symbol is not its subtree
in the formula’s syntax tree anymore.

The second way to repair negation closure of FLC is to comsioi@plementation with
respect to weak equivalence. This means @ing a candidate fo$ if for every state
sof every transition systemm= ¢ iff s~ @ holds. But there must be an effective way
to constructp from ¢ to meet the second requirement above. One possibility is¢o u
deMorgan’s laws, the duality of least and greatest fixed tgpiine complementation
closure of atomic propositions and the duality of the modagrators to eliminate
negation from formulas. But thenhas to be eliminated too, which can destroy the
original structure of the formula at hand. This will resultgames orp and$ that are
not obviously dual to each other anymore.

Definition 187 A configurationt,T = W in the gameSy(s,¢o) is called true if
t € [W]|(T) andfalseotherwise.
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Lemma 188 Player 3 preserves falsity and can preserve truth with her choices.
PlayerV preserves truth and can preserve falsity with his choices.

PROOF First consider rulé\V). Take a configuration
C =1tTF ¢0\/¢1

SupposeC is false, i.et & [[do]](T) andt ¢ [[¢1](T). Regardless of which player
3 chooses, the configuratidnT + ¢; will be false. On the other hand, suppd3es
true. Thent € [[¢o]](T) ort € [[¢1]](T), and played can preserve truth by choosiing
accordingly. The proof for ruléA) where playelv makes a choice is dual.

Consider now a configuration
C = tTHMY

SupposeC is true, i.et € [¢](Jw](T)). Then played can choosd’ = [W[|(T) and
the configuratiort, T - ¢ will be true. Moreover, for every € T’ the configuration
t', T g will be true, too. Therefore, playét must preserve truth with his choice in
rule (;).

Suppose on the other hand tiaais false, i.e.

t ¢ [o](TWI(T))

In the application of rulg;), player3 choosesT’ first. Assume she choosds$ =
[W](T). Then playerv can continue with the false configurationT’ - ¢. Assume
therefore, playes chooses any othél’ s.t.t € [¢]](T’). Then there must betae T’
s.t.t’ ¢ [W]](T) and playei can continue with the false configuratignT + .

To prove this last claim assume thEtC [[] (T). By monotonicity of[¢] we have

But thent € [[¢](T’) contradicts the assumption thag [¢] ([W](T)).

Note that both truth and falsity are preserved by applicatibthe deterministic rules
(FP) and(VAR) if variables are interpreted by their approximants. n
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For the correctness proofs it is helpful to consider a moselfle definition of a game.
In order to do so we will, overloading notation, denote$h$+ ¢ the game starting
with the configuratiors, Sk ¢. An underlying transition system is implicitly assumed
so that played knows which set of states to choose from. The model checlkangeg
S7(s,9o) in the original sense is simply the same as the gams i ¢o.

Theorem 189 (Soundness)PlayerV wins the game for .S ¢¢ if s¢& [do](S).

PROOF Supposea¢ [[do] (S), i.e. the configuratios, St ¢¢ is false. Preserving falsity
in the sense of Lemma 188, we will construct a game tree foyepla Whenever rules
(V), (A) or (;) need to be played, continue with the false configurations #se proof
of Lemma 188. Rule§FP) and(VAR) are applied deterministically.

This way, the game tree cannot contain a play which is won bygsl3 with her
winning condition 6,7,8 or 9. These conditions require thst lconfiguration of the
play to be true which is excluded by the preservation of fialsi

It remains to be shown that playercannot win a play with her winning condition 10
either. In order to do so we interpretvariables by their approximants. Suppose the
construction of the game tree reaches a configuration

C = t,THvZU

By preservation of falsityC is false as well as the following configurationrl - Z.
There we interpre¥ as the least approximant that makes it false, i.e. aZ'treet.

t¢ [Z9(T)  but te [Z<M(T)
By the definition of approximantk = O is impossible.k € N since the underlying

transition system is assumed to be finite.
Note that the game rules follow the syntactic structure ofmfgas and thaZK is
defined asp[Zk~1/Z]. This means that the next time a configuration

C' = §,S+Z

is reachedZ can be interpreted a&< ! to makeC' false. This does not hold if the
computation obZ.y has been restarted in the meantime, i.e. a least fixed paiabla
Y has been visited in between, Zt<y, Y.
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Suppose now the construction of the game tree reaches a watitmC’ =t,T' - Z,
s.t.C andC' fulfill the requirements of winning condition 10. Then themeist have
been at least one unfolding &fwith rule (VAR) betweenC andC’, and there is no
p-variableY on this path such tha <4, Y. Therefore, in the false configurati@, Z
will be interpreted a&™ with m< k. Butift ¢ [Z™](T') andT’ 2 T thent & [[Z™](T)
by monotonicity.

From this we conclude that there is no ldagiat makes, T - ZK false. By Theorem 30
of Section 2.5
t,.THVZY

could not have been false either without contradicting gsueption. Thus, player
cannot win a single play in the game tree constructed in thisand, by Corollary 186,
playerV wins the game fos, S ¢o. n

Theorem 190 (Completeness)Player3 wins the game for .St ¢o if s€ [§o](S).

PROOF Supposes € [$o] (9), i.e. the configuratios, St ¢g is true. In a similar way
to the proof of Theorem 189, we will construct a game tree fay@r 3 preserving
truth. Starting with configuratios, Sk ¢, whenever rulegV), (A) or (;) need to be
played, continue with the true successor configurationseasribed in the proof of
Lemma 188. Again, rule§&P) and(VAR) are applied deterministically.

This way, the game tree cannot contain a play which is won bygslv with his
winning condition 1, 2 or 3. These conditions require the¢ ¢casfiguration of the play
to be false which is impossible by the preservation of truth.

It remains to be shown that playgrcannot win a play with her winning condition
4 either. This time we interprat-variables by their approximants. Suppose the
construction of the game tree reaches a configuration

C = t,TFuY.WY

By preservation of trutke is true as well as the following configurationT Y where
Y is interpreted as the least approximant that makes it treeas therk s.t.

te V(M) but tg [Y<H(T)
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Again, by the definition of the approximaris= 0 is impossible.

With the same argument as used in the proof of Theorem 189néhé time a
configurationC' = §,S I Y is reachedy can be interpreted a8<! to makeC' true.
This holds of course only if no greatest fixed point variallénas been visited in
between, s.tY <4, Z.

Suppose now the construction of the game tree reaches awatfipC’' =t, T' - Y,
s.t.C andC' fulfill the requirements of winning condition 4. Then thereshhave been
at least one unfolding of with rule (VAR) betweernC andC’, andY is the outermost
variable on this path. Therefore, in the true configura®nY will be interpreted as
YMwith m< k. Butift € [Y™](T') andT’ C T thent € [Y™](T) by monotonicity.

From this we conclude that there is no |elatat makes, T - YX true. By Theorem 30,
t, T F VY. could not have been true either without contradicting ttseiagption. Thus,
playerV cannot win a single play in the game tree constructed in tlag and, by
Corollary 186, playeH wins the game fos, Sk . n

Remember that preservation of truth and falsity plays aroignt role in the winning
strategies of the PDL model checking games. Here, the ituet similar. However,
unlike the least fixed point formulas in FLC, their PDL couptats exhibit a very
simple structure. There is only one path through their sytri@es that leads from a
least fixed point construgt*) Y via the subformula relation back to itself. This is the
reason why it is sufficient in the PDL case to choose the smfalienula of two that
both preserve truth. The same holds for greatest fixed poimstcucts and falsity of
course.

The syntax trees of FLC formulas however can have sevefaldift loops. Moreover,
the explicit use of propositional variables rules out thegbility of simply choosing
the smaller of two options since variables are smallest tdas The following formula
is equivalent to the PDL propertg*) (a)tt used in Example 47.

nY.(a); YV (a);tt;Y

Note that theY in the right disjunct has no effect and could be left out witho
changing the semantics of the formula. However, it showsdban a criterion which
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considers the occurrences of variables in disjuncts, @sguncts, does not suffice. It
might, however, work foll, formulas. Instead, it is necessary for both players to use
approximants as done in the proofs of Theorems 189 and 190.

Theorem 191 (Winning strategies) The winning strategies for the global FLC
model checking games are history-free.

PROOF Playerv’s winning strategies for these games consist of presefaisgy with
his choices and annotating variables with their respeeapoximant indices. Then,
he cannot postpone showing falsity of a greatest fixed poimhdila infinitely often
since his task simply is to avoid a formu4 in a play iffp(Z) = vZ.y for someu.

But falsity and approximant indices only depend on the dcteafiguration, in
particular on the state components of the actual configamatnd not on the history of
a play.

The case for playef who preserves truth and attempts to avoid®af fp(Z) = uzZ.g
for somey, is dual. Thus, her winning strategies are history-free, to m

Complexity

Theorem 192 (Complexity) Deciding the winner of a global FLC model checking
game is in EXPTIME.

PROOF Let G5(s,¢) be the game at hand. An alternating algorithm can deterrhime t
winner using polynomial space only. As in the proofs of Tlegns 120 and 134, we let
the algorithm store the actual configuration, one for eaelygal to recognise a repeat
in the sense of winning conditions 5 and 10, and a counteo &fplay that has not
found a repeat. The size of each configuration is polynomighe size of the input,
and so is the space needed for the counter according to Ler@4na 1

Furthermore, the algorithm needs to store a flag {, v} to indicate the fixed point
type of the greatest variable w.r&, that occurred after a configuration was stored.
This flag is also used to indicate whether a stored configuratan be overwritten if

the variable in it cannot be outermost in the play at hand amgm

Again, alternating PSPACE is the same as EXPTIME, [CKS81]. m
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Corollary 193 (Complexity) Deciding the winner of a global FL*Omodel checking
game is in PSPACE for everykN.

PROOF The same algorithm as in the proof of Theorem 192 can be uselisn
case. However, here we analyse the time the alternatingitidgoneeds. This is
proportional to the length of a play. Lemma 184 shows thatntlagimal length of a
play is polynomial in the size of the input if the alternatidepth of the input formula
is fixed. But APTIME = PSPACE according to [CKS81]. m

Global model checking games for FLC over infinite transitsystems would result in
game trees with infinite out-degree even if the underlyiagsition system has finite
out-degree. The reason for this is the unrestricted choiagep3 has in rule(;).
Therefore we resist the urge to amend the definition of théajlgames to capture
infinite-state transition systems as well.

9.2 Local Model Checking Games for FLC

Thelocal model checking gantgr (s, ¢o) is played onan LTS = (8, {-%s|a€ A}, L)
with se § and an FLC formul#@g. Here we do not restrict ourselves to finite transition
systems only. Playet tries to establish thatsatisfieshg, whereas/ tries to show that

S = do.

A play is a (possibly infinite) sequen€g,Cy, ... of configurations, and a configuration
is an element of

€ = $xSuld)* x Suo)

It is written s,0 - Y whered is interpreted as a stack of subformulas with its top on
the left. The empty stack is denoted fiyWith a stackd = ¢¢. ..ok we associate the
eponymous formuld := ¢o;...; ¢k while € is associated with the formuta

The intended meaning of a configuration - Wis: t € [W] ([8]](8)). Thus, the stack
plays the role of the state set component in a global FLC mdustking game. Note
that this condition is equivalent tac [[W; 9] (S).
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) S,0 oV 1 5 N S,8F doA by
S, 0F ¢ s,0F o
s,0F 0Z.¢ sd-Z2 .
— 2= = iffp(2) = oZ.
(FP) 52 (VAR) oo ! p(Z) = 6Z.6
) S, 0 ¢o; b1 - S,POF T
7 5,413+ do s,k
(<a>)s’£—£f> 3585t (la)) %:f Vs Bt

Figure 9.3: The rules for the local FLC model checking games.

Each play ofS+(s0, §o) begins with
Co = so,€F¢o

A play proceeds according to the rules given in Figure 9.3leR(Vv) and (A) are
straightforward. Rule$VAR) and(FP) are justified by the unfolding characterisations
of fixed points:0Z.¢ = ¢[0Z.¢/Z]. If a formulad; P is encounteredy is stored on

the stack with rule(;) to be dealt with later on while the players try to prove resp.
refuted. Modalities cause either of the players to choose a succsetde. After that,
rules((a)) and([a]) pop the top formula from the stack into the right side of thizatc
configuration. Rulét) does the same without a choice by one of the players. In both
cases the last formula on the right-hand side has been penathe next thing to do

is to prove, resp. refute, those formulas that have beeratelll on the stack.

Definition 194 Recall the tailtlz of a variableZ from Definition 18 of Section 2.5.
A variableZ is calledstack-increasingn a playCo,C;, . .. if there are infinitely many
configuration<;,,C,, ..., S.t.



9.2. Local Model Checking Games for FLC 253

o ij<ijpforall jeN
e G, =sj,9; - Z for somes; andyj,

e forall j € Nexistsy € tlz s.t.8j.1 = yj, whered = 10 for example.

Player¥ wins the playCo,C, ... of Gy (s, ) iff

1. thereisame Ns.t. C, = t,dFq andq¢ L(t), or
2. thereisame Ns.t. Cy = t,5F (a) andt 5, or

3. the play is infinite, and there isvathat is the greatest, w.r4.y, stack-increasing
variable andp(Y) = pY.y for someu.

Player3 wins the playCo,C, ... of G (s, ) iff

4. thereisame Ns.t. C, = t,0-q andge L(t), or

5. thereisame Ns.t. C, = t,ek1, or

6. thereisame Ns.t. C, = t,el (a) andthereis &ac §witht-2:t/, or
7. thereisame Ns.t. Cy, = t,5+[a], andd=¢gort5, or

8. the play is infinite, and there isZathat is the greatest, w.ri.y, stack-increasing
variable andp(Z) = vZ. for someuy.

Winning conditions 1 and 4 suggest that game fulecan be refined. Whenever the
formula to be put on the stack isgee Propthen the existing stack can be discarded.

s,0-¢;q
s,q-¢

This does not effect the worst-case complexities, theeefoe merely mention this
optimisation.

The following example illustrates the importance of beitagk-increasing. Note that
in a £, model checking game the winner is determined by the outerversable
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s, pY.(b) vV (a)vZ.Y;Z;Y
s.e-Y
s,e-(b)Vv(a)vZ.Y;Z;Y
s,e-(a)vZ2.Y;Z;Y
SVZY;Z,)Y + (a)
t,eFVvZY;Z)Y
t,e-Z
t,ekY;Z;)Y
t,ZYFY
t,Z;Y + (b) v (a)vZ.Y;Z;Y
t,Z;Y I (b)
t.Y+Z
t,YEY;Z)Y
t,Z,Y;5YERY

Figure 9.4: Player J's winning play of Example 195.

that occurs infinitely often. There, if two variabl¥sandZ occur infinitely often and

Y <¢ Z for example, therip(Y) occurs infinitely often, too. Thus, two occurrences
of Y cannot be related to each other in terms of their approximarfELC only
has this property for stack-increasing variables. But rals® that according to
Definition 194 every variable of &, formula that gets unfolded infinitely often in
a play is stack-increasing.

Example 195 Take the formula
¢ = pY.(b)Vv()vZ.Y;Z;Y

ad(¢) =1 andsd(¢p) = 2. LetT be the transition system consisting of stafes} and
transitionss-2st andt -2t. s = ¢. The game tree for playéris shown in Figure 9.4.
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Since¢ does not contain any, [a] or [b], playerY does not make any choices and the
tree is in fact a single play.

BothY andZ occur infinitely often in the play. However, neithfg(Y) norfp(Z) does.
Note thatZ <4 Y. Y gets “fulfilled” each time it is replaced by its defining fixedipt
formula, but reproduced h¥. On the other hand does not start a new computation
of fp(Z) each time it is reproduced. BMtis not stack-increasing where#ss. AndZ
denotes a greatest fixed point, therefore playetins this play.

Correctness

Before we can prove soundness and completeness of the gamesa a few technical
lemmas. LetT = (8,{-%| ac A},L),s€ 8§, ¢ € FLC, andC =s 5+ Y be a
configuration in a game fas and¢. As usual,C is calledtrue if s [¢]([[9](8)),
andfalseotherwise.

Lemma 196 Player 3 preserves falsity and can preserve truth with her choices.
PlayerV preserves truth and can preserve falsity with his choices.

PROOF The cases of disjunctions and conjunctions are similardedtof Lemma 188.
Consider a configuration
C = s Wdt (a)

If C is true then there is Bis.t.s-2:t andt € [Y; 8] (8). By choosing thig, playerd
can make the next configuratiord -  true. IfC is false then there is no suttand
regardless of which transitiohichooses the following configuration will be false, too.

The proofs of the other cases are dual or similar to preservaf truth and falsity for

the global model checking games in Lemma 188.

Note that the rules which do not require a player to make acehpieserve both truth
and falsity if variables are interpreted via their approamts. m

Lemma 197 Let T = (8,{-%| ac A},L), s€ §, ¢ € FLC. In an infinite play
Co,Cy,... for s and¢ there is a unique greatest, with respect«g, stack-increasing
variable Z.
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PROOF Note that a finite play trivially cannot have a stack-incregsvariable. Let
the play at handCy,C4, ... be infinite. Suppose first there are two stack-increasing
variablesZ andY. Then there must be two configurations

C =sd0-Z and Cj = t,drY

with i < j. EitherY has been generated from the unfoldingZzah which case one of
them is greater than the other. The reason is that the stdglcontains elements of
tly for some variable/ up to a fixed part at its bottom which is never popped. But
Y € tlz implies eithery is free infp(Z) or fp(Y) € Sulifp(Z)). Therefore they must be
comparable.

Supposad = &Y d;. But thenZ has either been generated from the unfolding of
and they are comparable of = §,Z%,. At every configuration the stack can only
hold a finite number of variables. Therefore, in such an itdipiay it is not possible
that neither of the variables generates the other one ielfintften, and they must be
comparable.

It remains to be shown that at least one variable is stadke@sing. There must be a
variableZ that occurs infinitely often. Moreover, thismust generate itself infinitely
often. Letfp(Z) = 0Z.¢. This means that for every occurrencezoin aC; = s, 6+ Z,
whenZ is replaced byp, the play must follow the syntactical structure gofto one
occurrence ofZ in ¢. In order to pop an element from an atomic formula ind
must have been reached, afdh C; did not regenerate itself. Suppose it did and the
stack has been increased. Since (Ul&R) replaces a variablg with its defining fixed
point formula¢ the additional part of the stack must consist of subformafaisonly.
Moreover, every subformula that occurs “befoiin ¢ must have been removed from
the stack befor& can be reached again. Therefore, the extension of the staskbwa
an element oflz. =

One important property of an outermost stack-increasimgbke is: If its occurrence
in a configurations,d - Z is interpreted as the approximad@f then in its next
occurrence will denotez®~1. This is becausg is outermost in the play at hand and
the second occurrence stems from the first, i.e. the play disvied the syntactical
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structure offp(Z) between these occurrences. Thus the computatifp(8f does not
get restarted.

Fact 198 Rules(V), (A), (FP), (1), ({(a)) and ([a]) decrease the size of the actual
configuration. Rulg€VAR) increases it. Rul€; ) maintains its size.

Lemma 199 Every play ofS+(s,¢) has a uniquely determined winner.

PROOF Suppose the play reaches a configuration to which no ruleeapplied. This
Is either because a proposition has been reached. But ttiear playerv wins with
winning condition 1 or playef wins with condition 4.

The other possibility to get stuck is to reach a configurati@t- (a) ort,d+ [a] with
t 5. In the first case player wins with condition 2. In the second case playexins
with condition 7.

Finally, the stack can become empty and the last formula emignt side is atomic.
If it is a T then playe wins with condition 5, with condition 6 if it is da) and with
condition 7 if it is a[a].

If it never reaches such a configuration then it must be ofitefilength. According to
Lemma 197, there is a unique outermost stack-increasingbtarthat determines the
winner with condition 3 or 8. n

Again, in order to prove soundness and completeness we ajisgethe notion of an
FLC model checking game. Overloading notation weslét- ¢ also denote the game
that starts with this configuration. Thefy (s, ) is equivalent tes, e - ¢ wheresis a
state of7.

Theorem 200 (Soundness)LetT = (8,{-2s|ac A},L) with sc S andd,d € FLC.
If s¢ [[0;80](8) then playerv wins s& F ¢.

PROOF Supposes ¢ [[¢] ([[80]] (8)). We construct a (possibly infinite) game tree for
V starting withs,dp - ¢. If & = oA §1, V chooses the; that makess, & - ¢; false.

If & = doV d1 then the game tree is extended with both false configuras@nis ¢;.
Similar arguments hold for the applications of ruléa)), ([a]), and(t). Since falsity
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is preserved no finite path can be won by playesince a false leaf implies th&tis
the winner of that particular play.

The game tree can be constructed such that piagannot win an infinite play either.
Let its construction reach a configuration

t,0 F vZ.y

s.t.Zis the unique stack-increasing variable according to Lerh@7a In the following
configuratiornt,d Z, Z is interpreted as the least approximafits.t.

t ¢ [Z°]([3](8))  but te [Z*([3)(S))

Note thata cannot be a limit ordinah sincet ¢ [Ag) ZP](S) for anySC 8 implies
t & [ZP](S) for somep < A. The next time a configuratiol, & - Z is reached is
consequently interpreted @8~1. Again, ifa — 1 is a limit ordinal\, then there must
be a3 < A such that

t' ¢ [Z°I([3T(8))
But ordinals are well-founded, i.e. the play must evenjuaach a false configuration
t”,&" F Z in which Z is interpreted aZ°. ButZ° = tt andt” ¢ [[tt] (S) is not possible

for anySC 8. We conclude that there is no leasthat makeg,d - Z% false and, by
Theorem 30, that therefoted - vZ.y could not have been false either.

Since played cannot win any play in the game tree that is constructed idéseribed
way playery must win the game 08 dg - ¢. n

Theorem 201 (Completeness)Let T = (8,{-%| a€ A},L) with se€ § and,dp €
FLC. If s€ [[¢;00](8) then playerd wins s&g - ¢.

PROOF This is dual to the proof of Theorem 200. Assumisig [¢]([[do]](S)) we
build a game tree for playet starting with the true configuratiog &y - ¢ whilst
preserving truth. If the construction of the game tree reachleaf the corresponding
play must be won by since only she wins a finite play that ends in a true configomati

Again, we show that player cannot win an infinite play either. Suppose there is a
configurationt, d - pY.y with Y being stack-increasing and outermost according to
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Lemma 197. In the next steY,is interpreted as the least approximafts.t.

te [YI(3](®)  but t¢& [YH([3](8))

Again, a cannot be a limit ordinal. The next time a configuratta®' Y is reached
it becomes true i is interpreted a¥® 1. If a — 1 is a limit ordinal then there is a
smaller one that makes the configuration true.

Because of well-foundedness of the ordinals every infinitegy pnust reach a
configurationt”, & - Y in which Y is interpreted a¥®. ButY? = ff and therefore
t”, & Y cannot be true. Thus,d  UY.y could not have been true either.

Since playek cannot win any play of the game tree that is constructed idéseribed
way playerd must win the game starting wi)dg - ¢. n

From Theorems 200 and 201 follows that the model checkingglpro for FLC can be
rephrased as = ¢ iff player 3 winss, e+ ¢.

Corollary 202 (Determinacy) PlayerV wins G5(s,¢) iff player 3 does not win
9T(S7¢)'

The next theorem is proved in the same way as the historys of winning
strategies for the global model checking games, see Thed8dm Note that, again,
winning strategies consist of preserving truth, resp.itigl&nd using approximant
indices.

Theorem 203 (Winning strategies) The winning strategies for the local FLC model
checking games are history-free.

Complexity

Theorem 204 (Complexity) LetT = (8,{-2+| ac A},L) be finite with sc § and
$.5 € FLC*". Deciding the winner of .+ ¢ isin PSPACE for all kn € N.

PROOF We can assumé= ¢ since the game fa,d - ¢ is equivalent to the game for
s, ¢;d. Note thatp; d has fixed alternation and sequential depth, too.
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If the underlying transition system is finite then the legspraximants used in the
proofs of Theorems 200 and 201 are bounded&yaccording to Lemma 30. An
algorithm deciding the winner & € = ¢ can index variables occurring in a play as the
corresponding approximant. This means, ryle®) and(VAR) are used as

s,0F 0Z.9 s,0F ZK

—— '  and if fp(Z) = oZ.
s, 5+ 28| s,8F (2% 1/Z] (@) ¢

Then, configurations of the formd - z° with fp(Z) = oZ.y for somey, & andt are
winning for player if o =v and winning for playe¥ if o = p. Infinite plays are ruled
out.

Next we analyse the maximal length of a playscf - ¢. Supposad(¢) = 0. At most
8| || steps are possible before a terminal configuration wizh must be reached, if
the sequential depth ¢fis 1. However, if itis greater than 0 then at the beginnidfa
can be pushed onto the stack where it remains while an@thgets unfolded at most
8| times before it might disappear. Then tA€' from the stack can be popped and
create the same situation by unfolding to more than@fie® of which one remains
on the stack again. Generalls|- |¢])39®) is the maximal length of a play in this
situation.

Let nowad(¢) = k > 0. Take the outermost variabfethat occurs in the play at hand.
With each unfolding it can start a subplay on a formula witieration depttk — 1.
Therefore the overall maximum length of the play is

(18] - |p])3dnad@+L —  (|g]. |¢p)Osde)-ad(®))

An alternating algorithm can decide the winneisgé - ¢ by simply playing the game
for it. For input formulasd, € FLCK" the alternation depth and sequential depth
are bounded. Thus, the time needed is polynomial in the gitgedformula and the
size of the transition system. According to [CKS81] thera aeterministic procedure
that needs space which is polynomial in the size of the foananld in the size of the
transition system. m
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This argument, applied to formulas of arbitrary alternatay sequential depth, yields
an EXPSPACE procedure. This follows from the fact that therahting algorithm
needs time exponential in the alternation and sequentj@hdaf the input formula,
and AEXPTIME = EXPSPACE. To show that game-based model ¢hgdkr FLC
can be done in EXPTIME an alternating algorithm must not useerthan polynomial
space. Equally, a single play must be playable using polyalbnbounded space.

We will leave it as an open question where there exists a lowadlel checking
procedure for FLC which runs in exponential time. Howeveg,illustrate the problem
of finding an EXPTIME procedure. First we consider a slighdifferent way of
proving soundness and completeness of the games whichmpligsif the underlying
transition system is finite. Remember that in the proofs oédrems 200 and 201
variables are interpreted as approximants, and contradgtrise at configurations
t,& F z°. Supposefp(Z) = uZy and the game tree is constructed preserving
truth. Then at its first occurrenc2 is interpreted as the leagf which makes the
configuration, say, &  ZX true. However, if later another true configuratiod’ + Z

is seen andld']| (8) C [0"](8) then this already contradicts the fact thawas chosen
least. Compare this to the winning conditions of the globaCFnodel checking
games.

This occurs trivially after|S| -2/ . |¢| steps since there are onl§| many different
states and '8 many different sets of them. In most cases this situatiohositur in a
stack of polynomial size already. However, there are casesich the stack can grow
super-polynomially. This means there aneonfigurationss, d; - Z s.t.

[3](s) Z [31(8)
for ] <i < mandmis not polynomially bounded by the input size.

Example 205 Let a,b € A. Taken pairwise different prime numbens, ..., pn. Let
Po=0andP = Zij:]_ pj be the sum of the firstprime numbers for=1,....n—1.

We construct a transition system= (8,{-%+| a€ A},L) with § = {0,...,P, - 1}.
Transitions inJ are given by

j-2(j+1) forallj<Py,stj#R—1forallic{1,...,n}
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and
(R—1)-%P_; forallie{1,....n}

Finally, ii>j iff j-2i. T consists ofn cycles of lengthpsy,...,pn Which
can be traversed along-transitions, say, clockwise and throudhtransitions
counterclockwise. Feel free to add as martyansitions ifc # a andc # b to makeT
connected. Finally, we use one propositmpwhich holds on one state of each cycle
only.

qelL(j) iff j=Rforsomeiec{0,...,n—1}

The formula under examination is
¢ = (vZiA(a)Z(b));q

It says that there is an infinigepath s.t. after every sequencerodis anothem b's can

be made to a state which satisfigsO = ¢ which can also be seen using the games
of this section. PlayeY can never choose since O g and every sequence of
a-transitions away from 0O leads to a state that camrdb-transitions back to 0. But
then played wins because the play repeats ongariable. Her game tree is shown in
Figure 9.5.

If approximants are used explicitly as suggested in thefgbBheorem 204, the stack
cannot grow larger thaR,. This is not surprising sinog € FLC%L. However, let

S = {Rlie{0,....n—1}}

be the set of all states satisfyiqgWe claim that

[ O(S) # [0 (O)]() f0ri,J’<_|£!pi, | |

i times j times
and even
[[<b>.---<b>]](5q) Z [[<b>:--<b>]](31) fori,J’<i|1pi, I 7 ]
i times j times
because

1) B)(&)] = n forali<[]p

i times
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Take a state in thke-th cycle. It belongs to

i times

iff it is the (i mod pk)-th b-predecessor d&_;. In other words, the sets

i times
can be defined by moving markers aloaransitions in each cycle starting wi,
Since the lengths of the cycles are pairwise different pnmambers the same set is
only marked aftef]{_, pi steps.

This means that the stacks
(b)...(b);q
i times
with i 4+ 1 elements, K i < (|‘|rj‘:l pj), define pairwise incomparable sets of states.
Note that[]}_, pj ¢ O(n¥) for anyk € N.

Corollary 206 (Complexity) LetT = (§,{-2| ac A},L) be finite with sc § and
¢,0 € FLC. Deciding the winner of ,+ ¢ is in EXPSPACE.

The next theorem analyses the complexity of the games ifegpp £, formulas. In
this case it is helpful to start the game with an empty stack.

Theorem 207 (Complexity) LetT = (8,{-%| a€ A},L) be finite with s § and
¢ € FLC™. Deciding the winner of . - ¢ is in NPNco-NP.

PROOF The stack can never grow larger thiuand will be empty each time a variable
Is reached. The resulting games are essentially the sarhe asodel checking games
for L, from [Sti95]. It is known from [EJSO01] for example that thenmer of those
games can be decided in NEo-NP. The same technique applies here.

The game graph fos, € - ¢ is finite and of size polynomial in the input. To decide
whether playerd wins s € - ¢ a nondeterministic algorithm can guess annotations
(ki,...,kn) for eachp-variableY. The meaning of such an annotationYshas to be
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0,eF (vZ.TA{a)Z(b));q
0,9F vZ.T1 A (a)Z(b)

0,q-Z
0,9 1A (a)Z(b)
0,9t OqF(a) (b)
0,ef-q ,Z(b)g- (a)
1,(b)grZ
L (b)g- 1A (a)Z(b)
L (b)grT ,(b)at (a)Z{b)
LaF{o 1. (b)Z(b)qt (a)
Oerq + 0 2,(b)(b)qF Z

3, (b)(b)(b)qt-Z

4, (b)(b)(b)(b)qt-Z

Figure 9.5: Player 3's game tree of Example 205.

unfoldedk, times at this moment and there are outer variallgs. ., Z, 1 of typev
which have to be unfoldekh. . .., k, 1 times. The maximal size of such an annotation

isO(ad(¢) -log|§)).

Finally, the algorithm has to verify that the order of the atations is well-founded, i.e.
for everyp-variableY: if there is a path frons, 8 - Y with annotatiork = (ky,...,Kn)
tot,d Y with annotatiork = (K;, ..., k,) thenK is lexicographically smaller thak

This proves that deciding the winner sf - ¢ is in NP. Inclusion in co-NP follows
from the fact that the same argument applies to playand v-variables to decide

whether he wins, € - ¢. m
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This is not a contradiction to the PSPACE-hardness of FLCehdaecking proved in
[LS02a]. There, reductions from the validity problem for BBnd from the universal
acceptance problem for NFAs are presented. The latter ideyuof Miller-Olm. In
both cases the constructed formulas are not in FLC

Even if the starting stack in the game of Theorem 207 is noptgnthe semantics of
approximants will always be evaluated on the same set adsstatowever, if the stack
is 8 = P& and deciding the winner df & +  is in the complexity clas€ for any

t € §, then deciding the winner & o+ ¢ is in (NPNco-NP)LC.

Theorem 207 becomes interesting if applied to formulas ifCFLthat are not a
translation of &, formula but are equivalent to a formulay),. One example is

VZ.((ao0) A (bo)); .- .; ((a0) A (bo)); Z

which is exponentially more succinct than its equivalentjp see [LS02a].






Chapter 10

Further Research

Smokey my friend, you're
entering a world of pain.

WALTER SOBCHAK

Extensions of PDL

We have shown how to extend the PDL model checking games ier dodhandle
variations like PDL with the repeat construct or conversalaiities. Another variant

of PDL that has attracted some attention because of itsae$dtip to description logics

is PDL with intersection PDL-N, [Dan84]. There, programs can contain an operator
a N B with the following semantics.

5 9Bt iff s-%t and s-Pst

It is not obvious how to extend the PDL model checking gamesder to handle this

operator, too.
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PDL with intersection is known to be decidable. However,racidecision procedure
has not been given yet. It remains to be seen whether focugegganthe style of
Chapter 6 can be used to decide this logic. It also remain® teelen whether such
focus games yield an axiomatisation of PDL with intersettio

One of the problems that comes with this logic is the loss sinfilation invariance.
PDL-N can distinguish bisimilar models.

Example 208 Let T, be the transition system consisting of statf,t, with
transitionss-2st; and si>t2. Let T2 arise fromT7 by collapsing statef andt,.
Clearly,71 andT> are bisimilar. However, take the PDL.formula

¢ = (anb)tt

T1,S = ¢ whereaslz, s = §.

This also comes with a loss of the tree model property depgnat whethe, is still
considered to be a tree. The satisfiability games of Chaptarsl 8 seem to work well
because of the tree model properties the considered logies This is why a model
for a satisfiable formula can easily be extracted from a gaeeefor played. In the
case of PDL with intersection the game structure might haveeta graph rather than
atree.

Logics with Past Operators

Another extension of PDL that the focus approach might béiegdge to is PDL with
converse operators. In general, it remains to be seen whieities games can decide
the satisfiability problem of modal and temporal logics withst operators and yield
complete axiomatisations for them.

In this setting it makes sense to distinguish LTL with PastrfrCTL and PDL with
their respective past or converse operators. In the lineer framework, forwards and
backwards operators cancel each other out, i.e.

XY = VX6 = ¢ (10.1)
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whereY is the previousoperator which behaves like for the past. Its semantics is
defined as

neEyy if #tey
In a satisfiability game with past operators one cannot gind@card formulas that
speak about the present moment and make a step towards tifatnex moment with
arule like(X). They need to be preserved since formulas speaking abofuittire can
contain formulas speaking about the future’s past whichatsm be the present’s past.

However, because of (10.1) it is not possible for a satidftgiplay to create arbitrarily
large formulas that alternatingly speak about the past baduture. Another way of
seeing this is LTL with Past’separation theoremevery formula can be transformed
into a boolean conjunction of three formulas, each speadiugit the past, the present
and the future respectively, [Gab89].

In the branching time setting, arbitrarily large formulasandeed be created. This is
reflected in general inequivalences of the form

@@ # ¢

However, some formulas can speak about the past and inflieaqeesent, like the
validity

= @ad—¢
Thus, satisfiability games for these logics need to carryimmore information around

than the games for LTL with Past. This can potentially regulan infinite set of
configurations.

Logics without Until Operators

Instead of extending logics and asking whether the focua idestill applicable, it
Is also possible to restrict logics and consider syntacéigrhents in order to obtain
complete axiomatisations for them. One example is LTL or @ithoutU andR butF
andG instead. Clearly, the satisfiability games from Sectiodsahd 6.2 still work for
these fragments. However, the axiomatisations in Secfidnand 7.3 heavily depend
on the presence of d@h
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It remains to be seen whether there are different forms ofrham36 and 144 that
allow playerd to strengther¥ formulas s.t. a repeat on such a formula is only possible
if the input formula is unsatisfiable. Note that the streegihg of F$ with a (),
considered as an abbreviation ofrbecomes

—Yu(o A )

which is not expressible in LTL without, [Kam68].

First-Order Temporal Logics

First-Order Temporal Logic$éeature constructs of both temporal logics and predicate
calculi. There, the propositional part of a temporal foreid replaced by a fragment
of First-Order logic, see [Eme90] for an introduction. Inngeal, these logics are
undecidable, but depending on which fragment of First-©idegic is used, the
resulting logic might be decidable.

As with their propositional counterparts one distingushiaear and branching time
logics. For an overview over decidable fragments in gensesd [HWZ00] and
[HWZ02] for branching time logics in particular.

It would be interesting to see whether the elegance of theisfaapproach for
propositional temporal logics carries over to decidabledprate temporal logics as
well. Moreover, if it does it also remains to be seen whetis yields complete
axiomatisations in a relatively simple way, too.

A Complete Axiomatisation for CTL  *

The most obvious piece of further work based on this thesithésextraction of
a complete axiomatisation from the CTlsatisfiability games in Chapter 8. The
existence of a complete axiom system for CThad been an open question for
approximately 15 years until recently. However, the congress proof in [Rey01]
is rather intricate and long. There is reason to believe that focus games
for satisfiability of CTL* formulas would yield a much shorter proof of CT&
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completeness. It remains to be seen what the right stremigthdemma for CTL
along the lines of Lemmas 136, 144 and 151 would be. Furthernmarts of the
soundness proof of the games (Theorem 171) need to be fesdads CTL axioms,
in particular Lemma 170.

Other modal logics

The Linear Time p-Calculus LIN is L,’s counterpart interpreted over linear
structures only, [Sti92]. A model checking procedureyidrIN was given in [BEM96]
for example. Similar to LTL, the fact that the underlyingristion system is only built
state-by-state requires the use of sets of formulas. $irid&l features explicit fixed
point operators it is reasonable to ask whether focus gamegwmvide an elegant
characterisation gf-LIN’s model checking problem.

It also remains to be seen whether satisfiability gameg-4diN can be defined along
the same lines as Section 6.1 and whether a complete axganat can easily be
extracted from them.

Another way of getting beyond the restricted expressivegraf L, is by using fixed
point constructs other than just least and greatest. [DGK6fined MIC, theModal
Iteration Calculus which extends multi-modal logic with simultaneous infbaiary
fixed points. There, the semantics of a form(X) is not required to be monotone in
X anymore. Hence, it can feature negation. Approximantsfibationary fixed points
are defined as

X0:=0, XM= XU [0 xoxe s X = XO

a<A

Thus, the chain of approximants is always increasing. THationary fixed point is
found when this chain becomes stationary.

Since a variabl& is allowed to occur negatively ing(X), formulas of MIC are even
less easy to understand thap formulas. Therefore, a game-based account of MIC’s
model checking problem could help to make MIC more usable.

There is no point in trying to define satisfiability games faiQsince it is undecidable
as shown in [DGKO1].
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Satisfiability Games for L,

Another interesting issue this thesis has not touched & aljame-based account of
the satisfiability problem fo£,. A tableau-based decision procedure that uses games
to determine successful branches has been given in [NW9Yhxomatisation came
already with the introduction o, in [Koz83] and was finally proved to be complete

in a series of papers, [Wal93, Wal95, Wal96], using theskegalx.

Comparable to the situation for CTlit might be desirable to have a simpler and more
intuitive proof of £ ;'s completeness. Moreover, it would be interesting to seetidr
the focus game approach works 51 as well and how it might have to be tailored to
this specific logic.

One of the problems with focus games gy is the fact that variables can occur more
than once in a fixed point formula. Thus, there are sever@reiit ways through the
syntax tree of a formula that lead to a variable. We will ithase this with an example.

Example 209 Let A = {a,b}. Take thel, formula
¢ = pY.vZ.((@ZVv(b)Z)A[a]Y Ab]Y

It stipulates the existence of an infinite path labelled véishor bs, such that from

any state on this path onwards only finitely maas/ andbs are possible. Clearly,
¢ is unsatisfiable. Suppose satisfiability gamesdgrare defined along the lines of
Chapter 6, i.e. configurations are sets of formulas whichrdaezpreted conjunctively,

and playelv controls a focus. Then play&rcan winG(¢) in the way that is shown in

Figure 10.1.

Her strategy is the following: if playe¥ sets the focus tda]Y then choose the
disjunct (b)Z and vice versa. Note that playgrhas to put the focus onto one of
the [—]-formulas because only they contain a least fixed point kéia This way,
player3 forces him to change focus in order to keep the play going aneaches a
configuration in which all formulas begin with a modal operat

Thus, if a repeat occurs play€rwill have changed focus and therefore should lose.
But none of the least fixed point formulas became fulfilled.née played should
indeed have lost the game.
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(@zV (b)Z, [[a]v} b)Y @z v (b)z,[a)Y, [[b]v}
(6)Z, |[&)Y |, [o}Y (@Z.[alY, [[b]Y]
(b)z.[aY. [[b]Y] @2z |[alY]. [b]Y

z, Y} z. ly
Z, {vZ.((a)Zv (0)Z) AJa]Y A [b]v} Z, [vz ((@2ZV (b)Z) A[alY A [b]v}
z 2
(@2 v (0)Z) AlalY Alb)Y | (@2 v (6)Z) Ala)Y A b)Y ]

(@2ZV (b)Z [a]v},[b]v (@zV (b)z,[alY, [[b]v}
(6)Z, [[&)Y |, [o}Y (@)Z,[alY, [[b]Y]
(byZ,[alY. [[b]v] (@)z [[a]v],[b]v

z.|Y] Y]

Figure 10.1: A sketch of player 9's game tree for Example 209.
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